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FOREWORD TO SOMMERFELD’S COURSE 
P. P. EWALD 
PoLYTECHNIOC InstrrotTse oF Broornyy, Naw Yorr 


The author of this Course on Theoretical Physics, Arnold Sommerfeld, 
was one of the central figures in achieving the transformation through which 
physics passed in the two decades from 1910 to 1930. Without his inspired 
and untiring efforts both the tumultuous advance and the wide-spread 
dissemination of the quantum theory of the atom would not have been what 
they were. Sommerfeld’s Institute for Theoretical Physics in Munich became 
@ school from which issued a steady stream of research papers by German 
and foreign, young and mature students of atomic theory. His famous 
book “ Atombau und Spektrallinien,” followed later by the companion 
volume “ Wellenmechanik,” was for a long time the only full and authori- 
tative account of this fundamental subject; its successive editions unroll an 
impressive survey of the rapid development of atomic theory following 
Niels Bohr’s first papers. : 

Both by his training and previous research Sommerfeld was firmly rooted 
in the mathematical methods of classical physics, and to this fact he owes 
much of his mastery of the newly created methods of quantum physics, 
especially after the advent of Schrédinger’s wave mechanics in 1926. It 
was therefore natural for Sommerfeld to give his students a thorough training 
in, classical methods, all the more so since he himself took great delight 
in the aesthetic beauty of classical theory. The harmony between mathe- 
matical formalism, its physical interpretation, and experimental materializa- 
tion was cast in relief in Sommerfeld’s lectures and deeply impressed. his 
students. 

Sommerfeld was over seventy, and retired after forty years of academic 
teaching, when he committed his lectures to paper. He did it with e sense 
of double obligation: to preserve through 4 criais the achievements that had 
carried physics to great triumphs and to bequeath to the young generation of 
physicists the valuable analytical tools that had been shaped on the classical 
problems. Sommerfeld had token an active part in perfecting these tools 
from 1894 onwards, when he wrote his doctoral thesis on Arbitrary Functions 
in Physics. Among his earliest brilliant work was the construction of a 
strict solution for the diffraction of a wave by an edge; he extended the 
methods that Riemann used in the theory of functions, with the result 
that a solution of the diffraction problem by an image method in multi-valued 
space was obtained. The reader will find this discussed in Volume V on 
Optics. Extending from Sommerfeld’s early period in Géttingen to the 
beginning of the quantum period in Munich, and in co-authorahip with the 
great mathematician Felix Klein in Gittingen, the preparation of the four 
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volume standard work on the theory of rotating rigid bodies, Theorte des 
Kretsele, proceeded. This work was intended to demonstrate the intimate 
connection between “pure” and “applied” mathematics by bringing 
a great variety of mathematical topics, such aa the theory of functions, 
elliptic functions, quaternions, Klein-Caley parameters, etc., to bear on this 
problem of dynamics of a rigid body. While holding the chair of Technical 
Mechanics at the Technische Hochschule in Aachen, 1899-1905, Sommerfeld 
became deeply interested in engineering problems. His papers on the hydro- 
dynamics of lubrication, on the interaction hetween electrical generators 
working on the same power line, on the braking of trains, and on other 
topics all adopt a general approach that gives them lasting value. With the 
adivent of wireless telegraphy a series of papers by Sommerfeld and his 
pupils began on the mode of emission and of propagation of radio waves. 
They offer excellent examples of the mathematical methods in which 
Sommerfeld was a master. In particular, the diffraction problem of these 
waves round the earth was brought down to the discussion of complex 
integrals, which form a strict solution (see Volume 6, Chapter 6). 


Tt would be out of place to elaborate a full list of the achievements with 
which Sommerfeld enriched physical theory. The reader may be referred 
to some of the articles listed below. But a few words may be added on 
Sommerfeld as a teacher, and on the significance of the course of lectures 
now being published in translation. 

The courses of theoretical physics held in Munich were of two kinds, 
general ones and specialized ones. The former were given four hours, or 
more precisely periods of 45-50 minutes, a week through a 13-week winter 
semester and an 1l-week summer semester. These six courses form the 
subject of the present six volumes. Each served as an introduction for 
students who had taken the demonstration courses on experimental physica 
(given, in Munich, by Réntgen, later by W. Wien). In experimental 
physics the student acquired a factual survey of the phenomena and of their 
quantitative evaluation, based on a fundamentally non-mathematical 
treatment. In the courses on theoretical physica the elementary ground 
was gone over again, but with a view to developing the mathematical 
handling and to constructing an integrating theory which could then be 
extended to advanced problems. The latter might change from one series 
of courses to the next, and the inclusion of topical subjects in the second 
halves of these courses made them most interesting even to advanced students 
who had already gone over the subject in their previous work. In addition 
to the lectures, two hours a week were devoted to discussing problems. 


The specialized courses were two-hour-s-week lecture courses on subjects 
which could be dealt with only briefly in the general course, or had topical 
interest. Those given by Sommerfeld were usually connected with his own 
current research and often contained parta which appeared a little later as 
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original papers. The interpretation of the Lorentz transformation as a 
rotation in four dimensional space (Volume 3, §26), the transition from 
wave optics to geometrical optics (Volume §&, §35), the discussion of 
the signal velocity in a dispersive medium (Volume 5, $22) are some 
examples. In later general courses such subjects were often included, to 
the exclusion of other lesa interesting parts of previous courses. 


Besides the lecture courses, a seminar and colloquium offered instruction 
in advanced topics ; here the students had to review the assigned subject 
and to deliver the talk, which meant several weeks’ intensive study. 


From the student’s point of view the great attraction of Sommerfeld’s 
lectures lay in their clarity : the approach from the physical side, the for- 
mulation of the mathematical problem, the simple and yet general explana- 
tion of the mathematical methods used, and the thorough discussion of the 
result again in terms of physical experiment. His firm, well-distributed. 
writing on the blackboard, and the evidence of his diagrams, helped the 
student to survey at the end of each period all the subjects that had been 
covered. Besides, the standard of the courte was high enough to tax the 
powers of the better students and to demand vigilant cooperation. This 
waa all the more important in a university system where there was no check 
on attendance and only a voluntary one on performance. In giving an 
original discussion of a problem in the exercises even the beginner would 
attract the attention of Sommerfeld or of the assistant in charge, and he 
would be stimulated by the appreciative understanding his effort received. 


Sommerfeld had an extraordinary flair for genuine endeavor and per- 
formance, irrespective of the age of his students. That is why scientists of 
the rank of Debye, Pauli, Heisenberg (to name only those who now are 
Nobel prize men) became attached to him in their early years of study. 
But also the good average student was well looked after and given smaller 
problems or emali responsibilities to exercise his forces. The indolent student 
soon turned away on his own account. Thus Sommerfeld’s students formed 
in a way a select group, but their number remained large enough to create 
a breeze that helped the inexperienced newcomers rapidly to unfurl their 
own sails, May the translation of Sommerfeld’s lectures carry some of this 
breeze afield and assist other groups in preparing to sail the ocean of 
discovery. 

Somm Anticuns ox TE® AUTHOR’s Work 
Anon., Current Biographies, 1980, pp. 587-638 (with portrait). 
P. Kirkpatrick, Am. J. Physica (1949). 17, 5, 312-316. (Presentation of the Oerstedt 

Medal to Sommerfeld by the American Aasoclation of Physica Teachers.) 

M. Born, Proc. Roy. Soc., London. A. (1962). (Obituary.) 

P. P. Ewald, Nature (1951). 168, 364-366. (Obituary Notice.) 

WwW. N 7 (1951). 38, 337. 

M. v. Lane, Naturwiesenechafien (1951). 38, 513-618. (A full appraisal of Sommerfeld’s 
work.) 
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PREFACE TO THE FIRST EDITION, SEPTEMBER 1942 


The encouragement of some of my former students and the repeated 
suggestion of the publishers decided me to publish my general course on 
theoretical physics which I gave regularly for thirty-two years at the 
University of Munich. 

This was an introductory course, and was attended not only by the 
physics majors of the University and the Polytechnic Institute (Technische 
Hochschule), but also by candidates for teachers’ degrees in mathematics 
and physica, by students of astronomy and some few of physical chemistry— 
all usually in their third and fourth years. The lectures were held four 
times a week and supplemented by a two-hour problem period. Special 
courses on modern physics, which were given concurrently with these, have 
not been included in this series of books; their subject matter found its way 
into my scientific papers, summarizing articles, and other books. While it is 
true that quantum mechanics always hovers in the background and refer- 
ence is made to it now and then, the actual substance of these lectures is 
classical physics. 

The order of the courses, which has been kept in their publication, was 
Mechanica 
Mechanics of Deformable Bodies 
Electrodynamics 
Optics 
Thermodynamics and Statistical Mechanics 
Partial Differential Equations in Physics 

The courses on mechanics were given in alternate years by myself and 
by my colleagues in mathematics. Concurrent courses in hydrodynamics, 
electrodynamics, and thermodynamics were taught by younger members of 
the staff. Vector analysis was given in a separate course so that its systematio 
development could be omitted from my lectures. 


In print, ag in my classes, I will not detain myself with the mathematical 
foundations, but proceed as rapidly as possible to the physical problems 
themselves. My aim is to give the reader a vivid picture of the vast and 
varied material that comes within the scope of theory from «a suitably 
chosen mathematical and physical vantage point. With this in mind I shall 
not be too concerned, if I have left some gaps in the systematic justification 
and axiomatic structure of the work. In any case I do not wish to frighten 
the hearer of my lectures with drawn-out investigations of a mathematical 
or logical nature and distract his attention from whatis physically interesting. 
It is my belief that this attitude proved its worth in my courses ; it has 
therefore been retained in the printed lectures. Whereas the lectures of 
Planck are irreproachable in systematic formulation, I believe that I can 
claim for mine a greater variety of subject matter and a more flexible handling 
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of the mathematical apparatus. Moreover, I gladly refer the reader to the 
more complete and often more thorough treatment of Planck, especially in 
thermodynamica and statistical mechanics. 


The problems collected. at the end of each volume should be regarded as 
supplementary to the text. They were handed in by the students and then 
presented orally during the problem periods. Elementary numerical 
problems, to be found so prolifically in texts and collections of problema, have, 
in general, not been included. The problems are numbered by chapter. 
Sections are numbered through in each volume and equations in each 
section. References within each volume to earlier equations can thus be 
made merely by giving the section, and equation numbers. To make it 
simpler to find a given section the upper inside cornera of every pair of 
pages bear the section and chapter number. 

Looking back on my years of teaching I wish to acknowledge with grati- 
tude my special indebtedness to two men, Réntgen and Felix Klein. Réntgen 
not only created the external conditions for my professional activity by 
calling me to a privileged sphere of action; he also stood by my side and act- 
ively furthered the increasing scope of my work over a period of many years. 
Even earlier Felix Klein had imparted to my mathematical thinking that 
turn of mind which is best adapted to applications; through his mastery in 
the art of lecturing he exerted a strong indirect influence on my own teaching, 
In particular let me mention that the last part of this course was announced 
for the first time while I was still instructor in Gottingen and imbued with 
the mathematical tradition of that university symbolized in the three names 
Riemann—Dirichlet—Klein. At that time my course waa less comprehensive 
than the present Volume VI, but it found much resonance in the audience. 
When the course waa repeated in later years my students often told me 
that only here had they really grasped the handling and application of 
mathematical results, e.g., Fourier methods, applicationa of the theory 
of functions, boundary value problems. 

In conclusion, let me send out these volumes with the wish that they 
arouse the reader’s interest in our beautiful science and give him as much 
pleasure as the courses gave to those attending them and to me during my 
many years of teaching activity. 


Munich, September 1942 Arnold Sommerfeld 
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INTRODUCTION 


Mechanics is the backbone of mathematical physics. Though it is 
true that we no longer require physics to explain all phenomena in 
terms of mechanical models, aa was common during the last century, 
we are nevertheless convinced that the principles of mechanics, such a8 
those of momentum, energy, and Jeast action, are of the greatest importance 
in all branches of physics. 

We cali this hook “‘ Mechanics,” not “ Analytical Mechanics” as the 
mathematicians are wont to do. The Jatter name has its origin in the 
great work of Lagrange (1788), who attempted to mold the whole system 
of mechanics into a consistent language of mathematical equations and was 
proud of the fact that “one would not find a single diagram in his work.”’ 
We, on the contrary, shall draw as much as possible on illustration and 
comparison. The reader will find in this volume many concrete applica- 
tions in astronomy, physics, and even to some degree in engineering, which 
should help to make the principles clearer. 

The exact title of the book should be ‘‘ Mechanics of Systems of a Finite 
Number of Degrees of Freedom ”; that of the second volume would accor- 
dingly be ‘‘Mechanics of Systems with an Infinite Number of Degrees of 
Freedom.” Since, however, the concept of degrees of freedom is not too 
well Inown and can here be explained only at the beginning of the second 
chapter, we shall be satisfied with the customary title “ Mechanics,” a 
title hardly subject to misunderstanding. 

We commence with Newton's fandamental analysis in his ‘ Philosophiae 
Naturalis Principia Mathematica ’’ (London, 1687); not that Newton lacked 
important predecessors, such as Archimedes, Galileo, Kepler, and Huygens, 
to mention only a few. It was, nevertheless, Newton who first created 
@ firm foundation for general mechanics. Even today, apart from some 
changes and reinforcements, the foundation laid down by him provides 
us with the most natural and didactically simplest approach to general 
mechanics. 

We shall at first investigate the mechanics of the single mass point 
or particle. 


CHAPTER I 
MECHANICS OF A PARTICLE 


§ 1. Newton’s Axioms 


The laws of motion will be introduced in axiomatic form; they 
summarize in precise form the whole body of experience. 

First law: Every material body rematine in tte state of rest or of unsform 
rectilinear motion unless compelled by forces acting on it to change tts state.) 

We shall at first withhold explanation of the concept of force introduced 
in this law. We notice that the states of rest and of untform (rectilinear) 
motion are treated on equal footing and are regarded as natural states of the 
body. The law postulates a tendency of the body to remain in such a 
natural state; this tendency is called the tnertia of the body. One often 
speaks of Galileo's law of inertia instead of Newton’s first law in referring 
to the above axiom. We must say in this connection that while it is 
perfectly true that Galileo arrived at this law long before Newton (as a 
limiting result of his experiments with sliding bodies on planes of vanishing 
inclination), we find it characteristic of Newton that the law holds top 
position in his system. Newton’s word “body” will, for the time being, 
be replaced by the words “ particle’ or “ mass point.” 

To formulate the first law mathematically we shall make use of definitions 
1 and 2 preceding it in the “ Principia.” 

Definition 2: The quantity of motion ta the measure of the same, arising 
from the velocity and the quantity of matter conjunctly* 

The “ quantity of motion” is hence the product of two factors, the 
velocity, whose meaning is geometrically evident,* and the “ quantity of 
1 ‘We mention here, and in connection with what is to follow, the book Die Mechantk in 

dhrer Eniwickelung (8th ed, #. A. Brockhsus, Leipzig, 1928; translated into English 

under the title The Science of Mechanics, Open Court Publishing Co., LaSalle, 

IL, 1942) by Ernst Mach. The study of this oxcellent critical history is recom- 

mended to all students of mechanic, especially since in our book we must restrict 

ourselves to the concepte of mechanics in a form ready for use and cannot delve 
inte the origin and gradual clarification of these concepta. This ahould not be 
interpreted +6 moan, however, that we agree with Moch’s positivistio philosophy as 
it ig developed in Chapter IV, 4, of his book, with its attendant overemphasis of 
the Economy Principle, the denial of atomic theory and the preference for formal 
continuity theories. 

* Nowton’s Principia, translated by Andrew Motte—~Transtaron. 

* Evident, thet ia, once & reference system has been, chosen in which the veloaity is to 
be measured. 
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matter,” which is to be explained physically. Newton attempts the latter 
in his definition 1, in which he says that the quantity of matter is measured 
by its density and volume conjunctly. This is obviously only a mock 
definition, since density itself cannot be defined in any other way than by 
the amount of matter in unit volume. In the same definition 1, Newton 
also states that instead of “ quantity of matter ” he will use the word mass. 
‘We shall follow him in this, but shall postpone the physical definition of 
mass (a8 well as that of force} until later. 

The quantity of motion accordingly becomes the product of mass and 
velocity. Like the latter it is « directed magnitude, a vector. We write 


(1) p=mv 
and formulate the first law of motion in its final form: 
(2) p=oconstant in the absence of forces. 


We shall put the law of inertia thus formulated at the head of our 
mechanics. It is the result of an evolution extending over many centuries, 
and is by no means as self-evident as it appears to ua today. The philosopher 
Kant, for instance, says in his paper, “ Thoughts on the True Estimation of 
Living Forces,” written in 1747, long after Newton: “ There exist two kinds 
of motions; those which have ceased after a certain time, and those which 
persist.” The motions that in Kant’s opinion cease by themselves aro, 
according to modern ideas—-and those of Newton — motions which are 
attenuated by frictional forces and finally destroyed. 

The expression “ quantity of motion ” is unfortunately chosen in that 
it does not take into account the vector character of my. Thus a better 
term would be the word “ impulse,” which conveys the idea of a push of a 
certain magnitude in a definite direction that the given mv is able to impart, 
by collision, to some body initially at rest. Since the term “impulse ” 
is, however, used in a somewhat different sense in mechanics, we shall 
have to retain the name “ quantity of motion,” or, in modern, language, 
momentum for the vector p. Instead of the law of imertia and Nowton’s 
firat law of motion we can then speak of the law of conservation of momentum. 

We shall now discuss Newton’s second law, the real law of motion: 
The change in motion is proportional to the force acting and takes place in the 
direction of the straight line along which the force acts. 

however, vector operations originated in close association with mechanics {inelud- 

ing the mechanics of Auids), we shall often have occasion to explain. veotor concept 

simultaneously with mechanical concept, 

As regards notation, vectors will be designated throughout by bold-faced letters; 
thus « for the angular velocity whan regarded aa 4 (axial) vector. In 
overhead arrows will occasionally be used. : 
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By “ change in motion” Newton undoubtedly means the change with 
time of the previovaly defined momentum p, hence the vector p (the dot 
ia Newton’s notation for the “fluxion” p=@P), If we designate the force 
by the letter F, our second law can then be written ss 
(3) p=F. 


Since we called p the momentum, this law expresses the manner in which 
momentum changes with time, and can, for brevity, be called simply the 
law of momentum. 

Unfortunately the law is often, especially in the mathematical literature, 
designated as “ Newton’s law of acceleration.” It is of course true that 
if we treat m as a constant, (3) combined with (1) is identical to 


(3a) my=F: Masa - Acceleration= Force. 


But mass is not always constant; it is variable in the theory of relativity 
for example, where Nevwton’s formulation (3) prophetically turns out to be 
the correct one. We shall treat a eeries of examples with variable mass in 
§ 4, where we shall have a closer look at the interrelation between formula- 
tions (3) and (3a). Incidentally, the mechanical system which is next 
in simplicity to that of a single mass point, namely, the rotating rigid body, 
leads us to an equation of motion along the lines of (3), in the form “ rate 
of change of moment of momentum (angular momentum) = moment of force 
(torque) ’’; a description in terms of angular acceleration, similar to (3a), 
is not posaible. An effect similar to the non-constancy of mass in relativity 
must be taken into account: the moment of inertia, here replacing the 
mass, changes with changing location of the axis of rotation in the body. 

We must now seek to get a clear idea of the concept of force. Kirchhoff® 
wanted to degrade it to a quantity defined by the product of mass and 
acceleration. Hertz®, too, tried to eliminate and replace it by coupling 
the system under consideration with other, generally hidden systems 
interacting with the former. Hertz carried out this program with admirable 
consistency. His method, however, hardly produced fruitful results; and 
it is especially unsuitable for the beginner. 

We are of the opinion that we have st least a qualitative notion of 
“ force ” which we acquire quite directly through the feeling we experience 
when using our muscles. In addition the earth has provided us with the 
comparison standard of gravity, with which we can measure all other 
forces quantitatively. For this purpose we need merely balance the effect 
* Gustav Kirchhoff, Vol, I of his Vorlasungen aber mathematiaohe Physik, p. 22. 


¢ Heinrich Hertz, Misceliansous Papers, Vol. III, Principles of Meohanice, Macmillan, 
New York, 1896. 
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of a given force by a suitable weight. (By means of a pulley and string 
we can let the vertical force of gravity act in a direction opposed to the 
given force.) If, in addition, we procure a number of equally heavy bodies, 
a “set of weights,” we obtain a tentative scale with which to measure 
forces quantitatively. 

The same is true for the concept of force as for all other physical con- 
cepts and names: word definitions have very little meaning; physically signi- 
ficant definitions are obtained as soon as we prescribe a way of measur- 
ing the quantity in question. Such « prescription need not contain the 
details of practical procedure, but merely state a way to measure the 
quantity in principle. 

The above prescription, making use of gravity, has given a concrete 
content to the right member of our law of momentum (3); it has thereby 
become & real physical statement. It is true that the left member still con- 
tains the mass m, up to now undefined. This does not mean that the defini- 
tion of mass is the only content of the law. For the law brings out that 
it is p, not p itself or perhaps § which is determined by the force. We shall 
see in § 4 how the definition of mass is obtained in case it is variable, the 
relativistic mass serving a8 example. 

Third law: Action akoaye equale reaction, or: the forces teso bodies exert 
on each other are always equal and opposite in direction. 

This is the principle of action and reaction. It says that for every 
pressure there is a pressure in the opposite direction. Forces always ocour 
paired in nature. The falling stone attracts the earth just as strongly as 
the earth attracta the stone. 

This law makes possible the transition from the mechanics of single mass 
points to that of compound systems; it is therefore fundamental to the 
entire field of structural statics, to name but one example. 

We shall call the rule of the parallelogram of forces our Fourth law, 
even though in Newton it appears merely as an addition or corollary to 
the other laws of motion. The fourth law states that two forces applied 
to the same mass point compound to act like the diagonal of the paral- 
lelogram formed by them: forces add like vectors. This seema self-evident 
since we equated the force F to the vector p in the Second Law. Actu- 
ally, however, the Fourth Law, as Mach emphasizes, contains the axiom 
that each force acting on a mass point causes it to change its motion as if 
this force were the only one acting there. The parallelogram of forces 
hence establishes axiomatically the independence of the effects of several 
forces acting together at the same point, or, more generally, the principle 
of superposition of forces. Of course the last statement as well as the 
laws of motion preceding it are nothing but an idealization and a precise 
formulation of our whole body of experience. 
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Having introduced the concept of force, we shall at this point introduce 
that of work with the definition 


(4) aW=F + ds=F ds coa(F, ds). 


Thus the work does not equal “ force times distance ” as often stated, but 
“component of force along path times path length’ or “force times 
component of path length along force.”’ 
From the statement, “ forces add vectorially,” follows immediately the 
complementary statement that “‘ work adds algebraically.” Indeed 
FL+F,+ ++: =F 
leads to 


(8) F,+ ds+F,:ds+--- =F+de 


by scalar multiplication with the distance ds. Here ¥ is the resultant 
force. The definition of the sealar product contained in (4) automatically 
sees to it that, for example, in the first product of (5) only ds,, the com- 
ponent of the distance in the direction of the force F,, occurs. Hence we 
can also write instead of (5) that 


(8) dWi+dW,+ >> =aW, 
as stated above. 

Related to the concept of work is that of power; power is the work done 
in unit time. 

In concluding these introductory remarks we shall have to agree on 
how to measure the mechanical quantities that we have introduced. Here 
we have a choice of two systems of units, the physical (or absolute) and the 
practical (or gravitational) metric systems. The difference between them is 
that in the absolute system the gram (or kilogram) serves as unit mage, 
whereas in the gravitational system the kilogram (or gram) serves ag unit 
force. In the latter case we speak of a kilogram-weight and write 

1 kg-weight=g - kg-maas. 
The gravitational acceleration g is, however, a function of the location 
on the earth, being greater at the poles than at the equator because of a 
sinaller distance from the center of the earth as well as because of diminished 
centrifugal force. Hence the kg-weight is dependent on location; a kg- 
weight sample cannot be transported. The gravitational system is therefore 
unsuitable for precise measurements. The physical system has, in contrast, 
been distinguished by the title, “absolute system of units.” We have 
nevertheless become so accustomed to the gravitational system that in many 
cases where we should really say “mass,” the word “‘ weight” has once 
and for all made its way into our scientificlanguage. Thus we talk of specific 
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weight when we should say specific mass or density; and of atomic and 
molecular weights —- which surely have nothing to do with the acceleration 
due to gravity. 

Gauss, the originator of absolute measurements, decided in favor 
of the absolute system after some hesitation. Initially he, too, was in 
favor of introducing force as the basic unit, since it played a more direct 
role than mass in his measurements of terrestrial magnetiam. On the other 
hand he wanted these measurements to encompass the entire surface of 
our globe; he therefore saw himself forced to adopt as unit a quantity 
whose value would not depend on location. 

Below we have put the two systems next to each other and at the same 
time introduced the derived units dyne, erg, joule, watt, and horse power (HP): 


Absolute aystem (CGS) Gravitational syatem (MES) 
om, g-mass, s6C kg-weight, m, sec 
. Ikgl en 
1 kg-weight==9.81-105 g¢ om sec? 1 g-mass= 555 a sec? m: 
=9.81-10° dyne 
1 exrg=1 dyne-1 om 1 unit of work=] kg- 1m 
1 jowe=10? erg 
1 mkg-weight=1000-g-100 erg 
=9.81-10? erg 
= 9.81 joule 
1 watt=1 joule sec-) 1 unit of power=1 kg m seo 
1 kilowatt 1000 joule seo 1 HP=75 kg m sec 
1HP = 7§- “100+ 3 
= 57947 1.86 HP 75-1000-100-981 erg sec 


=15°9.81 watt= 0.736 kw 


Tt should be noted that according to a decision of the pertinent international 
commissions the CGS system was to be replaced by an absolute MKS system, 
beginning with the year 1940. In this new system the meter takes the 
place of the centimeter, and the kilogram that of the gram as unit of mass, 
while the second is retained as unit of time. This is in agreement with a 
proposal of G. Giorgi, which shows its advantages fully only in electro- 
dynamics with the addition of a fourth independent electrical unit (sce 
Vol. IIT of this series). In mechanics the proposed change would have the 
advantage that in the definition of the joule and the watt the bothersome 
powers of ten are eliminated. With the new larger units M and K the 
units of work and power become 


1 MES=10? cm? g sec-*= 1 joule, 
I MKS*= 10" om! g sec-*=1 watt. 
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The unit of force in the new system, called the newton, is thus 

1 newton=1 MKS§-*= 105 cm g sec-*= 108 dyne. 
This, too, can be regarded as an advantage of the Giorgi system, since now 
the new unit of force is brought closer to the convenient gravitational 


unit, the kg-weight, whereas the old unit of force, the dyne, is ea 
small for most practical uses. 


§ 2. Space, Time and Reference Systerns’ 

Newton's views about space and time seem to us moderns quite unrealistic 
end appear to contradict his declared intention to base his analysis on 
fact alone. He states: 

“* Absolute space, in its own nature, without regard to anything external, 
remains always similar and immovable. 

“‘ Absolute, true, and mathematical time, of itself, and from its own 
nature, flows equably without regard to anything external, and by another 
name is called duration.” 

From these two quotations one would conclude that Newton worried 
but little where absolute time was to be taken from, and how an immovable 
absolute space was to be distinguished from one moving uniformly with 
respect to it. This is all the more surprising since he put the states of 
rest and of uniform motion on the same footing in his first law. On the 
other hand Newton tried to clarify the distinction between absolute and 
relative motion by his famous pail experiment.* In this experiment a 
pail is suspended from a twisted thread and filled with water. The pail 
is then suddenly released and as the thread untwists acquires a rotation 
about its axis of symmetry. The surface of the water remains at first 
level, although the relative velocity between pail and water is great. 
Gradually the water is set in motion by friction with the walls of the pail, 
climbs up the wall, and its surface assumes the familiar hollow paraboloidal 
shape. Finally a steady state is reached in which the relative motion 
between pail and water is zero; the “absolute” motion of the water in 
space has, on the other hand, increased to a maximum, and with it the 
curvature of the surface. 

Actually the experiment only shows that the rotating pail does not 
furnish a suitable reference system from which the motion of the water 
can be understood. Ys the earth such an unsuitable reference system ? 


’ The beginner to whom the following somewhat abstract considerations seem un- 
familiar may postpone the study of this section and of § 4 until a later time. 

* “T have performed this experiment myself,” asya Newton, probably with referance 
to the natural philosophers, perhaps hia compatriot Francis Bacon, who was wont 
to describe the results of experiments he had not performed. 
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It, too, rotates and furthermore describes an orbit around the sun. In 
general, what are the requirements that an ideal reference system has to 
satisfy in mechanics? By a reference system is meant a frame in space 
and time which will enable us to read off the position of mass points and 
the passage of time; we might take a Cartesian system of coordinates 
x, y, 2%, and a time scale, ¢. 

In practice we shall have to rely on the astronomers for this choice. 
The fixed stars furnish sufficiently constant directions for our coordinate 
axes, and the sidereal day furnishes a sufficiently constant interval of time. 
Theoretically, on the other hand, we are forced to recognize a disagreeable 
tautology: that reference frame is an ideal one in which the Galilean law 
of inertia holds with sufficient accuracy, for a sufficiently force-free body. 
Thus the first law is degraded to a formal identity or to the rank of definition. 
The only positive, not purely formal content that the law retains is the 
assertion that reference systema of the required properties do exist. All 
our experience indicates that one such system is approximated by astro- 
nomical determinations of position and time. 

We mean essentially the same thing when we say that the laws of 
mechanics presuppose the existence of an inertial frame, i.e., an imaginary 
structure whose axes are trajectories of bodies moving purely under inertia, 

The question now arises to what extent this ideal system of reference 
is determined. Is there only one such system x, y, z, ¢, or are there perhaps 
infinitely many such systems? Newton's first law gives the answer at 
once, for it states that any two systems x, y, z,tand 2’, y’, 2’, ! are equivalent 
if they differ only by a uniform translational motion. In mathematical 
form 

a! = B-b gt 
(1) y'=y+ Bol 

2 =2z-+ye 

U =i, 
We can generalize the transformation (1) by performing a rotation on the 
spatial system x, y, z about ita origin, which amounts to replacing x, y, # 
in (1) by new space coordinates £, y, £ such that 


(2) tnt iteat+yte, 


This condition defines an arbitrary orthogonal transformation. With 
&,, By» Vy, the direction cosines, it yields 


| z= y #2 
(3) Elm my 
4 Bs Bs Bs 


S| va vs 
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This scheme can be read equally well from left to right as from top to 
bottom. Because of (2) the «, £, y satisfy the well-known relations 


(4) De= SHH Sal, Yahya +++ <0, ete. 


If now we replace the a, y, z in the right member of (1) by the £, n, { of (3), 
we obtain the generalized transformation scheme? 


A My Xp 
By -By Bo 
Yn Ya 6a OO 
o oOo oO 1 

The fact that the primed system 2’, ’, z’, t’ is just as good a reference 
frame for the purposes of classical mechanics as the unprimed system 2, ¥, z, ¢ 
is called the principle of relativity of classical mechanics. In what follows (5) 
will be called a Galilean traneformation. It is a linear transformation in 
the four coordinates; it is orthogonal in the first three, and leaves the 
time coordinate invariant (’=?). The last statement means that the 
principle of relativity of classical mechanics leaves intact the absolute 
character of time as postulated by Newton. 

A new situation arises, however, in the field of electrodynamics, particn- 
larly in the electromagnetic theory of optical phenomena. Maxwell’s 
equations, which form the basis of this field, require that the process of 
the propagation of light in vacuo with the velocity ¢ be independent of the 
frame of reference from which this process is observed. The front of a 
spherical wave whose source is at the origin of coordinates ia given. by the ° 
equation 
(8) ety tee ct Moor 7’8-y/B- 2 ae o® 2 


respectively, depending on whether we are describing the wave front in 
the unprimed or the primed system. It is now convenient to change the 
names of the coordinates in the following manner: 


(5) 


(%} VmL,, Yr VXe, L— Wy, totam A, 


where ¢ is the imaginary unit; we introduce a corresponding change of 
notation for the primed coordinates. Equations (6) then read 


8) Samo, Se2—0, 
1 x 


* Note that this table can be read from. left to right but no longer from top to bottom, 
since the transformation is no longer orthogonal —TRansxaton. 
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and the fact that the propagation of light does not depend on the choice of 
reference frame demands that*® 


(9) Svi-S8 
1 1 


Whereas Hq. (2) was an orthogonal transformation in three-dimensional 
space, we are dealing in (9) with an orthogonal transformation in four- 
dimensional space. True, the fourth coordinate is imaginary. This, 
however, will not affect the existence of equations analogous to (3), (4) 
and (5). The relation between the x, and the 2’, arising from (5) is in 
general called a Lorentz transformation, after the great Dutch theoretical 
physicist Hendrik Antoon Lorentz. We write it in the form of the general 
scheme 


(10) 


This table shows at once that the time coordinate (in the imaginary form 2,) 
is now involved in a change of reference system to the same extent as the 
space coordinates. As a necessary consequence of the invariance require- 
ment (9) the absoluteness of time is now destroyed, 

More instructive than the general Lorentz transformation is the special 
one which we obtain when we leave two apace coordinates, say x, and 2g, 
unchanged, and transform only x, and 2. 

Then all the o, of the first and second rows of columns in (10) must 
vanish, except for 

y= Ugg I, 
because 2 = 2,, %j=%, (a6 read from left to right as well as from top to 
bottom). Furthermore we have the conditions analogous to (4), 


(11) af 1-08, = 08, ped, = 08, +08, 208,08 =], 


and therefore 

Og Mey: = Ms 
Letting $= +1, we can write 
(11a) egg == 8 trys 


10 For one of the Eqs. (8) must be the consequence of the other, In view of the lincsarity 
of the relation between them, one of the expressione (8} mush be proportional 


to the other. Since the relation is a reciprocal one, the factor of proportionality 
maust be unity. 
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and we must then put 


(11b) tomate 


because of the other orthogonality condition cpgtgg + %gty=O. We now 
make use of (lla, b) to solve for the primed coordinates in terms of the 
unprimed. Atthesame time, with the help of (7), we go back to our original 
coordinates ¢, ¢, 2’, &’ to obtain 


2 == Oaa(2+ idee), 
m—Son(t+ il 3 2), 
The first of these equations shows that 

(123) Bekins 


(12) 


must be identified with the velocity with which the 2’-axis moves parallel 
to the z-axis in the positive direction of the latter, as observed from the 
unprimed system. “With the help of (12a) Eqs. (12) become 

2 tgs (z2—2#), 

t'm — Bas, (t—S2). 

Finally we must determine x55. To this end we use Hg. (9} which, in the 
original coordinates, now simplifies to 2’*#—ctt’2a29—'Z, Let us introduce 


here the values of z’ and ¢’ from (13). The factor of 2vzé vanishes on. the 
left. Comparison of the factors of 2! and @ on the left and right yields 


(13) 


1 
Ss 1 —vtor 
In the limit ¢ — © (18) must of course reduce to the Gelilean transforma.- 
tion (1) with a ==f g=0 and »,=—v, To this end we must pot =—] 
end must choose the positive sign of «,. We then obtain the characteristic 
two-dimensional Lorentz transformation 


£— vi 
f=7 — Bye 
s— Ts 
3 
td fa Se, 
ae (1— fF 
where pant, (1— f)t> 0. 
The relativization of the time in (14) and the change of scale of the 


space coordinate z, as embodied in the denominator (i—5)* are, as we 
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have seen, a result of the fact that the velocity of light ¢ is finite, a fact 
with which the principle of relativity of classical mechanics is incompatible. 

If it be true that all electrodynamic effects are propagated with finite 
velocity ¢, it follows that for such effects the Galilean transformation must 
always be replaced by a Lorents transformation, either in the general 
form (10), or the specialized form (14). We call this fact the principle of 
relativity of electrodynamics. It is evident, however, that mechanics too 
has to adapt itself to the fact of the finite propagation velocity of light. 
Now all velocities occurring in ordinary mechanics are quite small com- 
pared to c, This is the reason why for the purposes of mechanics we can, 
as a rule, neglect the change of scale of the space and time coordinates 
indicated by (14). 

The wealth of physical facts embodied in the Lorentz transformation 
will be discussed in the third volume of this series. Here we shall only 
investigate the changes that we have to make in the concept of the funda- 
mental quantity p, the momentum, as a result of our new relativity principle. 

We have called p a vector. This means that the three components of 
p transform just like the coordinates themselves [i-e., the componente of 
the radius vector r=(x, y, z) ] in a change of the system of coordinates. 
We therefore say that p is covariant to r. 

This is valid only from the viewpoint of the Galilean transformation, 
where the time is regarded as absolute. From the viewpoint of the Lorentz 
transformation the radius vector is a four-component quantity, a fowr-vecior 


(15) Kas (21, Bq, yg, 4). 


Our relativistic momentum will similarly have to be a four-veotor, ie, 
must be covariant to x, if it is to have a meaning in relativity theory. We 
arrive at this four-vector in the following manner: 

(a) (15) being a four-vector, the coordinate distance between two 
neighboring points 
(16) Axa (dey, diy, dg, dm)— (ry diy dey icdt) 
is also a four-vector. 

(5) The magnitude of this distance is certainly invariant under a Lorentz 
transformation, Apart from a factor ic, it is given by 


(17) dy ex [aes—< (dx? +det +dz%)| ‘ 
We follow Minkowski in calling dz the element of proper time; in contrast 


to dt it is relativistically invariant. We shall factor out dt in (17) and 
introduce the ordinary velocity » of three dimensions, to obtain 
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(17s) dr = az(1 -5)'- di(1— 82)3, 


(c) Division of the four-vector (16) by the invariant (17a) yields 
another four-vector; we call it the four-vector velocity 


z dat, dety  \ 
(18) rT Ca ie 


{d@) Earlier we derived the momentum vector p by multiplying the 
velocity three-vector by a mass m independent of the reference frame. We 
shall similarly deduce the momentum four-vector p from the four-veotor 
(18) by multiplication by a mass factor independent of the frame of reference. 
We shall call this mass factor the rest masa m, and obtain 

= ae .. ee de, 3 de: ? das, : . 
(19) P= et a a ic) 
It is proper to call the quantity in front of the parenthesis the moving 
mass (since it reduces to the rest mass for f= 0), or simply the mass. We 
therefore assert that 


a. 
ev me” = 

This expression was first derived by Lorentz in 1904 under very special 
assumptions (deformable electron}. The derivation from the principle of 
relativity makes such special assumptions unnecessary. Eq. (20) has been 
confirmed by many precision experiments with fast electrons. Together with 
optical experiments, notably that of Michelson and Morley, it forms the basia 
of the theory of relativity. Here we have proceded in inverse order and 
deduced Eq. (20) from the principle of relativity in what appears to be a 
very formal procedure. This is not only logically admissible, but especially 
serviceable in view of the brevity of these introductory explanations. In 
§ 4 we shall discuss what changes in the further application of Newton’s 
laws of motion will have to be made as a result of the velocity-dependence 
of mass. 

At this point we should, if only sketchily, bring to a conclusion the 
question of the permissible frames of reference; to this end we must pass 
from the special theory of relativity treated. so far to the general theory of 
relativity (Einstein, 1915). In special relativity there are allowed reference 
systems which are obtained from one another by Lorentz transformations, 
and forbidden ones, such as, for example, those that are accelerated with 
respect to the former. In general relativity all possible frames of reference 
are admitted. Transformations between them need no longer be linear 
and orthogonal as in (10), but can instead be given by arbitrary functions 
ar’, = f(t, Ua, Xs, %). Hence we are dealing with systems which are moving — 
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and are being deformed with respect to each other in any way desired. As 
a result space and time lose any vestiges of the absolute character which 
they held in Newton’s fundamental analysis. They become merely classifi- 
cation schemes for physical events. Euclidean geometry no longer suffices 
for this classification and must be replaced by the much more general metric 
geometry advanced by Riemann. The task then arises to give such a 
form. to physical laws that they will remain valid in all frames of reference 
here considered, i.e., & form that remaina invariant under arbitrary point 
transformations #,=f,(%,°:-%,) of four-dimensional space. The positive 
content of the general theory of relativity is precisely the possibility of 
this task. We cannot in this volume delve into the mathematically very 
involved form which the laws of mechanics take on in their invariant 
formulation. Suffice it to say that the general theory leads to a derivation 
and @ more precise formulation. of Newtonian gravitation. 

We conclude with a remark about the name, theory of relativity. The 
positive achievement of the theory is not so much the complete relativiza- 
tion of space and time, but the proof that the laws of nature are independent 
of the choice of reference system, i.e., that events in nature are invariant 
under any change in the observer's view point. The names, “theory 
of the invariance of natural events,” or, as occasionally proposed, “ view- 
point theory,” would be more appropriate than the onstomary name, general 
theory of relativity. 


§ 3. Rectilinear Motion of a Mass Point 


Let the motion of the particle take place along the x-axis. Only the 
#-conaponents of any forces present will have any effect. Let X denote 
the resultant of these components. 


We have vev= = and p=m®., Then 


at 
(1) p=X 
and, with constant m, 
dx 


We wish to study the integration of this equation of motion for the 
three cases: X is given as a pure fanotion of the time, [X¥=—X()], of 
the position, (X= X(x)], or of the velocity, [X=X(v)]. 

(a) X=Xi(#). 

Immediate integration yields 


£ 
(3) 0—vg= = [X@at= 220. 
to : 
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Here Z(f) is by definition the time integral of the force and equals the 
change in momentum during the time from ?¢y to ¢. 
A second integration leads to the equation of the trajectory, 


$ 
(4) tt — tq = vo(t—ty) +— | Zie)dt. 
to 
(5) X= X(x). 
This is the typical case of the force field given as a function of position. 
Integration is achieved by use of the principle of the conservation of energy. 


We multiply (2) on both sides by %, 
(6) aa <a 


The left member is now a complete differential, 


2 {=(S) 1. 
a{3(Z)"} 
In agreement with the general definition of {1.4} we write for the right 
member dW=~X de and call dW the work done over the path dw. The 
equation thus arising says that the change in kinetic energy equals the work 
done. 

For we define 
(6) T= By, = se 
as the binetic energy or energy of motion of the mass point; the older name, 
live force (Leibniz), shows the ambiguity of the word force (he distinguished _ 
live force, vis viva, ie., kinetic energy, and motor force, vie motriz, our 
present-day force; even Helmholtz, as late as 1847, entitled a treatise 
dealing with the conservation of energy “ Concerning the Conservation of 
Fores ”’). 

To the definition of the kinetic energy we add that of the potential 
energy V, 


(7) 4V=~4W=—Xde, VoB,=—| Xe. 


In one-dimensional particle mechanics this definition suffices; in the case 
of two- or thres-dimensional force fields the existence of V depends on 
the character of the fields (cf. § 6, Part 3). According to (7) V is deter- 
mined only to within an additive constant. 

With these definitions the mteereeer. Eg. (5) yields the law of the 
conservation of energy, 
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(8) T+ V= constant= 2. 


Here £ is the energy constant or éofal energy. 

The principle of the conservation of energy possesses not only an 
exceedingly great physical importance, but also remarkable mathematical 
power. For it performs, as we have seen, not only the first integration of 
the equation. of motion (hence its alternate name, ‘integral of energy ”’), 
but at once makes possible — at least in the present case (6) ~a second 
integration as well. If we write (8) in the form 


(G) -52-V@), 
we oan solve for di, 


a= soe] a 
so that 


(9) ton (F i are 


Thus ¢ is a known function of 2, sail ieecrenianaelaedseate 
terms of ¢. (9) is then the completely integrated equation of motion. 
(c) X= Xie). 
Now the equation of motion reads 


me = X(0) 
which we rewrite as 
mdv 
wy 
thereby at once obtaining 
e 
dv 
(10) t—t=m[ F=F(). 
%o 


This also allows us to solve for v in terma of ¢, v=f(t), ao that 


from which we conclude that 


i 
w— tym f f(t)dt. 
% 
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Examples 
1, Fess Fatt Neas Estrn’s Sunracn (Falling Stone) 

We take the positive x-direction as vertically upward. The force is 
constant, 
(11) X=—mg, 
Le., independent of ¢, z, and v. Here all three methods of integration (a), 
(6), (c) can be applied. 

We shall carry out (2) and (6), and postulate explicitly that the “ gravita- 
tiona] mass ” and the “ inertial mass ” be equal, 


(12) asers= Mga 
Taner is the mass defined by the Second Law; m,,,, is the mass oc 
in the law of gravitation and hence algo in our force equation (11). 

Bessel recognized the necessity for testing Eq. (12) experimentally, 
by means of pendulum experiments.“ A much more precise experimental 
proof was farnished by Edtviée with his torsion. balance. Later on, Eg. (12) 
gave the first impulse to Einstein’s theory of gravitation. 

(a) #=—g. With suitable choice of the integration constants (v=0 
and wmf for ¢=Q) we end up with 


t=—gt, xc=oh— oi. 


(6) Since dW=—mgde, Vamge and T-+mgreH. If v=0 at anh, 
we must have #=mgh; therefore 


Fe+mge= mgh. 
From this we get for the particular value «=O that v°=2gh, or 


{13) v= (2gh)t. 
Inverting this equation we obtain 
24 


which is the height to which an arbitrary mass must be raised in order 
to attain, falling through this height in the gravitational field, a specified 
velocity v. The introduction of this height A instead of the velocity o is 
convenient, especially in certain engineering problems, such as the 
1 Incidentally we would like to direct the reader’s attention to an. interesting sentence 

cocurring in Newton's Mechanics, At the beginning of this work, under Definition 1, 


Newton saya: ‘‘ Through very carefully performed experimente with pendula I 
have verified that mase and weight are proportional,” 


20 Mechanics of a Particle 13 


height to which water rises in a Pitot tube," the pressure head in a centrifuge, 
etc. The height to which the water surface climbs in Newton’s pail experi- 
ment is similarly given by (13a). 


2. Faow Fatt From a Gueat Disranon (Meteor) 


Now the force of attraction is no longer constant. Instead we must 
use the law of gravitation 
(14) dr mig 


R= - 


as r 


where m is the mass of the meteor, M that of the earth, G the gravitational 
constant. Instead of the coordinate x we have introduced the distance r 
of the meteor from the center of the earth. Since the force is now a function 
of r, method of integration (6) should be used. 

In partioular, for the surface of the earth, with a the earth's radius, 
(14) yields 

mg = mif@ : 

ao that mMG can be eliminated from (14), 


a a, 
an 93 
With this notation (7) yields 
aV = —dWa mga S, 
so that the potential energy, with zero level at infinity, becomes 
(15) Vir) =— mg 
Eq. (8) therefore gives 
mfdr\: mga* mga* 
aa) eee 


where RF is some hypothetical initial distance from the earth’s center at 
which the falling mass was in a state of rest. We thus obtain 


0 = oot-3) 

and, corresponding to (9), 

(16a) t=T358 | ey 
r 


13 A bollow tube used in fuid flow to measure the dynamic pressure. It ig often used on 
airplanes as ab airspeed indicator. Cf. Glazebrook, Dictionary of Applied Physics 
Y, p. 2-—Tranataron. 
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We need not do the integration indicated in (16a) in detail, since only 
two special cases of (16) are of interest to us: 
(a) R=, r=¢a. 
The meteor reaches the earth with the velocity 
= (29a)}, 


ie., a free fall in the earth’s gravitational field from infinity results in the 
same velocity at the surface of the earth which would be achieved by a 
free fall from a height A=a equal to the earth’s radius under s constant 
acceleration due to gravity g [of. Eq. (13) ]. 


(5) Ruwath. h€a. roa. 


Here we are concerned with a first order correction to the velocity of 
fall (13), taking into consideration the decreasing gravitational acceleration, 
but assuming that the meteor falls from not too great a height. From 
(16) we derive 


i [2ga(1——- )|*= (2ga)t ¢-% 4:- J 


2 | 


~ 209 ()}(1-H+---)= aan (.—$h 4) 


3. Freep Far om Am 
We shall assume that the air resistance is proportional to the square 
of the velocity. This assumption, introduced by Newton, agrees quite well 
with experience if the falling body is not too small and its velocity is neither 
comparable to that of sound, nor vanishingly small. The resultant force 
is then 
X (v) = —mg+ar?, 


where the signs indicate that the air resistance opposes the force of gravita- 
tion. Here method (c) of p. 18 applies, and the equation of motion becomes 


(17) aot eet. 
If we put mgt it goes over into 


He = —9(1 840). 
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From this we obtain the analogue of (10) with t)==0, 


—9 = F(5+ ipa) ~ot= ae nT), 


so that 
and 
—8dg% 
(18) by 2a et Dot tanh byt, 


“tbat, cosh bgt 
where sinh, cosh, and tanh are the hyperbolic functions. [bv] hence grows 
monotonically from 0 at ¢=0, and approaches the valne 1 ast—«. The 
limiting value of v itself is 
; l mo\t, 
Plecale) 

This can also be read at once out of Eq. (17), since for the above limiting 
value a4 becomes equal to zero. 


We make use of Eq. (18) to obtain the first order correction due to air 
resistance which must be added to the formula derived for s free fall in 
vacuo, From the series expansion 


at 

inh o abe oo? 

tanh «= = —§=«(1-$) 
14% 
ey 


couh & 


we obtain, according to (18), with «=dgi, 


v=—gt (1— Ce), 


4. Harmowic OscLations 


Harmonic oscillations occur whenever a restoring force X proportional 


to the displacement x acts on a mass point m. We call the proportionality 
factor kb, so that 


Xoa —kx 
and the equation of motion with constant m is 
(19) mos =— ke. 


Since the force is a given function of the coordinate [case (5) of p. 17], 
we make use of the rule given there and apply the integral of energy. 
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We must therefore first determine the potential energy of the harmonic 
binding force. We have 


dW = Xdx= —4d(x%), 
so that, according to (7), with a suitable choice of the zero of PV, 


z 
ae Calla at 


The equation of energy is then 
mit kat—22. 
As our initial conditions we may choose 


t= 
(19a) at tm0; { aes 


Ags @ result 227 takes the value ka, and. 


Naat 


(Elba Ue 

mn aon . 

A quadrature, incorporating the initial conditions (19a), yields 
o am fe Wh. k\t 

(20) ow? = sin, (23) with w= (=) ; 

An inversion finally gives 

(21) emo sin(wit+5)—a 008 wi. 


The physical meaning of the abbreviation w is therefore clear. It is the 
ciroular frequency, ie., the number of vibrations in 2 unite of time; 7 
being the period of oscillation, »v the frequency**, we have the relation 


(22) os Tw Dey. 
With the help of this abbreviation (19) can also be written 
(23) $+ wiz= 0. 


The equation of energy has the advantage that it always leads to the 
desired end, no matter how the force X depends on x. In our case, however, 
where X is linear in x, another much more elegant method exists. It is 


8 As opposed to w, » is the frequency, the number of vibrations in wnit time. 
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based on the immediately plansible rule that a homogeneous linear differ- 
ential equation with constant coefficients of any order (2 being the 
dependent, ¢ the independent variable) can always be solved by putting 


(24) w= (ert, 
provided A is chosen to be one of the roots of an algebraic equation obtained 
from our differential equation. This furnishes a particular solution. The 
general solution is obtained by a superposition of all such particular solutions 
in the form 
(24a) wa > O,eAg?, 
The algebraic equation in A is obtained by substitution of (24) in (23), and 
is here of second degree, 
A?+ w*=0 with the roots A= +iw. 

The general solution is therefore 
{24b) a= O, cot C,e~to, 
Constanta O,, C, are determined by the boundary conditions (19a): 

*<=0 * C,i0—C,et= 0: C1= O;. 

w=a , a=0,4+0, =20,: O.=5: 
The final solution of the problem is, in agreement with (21), 


T= 008 wi. 


We shall later (Chapter ITI, § 19} make extensive use of this method for 
damped, forced, coupled, eto., oscillations, provided these can be described 
by linear differential equations, The title, “ harmonic oscillations,” which 
we have given to this part, calls attention to the fact that the restoring 
force is linear in the coordinate, so that the resulting motion can be repre- 
sented by @ single constant frequency w. The method fails in case the 
binding force is anharmonic, i.e., non-linear: in that event one has to 
resort to the less elegant method of the energy integral. 


8. Comtiston or Two Panrroues 


Before the collision (cf. Fig. 1) let the masses m and M have velocities 
v, erp respectively; after the collision they proceed with velocities 
v and J. 
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a 
i 77 


Fig. 1. Collision of two masses Jf and m; velocities before collision », and V,, after 
collision V and v. 


No matter what the nature of the collision, whether elastic or inelastic, 
Newton’s axiom “‘ action=reaction ” must be valid for the forces trans- 
mitted between m and M, and also for the time integral Z of these forces. 
Therefore, according to Eq. (3), 


(25) m(v—v,)=Z=— —M(V—Y,), 
and hence also 
(25a) mv-+-MV=mv,+HV,. 


This equation states that the total momentum of the system. is conserved. 
Let us now introduce in (25s) the coordinate of the center of mass of 
the system, 


+MX . 
(25b) eros a 
We obtain os 
E= £o- 


This result says that the collision has no effect on the velocity of the center 
of mass. 

Thus the center of mass of a shell fired in vacuo continues undisturbed 
in its parabolic path, even if at some point along the path the shell bursts 
into splinters each of which seems to follow an independent trajectory 
of its own. 

So far we have two unknowns, v and V, and only one equation (26a). 
In order to find the complete solution of the collision problem a second 
relation is evidently necessary. We define an elastic collieion aa an inter- 
action in which the kinetic energy as well as the momentum is conserved. 
We then require 


26 pono eae¥n, 
or 

m(v?— v2) = M(Ve— V4). 
But from (25) 

m(?e—v_) = H(V,—V). 
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Division of these two equations yields 
a+ Vo™= Vot v, 


or 
(26a) V—v=— (Vg—ty). 


This equation states that the relative velocity of one mass with respect 
to the other after the collision ia equal and opposite to that before the 
collision. 

The combination of Eqs. (25a) and (26a), 


mo+ MY =mv,+HV, 
v— V=—2,4+ PF, 
now completely determines the velocities after the colliaion, 


m=— M 2M 
(27) "meme tm Tele 
M—m am 
Vm mpatl ot ie ae 
Notice that the determinant 4 of this “ transformation ”’ from initial 
values v7), V, to final values v, V has the absolute value 1. For 
m—M 2M 
=\"m_ M—m|*~ (neat) — Gey 
mp m+ ad 


This means that if we allow the initial velocities to have a certain range 
of values, the transformed surface element in v-V space has the same area 
as the initial surface element; the transformation is area-preserving (cf. 
Fig. 2a). This law is important in collision processes in the kinetic theory 
of gases and is related to Liouville’s theorem (of. Vol. V, this series). 


%e 
Fig. 2a. Velocity domains before and Fic. 2b. In the cage of two equal masses, 
after collision. The mapping is area- m=]f, the mapping is not only area- 
preserving. preserving, but also angle-preserving, 
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Let us consider the case of two equal masses such aa two billiard balls, 
m=M. Has. (27) become 


(278) v= Vo, V=% 


Now the transformation ia not only area-preserving, but angle-preserving 
as well; of. Fig. 2b, in which the transformed rectangle is obtained from the 
initial one by interchange ofits sides. In particular, if, in a central collision 
(head-on collision), in a billiard game, one ball is initially at rest, then the 
other one transmita sll ite velocity to the former and thereby comes to rest 
[cf. (27a) with V,—0]. 

If, on the other hand, one mass is very great compared to the other, 
M>m, the large mass retains practically all ite original velocity after the 
collision, while the small mass follows the large one with a velocity equal 
to that of the large one minus the original relative velocity. For with 
m<€M the Eqs. (27) can be simplified to 


(27b) v= — to +2V4= Vo—(vg— Vo), V= Vo. 


To complete the discussion of collisions we shall briefly go into inelastic 
collisions. In atomic physics one investigates inelastic collisions (“ colli- 
sions of the second kind ”’), in which the colliding particle, say an electron, 
loses part of its energy in order to “excite” the atom with which it 
collides; such an excited atom has been raised from its ground state to a level 
of higher energy. Since in this type of process part of the initial energy is 
lost as far as the motion after collision is concerned, this motion can no 
longer be calculated using the formulas of elastic collisions. (Cf. probleme 
Ll to 14) 

We shall here limit ourselves to the “ completely inelastic collision,” 
which is often considered in engineering problems. Such e collision is 
defined by the condition 

om V, 
i.e., after the collision both masses m and M proceed at the same velocity, 
aa if rigidly coupled together. The equation of momentum, as emphasized 
earlier, retains its validity under all circumstances; it becomes 
(28) (m+H)v=mv,+HP, 


and alone is sufficient to determine the sole unknown v. We would like to 
know the energy lost in this collision, which is 

mn Mw m+ ME 

a%tg oe 
or, after a simple elimination of v with the help of (28), 


(28a) § (r9— Po). 
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The loss of energy equals the kinetic energy of a certain reduced mass p 
which moves with the original relative velocity. y is defined by 


(28b) titi? therefore p=. 


The theorem contained in Eqs. (28a, b) was first advanced by General 
Lazarus Carnot. (General Carnot was a mathematician and the organizer of 
universal military service during the French Revolution, as well as the 
father of Sadi Carnot, whose name has become famous in thermodynamics.) 


§ 4. Variable Masses 

The illustrations cited below will aid us in a critical evaluation of Newton’s 
second law. We put this law in the form (1.3), “ change of momentum 
equals force,” rather than in the less general one (1.3a), ‘‘ mass « accelera- 
tion equals force.” We shall now learn how the rate of change of momentum 
is to he understood. We shall show that even in the case of variable mass 
the general form (1.3) may under certain circumstances reduce to (1.3a). 

Let us consider a familiar example: « sprinkler wagon wets the asphalt 
on a hot summer day. The power of the motor is barely great enough 
to overcome the combined friction, of the ground and wheels, of the air, and 
in the axle bearings. The vehicle therefore behaves aa if under no forces. 
Let m be the mags of water in the tank at any instant-+-the constant masa 
of the empty vehicle. Let the amount of water aquirted out per unit 
time be p= —s, its exit velocity toward the rear, gas seen from the wagon, 
or »—g as seen from the street, » being the speed of the vehicle. 

If we were to use the formula (1.3) mechanically, we would obtain 


ql) P=p= (mo)<0 
from which would follow 
(la) MD = pv, 


The acceleration of the wagon would then be independent of the exit 
velocity g. This is paradoxical, since one would expect the recoil (of. gun) 
from the outgoing water jet to have some effect. 

Actually we have not used the correct expression for the rate of change 
of momentum meant in (1.3), for it should consist not only of the member 
taken into account in (1), but also of a term giving the momentum. contained 
in the water jets. This latter is p(v—g) per wit time. Explicitly, 


P= MY, Det g= (m+ dm) (v+dv) +pdt(v—g) 
so that the corrected rate of change of momentum becomes 
(2) P= F(mv)+p (o—g)=0, 
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or, remembering p=—m and simplifying, 
(3) mo= pq. 


From the viewpoint of (1.3), the recoil of the water leaving the vehicle 
acte as an accelerating force on the latter, just as in the reaction water wheel 
used in rotary lawn sprinklers. 

Instead of the sprinkler wagon we could have chosen as our example 
the interplanetary rocket, with which one might reach the moon. The 
rocket would be propelled by the expulsion ofexplosive gases. See problem I.5. 

We generalize this result in two statements which are equivalent to 
Egg. (2) and (3), respectively, of our illustrative example: 

Hither we take the viewpoint of (1.3), where we must then add to the 
change in momentum. contained in the body in question the momentum 
convectively given off or added per unit time. The latter is to be caleulated 
in the same frame of reference as the momentum of the body under investiga- 
tion; the sign of m takes care of the correct sign for this term. The equation 
of motion then becomes 


(4) § (mv) —mv' =F, 


where v’ is the convective velocity. In our case we had —m=p and 
[v'|=|¥]—-¢. 

Or we take the viewpoint of (1.3a), in which case we must, however, 
add the recoil momentum gained or lost per unit time as a kind of external 
force. We then obtain the equation of motion in 4 form analogous to (3), 


(5) mi =F + ¥eqy. 


Vy i8 the relative velocity of the convective momentum with respect to 
the body under observation, measured positive in the same sense as V. 
In our example we had |v,4{=—g and again —m=p. 

Two special cases deserve our attention: 

(a) v’m(. The elements of mass gained or lost have zero velocity 
and therefore do not carry any momentum. In that case the equation 
of motion has the Newtonian form p=F. Examples: water drop, chain, 
problems 1.6 and [.7. 

(6) v'=¥ or, equivalently, v,,=0. The equation of motion has the 
form, masa » acceleration= force, in spite of the fact that the mass involved 
is variable. Example: rope hanging over the edge of a table, problem 1.8. 

In case (5) the Carnot energy loss, Eg. (3.288), is zero; therefore the 
equation of energy applies in the usual form. In case (a) the form of the 
energy conservation law valid for s given problem. is not obvious and must 
first be investigated. 
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We conclude these instructive remarks with the problem of the relativistic 
variation of mass. We sbali talk specifically about the electron, even 
though equation (2.20) is of course valid not only for it, but for all 
masses. Here the variation of mass is a purely internal affair of the 
electron; there is no question of any momentum gained from or lost to 
the surroundings. As in case (a) the equation of motion is therefore p=—F, 
ie., in view of (2.20), 

af MoV 
(6) bt eaey, =) =F. 
Let us first consider the rectilinear motion of an electron; F acta longitudi- 
nally, that is, in the direction of v, 80 that FF, and v=v. 

We shall change Eg. (6) to the form “ maas - acceleration=foroe,” a 
customary procedures in the early part of the century, though unnecessarily 
complicated. To this end we carry out the differentiation on the left, 


0 a = -, vff - 
(eat moral B= elitr) 
Now f=v/e so that 

p=? and hence vph= pty. 
Consequently Eq. (6a) becomes 


— 9 fe). —-™__guaP. 
(6b) aati a) (i-#)i- Prong 
The longttudinal mase multiplying the acceleration ¥ is therefore 
eee... Soa 
i Mame (1 2471 


If, on the other hand, F acts transversely, i-¢., normal to the trajectory, 
only the direction, not the magnitude of the velocity is altered. In that 


case B is zero; (6) aimply yields 
It, . 
(1 faye? 7 texas 
For this reason one introduced at the time a tranaverse mass different from 
the longitudina] mass and given by 
8 ee. 
- ans (1 — f8)) 


In view of these complications we emphasize that the above distinction 
between two kinds of masses becomes unnecessary if we use only the 
rational form (6) of the equation of motion. 
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Next we wish to determine the form of the equation of energy in 
Telativity theory. Let us therefore multiply (6) by o= v= Be. In the 
right member we obtain 


(9} FE — OF =work done, or power. 
In the left member we have 
@ B 
mee BS (aa) = moc? BA(1 — 6%), 

We can at once convince ourselves that this is a total derivative in i, viz., 

a ae 
(10) meer ph 
Since (10) must be equal to (9), the rate of doing work, (10) must be the 
time rate of change of the kinetic energy J. We therefore have 


T =mge ‘(sex Rye t const ). 


We must put the constant equal to —1, because 7, by its nature, must 
vanish as § vanishes. Hence the relativtatic kinetic energy is 


(12) T= = mye at —1). 
In view of (2.20) we can also write this as 
(12) T' uz c*(m— my). 


In words: the difference in energy between a moving electron and one at rest 
(which is nothing but the kinetic energy or “ live foroe ’’) equals the difference 
between the masses of the electron in motion and at rest, multiplied by 
ec. Thus we have verified for the simplest case the law of the equivalence 
of mass and energy (law of the “ inertia of energy”). This important law 
is fundamental to the whole field of atomic weight determinations and to 
nuclear physics and its applications to cosmology. 
For the sake of completeness we point out that for small 8, (11) can 

be expanded in a series which yields to a first eee the elementary 
expression for 7’, 


To amyc?( 56+ 5 ptt ---) = "Po BA 14 5+ ++) > Ftv, 
as is to be expected. - 
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§ 5. Kinematics and Statics of a Single Mass Point 
in a Plane and in Space 

Kinematics deals with the geometry of motions regardless of their 
physical realization. Statios!“ is concerned with forces, their composition 
and equivalence, without regard to the motions caused by them. 
(1) Plane Kinematics 

We shall begin by writing down the formulas for the decomposition 
and composition of velocity and acceleration in Cartesian coordinates. 


Fig. 3. Decomposition and composition of velocities in & plane; intrinsic coordinates 
6 and x, 


Velocity: 

(1) V=(¥%) = (FF) = 9: 
(2) Iv| = (a+ g2}F eo. 
Acceleration: 

(3) = (65, 6,)= (Fg) =D 
(4) || = (29+ 2)? 


Instead of decomposing velocity and acceleration in Cartesian coordinates 
we can also decompose them in terms of the sntrimsic coordinates of the 
curve described by our mass point. Let ¢ be the length of aro, subscript ¢ 
denoting the path direction varying from point to point along the curve, 


14 The name statics ia aotually not appropriate, for it refers only to equilibrium, whereas 
the content of statios applies to problems of motion as well as of equilibrium. The 
correct names would he dynamics, This term has been in historical usage for the 
study of motions caused by forces, and is therefore not available for the field which 
ite name implies, Le., the analysis of forces. 
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subseript » denoting the direction normal to ¢ at any point of the curve. 
We then have 
(5) v,= by, 0, = 0. 
This is trivial, The decomposition of ¥ into Vv, and ¥, is, however, significant. 
If we let « be the angle between the tangent to the path and the x-direction, 
we have 
(6) j=, 008 e+ byain 
for the tangential acceleration, and 
(7) t,= — 0, 8ina+ 0,008 a 
for the normal acceleration. 
Now 


de . 7, (Uw, 
cos amprreS sina at, 
80 that 
. ° ‘ ld 
(8) /= 1 (gba ty Yy) = 55 ai (v3 +3) 
ld dv . 
“param ll. 


This equation states that the tangential acceleration is the change 
in magnitude of the velocity, no matter what its change in direction may be. 
Eq. (7), on the other hand, yields 
ty—yk _ of 


i 1 * ° 1 7 2s = os 
(8) t,= e (Ug%y— ty Ve) = @ (wy—y2) =o. (a*-+94)7 p 


where is the curvature of the path. 

The normal acceleration therefore does not depend on the change of 
velocity, but only on the velocity itself and on the shape of the trajectory. 
If, in particular, a _9, the acceleration is normal to the velocity and hence 
to the path. 

We shall now derive the same relations in a direct, differential-geometrical 
fashion by means of the hodograph* introduced by Hamilton. 


1§ Cf., for example, Franklin, Treaties on Advanced Oaleulue, p. 295-—TraweLavTor, 
4# The name hodograph ==path writer is misleading; it should really be called velocity 
writer, or better, polar diagram of velocity. 


Fic, 4a, Hodograph of motion in 

® plane. Velocities v, and vy are 

laid off from the pole O im the polar Fic. db. Trajectory and radius of 
diagram, curvature of motion in s plane. 


The meaning of the hodograph becomes clear when we compare Figs. 
4a, and 4b. Fig. 4b shows the trajectory in the zy-plane. The velocities 
at two of its neighboring points, ds apart, are indicated aa tangents to the 
path; their included angle is de. The same angle de also occurs at the 
center of curvature M. p being the radius of curvature, 


(10) As=pde. 

The same two velocities are plotted in Fig. 4a from a common origin 0, 
with directions preserved. Consider the two neighboring vectors O1 and 
62 with Ae as their included angle. Projection of 1 on O2 gives point 3. 


Ave? is decomposed into 4u,=32 and 4v,=13. We therefore obtain, 
in agreement with (8) and (9), 


the latter by recalling (10). Cf. problem 1.9. 


(2) The Concept of Moment in Plane Statics and Kinematics 


The moment of a vector quantity E about a given point of reference 
O is defined az the vector product of the radius vector r from O to the point 
of application P of the vector E by the vector E itself, ie., 


(11) N=rxE. 
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Son 
r 


/ 


0? 
=. 
Fia. 5. Moment of an arbitrary vector quantity 7 about an arbitrary point O. 


N is therefore represented by the area of the parallelogram formed by r 
and, E together with the sense of rotation of r into E. as indicated by an 
arrow in Fig. 5. In magnitude, 

(12) IN|=1]E|=-|E|sin a, 

where f is the ‘lever arm” of E about O. If we take for E a force F, we 
obtain the moment of the force F, or torque 

(12) L=rxf. 


The moment of « force F ia a fundamental concept of statics, whose discovery 
goes back to Archimedes himself. Let us denote the Cartesian components 
of Fby Xand Y. Elementary vector algebra readily gives 


(12a) L=2Y—yX. 


The concept of moment is of importance in kinematics and kinetics 
as well, Let us still restrict ourselves to problems in « plane, and form 
the moment of velocity=r xv 
the moment of acoeleration=rx¥ 
the moment of momentum =anguler momentum=rXp=m(r X ¥) 
In Cartesian coordinates, with (12a) as a model, we have 


(18) rXV=wy—yt, rRV=2y7—-y2. 

Between the moments of velocity and acceleration, there exists the 
relation 
(14) rxv= $(rxv). 

It derives from the fact that a =v and vXV=0, so that 


(14a) fiexv=rx Z+vxverxy. 


D 
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The customary proof by means of decomposition into coordinates runs 
exactly parallel to Eg. (14a): 


(14b) $0 yt) = ai) + — yt Ge = oy. 


If in Fig. 5 one thinks of the velocity v of point P replacing the arbitrary 
vector E, with P deseribing an arbitrary path, one can read off another 
simple relation, now between angular momentum and the so-called areal 
velocity. Indeed the infinitesimal element of area dS swept out by the radius 
vector r with origin at O is equal to one half the area of the parallelogram 
rx ds, so that the areal velocity 


a3) 


We therefore obtain the relation pai areal velocity and angular 
momentum, 


(18) rxp=2mq- 


(3) Kinematics in Space 
We decompose vectors along the three directions s (tangent), » (principal 
normal) and 5 (binormal) of the three-dimengional trajectory to obtain the 
following componente: 
v= (v,0,0}, 
- 2 0 
Vuu {v, ? ’ 0). 


p is the radius of curvature introduced in (9) or (10), now constructed so 
as to lie in the osculating plane of the trajectory. 

If we pass to the moments of velocity and acceleration, we keep 
the definitions rxv and rxv, but note that Fig. § must now be thought 
of as three-dimensional. In addition to magnitude and sense of rotation 
the parallelogram drawn there also has position in space. Becauso it is 
helpful in visualizing this point it has become customary to indicate the 
position by a normal to the plane of the parallelogram. By convention 
that side of the normal is chosen which points in the direction of advance 
of a right-handed acrew rotated in the sense of rotation of the moment 
(from r to v or ¥ through an angle less than), The vector picture of the 
moment then becomes an arrow pointing along this normal, its length 
being equal to the magnitude ofthe moment. In Fig. 5 one should, therefore, 
think of the moment as directed out of and perpendioular to the plane of 
the paper. We shall postpone o thorough investigation of this procedure 
and of the difference between axial and polar vectors to Chapter IV, § 23. 
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So far we have described the moment about an arbitrarily chosen point 
of reference 0. In the following subsection we shall explain what is meant 
by the moment about a given axis. 


(4) Statics in Space; Moment of Force About a Point and About 
an Axis 
The moment of a force F about a reference point O is completely defined 
by 


(16) L=rXxF, 
where r is the radius vector from O to the point of application P of F, 
(16a) r= (zx, ¥, 2) 


if O is taken as origin of coordinates. L can be represented aa a vector 
by the rule just given for moments (rule of the right-hand screw, with 
length of vector equal to [L]). We now ask: what are the componente 
of L along the coordinate axes ? We can define them as the projections of 
the moment vector on these three axes; for instance, 


(17) L, = [Ll oos(L,2) 


But |L| is the area of the parallelogram having sides r and F. The right 
member of (17) is therefore at the same time the projection of the area 
of the parallelogram on the x-y-plane. The latter has sides 


Foo} = (%s ¥}3 Foo = (X, F), 
so that, with the help of (17), we obtain as in (12a) 


(172) L,=eY —yX, 
and similarly 
(17b) L,=yZ—2Y, Ly=2X—2Z. 


The components L,, L,, DL, of L can be called the moments of the force F 
about axes x, y, 2. Cf. problem 1.10. 

What has been said of the coordinate axes also applies to any arbitrary 
axis a. The moment of a force F about an axis a is defined, just as m 
(17), by taking the moment about a point O located on a and projecting the 
corresponding moment vector on a. Or it can be formed as in (17a, b) by 
projecting the area of the moment about O on » plane perpendicular to a. 
A third method consists in finding the shortest distance from the point of 
application of the force to a, which we ehall call the lever arm z. In this 
case F ig decomposed into three componente, F, parallel to a, F; in the 
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direction of J, and F,, in a direction perpendicular to both a andt. We 
then have 


(18) L, (FP) = £,(F) + 2,7) + £a(F,)- 


The first two terms on the right must vanish; for there can arise no moment 
of force about an axis a if the force is either parallel to a or if it intersects a. 

There remains the third term which results from a force perpendicular 
to a acting with a lever arm 7. Instead of (18) we have, therefore, 


(18) £,(F) =L,(F,,) =F, °t. 


At this point it may be well to say a few words about the different 
notations for the products of two vectors. The following list shows that 
unfortunately these notations vaxy widely, both in historical and national 


WS or 1B 


Some explanatory remarks follow. The great thermodynamicist Willard 
Gibbs made a short summary of vector analysis, then still little known, 
for the use of his students. His notation is still followed (with slight 
variations) by many American and British authors. Heaviside’s notation 
for the vector product, in which V stands for vector, was thereupon generally 
abandoned. The Italian notation originated with Marcolongo. Hermann 
Grasamann, in his “ Ansdehnungslehre ” (Extension Analysis, 1844 and 
1862), had developed a logical system of caloulation with segments and 
pointe. According to him the simplest relation between two directed 
segments a and 8, is the ‘‘ planar magnitude ” (Plangrosse), i.e., the parallelo- 
gram formed by a and 3, which he therefore denotes by ab (though occasion- 
ally also by [a]). The vertical line in Grassmann’s notation for the vector 
product means “complement” (Erganzung), that is, denotes passing to 
the vector arrow perpendicular to the planar magnitude. 


§ 6. Dynamics (Kinetics) of the Freely Moving Mass 
Point; Kepler Problem; Concept of Potential Energy 
(1) Kepler Problem with Wixed Sun 

The simplest example we can think of in connection with a freely 
moving mass point is, at the came time, the most important for our picture 
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of the universe, namely, the motion of the planets. It is a two-dimensional] 
problem, and motion takes place in the ecliptic if the planet in question 
is the earth. We assume the sun to be fixed in position and justify this 
by its large relative mags, 

Sun 330000, Jupiter 320, Earth 1, Moon 5 


We shall deal with the problem including the sun’s motion in Part 2 of this 
section. Let M be the mass of the sun, m that of the planet. The Newtonian 
attraction is 
IFl=<G2S. — Gegravitational constant, 
or, vectorially, | 
(1) Fa—G2St, 
_It passes through the fixed point O at the center of the sun, which serves as 
origin for the radius vector r. 

It follows that rxF=0 and therefore, by the Second Law, 

rxp=0 and in viow of (5.14), rxp=const. 

The angular momentum about the sun is constant, therefore also the areal 
velocity of Eq. (5.15) is constant. This is the second Kepler law: 

The radius vector from the sun to the planet sweeps over equal areas in 
equal times. 

Let the constant areal velocity multiplied by two be called the “ areal 
velocity constant” C, 


as 
(2) 2 = 


‘7 
x 
a” 


Fre. 6. Polar coordinates for the Keplor problem with eun as origin; area awept out 
by the radius veotor. 


We now introduce the polar angle ¢, the true anomaly!” of the astronomers 
(of. Fig. 6), and obtain 


ag * 
=jrdg, 22 wrtgad 


17 True anomaly is hore dofined as the angular distance of a planet from ita sphelion, 
as seen from the sun.—TRANsLaToR. 
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(3) é-9. 


In order to derive the first Kepler law, the equation of the trajectory, 
we decompose the forces along Cartesian coordinates. After division by 
m the equation of motion becomes 


a al 
(4) 
e-— Sr ang 


These can now be integrated. Let A and B be constants of integration. 
The result is 


én — A gin 6+ A 
(5) _ GM 

y= 008 $+-B. 
This means that the hodograph of planetary motion is a circle, 
(Sa) (@—ay+ G—BY = (SY. 


We shall return to this point in problem I.11. Let us transform the left 
members of (5) into polar coordinates, 


z=rocos¢, y=rsin ¢, 
so that 


ami 008 $—r9 cin p= — Sain GA 
y=? sin ¢-+r > 008 gam Hoos $+B. 


We now eliminate ¢ by multiplication of the first equation by —sin ¢, the 
second by cos ¢, and subsequent addition. We obtain 


rp= FF ~A sin g+B oon ¢ 
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or, recalling (3), 
(8) 1 _ GE _ = ain 6 + Fo0s ¢. 
This is the equation of a conic section in polar coordinates whose origin 
coincides with one of the foci of the conic section. We therefore obtain the 
first Kepler law: The planet describes an ellipse with the sun at one focus. 
In this connection we note that two equally possible trajectories, the 
hyperbola and the parabola, evidently do not apply to the planets, but 
only to comets. We shall not discuss them here, but refer the reader 
to problem I.12. 

The derivation of the first Kepler law given here differs from that 
offered in most texta. The latter starts out with the equation of energy, 
which we shall now derive. We turn back to Eq. (4), where we replace 


cos ¢ by 2, ain ¢ by { in the xight members. We then multiply the firet 
of Eqs. (4) by ¢, the second by y, add the two, and get 
l,. . LM dr 

£3 @+9)-—-j Fe ty) =- SF: 

An. integration with respect to ¢ yields 
eet Mé 

(7 sti )—= SE +E. 
The left member is the kinetic energy divided by m; the first term on the 
right is, apart from sign, the potential energy divided by m (cf. Part 3 of 
this section); 7 is therefore the total energy divided by m. Our Eq. (7) 
has the same form as the equation of energy of one-dimensional motion, 
(3.8). 

In order to pass from (7) to the equation of the path (6) in the simplest 
possible manner, we recall that in polar coordinates the square of the 
element of line is 

de® + dy on drt rhdga. 
We therefore have 


asr—(ay +e(i) (2) (S++) 
or, in view of (3), 
of (Ag) +8) 


If we put emt, this becomes 
of(gy+e} 
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so that our equation of energy (7) is transformed into 

jo{ (G) +e } — aden. 
Differentiation with respect to ¢ gives 

da ds ae 

51 (a+) —aM | =0. 
Since a #0, the bracket must vanish. Thus we obtain a linear homogeneous 
differential equation with constant coefficients of second order in 4, 
The general solution of such an equation consists of a particular solution 
of the inhomogeneous equation plus the general solution of the homogeneous 
equation. Evidently 

é= constant = = 

is a particular integral of the inhomogeneous equation. The general 
solution of the homogeneous equation is the sum of sin ¢ and cos ¢. We 
can now take 4/C and B/C as our constants of integration and finally obtain 

= HF Fain $+3 008 ¢, 


which is precisely the previously obtained Eq. (6). 


Fig. 7. Kepler ellipse with major and minor axes; perihelion, aphelion, eccentricity. 


We shall now specialize this equation in such a way that the line $=0, 
which starts out from one focus, passes through the other focus as well, 
ie., that it forms, together with the line ¢=—z, the major axis of the ellipse 
(of. Fig. 7). On this axis are located the points P, “ perihelion” (closest 
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to the sun) and A, “ aphelion ” (farthest from the sun}, at which r must 
be a minimum and a maximum respectively. We therefore impose the 
condition, 


dr 0 
ag = for pus {3 
which, from (6), requires 4d=0. 

If, in addition, « is the eccentricity of the ellipse, Fig. 7 shows that at 
perihelion, r=SP=a (1—e), =z, 
aphelion, +r=—SA=a (1+), d=0. 

According to (6) we then have at 
mote 1 GM 2B 
perihelion, au—e oO’ 
- 1 GM , 2B 
aphelion, sTpg™ ta 
From these we obtain by addition and subtraction 
Cr“ a(l—e Go al — a 


respectively. 
We shall finally express the areal velocity constant O in terms of the 
period 7. From (2) we immediately obtain 


O=F with S=r ab =ra(1—e)* 


a6 the total area swept out by the radius vector. It follows that 
(9) or = tate 


If we introduce this in the first of Eqs. (8), we have 


(10) i- Sy 


Bince @ and M are the same for all planetary trajectories, (10) is the 
expression of the third Kepler law: the squares of the periodic times 
are proportional to the cubes of the major axes. 

Kepler greeted the discovery of this law with the enthusiastic statemont?* : 
“ Finally I have brought to light and verified beyond all my hopes and 


Fc ie Ee 
18 Harmonica mundi, 1619. Tho tro first Kepler laws had beon published in the 
Aatronomta Nova, 1609, 
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expectations that the whole Nature of Harmonies permeates to the fullest 
extent, and in all its details, the motion of the heavenly bodies; not, it is 
trus, in the manner in which I had earlier thought, but in a totally different, 
altogether complete way.” 

Actually the third Kepler law in the form (10) is not yet quite 
exact. It is valid only aa long as one can neglect the planetary mass m 
in comparison with the mass M of the sun. We shall now drop this assump- 
tion, thereby passing to the two-body problem proper of astronomy. This 
problem is not significantly more difficult than the one-body problem 
treated so far. 


(2) Kepler Problem Including Motion of the Sun 


Let x,, y, be the coordinates of the sun S; 2%, y, those of the planet P. 
According to Newton’s third law the force on S must be equal and 
opposite to that on P, so that the complete equations of motion are 


. for the sun, for the planet, 
MT = OS in $5; mot = — OME sin g. 


We now introduce the relative position coordinates 


(lla) Ly—Byme, Ye—-YWi=¥; 
and furthermore the center of mass coordinates 

vf if 
(11b) SS mie 3 ale 


‘Fhe. 8. Kepler problem with motion of mn taken into account. 
Subtraction of the equations of motion gives 
ae fs g 
qa — a S08 ¢, 


Af G 
Ga ain 


(12) 


1.6 Dynamics of the Freely Moving Massa Point 45 


whereas addition yields 
(13) Fim0, FI=0. 


Comparison of (12) with the earlier Eqs. (4) shows at once that the 
first two laws of Kepler remain intact, i.e., are valid for the relative motion 
as well. The third law takes the form 


id 4n3 
(14) a GM +m) 


The ratio T/a* is therefore no longer a universal constant, but in principle 
ig somewhat different for every planet. Because of the preponderance of 
the sun’s mass the deviations from (10) are, however, exceedingly alight. 

Eqs. (13) further show that the mass center of sun and planet moves 
with constant velocity. If we do our calculations in terms of a coordinate 
system in which the mass center is fixed at the origin, this velocity must 
be put equal to 0; the same applies to the coordinates f, y of the center 
of mass themselves. 

Egs. (11b) are simplified accordingly. With their help and that of 
Kgs. (lla) the coordinates 7, y; of the sun and the coordinates 2%, y, of 
the planet can now be expressed separately in terms of the relative position 
coordinates a, y: 


%, A= — 4m y); 


sy, ¥g™ wom y)- 


Tt follows that in the center of mass system the trajectories of the sun and 
planet are also ellipses; that of the planet is almost identical to the ellipse 
considered in Part 1 of this section. That of the sun is a very dwarfed 
ellipae, traversed in the same sense, but 7 out of phase with the planet’s 
trajectory. 

If we change the law of gravitation to 


(15) Fahy": =, n arbitrary, 
the second Kepler law will hold unchanged; tho trajectories, however, 
become transcendental curves which are, in general, not closed. It is 


only in the case n= 1 that we obtain cllipses just as in the case of gravitation, 
n= —2. (Cf. problem 1.13). 


(3) When Does a Force Field Have a Potential? 


In one-dimensional motion we were able to define a potential energy 
V connected with a force X without any difficulty—see Eq. (3.7). As 
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mentioned at that time, thie is possible for two- or three-dimensional 
motions only if certain conditions are met. If X, Y, Z are the Cartesian 
components of the force F the definition of potential energy for the three- 
dimensional case analogous to (3.7) would be 


ops 
(16) v= [ (X de+ ¥ dy +-Z dz). 


If V is to be a quantity independent of the path of integration and dependent 
only on ita endpoint (the choice of the initial point merely gives rise to an 
additive constant which remains arbitrary in any case), the expression 


X dutY dy+Z dz 


must he & perfect differential; ic., X, Y, Z must be the derivatives with 
respect to %, y, 2 of a “field function.” In our case the function is just 
—¥, and we say that F is “derivable from the potential V.” The well- 
known conditions for this are that 


oF 0X 82 8Y aX a 
a7) te Wy’ By" Ge Bee 
It is only if these conditions are fulfilled that « field function V(z, y, z) can 
be defined for each point x, y, 2; V is called the potential energy or simply 
the potential. 

In the two-dimensional case, where Z=0 and X, ¥ are independent 
of z, the three Eqs, {17) are reduced to the first one of these. 

Vector analysis (which has been relegated to Vol. II of this series since we 
need only vector algebra in this volume) shows that the conditions (17) 
have an invariant meaning, i.e. are independent of the choice of coordinates, 
In Vol. IZ these conditions will be suramarized in the vector equation, curl 
Fe( (this is often expressed by saying that the vector field F is ¢rrotational). 

Evidently one can without difficulty write down expressions for X, ¥, 
Z in terma of x, y, 2 which do not satisfy conditions (17). On the other 
hand we see that these conditions are satiafied for the gravitational] field 


X=Ye=0, Ze —~ mg 
and lead to 


(18) V=mgz. 


As & matter of fact fields that are irrotetional and simultaneously time- 
independent (“ potential fields”) occupy & unique position in nature. 
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CHAPTER I 


MECHANICS OF SYSTEMS, PRINCIPLE OF 
VIRTUAL WORK, AND D’ALEMBERT’S PRINCIPLE 


§ 7. Degrees of Freedom and Virtual Displacements 
of a Mechanical System ; Holonomic and 
Non-holonomic Constraints 


The single mass point has one degree of freedom if its motion is restricted 
to a straight line or a curve, two degrees of freedom if it ia made to move 
in a plane or on @ curved surface; the mags point moving freely in space 
has three degrees of freedom. 

Two mass points connected by a weightless, rigid rod have five degrees 
of freedom; for the first point can be regarded as freely moving, in which 
case the second is restricted to the surface of a sphere described about 
the first, its radius equal to the length of the rod. 

The number of degrees of freedom for » mass points which are coupled. 
by 7 relations between their coordinates is 


(1) f=3n—r. 


If there is an infinity of mass points connected by infinitely many conditions 
such an enumeration is of course not feasible. The procedure to be used 
in that case will now be shown, the rigid body serving as example. 
(a) Freely Moving Rigid Body 

We single out a point of the rigid body. It has three degrees of freedom. 
A, second point, at a constant distance from the first (definition of “rigid?"!), 
can move only on 4 spherical surface about the first point as center. This 
gives two more degrees of freedom. Finally a third pot can describe a 
circle about the axis connecting the first two points, thus contributing 
one more degree of freedom. Once the motions of these three points have 
been specified, the paths of all other points of the rigid body are uniquely 
determined. It follows that 


feB+2+1—6, 
(5) Top on a Plane Surface 


We assume that the bottom of the spinning top terminates in a point, 
and take this as the first point of our enumeration; it has two degrees of 
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freedom. ‘A second point can move on a hemisphere about the first, and 
@ third one on a circle about a line connecting the first two. Thus 


fH242+1=5. 
(c) Top with Fixed Point 
Now the two degrees of freedom of the firat point are Jost, so that 
folpla3. — 
(2) Rigid Body with Fixed Axte—Pendulum 


f=l. 


If the center of mass of the body does not lie on the axis we speak of a 
physical or compound pendulum. From this we obtain a mathematical 
or simple pendulum if the body shrinks to a point. The spherical pendulum 
—a mass point restricted in ite motion to the surface of a sphere — has 


f=2, 


(e) Infinitely Many Degrees of Freedom 
For a deformable solid body or a liquid 


f= m2, 
In that case the equations of motion become partial differential equations. 
-By contrast a system. with a finite number of degrees of freedom 2 is deter- 
mined by an equal number » of ordinary differential equations of second 
order. 
(f} Machine with One Degree of Freedom 


Such a machine consists of a series of nearly rigid bodies coupled to each 
other either by links or by means of guides of various types. The classical 
example of such a machine is the drive mechaniam of a piston engine 
(Fig. 9}. If the machine is provided with a centrifugal governor (also 
called Watt governor because it wag first proposed by the inventor of 
the steam engine), it acquires a second degree of freedom. 

In the aforementioned examples the number of degrees of freedom 
equals the number of independent coordinates which are necessary to 
determine the position of the system. The coordinates need not be Carte- 
sian. In case of the drive mechanism we can equally well specify either 
the coordinate 2 determining the position of the piston or the angle ¢ giving 
the position of the crank pin on the shaft. In general we ahall call the 
independent coordinates of a system of f degrees of freedom 


(2) Gi Gao + + Qype 
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They can, within certain limits, be chosen arbitrarily. The r conditions 
among the coordinates referred to in Eq. (1) can be satisfied identically 
by suitable choice of the g, so that they drop out of the subsequent treatment 
of our system. 

The mechanics of Hertz mentioned on p. 5 has the important merit 
of having called attention to conditions of differential form, to which the 
foregoing cannot be applied. Such a condition can be written as 


2. 
3) DF ules - - -4/)day=0- 
k= 


Here we assume that the F,, do not ell have the form 5* , eo that (3) is not 


the total differential of some function ® (g,...g,), and we assume, more- 
over, that it cannot be converted into a total differential by means of an 
integrating factor. 

In agreement with Hertz we shall call conditions of the form P(g, . - . gy) 
=const. holonomic (holos in Greek= integer in Latin= whole=integreble); 
conditions of the form (3) which cannot formally be integrated will be 
called non-holonomic! The simplest example of a non-holonomic condi- 
tion is furnished by a sharp-edged wheel rolling on a horizontal plane, 
ef. problem 11.1 (the sleigh and the flexible coupling mechanism of a bicycle 
also belong in this category). Such s wheel is restricted to move always in 
the direction it may have at any given instant. Nevertheless it is able 
to reach, all pointe of ita supporting plane, even if at times only by pivoting 
about its sharp point of contact. It therefore possesses more degrees of 
freedom in finite than in infinitesinal motion. In general, éf @ system 
subject to r non-holonomic conditions has f degrees of freedom in finite moiton, 
tt has only f—r degrees of freedom in infinitesimal motion. This point will 
be investigated in problem II.1. 

The foregoing distinction is important for the concept of virtual dis- 
placements. A virhual displacement ie an arbitrary, instantaneous, infini- 
tesimal change of the position of the system compatible with the conditions 
of constraint. Whereas we shail denote real displacements due to given 
forces under given conditions by 


dq, dg, ees dq,, 
the symbols 


8g, Sg4.. . Sgy 
will be used to denote virtual displacements, ‘The 5g have nothing to do 
rr 


1 &. Vosa mede & general study of such conditions in 1884, long before Herts: of. 
Math. Ann. 25. 
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with the actual motion. They are introduced, so to speak, as test quantities, 
whose function it is to make the system reveal something about its internal 
connections and about the forces acting on it. 

For purely holonomic constraints the Sg are independent of each other, 
one 8g corresponding to each degree of freedom. A larger number of dy 
must be introduced for non-holonomic constraints ; in that case the dg 
are related by differential conditions of the form (3), or, for virtual dis- 
placements, 


f 
o > Filta + a9)8ay=0. 
k=1 


Here f is the number of degrees of freedom for finite motion. As previously 
emphasized, this number is greater than that for infinitesimal motion. 


§ 8 The Principle of Virtual Work 
Let us consider a mechanical system in equilibrium under applied forces. 
The forces may have any desired direction, may act on various parts of the 
system, and need not have the positions required for the equilibrium of a 
simple rigid body. Whether the forces lead to the equilibrium of the system 
under investigation depends as much on the system as on the forces. 


Fre. 9. Schenoatic diagram of the drive mochaniam of a piston engino. 


In the epirit of elementary particle mechanics we would ask for the 
reactions which are exerted by one part of the system on another due to 
the applied forces. This procedure would, for instance, be used by a 
mechanical engineer in the analysis of the crank mechanism (Fig. 9). The 
steam pressure P acting on the piston is transmitted by the piston rod to 
the crosshead £, whence it is passed on as longitudinal compression to the 
connecting rod of length 1. The connecting rod acts on the crank pin Z 
with a thrust which has the direction of the rod. In order that the system 
be in equilibrium only that part U of the thrust which is perpendicular 
to the crank, therefore tangential to the crank circle, need be opposed by 
an equal applied force. The component in the direction of the crank, 
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i.e., toward the center of the crank shaft, is absorbed by the rigidly fixed 
shaft bearing, O. It only puts a stress on the bearing and is irrelevant 
to the question of the equilibrium of the system. 

It is therefore the reactions within the system which make equilibrium 
possible. To investigate them individually is possible in simple cases, 
but tedious in general. We can, however, assert without knowing them 
in detail that they do no work on the system. In, our case the guide pressure 
at the guide rails is perpendicular to the motion of the crosshead, and that 
part of the force acting on the crank pin which is transmitted to the crank 
shaft acts through the fixed point O of the crank shaft bearing. We 
establish this assertion in the general case by giving the system a tentative 
virtual displacement from ite position of equilibrium. The “ virtual work ” 
of the reactions in such a displacement is found to be zero. 

Let us verify the principle in detail on the simple rigid body. We 
must imagine that every point i is related to every point & of the body by 
means of reactions R,, and Ry, acting on ¢ and & respectively. IEZf we 
single out two such points, we have the system of two mass points mentioned 
at the beginning of § 7, the two masses being connected by a weightless, 
rigid rod. The reactions acting in this rod must satisfy Newton’s third law, 


(2) Rg=—Ry 


Just as in § 7,in the enumeration of the degrees of freedom, we shall now 
decompose the virtual displacement into a translation $s, common to both 
points and a rotation 4s, of point k about the already displaced pvuint 5, 
this rotation bemg a motion normal to the rod. Then 


8s, = da,-+-8s,, 
For the virtual work of translation we therefore obtain, in view of (1), 
SW,=Ry, * 58, +R,,° 8a,=0; 


for that of rotation, for which ¢ remains fixed and & is displaced normal 
to the rod, 


SWin=Ry, : da, = 0. 


This example illustrates that Newton’s law of action and reaction is the 
salient point in the transition from particle mechanics to the mechanics 
of systems. 

We shall now expand what we have learned with the help of the fore- 
going examples into a general postulate: in any mechanical syatem the 
virtual work of the reactions equale zero. Far be it from us to want to give 
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a general proof of this postulate. Rather we regard it practically as 
definition of a ‘ mechanical system.” 

It is now only a smal] step to the general formulation of the principle 
of virtual work. We argue as follows: every physically given force acting on a 
system in equilibrium is in equilibrium with the reactions induced at its 
point of application; the work done by such an applied force plus that done 
by ite reactions in any virtual displacement of the point of application is 
therefore zero. The same is true of the sum of all applied forces and the 
sum of all the reactions induced by them. Now the reactions, taken by 
themselves, do no virtual work (by the previous paragraph). Therefore 
the virtual work done by the applied forces keeping a system tn equilibrium 
must equal zero as well. The tedious investigation of the reactions is thereby 

This is the principle of virtual work, often called Prinztp der virtuellen 
Verrtickungen oder Verachiebungen (principle of virtual displacements) in 
the German literature. This name is not as fortunate as the one used in 
English-speaking countries, which was taken over from the Italian principio 
dei lavori virtuali. The term, principle of virtual velocities, which is often 
used in the mathematical literature and was first proposed by Jean Bernoulli, 
seems unsuited to us. 

Historically the principle was already sketched by Galileo. It was 
further developed by Stevin, Jacques and Jean Bernoulli and d’Alembert. 
It achieved its dominating position as the most general equilibrium principle 
only with the “ Mécanique analytique ” of Lagrange. 

Whether the constraints of the system are of the holonomic or the 
non-holonomic variety affects the application of the principle of virtual 
work but little. Indeed, a condition of the form (7.4) can be introduced 
in the expression for the virtual work by elimination of one of the ég, regard- 
less of whether this condition is integrable or not. 

Instead of forces of reaction we can use the more descriptive term, 
forces of geometric origin. For they are given by the geometric relations 
between the various parts of the system, or, as in the case of the rigid body, 
between its individual mass pointe. 

Antonymous to forces of geometric origin are the “ forces of physical 
origin” or applied forces. The commonly used term “external forces ” 
is less clear and will not be used here in this sense. Applied forces are 
caused by physical effects, euch as gravity, steam pressure, cable tensions 
acting on the system from the outside, etc. They hetray their physical 
origin by the fact that their mathematical expressions contain specific 
* Lagrange attempts this in the introduction of his Mécanique Analytique (of. p. 1) 

by means of certain block and tackle constructions, 
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constants (gravitational constant, readings of the scale of a manometer or — 
barometer, etc.) which can be determined only experimentally. In § 1¢ 
we shall talk about the force of friction, which must sometimes be counted 
among the forces of reaction, sometimes among the applied forces. It is 4 
force of reaction if it occurs as static friction; an applied force if it occurs 
as sliding or kinetic friction. Static friction is automatically elimimated 
by the principle of virtual work; kinetic friction must be introduced as an 
applied force. An external indication of this is the occurrence of the 
experimental constant » in the law of sliding friction (14.4). 


§ 9. IHustrations of the Principle of Virtual Work 
(1) The Lever (Archimedes) 

The lever possesses one degree of freedom, fel, therefore only one 
displacement 5¢ which corresponds to the virtual angular displacement &¢. 

Equilibrium exists if, and only if, the virtual work done in a rotation 
5¢ of the lever is zero. Let 88,, 8&y be the virtual displacements of the 


points of application P and @Q of the forces A and B respectively. We then 
demand that 


A 88, +8 58,=0. 
Bat from Fig. 10a ds,=ma 5, 58,——b 84. Therefore 
(Aa—Bb) Sh==0 
and consequently 
Aa=Bb, 


The moments of the forces about the fulerum © are equal, i.e., their 
algebraic sum is zero, 


Fie. 10a. Lever with arms a and 8 under Fria, 10b. Lever wader oblique load, 
vertical loads A and B, showing tha reaction of the fulcrum 
on the beam, 
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If, a8 in Fig. 10b, the force A is not perpendicular to the lever arm, 
we can decompose it into a component A, in the direction of the arm, 
and A, perpendicular to it. With point O fixed, A, has no effect, so that 
we have 


A,a= |B |b. 


In order to obtain the load at 0, we must introduce an opposing force 
acting on the arm; in Fig. 10a it is directed vertically upward and has 
magnitude Q=A+2B; the load on the fulcrum is equal and opposite to this 
force @. In the case of Fig. 10b we have the vector equation Q= A+B; 
here, too, the force on O is the opposite (ie., “ equilibrant ”) of Q. In 
posing these questions, we actually transgress the limits of the principle 
of virtual work. The fixed position of the pivot O is characteristic of the 
mechanical system of the lever. Its virtual displacement, and the virtual 
work done on it, are therefore zero. In order to obtain @ or O by means 
of our principle we should have to consider an altogether different mechanical 
system: we should have to provide O with two degrees of freedom and ask 
for the condition of equilibrium when we add 4 virtual translation of the 
whole lever parallel to itself to the rotation so far considered. 


(2) Inverse of the Lever: Cyclist, Bridge 

Consider the bicycle of Fig. lla. The earth opposes the weight in the 
two points 2 (rear wheel) and F (front wheel). The rear wheel is exposed 
to the greater pressure, since the weight Q of bicyole and rider lies closer 
to R than to F. Accordingly a cyclist pumps his rear wheel to a higher 


Fie. lla. Distribution of weight on Fia. llb. Distribution of load on 
front ond rear wheels of & bicycle with the two supports of a schematio 
ridor. bridge. 


pressure than. his front wheel. The load on the rear wheel is 4 =——— 
that on the front wheel, Bue. 


The same situation obtains with a bridge loaded off center (Fig. 11b). 


pak 
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(3) The Block and Tackle (also known to the Greeks) 


Let x be the number of pulleys at both the upper and the lower end of 
the tackle. @ is the load to be lifted, P the force required at the loose end 
of the rope. In a virtual displacement of the system let 


P move a distance 5p, 
@ move a distance 4g, 


the positive direction of motion being indicated by the arrows of Fig. 12. 
Equilibrium existe if 


(1) P ip—Q 3g=0. 


If now Q is lifted an amount $y, the 2n rope lengths between the upper 
and lower pulleys are shortened by 8g each, the total shortening therefore 


being 2n8g. The loosely hanging rope at P must lengthen by precisely the 
same amount. Thus 


dp=2ndq 
and, in view of (1), 


(Q—2"P) dg=0. 
We then obtain 


(2) Pad. 


We have here treated the block and tackle 
as an “ideal” mechanical system, ie., we 
have neglected the friction between ropes 
and pulleys and the friction in the pulley 
bearings. 

This simple example oan of course also 
be treated by the elementary method of rope 
tension, which in this case affords perhaps 
more concrete picture of the interplay of 
forces. 

Let 8 be the tension in the rope, taken 
over its total cross.section. If we neglect co 
all frictional effects, the tension must bethe agree 
same at every point of the rope; no matter 
where the rope is out, one enoounters the same tension 8, which im 
both severed ends acts away from the point of severance. Let us cut 
the rope once on the left side, above P. The severed piece, in which P 
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acts downward and § upward, gives 
P=8. 


Next we cut all the ropes in the right part of the figure, thereby exposing 
2n cross-sections on each side of the cut. The equilibrium of the forces 
acting on the severed lower right part demands 


Q=2n8. 
We therefore have again 


@. 
P=5, 


In addition, a consideration of the upper part of the system yields the loading 
of the beam from which the block is suspended. Evidently it amounts to 
P+Q. 


(4) The Drive Mechanism of a Piston Engine 

As in Fig. 9, P is the total force due to the steam preseure exerted on the 
piston, so that the virtual work done on. the piston is Pda. Let @ be the 
equilibrant of the peripheral force U on the orank, i.e., the force causing 
P to be in equilibrium, The virtual work done by @ is —Grdé¢. Our 
principle requires 


(8) Qrdg—P 8, Q=P ys" 
The calculation of @ therefore reduces to the purely kinematic task 


of determining the relation between da and 54. 
According to Fig. 9 (projection on the z-direction), 


(4) r cos d-+i cos Y=mconst--z, 
so that, differentiating, 
(4a) rain ¢ &$-+-1 sin $ dp= dx. 


The triangle OZE gives 


(by sin P= Fain g, oi ise TT a 
t 


If we introduce this in (4a), we obtain 


(40) rang 24() rae) = Sx, 
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This relation furnishes the kinematic quantity. Substitution in (8) 
now gives 


‘ r cos 
6) Q=Psin (1 +5 ae) 
p- (y= 

Thus the peripheral force U = Q transmitted by the crank pin Z is determined 
for every crank position ¢. Its precise knowledge is essential for an evalua- 
tion of the amount of cyclic fluctuation of the machine, and hence for the 
determination of the flywheel required. Since r/! is a small proper fraction, 
(5) can be expanded into a rapidly converging series in r/f. Cf. also problem 
I.2. 

Finally, for the sake of a later application we shall calculate the piston 
position « as a power series in r/l. Avcoording to (4) and (4b) we have 


(8) -+1{oos $ — if sint+ ie .) const. 


(5) Moment of a Force About an Axis and Work in a Virtual Rotation 


Let a point P be at a distance / from an azisa. Leta force F of arbitrary 
direction actatP. Ina virtual rotation 54 about the axis a, P is displaced by 


What is the work 8W done by ¥ in this displacement ? 
We decompose F into the mutually perpendicular components F,, F,, 
F,,, jost as for Eq. (5.18). The work done depends only on F,,, for 


sW=F,,, 88p—F, 1 84. 


A comparison with (5.183) will allow us to make a general statement: 

The moment of a force about an axis can be regarded as the virtual work 
of the force in @ rotation 5¢. of its point of application about the axis, divided 
by 3¢, 


(7) D8) = 57 =. 


The concept of moment, basic to statics, is thereby brought into relation 
with the concept of virtual work basic to all questions of equilibrium. 

Let us remark in this connection that the dimensions of moment (force: 
lever arm) sre the same as those of work (force + distance). This is in BgTee- 


ment with (7) if, ae is customary, we regard the angle measured in radians 
9s dimensionless, 
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§ 10. D’Alembert’s Principle ; Introduction of 
Inertial Forces 
As we have seen, all bodies have the tendency to remain in a state of 
rest or of uniform rectilinear motion. We can think of this tendency as a 
resistance to changes in the motion, an inertial resistance, or, for brevity, 
as an inertial force. The definition of inertial force F* for the single mass 
point is therefore 


(2) F*=—p 
and the fundamental law p=F takes on the form 
(2) F*+F=0. 


The inertial force ia in vectorial equilibrium with the applied force. 

While F is a force given by the physical situation, F* is a fictitious 
force. We introduce it in order to reduce problems of motion to problems 
involving equilibrium, a procedure that is often convenient. 

Inertial forces are familiar to us from everyday life. When we set the 
heavy revolving door of an hotel in motion, it is not the force of gravity 
or friction, but the inertia of the door that has to be overcome, A similar 
example is that of the sliding doors of street cars and trolleys.® On the 
forward platform the door opens in the direction of travel. When the car 
brakes, the door tends to move forward and can therefore be opened easily. 
When the car accelerates after a stop, the open door seeks to retain ite 
position of reat; it therefore tends to move to the rear and can be closed 
without effort. It is easier to get on and off at the front platform than 
at the rear, where the door opens in the reverse manner. 

The best-known form of an inertial force is the cenértfugal force, which 
is noticeable in any curved motion. It, too, is a fictitious force. It 
corresponds to the acceleration ,, normal to the curve, which is a centripetal 
acceleration, i.e., directed toward the center of curvature, According to 
(5.9) the centrifugal force is given by 


(3) C=—mv,, C|=m|—7,|=me» 


where the minus sign refors to the outward direction. 

The Cortolis force (of. § 28) and the various gyroscopic effects (cf. § 27) 
also come under the heading of inertial forces, 

Incidentally the operation of railroads furnishes a very vivid example 
of the fact that the “ fictitious ” centrifugal force has a very real existence. 
* Tho translator does not guarantee that the following ia applicable to trolleys in the 


United States. It applics at least in pert to the streetcars of San Francisco, which 
belong, however, to & breed rapidly approaching extinction, 
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On « curve the rail bed is banked in such a way that the outer rail is higher 
than the inner. The difference in height is always such that for some 
mean velocity of the train the resultant of gravity and centrifugal force is 
perpendicular to the rail bed. This procedure eliminates not only the 
danger of overtuming about the outer rail, but also a harmful unequal 
loading of the rails. 

Strangely enough, the great Heinrich Hertz raises objections to 
the introduction of the centrifugal force in the unusually beautiful and 
beautifully written introduction to his “Mechanics” (Collected Works, 
Vol, ITI, p. 6): 

“We swing « stone attached to a string im a circle; we thereby con- 
sciously exert a force on the stone; this force constantly deviates the 
stone from a straight path, and if we alter this force, the mass of the stone 
or the length of the string, we discover that indeed the motion of the stone 
oceurs at all times in agreement with Newton’s second law. Now the 
third Jaw demands « force opposing that which is exerted by our hand on 
the stone. If we ask for this force, we obtain the anawer familiar to every- 
body, that the stone reacts on the hand by virtue of the centrifugal force, 
and that this centrifugal force is indeed equal and opposite to the force 
exerted by us on the stone. Is this mode of expression admissible} Is 
that which we now call centrifugal force anything but the inertia of the 
stone ? ” 

We answer this question with a flat no; indeed the centrifugal force, 
by virtue of our definition (3), is identical to the inertia of the stone. But 
the force opposing that which we erert on the stone, ie., really on the 
string, is the pull. which the string exerts on our hand. Hertz further remarks 
that “we are forced to the conclusion that the classification of the centri- 
fugal force as a force is not suitable; its name, just like that of live force, 
is to be regarded as a heritage passed down from former times; and from 
the point of view of usefulness the retention of this name is easier to excuse 
than to justify.” In regard to this we would like to say that the name 
centrifugal force needs no justification, for it rests, like the more general 
term, inertial force, on a clear definition. 

i , it is precisely this alleged lack of clarity of the force concept 
which induced Hertz, in an interesting but not very fruitful attempt, to 
construct his mechanics entirely without the notion of force (of. § 1, p. 5). 

We now come to the achievement of d’Alembert (mathematician, 
aa astronomer, physicist, encyclopedist; **Traité de Dynamique,” 

758). 

If & mass point #, part of an arbitrary mechanical system, is acted on 

by an applied force F, Eq. {2} must be changed to read 
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(4) F,*+Fit2Ra0. 


Here Ry, is the reaction which the mass point i connected with & exerts 
on &, According to our general postulate of p. 52, the R,,, taken together, 
do no work in an arbitrary virtual displacement compatible with the (here 
internal) constraints. It follows that the virtual work of the sum of all the 
¥*+-F is zero as well, 


(5) 2+) * $a, =O, 


Recalling now the principle of virtual work, we can express Eq. (5) by 
saying that the inertial forces of a system are in equilibria with the forces 
applied to the system. A knowledge of the reactions is not required. 

This is d’Alembert’s principle in ite simplest and most natural form. 
In order to obtain another interesting formulation of the principle, let us 
look at the quantity 


F,+F,*=F,—p;- 


Tt is that part of the force F, that cannot be converted into motion of the 
point %. We can cali this part the “lost force” and can therefore re-frame 
(5) by stating that the lost forces of a system are im equilibrium. 

A formulation of d’Alembert’s principle widely used in textbooks is 
that expressed in Cartesian coordinates. We call the components of F,, 
Xj Yj, Z, and those of &8,, 32,, dy, 8z,. Furthermore, we stipulate that 
the masses m, involved are constant; for a system consisting of m mass 
points we can then replace (5) by 


8) 2 Lymph) Bay (Tat) Eat Zeman) Say} =0. 


Tt is here required that the dx,, Sy,, 5, be compatible with the constraints 
of the system. Let us at once consider the general case of non-holonomic 
constraints. There relations of type (7.4) exist; if we replace the 
general coordinates g of (7.4) by Cartesian coordinates, these relations 
become 


n 
(6a) 2 [Play . . . %)8t p+ (ary... Zp) Sy tH play . . . B)52,]=0. 
If f ia the number of degrees of freedom for infinitesima) motion, there must 
be 3n—f such relations for the dz, dy, 82 (of. p. 60). In the case of holonomic 
constraints the Fy, Gy, Hy, are derivatives of one and the same function 
with reepect to ty, Yp, Zp 
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Let the reader be warned emphatically not to look for the true content 
of d’Alembert’s principle in the clumsy formulation (6), (6a). Equation (5) 
or the statement of equilibrium equivalent to it is not only more readily 
useful, but also, by virtue of its invariant form, more natural. 


§ 11. Application of d’Alembert’s Principle to the 
Simplest Problems 


(1) Rotation of a Rigid Body About a Fixed Axis 


Here we are dealing with single degree of freedom, viz., the angle 
of rotation ¢. We let desw be the angular velocity, d= the angular 
acceleration. For the present we are not interested in the axle bearings. 

We suppose that arbitrary applied forces F act on the body. According 
to § 9, Eq. (7), their virtual work is given by the sum of their moments 
about the axis of rotation, ie., by 


(1) SW = L+dh = 156 


where ZL, is the sam of the moments of the F about the axis of rotation a. 
We also wish to know the work done by the inertial forces F*. For this 
purpose we subdivide the body into mass elements dm. In view of (10.3) the 
inertial force acting on dm directed normal] to the path is the centrifugal 
force dm = mdm. (In circular motion the radius of curvature p is of 


course equal to the distance r from the rotation axis, the velocity v of each 
element of mass therefore becomes rw, and its acceleration # along the path 
is rw). But the centrifugal force does no work. Along the path direction, 
on the other hand, the inertial force ia 


—dmo= —dmre. 
The total virtual work of the inertial forces is therefore 
(2) D(—dniybe— I —dereir 5p —5$6 | m= —igeal, 
where 
(3) I= [rim 


is the moment of inertia of the body. The dimensions of J are MEA, therefore 
g cm in the absolute system, g cm seo® in the gravitational system. 
By virtue of (1) and (2) d’Alembert’s principle takes the form 


$4(L,,—Ies) =0 
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so that we obtain the basic equation of rotational motion 
(4) Io=L,. 


Let us compare this equation with the basic equation of translational 
motion of one degree of freedom, say in the x-direction, 


mi=F,. 


We see that in rotational motion J takes the place of m. 
The same substitution holds in the expression for the kinetic energy. 
The kinetic energy of rotation of a rigid body is 


(5) By, = T= [Pot [Prat F [Adme FI 


and therefore corresponds exactly to the elementary expression of particle 
mechanics, 
(6a) By. = T= Fm. 


In the case of a rigid body with fixed axis, I is time-independent; in 
mechanisms with flexible joints and in living beings it is, however, variable 
in a characteristic manner. In § 13 we shall see that all athletic activities, 
in particular apparatus gymnastics, are based primarily on the ability of 
the human body to change its moment of inertia. 

An investigation of the manner in which the moment of inertia of a 
rigid body depends on the position of the axis of rotation will be deferred 
to § 22. 

Finally we shall turn to the connection of the kinetic energy with the 
basic equation of motion. Just as, in the case of constant mass, we can 
obtain the equation. of motion mz=J’, from the law of kinetic energy in 
particle mechanics, i.c., 

=e with W=F, dz, 
we obtain, in the case of constant J, the equation of motion (4) for rotation. 
We need merely make use of (5) in 


oa with dWHL,4¢ [Rq. (9.7) ]. 


The moment of inertia occurs also in the expression for the moment of 
momentum or angular momeniwm of the rotating body. If we let M be the 
angular momontum of the body, we evidently have 


(6) M=> dmor=w> dmAasal. 
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(2) Coupling of Rotational and Translational Motion 

Think of the coal basket in a mine, or of an elevator. The cable carrying 
the elevator is wound around s drum and. driven by a force P. Let r be 
the drum radius. The two virtual displacements that take place (ef. 
Fig. 13) are related by 
(7) Szmrdd. 
d’Alembert’s principle requires 
(7a) (—Q—M2) &z+-(*P—I)8h=0. 
It is convenient to “reduce” the mass of the 


drum. 60 to speak, to the periphery of the drum, 
ie., to replace I by a “ reduced mass ” defined by 


(8) Em M,at*. 
By virtue of (7), Eq. (7a) can then be rewrittenin yy ig. Coupling of 
the form translational and rota- 
: , tional motion (elevator, 
(P—Q—-Mz—H,,,70)de—0. coal basket). 
Since rw =z, ra=2, we then obtain the equation of motion 
(9) (M+M,.4)2=P—Q. 


The inertia of the drum therefore adds a term ¥,,, to the mass of the 
elevator. 


(3) Sphere Rolling on Inclined Plane 

Here again we are dealing with the coupling of translation (motion 
down the incline) and rotation (about an axis through the center of the 
sphere perpendicular to the plane of the paper in Fig. 14). The component 
of gravity effective in this caseisP=Mgsin a; the static friction F indicated 
on the diagram does not enter d’Alembert’s principle, since it acta at the 
point of contact which is instantaneously at reat. The condition for pure 
rolling motion is 
(10) z=rw, or, written for virtual motion, dzmrd¢. 
With d'Alembert we now require that 


(11) Sa Mg sin «—MZ)+54(—Icd) =0. 


The calculation of J is a problem of integral calculus. We shall state 
without proof that the moment of inertia of a homogeneous ellipsoid of 
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Semi-axes a, b, c about axis c (and correspondingly about a and b) is 
(12) Tm (a2-+B8), 


As a epecial case we obtain for the moment 
of inertia of a sphere 


(12a) =i Mr. 


As in (8) we introduce a mass rednoed  ¥%*- 1 Sphere on inclined plane. 


: : : The static friction F causes pure 
to the distance r, which by virtue of (128) rolling, bub doesnot enter d’Alem- 


becomes bert’s principle. 
(12b) Myyg= 2M. 


If we substitute this in (11) and also take (10) into account, we easily 
obtain 


(13) fue 5g sin a. 


The factor $ shows how the “ fall” on an inclined plane is delayed by the 


angular acceleration of the sphere and the increased inertia due to it. 
Whereas from (3.13) the final velocity in a free fall was found to be 


v= (2gh)t, h=height of fall, 
equation (13) now gives the final velocity 
vm (2+ Goh). 
The difference is due to the fact that now the gravitational potential energy 


is converted not only into kinetic energy of descent, but aleo into rotational 
energy of the rolling sphere. 


(4) Mass Guided Along Prescribed Trajectory 

If we assume the guide ways to be frictionless, d’Alembert’s principle 
applied to the one degree of freedom here present (displacement along 
the guide) simply says that 


Be(F,* +F,)=0, 

i.e., according to (5.8), 

(14) my,=m|o| =F, 

with arbitrary direction of the applied force F. The component F,, of F 
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normal to the guide, which we may take positive in the gentripetal direction, 
must then add to the reaction 2, (counted positive in the same direction) 
to give the equilibrant of the centrifugal force 0; i.., 


(15) R,+F,=C=ms, 


In general, especially if the guiding action is achieved by a material 

device such as a rail, we are compelled to take into account also a tangential 
component RB, of the reaction, the friction. If we count the friction positive 
in the negative direction of $3, Eq. (14) is therefore enlarged to 
(16) mo=F—R,. 
Whereas 2,, is determined by Hq. (15), #, in (16), on the other hand, remains 
“statically and dynamically indeterminate’ and can be determined only 
from experiment. In § 14 we shal] discuss how such experiments are 
carried, out. 


§ 12. Lagrange’s Equations of the First Kind 
Let us consider a system of discrete mass points m,, %%,,...m,, CON- 
nected with each other by r holonomic conditions 
(1) F,=0, F,=0,...F,=0. 


The number of degrees of freedom is then f=3n—r. We operate in Cartesian 

coordinates and make use of the formulation (10.6) of d’Alembert’s principle. 

In order to write the clumsy sums ocourring there in a more convenient 

way, we number the coordinates 2, ¥1, %,..-,%m Yq» %q, consecutively as 
Wy, Hy, Be, Ty, Yaq—1? Xn) 


and likewise the components of force X, Y, Z. The mass belonging to 
%, X, will be denoted by m,; evidently the m, will be equal in groups of 
three. Eq. (10.6) now becomes 


$n 
(2) 2, am %,)8x,=0. 


By virtue of the r conditions of constraint (1), the 4%, are subject to the 
restrictions 

(8) &F,=0, t=], 2, ... 4, 

which can also be written 


3M am 
(4) >, 3, = 9; 4=1,2,...9. 
k=1 
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Let us multiply each of the SF, by an arbitrary numerical factor A, (Langrange 
multiplier) and add it to the d’Alembert equation (2), giving 


on ¢ 
5 —m.2 oF, mm). 
(5) 2 (% matt 2 A, oat) 0 


Only f of the 3n displacements Sx are independent of each other. The 
remaining r are functions of these independent ones. Let these r displace- 
ments be given by the quantities 5z,, 52,,... dx, Now we have precisely 
r quantities A,, Ag,...A, over which we oan dispose freely. We choose 
them so as to make 


(6) E,— mgt SARE =O; k=1, 2,. 


Kq. (5), with the numbers A, now determined, reduces to 


8a 
(7) js Dy (Xmas 5 > Nae) bx,,=0 

mart im] 
where the 8a, are completely independent, there being indeed f=3n—r of 
these. If, for example, we choose 
(8) 854.470; 82,41 8239 eee 80 = Olt = ae =d2,,,=0, 


we see that the factor of S2,,, must vanish. Letting » run through all 
values 1, 2,...f, we conclude that all expressions in parentheses have to 
be=0, 


: : 

Xin mabet Dg k=r+1, ¢+2,. 
Together with the Eqs. (6} these form 3 differential equations 
(9) min Tet SAE kel, 2,...3n, 


which are called the Lagrange equations of the first kind. Of course the m, 
are equal in groups of three; thus m,=m,—mz,, since we are dealing with 
the same mass point m, having the three coordinates x; =2,, %—Y¥), %=%. 

So far we have assumed that the conditions (1} are holonomic; we 
can easily convince ourselves that all of the preceding can be carried over 
to the case of non-holonomic omen with only slight modification. The 
only difference is that the factors ~ in (4) must be replaced by general 
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funotions of the coordinates, F,, which cannot be written in the form of 
partial derivatives of a function. If we make this replacement in Eqs. (9), 
we at once obtain Lagrange’s equations of the first kind for non-holonomic 
systems, 


j=r 
fm 


Let us make a more interesting generalization by asswming that the 
conditions (1) vary with time. Then the F, depend explicitly not only on 
the x, but also on & We must now demand that in forming (4) the time 
be held constant, a stipulation which is not only permissible but also plausible 
since our virtual displacement has nothing to do with the passage of time. 
_ The derivation of (9) is not affected by this requirement. But we obtain 

an important consequence regarding the form of the equation of energy. 

If we want to derive this equation in the case of time-independent 
constraints, we proceed as follows: we multiply (9) by da, and sum over &. 
On the left we obtain. 


(9b) dt D myigi, = GD hid adel maT 


The first term of the right member gives the work done by the applied 
forces in. time dt, 


(9c) >, 42, X,=4W. 
The second term on the right vanishes. For 
(9a) TF Fldey= FaaF=0 
ae * 2 . 
by virtue of the fact that the F, depend only on the 2,4, co that F,==0 
implies 
(e) . aP,= Din de,=0. 
From (9b, ¢) we then have 
(10) dT=dW. 


This is no longer ao if the F, also depend ont, Then the zero in (9d, e) ia 
to be replaced by 


r 
oF 
- 2g aad ~ eat 
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respectively. For time-dependent constraints the equation of energy is 
then 


- oF, 
(10a) dT = dW—dt > r,t. 


#=1 


This means that time-dependent constraints do work on the system. 

To make this principle more concrete, let us think of a tennis racquet. 
If the racquet is kept fixed, it reflects the ball with unchanged energy. 
If instead it yields backward or swings toward the ball, ib takes energy 
away from or gives energy to the ball. 

In non-holonomic systems an explicit dependence on é of the F,, occurring 
in (9a) would be compatible with an equation of energy of the form (10). 
If, however, the non-holonomic conditions had the form 


Find + Odie 


instead of (7.4), it would be necessary to add members in G, to (10) which 
would then take on a form analogous to (10a), i-e., 


La 
(10b) dT =dW—dt > r,G;, 
t=] 


We shall learn from the example of the spherical pendulum in the 
following chapter that the A, can be regarded as the reactions of the system 
against the constraint exerted by the halonomie or non-holonomic conditions, 
There we shall also see thet the determination of the A cannot be effected 
by means of r Lagrange equations arbitrarily singled out, even though this 
was @ permissible assumption for purposes of our derivation. Instead the » 
must be determined from all 3n of the Lagrange equations taken together. 
It should be emphasized that the method of Lagrange multipliers plays an 
important role not only in the Lagrange equations of the firstkind, but also (of. 
Ch. VI, § 34) in types of equations of a much more general nature. Apart 
from their use in mechanics, the Lagrange multipliers are encountered in 
the elementary theory of maxima and minima. 


§ 13. Equations of Momentum and of Angular 
Momentum 
We derive these equations for a system of discrete mass points which 
can be translated and rotated as a whole in space. Through a limiting 
process they can, however, be applied equally well to a freely moving 
rigid body or to an arbitrary mechanical system whose motion is not 
restricted by external constraints. 
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We divide the forces acting into external and internal forces. This 
classification says nothing about the origin of the forces and is therefore 
by no means identical with the classification of p. 53 into applied forces 
and forces of reaction. Our present distinction is strictly based on the 
criterion of whether the law of action and reaction is or is not satisfied 
within the system itself. In the first case we speak of internal forces, 
in the second of external forces. The internal forces of the solar system, 
for instance, are applied forces because they are gravitational, whereas 
the external force which drives a railroad train forward is a force of reaction 
{as we shall see on p. 84), viz., the static friction at the rolling wheels. 

We call F, the external force acting at the point k; the internal forces 
will be called Fy, to remind us that they act between two points contained 
in the system and therefore within the system satisfy Newton's third law, 


(1) Equation of Momentum 
Let us now make use of d’Alembert’a principle in the form (10.5). We 
replace F, by F.+ 2Fy, F,* by —p, in agreement with definition, and 


make all the $s, equal to each other. We therefore impart the same virtual 
displacement to all the mass points of the system. ‘The Fy, arop out 
because of (1) once we sum over ¢ and &, and we are left with 


(2) bs (27. 2h) =0. 


Let us indicate the summation over k by means of a bar. From (2) we 
conclude that 


(3) p=F. 


P is the total momentum of the system, equal to the vector sum of the 
individual momente. We define the center of mass velocity V by 


MVamv=p, H=m 
and have, in lieu of (3), 
(3a) MV =F. 


We now choose an arbitrary but fixed point of reference 0. We measure the 
distance 1, of the points of the system from O and define the position R 
of the center of mass with respect to O by the equation 


(3b) MR=mr. 
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The content of equations (3a, b) can be summed thus: the center of mase of 
a freely moving mechanical system moves like a single masse point, having a 
masa M equal io the total masse of the syatem, and acted on by the resultant 
F of all the external forces acting on the system. 


(2) Equation of Angular Momentum 


Suppose we impart to the system 4 virtual rotation 6 about an arbitrary 
axis passing through a point O. The displacements $8, of the various 
points ™, of the system are then unequal; for 


(4) 5s i= §oxr ke 
fi 
£ % 
= x 
dg 4 oe el ge, 
a tg aa 
0 vy 
aa 
Fie. 15. The virtual displacement és Fie. 16. The moments of internal 
resulting from & virtual rotation 3¢. forces cancel in paira. 


To prove this, let us look at Fig. 15. 8 is there drawn as a vector along 
the axis of rotation and at the same time as a curved arrow about this axis 
in agreement with the rule of the right-handed screw. By virtue of the 
definition of the vector product the magnitude Ss, of 5s, is 


54,= 5¢ |x| sina=d¢p,, 


as must be the case for the rotation in question. The direction and sense 
of 8s, are likewise correctly given by (4). 58, ia directed normal to the 
plane of the drawing, into the paper. 

We introduce (4) in (10.5), while replacing F* and F as in subseo. 1, and 
immediately obtain. 


(6) > {Fe +> Faby) * (8 X0,)} =0. 
& ¢ 
Next we use a rule of elementary vector algebra, 
(8) A-BxC=B:CxA=C-AxB 


which says that the parallelopiped formed by any three vectors A, B, C 
has a volume which is independent of cyclic permutation of the labels of 
ita three edges. 
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Instead of (5) we can therefore write 
(7) 86° {5 (t,x) + 2D (rex Fa) 2 (taxbs)}=0. 
ks t & 


Tn this fashion the connection between Sp and r is severed, so that, with 
54 arbitrary, the factor in brecketa { } must itself vanish. In order to write 
this factor more simply we introduce the following notation: 


(Ta) L,=1,XF, a8 in (5.12), L=SL,; 
(7b) M,=1,Xp,, %XP,=F(0,XP,) = My 88 in (6.14); 
(7c) M=)>M,, M=>M,. 


L is therefore the vector sum of all moments of the external forces about 
the common point of reference O, M is the vector sum of the angular momenta 
of all the masa points of the system about the same point of reference, or, 
more briefly, the total angular momentum of the system about O. 
Moreover we show with the help of Fig. 16 that in the double sum of 
Eq. (7) all the terms cancel in pairs, viz., that 
(8) Ty XF, +47, XF,,=9. 
We see that in this expression the Third Law, Eq. (1), acts essentially as 
the definition of internal force. : 
From (8) it follows that the double sum in (7) vanishes. Recalling 
(7a, b, ©) we therefore conclude from (7) that 
(9) MeL. 
This equation is the exact counterpart of Hq. (3). It states that the time 
rate of change of the total angular momentum of the system is equal to the 
resultant moment of the external forces, just as Eq. (3) stated that the time 


rate of change of the total momentum of the 
of all the aes of the system is equal to the resultant 


These two laws will be called the equations (or principles) of angular 
momentum and (lineer) momentum respectively, 
Formerly it was the custom in the German literature to call basic 


of the angular momentum was normal to the orbital plane of the planet. 
a nee ae case for the planetary many-body problem, where we 


(10) M= S2m,24%, 
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so that not only the different planctary masses ocour as factors, but the 
individual areal velocities corresponding to the planets must be added 
veotorially. The areal velocity thus arising for a complete planetary 
system is defined, as ia well known, by the invariable plane (plane normal to 
M). It is invariable because in a planetary system external forces are 
absent, so that E=0 and, according to (9), 

(10a) M-=const. 


In general for L=0 we obtain the special principle of the conservation 
of angular momentum. The notion of areal velocity is even more difficult 
to visualize, hence less useful, for a system of infinitely many particles 
such as a rigid body, ao that the term “ Flichensatz ” should be abandoned 
for general use. 


(3) Proof Using the Coordinate Method 


We shall now sketch the proof of our principles by an alternate method, 
that of decomposition into Cartesian coordinates, becanse the use of these 
coordinates is so widespread and has been so greatly favored by older 
texta that we wish to defer to usage in some measure. 

We begin with the equations 


mim Xt 2 Xn 


(11) Pm 
m= ¥,+2, Yo 


AFFERNEA TENDED pred ae PE STEh E+ ea ee EH hate, - 


which are written in easily understandable form. Summation of the first 
of these equations over k, with Iy,——X,, at once yields the z-component 
of the equation of momentum, 


a 
Multiplication of the first equation by —y,, the second by a, yields as 
their sum 
(13) 2a Maiev) = DaYr—veka)+ ° 
We group together in paira tk and & the terms...not written down, 


thereby bringing out the direction of the internal forces, > and kK—>+. 
We then obtain 


V3 —yXytyYa—y Xe 
‘s -_ [ 25 (pte) — He (typ) + (4, —H) —4(%—%) J 
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Simplification shows this to equal zero, in agreement with Fig. 16. With 
the help of (5.17a) the right member of (13) reduces to 


Yin =L,. 
& 
The left member of (13) is, in view of (5.14b), 
(18a) 4.2 mltain—Wets)= 2 MyM. 


Equation (13) ia then identical with the z-component of our equation of 
angular momentum (9). 


(4) Examples 


There existe a profound difference between the principles of linear and 
of angular momentum which we shall explain with the help of the special 
cage in which no external forces act on the system. 

According to Eq. (8a) in this case the velocity of the mass center remains 
constant; for the total mass M oceurring as factor is constant, even for 
a syatem with internalmotion. Hf, then, the mass center is initially at rest, 
it remains at rest. Internal forces axe unable to impart motion to the 
center of mass, even in a mechanism with flexible joints or in a living body. 
In order to move one’s center of masa, one must be able to push against a 
support; therefore an eaternal force is necessary. 

It is evident that in the absence of external forces L=—0, so that (9) 
yields 
(14) M-=oconst, 


If the moment of momentum is initially zero, it remains zero, even for a 
system with internal motion. From this it does not follow, however, that 
the angular position of the system is conserved permanently. Rather, this 
angular position can be varied ad lubttum with the help of internal forces 
alone, and without a push against some outside object. 

An example of this is the cat, which always manages to fall on its feet. 
It achieves this by suitable rotation of the anterior extremities coupled 
with opposite rotation of the posterior ones. This action is illustrated 
by the rapid exposure photographs published in the “ Comptes Rendus of 
the Paris Academy,” 1894, p. 714. 

The essential points of this process can conveniently be followed by 
means of an experiment with a furning stool. Such a stool consists of 
# horizonta] diso which reyolves with as little friction as possible about 
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a vertical axis. The victim of the experiment is seated on the disc, initially 
at reet: 
M,=0. 
He lifts his right arm forward and describes with it a backward rotation. 
The “ area swept out ” in this process must be compensated by a counter- 
rotation of the remainder of the body including the disc of the stool. More 
precisely, the moment of momentum M, of the moving arm induces a moment 
of momentum of torso and disc M, such that 
M,= —M,. 

The experimenta] subject now lowers his arm; this causes no change in 
M. Now the initial position of the body is restored, and the process 
can be repeated. With each repetition the same counter-rotation M, 
takes place. After » repetitions the subject notices that he is facing in a 
direction opposite to the initial one. In contrast to the position of the 
center of maas, the angular position is not fixed by the initial state of rest. 

One can strengthen the effect by making the subject hold a heavy 
weight in the right hand. The “ srea swept out ”’ is thereby, so to speak, 
multiplied, so that the counter-rotation is also visibly increased. 

Let us perform two more experiments: the subject stands on the stool 
with lowered arms and is given an angular momentum M,; he now raises 
his arms (with weighta in his hands if desired) sideways; the rotation 
suddenly decreases. Instead, we can set the person spinning with out- 
stretched arms; he next lowers his arms and usually falls off the stool 
becanse the rotation, especially when weights are used, is suddenly increased 
considerably. 

In both foregoing cases 

M,=M, and. therefore I, =mJ,w, from Eq. (11.6). 
In the first case, however, we have 
Iy€i, and hence w,<w,, 
whereas in the second case 
I, or ty 80 that toy Wo: 


The chengesbility of the moment of inertia under conservation of 
angular momentum is used extensively in all athletic feats, especially 
in exercises on the horizontal bar. Consider, for example, the “ forward 
upewing.” In the initial act of acquiring swing the body is stretched, its 
moment of inertia great, and its angular velocity about the bar moderate. 
As he swings forward, shortly before reaching the highest point, the per- 
former pulls in his legs, reduces his moment of inertia about the bar and 
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his angular velocity becomes high. His mass center swings over the bar 
and the performer achieves an upright position on the bar. Notice that the 
reactions produced by the grasp of the hands on the bar do not influence 
the angular momentum to any noticeable degree since the bar is so thin 
that the forces of reaction have a vanishingly small lever arm. 

The same principles are used in the “ circles,” (backward hip circle, 
knee circle, etc.). Gymnastics, ice skating and skiing are, in a way, practical 
lessons in experimental and theoretical mechanics. 


(5) Mass Balancing of Marine Engines 

Let us finally consider an illustration on a Jarge scale, the Schiick 
method for balancing the reciprocating masses of marine engines. 

In the transition period leading to the modern express steamers, toward 
the end of the last century, the shipbuilding industry went through a 
crisis. For technical reasons the speed of revolution of the propellor 
shaft is fixed at approximately 100 per min. The inertial effecta of the 
piston engines, which have to be absorbed by the ship’s body, change in this 
same rhythm. As the length of ships was increased more and more, the 
“proper frequency” of the vessel was continually depressed, so that 
this frequency came dangerously near to the rhythm of the inertial effects. 
Let ws anticipate by using the word “ resonance,” a phenomenon with 
which we shall deal at great length in the next chapter. The word originated 
in acoustics, where resonance phenomena are most immediate and where 
they were studied first. 

' For lack of space the steam cylinders of fast steamera have to be 
arranged vertically. Let us assume, to make things specific, that we are 
dealing with four pistons (cf. Fig. 17), which are all connected to the same 
crank shaft oriented lengthwise, along the z-direction in our diagram. We 
shall see that for s smaller number of pistons a mass balance even to first 
order (to which we shall restrict ourselves here) is impossible. With the 
choice of coordinates of Fig. 17, the inertial forces are directed along the 
z-axis; they give rise to moments only about the y-axis. The inertial 
effects must be absorbed by the reactions of the body of the ship, in which 
they induce rhythmic countervibrations. 

This is beantifully illustrated by the models which Consul Otto Schlick 
donated to the German Museum in Munich at the time of his invention. 
The ship’s bull is here idealized as an elongated beam; it is suspended 
by spiral springs which represent the buoyancy of the water and enable 
the ship to oscillate. When the engine models carried by the beam are set 
in motion, the beam starte oscillating with slight amplitude. If the speed 
of revolution of the engines is increased, the vibrations of the beam grow 
larger the more the rotation frequency approaches the fundamental proper 
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frequency of the beam (of. Fig. 18}. Great amplitudes of oscillation would 
have disastrous effects on the safety of the ship—and also on the wellbeing 
of the passengers. The idea of mass balancing is to bring about a cancella- 
tion of the inertial forces and torques of the reciprocating maases of the 
marine engine in order to protect the ship’s body from their harmful effects, 

If we pass at once from accelerations to position coordinates, the balancing 
of the inertial forces, which are all in the z-direction, demands that 


(15) Uy =0. 


The masses M, inolide not only those of the pistons and piston rods, but 
to first approximation 

aleo those of the con- 
neoting rods and portions = Axis 
of the eccentric parts of ‘yg 3 r 
the crank shaft. 

Just as important is 
the balancing of the 
moments of the inertial 
forces. It is mentioned 
above and made plausible 
by Fig. 17 that only the 
moments about the y- 
axis play any role here. 
Again we immediately 
pass from the accelera- 19,17. Schick masa balance of s vertically arranged 
tions to the position four-cylinder piston engine. Diagram at lower right 
coordinates, which is shows the position of the four crank pine relative to 
permiasiblesince thelever °°) other. 
arms, i.e., the a of our 
Fig. 17, are constant. We then require 


(16) > Mya, = 0. 
We now express the piston coordinates 2, in terms of the crank pin 


Fic. 18. Proper frequency of 4 freely vibrating beam as a model for the fundamental 
frequency of a ship. 


coordinates ¢,. From Fig. 9 and Eq, (9.6) we have, to a first approximation, 


(17) tf, 008 $,= const. 
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First approximation* here means that we pass to the limit of an infinitely 
long connecting rod, or rfi—>+0. We shall not go into the calculation to 
second order where the first power of r/t is retained, as in Eqs. (9.5) and (9.6). 
Since all the pistons work on the same shaft, the ¢, are equal to each other 
apart from a phase shift a, constant in time; 


(18) bei +% 


where a,=0 and a, a, a, can be chosen at will. By virtue of (17) and 


(18), the variable part of the conditions (15) and (16), which alone concerns 
us, gives 


(19) DMar008(bste%)=0, D> Myr, a,008(y-+0,) =0. 


If we expand the trigonometric functions, we see that with ¢, arbitrary the 
factors of cos ¢, and sin ¢, must vanish separately. We then obtam four 
equations between the parameters a, and a,. 


(20) >Hi eos &,=0, >t, sin o,=0, 
yates 008 %,=0, > Maret sin a0. 


The H, and r, are fixed by construction. The quantities at our disposal 
are the three phase displacements a4, a3, a, and the two lever arm ratios 
@q: @: a, [the absolute magnitudes of the a do not enter in Eq. (20) ], 
altogether therefore five parameters; they allow a certain freedom of choice 
in fulfilling conditions (20). This freedom in turn makes it possible to avoid 
solutions which are technically objectionable. The preceding shows that 
the mass balancing can be carried through to first order in four-cylinder 
engines; it also shows that for lack of enough parameters it cannot be 
effected in engines with a smaller number of cylinders, as asserted above. 
The external characteristic of the Schlick mass balancing method is that 
the pistons of a four-cylinder engine are not equidistant and that their 
crank pins are not arranged at equal angles to each other. The latter 
feature is illustrated in the lower right-hand corner of Fig. 17. 

The Schlick method proved its worth in the first modern steamers 
of the Hamburg-America Line; it eliminated the danger of resonance. 
It is true, however, that it had only a transient importance in the practices 
of ship-building, since piston engines were soon to be displaced by turbines, 
where there are no reciprocating masses. Even nowadays, however, 188s 
balancing is Dnportant in automobile and airplane engines as well aa in the 
Diesel engines of submarines. 

* This first approximation defines the maga balancing to firet order (Le., the “ balancing 
for primary forces and primary couples,” aa it is called). Since we want to reatrict 
ourselves to the latter, we need not carry out the second approximation. 
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(6) General Rule on the Number of Integrations Feasible in a Closed 
System 


A mechanical system is called closed if no external forces, but only 
internal ones, act on it. In that case the equations of linear and angular 
momentum become principles of conservation. The conservation of 
momentum introduces 2-3 constants, that of angular momentum 3 con- 
stants of integration. The equation of energy yields one additional 
constant. We therefore have total number of 


(21) 2+ 343-4110 


sntegrals of the equations of motion. 

So much for the three-dimensional case. In the case of two dimensions, 
such as the two-body problem of astronomy, we have only one component 
of angular momentum (directed perpendicular to the plane containing the 
trajectories of the two bodies), so that we obtain, together with the integral 
of energy, 

(22) 2-24-1416 
generally feasible integrals. 
In the one-dimensional] case this number evidently reduces to 


(28) 2+ 140+1—3. 
The general expression for » dimensions is 
(24) m+1+4n(n-+1). 


The beat method of clarifying this expression is to appeal to the concepts 
of relativity: we put m=3 and add the time as the fourth coordinate. 
We must then form the four-vector momentum which is obtained from 
Eq. (2.19) by summing over all the particles of the system. The basic 
equations of relativistic mechanics now tell us that for a closed system this 
four-vector remains constant; incidentally its time component is, apart 
from a factor —% and an additive constant, equal to the kinetic energy. 
The four integrals thus obtained (conservation of momentum and energy) 
are represented in (24) by the termm+I1. The second term of the expression 
is the result of the combination of two axes at a time in the formation of 
moments. Hvidently the combination of two space axes yields the equations 
of angular momentum in the ordinary sense. The combination of the 
time axis with one of the space axes, on the other hand, gives the second 

* Every syetem becomes closed, of course, if ome makes it large enough, i.e., if one 
includes the sources of the external forces in the system. 

* The 2-3 constants arising from the equation of the straight line described by the 
center of mass, and the three areal velocity constants. 
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integrals of motion of the mass center which express the rectilinearity 
of this motion. For according to (2.19), if we indicate summation over all 
mass points by a bar as on p. 70 and replace (1—f*)t by unity from the 
start, we caleulate 


24. Dy—%Py= 10 (my, 2—t mz), k= 1, 2, 8. 
From the principle of conservation of angular momenta this quantity 
must be equa) to a constant, which we may call tcA,. In three-dimensional 
veotor notation and with the symbols of (8a, b) we then have 


(25) R-iV=A. 


With A and ¥ constant this means that indeed the maes center moves in a 
" straight line with constant speed. The foregoing should be sufficient 
explanation for the origin of (24); the use of the four-dimensional space- 
time symmetry has lent additional] clarity to it. 

We wish finally to make a remark concerning the enumeration of (21) 
and (22) pertaining to the field of astronomy. The famous three- 
body problem would need for its complete integration, i.e., for a determina- 
tion of its 3-3 coordinates and 3-3 componente of velocity, 


(28) 2-3-8=18 


first integrals. Each of these, as exemplified by Eq. (25), would give one 
telation between the position and velocity coordinates involving one constant 
of integration. But a comparison of (26) with (21) shows that we are 
lacking eight integrals for the complete integration; above and beyond 
this the unrelenting efforts of the greatest mathematicians from Lagrange 
to Poincaré have shown that the missing integrals cannot be obtained in 
algebraic form; conclusive proof of this was given by H. Bruns. 

4. similar enumeration for the two-body problem, plane by its very 
nature, requires only 

2-2-2=8 


instead of 2-3» 3=18 constants of integration for its complete integration. 
Thus only two constants are required beyond those which according to 
(22) are in all cases available for a two-dimensional problem. As & matter 
of fact these two integrals with their corresponding arbitrary constants can 
be found here, aa shown by the transition from Egs. (8.4) to (6.5). Hence 
the two-body problem can be solved exactly; the three-body problem is in 
general insoluble, i.e., it can be solved only by analytical approximation 
methods.’ It is only under very special assumptions about the type of 
motion that we shall be able to find a solution in closed form for the 
latter problem in § 32. 
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§ 14. The Laws of Friction 


As already emphasized in § 11, subsec. 4, the guiding of a mass on & 
prescribed path introduces a component of reaction along the path direction 
which cannot be obtained from general principles of mechanics, but must 
be determined experimentally. Apart from some preliminary work of other 
investigators thia determination was carried out for the first time in 1785 
in the famous, and for those times very accurate, experiments of Ch. A. 
Coulomb, whose name, we recall, is permanently linked with the basic 
laws of electrostatics and magnetostatics. 

With Coulomb we distinguish 

(a) Static friction 
(6) Kinetic or sliding friction. 


Fra. 19. Static friction on plane support. Fic. 20. Construction of the angle 
of friction and the cone of friction. 


(1) Static Friction 

Consider a body resting on a horizontal support. If we exert a gradually 
increasing pull P on the body parallel to the support, no motion will occur 
at first. We must therefore assume that a force of friction F balances the 
pull P. If, however, P exceeds a very definite limit, acceleration takes 
place. 

This limit F,. is, according to Coulomb (and his predecessors), propor- 
tional to the normal pressure NV, which in the case of reat on a horizontal 
support is simply equal to the weight @ of the body. We have 


(1) F nase - 
jo is the coefficient of static friction; it depends on the nature and the state 
of the surfaces of the two materials in contact. If the two materials are the 
BANG, sy is especially great (interpenetxation). 

By means of 
(2) pig=tan ¢ 


one can introduce an angle ¢ which can be thought of as the vertex angle 
of a “ cone of friction.” As long as the resultant of the two forces F and N 
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falls inside this cone, no motion takes place, of. Fig. 20. Motion occurs 
when their resultant lies in the surface of 


the cone or outaide it. Pp 
The significance of the angle of friction 
is iustrated. by experiments with the inclined - 


plane (Fig. 21) which go back to Galileo. dl 


: : xa. 21. Equilibrium on 
We write down without further explanation an inclined plane. 


N=x@eora, PmGsin om —F. 
From. 

F <P =p =N tan d 
we therefore obtain as the condition of rest 


Gain « <tan ¢ cos a+ G 
so that 
tan «<tan d 


a<¢g. 
The body remains in a state of rest on the inclined plane as long aa « <¢. 
The angle of friction ¢ ie therefore that 
inclination of a plane at which sliding 
will set in. 
The following is a less trivial exam- 
ple. An oblique arm is attached to a 
vertical axle at an angle 5 —«. This arm 


carries a movable sleeve or bead (af. 
Fig. 22). When the axle does not rotate the 
bead is at rest or in motion depending on 
whether a<¢ or «>¢. If now the azle 
ia set rotating, the centrifugal force 
mro* is added vectorially to the force of 
gravity mg. The normal force N resulting 
from these two and the pull P along the =e coinage goer 
guiding ‘ an oblique ro 2 
Om, See, Aten Siko' Miaderaa, Equilibrium under fristion. 
Nemigoos «trot sin a), Po demig sin aru 008 «) 


The double sign in front of P means that we count the pull positive downward 
a8 well as upward, so that we can take into consideration a downward as 
well as an upward sliding of the bead. 
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From (1) and (2) the bead is in equilibrium if 
-(g sin a—rw* cos «) <tan dig cos a-+rw* sin a). 

We now replace the < sign by an = sign, thereby obtaining the condition 
for “just sliding,” ie., the limit of equilibrium. By trigonometric trans. 
formation we carry out a separate calculation for the two cases +-. 

+ sign, downward sliding: g ain («+-¢)= 7,0" cos (2+), 

— sign, upward sliding:  g sin (a—¢)=1,a4 cos (a—9), 
or, collected together, 

as =a tan (af 4). 


The force of friction. hence results in a finite interval 
1 <r <ty 
of ¢ in which the bead is in equilibrium. 
For «>¢ (the bead slides down aa w— +0) both r are positive; the 
smaller w, the greater the interval between them. With «<¢ (the bead is 
in equilibrium under static friction for o—>0) r,=0 (even negative according 


to the equation) and only r, is positive; with increasing w, rz approaches 
zero as well, 


(2) Sliding Friction 
Here the law of friction 


(4) FopN 

applies. | 
The coefficient of sliding friction » is roughly independent’ of the velocity, 

and, like x», a constant depending on the nature of the materials and 

conditions of the surfaces. It is universally true that 


(5) Ht <p: 
If the path along which the body slides is rectilinear, N equals the force 


of gravity {or ite component perpendicular to the path); if the path is 
curved, we must, according to Eq. (11.15), add the effect of the centrifugal 
force 


We illustrate Eq. (5) by means of an extremely primitive experiment 
which is, however, very surprising in its result. Let us put a smooth cane 
? Experience in railroad operation (sliding friction between wheel and brakeahoe) 
indicates that for high velocities v the factor gs deareases monotonically with 
inoreasing v. 
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or walking stick over the forefingers of the right and left hand, held some 
distance apart. From Fig. lla the distribution of forces is 

4-s5% B= GRE. | 
We now let the two fingers approach each other. Sliding occurs alternately 


on the right and left fingers, until the fingers meet, Where on the stick 
do they meet ? 


Let 4 >B initially. The sliding therefore begins at B. B remains 
in motion not only until e=5, but slides to the point 6, <a where the 
sliding friction of B equals the static friction of A. In general we have 


g G 
Fya=rary’ Fau=Hobsts: 
Putting theee two expressions equal for 6=6,, we obtain 


a 
#O=poby, eh 

At this instant the stick must begin to move over A. At once the 
friction Fg, falls to Fan <Faw 9 so that in }, the friction F, 4 exceeds 
that in A; ie., B comes to rest, and Fp 4 changes to Fy x 

This process is now repeated at each turning point. ‘4 and B thereby 
approach in geometric progression (since the quotient “* occurs each time) 
the center of mass of the stick for which a=}=-(. In the final state the 
stick balances in equilibrium over the juxtaposed fingers. 

We now return to static friction, which plays a decisive role in pure 
rolling motion. Paradoxical as it may 
sound, it is the static friction which 
drives a railroad train forward. (The 
same is true of an automobile; a 
pedestrian, on slippery ground likewise 
propels himself only by means of static 
friction.) The steam pressure is an 
internal force, and as such could never 
set the mass center of the locomotive in harps Reaction presage hry 

. . . a + or 
motion. Todo this an external force is = prdianh stash Phere 
needed. ‘This external force is the — ssovides the driving force of the 
reaction between rail and wheel, i-e., train. 
just the static friction. 

Consider one of the driven wheels of the locomotive (Fig. 2%). By 
means of the connecting rod the engine transmits a torque L to the wheel; 
its primary action would be to impart a rotational acceleration to the 
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wheel. This is incompatible with the condition of pure rolling, Eq. (11.10), 
(8) z=re. 


Let M be the mass of the train per actuated wheel, & the resistance to 
motion (air resistance, frictional losses in the axle bearings, eto,), J the 
moment of inertia of the wheel, and F the force of static friction. The 
equations of motion become 


Mz=F—R; 
IgunL—Fr. 
The static friction F cannot be determined a priori; it can, however, be 


obtained from the foregoing equations as follows. Let us at first eliminate 
¥F from the equations 


(7) 


Mz=F—R; 
Myygz=P—F. 
equivalent to (7). P is the peripheral force corresponding to the torque L, 
and Mg, a8 in (11.8), is the reduced masa corresponding to the moment 
of inertia J, ie., 


(8) 


L=Pr, I= M,,,°. 
From (8) one obtains 


and, by virtue of the first Eq. (8), 
M MP + Mroak , 
(10) Pe R+ yyy? -2)= es 


D’Alembert’s principle could bave furniehed equation (9) directly. The 
first Eq. (8) contains the quantitative proof of our assertion that the static 
friction ¥ is the driving force in the operation of a train. Jor in the case of 
uniform motion it gives 

R=F. 


As the second Eq. (8) shows, the peripheral force P resulting from. the steam 
pressure has merely the function of calling into play the static friction at 
the rails. 

Another evidence of this is the fact that as trains have become faster 
or the freight per train greater, locomotives have become constantly heavier. 
This circumstance points directly to Coulomb’s law of friction, Eq. (1), 
which states that the limit of static friction available is proportional to 
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the normal pressure VY. The well-known fact that static friction fails and 
eliding occurs when the rails are too smooth (due to ice, or, for instance, 
to lubrication from run-over migrating caterpillars) points to the other 
factor p, in Hq. (1), which, as emphasized, depends on the state of the surface 
of the rails. When the rails are too smooth, the factor pz, must be artificially 
increased; the sander serves this end. 


CHAPTER, III 
OSCILLATION PROBLEMS 


The investigations that are to follow will teach us nothing new about 
the principles of mechanics. So great, however, is the significance of 
oscillation processes for physics and engineering that their separate systematic 
treatment is deemed essential. 


§ 15. The Simple Pendulum 

The oscillating body is a particle of mass m which is attached to a 
fixed point O by means of a weightless rigid rod of length ?; 7 is called the 
length of the pendulum. We may neglect friction at the point of suspension. 
and air resistance, so that the only force acting is that of gravity, 
with a component—mg sin ¢ in the 
direction of increasing ¢ (cf. Fig. 24). 
The genera] equation (11.14) for the 
guided motion along an arbitrary path 
gives us, with »v=—lg (circular path), 
the exact equation 


(I) mi Ek = — mg ain ¢. 


For sufficiently small oscillations, 
¢<€1, we can put sng=—¢. With the 


abbreviation Fic. 24. Simple pendulum. Com- 
ponent of gravity along the 
(2) F = ww direction of motion. 


we then obtain the linear pendulum equation 

@) Ga tatp=0. 

This is the differential equation of ‘‘ harmonic oscillations ” as treated in 
$3 (4). Apart from the designation for the dependent variable it is identical 


with Eq. (3.23). The circular frequency w defined in (3.22) is now given 
by Eg. (2) above. We therefore have 


‘ o- F(t 


37 
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Notice that 7 is independent of the mass m, which dropped out already 
in (1). Thus different masses have the same period if the pendulum length ? 
is the same. 7 is the full period, covering a complete swing to and fro. 
Sometimes one half of this time is designated as the period of oscillation. 
Thus one speaks of a “ seconds pendulum ”’ for which } 7 equals one second. 
Ita length is calonlated from (4) to be 


Lam fiw Ll meter. 


To the extent to which Eg. (3) is-valid the period of oscillation ia indepen- 
dent also of the amplitude of swing; ie., small pendulum oscillations are 
tsochronous. 

The general solution of (3) has the form 

p= Bin wi-+d cos wi. 
If we specify that ¢=0 at =0 and ¢=« at =f, we must put 6=0 and 
Gmc, so that 
(5) o= « sinc, 
« is therefore the amplitude of ¢, ic., the maximum displacement of the 
particle messured in unite of angle (radians). 

For finite deflections the isochronism is destroyed because of the non- 
linearity of Eq. (1) which applies in that case. In order to integrate (1) we 
multiply it on the left and right by #. this amounts to passing from the 
equation of motion to the equation of energy. An integration yields 


& 
(6) (2) = 2etoosd +0. 
C is determined by the condition that 4-0 for =<, ie., 


Om — 2w* 008 &. 


Alternately we can proceed directly from the equation of energy. With the 
meaning of H indicated in Fig. 24 we obtain 
(62) Bt (4) mgh—mgH 
hel (1—cos ¢) 
re aE (= con a 
which is evidently identical to (6). 
Consider now the equality 


008 $—-CO8 cue? (sin? § ~ sin’) . 
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we substitute it in (6) to obtain 


a(§) 
(1 rer 
or 
4 
(8) —_ 
J {sine § — aint)! 


We have thus arrived at an elliptic integral of the first kind. In order 
to explain this name we shall have to speak in passing of the “ rectification 
of the ellipse,” i.e., the measurement of the length of an aro of an ellipse. 
Let us use the parametric form of the equation of an ellipse, 


mG sin Y 
y=b 008 U 
from which we caloulate 
dg = dat + dy* = (a* cos? v-+- 8 aint v) de%, 
d= (a®— (a? —B%) sin® v]*de. 
We now put 


= +25""( <1 for a>d), 


and obtam for the length of the aro of the ellipse between the endpoint 
ym( of the minor axis and an arbitrary point v of the ellipse 


(9) sma {” (1— sin*e)*de. 
0 
This is an “ elliptic integral of the second kind.” 
The elliptic integral of the first kind is the simpler of the two from 
the viewpoint of function theory. In the “ Legendre standard form "’ it is 


° dw F 
9 (1—k* gin? o)* 
We shall put our integral (8) in this form by means of the transformation 


ain §=sin $ - ain v. 
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(10) (sin*$ —sin®$)*—sin E cos », 


at 


3 dv wo 
(sin*$ ~ nin)" cost (1—#einte)} 
2 2 r) 
where the “ modulus ” & stands for 
(11) kmain $a. 
If we wish to calculate the period 7, we must put in Hq. (8) 
t=7 and ¢=«, 
80 that, according to (10), v=%. This yields the so-called “ complete in- 
tegral of the first kind,” which is designated by the letter X, 
¥F 
12 {2 do, 
er af { (l—k*sin?e)t 
w being defined by (2), we then obtain from (8) the period 
(13) Tm 4k ("¥. 


From (12) we can read off directly that 
K= J 28 k—>0, ie., according to (11), for sufficiently small amplitudes a; 
Kuo as k-— +l, ie., according to (11), for c=, 180° swing to upright 
position. 

In the first case we obtain our former expression (4}, as would be expected. 
In the latter case the deviation from this expression reaches an extreme. 


In general a binomial expansion and term-by-term integration of (12) 
leads to 


K=3(14+7+G+ a :). 
The corresponding expression for 7 is 
(14) Tm dor“)! (1-4 Fein? $+ gaint +... ) 
which gives the deviation from isochronism for finite deflections in quantita- 
tive fashion. 
Astronomical clocks have simply-constructed pendulumas with a<1}°. 


For them the first correction term in the parenthesis of (14) amounts to 
approximately I part in 20,000. 
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§ 16. The Compound Pendulum 

This problem is essentially that of rotation of a rigid body about 
a fixed axis, treated already in § 11, subsec. 1, from which it differs only 
in that the external forces are now specified to be gravitational. Let s 
be the distance of the center of gravity G from the fixed axis O [we use the 
term “ center of gravity ” deliberately here, though, from (3.12), it coincides 
with the center of mass]; moreover, let ¢ be the angle which the line 0G 
makes with the vertical. The total moment Z of the gravitational forces 
acting on the individual! elements of mass dm is evidently 


(1) L=— mgs sin 9, 
where m is the total mass; from (11.4) the equation of motion is then 
(2) I¢ =—mge sin ¢. 


A comparison with the equation of motion (15.1) of the simple pendulum 

shows that the length / of the equivalent simple pendulum, i.e., the simple 

pendulum having the same period of oscillation as our compound one, is 
ty 

(3) la = 


mS 
Let us replace I by the so-called radius of gyration a, defined by 
(4) I=ma'. 


The radius of gyration is therefore that distance from the point of suspension 
O of the pendulum at which we must concentrate the total mass m in order 
to obtain the moment of inertia I of the actual mass distribution. Note: 
in (11.8) we introduced a “ reduced mass ” for the distance r at which the 
initially unknown mass M,,, was to be placed; here, per contra, the mass 
m is given and we are looking for the distance a at which this mass is to 
be located. 
Comparison of (3) and (4} shows that @ is the geometric 

mean of « and i, 


(5) atals. 


Let us now lay off the equivalent pendulum length 7 from O 
along the center line OG of the pendulum. The point / thus 
obtained is called the center of oscillation (Huygens). Fig. 25 
shows the relative positions of O, G and P and allows us to 
form, a picture of the relation between ¢, a and ?. 


Fie, 25. Point of suapension 0, center of gravity G, and center of 
oscillation P of a compound pendulum. The radius of gyration a is the 
geometric mean of the equivalent pendulum length 7 and distence from 
center of gravity ¢. 
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We now claim that the roles of O and P are interchangeable. So far 
O haa been our point of suspension, P the center of oscillation. We shall 
now take P aa the point of suspension and show that O becomes the center 
of oscillation. This is the idea underlying the reverstble pendulum. 
‘The scheme below tabulates the symbols so far used and completes 
the list for purposes of what is to follow. 


Our aasertion is that 


ip=l, ie. O’=0. 


Proof: let us calculate 2, from equations (8) and (4) rewritten in terms 
of the corresponding new symbols. We have 


2 
Ip & 
(6) i= mi—e) = — bed 
Now according to Eq. (10) of the supplement to this section 
(a) ah—1—a) 


so that indeed the last member of (6} equals 7. 

The pendulum is used in the determination. of the gravitational accelera- 
tion g at different points on or below the surface of the earth. Since 
in practice no simple pendulum is available and since in a compound 
pendulum the moment of inertia J cannot be calculated accurately (not 
only because of the complicated shape of the bob, but also because of possible 
internal mhomogeneities), one is forced to resort to the experimental method 
of the reversible pendulum for the determination of the equivalent pendulum 
length. We have to imagine that the pendulum of Fig. 25 is provided 
with two knife-edges for its points of support, one at O and one at P, the 
latter with ita edge facing up, and both with their triangular cross-sections in 
the plane of the drawing. The knife-edge at P can be moved up and down 
by means of a micrometer screw. Given a sufficiently long period of observa- 
tion the number of oscillations can be counted with very great accuracy, 
80 that the equality or inequality of the periodic times for oscillations 
about O and P can be determined exceedingly precisely, and, if necessary, 
corrected by means of the micrometer screw. 

The principle of the reversible penduhnn is a first illustration of « type 
of very general reciprocity relation which recurs in all branches of physics. 
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Another example of such a relation is the interchangeability of source 
point and field point (* Aufpunkt”’) in acoustics and electrodynamics. 


Sorripmext: A Rota Concmernoxe Moments or Inmet 


We have in mind the rule of parallel axes, which states that the moment 
of inertia of a body of mass m about an axis through an arbitrary point O 
is equal to the sum of its moment of inertia about the parallel axis through 
the center of mass G and me*, where ¢ is the distance between ¢ and the 
axis through 0. 

If y is the direction of the axis in question and x the direction from 
O to G, the distance r from the axis through O of some element of mass dm 
must be 


Aazt-+2f, 


Here « is measured from O. If, instead, 2 is measured from G, and if, 
as in Fig. 25, OG=3, we have 


#8 we (2-4-4)? 22 ott 8 +2 ra a?, 
If we mum over all den, it follows that 
(7) To Ig }-2s [adm-+-ms. 


The middle term vanishes [cf., for instance, Eq. (13.3b}] provided the 
plane +=0 passes through the center of mass. If thia is the case, 


(8) Im Ig-tme!, 
as asserted above. 

Accordingly we have from Fig. 25 that 
(88) ; i pol etm = s)'. 


But from (8) and (8a) 
Ip—I=mP—2mle 
which, in view of (4), can be written 


(9) a3, — i= Qe 
or, by virtue of (5), 
(10) ak J*— lean l(i— a). 


This is the relation that was used in (6a). 
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§ 17. The Cycloidal Pendulum 
This pendulum was invented by Christian Huygens’, the most ingenious 
watchmaker of all time. Its purpose is to eliminate the lack of isochronism 
of the ordinary simple pendulum. This is achieved by making the mass 
point move on a cycloidal instead of a circular aro. Later on we shall 
see how this motion can be realized in practice. 
The parametric representation of a common cycloid is 


(1) tan a(g— sin $) 

y=a(l— cos ¢). 
The parameter ¢ is the angle through which a wheel of radius a rolling on 
the horizontal z-axis has tumed from its initial position. The common 
oycloid is generated by a point on the periphery of the wheel (Fig. 26). 


ger gir 


Fie. 26. Generation of common cycloid by point on the periphery 
of & rolling wheel. Definition of angle of rotation ¢. 


For our pendulum we need a cycloid that has its cusps at the top rather 
than on the bottom (of. Fig. 27 on p. 96); this is generated by having 
our wheel roll on the underside of the x-axis, The x of such a curve is that 
given in (1) while ite y is obtained by subtracting the y given in (1) from 2a, 
f= o(d—- sin ¢); 
y=a(1-+-cos $). 


The component of gravity mg along the tangent of the trajectory (in our 
case the cycloid) is 


(2) 


i= —mg cos (Y, 3)= —mg%. 


The general relation (11.14) therefore yields 

(3) mir= — mg: 

where, just as in the case of the circular pendulum, the mass m cancels on 
ARE RAR SES Nc i ta tS parte ir 
1 Horologium Osoillatorium, Paris (1673). Collected Works, Vol. 18, The Hague (1984). 
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the left and right. Differentiation of (2) gives 


de=a(1— cos ¢)dg, dy=—asin ¢ dg. 
detoah(2—2 cos p}dg?, de=2asin $dd. 


Thus in our case 

(4) ve Fa2asin $$ ——4a F 008 § 
and 

(6) f= — San fa ~ 08 F 


If we replace (4) and (5) in (3), we obtain 
(8) # oe & =~ £ oon §- 


This equation differs from Eq. (15.3) of the simple pendalum only in that 
the dependent variable is now called cos g rather than ¢. This is of course 


of no consequence for the integration of (6). The earlier Eq. (15.4) there- 
fore holds unchanged, viz. 


(7) T= 2n0(-\* with l=4a, 


the latter because in (6) 4a took the place of our former 7. 

Eq. (15.3) described only the small displacements of a simple pendulum 
and was obtained from the exact relation (15.1) by an approximation; 
our present equation (6) and Eq. (7) resulting from an integration thereof 
are, on the other hand, exact for oscillations of arbitrary amplitude, The 
eycloidal pendulum. is then rigorously isochronous; its periodic time is 
completely independent of the amplitude of oscillation.* 

As regards the method used, we notice that in (6) the motion of our 
particle was represented not by its Cartesian coordinates or by some para- 
meter bearing an immediate relation to the cycloidal curve, but by one half 
the angle of rotation ¢ of the wheel generating the cycloid. We see that 

1 The cycloid can also be called tautochrone (oscillations on, a cycloid are “ isoohronous 
to each other"); it is also called brachistochrone (because it answers the question, 
“on what curve must a masa acted on by constant gravitational force slide in 
order to traverse the distance between two given endpoints in the least possible 
time?” It turns out that the maes tales léas time on a cycloid than on & atreight 
line or any other curve joining the same pointe). The brachistochrone problem 
ig all the more notable because it was for it that the first principles of the Caloulus 
of Variations were developed, 
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this parameter, although only indirectly connected with the cycloid, provides 
the simplest method of approach to the problem. Its introduction gives 
us a foretaste of the general Lagrange method of Chapter VI, which enables 
us to introduce arbitrary parameters as dependent variables in the equations 
of motion. 

Just as remarkable as Huygens’ discovery of the isochronism of the 
cycloidal pendulum is the way in which he actually achieved the frictionless 
motion of the bob on the cycloid. He availed himself of the rule that the 
evolute of a oycloid is another cycloid equal to the generating one. If, 
therefore, we tie a string of length I=4a to the point O of Fig. 27 in which 
the two upper cycloid arcs form a cusp, and if this string be pulled taut 
so that it rests against the right part of the cycloid (or the left part if 
deflected to the left), the endpoint P of. the string describes the lower 
cycloidal aro. The guiding of the 
bob along the lower cycloid effected 
in this manner is almost as friction- 
leas as the guiding of the simple 
pendulum along a circular arc. 

Actually Huygens’ idea has been 
abandoned in the practice of pendu- 
lum clock construction; according to 
investigations of Bessel among others Fra. 27, Huygens’ ieochronous oy- 
it is sufficient to install a spring — cloidal pendulum. 
usually a short elastic lamina — at 
the upper end of the pendulum. Ifthe length of the lamina and the maas of 
the bob are suitably chosen, « sufficient degree of isochronism is achieved. 


§ 18. The Spherical Pendulum 
We require the pendulum to be suspended in such a fashion that the 
mass point m is able to move freely on the surface of a sphere of radius / 


(the length of the pendulum). It is then subject to the condition of 
constraint 


(1) : Fa 5(ttyi+a— Dm 0, 


‘where the factor ; hae been added for convenience’s salze. 


Here r, the number of conditions of constraint, equals 1, and X,;=.X,=0, 
X,=—mg, 60 that the Lagrange equations of the first kind (12.9) take the 
form 


mi = rx, 
(2) my = dy, 
MZ = — mg+-Az. 
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In view of Eqs. (13.13) and (13.182), elimination of A from the first 
two equations (2) yields the constancy of angular momentum about the 
z-axis, or, what amounts to the same thing, the conservation of the areal 
velocity © 
(3) xt yt = 2 =O (S=area swept out). 

If, on the other hand, we multiply the Lagrange equations (2) by 2%, 
y, z, we obtain the equation of energy, for condition (1) is independent 
of ¢ (of. p. 68). Addition yields 


(4) m(ei--yy+z2)=~mgz-+AMee+-yytee). 
But from (1) 
FG =xetyy-+eee0. 
On the other hand we evidently have 
s+ yotie= ZOTAR ae 
Integration of (4) with respect to ? then gives 


(5) Fet=—mg2-+const., 
which we shall write in the form 
(5a) T+YV=xE with V=mgz. 


Let us fivally multiply the Lagrange equations by x, y, 2, respectively. 

With the aid of (1) this allows us to calculate A, 
AB mgz=mn(2e+-yy +22) 

or 
(6) Nemo} -+m(Fe+ Yo fe)” 
Now the normal to the surface of the sphere at the point 2, y, z has direction 
cosines 5, ¥, 5, so that apart from sign the second term on the right is the 
inertial force F,,* normal to the spherical surface; similarly the first term 
on. the right is, apart from sign, the component F,, of gravity in the same 
direction. According to d’Alembert the sum of these two must be equili- 
brated by the reaction R,, of the surface of the sphere, or, physically speaking, 
by the tension in the pendulum suspension. The meaning of Eq. (6) can 
hence be summed concisely by the equation 


(7) N= —(F,+F,,*)=,, 
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We notice that within a factor 7, A is the constraint which is exerted on 
the motion by virtue of condition (1), this constraint acting in a direction 
normal to the motion. Corresponding statements hold in more general 
oases Where several conditions of constraint and therefore several Lagrange 
multipliers are present. 


In order to carry out a second integration of (5) we shall pass to spherical 
coordinates given by 


a=f cos dain 8 

y=l sin ¢ sin 6 

z=1 cos 8. 
We form 


%=1 8 coa ¢ cos 0-2 db sin gd sin 8, 
y= sin ¢ cos 6-+1 ¢ cos dain 6, 
a= —1 6 sin 8. 

The equation. of conservation of angular momentum (3) becomes 
(8) 22=zy-ye—mPainte- 4—C 
and the equation of energy (5a), 

(0) “= (68-+4-sin8 ¢ 3) + mgl cos Om E. 


A farther change of variablea 


des 


ee ee. 
umoos 6, §= nahi & 


ee ee Fic. 28, Spherical pendulum treated 
(10) ¢= Roar esmees peintemmoving under gravity 

(eA) on the surface of a sphere of radius 2. 
and (9) into 


(11) (3)- U(u)= +,(E — mglu) (1- wt) 2. 


This relation between ¢ and u allows us to find ¢ as a function of «, 


(12) to J or 


Kg. (10) can now likewise be written in integrated form, for from (10) and (11) 


aii,# = io 
du ~ 9° du Bal) OF 


11.18 The Spherical Pendulum 99 


so that one obtains 
Of du 1 
sf bea 


U is a function of third degree in u=cos @& Ut is real only for U >0. 
If then the constants of the equation correspond to a real physical problem, 
there must be two values u=u, < w=, in the interval 


—l<u<+l 


between which U is positive (of. Fig. 29). 
tt, cos 6, and 4, cos @, are the two latitudes between which the mass 
point oscillates back and forth. If the integration of (12) or (13) reaches 
one of these limits of wu, not only the direction of integration but also U* 
rust change sign, in order that the integrals remain real and positive. 
Between two successive turning points one quarter of the full period of 
oscillation elapsea, i.e., 


hy 
au 
(14) i= | 
a 


sin-8,0f-uF 


fo -annnnessee 
ee 


Fria. 29. Curve of third degree U7 (ts} Fia. 30. “ Bird's-eye” view of the path 
and ite intersections t=, and wentty of the spherical pendulum. Angle of pre- 
with the abscissa. t.<t, <0 means comion 4%. A paasage from 6, over 0, 
that the trajectory is located in the back to 6, corresponds to a half-period, 
lower hemisphere, A¢ therefore to a full cycle. 


Note that now the oscillation is no longer periodic in space as in the case 
of the pendulum moving im plane, but is modified by a slow precession. 
The angle of precession 4¢ by which the mass advances (or recedes) in & 
full period 7 is calculated from (13) to be 


(15) set dom te (Mon 
Va 
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This precession is illustrated in Fig. 30, which is taken from A. G. Webster, 
“ Dynamics of Particles,’’ Leipzig, Teubner (1912), p. 1. 

The integral (12) is an elliptic integral of the first kind, just like the 
integral (15.8) for the simple pendulum. This is the generic name applied 
to all integrals whose integrand contains the square root of a polynomial 
of the third or fourth degree in the variable of integration in the denomin- 
ator. That Eq. (15.8) falls in this claes can be seen by introducing the 
transformation umsing, so that « becomes our variable of integration; if, 


moreover, we put a=xsing, (15.8) goes over into 


du 
lui 

In particular, expression (14) for 7 is, just like (15.12), a complete 
integral of the first kind. On the other hand, integral (13), which has 
the two factors (1-4) in addition to 0+ in the denominator, is an “ elliptic 
integral of the third kind,” and (15) is a “ complete elliptic integral of the 
third kind.” 

Problem III.1 shows that for infinitesimal oscillations the equation 
expressing the motion of the spherical pendulum becomes elementary and 
the angle of precession d¢g—+0. 


§ 19. Various Types of Oscillations 
Free and Forced, Damped and Undamped Oscillations 

Free, undamped oscillations were treated in § 3, subsec. 4; we called 

them harmonic oscillations. At this point we shall consider, first of all, 
Undamped, Forced Oscillations 

We shall take as their differential equation 
(1) ma-+ko=c sin wl, 
where w= 7 is the cireular frequenoy of the driving force. 

We have here made the differential equation linear in the dependent 
variable x, which is permissible, at any rate, for small oscillations (cf. 
simple pendulum). The same remark applica to the remaining examples 
in this and the following section. 

The restoring force is — kx as in (3.19); ¢ of Eq. (1) is the amplitude 

. of the driving force causing our particle to oscillate. 

By virtue of the addition of the right member, (1) is an inhomogeneous 

linear differential equation. The left side, when set equal to zero, gives 


the associated homogeneous differential equation, as previously mentioned 
in connection with Eq. (3.28). 
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A particular solution of the inhomogeneous differential equation is 
given by 
cm Q sin w i, 
where C must satisfy the equation 
C{k— mat) =e. 
If, with (3.20) as model, we put 
(2) w= (5) 
we obtain 


(3) O= a 


The general solution of (1) is formed from this particular solution and 
the general solution of the associated homogeneous equation: 


(4) v= sin wt+A 008 w,?+B sin wy t. 


The amplitude C of the first term grows with increasing w to become infinite 

for w=»; thereupon it jumps to negative infinity, and decreases elowly 

in absolute value toward 0 as w—+-0. 
Actually, when C becomes 

negative the amplitude does 

not change sign, for amplitudes |¢| 

are positive by definition. We 

therefore continue to definethe  @) 

amplitude by | C | and put the 


a hh 


change of sign that takes place ™ a 
into the sine factor, where it di ‘a 

appears as a phase change of 4) Wp “ 
$= +7. a ee 


The foregoing is illustrated 
in Figs. 3la, b, where |@| and Fre. 81. Amplitude and phase of undamped 
$ have been plotted as func- forced oscillations. 
tions of a». 

In Fig. 31b we cannot @ priort decide whether the phase leads or lags 
for w > wo, i.e., whether we are to take $= 4-27 or 5= —a. We shall, however, 
anticipate and consider undamped vibrations aa a limiting case of damped 
vibrations (see below); this leads us to decide in favor of —, so that 
the first term of (4) can be written in detail 


(4a) se gta sin (ct) (a > ew). 
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The fact that the amplitude becomes infinite for w= wp illustrates the 
phenomenon of resonance between free and forced oscillations, a phenomenon 
that plays an important role in all of physics. The denominator of (3) 
and (4a) whose vanishing causes this infinite amplitude is called a “ resonance 
denominator.” It is intuitively clear that the closer the proper frequency 


of the oscillating system is to that of the driving force, the better the system 
will follow this force. 


Incidentally we must keep in mind that we are guilty of gross extrapola- 
tion when we deduce infinite amplitudes at resonance, for in almost all 
cases our linear differential equation holds only for infinitesimal oscillations. 

So far we have directed all our attention to the first term of the right 
member of Eq. (4). The other two terms are determined by the initial 
conditions, Let us take 


e=0, m0 at £=0, 
so that, from (4), 
Az0, wC+a,B=0, hence B=—- 3,0: 
Tt follows that 
* a. 
(5) z= O(sin ot — sin wot). 
Let us make the content of this equation clearer by considering the special 
oase of near resonance of the two frequencies w and wy. 
We put 
w= w_bdw 
and expand 
sin. wi = in wet= sin weft Aw cos wol— ain we— sin Wat. 
Bq. (5) then yields 
I. 
e=0 hot 008 wg— @, in we) : 
and, by virtue of (3), in the limit da-~0, 


(6) t= ed (in aof— cot 008 wf). 

This type of oscillation, illustrated in Fig. 32, is no longer periodic as 
was thet of free oscillations; indeed ¢ appears in (6) as a secular term 
{i.e., no longer solely in the argument of a trigonometric function). ‘For 
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t—+o the amplitude approaches the value C==co as indicated in Fig, 31 
for the case w= wo. 


Fria. 32. Resonance of fres and forced oszcillations, 
Secular increase of amplitude. 


Free, Damped Oscillations 
These have the differential equation 
(7) mic +hewm — we. 


The frictional term on the right has been put proportional] to the velocity, 
an assumption which finds its justification in the hydrodynamics of slow, 
laminar (=non-turbulent) flow (e.g., air friction). 

Eq. (7) is a homogeneous linear differential equation. As before we put 


(7a) = =o, wy=undamped proper frequency. 
Let us also make the convenient change of symbols 

(7b) = =2p, p>0. 

Eq. (7) then takea the form 


(8) B+ 2 p2+ w2e=0. 


The method desoribed under Eq. (3.23) now proves ita fall worth. As 
there, we substitute 


(8a) nue Cert 
in (8) and thus obtain the characteristic equation in A, 
A+-2 pA+ wim 


with the two roots 
A= — pch(— aft pyrm{ >. 
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Expression (8a) must therefore be generalized to 
(8b) wn O,eAs!+O,e4st, 
We now distinguish two oases: 
l. p< ap, 2. p > ay. 


The first case is that usually prevailing in practice. The motion is a periodic 
oscillation with decaying amplitude. The second case is that of strong 
or “ aperiodic’ damping. In both cases we shall specialize the motion 
by imposing the condition, z=0 at t=0, which, according to (8b), leads to 
G.=—-C,. 


Il. p<wy. A= — pi(wi— o%), 
w= 20 e-* sin (wi pitt. 
For small p the periodic time 
a 
(o§=p%)t 


differs little from that of the undamped oscillation. e7?! is the damping 
factor, pT’ the logarithmic decrement. 


2. p>wy. A, and A, are real and we obtain 
%=20,e-F* sinh(p?— wt) 
where sinh is the hyperbolic sine. 
We shall finally deal with a type of oscillation including all those so 
far considered, namely that of 
Damped, Forced Oscillations 
We may write their differential equation in the form 
mews -+ke=o gin wt 
or, with the abbreviations defined in (7s, b), 
(9) t+ 2pat whe 5 (eftot_ g—tuny, 


To the general integral (8b) of the homogeneous equation we must now add 
& particular solution which we shall write in the form 


t= |O| in (at-+5)— 1F tte ¢-castay, 
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Let us introduce this in (9). A comparison of the factors of e+ left and 
right yields 
(C| (— +2 spat adjetd= <=: 
|O| (— ot 2 ipw-page um 5 - 
Multiplication and division of these two relations yields 
3 1 
C= (5) Baa 
ent oy'— A= Zé po | 


hy —al?-+-23 pa 
respectively. Accordingly 

e i 
(10) 1Ol= nfo oP Tara 
(11) 1e¥S_]_ 2 


tan §= jetbyy oa 


Compare the plot of these two functions of w in Fig. 33 with Figs. 31a, b. 

Fig. 33 shows that our formerly infinite resonance maximum has been 
depressed to a finite value as a result of the damping (note, by the way, 
that the maximum. value no 
longer occurs at the exact 
pomt w=w,, but rather at 
& somewhat smaller w; cf. 
problem JIT.2). 

Fig. 33 also demonstrates 
that with increasing w, § 
goes from the value 0 at 
w=0 to negative values; 
for w= we it exactly equals 
—}r, and it approaches —-r 
as w—>co. Thus we have 
justified the arbitrary choice 
hetween -++07, made earlier 
(in Fig. 31), when we were 
dealing with the undamped 
case. As o matter of fact 
we see now that the phase 
of the oscillation always lage eee and phase of damped forced 
behind that of the driving : 
force. For further examples of forced vibrations see problems IIT.3 and IIT.4. 
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§ 20. Sympathetic Oscillations 

The types of oscillation so far considered have concerned one mass 
point, We shall now deal with types of oscillation involving two masses 
capable of oscillation, these two masses being weakly coupled to each other. 
Sympathetic oscillations have for many years been important in electric 
measurements. There one speaks of a primary and a secondary circuit, 
the latter usually being “‘ inductively * coupled to the former. The primary 
circnit is made to oscillate (“ is excited ’), whereupon the secondary circuit 
does likewise, and especially strongly so if resonance prevails. Indeed the 
* doubly tuned coupling stage ” widely used in radio consists of a primary 
circuit and a secondary one tuned to the former. Here we shall of course 
restrict ourselves to coupled mechanical oscillations, which have often 
been used 98 models for electrical ones. 

A particularly instructive example of sympathetic oscillations is 
furnished by the so-called “ coupled pendulums.” In the case of resonance 
these are two equally long and equally heavy pendulums. We may picture 
them most simply aa oscillating in the same plane; their coupling may be 
effected. by means of a helical spring as indicated in Fig. 35. If the spring 
offers but clight resistance to the relative motion of the two pendulums 
we speak of weak coupling; in the case of greater apring tension we speak of 
strong coupling. We assume that the coupling of our pendulums is weak. 
If the pendulums are not exactly equal in length or in weight, we shall 
say that they are “out of tune,” or “ detuned.” 

We shall first describe the phenomena which are observed in the case 


of resonance. 


displacement 


sendetee MMA AMAA AANA , 
yy UTE UT 
vendeton 2M a I | 


| oA MUU AML 
Ta TAT a ET 
Bie. $4, Coupled pendulums in the case of resonance. 


Let the first pendulum be excited, the second one being initially at reat. 
In Fig. 34 we have drawn a picture of the resulting oscillations. 

The oscillations of each pendulum are modulated. The energy alternates 
between one pendulum and the other. When one pendulum oscillates 
with maximum amplitude, the other one is at rest. 
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If, instead (of. Fig. 35) both pendulums are set in. motion simultaneously 
snd with equal strength, either in the same direction (Fig. 35, left), or in 
opposite directions (Fig. $5, right), mo energy is exchanged. These two 
oscillatory modes are called the 
normal modes of oscillation of our @ 
coupled system of two degrees of 
freedom. We have the general 
rule that an oscillatory eysiem of 
m degrees of freedom has n normal 
modes of oscillation. Fre. $5, The two normal modes of oscillation 

If, on the other hand, the of coupled pendulums in resonance. 
pendulwws are detuned, an energy 
exchange stil] takes p)ace to be sure, but this exchange is of such a nature that 
the initially excited pendulum has a minimum amplitude different from zero. 
Only the pendulum initially at rest again reaches the state of reat in the 
course of the motion. Thus the “sympathy” of the two pendulums is 
upset by imperfect tuning. 

We shall now sketch the theory for complete resonance, making the 
simplest possible assumptions: we neglect all damping, and approximate the 
circular trajectories of the bobs by the tangents at their lowest points, 
which is permissible for sufficiently small displacements. Let 2, be the 
amplitude of oscillation of pendulum I, x, that of pendulum IJ; call & the 
 soupling coefficient,” ie., the spring tension caused by an elongation of 
unit length, divided by the mass of one ofthe pendulums. The simultaneous 
differential equations of the problem are 


(1) ity cota —k (%,— %) 
dig-bergta= — ke (ag— 2%). 
If we introduce in (1) 


(2) tym, — Ly, 2g 2+, 
subtraction and addition yield the two equations for the normal modes, 
(a) By toby=— the, or 2, +(0§-+2h) 2=0, 
| gt wigzy=0 
respectively, with the corresponding frequencies 
(4) . for 2: om (+2) eetogt = 5 


for 2: w’ = wo, 
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The general solutions of Eqs. (3) are 


(5) =, 008 wi-+b, sin wt; 
=a, 008 w’t-+5, sin wt, 
At the moment of excitation ¢=0 let 


(6) gmt, ¢,=0, m=C, 
giving 

(7) Ami—0, 4=%y—0. 
Tt follows that 

(8) by=bg=0, a,-0a,=0, 
80 that 


4=C 608 wt, 24 af coe w’t. 
Finally 


2% 


a7 =0 cos 25 - cost? 


3 F 
(9) 


tym PFO ain =? «sin ore. 


According to (4) ae <l in the case of weak coupling. The firet 


factors of the right members of (9) therefore vary slowly with tims; it is 
this circumstance which determines the beats in the oscillation illustrated 
in, Fig. 34. 

The theory is not quite ao simple if the two pendulume are out of tune, 
i.e., if t,62, orjand m,#m,. Letting c be the tension of the spring due to 


unit elongation, we now put 
debeeb hog bog 
and instead of (1) we obtein the initial equations 


Sat we tym — hy (4x). 
Here again there are two normal modes, which can be obtained by an 
extension of the method set forth in (3.24). [In Eq. (1) we were able to 


use & more convenient method especially suited to that case; this method 
is not applicable in general.) We substitute 


au) nym Ade, aya Bell 
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and obtain from (10) the two characteristic equations 
A (wi- +k) =h,B 
B (wi—¥#+h,) = kA. 


The so-called secular equation® obtained from (12) is quadratic in 42, 
since 


(12) 


(18) {= ae, 
80 that 
(14) {A2— (col +-hy)} {4 — (wh +h} = hy bp. 
For small %,, k, (14) haa the two approximate roots 
att + ats 
(15) a - 
wet ky wD ma ara 


We designate these two roots of the secular equation by c* and w’?; further- 
more we generalize the tentative solution (11) in the same manner as was 
done in (3.24b), using the principle of superposition of solutions of linear 
differential equations. Written in real form the general solution is then 


%4=@ 008 wi+-5 sin wt+a’ cos «’f-++d' sin w't 
y= ya cos wi-+-yd sin wi-+y'a’ cos w't-+-y»’d’ sin ws, 
Here y and +’ are the specific values of B/A which arise from (13) for 


Mac and #2=—w"? respectively. 
Let us once again take as the condition of excitation at t=0 


(16) 


w=, %4=0, x=, %=C. 


This yields 
(17) yapy'a'=0, yob+y'w'b’ =, 
wb+-w’d’=0, ata’ CO, 
from which 
b=b’=0 
and 


ee an | pape: sla 
a Payor 2 el: 


* The word originated in the perturbation theory of celeatial mechanics. 
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It we substitute these values in (16), we have 


= g f — , 


(18) 


es! ee _ ‘ 
tg= Fa? (cos wt— cos wt). 


In the equation for «, we can perform the trigonometric transformation. 
used in (9} to obtain 


(19) = 21F 0 sin "2 


We see that the second pendulum still comes to reat at the times 


_ we 
sn > 


Fra. 86. Osoillograph of two slightly detuned coupled pendulums, 


not so the first pendulum, which [of. the first Eq. (18) and Fig. 36) retains 
a finite amplitude when that of x, is ata maximum. Imperfect tuning results 
in an incomplete transfer of energy. 

If we desire to apply the foregoing theory to electrical phenomena, 
we must extend it to include damping of the pendulums; damping has its 
electrical analogne in the Ohmic resistance (our acceleration term corresponds 
to the self-induction, our restoring force to capacitive effects}; moreover 
the snalysis of electrical oscillations in coupled cironits demands that we 
introduce “ acceleration and velocity coupling ” in addition to the “ position 
coupling ” [% multiplied by -+-(#,—2%,)] which was the only type of coupling 
taken into account in our mechanical problem. 

In problem I1.5 we shall investigate the motion of an experimentally 
convenient arrangement, in which the pendulums are suspended bifilarly 
from a flexible wire and oscillate not in the plane of their positions of rest, 
but perpendicularly to it. 

An interesting arrangement, in which both coupled pendulums are, 60 
to speak, realized in the eame body, is that of an oscillating helical spring.* 

* For detaile the reader is referred to the Witllner-Festechrift, Teubner (1905): Lissajous 
Figures’ and Resonance Effects of Oscillating Helical Springs; Their Use in the 
Determination of the Poisson Ratio. 
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Such a spring (cf. Fig. 37) is capable not only of an oscillation (y) along 
ite axis but also of a rotary oscillation (x) about this axis. 
For finite displacements the coupling between these two 
motions is produced by the spring iteelf. For if the spring 
is pulled vertically downward, a lateral force is experienced ; 
the spring seeks to withdraw along the wire-direction in order — 
to uncoil itself. If, on the other hand, the spring is coiled 
up, it will seek to shorten itself along the y-axis. In other 
words, if one excites an oscillation in the y-direction, an 
z-oscillation is Induced, and conversely. (Note: as far aa 


the elastio strees on the material is concerned, the ¥-oscil- ly 
lation is one of torsion, the z-oscillation one of deflection. ea 
For details about this consult Vol. IL this series.) - 


By means of the adjustable mass Z, one can bring 
the vertical and horizontal oscillations into accurate or Fm. 37. Tor- 
approximate resonance. If then one of the two vibrations rEg 
is excited, an exchange of amplitudes of the type of Fig. sons of a helical 


34 or Fig. 36 takes place. spring. 


§ 21. The Double Pendulum 

As at the beginning of the previous section, we shal] first describe the 
empirical phenomena involved. 

From a heavy pendulum (a chandelier, for instance) we suspend a light 
pendulum of about the same period of oscillation. Let us impart a sharp 
impulse to the heavy bob; the light bob will be set in vigorous motion, 
which suddenly subsides and stays at zero for a short time. At this instant 
one perceives that the heavy bob, which had previously remained practically 
at rest, now starts oscillating with noticeable amplitude. This oscillation 
soon ceases, however, whereupon in its turn the light pendulum again 
begins to move with considerable vigor, and so forth. ; 

As mentioned, we demand that the masses of the 
two bobs, M and m, be very unequal, but that the 
equivalent lengths D, i be approximately the same. We 
let 


Hu TH <I. 


We shall treat the displacements, X of the heavy 
pendulum, 2 of the light one, as small quantities, 80 
that once again we can approximate ares of circles by Sct ‘ 
their tangents. Consequently we must also keep the rhea gccan re 
angles ¢ and # (of. Fig. 38, where yf belongs to the relative doubie pendulum, . 


112 Oscillation Problems ¥yI.21 


displacement 7--X} small. We can therefore put 


singegay, siny—y=2Z™ and sin(y-$)—y-$=">* 7: 


(1) 
cos d= cos f= cos (¢— p)=l. 

The upper pendulum is acted upon not only by the force of gravity, but also 

by the lower pendulum; the string tension’ Samg cos ¥ contributes a 

component tangential to the motion of M of amount—mg cos # sin (p— ¥). 

Thus we arrive at the equations of motion 


Mi=—MEX+mg(=-F) 


(2) 
mia —mé (x—X) 


or, in more convenient form, 


X+ (f+uf +n¥) X=ple, 
®) z+ Om ‘x : 
From now on we ehall put L=? and introduce the abbreviation 
" off 
Our Egs. (3} then become 
is E+ wi{l+2y) Xe po} a, 
t- wi am we ZX. 


These equations of motion state that the upper pendulum is p times 
more weakly coupled to the lower one than vice versa. 
To integrate (5) we use a substitution similar to (20.11), 
(6) a= Att; Fon Belt, 
From. (6) we have as a result 
(7) A(w— 3)= Bo? 
Blw§ (1+-2p)— ]= Apek. 


* In, the preeent elementary treatment we have to introduce this tension S as a deserip- 
tive auxiliary quantity; later, when we analyse the same problem by means 
of the general Lagrange method, this procedure will become superfluous. In, order 
to determine § we reason as follows: the tension in the suspension of the light 
bob ia in equillbrinm with gravity and inartial forca (centrifugal force); the latter 
is & small quantity of second order and oan therefore be neglected. We then have 
S=mg cos ¥ as stated ahove, 
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lf we put the two values of B/A obtained from these two equations equal, 
we arrive at the quadratic equation in 4°, 

(8) (A?— we) Ops nd Cy A’) = pat. 

Let its two roots be called A*= w* and A= w't, Omission of higher powers 
of » easily yields their approximate values 

(9) a} opt ge. 


Written in real form, the general solution of (5) is then, 

ema cos wt-+6 sin wi+-a’ cos w’t+6’ ain wt, 

X= yo 008 wi-+ yb sin wt-+-y'a’ cos w't+-y'd’ sin w'b. 

As in § 20, y and y’ are here the values of B/A which result from (7) for 
Ba wt and At=cw"a respectively, viz., 


(10) 


(11) yopt, y’m+ut andhence y’—y=2yl. 
Let the excitation of the system at t=0 be given by 
(12) 2=0, 2=0, X=0, X=O. 
Tt follows that 
a+e'= re 
yat-y'a’=0 ea " 


ad-+- wb’ =a0 i C . b= oC Ps 
youd» wb’ = O wayyy? ~  w'y’—y¥) 
Thus we obtain the final solutions 
CO femat = ain w’ 
wm sy - ) 
Oo /{y.. : 
eC rap (Sen cot — Y ein w't). 


Let us pass from these to the velocities « and X, taking (11) mto account. 
We end up with 


(13) 


Pare * | 5 

= ppt 008 wt— cos wt), 
(14) 
L=$F (cos w'é-+-cos wt). 


Given the same phase, the velocity of the heavy upper bob is hence 
zu} times amaller than that of the light lower one ; notice also that (14) 
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satisfies our initial conditions (12). The same can be ssid about the dis- 
placements themselves. Like the velocities, these are subject to beats 
because of the closeness of the values of w and w’. This modulation can 
be shown explicitly by writing the equations (13) and (14) in a form 
resembling Eq. (20.9). 

We conclude the chapter with » problem which also pertains to the 
class of coupled osciJlations and leads to oscillations very similar to the 
ones treated above. We shall, however, avail ourselves of a simpler 
mathematical method resembling that of the forced* undamped oszillations 
of § 19, 80 that we have to cope with the integration of only one differential 
equation rather than with that of a system of two simultaneous ones. 

Let us suspend our pocket watch from a smooth nail, in such a way 
that the watch hangs completely free and friction is redaced to a minimum. 
By means of gentle contact with our fingers or a piece of cloth we bring 
the watch into a state of complete rest. When released, the timepiece at 
once begins to move, performing increasing oscillations about the vertical 
rest position. These oscillations reach a maximum, then gradually decrease 
once more to zero, after which the process repeats iteclf. 

In these oscillations of the watch we are evidently confronted with 
a motion reacting against the rhythm of the balance wheel, i.e., a manifesta- 
tion of the principle of conservation of angular momentum. The fluctuation 
of the oscillation amplitude, on the other hand, is caused by interference 
between the free pendulum oscillations of the watch in the gravitational 
field and the forced. oscillations excited by the balance wheel. 

We shall follow § 13, subsec. 2 in our notation. Accordingly we let 
M be the angular momentum, of the total motion of the system. "We decom- 


pose it into that of the pendulum motion (p) and that of the balance wheel 
oscillations (6), “ 


(15) M=M,+M,. 


M, is calculated about the point of suspension O (nail), M, about the center 
B of the balance wheel. The latter is permitted because a pure angular 
momentum (i.e., one cansed by a motion in which the center of mass of the 

system remains fixed) can, just like a force couple (cf. p. 128), be shifted 


* We can say quite generally that the excitation of forced oscillations in a systun by 
means of an external force is equivalent to coupling with « second system on which 
the first one does not react. In the case about to be described it is certainly 


true that the reaction of the pendulum ogcillations on the balance wheel is vanigh- 
ingly «mall. 
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at will in its plane’; indeed, due to the symmetry of the balance wheel 
about B, the inertial action of the balance consiste of a pure moment of 
momentum. Let w be the circular frequency of the balance wheel; it is 
determined by the stiffness of the balance spring. Let w, be the undis- 
turbed, i.e., proper circular frequency of the pendulum oscillations. Accord- 
ing to (11.6) and (16.4) we put 


(16) M,=1¢, I=m,a; 


Mm, is the total masy of the watch, a its radius of gyration measured from 0. 
We postulate a sinusoidal balance wheel oscillation which we shall there- 
fore describe by ¢,=« sin wt, B being the vertex of angle ¢,. The angular 
momentum of the balance wheel is then 


(17) M,= Mr, co b3 & cos aut, 


where m, is the mass of the balance wheel, 5 ita radius of gyration measured 
from B. 

As in the case of the compound pendulum [Eq. (16.1) ] the moment 
of the external force is 


(18) Lm — in, 98¢, 


where we have, a3 usual, made the approximation for small ¢. Here « is 
the distance of the center of gravity of the watch from 0, and ¢ the angle 
formed at 0 by the vertical and a line through the center of gravity. We 
now apply (13.9), use therein the values given by (15), (16), (17), and (8), 
and obtain the equation of motion 


(19) $+ Hd= 2 F)iaat ain af 


for our system. 
This equation represents the type of oscillation which was treated in, 
§19 as undamped forced oscillation. Again we put 


sp 


? This is a direct consequence of the fact that the angular momentum of a system 
about 4 given axis can he decomposed into the eum of the angular momentum 
of the system about a parallel axis through its mass center and the angular 
momentum of the mass center (containing the total masa of the syatem) about 
the given axis. In our cage the latter term vanishes since the angular momentum 
of the mass center of the balance wheel due to the ogvillation of the watch as a 
whole waa included in Mpsna- 
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where w, is, we recall, the proper frequency of the pendulum motion; let 
us moreover abbreviate 


my (0\2 
c= —2 ¢) awl. 
Equation (19) becomes 


(20) dat d= sin wt. 
The solution satisfying the initial conditions =0, $=0 at ¢=0 is 


(21) o= a= (sin wt — 5, tin woot). 


The constant c is so small (factor m,/m,) that the oscillation is of visible 
magnitude only when the relation w)= is approximated, Le., when 
approximate resonance exists between the external pendulum oscillations 
and the internal oscillations of the balance wheel. Surprisingly it turns 
out that this resonance is more or less well realized in pocket watches 
of not too amaill a size (ladies’ watches are unsuitable for our purposes). 

Eq. (21) further shows that amplitude modulation goes hand in hand 
with the approach to resonance w,——> w. The period 7 of the beats is 
determined by the requirement 


(22) wT = wT Ir, 
and, has therefore the value 
or 


It can be determined very accurately by counting the number of pendulum 
oscillations between two nodes of the beats, and fwmnishes therefore a 
convenient and precise measure of the degree of resonance. We oan refer 
back to Fig. 32 which, as pointed out, represents the same differential 
equation as (20); we must, however, bear in mind that in the diagram we 
postulated complete resonance, io., Tc. 

If one leaves the watch to itself for some time, one observes that the 
beats have ceased. The reason for this is evidently friction (at the point 
of suspension and in the air), which we have so far neglected. This 
friction damps the contribution of the free pendulum oscillations to the 
motion of the watch, leaving only the forced oscillations due to the motion of 
the balance wheel, the latter contribution (cf. Fig. $3, for instance) being 
somewhat reduced in amplitude due to friction. We can reason as follows: 
initially the forced oscillation is present in its full amount, and the free 
pendulum oscillation is excited to such a degree that at t=O it just cancels 


the forced one—in agreement with the initial conditions j=mg=0. 
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CHAPTER IV 
THE RIGID BODY 


§ 22. Kinematics of Rigid Bodies 


At the beginning of § 7 we saw that a rigid body is endowed with six 
degrees of freedom; these we shall subdivide into three of translation and 
three of rotation. 

Let us consider the body in two different positions, the “ initial position ” 
and the “ final position.” We pick out an arbitrary point of the body as 
** point of reference” O, and describe a sphere of reference {say of unit 
radius) about it. On this sphere we mark two points 4 and B. Onco 
we have guided the three points OAB from their initial positions to their 
final ones, all other points of the rigid body have similarly reached their 
destinations. 

First we take the point O from ita initial position O, to its final position O,. 
Let this be achieved by means of a parallel displacement or translation 
in which each point of the body is subjected to the same rectilinear displace- 
ment 0,0, We have thus described the three degrees of freedom 
of translation. 

The sphere ZX, described about O, is now in coincidence with the 
corresponding sphere K, described about 0,. In general this is not true 
of the position of the points 4, B, which we designate by 4,, B, on Ky 
and 4,,B,on K;. Weshall show that there is one definite roiation about the 
point O;=0, which will take points .4,, B, over into A,, By. Axis and 
angle of thie rotation define the three degrees of freedom of rotation to 
be added to those of translation. 

In order to construct the axis of rotation, i.e., the point Q at which the 
axis outs the unit sphere, we connect A, to 4, and B, to B, by means of 
arca of great circles. At the centers A’ and B’ of these arcs we erect their 
perpendicular bisectors whose intersection is the point 2 in question. 
The angle of rotation, which we shall also call Q, is 


{1) Q= ~A,RA,= +B, QB,. 


The equality of these two angles results from the con 
, gruence of the shaded 
spherical triangles 4, QB, and .4,QB, of Fig. 39, whose three cofresponding 
sides are equal to each other. It follows that the two angles designated by 
y in Fig. 39 are equal. If we subtract one or the other of these angles 
18 
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from the total angle A, QB, we obtain the right or middle member of Eq. (1). 
This equation evidently states that the same rotation @ not only takes 
point A, over into A,, but also point B, into B,. 

So far the magnitude and 
direction of the translation are 
still arbitrary? within wide limits, 
for we have free choice over the 
reference point 0. The magni- 
tude and axis of the rotation, on 
the other hand, are independent 
of the choice of the reference 
point. For let us substitute for 
O a new reference point 0’. The 
difference between the tranala- 
tions associated with O’ and O for 
a given total displacement of the 
rigid body is again a translation. 
This latter translation, however, Fra. 39. eee —— 2 

r+ ro ® 
does not affect the positions of the ae Ry” cavelving abouts xe pom 
points A,B on thespheresK,and 4 Thig diagram also a aces aa 
K,. It follows that the construc- _— resultant of two finite rotations can be 
tion of Fig. 39 carries over un- found. 
changed to the present case and 
yields not only the same angle of rotation (2 as previously, but also an axis 
of rotation passing through the point of reference O’ and parallel to our 
former axis. 

Of much greater importance than finite displacements of the rigid 
body are its infinitesimal displacements which succeed each other con- 
tinuously to result in a finite motion. We shall therefore assume that now 
the magnitude 0,0, of the translation and the angle Q of rotation are 
arbitrarily small. Let us divide them by the correspondingly small interval 
of time 4é. We then obtain the velocity u of translation and the angular 
velocity @ of rotation, 


—> 
0,0 Q 
(2) a. So 


As before, the angular velocity is independent of the choice of reference 

point O, wheress u depands on this choice. The heavy type indicates that 

1 In the supplement to § 28 wo shall see that we can, in partioular, make the direction 
of the tranglation parallel to the axis of rotation. We then apesk of a “ screw 
displacement.” 


120 The Rigid Body IV.22 


«@ ig to be regarded as a veotor which expresses not only the magnitude, 
but also the axial direction of rotation of the angular velocity. — 

We can easily show that a doea indeed possess vector character. In 
Fig. 15 and Eq. (13.4), while discussing virtual rotations, we derived the 
relation 
(3) dam dh Xr. 

If we now pass from the virtual rotation & to the angular velocity ont 


and from the virtual displacement 5s caused by the rotation to the velocity 
w=; we obtain from (8) that 


(4) W=oXr. 


As in Fig. 15, r is here the radius vector from the point of reference 0 
located on the axis of rotation to the point P whose velocity w is to be 
determined. 

Consider now the total effect of two successive infinitesimal rotations 
«dt and w,dt on the motion of the point P of the rigid body, reference 
point O being common to both axes w, anda, We have 


(49) Wy=O, XP, W,=a, XL, Wy +w,= (a, +0.) Xr. 
In the last of these equations the left member is the velocity w, resulting 
from w, and w,. A comparison with (4) shows that 


(6) O,= 01+, 


is likewise the resultant angular velocity, equivalent to the two rotations 
w,0¢ and wd in its effect on the rigid body. We conclude that angular 
‘velocities add like vectore. Asin the case of vectors their order in addition is 
immaterial, i.e., their addition is commutative, for 

(6) (+-@4= @3+-0}. 

Neither of these two laws is valid for finite rotations. Their composition 
does not follow the simple rules of vector algebra, but those of the algebra 
of quaternions invented by Hamilton. Moreover the effect of two finite 
rotations depends on their order; two such rotations do not commute. 

At this point it is convenient to discuss the difference betweon polar 
and axial vectors. 

Examples of polar vectors are velocity, acceleration, force, radius vector, 
etc. They can be represented by directed segments provided with an 
arrow head. In a rotation of the system of coordinates their rectangular 
components transform like the coordinates themselves, i.e., according to 
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the scheme of orthogonal transformations with determinant +1. In an 
inversion of the coordinate system through the origin, in which x, y, 2 are 
replaced by —2, —y, —% respectively so that the transformation has 
determinant — 1, the components of polar vectors change sign. 

Angular velocity, angular acceleration, torque and angular momentum 
are examples of axial vectora. In accordance with their nature they are 
represented by an axis on which sense and magnitude of rotation are 
indicated (e.g., by a curved arrow and a number). If, instead, we represent 
them by means of an arrow of corresponding magnitude laid off on the axis, 
we must make some arbitrary agreement about the direction of this arrow, 
such as the rule of the right-handed screw. In a pure rotation of the 
coordinate system the rectangular components of axial vectors transform 
like the components of their associated arrows, i.e., orthogonally ; in an 
inversion of the coordinates through the origin, however, these rectangular 
components do not change sign. In such a transformation the rule of the 
right-handed screw must be replaced by that of the left-handed screw, 
in agreement with the fact thet an inversion through the origin takes 4 right- 
handed coordinate system over into a left-handed one. 

The vector product of two polar vectors is an axial vector (e.g., the 
moment of a force). The vector product of an axial and a polar vector 
is a polar vector [e.g., the velocity w in Eq. (4)]. The reader may easily 
convince himself of this by checking the behavior of these products under 
inversion of coordinates.? 

After this digression we return to the kinematics of the rigid body. 
The motion of each one of its points is composed of the velocity u of Eq. (2) 
connected with translation and the velocity w in Eq. (4) connected with 
rotation. The velocity v of an arbitrary point of the rigid body is hence 
given by 


(7) V=u+oxr. 
The choice of the reference point 0 is completely up to us; for ib we have 
(7a) v=u, 


For many purposes it is advantageous to put O at the mass center @. 
Thia becomes evident if, for instance, we wish to caloulate the kinetic 


a ieee iiananeatse 

1 From now on we shall simply talk about the torque L, the angular velocity o, 
where the roaler ahould bear in mind that we mean by this the axial veotors 
representing the torque and the angular velocity respectively. When, on the 
other hand, we speak of the plane of the torque and the plano of the angular 
velocity, we mean, of course, the planes perpendicular to the azial vectors L 
and @ respectively, 
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energy of the body, 
8) Tm [ F vA 


To this end we form, with the help of (7), 


(8a) B= ut+(oxrpP+2u. (oXxr) 
and accordingly break up 7 into three parte, 
(9) ; PoP gap tT op tT 


where 7',, is a “‘mized” energy which is determined by the translation and 
the rotation combined. 
Since u has the same value for all points dm, we evidently have 


5 % 
(10) P caval 5 dm= Fut. 

In order to caloulate 7',, we perform the transformation 
(11) T,=[a.oxrdm=u.oXx [rdm=mu.oXxR, 
where R. is the directed segment from 0 to the mass center G, 
(11s) Ral { rém 


as in Eq. (13.3b). If now we let O coincide with G, we have R=0 and, 
from (11), 


(11b) T.,=0. 


The kinetic energy T then becomes simply the sum of 7y4.4 0d Frog- 
Notice, in passing, that if the body rotates about a fixed point and if one 
chooses this fixed point as reference point O, not only 7, but alao Tirang 
vanishes (in both cases because u=0), so that 

(11c) ie 


We shall now focus our attention on the rotational contribution to 
the kinetic energy. If we square the components of axr, we obtain from 
the middle term, of the right member of (8a) 

(12) oT moe | (y+2h)dm+-ub [(+at\dm+ot f (8-98) don 


—2 wytog y zdm— 2e,00, [zxdm— 2arginy | zydm. 
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With the notation 
i = # am see 
nes we™ [(P+2) 
Tgy= [zydm vee 
this yields 


(12d) 27. = 1,2 +12 + Tue — 21 yyy 2I,,0,0,— 21,00, 


According to the definition introduced in (11.3), I... is the moment of inertia 
of the mass distribution about the x-axis; a corresponding statement holds 
for J,,,, and I,,. We shall call Z,.,, Ly. I,,, the products of snertia (the name 
“ centrifugal moments ” is sometimes used synonymously). We can also 
abbreviate I, . . . without ambiguity to I,, ... 

In aocordance with (11.5) we put the left member of (12) equal to Zca* 
and with the abbreviations 


as) ue, Bmp, Bay 
obtain 
(13a) Toel ot EB Lag 22 gBy— 22 gya— 2T HB. 


%, 8, y are the direction cosines of the vector » whose axis is arbitrarily 
located in the rigid body. It follows from (13a) that the moment of inertia 
about any axis is completely determined once the six magnitudes J,, axe given. 

A sextet of magnitudes of the type of our Jy, is called a tensor, or, more 
precisely, a symmetrical tensor. The name originated in the theory of 
elasticity where stress and strain tensors play a central role. In general 
a tensor is very aptly written as & square scheme, which in our case would be 


| ge Mees a 
(18b) jee (en ime Siar oS 
~“sa “sy rt 


where I, e220, +-. 

From an elementary viewpoint the mathematics of tensors is less 
concrete and easily intelligible than that of vectors. Whereas s vector is 
represented by a line segment, we must resort to a surface of second degree 
for the geometrical representation of a tensor. In our case this ‘‘ tensor 
surface’ is obtained as follows: we put 


+ = 
(14) am §, pats yak 


where é, », £ are interpreted sa Cartesian coordinates, hence p= (4-+-77+-[3)* 
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as radius vector from the point O. We now set p equal to J+, so that 
along every axis through 0 we lay off, not J, but rather the reciprocal 


of J? (else we should not obtain a eurface of second degree). In this manner 
we obtain from (13a) 


(15) l= 45 fe i 20 nl— 22 tf oF 


Apart from possible degeneracies this is the equation of an ellipsoid, since 
for a finite mass distribution J is, in general, greater than zero. The surface 
represented by (15) is called the momental ellipsoid 

If one transforms the coordinates so that they coincide with the principal 
axes of theellipsoid, one obtains an equation of the form 


(15a) lel. 1: a +I af e+ aos" 


where J,, I,, I, are the three principal moments of inertia. The products 
of inertia vanish for the principal axes, which can be regarded as a definition 
of the latter. The tensor scheme (13h) reduces to diagonal form. When 
the tensor is described in a system of coordinates different from that of 
the principal axes one must mentally add the three direction parameters 
of the principal axes; thus we are again lead tothe six magnitudes characteri- 
zing a symmetrical tensor. 


¢} 


Fra. 40e—o. (a) Momental ellipsoid of the toy top. (b) Momental ellipsoid of the 
flywheel top. (c) An example of a spherical top. 


Every plane of symmetry of the mass distribution is of course also 
@ plane of symmetry of the momental ellipsoid. A mass distribution with 
rotational symmetry has a momental ellipsoid of revolution, i.e., in addition 
to the principal axis along the “ axis of figure ” it possesses inflnitely many 
other “ equatorial” principal axes. As examples we may mention two 
types of tops; one is of the conical type used as toy, the other has the 
shape of a flywheel and is usually employed for demonstration purposes 
(Figs. 40a and b). In the first type the moment of inertia about the axis 
of the body is 4 minimum, so that the corresponding principal axis is longer 
than the equatorial ones (by virtue of the relation p=I4); we have a prolate 
apheroid. In the second case the moment of inertia about the axis of 


figure is a-maximum, hence the oorrasponding principal axis. is, for the 
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pame reason, smaller than the equatorial ones; the result is an oblate 
spheroid. 

Incidentally a momental ellipsoid becomes one of revolution not only for 
mass distributions with rotational symmetry, but aleo whenever more than 
two planes of symmetry pase through an axis, as for example in the 
case of & square or hexagonal prism. 

Similarly the ellipsoid degenerates into a sphere not only in the case of 4 
spherically symmetrical distribution, but also in cases such as that 
of a cubical distribution, for instance, because here there exist more 
planes of syrametry than are compatible with the ellipsoidal shape of the 
tensor surface. In such @& case wo speak of a “spherical top.” In a 
spherical top (of. Fig. 40c) any axis is a principal axis. 


§ 23.. Statics of Rigid Bodies 


This subject forms the theoretical basis for the whole field of structural 
mechanics dealing with such topics as the construction of bridgos, trusses, 
arches, eto,, and for this reason it is treated with the greatest detail in the 
texts of mechanical engineering, both analytically and graphically. Here 
we shall restrict ourselves to the general features of the subject. 


(1) The Conditions of Equilibrium 


These, like all questions of equilibrium, are governed by the principle 
of virtual work. Since this principle can bo regarded aa the special case of 
d’Alembert’s principle in which the inertial forces vanish, our present 
analysis can be directly modeled after that of the principles of lincar and 
angular momentum of § 13. Indoed the virtual displacements (tranalation 
and rotation) used there are evidently compatible with the internal conneo- 
tions of the rigid body and correspond to the two component parts of the 
general motion of a rigid body considered in the preceding section. 

By deleting the inertial forocs in Eggs. (13.3) and (13.9), we obtain the 
general conditions of equilibrium of a rigid body, 


(1) >F.=0, D1, =0. 


The F,, are external forces acting at arbitrary points P, of the rigid body. 
The first Eq. (1) asks us to lay off the force vectors ond to end in arbitrary 
order and with no regard to their points of application, and to examine 
the resulting force polygon. According to Eq. (1) for equilibrium the 
polygon of forces muat be closed. 

The L, are the moments of the F,, about a reference point O whose 
choice is arbitrary but which must be tho same for all the F,. The sscond 
Bq. (1) asks us to replace these L, by their (axial) vector representations 
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(ef. p. 37) and to examine the polygon of torques arising when all these 
vectors are added vectorially. According to the second Eq. (1) the torque 
polygon must also be cloaed for equilibrium. 

In analogy to Eqs. (18.12) and (13.13) we can pass from the two vector 
equations (1) to the following six component equations: 


DAD Yam 2 Ze=0 
(2) 
De Ze" Y= > Xn- Ze) => te Ya~ 92 Xn) =0. 


These represent the projections of the vector equations (1) on the coordinate 
axes; the 2, ¥;, z, ate the coordinates of the points of application, measured 
from O as origin. 


(2) Equipollence; the Reduction of Force Systems 


If the external forces (or torques) are not in equilibrium, we can ask 
whether there exists a single force {or single torque) of such properties 
that under ita action alone the rigid body moves in the same way as it 
would under the action of the given system 
of forcea (or torques). 

Posing this question is, among other 
things, useful (even though in general not 
sufficient) for the determination of the forces 
which are exerted on a rigid body by its 
supports if the rigid body is acted on by 
system of forces which themselves are not 
sufficient to bring about a state of equili- 
brium. 

We obtain the answer by Grawing the 
closing segment in the now “open” polygon F,, Fy, ...F,,, once im the 
direction in which the polygon is traced (F,,,,) and once (cf. Fig. 41) in the 
opposite direction (F,, resultant force). Nothing is changed thereby. We 
have now a closed forse polygon F,,...F,4,, and a single force F,, which, 
taken together, are equipollent to the “ open” polygon of forces F,,... F,,. 
The forces F,,...F,,,, are, however, in equilibrium and can therefore be 


left out, so that the single force F. is equipollent to the given system of 
forces F,,...F,,. Mathematically, 


(3) F = SF, 


ikem), 


Fre. 41. Construction of the 
resultant force for an “open ” 
polygon of forces. 


The same process of reasoning can be carried out with an “ open ” 
torque polygon. One thereby obtains a resultant force moment L, which 
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is equipollent to the given system of moments L,, L,,...L,, ie., 


(4) L,= 
kel 


Let us mention in passing that there is nothing to stop us from making 
the single force F, act at the same point O which serves as reference point 
in the caloulation of moments L,. This choice is indicated in Fig. 41. 


(3) Change of Reference Point 

iq. (3) immediately shows that F, is independent of the choice of reference 
point 0. If F,’ is the resultant single force associated with a different 
reference point 0’, we therefore have 
(5) F/=F,. 


From Eq. (4), on the other hand, we have with corresponding meaning of L; 


bid 
(8) L,=>1L, with L,=r,xF,, 
kel 
where r, is the radius vector from 0’ to the point of application P, of F,. 
Let a be the vector distance from O’ to O. Then 


(6a) r= a +P yz, L, =ax Fy +r; x F, =—ax F,+L,,. 
Therefore 
, ft ” os 
(8b) L,=>aXxF,+5L,-ax >F,+L,- 
k=] k=1 kml 


But in view of (3) 


bid 
ax >¥F,=axF,. 
kewl 
Thus we have 
(7) L=L,+axF,. 
(4) Comparison of Kinematics and Statics 
As remarked in connection with Eq. (22.2), in kinematics w is independent 
of the choice of reference point, whereas u depends on that choice. We 
write 


(8) wo’ ey 
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and, from (22.7); with ven’ andrea, 
(9) uv =u+oxa. 


This equation has the same structure as the preceding Eq. (7) provided we 
disregard the sequence of the factors in the corresponding vector products. 
If we also take into consideration Eqs. (5) and (8), we arrive at a remarkable 
reciprocity between statics and kinematics which can be expressed by the 
scheme below: 


dependent on independent of 
reference point 


This crosswise reciprocity holda as well between the concepts of force couple 
and rotational couple which we shall now take up. 

The force couple (or “ couple,” for short) is a basic element in elementary 
statics. As is well mown, a couple consists of two parallel and opposite 
forces of equal magnitude, +F, whose lines of action are s finite distance, 


say J, apart. If we carry out the reduction of such a couple in the sense 
of subseo. 2, we obtain 


> > 
(10) F.=0, LZ, |L|=|B| ij, 


: —_> 
where one should think of the vector Z as directed normal to the plane of 
the two forces. Whereas, however, the former L, was, so to speak, attached 


—> 

to the reference point O, our present L is the same for all reference pointa 
and completely free to move in space; ie., two given couples can be added 
vectorially to yield a third couple ; two couples of equal and opposite 
moments located in parallel planes cancel, eto. 

Let us follow up the crosswise reciprocity indicated by our scheme 
by defining a rotational couple. By « rotational couple we understand 
two equal and opposite rotational velocities +0, whose axes are parallel 
to each other and a distance J apart. According to the mile of addition 
(22.5), the reduction of a rotational couple yields a resultant rotational 
velocity ,=0. Our rotational couple generates then a pure translation 
perpendicular to the plane of the two axes of rotation. The magni- 


tude of the velocity of translation ‘is’ easily found to be (u| =a. The 
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analogy to Eqs. (10) in the sense of our reciprocity scheme is therefore 
complete. Whereas our former u depended on the choice of the reference 


point O, the u equivalent to a rotational couple is independent of 0, and can 
be translated parallel to itself in space in any manner whatever. From 
this it follows that two arbitrarily located rotational couples add. vectorially 


just like their velocities of translation u: two rotational couples of equal 
and opposite moment + located in parallel planes cancel, ete. 


SUPPLEMENT: WruncgEs anpD Scorrw Displacewants 


From (7} we see that L, depends on the reference point. We are there- 
fore tempted to choose this point in such a way that L, and F, become 
parallel. We then obtain an especially simple picture of our system of forces 
called a wrench, i.e., a single force and a moment acting about this force or, 
equivalently, a couple located in a plane perpendicular to the force. If our 
initial reference point is O, the position of O’ required for a wrench is obtained 
as follows: in Eq. (7) we decompose L, into L,, parallel to F, and L,, per- 
pendicular to it and determine a from the equation 


(qy)  Li=~axE,. 
From (5) and (7) we then have for the reference point O’, 
F.=F,, LL, || ¥, 


as demanded by the definition of a wrench. Eg. (11) states that for this 
purpose the reference point 0 must be displaced a certain distance 


[En 
a= — jet 
normal to F, and L,,. 

A. line of reasoning exactly reciprocal in the sense of the preceding 
discussion leads to the screw displacement. With Eq. (9) as starting point 
we decompose u into u,, parallel to w and u, perpendicular to it. The 
displacement a of the reference point required for a screw is determined 
by the equation 


(12) u,=—aXa. 
From (8) and (9) we then obtain for the reference point 0’, 
(18) o'=@, usu, || a, 


which in fact represents » sorew displacement. Eq. (12) states that the 
reference point O must here be displaced by a certain distance normal 
to w and u,. 
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Attractive as the concept of the wrench and the screw displacement 
may be, it is of no great practical value in the treatment of specific problems 
involving rotation. For this reason mention of them has been relegated 
to a supplement. 


S. 24. Linear and Angular Momentum of a Rigid Body. 
heir Connection with Linear and Angular Velocity 


Let us imagine that a momentum of translation (linear momentum, 
impulsive force} and a momentum of rotation (moment of momentum, 
impulsive torque) have been imparted to a rigid body. Let the first one 
of these be designated by the letter p, the latter by M. 

Pp is calculated as a sum over all linear momenta dp=v dm, Le., 

(1) p= { dp= i) vdm. 


With the help of Eq. (22.7) we get 
p=u | am-+ox f rdm 


or, with introduction of the radius vector R from O to the center of mass, 
ef. (22.11a), 


(2) p=<mu-+me x R. 
Tn particular, if we choose O=mG@, we have R=0 and 
(3) p=mu. 


The angular momentum M of the rigid body, on the other hand, is 
composed of the moments of all the elements of linear momentum taken 
about the common reference point O. We therefore have 


(4) M=[rxdp= f dmirxv), 
from which, because of (22.7) and (22.118), 
(5) Me fam (rxu)-+[dm rx (oXr)=mRxu+ {dm rx(oXr). 


The first term on the right vanishes for O=@ as well as for u=0, 80 that 
in. both these cases 


(6) M=[dmrx(oxr). 


In order to evaluate this integral we remind the reader of the vector 
rule for the triple cross-product, valid for any three vectors A, B, C, 


(7) Ax(BxC)=B(A*C)—C(A°B). 
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Tt follows that 
rx (oXr)=o +*— ro « r) 
and therefore, taking the x-component as example, 
M,=|[rx(oxr)],dm 
= w»{ (8-4? -+-2%) din— w,, f x" dm — w, i} 2y dm— w, fx z am. 


By introducing the moments and products of inertia from (22.12a), we can 
then write (6) in the form 


(8) 


M=  Tyqtdg— yyy Tyg, 
(9) My = —LygegtLyyoy— uss 
em — Le, — 2, 0y tL: 
We have thus arrived at a linear relation between the dynamic vector M 
and the kinematic vector o; this relation is achieved by meana of the 
tensor I of Eq. (22.13b). We therefore say that M is a “linear vector 
function ” of w. Such linear vector functions play an important role in all 
aspects of the tensor calculus, especially in the theory of elasticity (cf. Vol. IL, 
this series). 
Higs. (9) can be put into instructive form if we make use of expression 
(22.12b) for the kinetic energy of rotation. For then we simply have 


(10) My Fay 2, ¥, 


Notice, moreover, that this expression is valid not only for the case 0=@ 
or U==( presupposed in (9), but also for uO and arbitrary position of O. 
For in the more general case one need only complete expression (22.12b) 
for T,,, by adding expression (22.11) for T,,,, so that the term 


will be added on the right of Eq. (10). But this is the same term which 
appears on the right side of Eq. (5) for M whenever 0 and @ do not coincide. 
Since, finally, the total kinetic energy 7' differs from 7.,,.+7,, only by 
the term 7',a. Independent of (of. (22.9) and (22.10) ], we can generalize 
(10) in the form 


(10a) M.= fa » samen, y, 2 


valid for arbitrary position. of O. 
What has been said of the angular momentum M is also valid for the 
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linear momentum p. Here we consider at once the general case OFG 
and from Eqs. (22.9), (22.10) and (22.11) form 


ar 
Bug Me +m(oXR), 


which is in agreement with Eq. (2) for p. The equation complementary 
to (10a) is therefore 


or . 
(12) Pre Ryy i, Y 2. 


Figs. (10a) and (11) are special cases of a much more general rela- 
tionship connecting momentum and velocity coordinates of an arbitrary 
mechanical system. The proof of this must be postponed to Chapter VI, 
§ 86. Here we shall only concern ourselves with the geometrical meaning 
of Eq. (10), which leads us to the celebrated geometrical construction of 
Poinsot. The Poinsot method tella us how to find the position of the axis 
of angular momentum M with reference to a given axis of rotation. The 
same can be said of this method as of the foregoing equations, namely, 
that it is not restricted to the case of the rigid body, but is applicable 
whenever one deals with a symmetric tensor ; one represents this tensor 
by means of a tensor surface of second degree, and aaks for the linear vector 
function given by means of this tensor. 

The Poinsot construction runs as follows: from the center O of the 
momental ellipsoid we lay off the angular velocity vector @ and construct 
the tangent plane to the ellipsoid at the point where w intersects it. The 
perpendicular from © to this tangent plane gives the direction of M. As 
proof we need merely recall that for an arbitrary surface f(£, 7, [}= const., 
the direction cosines of the normal to the tangent plane are proportional to 


os 2% 


In our case f(f,n,2)= const. is the equation (22.15) of the momental 
ellipsoid and its derivatives with respect to ¢, 4, { are indeed proportional 
to the components of M of Eq. (9). 

We may also interpret the Poinsot construction as the direct geometrical 
expression of our Eq. (10), for the momental ellipsoid is essentially identical 
to the surface 7',,,= const. 

Our Figs. 42a, b represent the case of the symmetrical momental 
ellipsoid, where «, M and the axis of symmetry (“ axis of figure’’) f are 
coplanar ; so that the tangent plane can be represented as the tangent 
to the cross-section of the ellipse in this plane. In the prolate ellipsoid of 
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revolution {i.e., spheroid), Fig. 42b, M and f, the axis, lie on opposite 
sides of w ; in the oblate spheroid of Fig. 42a, M lies between f and o. 
The case of the ellipsoid with three 

unequa] axes presents a more difficult +o Foo 7 
graphical problem. 

In conclusion we emphasize that 
the relations discussed in this section 
are basically nothing but expressions 
of the Newtonian definition, “ the 
quantity of motion is the measure of a} 
the same, arising from the velocity 
and the quantity of matter con- Fig. 42. Poinsot construction giving 
junctly,” extended to the rigid body. ge ee position of mnierrpeayeed 
The reagon why our present relations San eee the momenttal ellipsoid 
are 80 much more involved than the degenerates into a) an oblate spheroid, 
one between momentum and velocity b) a prolate spheroid. 
of a single particle ia that in particle 
mechanics the “ quantity of matter,” i.e., the mass, is a scalar, whereas 
in the cage of the rigid body the moment of inertia that takes its place is 
& tensor. 


i) 


§ 25. Dynamics of a Rigid Body. 
Survey of its Forms of Motion 


Let us first consider the rigid body moving freely in space. As reference 
point we choose ita center of mass, and reduce all the forces acting on 
the body to forces acting on this point, in agreement with the prescription of 
§ 23. We need then only deal with a single resultant force F and a resultant 
torque L. The equations of motion are the equations of momentum. and of 
moment of momentum of §13 ; they read 


(2) MeL. 


Since the rigid body possesses but six degrees of freedom, these two vector 
equations suffice for the complete description of its state of motion. 

Eqs. (1) and. (2) can be treated separately whenever F is independent 
of the angular velocity snd L independent of the translational velocity. 
In ballistios, for instance, this ia not the caso. If it is the case, (1) becomes 
a problem of pure particle mechanics, (2) a problem of rotation about a fixed 
point or, a8 we shall say for brevity, « “problem of the spinning top.” 

At this point we shall be interested principally in the latter. With 
the choice of reference point made above, we can disregard the force of 
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gravity since it has no moment about the mass center. If, furthermore, 
we neglect air resistance, friction and the like, we are confronted with the 
problem of the spinning top under no forces. Thus the gyroscope in a 
Cardan suspension (cf. Fig. 47) is a top under no forces provided we can 
neglect the masa of the gimbals in comparison with that of the flywheel, 
which is approximately valid in the usual constructions. Otherwise we 
would be confronted with a considerably more involved mathematical 
problem. 

We shall also deal with rotation about a fixed point other than 
the mass center. As remarked on p. 122, it is then advisable to take this 
fixed point as reference point O and introduce the gravitational moment L 
acting about it. In that case we speak of a heavy top. Subsecs. 4 and 5 
are devoted to its discussion. 

We shall postpone the complete analytical treatment of the top under 
no forces until the following section, where we shall become acquainted 
with the tool provided by Huler’s equations. The complete treatment of the 
heavy top —to the extent to which it can be carried through at all — must be 
postponed even further, namely to §35. There we shall have at our command 
the yet more powerful method of the generalized Lagrange equations. 

For the top under no forces Eq. (2) yields M=0. This can be integrated 
at once to yield 


(3) M =const. 


The angular momentum of a top under no forces is constant in magnitude 
and spatial direction. This statement completely parallels Galileo’s law 
of inertia, but in general does not lead to an expression for velocity and 
position in space which is aa stmple as in the other case. 


(1) The Spherical Top Under No Forces 


Only in the case of a spherical momental ellipsoid do we have M= Ju, 
from which M=const, leads to @=constant. The axis of rotation is in 
permanent coincidence with the fixed axis of angular momentum. Each 

point of the body, no matter what the external shape of the same (of. Fig. 400, 
' for instance), describes a circle about this axis with constant velocity. 


(2) The Symmetrical Top Under No Forces 


Here a simple rotational motion. occurs only if the direction of M 
coincides with one of the principal axes, that is, either with the axis of 
the body or an equatorial axis. The general form of motion of the sym- 
metrical top under no forces is the so-called regular precession. 
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We explain this form of motion with the aid of Fig. 48. We have 
drawn. the axis of the angular momentum, which is fixed in space, vertically 
upward; let M be the point at which it intersects a unit sphere described 
about the center of the momental ellipsoid. Call R and F the points of 
intersection of this sphere and the axes of rotation and of eymmetry at an 
arbitrary instant. Since by the Poinsot method these three axes lie in a 
meridian plane through F, the three points M, R and F are located on a great 
circle passing through the fixed point M; in the case of a momental oblate 
spheroid, which we shall postulate for definiteness, M is situated between 
Fand &. At any instant the motion consists of a rotation about OR. 
In this process 7 advances normally to the are of the great circle just 
mentioned. The angular distance between F and M is not changed thereby; 
thus we can draw the instantaneous path of F as « short aro of a circle of 
latitude about M (arrow at the left in Fig. 43). Now 8 too must change 
ita position — it must move to the great circle defined by M and the new 
position of F. In this motion the angular distance between M and R is 
conserved, since it is determined by the Poinsot construction. Thus R, 
too, advances on the are 
of a circle of latitude 
about Mf (arrow at right 
of Fig. 43). The relative 
position of points ¥, M, 
and & is now the same a6 
initially, so that our pro- 
cess of reasoning can be 
repeated. It follows that 
anes of aymmetry and rota- 


each cone being Z with Fra. 43. Regular procemion of the symmetrical top 


under no forces. 
constant angular velocity; 
the latter because the angular velocity is completely determined by the 
magnitude of M and its position with respect to the momental ellipsoid. 
Thus the character of the regular precession has been fully described. 
The same applies of course to 4 momental prolate spheroid, with the 
only difference (of. Fig. 42b) that R would now be located between # and ¥. 


(3) The Unsymmetrical Top Under No Forces 


The form of motion of the symmetrical top just derived could have 
been described with more brevity, but less clarity of detail, as follows: 
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through the terminus of the angular momentum vector M we pass the 
“invariable plane ” ¢ (of. p. 73) normal to M. About the origin of M 
we construct the ellipsoid of twice the kinetic energy (“ Poinsot ellipsoid ’’) 
which is similar to the momental ellipsoid. The Poinsot ellipsoid is 
tangent to <*, and the point of tangency is the terminus of the angular 
velocity vector o. The instantaneous motion of the top consists of a 
rotation of this ellipsoid about w. In this process the ellipsoid rolls without 
slipping on the plane <*. If the Poinsot ellipsoid is one of revolution, the 
curve of the point of tangency becomes @ circle about M; the cones described 
by » (“ space cone ”’} and the axis of figure therefore become circular cones. 
Thus we have again the regular precession of the top. 

The same construction now leads at once to the Poinsot picture of the 
force-free motion of a general (“ unsymmetrical”) top of three distinct 
principal moments of inertia. Again we let the Poinsot ellipsoid roll on 
the invariable plane « (cf. footnote $ below). Now the curve of contact 
is no longer a circle, but s transcendental curve which in general does not 
close on itself. Similarly the cones which describe the motion of the axis 
of rotation and of the body “axis” in space are now transcendental 
cones, The analysis of the unsymmetrical top, even. when under no forces, 
leads to elliptic integrals [of. § 26, (3) ], while that of the symmetrical top 
under no forces requires only elementary functions. Of course even for 
the unsymmetrical top a pure rotation about one of the three principal 
axes is & steady rotation whose representation is elementary. 


(4) The Heavy Symmetrical Top 


Here we shall not treat the spherical top separately, since ita motion 
is hardly simpler than that of the symmetrical top. 

For the heavy symmetrical top the fixed point O (point of suppors 
in the socket) no longer coincides with the center of mags G (located on the 
axis of symmetry); call ¢ the distance OG. The magnitude of the gravita- 
tional torque is then 
(4) |L[=mge sin 6, 


where @ is the angle between the vertical and the axis of figure. L is normal 

to the vertical and to the axis of symmetry or, in other words, it lies along 

the line of intersection of the horizontal plane with the equatorial plane of the 

momental ellipsoid. This line of intersection is called the line of nodes, 

® This follows from the Poinsot construction of p, 182 and from Eiq. (26.17a) soon 
to be encountered, . 

* Rolling without sliding is equivalent in meaning to the equality of the rate of change 
of the angular velocity vector @ as observed from space and from the body. In 
thia connection refer to Eq. (26.88), where this equality is proved. 
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a term borrowed from astronomy. For a more precise definition of signs 
refer to p. 141. 

Our general Eq. (2) can no longer be integrated immediately as in the 
case of a top under no forces ; rather, the angular momentum is a 
to continuous change given by the law 


(5) dM = Ldi. 


Thus the infinitesimal vector L dé adds to the vector M at any given instant 
f to give the angular momentum at f-+dé. The terminus of M advances 
in the direction of the instantaneous line of nodes, i.¢., normal to the 
vertical and the axis of symmetry. From this it follows that the projec- 
tions of M on the vertical as well as on this axis must be constant. Let 
us call the two constants 


(8) M’ = Mand M"= M,,. 


The two quantities Mf’ and M", which can be prescribed arbitrarily, are 
two constants of integration of the equations of motion. 

A third constant is that of total energy #. Corresponding to Eq. (6.18) 
we have the gravitational potential energy 


(6a) V=mge cosa 0 
so that 
(7) T-+Hmgs cosa Gas EH. 


In order to pass to an analytical description of the motion we must 
express 7 and the projections of M mentioned in (6) in terms of suitable 
position parameters of the top (the Eulerian angles); this will be carried 
out in § 35. The calculation of the motion is there shown to lead to elliptic 
integrals. 

The regular precession ia now no longer the general form of motion 
at in the conse of the top under no forces, but only results for specially 
chosen values of M’, M* and #. The precessional motion usually observed 
with a heavy top excited in the customary way appears to be — but is not — 
regular; it can be called peeudo-regular precession. Finally a pure rotation 
about the vertically oriented axis of figure is also a possible (stable or 
unstable) form of motion, no matter what the magnitude of a. 

So far we have considered only the equation of angular momentum (2). 
We must throw a quick glance at the equation of linear momentum (1). 
Tte right member consists of the force F acting at the fixed point 0, which 
is composed of the force of gravity mg acting vertically downward, and the 
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reaction. of the support, F,,.. The change in momentum in the left member is 
p=m(oxR) =mV 


from Eq. (24.2) with u=0, where V is the velocity of the center of mass. 
Eq. (1) then makes the simple statement that 


Fup =m(V— g). 


In other words, the law of linear momentum demands that at any given 
instant the support furnish a force equal to the mass of the top x the 
acceleration of the mass center diminished by the gravitational acceleration. 


(5) The Heavy Unsymmetrical Top 


In spite of the efforts of many great mathematicians, all attempts to 
integrate the differential equations of this problem in the most general 
form have failed so far. Among the integrals of angular momentum (6) 
the first remains in effeot, to be sure, because even here the gravitational 
torque acts about a horizontal axis so that the terminus of the vector M 
remains in a horizontal plane fixed in space. The second integral (6) is, 
however, invalidated, because it is based on the symmetry of the momental 

‘ellipsoid. Of course the energy integral (7) is valid also for a general 
momental ellipsoid. 

The soluble special cases of the problem postulate either a particular 
mass distribution or a perticular form of motion. 

The best-known case is that of Kowalewski. The momental ellipsoid is 
here assumed to be symmetrical; the center of masa no longer lies on the axis 
of the body, but in the equatorial plane defined as the plane perpendicular 
to the axis and passing through the fixed point; in addition it is required 
that the moment of inertia about the axis of the body be one half the 
equatorial one. In that case the form of motion need not be restricted. 

The case of Staude concerns the question as to which axes can serve 
as axes of steady rotation when directed vertically. It turns out that 
these axes lie in the body on a cone of second degree which, in sddition 
to the three principal axes, contains also the axis through the center of 
mass. To each axis belongs a (to within a sign) definite angular velocity. 
Neither mass distribution nor position of the center of mass need be 
specialized in this problem. 

The case of Hesse, finally, is concerned with the analogue to the simple 
motion of a pendulum (spherical pendulum or, in particular, ordinary 
pendulum). For such motion the mass center must lie on a certain axis in 
the momental ellipsoid, and the initial excitation must be of proper form, 
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just as in the case of the symmetrical top, whose mass center describes 
a pure pendulum motion only if the initial angular momentum has no 
component along the axis of symmetry. 


§ 26. Euler’s Equations. 
Quantitative Treatment of the Top Under No Forces 


(1) Enler’s Equations of Motion 

We distinguish between a reference system x, y, z fixed in space and a 
second one, X, Y, Z fixed in the body. In the («, y, z)-system the angular 
momentum for motion under no forces has an invariable position: M= 
constant [iq. (25.3) ]; seen from the body, the position of M varies con- 
tinuously. We want to study the law of this variation. 

Let us therefore focus our attention on s point P fixed in the body, 
and a point @ fixed in space, the two points being momentarily in 
coincidence. Let v be the velocity of P in space, V that of Q in the body. 
According to the kinematic Eq. (22.4), v=wxr. As seen from the body, 
@ moves with equal but opposite velocity to that of P as seen from space, 
80 that 


= ~oXr=FXo. 
In tabular form we have 
Seon from Space Seen from Body 


V=oxr a V=ud 
v=0 V=rxo 
For point Q@ we choose the spatially fixed terminus of the vector M 
and hence ‘write 
aM 
r= M, V= a . 
Thus ~ means “‘ change in the body ” (we called the change in space M; 


it is equal to zero here}. 
From the second line of our table we then read off 


q) Ot =Mxa. 


This completes the derivation of Buler’s equations for a rotating body wnder 
no forces. 
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We shall rewrite them in terms of their components in the (X, Y, Z)- 


system. We shall call a, ws, ws the components of wo, and M,, M,, M, 
those of M. Eq. (1) yields 


aM 
“= Mo 2g, 


(2) Aft ax Myr, ws, 


tort — My tog — My ay. 
The system of the X, Y, Z is eo far completely arbitrary. If, now, we 
take the directions X, Y, Z along the principal momens of inertia of Eq. 


(22.152) and call these J,, Z,, ,, we obtain, by virtue of the general relation 
(24.9), 


(3) M=1,0,, Mz=I,a,, My=I, eg; 
and (2) takes the simple form 


1,3 = (Jg~Lg) eg 5, 
(4) 1G = Us—Loyoy, 
i = (Z,—Z5) co; wg. 


It is these remarkably symmetrical and elegant equations one usually 
thinks of when one speaks of Huler’s equations. 

Let us now extend them to include the case that an external torque 
L is in effec. In that case the terminus of M is no longer fixed in space, 
but, according to (25.2), has the velocity va L. 

As seen from the body, our point Q now moves with a velocity com- 
posed of v=L and V=rxo. It follows that Ra. (1) must be changed to 


(5) ot = Mx «+L 


and the components of L with respect to X, Y, Z must be added to the 
right members of (2) and (4). This yields Buler’s equatione of motion for 
a rigid body with a fixed point. 

We shall write these equations explicitly only for the case of the heavy 
symmetrical top, where L acta about the line of nodes and, from (25.4), 
hes the magnitude 


|L| =sge sin 6. 
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In order to dispel all ambiguities contained in the meaning of the words 
vertical, axis of symmetry, line of nodes, we agree that 
the positive side of the spatially fixed z-axis points up and defines 
the vertical; 
the positive side of the Z-axis passes through the mass center and 
defines the axis of symmetry; it makes an angle @ with the vertical; 
the line of nodes is the semi-infinite line normal to the positive z- 
and Z-axes and in the direction of advance of a right-handed screw 
as @ increases. 
We further epecify that the distance ¢ is to be a positive quantity. Call¢ 
the angle which the line of nodes makes with the positive X-axis. The 
components of L with respect to X, Y, Z are than given by 


(5a) mgesin @cosd, —mgssin Gain ¢, 0 
respectively, and with I, =/,, equations (4) go over into 


1, = (I, —L,)q wg + mge sin. 8 cos ¢ 
(8) io _ (I,—1;)@5 ty — Me sin @ sin ¢ 


1,5 =0. 


The last equation shows that for the heavy symmetrical top (and therefore 
@ fortiort for one under no forces) we have 


(7) I,w,= U,=const., 


which wo already knew. We see at the same time that Euler’s equations 
are not suited for a further integration for the heavy top, since as yet we are 
ignorant of the relation between the w,, w, and the @, ¢. 

As far as the «,, a, ws are concerned, we wish to emphasize very 
strongly that they are not velocities in the ordinary sense, i.e., not derivatives 
with respect to time of spatial measurements of some sort. Indeed, in 
view of the expression defined on p. 50, we can aptly designate them as 
“non-holonomic velocity components.” 

We shall finally write (5) in a somewhat different form. Since v is the 
velocity as seen from space, we can generalize our expression by substi- 
tuting y= M for v=L. We thus obtain 


+ 


(8) M= FF -+oxM, 


an equation which, by the analysis of p. 139, is valid for all (axial or polar) 
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vectors. If, specifically, we apply it to the angular velocity vector «, 
it simply yields 

- de 
(8a) v=" 


For the angular velocity vector » and only for this vector the spatial change 
is equal to the change as judged from the body. It is this rule to which 
we referred in the footnote on p. 136. 


(2) Regular Precession of the Symmetrical Top Under No Forces 
and Euler’s Theory of Polar Fiuctuations 


We need not say any more about the spherical top. Its general motion 
is a pure rotation about an axis fixed in the body, This follows at once 
from Eqs. (4) if we put Iy=J,=J,. As we know from § 25, subsec. 1, 
this axis is at the same time fixed in space and coincides with the angular 
momentum. direction. 

Let us now tum to the symmetrical top, ,=J,4J,. The third Eq. (4) 
yields 

@, = const. 
28 we already know from Eq. (7). The first two equations are 


aoe (I,— Ig)eog as 
(9) 
LG = (I,— Tay wy 


It is convenient to consolidate them into one by introducing a complex 
variable. Multiply the second equation by + and add to the first to obtain 


(10) IZ =i Eg Iy) 80g, 8 a-Hiey. 
Let us abbreviate this by putting 
Is—-t, 
(11) r. 
20 that an integration of (10) gives 
(12) sugye%t, gyms constant of integration. 
é is the projection of the angular velocity vector on the equatorial plane 
of the top, if we use this plane as the complex plane of s. Eq. (12) 


states that this projection describes a circle of radius ¢, with the constant 
angular velocity «. At the same time the total angular velocity vector 
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@ describes & circular cone about the axis of figure. The vertex angle 8 
of the cone is given by 


1400, + 2 
(122) tan parton . Ba. 


This is the picture of the regular precession which is seen by an observer 
located on the top. (To an observer fixed in space the axis of the top 
rotates of course about the instantaneous axis of rotation which, as we saw 
earlier describes in its turn 4 circalar cone about the spatially fixed angular 
momentum vector M.} Since it is our intention to apply the foregoing to the 
earth, the viewpoint of the observer located on the top rather than that 
of the one fixed in space will be useful, as it corresponds to the viewpoint 
of a human being located on the earth. 

The earth is a top whose momenial ellipsoid is an oblate spheroid. 
We call the geomeirio North Pole the point at which the axis of symmetry 
pierces the surface of the earth ; it is, in general, distinct from the celestial 
North Pole which is the point at which the angular velocity vector cuts 
through the earth’s surface. According to the Euler theory reproduced 
above, the celestial North Pole describes a circle about the geometric North 
Pole, a phenomenon called Hulerian motion. Inasmuch aa it is the path 
of the rotational pole, this circle is also referred to as the pothode. 

A suitable measure of the flattening of the earth is the so-called ellipticity 


(13) AF w af" 


The angular velocity of the earth is determined by the length of the day ; 
we have 


(14) gw wm Ee 

from which, according to (11), 

(15) a= Bet oye gor day}. 

Thus Euler’s period for the precession amounts to 

(18) 2 300 days: 10 months, 

We are acoustomed to think -of the axis of rotation of the earth as fixed 


in the globe and passing through the geometrical poles. This is not 
rigorously true, Every movement of mass on the earth along a longitude 
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must change the position of the axis of rotation’, and every movement of 
mass along & circle of latitude must change the angular velocity, that is, 
the length of the day; both changes are a result of the law of conservation 
of angular momentum. Let us imagine that this movement has ceased and 
that the celestial pole is deviated from the geometric one. In that case 
the axis of rotation would, 
by virtue of the Eulerian 
motion, conamence a circular 
motion about the geometric 
pole. 

Let us now compare our 
theoretical results with the 
observations of polar fluctu- 
ations, which have been 
gathered by international 
cooperation. In Fig. 44 we 
have sketched the polhode 
obtained between. the years 
1895 and 1900. 

The average deviation of 
the celestial pole, ic., the ; 
mean radius of Buler’s circle, Fig. 44. Polar flucitwations between the years 


1895 and 1900. Confirmation of Chandler’ 
amounts to shout $" of are or period. : 


4 meters on the earth’s sur- 

face, according to observations between these years. But instead of a period 
of 10 months we have, according to Fig. 44, 33 complete revolutions for the 
four years 1896-1900, which corresponds to a period of 14 months. 

The fowrteen-month period is called Chandler’s period after its discoverer. 
Its explanation lies in the elastic deformations that the earth suffers as a 
result of the changed centrifugal effect caused by polar fluctuations. The 
modulus of elasticity of the earth compares in magnitude to that of steel. 

The observed polhode, as drawn in Fig. 44, can now be explained as a 
superposition of 1) fluctuations occurring with Chandler’s period, 2) annual 
fluctuations evidently of meteorological origin, and 3) deviations at irregular 
intervals which may point to isolated and unrelated mass transports. 
No trace remains of Euler's ten-month period which was derived by aasuming 
the earth to be an ideal rigid body. 


-— A ey /U 

* The terrestrial mass transport most; important for this effect seems to be the yearly 
migration, of the air pressure maximum from the continent of Asia to the Pacific 
Ocean and back. 


oe? Greenwich 
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In agreement with usage in gyroscopic theory we have here described 
the motion of the earth’s axis first investigated by Euler as s “ precession 
ander no forces.” We have thus usurped a word having an entirely differant 
meaning in astronomical usage. There, “precession” denotes a slow 
rotation of the earth’s axis about the normal to the ecliptic which causes 
an advance of the equinoctial pointe of 50” per year. This precession of 
the equimoes has a period of ae = 26,000 years. Instead of “ precession 
of the equinoxes ” we could also speak of an “ advance of the line of nodes ” 
(line of inter-section of the plane of the ecliptic with the equatorial 
of the earth); as mentioned earlier, our designation, “line of nodes,” was 
borrowed from astronomy. 

The precession of the equinoxes is not a free one, but rather a motion 
forced on the global top by the joint effect of the attractions of sun and 
moon. 

We shall clarify this effect by means of Fig. 45, where we have, at least 
qualitatively, anticipated the theory of the heavy symmetrical top. 


Fra. 45. Precession of the earth’s axis, called “ precession of the equinoxes.”’ 


The diagram shows the plane of the ecliptic on which a circle is drawn. 
One should think of the circumference of this circle as being uniformly 
“smeared ” with the masses of sun © and moon ) (actually we should 
draw two circles, one for the sun and one for the moon®; we have fused 
these two circles into one). The uniform mass distribution represents a 
time average over the instantaneous positions relative to the earth of sun 
and moon during their revolutions (in the sense of a Geussian perturbation 
method). We justify the taking of this time average by the experimental 
fact that the periods of sun and moon are very small compared with the 
precession period mentioned above, so that this precession can in no way 
* As @ matter of fact the moon iz a0 close to the earth that ite effect is about twice 

as great as that of the sun. 
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depend on the instantaneous positions of sun and moon. At the center of 
the © + ) circle we see & cross-section of the earth with its two protuber- 
ances at the equator. Only these latter have a part in the pheno- 
menon in question; for the attraction of the © + ) ring tends to pull the 
two protuberances into the plane of the ecliptic, an effect which is intuitively 
almost obvious. We therefore have a torque about the line of nodes V 
in the sense of the arrow drawn about V. Now this torque is of the same 
type as the gravitational torque acting on a top whose mass center lies 
below the fixed point of support. The result is therefore similar to that in the 
ease ofthe top. Rather than yield to the torque the axis of figure “ escapes ” 
in a perpendicular direction and describes a cone of precession about the 
vertical, here the normal to the ecliptic. 

To be sure, the regular precession is only a special form of motion of 
the heavy top (of. p. 137); under the present circumstances one would 
therefore expect the more general pseudo-regular precession consisting of a 
regular precession on which small “nutations” sre superposed. Now 
these amall nutationa are nothing but the conical oscillations of the axis 
of figure occurring under no forces, hence, in our case, the polar fluctuations 
that take place with the pericd of Euler (or that of Chandler, obtained 
from the former by global deformation). The pseudo-regular precession 
to be expected is thus obtained from the ‘precession of the equinoxes by 
addition of the Eulerian nutations occurring in the absence of forces. 

Here we must once more apologize for the ambiguous use of a term. 
In astronomy one understands by nutation not a free fluctuation of the 
earth’s axis, but one forced on it by the motion of the moon. Contrary to 
our preceding assumption in Vig. 45, the orbital plane of the moon does not 
coincide with that of the ecliptic, but is tilted at am angle of 5° with respect 
to it. Under joint action of sun and earth its normal too describes a cone 
of precession about the normal to the ecliptic. This precession is tanta- 
mount to a recession of the mar nodes (intersection of moon’s orbit with 
ecliptic) which, however, occurs at a much livelier rate than the advance 
of the line of nodes of the earth, viz., in 18% years. It is understandable 
that the earth's axis is in its turn implicated in this precession; the recession 
of the lunar nodes results in the astronomical mutation of the earth's axis, 
which takes place with the same period. 


(3) Motion of an Unsymmetrical Top Under No Forces. Examination 
of its Permanent Rotations as to Stability 

We turn to the integration of Eqs. (4) in the case ,#J,4J,. Multi- 

plication of these equations by o,, ws, w, and addition yields 


Tyo, +-Iy004%5! +I,00559? =0 
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or, integrated, 
(17) FL, on? +I,ag2-+1, 5%) = const. =F. 


E ig the energy constant, and the left member is the kinetic energy, in 
agreement with Eq. (22.12b) specialized to principal axes. Instead of (17) 
one can evidently also write 


(17a) Byin= 3M « 0. 


We can instead multiply Eqs. (4) by I,a,, Iyws, Igwg; addition once 
more yields zero on tho right. ‘The result of the integration can be written 


(18) (23.03)? + (Lg cog)” + (Ly cxg)* = const. = | M|?. 


On the left we have the sum of the squares of the angular momentum 
components. This sum, as we know, romains invariant in the absence 
of forces, even if the components themselves vary in the course of the 
motion. 

In (17) and (18) we have two linear homogeneous equations for w,%, 
w,", w,*, from which we can, for instance, solve for w,® and w,* in terms 


of «w,*: 
2 EI,—|M|* I(i,—2 
wm Bi— Pya?, B= The a B= ae ES Ts)? 


2 , ] 2H7,—|M/* Fé I,—I E 
wei Yarns = My)’ vam Pe 


If we replace these values of a, and ws in the first Eq. (4), we have 


dw, wit —I, 
(20) Bi Ba 1") (41 7.201") ]* q a. 


¢ is therefore an elliptic integral of tho first kind in w, (of. p. 100); function 
theory allows us to state conversely that w, ia an elliptic function of the 
time. The same holds of course for ws and ws. 

We furthermore deduce from Eqs. (17) and (18) that the polhode cone 
or body cone is no longer a circular cone as in the case of the symmetrical 
top, but a cone of fourth degres. 

We shall finally considor the rotations of the unsymmetrical top about 
one of its three principal axes which, as wo know [of. § 25, toward end 
of (3) ], are steady rotations. Let us, for definiteness, put 


A>B>d. 


We shall show that the rotations about the axes of the greatest and emaliest 
principal momont of inertia are stablo, those about the axis of the intermediate 


(19) 
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principal moment sre unstable. We choose Eqs. (17) and (18) as starting 
point. It will be convenient in connection with the diagrams below to 
rewrite these in terms of the angular momentum components .M,, M,, Mg, 
(21a) +e +e =const., 
(21b) M+ MIi+Hf= const. = | M [*. 
Eq. (21b) describes a sphere of radius | M j, (21a) an ellipsoid with three 
distinct axes (a “ non-degenerate ” ellipsoid). 
Case 1. Rotation about the longest axis of 
the ellipsoid (21a). In a pure rotation the sphere 
is tangent to the ellipsoid from the outside at 
point A, Fig. 46a. A small jolt will in general 
alter both the sphere and the ellipsoid. The 
point of tangency A will change to a small 
curve of intersection which remains, however, beset 
in the neighborhood of A. A narrow body cone 7 
is the result; the original rotation proves to be Ft 468. Stable rotation 


of unsymmetrical top about 
stable. the longest axis of the 
The same is true in case 3, rotation about momental ellipsoid. 


the shortest axis of the ellipsoid (21a). The 

sphere now lies inside the ellipsoid and is hence tangent to it from the 
inside. A small jolt will again cause the pot of tangency to transform 
into a neighboring curve; again the original rotation is stable. 

Case 2. Rotation about the intermediate axis. The sphere intersects 
the ellipsoid in a curve of the fourth degree; its singular point B (foremost 
point of Fig. 46b) represents the original rotation. If the top is given a 
small impulse, the curve of intersection splits into two branches. The 
axis of rotation wanders off along one of these branches and moves further 
and further from its initial position in the body. The rotation is unstable. 

It is instructive to prove this 
analytically; one proceeds from the 
differential equations (4). One can 
show {problem IV.2) that the lateral 
components generated by a small 
perturbation of the original rotation 
satisfy two simultansous differential 
equations of first order. These have 
solutions of trigonometric character 
in cases I and 3, exponential char- 


: Dupin in Fig. 46b. ii dein seine een 
acter in case 2 (method of infinitesimal retrial top about the intermediate axis 


oscillations as stability criterion). of the momental ellipsoid. 
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Let us perform the following experiment with a (full) matchbox: we 
hold the box between thumb and forefinger at opposite ends of its shortest 
edge and flip it into the air, thus imparting to it considerable angular 
momentum about this shortest edge. We notice that if the box originally 
shows its label, it will continue to do so throvghout the motion. The 
same phenomenon occurs, though less clearly, if we hold the box at opposite 
ends of ita longest edge, and flip it as before. IEf, instead, we hold it 
at opposite ends of the intermediate edge, with the striking surface showing, 
and repeat the procedure, we shall not see this surface throughout the 
motion, but rather a distinct change of colors. 

Another striking example of instability of a state of motion is the 
following: occasionally one finds smooth-worm, flat pebbles in nature 
which, if spun about their vertical axis on a flat support, show stability 
of motion only for one sense of rotation; if made to spin in the opposite 
sense, they will start to wobble more and more violently, and finally end 
up by spinning in the etable direction opposite to their original angular 
momentum. The same can often be observed with small pocketknives 
(penknives) set to stand edgewise with blade folded in, when one gives them 
& gentle impulse. 

We can perform a geometrically well-defined, instructive experiment 
in this connection. Let us take the wooden model of s non-degenerate 
flat ellipsoid of principal axes a, b, ¢ (@ and 5 much larger than c) and 
equip it with a heavy metal strip which, in ita original position, hugs the upper 
surface of the ellipsoid in its (a@c)-section. The strip can be rotated about 
the short c-axis, but is clamped down during each experiment. In the 
position ac the strip does not disturb the symmetry of the mass distri- 
bution. Both senses of spin about c are therefore equally stable. Let us 
now turn the strip by a small angle from this position. The two principal 
axes of inertia @ and 6 are then each displaced by a amall angle 7; the 
symmetry of the lower surface facing the plane support is determined by 
the two principal radii of curvature in the planes ac and dc; thus the 
symmetry of this surface remains unchanged. The direction of spin in the 
sense of the acute angle y is now geometrically ‘‘ distinguishable ” from that 
in the opposite sense. Indeed the former is stable, the latter unstable 
since it is accompanied by rolling motions which increase with time. 

A more elegant, though less easily achievable, form of the experiment 
is the following (G. T. Walker demonstrated it to us at Trinity College, 
Cambridge, in 1899): the non-degenerate ellipsoid is made of brasa sheet; 
a certain cireular region about the point of support has been stamped out 
and can be moved with respect to the remaining ellipsoidal shell. By a 
small angular displacement of this circular plug the curvature relations of the 
lower surface near the point of support are altered with respect to the 
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inertial distribution of the shell, which remains sensibly unchanged. This 
alteration is so alight that it passes unnoticed when the ellipsoid is examined. 
Nevertheless one sense of spin is again preferred to the other. 

These experiments with the non-degenerate ellipsoid, while enlightening 
in themselves, also furnish an adequate substitute for the analytical theory 
of the phenomenon. Such a theory would have to investigate the rolling 
oscillations which might accompany the spin in one direction or the other 
when a emall perturbation is superposed on this spin; it would show that 
the characteristic equation for the frequency of these oscillations has only 
real roots in the one case, some complex roots in the other. In the first 
case one would decide that the spin was stable, in the second, that it was 
unstable, ie., subject to secular increase of the perturbation. Equations 
for this treatment are set up in the treatise of Routh (Advanced Part, 
Art. 24] and ff.) cited in § 42, 


§ 27. Demonstration Experiments Illustrating the 
Theory of the Spinning Top; Practical Applications 


We begin by describing the well-known device known as Cardan’s 
guspension, which affords an unusually effective means of demonstrating 
the properties of tops and gyroscopes. 

The suspension consists of an outer and an inner 
ring. The outer ring has a vertical axle borne by the 
outer frame or cage; the inner ring hes an horizontal 
axle with bearings in the outer ring. The flywheel- 
shaped top revolves with its axis perpendicular to the 
axis of rotation of the inner ring. Fig. 47 shows the 
flywheel axle pointing normal to that of the outer 
ring, which causes the inner ring to lie in a horizontal 
plane. We shall designate this arrangement of the 
apparatus as its normal position. 

On the axle of the flywheel provision is made for a 

_ means by which angular momentum can be imparted 
Bra. 47. Gyroseope i> to the wheel while in its normal position, with the 
‘Ascis i ae of gimbals at rest. This angular momentum must be 
outer ring == vertical, 80 great that all phenomena are essentially dominated 
ax of rtation of by it and the effect of the mass of the gimbals 
inner ring»chorizontal hecomes negligible. 
var abs of net oe In the following experiments a considerable 
gyroscope =horizontal *Xgular momentum and the initial normal position 


in plane of paper, § are presupposed. 


IV.27 Demonstration Experiments 161 


1. We exert a slight pressure downward on the inner ring. This ring 
does not give way; instead it is the ower ring that turns. Thus the axis 
of the flywheel moves backward or forward in an horizontal plane, depending 
on the position of the point at which the pressure is exerted. Instead of 
pressing on the inner ring we can load it unilaterally by means of a small 
weight. As long as the angular momentum remains sufficiently great, 
the top then describes a regular precession with horizontal axis. 

2. We press on the outer ring. It remains motionless, whereas the 
immer ring turns upward or downward from its horizontal position depending 
on the sense in which pressure is exerted on the outer one. We can even 
deliver a vigorous blow to the outer ring without ita yielding noticeably. 
All one perceives in that case is a rapid conical oscillation of the axis of 
the top about an axis close to that of the normal position. 

3. If the pressure on the outer ring continues so that, with continual 
rotation of the inner ring, the axis of the top approaches the vertical, we 
notice that the resistance of the outer ring weakens more and more. One 
can then without effort set the outer ring spinning rapidly, but only in 
that sense which corresponds to the direction of the pressure originally 
exerted on the ring. If one attempts to rotate the outer ring in the opposite 
sense, the flywheel “‘rebels”’; ita axis suddenly tends in the opposite 
direction, thua causing the inner ring to flip through an angle of 180°. 
Now we can turn the outer ring without effort in this opposite direction, 
but another flipping of the top occurs if we return to the original sense of 
rotation. 

4. This is the tendency of the epine to align parallel to each other which was 
emphasized by Foucault. The axis of the top is stable in the vertical position 
as long as ite spin is homologous (—in the same sense) to that of the outer 
ring. If the spins are anti-parallel, this position is, on the contrary, unstable 
to a high degree and the axis comes to rest only when the opposite direction 
has been attained; in this latter direction homologous parallelism of the 
two spin axes prevails again, If we exert pressure on alternate sides of 
the outer ring in the proper rhythm, we can cause the top to revolve con- 
tinually about the axis of the inner ring. 

5. If we tie the inner ring to the outer one, so that the movability of 
the inner ring is destroyed, the resistance of the top to motion is destroyed 
aswell. Seemingly without a will ofits own, the top then obeys all pressures 
exerted on the outer ring, just ae if it did not have any spin. Thus, typical 
gyroscopic effects occur only in the case of the top with three degrees of 
freedom, and are completely absent in that of two degrees. One can, 
however, restitute the missing degree of freedom by clamping the top to 
the rotating surface of the turning stool described on p. 74; this must be 
done in such a way that the axis of the outer ring, which has so far been 
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kept vertical, is tilted with respect to the axis of the stool {which remains 
vertical) at not too small an angle. Then the axis of the top with two 
degrees of freedom tends to align itself with the axis of the rotating support, 
just as a compass needle turns towards the North Pole, i.e., in the sense of 
the homologous parallelism described above. Thus the single ring con- 
taining the top will come to lie in a vertical] plane, with one or the other 
of the axle pins of the top uppermost, depending on the sense in which 
the stool is rotated. 

The explanation of all these phenomena is contained in the fundamental 
principle (25.5), 


ql) dM=Ld&. 


1. If we press on the inner ring, L is horizontal and coincides with the 
axis of rotation of the inner ring. The angular momentum M is directed 
toward the left or right of Fig. 47 and is hence deflected laterally by L. 
Jf then we are allowed to assume that the axis of the top, originally in 
coincidence with the angular momentum, tends to remain in coincidence 
by following it, we have explained the lateral deflection of the axis of 
figure, that is, the rotation of the outer ring. That the assumption made 
here is actually valid for sufficiently rapid spin of the top will be justified 
in § 36 (cf. the discussion about the pseudo-regular precession in that 
section). 

2. If we exert pressure on the outer ring, L is directed vertically. The 
angular momentum, originally directed horizontally to the right or left, 
is deflected upward or downward. Under the same assumption as in 1, we 
therefore obtain a rotation of the inner ring. If we impart a very strong 
blow to the outer ring, our assumption regarding the coincidence of angular 
momentum and axis of the top is only approximately satisfied; we then 
obtain the small conical oscillations mentioned earlier, which betray a 
small dislocation of the two axes. 

3 and 4. By the same token we see that if the axis of angular momentum 
is abnost vertical and if we rotate the outer ring in a sense homologous 
to that of the spin of the top, the axis of angular momentum becomes 
more nearly vertical. Gimbals and flywheel then rotate as a whole about 
the vertical. The resistance of the outer ring vanishes. If we rotate the 
outer ring in the non-homologous or anti-parallel sense, a small deviation 
of the axis of angular momentum from the vertical suffices to make the 
former recede further and further from the vertical; the almost-vertical 


position of the top proves to be unstable with respect to such a non-homolo- 
gous rotation. 
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5. If we tie inner and outer ring together, the axis of angular momentum 
can no longer move in a vertical plane when « vertical torque L is imposed 
thereon by a rotation of the outer wheel. The torque is therefore trans- 
mitted to the whole system. This is possible because the horizontal change 
in direction that the vector M suffers can be compensated by the bearings 
of the outer ring, since inner and outer ring are now rigidly connected. 
Not so on the turning stool, where the angular momentum can follow the 
imposed L at least to some extent, which explains why the axis of the top 
tends to point in the direction of the axis of the stool. 

We ahall now discuss some practical applications. Let it be remarked 
in advance that details on many points of the discussion can be found in 
the older literature from which much of the following is borrowed. 


(1) The Gyrostabilizer and Related Topics 


Around the year 1870 Henry Bessemer, whose name is renowned in 
metallurgy, built a drawing room cabin destined for navigation on the 
English Channel. The cabin was suspended so that it could move about a 
fore-aft axis of the ship and was to be stabilized against the ship’s roll by 
means of a flywheel. The axis of the flywheel was, however, rigidly fixed 
in. the cabin, and therefore lacked the required third degree of freedom 
(of. above under 5). As a result the construction was a failure soon to be 
abandoned. 

It was O. Schlick, mentioned in connection with the mass balancing 
of piston engines (cf. p. 76), who successfully worked out the present problem. 
His method was applied to several steamers, including the “ Silvana ” 
of the Hamburg-America Line, and the Italian “ Conte di Savoia ” (consi- 
derable literature on the latter exists in American publications). In the 
“Silvana ” the flywheel had a weight of 5,100 kg., a diameter of 1.6 m., 
and made 1,800 r.p.m. (a peripheral velocity of 150m. per sec.). It was 
fixed in s cage which could, like a pendulum, swing about an axis in the 
port-starboard direction, ao that the axis of symmetry of the flywheel 
oscillated in the vertical fore-aft plane of the ship. This cage corresponds 
to the inner ring of our demonstration top, the ship’s bull itself to the 
outer one. The vertical of Fig. 47 is replaced by the long axis of the ship; 
instead of the former rotations about the vertical there is now the rolling 
of the vessel. ‘The required three degrees of freedom then consist in the 
rolling of the ship, the oscillations of the cage, and the spin of the flywheel. 
When the vessel rolla, the axis of the flywheel, vertical in its normal position, 
alternately swings fore and aft in its cage, so that the energy contained 
in the rolling is converted to energy of motion and position of the cage. 
The rolling of the ship and the swinging of the cage are now coupled to each 
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other; if, in particular, their corresponding proper oscillations are in 
resonance, conditions resembling those of coupled pendulums obtain. 
To be sure, no damping of the ship’s oscillation has so far been achieved. 
But it is now possible to absorb the oscillation energy of the cage and thus 
the energy of roll of the vessel by a braking device acting at the axle of the 
cage, just as the velocity of a car is reduced by a brakeshoe tangent to the 
wheel. Of course the braking action at the cage must not be so strong as 
to prevent the deflection of the flywheel azis altogether; for then we should 
again be confronted with the ineffective top of two degrees of freedom. 
Graphs of the rolling motion, similar to seismograms in an earthquake, 
show that there exists an optimum or “ best compromise ” value of braking 
action; in the “ Silvana ” the amplitude of roll was reduced to s to = of 
ita original value almost as soon as the flywheel was put in action; the 
amplitude of oscillation of the frame hovered around 30° to 40° under these 
circumstances, 

Nevertheless the gyrostabilizer has not been applied extensively. This 
is partly due to the danger inherent in the construction — a rapidly rotating, 
massive flywheel is an unpleasant passenger —, partly to the invention of 
an even more successful competitor, the Frahm stabilization tank, a device 
based on an entirely different principle. 

A problem connected with the foregoing is that of stabilizing by gyro- 
scopic action a turntable on board a ship. We do not know to what extent 
this problem has been solved for practical use; for obvious reasons work 
on it has been going on in all countries. 


(2) The Gyrocompass 


This is the finest and most nearly perfect gyroscopic device. Its con- 
ception goes back to Foucault. After Foucault had demonstrated the rotation 
of the earth by means of his pendulum experimenta (cf. Ch. V, $31), he 
made plans to achieve the same end by means of spinning tops. Of his 
several attempts we mention only the gyrocompass which was to replace 
the magnetic compass. The Foucault gyrocompass consists of a spinning 
top of two degrees of freedom constrained to the horizontal plane, which 
pointe, not to the magnetic North Pole, but to the actual celestial North 
Pole, the axis of rotation of the earth. Actually we dealt with this 
arrangement already in the fifth of our demonstration experiments, where 
we put the top with fixed inner ring on the turning stool. The rotating 
earth now takes the place of the turning platform of the stool. The only 
difference between the two cases lies in the fact that we were able to impart 
an arbitrarily large angular velocity to the rotating platform, resulting in a 
very strong orientation effect on the top, whereas the angular velocity of 


IV.27 Demonstration Experiments 165 


the earth is very emall, so that the alignment of the Foucault gyroscope 
takes a considerable time. In the earlier arrangement we mentioned that 
the angle between the axes of rotation of the outer ring and the stool should 
not be too small. In the present case this angle is the complement of the 
geogtaphic latitude, the “ co-latitude” at the point of observation. At 
the two poles of the earth, where this angle is zero, the orientation power of 
the gyrocompass vanishes. In general it is proportional to the angular 
velocity of the earth, the angular momentum of the top and the sine of the 
co-latitude. 

Foucanlt’s experiments lead only to rough indications of the effect. 
Ita full realization was achieved by Hermann Anschiitz-Kaempfe, by means 
of successive improvements in construction. ‘His original goal was to reach 
the North Pole by means of a submarine passing under the drift ice. Since 
the readings of a magnetic compass become very unreliable near the North 
Pole, failing altogether inside a submarine, he had the idea, of making the 
top serve as his direction-finder. It is true that in the pursuit of this ides 
through several decades he did not reach the North Pole; but his experi- 
mentation lead to an ideal instrament which has become indispensable in 
navigation. 

The Anschiitz gyroscope, unlike that of Foucault, is not constrained 
to a horizontal plane, but is merely pulled back into this plane by its weight, 
like a pendulum, Originally it was arranged so as to swim in a bath of 
Inercury. Later constructions made use of two or three tops whose effects 
strengthened and corrected each other. The angular momentum of the 
spinning tops is kept constant by electric drive. In the latest Anschotz 
construction the whole system is enclosed in a sphere which floate with almost 
no friction in a second sphere of only alightly larger radius. Since the 
gyroscope is taken along on trips during which it may not be touched 
for several months, provision must be made for s particularly ingenious 
automatic lubrication method. 

Measures to eliminate the harmful effects of the ship’s own motion are 
of special importance. When the ship travels in s curve or changes its 
speed, the gyrocompass, with its ability to oscillate about the horizontal 
plane, is sensitive to the corresponding inertial forces. These exert pressures 
on the axis of spin, causing it to deflect from its undisturbed position, 
with the result that erroneous readings are obtained. One can show that 
the motion of the vessel becomes harmless if the free oscillation of the 
compass needle about the meridian has the period 


= 2n{-)* = (Sx)*10® seo=s84.4 min. 
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which is the same as that of a pendulum of length equal to the earth’s 
radius 


2 
f=— -10’ m ; 


(Law of Schuler, completed by Glitecher’). 

A farther beautiful application of the gyroscope concerns the 
automatic steering mechanism of large steamers. If a ship is to retain 
its course in spite of the motion of waves and ocean currents, the uninter- 
rupted attention of the helmaman and the corresponding corrective action 
of the steering mechanism are required, This corrective action is, however, 
always too late by a certain amount of time, therefore causing losses in 
mileage and time. The gyrocompass is, on the contrary, a sense organ 
which “feels” much more accurately and swiftly than man, and takes 
instantaneous countermeasures. As a result of these countermeasures 
the line of travel becomes almost rigorously rectilinear (actually loxodromic, 
i.e., @ rhumb line), which. results in a considerable saving in energy. For 
this reason every passenger ship of good size is now equipped with such 
an automatic steering mechanism, 


(3) Gyroscopic Effects in Railroad Wheels and Bicycles 

A set of rolling wheels of a railroad car ia a spinning top whose angular 
momentum can become considerable for fast trains. When the wheels 
go around a curve, the angular momentum must, at any instant, be deflected 
to a position determined by the normal to the curve. For this, according 
to Eq. (1), a torque is required whose axis lies along the direction of travel. 
Since such a torque (often called “‘ gyroscopic couple ’’) is not present, the 
“ gyroacopic effect” will result in a countertorque which presses the set 
of wheels against the outer rail and pulls it off the inner one. This counter- 
torque adds to the moment of the centrifugal force about the direction of 
travel. The latter effect is compensated, as we know, by adequate banking 
of the roadbed. Both moments have the form 


MV w 


where v is the velocity of travel, and w the angular velocity of the train 
in the curve; is, in the present case, the mass of the set of wheels reduced 
to the wheel periphery, whereas in the centrifugal effect m is the total 
mass of the car carried by the wheels. Our gyroscopic couple and its equal 
and opposite countertorque are therefore extremely small compared with 
the moment of the centrifugal force; one could compensate for it by lifting 
the outer rail a very alight additional amount. 


* Of. Wissensoh. Verdffontl. aus den Siemenewerken, 19, 87 (1940). 
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More serious effects may result from any vertical irregularities in the 
rails, such as, for instance, a “ hump ” on one of the rails (to this category 
alao belong the increasing and decreasing elevation of one of the rails at 
the beginning and end of a banked curve). Such a hump causes a deviation 
of the angular momentum in a vertical direction, and. hence a countertorque 
which seeks to twist the set of wheels out of the rail-bed by pressing, say, 
the front wheel of the set against the rail, and pushing the last wheel of the 
set away from the rail. The play allowed by the raila will thus cause the 
flanges of the wheels to bite now into one rail, now into the other. This 
has indeed been observed on teat runs with fast electric trains. In order 
to control the condition and exact position of the rails at all times, the 
German Reichsbahn uses test cars equipped with gyroscopic instruments, the 
latter manufactured by the Anschittz company. 

A bicycle is a doubly non-holonomic system ; for, like the wheel in 
problem IT.1, it haa five degrees of freedom in finite motion, but only three 
such degrees in infiniteshnal motion (rotation of the rear wheel in its instan- 
taneous plane, to which the rotation of the front wheel is coupled by the 
condition of pure rolling ; rotation about the handle bar axis; and common 
rotation of front and rear wheel about the line connecting their points 
of contact with the ground), as long aa we do not consider the degrees of 
freedom of the oyclist himself. It is well-known that given sufficient 
velocity the stability of this system relies on the fact that either by means 
of rotations of the handle bar, or by means of unconsciously released motions 
of the body, the cyclist calls forth suitable centrifugal effects. That the 
gyroscopic effects of the wheels are very small compared with these can be 
seen from the construction of the wheel; if one wanted to strengthen the 
gyroscopic effects, one should provide the wheels with heavy rims and tires 
instead of making them as light as possible. It can nevertheless be shown® 
that these weak effects contribute their share to the stability of the aystem. 
This is the case because, just as in the automatic steering mechanism of 
ships, they react more quickly against a sinking of the center of gravity 
than do the centrifugal effects. In the small oscillations which one has to 
consider in testing the stability of the motion, the gyroscopic action lags 
the oscillations of the center of gravity by a quarter period, whereas the 
centrifugal action lags them by a half period. 

® Cf. ¥. Klein and A. Sommerfeld, Theorie des Kreisels, Vol. IV, p. 880 and ff. In 
order to carry out the stability considerations we must of courses exclude all 
participating action on the part of the cyclist. Not only muet he be assumed 
to ride without hands, but also with motionless body; he should act only by 


meang of his weight. This work also offera detailed material on other applications 
end on the mathematical foundations of the theory of the spinning top. 
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Svuertement: Tas Macmanios or Bintiarps 


The beautiful game of billiards opens up a rich field for applications 
of the dynamics of rigid bodies. One of the illustrious names in the history 
of mechanics, that of Coriolis®, is connected with it. 

The following explanations have as their main object the clarification of 
some problems which we shall pose on the subject. In these probleme not 
only the dynamics of the rolling and sliding ball, but also the theory of 
friction on the billiard cloth will come into its own. 


(a) High and Low Shots 
The experienced player almost always gives the ball a “side” or 
English.” For the time being we shall, however, consider only shots 
without English, in which the cue therefore hits the ball in its vertical 
median plane, and in a horizontal direction. We distinguish high and 
low shots. 
We speak of a high shot if the point of impact between cue and ball 


lies above ra (a-radius of the cue ball), as measured from the plane of 


the table; of a low shot if the ball is hit at a height less than a (of. problem 
IV.3 in connection with this and the following). Only if the ball is hit 
at exactly this height does pure rolling take place from the very start. 
By virtue of the moment of inertia, of a sphere given on. p. 65, the rotation 
transmitted to the ball is then of such magnitude that the peripheral 
velocity corresponding to it is just equal and opposite at the point of 
support to the forward motion of the ball, so that the condition (11.10) 
of pure rolling is fulfilled, 

For high shots the peripheral velocity at the point of contact generated 
by the rotation is opposite to that of the center of mass of the ball and 
exceeds the latter. The friction at the cloth opposes the excess velocity 
(peripheral velocity—forward velocity), thus augmenting the original 
velocity of the mass center: for high shots, friction acts on the ball in the 
direction of the shot. The final velocity under pure rolling, which sets in 
once the friction has consumed the excess velocity, is greater than the 
initial one. Balls that are hit high run for a long time and in general 
betray the experienced player. 

For low shots the peripheral velocity at the point of contact is opposite 
to that of the center of mass, but outweighed by it; for even lower shots 
it is directed forward. In both cases friction acts in a direction opposite 
to that of the original impact. The final velocity under pure rolling is 
smaller than the initial one. 


* G, Coriolis, Théorie mathématique des effete du jeu de billard. Paris, 1835. 
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As for the tmpulse Z (dimensions dyne-sec), it 1s of course to be inter- 
preted as the time integral of a very great force F in the direction of the 
cue over the very short time of duration 7, 


L= [-F dt. 
The impulsive torque about the center of the ball is accordingly given by 
Zim { Fld 


where / is the distance of the center from the axis of the cue. The impulsive 
torque vector is directed perpendicularly to the plane passing through 
center and cue axis. For the shots without English so far considered, it is 
directed horizontally and is normal to the median plane mentioned above. 


(b) Follow Shots and Draw Shots 


If the ball, after being struck high, meets one of the other two balls in 
central impact, it transfers all its forward motion to the latter because of the 
equality of the two masses involved [of. Eq. (3.27a}]; but it retains ite 
rotational motion if we neglect the friction between the two balls during the 
short time of contact. The instant after the impact the center of the striking 
ball is therefore momentarily at rest, while its lowest point glides over the 
billiard cloth. The friction thus arising is constant in time and acta on 
the ball in the sense of the original forward motion, while its moment about 
the center simultaneously slows down the existing rotation. Thus the ball 
is accelerated from the state of rest, while its rotation decreases accordingly. 
The acceleration ceases as soon as the peripheral velocity at the cloth has 
become equal to the forward velocity of the center, whereupon pure rolling 
sets in. Once this stage is reached, the ball rolls on with constant final 
velocity (we shall neglect the very slow effect of the rolling friction). This 
is the theory of the follow shot. 

The ball which is hit low similarly transfers its center of mags velocity 
to the struck ball and is momentarily at rest. We shall assume that the 
ball was hit very low, at any rate below the center, so that the peripheral 
velocity at the point of contact remaining after collision is directed forward. 
The friction now acts backward. The ball begins to move with constant 
backward acceleration, while at the same time its rotational velocity 
decreases, until pure rolling sets in. This is the theory of the draw shot. 

Since sliding friction is independent of the velocity, the variation with 
time of the center of mass velocity v as well as of the peripheral velocity 
umaw is a linear one. The exercises so far considered can therefore be 
treated more conveniently by graphical than by mathematical methods. 


160 The Rigid Body IV.27 


To do the former we may construct a diagram in which we plot the instan- 
taneous values of + and u as ordinates against the time (problem IV.3). 


(c) Trajectories with “ English” Under Horizonial Impact 

If the ball is not hit in the vertical median plane, but to either side of 
it, we speak of “right English” and “ left Englieh.” As long as the cue is 
advanced horizontally against the ball, the trajectory remains a straight 
line in the direction of the initial impact. 

The plane of the impulsive torque is now inclined to the vertical median 
plane, in high shots either to the right for right English, or to the left for 
left English, this inclination being such that the normal to the plane of the 
impulsive torque (this normal is parallel to the axial vector torque) is 
contained in the vertical plane through the center of the ball normal to the 
median plane. We can decompose the torque into a vertical component 
and 4 horizontal one at right angles to the direction of the impact. The 
first component causes a spin about the vertical diameter of the bal] and 
generates a small “ boring friction ” at the cloth which has, however, no 
effect on the path of the ball. The lateral component on the other hand 
acts in the same way that it did in the shots considered under | and 2, 
80 that the phenomena there observed apply without change to shots with 
English. In particular the trajectory remains rectilinear. 

The spin about the vertical diameter makes itself felt in the collision 
of the ball with a cushion or with a second ball. In the first case friction 
at the cushion occurs which deviates the ball to the left for right English 
and to the right for left English as seen by the player. The angle of reflection, 
which, for shots without English, is equal to the angle of incidence, is 
thereby altered; as 4 matter of fact the actual reflected path is generated 
from the equiangular reflected path by a rotation of the latter in the sense 
of the vertical spin imparted to the ball. This phenomenon is familiar 
to every billiards player. Together with the frictional force at the cushion 
there appears a frictional torque about the vertical which weakens the spin 
about the vertical diameter. The original English therefore gradually 
disappears after several impacts, a fact which is likewise known to every 
player. In a collision of ball against ball the effect of the English is similar, 
acting in the same sense aa in @ ball-cushion impact. 


(d) Parabolic Path Due to Shot with Vertical Component 
The plane of the impulsive torque is now not only inclined as under (c) 
but also tilted forward as seen by the player. The vector torque has 
therefore not only components along the vertical and lateral directions, 
but also a component in the direction of motion. Thus the point of contact 
has a component of sliding velocity perpendicular to the initial motion. 
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CHAPTER V 
RELATIVE MOTION 


The interest in the subject matter of this chapter derives mainly from 
the fact that we make all our observations on the rotating earth, which is 
not an allowable frame of reference, either in the sense of classical mechanics 
or in the sense of the special theory of relativity. In general relativity, 
on the other hand, all systems of reference are permitted (of. p. 15), so 
that a separate theory of relative motion becomes meaningless. 

In this chapter we shall adopt the viewpoint that in every theoretically 
admitted reference system the mechanics of Newton holds rigorously. We 
shall then ask for the deviations from Newtonian mechanics that result from 


the motion of the reference system to which, for practical reasons, we are 
chained, 


§ 28. Derivation of the Pb laaad Force in a Special 
ase 


Let a mass point move along a meridian of the terrestrial globe, of radius 
a, with the constant angular velocity », while at the same time the earth 
rotates about ite axis with constant angular velocity w. As usual, we call 
6 the colatitude, ¢ the (celestial !) longitude. Apart from arbitrary initial 
values the motion of our mass point is then given by 
(1) G=pi, pm wt. 
From the Cartesian coordinates of the point, 


wma sin 6 cos ¢ 
(2) y=a sin 6 sin ¢ 
z=a cos 6, 


we obtain by differentiation with respect to #, 


t=<=ay cos 8 cos d—aw sin O sin ¢ 
(3) y=ap cos 8 sin ¢+-aw sin ? cos ¢ 
tm — ap fin 6, 
t= —ap* sin 9 008 ¢—aw* sin 6 cos ¢—2 auw cos O sin ¢ 
(4) ¥= — ap? sin 6 sin ¢—ae* sin 0 sin ¢+2 ane cos 4 cos ¢ 
R= — ays" cos @. 
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In the triplet of equations (4) the first terms on the right represent the 
usual centripetal acceleration which is associated with the motion along 
the meridian if the latter is at rest in space. The second terme give the 
centripetal acceleration, resulting from the motion of a fixed point of the 
meridian in a circle of latitude (due to the earth’s rotation abont its axis). 
The third terms, however, constitute something new, for they represent 
the kinematic interplay of both motions. If we multiply (4) by —m, we 
obtain the inertial force F* of our mass point in the compound rotation. 
In vector form it is 


(5) F*=C,+C,-+F,. 


The symbols C, and C, refer, as in (10.3), to “ ordinary centrifugal forces.” 
C, ie directed radially outward from the earth’s center and has the magnitude 


+ 
IC,[=mapr=m®. o=ap. 


O, is directed outward normal to the earth’s axis, and has the magnitude 
[C,[= maw? ain Pem—2 + vgmaw sin 8. 


We can call the third constituent F, the “ composite centrifugal force ” 
(force centrifuge composée) or Coriolis force. Its complete vector expression 
[ef. Eq. (29.4a)] is given by 


(8) F229 Vp Xo. 


We have here written v,,, instead of the vector y, corresponding to the 

preceding v,; by this we wish to indicate that quite generally it is the 

velocity relative to the rotating reference system that gives rise to F,. 
According +o (6) the magnitude of F, is 


(6a) ]F.,| = 227 0,5) w sin (V1, @), 
80 that, in our case, 
(8b) [F,|=2 2... w cos 6. 


cos @ is of course just the sine of the geographic latitude. As for direction, 
F,, is perpendicular to both v,,; and , or, equivalently, to C, and C,. 
The sense of F, is given by the direction of advance of & right-handed 
screw turning from v,, to @. This is illustrated in Fig. 48 for a particle 
moving from south to north. Two positions, one in the southern and one 
in the northern hemisphere, are shown. In the former, corresponding to 
the sense of the right-handed screw v,. >a, F, acts from east to west; 
in the latter, from west to east. 
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Instead of a single particle we can also consider a continuous sequence 
of such particles, hence a river flowing along the meridian. Tig. 48 
then tells us that the inertial force of the water moving from south to 
north presses against the right bank in the northern hemisphere, againat 
the left bank in the southern hemisphere. The change of sign in the pressure 
is evidently connected with the sine of the 
geographic latitude occurring in (6b). This 
rule is valid not only for south-north flow, 
but, as will be shown in the next section, for 
any direction. of ¥,., and therefore, in particu- 
lar, also for the north-south direction of flow. 
This is intuitively obvious in our example. 
The west-east velocity of the water deriving 
from the earth’s rotation depends on its 
distance from the axis of rotation, hence on 
the geographic latitude. I£fthe stream moves 
from south to north, the water in the northern ? 
hemisphere has an excess of west-east mo- Fra. 48. Special derivation 
mentum imported from more southerly  fCoriolisforce: amass point 
latitudes; this excess manifesta iteclf as g "ves slong a meridian of the 

: ‘ . rotating earth with conatant 
pressure eastward, that is, against the right 1, eliy Vig eorvemponding 46 
bank. But similar reasoning must hold in the constant angular velooity 
the case of north-south motion. In that 4 as seen from the earth’s 
case the water importa a deficiency of west- center. 
east motion from the northern latitudes. 
Let us mentally add the deficient amount in the sense of Fig. 41, once with 
+ sign, once with — sign. The part added with — sign has an east-west 
direction, and therefore exerts a pressure westward, i.e., again on the right 
bank. The same process of reasoning shows that in the southern hemisphere 
the river exerts excess pressure on its left bank, for south-north as well as 
north-south motion of the water. 

Geographers have proved by numerous examples that the pressure 
against the right bank in the northern hemisphere manifests itself in a 
stronger erosion of the right embankment (Baer law of river displacements) ; 
-in addition the water stands slightly but measurably higher at the right 
shore of the river. 

Of much greater significance are the effecta of the Coriolis force on 
ocean currents (deviation of the Gulf Stream and tidal currents of the 
northern hemisphere to the right). 

It is, however, in the atmosphere that its effects are most pronounced. 
The well-known law of Buys-Ballot states that the wind does not blow 
in the direction of the pressure gradient, but is deviated considerably, 
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to the right in the northern, to the left in the southern hemisphere; it is 
only at the equator that it follows the pressure gradient exactly. 

All these phenomena are immediate results of Newton’s first law and in 
the last analysis derive from the fact that in mechanics the rotating earth 
is not an admissible reference frame. 

Tn this section we have calculated the Coriolis force with the help of 
spherical polar coordinates. In problem V.1 we shall derive it in cylindrical 
coordinates. 


§ 29. The General Differential Equations of Relative 
Motion 


We replace the earth by an arbitrary rigid body B, which rotates with 
instantaneous angular velocity about a fixed point O. Let P he a 
particle which moves with arbitrarily varying velocity relative to B. Ita velo- 
city with respect to space is then composed of this relative velocity and the 
velocity in space of a point of the body instantaneously in coincidence 
with P. According to (22.4) the latter is given by wxr. As in (22.4) 
we shall designate by w the velocity of P with respect to space; furthermore 
we shall call v (instead of v,,) the relative velocity of P with respect to B. 
We then have 


(1) W=V+eoXxr. 


Let us agree that temporal changes be designated by an overhead dot if 
observed from space, by ‘ if observed from the body B. We can then 
write 


(26) wet, 
dr 
(2b) vo a ’ 
(2c) b= Foxe. 


The acceleration of our point P in space is given from (1) as 
(3) Wa V-+oxe+oXr. 


In the middle term of the right member we substitute the value of f from 
(2a) and (1) to obtain 


(8) oXt =oxv+ox(exr). 
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We shall tranaform the first term on the right of (3) by replacing the arbitrary 
vector r in (2c) by y. This yields 


(3b) w= Gte XY. 
Substitution of (3a) and (3b) into (3) gives 
(4) wad +2oXV+oX(oxr)+oxr. 


We notice that sccording to (26.88) we can write either & or in the 
last term of Eq. (4). 

From (4) we proceed to the inertial force acting on our particle by 
multiplying both sides by —m. At the left we then have the inertial 
force F* in space; the first term on the right is the inertial force observed 
in the non-inertial reference system B, which we shall call FX. The second 
term on the right gives the expression for the Coriolis force which we met 
in (28.6), viz., 


(4a) ~2maxv=+2m vXo=F,. 


Our present treatment therefore supplements that of the preceding section 
by furnishing a general derivation of the Coriolis force. In the next to 
last term of Eq. (4) one easily recognizes (after multiplication by —m) 
the ordinary centrifugal force C, which appears to act on our particle by 
virtue of the rotation of the reference system B, and which was designated 
by C, in Eq. (28.5). 

From (4) we therefore have, collecting all the terms, 


(5) F* = F*,+C+F,--mrxo. 
Here we replace FX, by its value from the definition 
Fyy=—m = 


and recall that due to the equilibrium of external and inertia] forces in the 
system fixed in space we must have 


F+F*=0. 
Thus we obtain the general differential equation of relative motion 
(6) m5 =F+O+F,+mrxe. 


We see that in the system B there appear, in addition to the actual 
external force, the fictitious forcee C and F,; from the standpoint of an 
observer moving with B, they act in the same manner as the external 
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force F; actually, they result solely from the inertia of the particle m 
fixed in, or moving relative to, a non-Newtonian reference frame. The 
last term on the right of (6) is of similar origin; it stems from a possible 
acceleration or change in direction of the rotation. Applied to the earth it 
corresponds to the polar fluctuations and can certainly be neglected aa 
vanishingly small. The differential equation (6) will be used in the three 
following sections and in problems V.1 and V.2. 


§ 30. Free Fall on the Rotating Earth; Nature of the 
Gyroscopic Terms 


Whenever we try to measure the effect of gravity, it ia not just the gravi- 
tational attraction itself, but the resultant of the earth’s attraction F and 
the centrifugal force C that is observed. The flattening of the geoid, i.e., 
of the mean terrestrial surface, is itself determined by this resultant, and, 
in fact, in such a manner that the geoid is everywhere normal to it. If 
we put 


the gravitational acceleration ¢ is a vector which has the magnitude g, 
but a direction along the normal to the geoid, rather than along the produced 
radius of the earth. 

From (29.6) we obtain, in view of (1) and (28.6) and with neglect of the 
term in @, 


(2) T= -8+2VxXe. 


Let us now resolve this vector equation 
into coordinate equations by introducing 
an. orthogonal system £, 7, ¢, fixed in the 
earth, and defined aa follows (cf. Fig. 49): 

£=north-south direction on the earth, F10- 4. Free fall on rotating 


: earth. Syatem of coordinates: £ 
(3) »= west-east direction on the earth, along a meridian, 7 along a circle 


{=point of observation» zenith-. °f Jatitude, ¢ along bag normal to 
normal to geoid. the gooid. 
We then have, in component form, 
dé dz 
v =(F =e 2); 
(4) & =(0, 0, 9); 


© =(— con ¢, 0, w Bin $); 
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¢ being the geographic latitude as in Fig. 49. It then follows from (2) that 


= 2wsin gy! 
(5) “j= -2wsing S ~2 woos ¢ B 
tom 2 w cos ¢ 


Before proceeding to integrate (5) we wish to examine the general 
character of these equations. They are distinguished by the fact that the 
array of coefficients of the right-hand side is antisymmetric. Let us 
introduce abbreviations 


(6) am2osing, B=0, y=—2w cos ¢. 


The array then is clearly antisymmetric about the diagonal, as shown 
below: 


(7) 


This antisymmetric character indicates conservation of energy. If diagonal 
terms were present or if, speaking more generally, the array of coefficients 
had a symmetric part, we should have dissipation of energy. 


For let us multiply Eqs. (5) row by row by 7 a6, a: 2, and add. All 
the coefficients of a, Penk yh ih a we a 


34 |(4) + (2) +(B) ]+ 08-0. 
that is, 
(8) T+ V =const. 


Here T' and V are the kinetic and potential energy of relative motion (where 
we have put the mass=1). This conservative character of our array of 
coefficients can he made evident even without caloulation; for by virtue 
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of the factor ¥xw, F, is perpendicular to the motion and therefore does no 
work, in analogy with magnetic forces in electrodynamics. 

If, on the other hand, the array of coefficients had a symmetric contri- 
bution, we should have 


(9) £(T+¥)<0 


where the < sign resulte from the assumption that the signs of the coefiicients 
satisfy the physically necessary conditions corresponding to a damping of 
the motion. It is seen that (9) results not in conservation, but rather, 
aa asserted, in dissipation of energy. An example (only one-dimensional, 
it must be admitted) of the dissipative character of an even array of coeffi- 
cients is furnished by Eqs. (8) and (9) in the treatment of damped oscillations 
of Chapter IT, § 19. 

With Lord Kelvin we call the terms of an antisymmetric array of 
coefiicienta gyroscopic terms. The name suggests that they indicate an 
internal gyration of the system (in our case the earth) which has not been 
taken into account explicitly in setting up the problem, but has instead 
been incorporated in the choice of coordinates (in our case the £, », Z). 
Such gyroscopic terms play an important role in general laws concerning 
the stability of equilibria and motions. 

We shall now proceed with the integration of Eqs. (5). Let us postulate 
& free fall from height & without initial velocity. We therefore require 
at t=Q: 


aa é=7=0,{=h 


dg _ dy 
dt at a= 


From the first and third Eq. (5) we then have 


a ‘ 
(11) BaQuneing, G4 gt= 2am cong. 
Replacing these in the second Hq. (5), we obtain 
(12) Titdatn=Ot, C= 2ag 008 ¢. 


The integral of this equation is found by the general rule lsid down in 
connection with Eq. (19.4), viz., particular solution of the inhomogeneous 
equation + general solution of the homogeneous equation.” In the present 
case this leads to 


9= oat+A sin 2ut4B 008 But. 
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Conditions (10) require that we put 


B=0, 20 A=— Sy Le., 


oie oe cal a) 


According to the meaning of n, ef. (3), this is the eastward deflection. 
£ is the southward deflection. From (11) and (13) it satisfies 


2 
af ying cong (+-"42%) 
whose solution, with due regard for (10), is 


(14) fag sin $ 008 $ (5 — Tar). 


With the help of (13) and (10) we finally obtain from the second Eq. (1]) 
the motion along the vertical, 


(18) tmh— 8F +9 cont g (5 — Seat). 


wt is & very small number of order of magnitude (time of fall) + (1 day). 
We can therefore develop the solutions in powers of wi. In lieu of (13), 
(14), and (15) we then obtain 


n=%& cosgut, g=F sing cos $ (wt)? 
(=h- F (1-54 (wt). 


The eastward deflection is accordingly of the first, the southward deflection 
of the second order in wt. The deviation from the law of freely falling 
bodies along the vertical caused by the earth’s rotation is likewise only 
of the second order in wt. The eastward deflection has been observed in 
several instances and found to be in agreement with theory; under favorable 
circumstances (deep mine shaft) it amounts to several centimeters. 

Evidently these (cbservable or unobservable) deflections are due to 
the fact that the initial conditions (10) which lie at the very basis of both 
theory and experiment prescribe rest with respect to the earth. They bence 
imply & certain velocity in space, which is of the magnitude (earth's angular 
velocity) + (distance from axis of earth). This velocity is somewhat different 
from the velocity with which the earth’s surface moves away under the falling 
body. It is then clear that the body does not hit the earth at the exact 
vertical projection of its initial position, 


V¥31 Foucault’s Pendulum 171 


§ 31. Foucault's Pendulum 


Once more Eqs. (80.5) are in force, but with the added condition that the 
mass point have the constant distance ? from the point of suspension of 
the pendulum. We write this condition in a form similar to that used for 
the spherical pendulum. (18.1), i.e., 


(1) =F (++ 8—-B)=0 


and introduce the Lagrange multiplier associated with it. Eqs. (30.5) 
then read 


3 2wain ¢ B 4A£ 
(2) oY =—2wsin ¢ 28 -20 cos ¢ E+Aq 
S4+9= 2 cos ey +AE. 


We shall of course restrict ourselves to small oscillations. We therefore 
regard, 5 and 4 ag small quantities of the first order; from (1) it follows 
that C =1 up to quantities of the second order. More precisely, for 
pointe in the neighborhood of the rest position we can write 

{= ~—2 (1+-quantities of second order), 
since £ is of course directed vertically upward. The third Eq. (12) then 
shows that up to quantities of the first order 
(3) g=— Al, hence A= -%. 


dé 


Once more we write down the first two Eqs. (2), neglecting the term in = 


because small of second order, and using the abbreviation. 
(4) U=w sin d, 


to obtain 


BUY + leno 


(5) 
Fh teu St 4+ ly =0. 


It is convenjent to consolidate them in complex form by multiplying the 
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second Eq. (5) by é, adding it to the first one, and, as on p. 142, Hq. (26.10), 
introducing the new variable 


(6) = £+47. 
We obtain 
a%s - deg 
(7) qa t2tu a +79=9, 


which is a homogeneous linear differential equation of second order with 
constant coefficients. Note that it is the gyroscopic character of the 
middle terms of Eqs. (5) which made step (5) —> (7) possible. 

Eq. (7) is solved by putting 


gan A eft, 
Substitution in (7) gives 
e+ 2ua— 7 =0, 
@ quadratic equation in a with the roots 
(8) y= —ut(ut+8)t and age—u— (w+ FF 
It follows that the general solution of (7) is 
(9} 4 =A, efaitt Ay gtts!, 


The constants 4, and A, are determined from the initial conditions. In 


agreement with the experimental arrangement we shall stipulate that these 
be 


(10) =a, 7-0, $aBao atixd. 


We therefore imagine that the bob is pulled by an azoount a out of its 
plumb line position along the positive ¢-axia, io. (of. Fig. 50), southward 
along the meridian, and then released without impulse. From (10) the 
initial values of our complex variables are 


(108) =a, 2=0 at t=0. 
Eq. (9) then gives 

(11) 4A,+A;=4, 
(11a) Ay %+A,04=0, 
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Next we caloulate the expression for “ ; it is somewhat less involved 
than that for ¢ itself. Recalling (lla) we have 


a =a 40, 4,67 tut fer(ure fits - e-t(wt+ ft ; : 
from which, according to (8) and (11b), 
me g 1 —iut a a2 \t 
Hm 877" ei. (+ FE 
(12) dt t (u+9}* ( ') 


We arrive at the following conclusions: whenever the sine factor vanishes, 
we have 


a0 and hence oD, 


This represents the occurrence of a turning point or cusp in the trajectory 
of the bob. According to our initial conditions (10), the first one of these 
occurs at t=0. If we put 


(13) Te 77. , 


succeeding cusps occur at 
T 8T 
t= 5, t=T, j= a =. 


tox?’ is the duration of a complete to-and-fro motion. 
Putting v«=0 (that is, w=0) makes Eq. (13) agree with 
the period of oscillation of a simple pendulum without 
terrestrial rotation — as would be expected. 

In order to see where the bob of our Foucault pen- 
dulum is located at #=—7', we make use of (13) and (11) 
to obtain from (9) 


San A,e tT ani A, eu?-ant. (A,+-.A,)} e tu? — ge -T, 


Fra, 50. 
The bob therefore has the same distance a from its rest Foucault’a pen- 
position as it had at the outset of the motion, but ite dulum. Bird’s- 
azimuth no longer coincides with the southward meridian, oye view of the 
as initially, but has acquired a lag with respect to this Taleetoryof the 
direction given by the angle placemons 40 
“ a the south; west- 
UT =: 2r7—— oe 2n(-) w sin ¢. ward deflection 
(w+) in 9 completes 


oscillation. 
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The bob is thus deflected westward, of. Fig. 50. We can explain this by 
saying that for zero rotation of the earth the pendulum bob would pursue 4 
straight south-north-south course. In our case, however, the Coriolis 
force, through ite “pressure on the right bank,” displaces the trajectory 
by an angle Sul eastward while the bob is swinging out, sur westward 
while it is moving back. 

Foucault’s experiments of 1851 and those of his countless successors 
yielded only qualitative results; a quantitative investigation of all sources 
of error was carried out by H. Kamerlingh Onnes, later leading authority 


in the field of low temperatures and discoverer of superconductivity, in 
his Groningen thesis of 1879. 


§ 32. Lagrange’s Case of the Three-Body Problem 

We cannot resist the temptation to conclude our analysis of relative 
motion with the proof of a famous principle enounced by Lagrange (Paris 
Academy, 1772): The three-body problem can de solved in closed and elementary 
form if one assumes that the triangle formed by the three celestial bodies always 
remains atmilar to weelf. The masses of the three bodies are completely 
arbitrary. 

The proof of this principle will show that 

I. The plane through the three mags points is fixed in apace. 

2. The resultant of the Newtonian forces on each of the three points 

passes through their common mass center. 

3. The triangle formed by them is equilateral. 

4, The three: points describe conic sections similar to each other, 

with the common mass center at one focus. 

The proof given by Lagrange is rather involved. It can be simplified 
if, with Laplace, we assume from the start the first conclusion above. 
Carathéodory! has, however, shown that even without this assumption an 
elementary proof is possible. His starting point is our vector equation (29.4) 
resolved in orthogonal coordinates. We shall follow his proof with minor 
modifications. 

We consider the plane & which passes through the three points P,, 
Py, Ps (masses 17, mq, m,) and therefore also through their center of masse O. 
Without spoiling the generality of the problem we can define the latter 
as being at rest. § therefore rotates about the fixed point 0; this rotation 
includes a component causing 8 to turn into itself about its normal at 0. 
Call w the total angular velocity. We imagine ourselves to be located on 
a frame fixed in & from which we observe the motion of the points P,, in a 
way similar to that in which we observed the motion of Foucault’s pendulum 

1 Sit”, Baye. Abad. Wise. 287 (1988). Oe a ee 
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from the earth. From O we measure the radius vectors ©, to the pointe P,; 
¥;, and ve are their velocities and accelerations aa observed from S. Making 


use of the vector rule (24.7), we write down the differential equations (29.4) 
of the motion in the form 


(1) on + 20XV;,+o(r, : o)—T,w* + oXr,= ae 


F,, is the vector sum of the Newtonian gravitational forces acting at my. 
Thus, for example, 


(2) Fin Gimy  Fs—Ti + Gm sh. 
M% Ma—Til* [Pail [Fs —Tal® [Fa—Til 


We fix a Cartesian coordinate system in 9, with origin at O, and #, y, arbi- 
trarily oriented, in the plane of 8; at O we erect the z-axis perpendicular 
to §. In Eulerian fashion we resolve w along these axes, 


(3) coe (601, Wy; wg)- 
Let the component «, (rotation of § into itself) be determined by considering 


> 
the direction of one of the vectors OP, fixed in 8. But we assumed that 
the triangle P,.P.P, was to remain similar to iteelf; it follows that each 


—> 
of the other two vectors OP, as well has a direction fixed in S. We can 
then write 


(4) r.=A(t) (ay, 5y, 9), 


where a, 5, are the Cartesian components of P, st some given initial time. 
The function A(t) determines the common change in scale of the vectors 


= 7 *» 
OP, and hence also that of the triangle P,P, P;: with A and A the 
derivatives of A, we obtain from (4) that 


Ve ACE) (Ges De, Os 
FP=AC) (Ges Des 0). 


Tt further follows that the resultant force F,, of Eq. (1) has a vanishing 
z-component, and x- and y-components inversely proportional to 4°. We 
shall write this force in abbreviated form. as 


F 1 
(5) w= NH (Ly, My, 9). 


Noxt we write down the z-component of Eq. (1) perpendicular to 8, 
2A(u,d,— 04x) + Aas (@, 0, + 5, iW) on A( c,d, ~_ tig) =(), 


(4a) 
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or, factoring out a,, 5,, 
(6) {—2A cog +A( cog coy — cing) } ay (2A co FA( rg w+ cy)} By. 


The two brackets {} are functions of i independent of %, Calling them 
F@®) and g(t), we obtain 


fit} b 
(6a) aa ae 


We have, however, assumed that the points P, form a triangle, i.e., are not 
collinear. The three ratios b/a must therefore be unequal. In that case we 
can satisfy (6) only by putting f=g=0. Explicitly 

ae 2A = — (109 a9+ cy), 

; ZAws= Alwgawy— oy). 

Multiplication by w, and w, respectively, followed by addition, yields 


DA _ __ Wr Wy arg ty 
A~ "+ ty 
and, by quadrature, 
(8) won 5 C=constant of integration. 


We proceed to write the x- and y-components of the differential Eq. (1). 
They are 


Neby — 2 eng Dg coy A (04 c0,-+by 0g) — Ady (a2 + eng +-oog") — cig bya SE 


Ady +2eag Ady arg) (iy cry-+Bz, 029) — ABp (cry? +-e1.9-+-05%) + cdghay— ME 
or, arranged in factored form, 


{A—A(cag?-+- 058) Fay, — {2 wg A+A(— 4 gt ws) }b,= + 
(9) ‘ : 
{erg AFA (a arg-+ ods) faz +-{A— A(co,7+ 42) Jd, = =. 


The bracketa {} of the first equation and similarly those of the second, 
when multiplied by \*, must therefore each satisfy three linear equations 
with constant coefficients (independent of #). This is possible only if they 
are themselves constant. It follows that the difference of the firat and fourth 
brackets and that of the third and second brackets each equal a constant 
divided by A?. We then have 


(10) @*— wits 2 2 ay Wi, xe 
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A suitable consolidation gives 
458 


(wy $$ cg)" = 
from which the absolute magnitude 
(11) wPpagte T° Dm (42+ Bt 
is obtained. A comparison with (8) would lead to 
(Ila) A= J = conat. 


unless both © and D were to vanish. Now according to (10} A= const, 
would make both w, and w, constant, so that, from (7), ws would have to 
be zero. By suitable choice of the coordinates x, y ons could even make 
we=0; the first Eq. (9) would then yield 2,=—0. In that case the three 
pointe P, would have to be collinear, contrary to our hypothesis. 

We must therefore put C= D=0 and obtain from either (8) or (11) that 


(12) (= w= 0, 
This proves statement 1, that the plane & rotates with angular velocity ws into 
tteelf; ita normal ia fined tn apace. 

If we apply the equation of angular momentum to our system we see 
that the motion of the pointe m, within the plane § cannot contribute to 
the areal velocity constant. This constant is hence directly determined by 
the angular velocity ws of S. We must have 


const. = wg >My jrx{* = wd?) my (3-8). 


For this we can. write 


(128) XN ws=y (y= constant); 
it follows that 
(12b) QrAws pA” gm. 
By virtue of (12) and (12a, b) Eqs. (9) simplify to 
(18) NA~ Fa ea Tee 


The requirement = dy =5 contained in them says that the moment of F, 
about O vanishes, ae 


(14) [rixBa| = 5e( Ba —BiZa) 0, 
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so that F, passes through the massa center 0, The same holds for F, and 
F,. This is our assertion 2 which states that the resultant of the forces acting at 
P,, passes through the mase center of the particles my. 

We can make use of (2) to write (14) more explicitly. We have at once 


(15) AXA oe PALE BZ 0 
But from the definition of the mass center, 

(16) MT MgIy+Mgrs=0, 
and therefore 


Maly ML o-+ Maly XL3=0. 
Substitution into (15) yields 


1 1 
mates ES RAP) 


that is, 

(17) tre 1, |= |rg— r,|. 
Similarly we find 

(17a) [fs—Pal= |r,—1,|, etc 


We have thus arrived at statement 3: the triangle ta equilateral. 
The quotients =e and 3 occurring in (13) can each be determined. 
To this end, let us call Ae the side of the triangle, where 


St (@y— 4)? + (yg by)*= (@g— Og)*+(B,—By)*=... 
According to (2) and (5) we then have 


2 = elite (—) + My (@— )} 
and, in view of (16), 
(18) = S{—m— my— my}. 


The right member of this equation is symmetric in the m, and the poe 
a,, b,; 16 therefore represents the value not only of a but of =k 
also of 5 Substitution of this value in (13) yields 


(19) *- an = S (my 1Mg-+-ms). 
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This differential equation in A describes the motion in time, i.o., the rhythm 
with which our equilateral triangle altemately expands and contracts. 

There is, however, a simpler way to gain insight into this secular 
motion and at the same time into the form of the trajectories; we abandon 
the plane ¥ and observe the motion from a plane &’ coinciding with S, but 
fixed in space. In 8’ the only force acting on the mass point m,, is the 
resultant force F,, directed toward the mass center which is at rest; the 
fictitious forces (Coriolis, centrifugal, etc.) occurring in (1) drop out. From 
(5) and (18) the magnitude of F, is 


The only quantity in the right member that varies in time is A*. With the 
help of (4) it can be expressed in terme of |r;], 
i 


a+ : 
Let us replace A me this value in (20), define a new mass 


yim 


4 
b 
(208) m= m, 


and the total mass M=mm,+m,+m,. Instead of (20) we then. obtain 


Fel=— oe 


Each of our three mass points hence moves in space independently of the 
others, as if endowed with a mass m,’, and attracted to a mass M at rest 
in O in a Newtonian manner. Ii therefore describes a conic section with one 
focus at O. 

In order to be able to say something about the magnitude and mutual 
position of the three conic sections we must take into account the initial 
conditions implicit in the state of motion we have postulated. Let us for 
example consider the instant at which A= A,,;, when the distance 


(21) Dex (@2-+-02)* 


of all the m, from O is an extremum. According to (4) the radial velocity 
in § is then equal to zero; the velocity in &’, ie., in space, is given by the 
component ws of angular velocity multiplied by the distance (21); the 
factor (a2-+-5?)t occurring in this distance is thus a measure of the similarity 
not only of the initia] velocities and initial distances from the common mass 
center, but at the same time of the size of the three conic sections resulting 
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CHAPTER VI 


INTEGRAL VARIATIONAL PRINCIPLES OF 
MECHANICS AND LAGRANGE’S EQUATIONS FOR 
GENERALIZED GOORDINATES 


§ 33. Hamilton’s Principle 

We have already met a variational principle of mechanics, that of 
d’Alembert. This principle compares the state of a system at any given 
arbitrary instant with a neighboring state obtained from it by 6 virtual 
displacement. The principles which we are about to consider are integral 
principles. They differ from the former in that we shall be concerned with 
the successive states of the system during a finite interval of time, or, what 
amounts to the same thing, over a finite section of the trajectory. These 
tates are then compared with certain corresponding virtual neighboring 
states. 

The different integral principles with their various names are disting- 
uished by the way in which the correspondence between the original atates 
and their neighboring or varied states is established. They all have this 
in common: the quantity to be varied has the dimensions of action. They 
can therefore all be collected under the name “ principles of Least Action?.” 

While power, as we already know, is a quantity of dimensions Energy x 
Time, action has dimensions Energy x Time. An example of this is the 
elementary quantum of action, or Planck’s constant, which we shall encoun- 
ter in § 45, Le., the quantity 


A=6.624 + 1072" org sec. 


We shall first deal with Hamilion’s pronctple. It differs from that of 
Maupertuis, to be treated in § 37 (though historically the latter came first), 
in that here the time te not varied. This means that the system arrives at any 
given point of the actual trajectory, of coordinates x,, at the same time as at 
the corresponding point of the varied trajectory, of coordinates 2,-+8z,. 
The following statement sums up this property of Hamilton’s principle: 


(1) Stan 0. 


1 In Englishspeaking countries thia ugage is not common. We shall hence at once 
distinguish Hamilton's principle from the principle of least action (sometimes 
called the Principle of Maupertuis)—TrawersTor, 

11 
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We must remark at this point that when we speak of the trajectory 
or path of the system, we do not mean the trajectory of a point of the 
system in a space of three dimensions, but rather a curve in a space of many 
dimensions, characteristic of the motion of the system as a whole. Thus, 
in, the case of f degrees of freedom, this curve lies in the f-dimensional space 
of the coordinates g,..-. dy (cf. p. 48). 

In addition to the condition (1) we demand that another restriction be 
imposed on the variations in Hamilton’s principle; the end points O and P 
of the section of the trajectory under consideration and of its varied neigh- 
boring trajectory must coincide in space. Hence we have, for any 
coordinate x, 


(2) da=0 at t—t, and ati=t,. 


The adjoining figure has been drawn to aid in visua- 
lizing symbolically, in three dimensions, the relation 
of the actual path (solid) to the virtual one (dashed). 
The displacement 5g, resulting from the variations of 
the coordinates 6a, is to be completely arbitrary except 
at the two end points, with the restriction that 5g be 
continuous and differentiable in ¢. There ie a one- 
to-one correspondence between any point on the real 
path and one on the varied path, obtained from the 
ie = ae = . 5g, and two such points ee eee 
a. a the “trajectory” in 

We shall now derive Hamilton’s principle. We  peniton’s principle. 
start out with the form (10.6) of d’Alembert’s principle, The time is not varied. 


bia 
(8) 2Lmnin Ky) Bt t (rmgihy,— Y x) Bye (ory Zp) 84),}=0. 
We therefore consider a system of » discrete mass points which may, how- 
ever, be coupled by either holonomic or non-holonomic forces of constraint 
of unspecified naiure. It follows that the 52, dy,, 82,, which must of course 
satisfy these constraints, are not independent of each other; in the holo- 
nomic case of f degrees of freedom only f can be chosen arbitrarily. In 
the non-holonomic case they are related by differential conditions. 
We shall at first take up a purely formal transformation of relation (3), 
by writing 


(4) ii, Bay, = 5, (arya) — 2,5 (Sx) 


Where we shall at once ask ourselves what the meaning of an expression 
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such as 5 (Oy) is. For this purpose we compare not only the actual path 
of the x, with the virtual path of the x,-+4a;,, but also the velocity ¢, along 
the actual path with the velocity <,+-82, along the virtual path at the same 
instant t. The latter velocity is defined by the identity 


(tet 8e,)— a+ F(82,). 
We equate these two ways of writing the varied velocity and obtain 
(5) §,(8,) = Bay. 
Let us introduce this result into (4), 
(8) iy Sty 3 (ty 80)— ay Sary— F(t, By) — 48 (22). 


Similar equations hold of course for the coordinates y, and 2,. Hence (3) 
can now be written in the form 


dé » * : 

iD (a, 8a, yp by, +-2,52y) = 
(7) 

> (+a tat >, (X,.82;,+ VY, 8y,+Z,,52,). 
The second term on the right is nothing else but the virtual work 3W, that 
is, the work done by the external forces in our virtual displacement. On 
the other hand, the first term on the right is the variation of the kinetic 
energy 7’ given by 
T= DTH 


which oecurs when we pass from tho real to the virtual trajectory. Eq. (7) 
can therefore be simplified to 


(8) 4D Ma hp Bg +H Be, 8ey) = BT 37. 


Before deriving some further conclusions from this, we shall digress for 
&@ moment to make some romarks about the relation (5). Let us write it 
down once more, in the form 


(2) $,on= 5S 


If we recall that ¢ is mot varied, and that &:=0 implies ¢é=0, we can 
replace (9) by 


(9a) OM = 8 ox alec dda =8de. 
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Eq. (9a), expecially in the recond form d5= 4d, plays a fruitful if somewhat 
mysterious role in the older calculus of variations of the Euler type. We 
note that (9a) really says the same thing as the somewhat trivial Hg. (5) 
relating the time derivative of the virtual displacement to the virtual 
variation of velocity, except that (9a) contains the two assumptions that 
the time is not subject to variation and that the virtual displacement is 
continuous, 

We now return to Eq. (8) and integrate it over ¢ from f, to #. The 
left-hand side vanishes because of (2) and we are left with 


(10) ["er+amaao, 
to 


Owing to the type of variation embodied in Hamilton’s principle, this can. 
also be rewritten as 


(11) § f ‘Tdt+ f SW dt—0. 
% & 


It would, however, be erroneous to replace the latter integral by 5 f W at; 
for while it is true that the virtual work 8W and the amount of work done 
in dt, ie., dW, have a well-defined meaning, this is not so for *he work W 
iteelf. W is, tn general, not a “‘ state variable.” Tt is a state variable only 
if dW is a perfect differential, that is, if the external forces satisfy those 
conditions which guarantee the existence of a potential energy V [cf. § 6, 
(3)]. In that case we can replace 


[owas by ~ [8V dtm —8/ Vat 
in Eq. (11), which then takes the classically simple form 


4 
(12) 8 { - V) dt-=0. 


This is the equation one usually thinks of when one speaks of Hamilton’s 
principle. It is valid, according to the statements of p. 46, for conservative 
systems. We can call equation (11) Hamilton’s principle generalized to 
include non-conservative ; 

We now claim that Hqs. (12) or (11), respectively, contain the sum- 
total of mechanics, just as does d’Alembert’s principle. This emphasizes 
the special significance of the energy-like expression 7’—V. In mechanics 


it is called the Lagrangian function Soren for short) and takes 
Eq. (12) into 


(13) 8 f Lu=0 where L=T7-V. 
te 
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In words, the time integral of the Lagrangian ts an extremum. Helmholtz 
relied heavily on the variational principle in Hamiltonian form in his last 
works; he extended it to electrodynamics, and called L the kinetic potential. 
The name “ free energy,” as opposed to the “ total energy ” 7+V, would 
be equally justified in view of its wide use in thermodynamics. 

Hamilton’s principle derives special value from the fact that it is totally 
independent of the choice of coordinates. In fact, J’ and V (as well as SW) 
are quantities of immediate physical significance, which can be expressed, 
in any desired set of coordinates. We shall make use of this property in 
the following section. 

Hertz was of the opinion that Hamilton’s principle was valid only for 
holonomic systems. This error was corrected by O. Hilder (Géttinger 
Nachr. 1896). 

Hamilton’s principle goes counter to our need for cause-and-effect 
relationships, as do all the other variational principles involving action 
integrals. For here the sequence of events is determined not by the present 
state of the system, but is instead derived under equal consideration of 
both its past and future states. It seems then that the variation principles 
are not causal, but rather teleological. We shall come back to this point 
in § 37, where we shall deal with the historical origin of the principles. 
There we shall also briefly touch on the conversion of Hamilton’s principle 
into forms useful in fields of physics other than mechanics. 


§ 34. Lagrange’s Equations for Generalized Coordinates 


Let us consider an arbitrary mechanical system. We shall for the 
present assume that its parts are coupled by holonomic conditions only. 
The number of degrees of freedom of the system is f. We can then introduce 
f independent coordinates which determine the position of the mystem at 
any given instent. We shall call them, aa on p. 49, 


(I) Gis Yas + + » Ty 


These are our position coordinates. To them we add the “ velocity 
coordinates ” 


(1a) qi: dy edhe gy: 
The g, and g, together completely specify the state of the system at any 
instant. 

Let us be more explicit : let the system be described for the moment 


by »>f coordinates %,, ...%,, which need not necessarily be Cartesian. 
Let x—f conditions hold between them, of the form 


(2) Flop 2... %q)—=0, Bf, f+2,...0 
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We can then define g, as some function F, of a... %,, 
(2a) Fy (2; ee Tn) =e kel, 2,.. -f. 


Let us denote the partial derivatives of F, with respect to x; by Fy; & 
differentiation of (2) and (2a) with respect to ¢ then gives 


a ‘ 
. Gy, k=l, 3,...f 
(2b) dFe (a, -. . %q) um {é k=ft+1,...”. 


We can calculate from this the a, as linear fonctions of the g,, with coefii- 
cients that depend on the 2, ...,, or, by virtue of (2) and (2a), on the 
%,+-+-@y The kinetic energy 7', a homogeneous quadratic function of the 
%,, just as it would be were it expressed in Cartesian coordinates to begin 
with, again becomes a homogeneous quadratic function of the g, with 
coefficients that depend on the g,. For the present we shall postulate that 
the potential energy V is a function of the ¢, only, without, in principle, 
excluding the possibility of later making V a function of the q, aa well. 
In this connection we may now complete the definition (33.18) of Z by atating 
that 


L 4a to be regarded as a function of the q, and gy. 


For the time being we shall exclude an explicit dependence of Z on i. 

It is in this sense that we now write down the variation of LZ, i.c., the 
difference between the values of I in the virtual varied state g,+9;, 
a. +8, and in the original state Thy Fp: 


@) Blom > ia; Stat D 35 Bi 
2 aa 59, 2a, 8gy 
This variation is now introduced into Hamilton’s principle 
(3a) [fozaeo, 
t, 


This form differs from that in (33.13) in that we have written the variation 
under the integral eign, whereas we had previously put it in front. The 
two forme are, of course, equivalent by virtue of rule (33.1), which says 
that ¢ and dé are not varied. In any case, Eq. (3a) corresponds to the 
formulation (33.10) in which we first encountered the principle. 

We now carry out the integration over the time indicated by (3a) on 
the general term of the second sam of (3). For this purpose we alter the 
form of this term by a partial integration, & procedure which has been 
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characteristic of the whole caloulus of variations ever since Euler?: 


4 ab «. aL d 
) [a inaem [ HES, bande FF Baal — 0° BE Bea 


In the last member of this double equality the first term vanishes because 
of the conditions laid down in (33.2). The complete expression (3) for 5Z 
therefore yields 


(4a) [iatam— [OS (Es i) Sandt—=0. 


Now the 8g, are independent of each other. We oan therefore make all but 
one of them zero. This one we can also make zero everywhere along the 
“trajectory ” of Fig. 51 except in the neighborhood of a single point, or, 
what amounts to the same thing, during a time interval 4¢ at an arbitrary 
time ¢. In order to satisfy (4a) we now require that 


(5) bie ~ Fas) f 8g, di=0. 
at 


But 4é is finite, and 4g, does not vanish during the interval dt. Hence 
we must have, for any time ¢ and any index k, 


These are Lagrange’s equaitons for generalized coordinates, or, as they are 
also called, Lagrange’s equatine of the second kind, specialized to the case 
so far considered in which the forces acting on the system have a potential 
and the internal constraints of the system are holonomic, 

Tf one or the other of these assumptions is dropped, we arrive at an 
extended form of theee equations; let us hence consider two cases. 

The first case is that in which the forces are not derivable from 4 
potential. In that case the form (33.11) of Hamilton’s principle will have 
to be our starting point. We think of the virtual work 5W of the external 
forces as expressed in terme of the virtual displacements $g,, and are led 
to write 


(7) W=> Op 50% 

* In goncral we uso the torm, ‘** Buler’s equation of & » given, variational problem 
to designate an equation of type (6), and the derivation of (6) from (4} and (5) is 
typical of the derivation of Euler’s equation in any such problem. We can there- 
fore say that Lagrange’s equations are the Euler equations for the veriational 
problem characterized by the function 5, 
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We shall call the coefficients Q, here introduced the generalized components 
of force associated, with the coordinates q,. This is a formal extension of 
the force concept, which is of course admissible as a mathematical definition. 
Furthermore it is quite useful. Thus we can now restate the definition of 
the moment of a force about an axis given in (9.7) as follows: the moment 
of a force is the generalized. force associated with the corresponding angle 
of rotation. It is clear that the quantities Q, defined in (7) no longer possess 
vector character, nor need they in general have the dimensions of dynes 
any longer. From (7) it is seen that their dimensions depend instead on. 
the dimension of the associated g,. Thus moments of force must, as we 
already know, have dimensions of work, hence ergs, for the associated $9, 
are angles and therefore dimensionless. 

If we now introduce (7) in (33.11) and carry out the transformations 
indicated by Eqs. (4) and (5), we clearly obtain, in place of (6), 


(8) a@ar af 


dBi, Bay, We 

We can write this in 8 somewhat more general form as 
d éL 

(8a) SiR — FU 


This is more general because now we can take into account the case where 
some of the forces acting are derivable from potentials, others not. We 
need only write the Q, corresponding to the latter type of forces on the 
right side of (8a). The potential energy of the former, on the other hand, 
can be combined with the kinetic energy T to form the Lagrangian LD 
of (82). 

Eqs. (88) are then the Lagrange equations for forces some of which are 
not derivable from potentials. 

If now we drop the second of the previously stated assumptions, i.e., 
postulate that the constraints of the system are in part non-holonomic, the 
introduction of the coordinates g,, is made invalid. For by definition non- 
holonomic conditions cannot be put in the form (2) and hence cannot be 
eliminated by proper choice of the g. We are then forced to introduce an 
excessive number of g, that is, a number greater than the nunaber of degrees 
of freedom for infinitesimal motion. The latter is f—r where f is the number 
of degrees of freedom for finite motion and r the number of non-holonomic 


conditions. These cam be written as virtual conditions in a form similar 
to Kq. (7.4), 


f 
(9) > Feu lass. -- %)8q,=0, w=1,2,..-7. 
keo1 


VI.34 Lagrange’s Equation for Generalized Coordinates 189 


They imply a restriction on allowable variations &g,. One takes this 
restriction into account by multiplying each of the Eqs. (9) by a Lagrangian 
multiplier A,, and then adding it under the integral of (83.13). One obtains, 
with the F in somewhat abbreviated notation, 


r 
‘ie (L+> Apl het 5¢y) dt=0. 
a s\ 


The Eulerian transformation procesds as in (4), where instead of (4a) we 
obtain 


¥ 
} 
as [RX (Sae~ S- De Pan) Ora 
pat 


Here the 8g, are no longer independent of each other, but are connected 
through relations (9). One can, however, argue a8 on p. 67: of the bracketed 
() coefficienta of 5g, in. (10), r can be made to vanish by a suitable choice 
of the Ay. In the remaining sum over &, only f—r of the g,, all independent 
of each other, are left. The same line of reasoning ss after (5) now forces 
us to the conclusion that the remaining brackets must vanish, too. We 
then obtain the complete system of f equations, 


deb eb 
(11) Hain Bae 2, Pew 
foul 


We can designate these as Lagrange’s equations of the mixed type, since they 
fall halfway between Lagrange’s equations of the first and second kind. 

We may mention that this mixed type occurs not only when we are 
unable to eliminate some of the conditions (case of non-holonomic con- 
straints), but also whenever we do not wish to eliminate them. For it can 
happen that we are interested in the force of constraint that a holonomic 
condition exerta on the system. This force, as it turns out, ia represented 
by the A, associated with the condition in question [just as in Hq. (18.7) 
dealing with the spherical pendulum], and can be obtained by integration 
of Hq. (11). 

Evidently we can finally combine the types (11) and (8a), for the case 
that we simultancously drop both assumptions stated after (6). 

Instead of doing this, we shall lastly concern ourselves with the following 
question: how and under what assumptions can the principle of the con- 
servation of energy be derived from Lagrange’s equations (6)? 

As already emphasized, above Eq. (3), LZ is a function of the g, and the 
g,; we further require, as earlier, that L not contain ¢ explicitly. In that 


190 Integral Variational Principlea of Mechanics VI34 


case Hq. (8) is valid not only for the virtual changes 8, 5g, but also for 
the secular changes dq, dg, 80 that we have 


an . ob . Ob 
(12) B= Dfeag, + de agy 
On the other hand we emphasized at the same place that 7 is a homo- 


geneous quadratic function® of the ¢,. We can therefore apply the Euler 
rale 


. 6F 
(13) 27 = = 
2 Tk 5y,, 
for homogeneous fonctions. Differentiation with respect to the time givea 
aT . oat . oF 
(14) Em 2 waE t 2,402, 


We now subtract (12) from (14). Because L=7—YV, the left member 
becomes 


ar . aV 
rie 


On the right the second terms cancel provided V ie independent of g,. In 
that case, by means of Eq. (6), the first terms on the right cancel as well, 
60 that we obtain 


(de) 3+ Geno 


from which we conclude that 
(15) T+ Van EH. 
The law of the conservation of energy is therefore a consequence of Lagrange’s 
equations. 

We must now examine the assumptions leading to this important 
conclusion. 

&) From the meaning of 7’ we can say that the kinetic energy is deter- 


mined by the position and velocity of the system, hence by g and g; T could 
depend on. ¢ explicitly only as a result of the elimination of the equations 


* Even when this is not the cage and Z is instead assumed to be any desired function 
of theg, and g,,® generalized conservation law of the form =) ppta—L—oonst. 
can, be given. In Chapter VIII we shall call the function A thus defined the 


“ Hamiltonian "’; the conservation law contained in Eq. (150) is a spacial case 
of the above equation, 
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of constraint, in case the latter depend on ¢*. Now we have already seen 
on p. 68 that auch constraints do work on the system, and therefore upset 
the conservation of energy. It is then indeed necessary for the validity 
of the conservation law that 7 not contain the time explicitly. 

b) The assumption that £ does not depend explicitly on ¢ therefore 
reduces to the assumption that V is independent of ¢. This condition, too, 
is necessary. Otherwise one would have to add the term 

_2v, 
at 
on the right side of Eq. (12). This term would then reappear with opposite 
sign in the right-hand member of Eq. (14a). Instead of T7+V= const. we 
should then obtain 


(15a) £@+V)=F: 


that is, the law of the conservation of energy would be invalidated. 

¢) Suppose that VY depends not only on the g, but also on the gy. 
With the aid of (6) we obtain as the difference of the right members of 
(14) and (12) 


. &€3V . OV @ . aV 
(15b) > aH, + 2 eB, eG, 


This case does lead to a conservation law, which has, however, the unfamiliar 
form 


(18) T+V—->& i =const. 


One more conclusion can be drawn from the above which will be useful 
to us later. We shall calculate L—27'=—- (7+), by using the expression. 
(13) for 27 and reverting to the assumption that V is a function of only 
the g,. We then arrive at 


. oF . 8 
= (T+V)=L-> ing = L- D> tee 
or 
(16) T+Ve > ty 5 ~L. 


The total energy T-+V can be caleulated from the expression for the 
Lagrangian, 
+ forosicons mash tzne-dapenons condiions aro called heonoxaoan (uid) an opposed 


to time-independent conditions which are characterized as scleronomous (fixed, 
rigid). . 
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The rather abstract developments of thia section will come to life with 
the examples of the following section, To prepare ourselves for these we 
shall specialize the two expressions 


oL ZL 
i, Mo oe, 


occurring in (6) for the simplest case, the motion of an isolated mass point 
expressed in Cartesian coordinates z, y, z. We have 
Ta Fe+y+e), Foo ami, ete. 


aL av 
So Se =X, etc. 
Since, according to this equation, = a re the z-coordinate of momen- 
tum, we shall, quite in general, call pee lire | eiicraas caeaania 
belonging to q,. Since on the other hand Z furnishes ee #-component of 
the force, we shall label the two terms sale from 2 ~ as g-conyponents 
of generalized force, 

or ay sf 
(17) e-h7H Ne 
Q is an external force an in Hq. (7), whereas ed is a fictitious Lagrange force 
dependent on the way in which the q coordinate varies with position. In 
the case of Cartesian coordinates x, y, z where curves of constant g are 
parallel to each other, a given q, is independent of the g, (kt) and the 
fictitious force vanishes. 


§ 35. Examples Illustrating the Use of Lagrange’s 
Equations 


We have chosen examples which were treated earlier by elementary 
methods, in order to demonstrate the superiority of the Lagrange formalism. 


(1) The Cycloidal Pendulum. 


The obvious coordinate g in this case is the angle of rotation of the 
wheel generating the oycloids in Fig. 26. The Cartesian coordinates expressed 
in terms of this angle are, according to (17.2), 


w=a(¢—sin¢), +=a(1—cosd) ¢ 
y=a(l+oo8g), g=—asndd. 
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From these we calculate 
Tax F (é4-+-92) = mat(1—cos g) gt 
Vemgy=mga(1 +008 é) 


(1) L=ema*(1— cos ¢)¢*— mga(1-+ cos 4). 


This is all we need to know about the geometry and mechanics of our system. 
The Lagrange formalism automatically takes care of the rest: 


od ~2ma¥(l—cos $)¢, 55 —ma* sin $¢*+mga cing 


5 id =2ma*(1 ~ cong) d-+2ma? sin ¢ 42 
or, when substituted into the differential equation (6), 
(1—cos ¢) $+ gain ¢ fam £ sin g. 


Introduction of the half angle and. division by 2ein3¢ sinoplifies this to 
(2) ain$ ¢ +5008 § ¢#= £ cos §- 

It can easily be verified that the left member equals — 2400814. Our 
differential equation (2) is therefore identical to the previous Hq. (17.6), 


by means of which we were able to prove the rigorously isochronous 
behavior of the cycloidal pendulum. 


(2) The Spherical Pendulum 


Here the angles @ and ¢, polar angle and geographic longitude respec- 
tively on the sphere of radius ?, are the given coordinates of the mass point. 
The line element is 


Gigi == J? (204+ sin®# 24%) 
80 that the kinetic energy becomes 
Pan FP (02-+-gin2? ¢). 
As in (18.5a) the potential energy is V=mgl cos @ and therefore 
(3) = FF (6'--ain®@ $%)—mgl oos 6. 
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And now the automatic calculation along the Lagrange pattern sets in. 
After division by constant factors, the differential equations for # and ¢ are 


6—sin 6 cos O¢*-— § sin 0x20 
(4) 
Z (Pein? 64)=0. 


The second of these equations is the law of conservation of areal velocity, 
in agreement with (18.8). Note that we have here avoided the calculation 
which necessarily preceded this equation in the earlier treatment. With 
the help of the areal velocity constant C of Eq. (18.8), the first of Eqs. (4) 
can be written 


a__ O* cosd : 
b= We gare t fan 8. 


The second term on. the right is equivalent to the gravitational torque 
|L|=mg?sin 6, this being the generalized component of force associated 
with the angle g=@ in the sense of (34.7). The first term is « fictitious 
Lagrange force in the sense of (34.17); the origin of this force is the fact 
that the lines along which the angle @ is measured on a sphere do not run 
parallel but diverge from the pole. 

It ie instructive to apply to this example the extension of Lagrange’s 
equations for which provision was made in Eq. (34.11) by introducing the 
excess coordinate r together with the @ and ¢. Now ¢ is of course fixed 
through the relation r=!; nevertheless we are interested in this coordinate 
because it will give us, by means of the multiplier A, the pressure of the 
mass point on the surface of the sphere, or, what amounts to the same 
thing, the tension in the suspension coord of the pendulum. In order to 
obtain the pertinent differential equation we need only replace (3) by 


(5) Lan F (72-12 68-174 gin®@ $2) — mgr cos 8 

and form a third Lagrange equation to be added to the two of (4), 

(8) £ mr— mr ®— mr sin®@ g*-tmg cos = dr. 

We have put the quantity F;,,, ocourring in (34.11) equal to r, for in order 


to obtain agreement with Eq. (18.1) we have written the condition +—=1 
in the form 


Fe=5(%—P)=0, 


Tf we set rm i and r=*=0, it follows from (6) that 
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(7) Al=smg 00s 6~ ml (6* + sin29 ¢), 


This is in agreement with (18.6) if there we transform the rectangular 
coordinates to 8, 4. Such a calculation is once more avoided by the use of 
the Lagrange scheme. 


(3) The Double Pendulum 


Here the two angles ¢ and ¢ of Fig. 38 are suitable coordinates q,. 
In the notation of § 21 we write 


XwLhaing, c=Laing+Iisin ¢ 
Y=aLoosd, y=Lcosd+tcos ¢. 
From these we get the following exact relations: 


Pao ZF (MY) + Ft Hy) 


(8) 


= EE" rages Pr pttmLl 00s ($- Wd ¥, 
Va=—MgY—mgy= — (H-+m)gL cos d—mgl con pb. 


The sign of the last expression is negative because (cf. Fig. 38) Y and y 
have been taken positive in the direction of the force of gravity. We shall 
here call A the Lagrangian formed from 7—V since we have used the 
letter Z for the length of the pendulum suspension. We obtain 


$6 = (M-+m)1A§-+mL1 008 ($— ¥) ¥, 


amit mI 00s (g— H)¢, 


ig = — (M-+-m)gL sin ¢— mLtain (6— ¥) $y, 


y =—mglsin y+mLi sin (d— bd th. 


In writing down the Lagrange equations from these relations we shall at 


onoe go over to small ¢, ¢. ¢, ys are quantities of the same magnitude 
as ¢, yi; their squares can therefore be neglected. The equations in question 
are then 


() : . 
i+ b= — 79. 


196 Integral Variational Principles of Mechanics VI1.35 


These are identical with the Eqs. (21.3); we need merely switch back from 
coordinate angles ¢, ¢ to coordinate distances X, x by making use of the 
transformation equations (8) which, for small ¢, ¥, simplify to 

x 2—X 


dt aa 


The identity is immediate for the second of Hqs. (9) and (21.3); the same 
is true of the first Eq. (9) and the first Eq. (21.8) provided we introduce 


for ¢ in the right member its value from the second Eq. (9}. The discussion 
of the oscillation process following Eq. (21.3) is hence immediately applicable 
to our present Eqs. (9) and need not be repeated here. 

In concluding we wish to emphasize that in the present purely formal 
treatment there was no mention whatever of the tension in the pendulum 
string ?; this tension is implicitly contained in the Lagrange equations of 
motion as an internal reaction of the system, as has already been stressed 
in the footnote on p. 112. 


(4) The Heavy Symmetrical Top 


The classical coordinates g, of this prob- 
lem are the Eulerian angles @, ¢ and ¢ [@ 
and ¢ have been introduced already in (25.4) 
and (26.5a)]. We shail define them and their 
corresponding angular velocities as follows 
(of. Fig. 52): 

I. @ is the angle between the vertical and 
the axis of the top; 6 is the angular 
velocity about the line of nodes which 
is perpendicular to both of these 
directions. 

2. % is the angle which the line of nodes 
makea with a fixed direction in the 
horizontal plane, for Instance the z-axis; Fra. 82 Definition of the 
y is the angular velocity about the Hulerian anglea 6, ¢, y, and 
vertical. their senao. The labeling of the 

3. ¢ is the angle which the line of nodes Saas Bg paren lar 
makes with a fixed direction in the dusedonp.i39 (ze=vertical, Z= 
equatorial plane of the top, for example Prd of top, 2=horizontal line 

. a % : in, space, X=aline i 
the X-axis; ¢ is the angular velocity acustorial plane pero a 
about the axis of symmetry of the top. in the top). 
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The 6, ¢, % are holonomic but curvilinear components of the angular 
velocity vector w, as opposed to the w,, w., w, which were rectilinear 
but non-holonomic componente of rotational velocity. Table (10) below shows 
the direction cosines between both sets of components. The table also gives 


the sense of rotation of 6, d, p (rale of right-handed acrew) : 


(10) 


The first two columns follow in an obvious manner from what was said in 
1 and 3. In order to understand the third column, note that the projection 


of the vertically oriented vector ¥ in the equatorial plane is y:ein 6; this 
vector in turn is resolved in the equatorial plane into the two components 
indicated opposite w, and wa, Viz., fain § sin ¢ and yb sin @ cos ¢ respectively. 
Notice that out table, unlike those in § 2, can be read only from left 

to right, not from top to bottom. From ita rows we now obtain 

y= 008 $ 8+ ain Gain dy, 
(11) w= —sin ¢ 6+ sin 8 cos ¢ x, (12a) c+ agt= 6 + sin?d Yt. 

w= 4 +008 Oy. 
Putting {,=J,, the expression (26.17) thorefore becomes 


(12) T= } (Bain! 0y%)+ 2 ($4008 64)". 


By virtue of Eq. (25.6a) for the gravitational potential energy V we have 


‘5 Lat V= 22 (sin? 9 ¥t)+ 2 (g-+-008 0 ¥)*"— P 00a 8, 
P=mgs. 


D is therefore independent of the position coordinates ¢ and ¥ and depends 
only on their change with time. We say that 6 and ¢ are cyclic coordinates. 

The name has its origin in the dynamic behavior of a rotating wheel (Greek: 

xvxdoo) which is determined not by its instantaneous position but only by 
its speed of revolution. Hence 
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From Lagrange’s equations the time derivatives of the quantities 
aL al 
a6 oy 

must then vanish. At the end of the last section we called these quantities 

the generalized momenta associated with ¢ and %. From now on we shall 

always designate them by ». Thus we write in general 


ab 
(14) Pr= 5° 


We can then assert that if the coordinates g, are cyclic, the momenta p, 
conjugate to cyclic coordinates are integrals of the motion (i.e., constants 
of integration). In our case we slready know the significance of these 
constants from (25.6). We have 


(15) Pg=M", py= HM. 


Previously, on p. 141, we lacked the expressions of these constants in terms 
of the position coordinates of the top. These can now be derived by applica- 
tion of the general rule (14): 


Pg= 3 =, (d+oos 6d), 
(16) : : 
Pye o =J, ain? 0$+7, cos @(¢-+cos Oy). 


Combination of (15) and (16) results in 
$-+toos Sym a 
(17) eae 
ZF, sin? &p—M’— M" cos 0. 


Eqs. (17) exhauat the content of two of the Lagrange equations. The third 
one expresses the rate of change of 


(18) Pox 53 mh 
and, becomes, if (17) is used to eliminate ¢ and yf, 
(19) Len ee +P sin 6. 


The right-hand member, which comes from 27, contains not only the gravi- 
tational effect familiar to us from (25.4), but in addition a fictitious force 


which ig a consequence of the nature of the coordinate system used, as 
we know from p. 192. 
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Eq. (19) has the character of a generalized pendulum equation. We 
need not be detained with its integration, for we can avail ourselves of 
the integral of energy 


(20) T+V=E 


which must be identical with the result of a first integration of (19). Let 
us once more eliminate the quantities ¢ and % of Eg. (12) with the help 
of (17). Then (20) yields 


(21) BO (nN + Fr +P con Om B. 


1 


Since Eq. (21) contains three constants of integration, namely M’, M’, and 
£, it must be the general integral of first order for the problem of the top. 
Finally, just as in § 18 for the spherical pondulum, we replace @ and @ by 


cos Gast; Osin Gu — a, 


We then obtain 

oe (Gy =7m) 

where 

ey) Da=(FE I a) aw (2H 


Since U(u) is a polynomial of third degree in wu, the time ¢ muat be given by 
an elliptic integral of the first kind, as in the case of the spherical pendulum: 


<~ we 


The azimuth angle # is given from Eq. (17) “He 
by an elliptic integral of the third kind 
(cf. p. 100), 


rik, 


<68> 


tt 
F men *f 44 au 
@5) ve Paar at 
Fie. 53. Trace of the axia of 
We can now repeat the considerations follow- the heavy symmetrical top on 
ing Fig. 29 on. p. 99, and arrivo at the picture a sphere of unit radius. 
of Fig. 53. The trace of the axis of the top 
on a unit sphere oscillates back and forth between the two circles of 
latitude w=, and w=«%,, which it touches. At the points of tangency, aa 
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shown in Fig. 53, the trace may either merely pass by, or make a loop; 
the loop may in turn degenerate into a cusp. During each oscillation the 
axis of the top advances by the same azimuth angle Ad, obtained from Eq. (25) 
by a complete elliptic integral of the third kind, similar to that in (18.15). 

In particular, if the top is to describe o regular precession about the 
vertical, it is necessary that the parallel circles x, and u, become merged; 
the curve U(u) of Fig. 29 (p. 99) must then touch the axis of absacissae from 
below. This shows that the regular precession of the heavy top ia a particular 
form of motion (whereas, in the case of the top under no forces, it is the 
general form of motion). 

If the two roots wu, and tu, do not coincide exactly, but only approxi- 
mately, we still seem to have a uniform advance of the axis of the top about 
the vertical; on closer observation one notices, however, that small nutations 
are superposed on this uniform advance, giving rise to what we called a 
““pseudo-regular precession”’. This is the typical phenomenon that one 
observes in the usual experiments with tops: one first imparts the greatest 
possible angular momentum to the top about its axis by pulling » string 
off its rim, and then sets it point down in a socket pan, taking great care not 
to add a perceptible lateral impulse to the motion. 

We explain this behavior as followa: in such an experiment the initial 
angular momentum M is close to the axis of symmetry; this also follows 
from the Poinsot method for the initial axis of rotation. Hence the axis 
of rotation describes at first a narrow circuit on the unit sphere of Fig. 43. 
The parallel circles ume, uu, touching this cirouit are close neighbors 
and remain close during the entire course of the motion, as can be seen 
from our general illustration in Fig. 53. The angular momentum and hence 
also the angular velocity are at first very great; they, too, remain unchanged 
during the motion apart from frictional losses, The nutations are therefore 
very rapid and almost invisible. The top seems reluctant to yield to the 
influence of gravity, instead constantly “sidestepping ” in a direction 
perpendicular to the force of gravitation. It is this paradoxical behavior 
which has for centuries attracted amateur and profeasional investigator 
alike to the theory of the spinning top. 


§ 36. An Alternate Derivation of Lagrange’s Equations 


Even though the derivation of Lagrange’s equations for generalized, 
coordinates from Hamilton’s principle is unsurpassed in clarity and brevity, 
we feol that it is somewhat artificial. The transformation properties of the 
various dynamic variables, which form the core of the Lagrange equations, 
are not brought to light. The following derivation will remedy this 
situation, 
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We foous our attention on a system of 3 mass points (nm being divisible 
by $8), subject to arbitrary constraints, chosen holonomic for the sake 
of simplicity. The number of constraints is equal to n—f, where f is 
the number of degrees of freedom of the system. Our notation will be 
that of Eq. (34.2). We shall number the coordinates, assumed orthogonal, 
€4,%q...%,; similarly we let X,,.X,...X,, be the components of the external 
forces. Finally we shall call &, & ... & the components of momentum 
of our mass points. We would have preferred to name them ,, m, ... 
Pp, 8 agreed to in (35.14); this notation must, however, be reserved for 
the generalized momenta, We have 


(1) E,=m,%, t=], 2...0, 
where the m, are of course equal in groups of three. The motion of our 


system is described by Lagrange’s equations of the first kind (12.9) which 
are, in the present notation, 


* 
(2) Bet > Angi, fel 2... 
gest. 


We now introduce the generalized position coordinates ¢,, .. . g,, which can 
be and are to be chosen in such a way that, just as in (34.2), the »—f 
conditions F4=—0 are identically satisfied. Then Eqs. (34.2b) must hold 
between the old and the new velocity coordinates; we solve these for the 
% and write them as follows: 


(3) Xi > mete i=l], 2 veo BH 


The a,,, called #,, in (34.2b), are functions of the 2, ... x, and therefore also 
of the g,...@y, as stressed in § 84. We see that whereas the old and new 
position coordinates are connected by an arbitrary point transformation, the 
veloctiy coordinates transform. linearly, the coefficients depending on the 
position, coordinates. 

What is the transformation character of the componente of force? We 
shall call the new force components Q, and define them as in (34.7) by 
means of the invariance of virtual work, that is 


% f 
4 ow = AyOt, = 
(4) pa 40%, 2 Q.9¢r- 


We now pass from virtual to real displacements and from these to the 
corresponding velocities. By virtue of (3), Eq. (4) becomes 


f " f 
(4a) 2,2 = Pz x; 2 Yn 
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The q,, unlike the a, are independent of each other. Hence their coefii- 
cienta on the right and left of (48) naust be equal, so that 


(5) Q; = 2, &,X;, k=l, 2...f. 
=1 


This is the transpose of transformation (8); in (3) we sum over the %, in 
(5) over the +. Written explicitly, 


By 0419, 27s - -- Q= 4,4; +GyXat.-- 
Hy =A, G+ yas - « - Qs = yg Xy + Org Xet --- 


The transposition hence consists of an interchange of a,, and a,,. We say 
thet the components of force transform contravartanily® (or are ‘‘ conira- 
gredient ’’) to the velocity coordinates. 

The components of momentum transform like the components of force, 
that is, covariantly to them. For we can think of the momenta as those 
impulsive forces which cause our mass pointe, initially at rest, to take 
on the required velocities. If we call the new momenta p,, they can be 
expressed in terms of the old &; by means of the relations 


(8) y= > Oy - 


These are the defining equations for the »,. The definition is rather clumsy, 
but can be converted quite readily to a more meaningful form. For this 
purpose let us consider, as on p. 186, the expressions for the kinetic energy 
as function of the g on the one hand, and as function of the z on the other. 
We shall distinguish the two expressions, wherever necessary, by writing 


fT; or 7; 
We then form 
OP ¢ Sete (2%). 
(7) By = 2, Ea 


The bracket is to remind us that in differentiating with respect to g, we 
must keep the g, a8 well aa all ¢, (isk) fixed. According to Hq. (3) the 
term in brackets is just a,,. On the Other hand the elementary expression 


teal : ar 
f. =32 mete evidently yields 3? = &. 
© In the theory of general relativity it is customary to denote by ® superscript 
(Q*, p*) those quantities which, like Q and the » (about to be defined), transform 
contravariantly (i,e,, are ‘‘ contragredient™) to the g,. We believe, however, 
that this usage, co important in general relativity, can here be dispensed with, 
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Instead of (7) we then have 
n 
(8) a = » Oey 84. 
The right member is identical to that of (6). Hence the result: 
(9) Py ae 


We can now assume that the external forces are derivable from « potential 
V independent of the g, and introduce the Lagrangian L=T—Y, so that 
(9) can be rewritten 


(9a) Pum Fe 


We have thus quite generally justified the definition of the p, anticipated 
in (35.14). 

We are now in a position to transform the equations of motion (2) to 
generalized coordinates. To this end we multiply them successively by 
the different 4, (k=1...) and sum over ¢. By Eq. (5), the first term in 
the right member becomes 


10 ote) ae 
(10) Ox lay 
In the second term on the right the factor of A, is 


(41) Sak ioe ap 
2 Be or pof+l,...% 


Now Eq. (3) tells us that 


(12) a= Sat 


This becomes evident if one writes (3) in the equivalent form dx, = La, dg, 
and holds all ¢g except 9, fixed. Instead of (11) we can now also write 


But according to (34.2) it is precisely for h=f-+1,...% that the #, have 
been made identically zero by our choice of the g,, so that the partial 
derivatives of the F,, with respect to the g, vanish as well. Hence the 
right member of our equation reduces to (10). 
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The left member, 


is transformed into 
(13) HD Awe Poe a >, bedeaee’ 


where we have made use of (6) and (12). The last sum can be written in 
the form 


- By 8 1 2 8 
> e% Bee ay BD Tae? 
where the index ¢ of 7 is to remind us that 7 must be converted to a 


fanction of the g, g before the differentiation with respect to g, is carried 
out. The right side of (13) will then become 


ap, oT 

(18a) ‘ey _ SE 
Since it is to be equal to (10), we finally obtain 
dp, bh bY aL 
(i¢) dt bag ~ bay Bay 


Referring back to (9a} we see that this is identical with the Lagrange 
equation in form (84.6), or, if we do not asume the existence of a potential 
energy, with that in the form ($4.8). 

We have thus convinced ourselves that we need not have recourse to 
Hamilton’s principle to derive the Lagrange equations; we need merely 
make a thorough study of the transformation properties of the dynamic 
variables involved. 


§ 37. The Principle of Least Action 


In the conclusion to § 38 we spoke of the teleological character of our 
integral principles. “Teleological” means “shaped by a purpose,” 
“directed toward an end.” “‘ Among all possible motions, Nature chooses 
that which reaches its goal with the minimum expenditure of action.” 
This statement of the principle of least action may sound somewhat vague, 
but is completely in keeping with the form given it by its discoverer. 

In the formulation of the principle not only teleological but also 
theological beliefs played a role. Maupertuis recommended his principle 
with the assertion that it best expressed the wisdom of the Creator. 


Leibniz, too, must have had such arguments in mind, as shown by the 
title of his Theodicée (justification of God). 
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Maupertuis published his principle in the year 1747. He was referred 
to a letter of Leibniz of the year 1707 (the original of this letter has been 
lost}; he nevertheless defended his priority with passion, even throwing 
his weight as president of the Berlin Academy into the dispute. The 
principle acquired s mathematically definite form only later in the hands 
of Euler and especially Lagrange. 

In the formulation. of the principle of least action given above two 
things are not clear. 

1. What is meant by the word “action”? Clearly not the same entity 
as in Hamilton’s principle, for we are dealing with a formulation which, 
though related to that of Hamilton, is yet distinct from it. 

2. What is meant by the phrase, “ all possible motions”? It is quite 
essential to define precisely the class of all motions to be considered for 
comparison; only thus shall we be able to choose from this class the real 
motion as the most purposeful or favorable. 

Regarding 1: Leibniz took the product 27 d¢ as his element of action. 
In what is to follow we, too, shall designate by action integral the quantity® 


t, 
ql) Sad | Tat. 

f 
Maupertuis, who, like Descartes, regarded the momentum mv as basic in 
mechanics, took mvde to be the element of action. It is clear, however, 
that the definitions of Leibniz and Maupertuis are equivalent in the case 
of the single mass point, since 


(2) 27 dt=mv : vdt= muda. 


This equality carries over to arbitrary mechanical systems, provided 
that by action we understand the sum of the m,v,ds, for all the mass points 
of the system. 

Regarding 2: in Hamilton’s principle we had restricted the sum total 
of motions to be compared by means of conditions (1) and (2) of § 33. 
Bere we shall keep (2), but alter (1). Instead of 3i=0 we shall now require 
that 


(3) sH=0. 


We shall therefore compare only trajectories of the sams energy FE as that of 

the real trajectory under investigation. This condition implies of course 

that our principle is now valid only for motions in which energy is conserved, 

* The factor of 2 is of coureco uniroportant ag far ag tho minimum property of & is 
concerned, It is, however, convenient, especially for the formulations of § 44. 
Incidentally Leibniz waa still in doubt as to whether he should take me* or, a 
we nowadays do, tnv" aa “live force.” 
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ie., motions caused by forces which have a potential. If we call the potential 


energy of the real path V, that of the varied paths V+3V, we must have 
because of (3), 


(4) a+3V=0, 3Va—3f, sLoaT—sy =29rT. 


To visualize the change in the state of affairs 
caused by condition (3) we recall Fig. 51. There 
two points related by a variation 8g belonged to 
the same time ¢. This is now no longer the case. 
The time of the varied point is ¢+ 3% rather than 
¢ (of. Fig. 54). Hence our varied path does not 
reach the end point at time f=i,, but, according 
to the way our figure is drawn, at a later time. 
On the varied path a point @ is reached at a 
time t=t,, whereas on the original path the 
corresponding point {also labeled @) is reached 
at an earlier time ¢,—dt,. 

We now repeat the calculations of § 33. Eiga. 
(3) and (4) of that section remain valid, but Fic. 54. Variation of the 
iq. (5) must be altered because, as stressed there, “‘tjectory” in tho prin- 
it is valid only for 3t—0. We find the condition “ile of least sotion. Since 


‘ ; the energy ia not varied, 
replacing (5) by forming point ¢ of tho original path 

and g-+ég of the varied 
(5) bi a= SO) Se path belong to different 


timea ¢ and ¢+6¢. To tho 

* ‘ . endpoint P on tho real 

Let us transform the quotient of differentials on path is assigned the point 
the right by writing @ on the variod one. 


see) avis 


6 —— = a ' 
e alt-+ét) Btq(e )~ az (8t} + ..., 


where we have neglected seca in small quantities of order highor than 
the first. F'rom (5) we therefore have 


2 = £(80)—2 5 (8), 
or 
ad ‘ a: 3 
(7) 5 (8x) = 82-425 (8). 
If we introduce this in (33.4), we have, with index & arbitrary, 
(8) iy ity 5, (dey Bing) — 8h — a2 E (8). 
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Eq. (8) is valid for coordinates y and z as well as x. Therefore (33.3), 
rather than leading to (33.8) as before, yields in this instance 

a P aii : 
(9) Feo, Mate dty +H, Sy;, + 2,8e,) = dP +27 S (81) +87. 
Here we make use of (4) to put 


(9a) sW=—-8Va+S7, 
thereby giving as the right member of (9) 


(10) 257 pars. 


Let us now integrate (9) from t) to 4. In this process the left member 
vanishes because of condition (33.2); we then obtain, using (10), 


(11) 2 f aT dt-4+-2 | : Tas—0. 
This, however, is nothing but 

(12) 28 [iza—o 

or, recalling (1), 

(122) $50. 


This concludes the explicit proof of the principle of least action, as envisaged 
by Maupertuis. 

Let us subject the transition from (11) to (12) to some further scrutiny. 
In Hamilton’s principle the two symbols 


a| Tae and faras 


could be used interchangeably because of the condition 3§ =0; use of 
this was made for instance in the transition from Eq. (33.10) to (33.11). 
From our present viewpoint the expressions are, however, different in 
character, as comparison of Higs. (11) and (12) above will show. 

th particular, let us consider a motion under no forces. In that case 
7] = #, so that, with the help of (3), Eq. (12) gives 


(13) a [dtm B41) =0. 


This is the principle of least time (principle of “ earliest arrival ’’) which 
Fermat formulated and applied to the refraction of light, after Heron, in 
ancient times, had treated the reflection of light in o similar fashion. 

In the case of a single free mass point we can put » = const, instead of 
T = # and write in place of (12), 
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(14) 8 [odt= 8 f de—0. 


This ia the principle of the “shortest path.” It determines the trajectory 
of a free mass point, for instance on a curved surface or — as in general 
relativity — in a manifold of arbitrary curvature. Such a trajectory is 
called a geodestc. We shall come back to this point in § 40, 

Yn his celebrated Kénigsberg Vorlesungen tiber Dynamsk of 1842 (published 
by Clebsch) Jacobi justified the necessity for completely eliminating the 
time ¢ from the principle of least action. This is possible, because 


7 = B-V=1S m=} 2 
at= (FEA) - 


Ynstead of (12) we can then require that 
(15) 5 (2(H— V)]*[Zm, def] 0. 


With # fixed, the variation here concerns only the spatial properties of 
the trajectory of the system; there is no longer any mention of the passage 
of time during the motion. 

Let us come back once more to the teleological aspect of the principles 
of Hamilton and of least action. Notice that the “least action ” may, 
under certain circumstances, also be a “ greatest action ”; for in demanding 
that 3...==0 we do not necessarily obtain a minimum, but rather in 
general only an extremum. We see this most simply in the example of 
the geodesics on the surface of a aphere, which are arcs of great circles. 
Suppose that initial point O and endpoint P lie on a specified hemisphere. 
Thon the are of a great circle connecting them directly is indeed shorter 
than all sres lying in planes through O and P but not containing the center 
of the sphere. Yet the complementary arc, which proceeds from O to P 
in the opposite direction, traversing the hemisphere not containing the two 
endpoints, is also a geodesic; and this line is longer than all other arcs 
of circles which join 0 to P over this hemisphere. We therefore conclude 
that in general we do not need to think of the integral principles as 
demonstrating the “ purposefulnees * of Nature; they merely constitute 
an unusually impressive mathematical formulation of an extremal property 
common. to the laws of dynamics. 

Maupertuis claimed that his principle was generally valid for all laws 
of nature. Nowadays we are more inclined to accord this property to 
Hamilton’s principle. We mentioned on p. 185 that Helmholtz made this 
principle the basis of his studies in electrodynamics. Since that time 


and therefore 
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integral variational principles of Hamiltonian form have been used in the 
most diverse fields. 

In volume II we shall have direct recourse to this principle in onder 
to gain deeper understanding of the concept of fluid pressure. A special 
advantage of this procedure will be that we shall obtein not only the 
differential equations— in this case partial differential equations — of the 
problem, but also the boundary conditions which the solutions of these 
equations must satisfy. The same turns out to be true for other problems 
with continuous masa distributions (capillarity, vibrating membrane, etc.). 
In many cases it is first necessary to look for the Lagrangian Z of the 
problem at hand before Z can be used in the variational principle. Such 
& case, for instance, is the motion of an electron in a magnetic field; there 
the force acting is not derivable from # potential V. Relativistic problems 
form another case; there one should not use the expression for the kinetic 
energy derived in (4.10) to build the Lagrangian. Instead the expression 


(18) mac*| (1— kde 


must be used as the kinetic contribution to the action principle. The 
Enlerian derivation of this term leads directly to the relativistic momentum p 
of (3.19) and therefore also to the law of the velocity-dependent electron 
mass. In general, especially outside of mechanics, the search for the 
Lagrange function LZ which leads (via the variational principle) to given 
differential laws is an arduous problem for the solution of which there are 
no universally valid rules. ‘The previously mentioned problem of the 
electron in a magnetic field was solved in a simple manner by Larmor 
and Schwarzschild. A separation of Z into a kinetic and a potential 
contribution according to the patten DO=7—V is then in general no 
longer feasible. 

It is to be emphasized that the quantity under the integral of (16) is 
nothing but the element of proper time (2.17), which was recognized by 
Minkowski as the simplest invariant of the special theory of relativity; 
Einstein furthermore generalized it in the form of a world line element in 
the general theory of relativity. In the form (16) Hamilton’s principle 
therefore sutomatically satisfies the invariance requirement of relativity 
theory. In this property Planck? saw the ‘‘ most brilliant success which 
Hamilton’s principle has achieved.” 


t Of. the instructive article in Die Kultur der Gegenwart, Part III, § II, 1, p. 701 
(B. G. Teubner, Leipzig 1915). 


CHAPTER VII 


DIFFERENTIAL VARIATIONAL PRINCIPLES OF 
MECHANICS 


§ 38. Gauss’ Principle of Least Constraint 


Gauss was not only a very eminent mathematician, but also an 
astronomer and geodesist, and, as such, a passionate calculator of numerical 
results. It was he who founded the method of least squares, which he 
evolved with successively greater depth in three extensive treatises. If, 
as happened now and then, he was asked (against his will) to deliver 
lecture at the University of Goettingen, his preferred topic was always the 
method of least squares. 

His brief paper of 1829 entitled “On a New General Fundamental 
Principle of Mechanics’ is concluded with the characteristic sentence, 
“Tt is quite remarkable that Nature modifies frea motions incompatible 
with the necessary constraints in the same way in which the caloulating 
mathematician uses least squares to bring into agreement resulta which are 
based on quantities connected to each. other by necessary relations.” 

Gauss called his new fundamental principle the principle of least con- 
straint. He defined the measure of constraint as follows: consider a mass 
point of the system, and form the product of its mass by the “ square of 
the deviation of this point from free motion.” The sum of this product 
over ail mass points of the system defines the constraint. Let us number 
the mass points and their rectangular coordinates as on p. 66. We then have 


ql) Bm 5 my (iy 28) 


as the measure of the constraint of a system of » mass points; for the 
“free motion ” which would occur were the internal constraints neglocted 
is given by 


» 
t= = 


Thus the quantity contained in the parenthesis of (1) is indeed the ‘‘ devia- 
tion from free motion” caused by the constraint on the #* mass point. 


1 Crelle’s Journal f. Math. 4, 232 (1829); Werke 5, 23. 
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It can (cf. p. 61) also be called the “ lost force ” divided by the mass, so 
that instead of (1) we can write 


3" 
(2) Z— > + (ost force)? 
Zi ie (lost force)? 


Notice that here the lost forces and reciprocal masses play the same role 
as the errors and weights in the calculation of errors. 

We must now define what is meant by the expression “ least constraint,” 
that is, we must indicate what quantities are to be kept fixed and what 
quantities are to be varied in the caloulation of 3Z=0. 

We shall keep fixed 

a) the instantaneous state of the system, ¢.¢e., the position and velocity 
of each of its mass points. We rust therefore put 


(8) Sx,=0, Sé,—0. 
b) the constraints to which the system is subject. Lf we take these in 


the holonomic form F, (x, 2, ...)=0, we must, in the variation 5Z, take 
into account the secondary condition 


r an oF, sie 
(4) 2, ny =O ¢=1,2...%, 


where ris the number of conditions, 3n—#—/f therefore the number of degrees 
of freedom of the system. Let us differentiate Hq. (4) twice with respect to #. 
This yields terms in 52, 8% and 8%. Because of (3) we need keep only those 
in $%, that is, ' 

SS ar... 
(4s) 3 53,,=0. 

k=1 

¢) the forces acting on the system and, of course, the masses, so that 

we have 


(3) 54,=0, dn,=0. 

The remaining quantity %, is then the only one to be varied. 

Taking the secondary conditions (4a) into account by the method of 
Lagrange’s undetermined multipliers, we obtain from (1) 


gn r : 
(6) 82m 2 { matie-X = nt | i =O. 
> De By Je 


Only f=3n—r of the 8, are independent. As on p. 66 we can, however, 
choose our A, in such a way aa to make ¢ of the {} vanish, so that only 
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f terms are left in (6}. The 8%, of these remaining f terms can now be 
treated as independent. It follows that their f associated {} must vanish. 
We therefore arrive at Lagrange’s equations of the first kind in the form 
(12.9). 

Clearly the proof extends without change to non-holonomic constraints. 
Thus we are indeed confronted by a “ new general fundamental principle of 
mechanios,” as claimed by Gauss in the title of his paper. This fundamental 
principle is fully equivalent to d’Alembert’s principle. Like the latter it 
is a differential principle in that it deals only with the present behavior 
of the system, not ita future or past behavior. Here we do not need the 
rules of the calculus of variations, but only those of the ordinary differential 
calculus in the determination of the maxima and minima, 


§ 39. Hertz’s Principle of Least Curvature 

Strictly speaking this principle is but a special case of that of Gauas. 
Nevertheless Hertz was able to call his principle, if not new, at least com- 
pletely general; the reason tor this is that he succeeded in replacing all 
forces by means of connections between the system in question and other 
systems interacting with it (cf. p. 5). Hertz waa hence able to restrict 
himself to aystems under no forces. In order to give the principle its sought- 
for geometric interpretation, he found himself obliged, moreover, to assume 
all maases to be multiples of a unit mass, say of atomic origin. The factor m, 
in Gauss’ expression (38.1) then becomes 1, while X, becomes 0. It follows 
that (38.1) goes over to 

/ oN 
(a) Z=> dt. 
kel 

Here we have indicated by means of the upper index WV of the summation 
that the number of unit masses of the system to be summed has been 
augmented in an unspecified manner by 4 suitable number of unit masses 
corresponding to the interacting systema coupled to the given system. 

Let us change (1) by writing 


N 
< inplaceof #,, where (2) det= S det. 
k=l 
This is permitted because of the special form of the principle of energy. 
This principle is a consequence of Lagrange’s equations of the first kind, 


and hence also of the principle of least constraint. For our present 
specialization the principle of energy can be written 


Say» 
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or, more concisely, 


(4) moms 


A division of (1) by the square of this constant yields thus the quantity 


@ PACE 
em}, 


Hertz calls ds the element of line, Kt the curvature of the trajectory 
described by the system, and postulates 


(4) 8K=0. 


Huery free system remanns in @ state of rest or of uniform motion along a path 
of least curvature. 

The mode of expression (of. Art. 309 of Hertz’s book cited earlier) is 
chosen so as to recall Newton’s formulation of the first law. 

The mathematical treatment of postulate (4) follows that of Gauss and, 
on the basis of the conditions of variation stipulated under (a) and (b) on 
p- 211, evidently leads to Lagrange’s equations of the first kind for a system 
under no forces (with m,=1). 

What justifies Hertz in calling ds the “line element” and Xt the 
“curvature”? Evidently these concepts are to be interpreted in a poly- 
dimensional sense. We are not in three dimensions, but in an W-dimensional 
Euclidean space of coordinates 2, x, ... 2%. In this space the element of 
line is indeed given by (2). We shall now discuss the cases of two and 
three dimensions in order to show that the square of the curvature of a 
trajectory is quite generally given by (3). 

According to Eq. (5.10) we have, in the space of coordinates a, %q, 

I e\a 
(5) K=5-= (43) 
From Fig. 4b, de is the angle between two neighboring tangents to the 
path whose points of contact with the path are a distance 4s apart. These 
tangents have direction cosines 
(8) o ’ a and + +23 Ae, os + S33 As, respectively. 
Now these direction cosines are at the same time the coordinates of the 
two points formed by the intersection of a unit circle about the origin of 
coordinates with two radii drawn from the origin parallel to the tangents; 


moreover the angle 4¢ is measured by the aro of distance between these 
two points of intersection. According to (6) we therefore have 
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dtxe,\3 , {dtxy\2 
dem [(Ge)'+ (Ge) 4" 
and from. (5), 
(7) K= (33) +(G) 

In the space of the three coordinates 2, %, %, Ae is once again the 
angle between neighboring tangents to the three-dimensional trajectories. 
The unit circle is now replaced by a unit sphere through the center of which 
parallels to the two tangents are to be drawn. The distance between their 


points of intersection with the surface of the sphere measures 4e in units 
of arc: 


dem [ (St) +(S3)+(S3) Yor 
From (5) we thus obtain an expression for K which now has three terms. 

The generalization to a space of N dimensions and to the equation (3) 
of N terms is now obvious. 

With this we must conclude our report on the mechanios of Hertz. As 
mentioned on p. 5, his is an interesting and stimulating idea, carried out 
with great logic; because of the complicated replacement of forces by 
connections it has, however, borne little fruit. 


§ 40. A Digression on Geodesics 

We define as geodesics of an arbitrary curved surface the trajectories 
of mass points under no forces (hence no friction) constrained to move on 
the surface. Let the mass of a particle be equal to 1, and the equation of 
the surface F(x, y, z)=0. 

The principle of least action states that these geodesics are also the 
shortest possible Imes or, more generally (of. p. 208) lines whose lengths 
are extrema. Since conservation of energy holds, the velocity along the 
path is constant. By choosing the constant of energy properly we can put 
the velocity equal to 1 and therefore replace £ by . 

We obtain the basic definition of geodesics if we deacribe our trajectories 


by Lagrange’s equations of the first kind, Written vectorially, these are, in 
our case, 


(1) V=rA grad F. 


v has the direction of the principal normal to the trajectory if, as in our 
cage, ver const. 50 that o=0 (of. § 5, beginning of (8)); it follows (of. same 
place) that ¥ lies in the osculating plane. grad J, on the other hand, has 
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the direction of the normal to the surface, since for any translation (dx, dy, dz) 
on the surface we have 


oF oF 
det Se dyt x da—0, 


so that the direction 

ar oF | ar 

an * By ° Oz 
is indeed normal to that of the displacement. Eq. (1) therefore contains the 
baaio definition of geodesics which states that the principal normal of a 
geodesic coincides with the normal to the surface, or equivalently, the osculating 
plane of a geodeste contains the normal to the surface. 

We now appeal to the principle of least curvature. According to it 
the geodesic has 4 smaller curvature than neighboring paths; the neighboring 
paths are, according to conditions (38.3), restricted to pass through the same 
point with the same tangent as the geodesic at the point considered. We 
obtain, the total class of these neighboring paths by passing through the 
tangent in question all possible skew planes and determining their inter- 
sections with the surface; the plane containing the normal to the surface 
furnishes the geodesic. According to Hertz’s principle these skew sections 
have a greater curvature than the normal section, or, equivalently, 4 smaller 
radius of curvature. 

This fact is in agreement with Meusnier’s theorem in the differential 
geometry of surfaces, which states that the radius of curvature of an oblique 
seotion equals the projection. of the radius of curvature of the normal section 
on the plane of the oblique section. We thus recognize in Meusnier’s thearem 
a quantitative expression of the general content of the principle of least 
curvature. 

Let us finally apply Lagrenge’s equations of the second kind to our 
geodesics. We thereby enter the sphere of thought of Gauss’ great treatise 
of 1827 (“ Disquisitiones generalee circa superficies curvas”), which, ex- 
tended to four dimensions, is also the sphere of thought of the general 
theory of relativity. 

While Lagrange introduces arbitrary curvilinear coordinates ¢, Gauss 
uses a8 coordinates on the surface two arbitrary families of curves which 
cover the surface with a “ grid.” As customary, we shall call them 


(2) umoonst., v—const. 
In these coordinates Ganss writes the line element ds in the form 
(3) ds*— FB dut+2F dudv+Gdr*, 


The “ first differential parameters ” #, ¥ and @ are to be thought of as 
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functions of u and v. They are connected with the rectangular coordinates 
2%, y, z of the points on the surface by the relations 


£~(E) (Ry +(R)> o-(BP (Ry H(R) 
Foti i+ bet ie 
The square of the line element divided by 2d¢? is the expression of the 


kinetic energy 7’ of our (unit} mass point moving on the surface. We can 


thus transform the Lagrange equations for generalized coordinates to 
Gaussian notation by forming 


Pu= oy = Bit Ps 
or eH. OF... , a. 
on = +2 ay tet 3u°” 


If, finally, we put Sin place of 5 the differential equation of the geodesics 
is, according to the method of Lagrange, 


© Seber’)-i(R Gym e+ R(e)) 


for the w-coordinate. We need not write down the corresponding differential 
equation for the v-coordinate; by virtue of the principle of energy (in our 
case = 1) it must be identical to (4). 


Ganss derives Eq. (4) in Art. 18 of the cited treatise by means of the 
principle of the shortest path. Here we merely wanted to point out the 
fact that Gauss’ method of general surface parameters (2) is equivalent to 
Lagrange’s method of the mechanics of systems. Both methods are invariant 
with respect to an arbitrary transformation of coordinates and depend only 
on the intrinsic properties of the surface or of the mechanical system 
respectively. 


CHAPTER VIII 
THE THEORY OF HAMILTON 
§ 41. Hamilton’s Equations 


In Lagrange’s equations our independent variables were the g, and 4. 
In Hamilton’s equations, which we shall now derive in two different ways, 
the g, and p, are the independent variables; the latter is defined by 
Eq. (36.9a). Whereas the characteristic function of Lagrange’s equations 
was the “free energy” T—V, regarded as function of the ¢g, and ¢,, in 
Hamilton’s equations the characteristic function is the total energy T+V, 
regarded as function of the g, and p,. This function we call the Hamiltonian 
function or simply the Hamiltonian, and we designate it by H(g, ») just 
ae we called the free energy the Lagrangian and designated it by L(g, 9). 
Between H and LD there exists relation (34.16), which we shall write 
(1) H=d py dy L, 
using the definition of the p,. 

Let us at once extend the basis of the theory by recalling the last part 
of § 37: we shall drop the decomposition of L into a kinetic and a potential 
contribution and, in addition, permit an explicit dependence on ft. According 
to p. 190, such a dependence may arise if either the equations of constraint 
or the defining equations for the coordinates contain the time. We then 
write the Lagrangian in the generalized form 


(1a) L=L (i, ¢, 9). 
Lat us keep Eq. (1) aa our definition of the Hamiltonian associated with L, 
(1b) H=H (t, ¢, Pp) 


although H then loses the meaning of total energy. As before, the p, are 
given by the relation 


aL. 
(1c) Pr 3, 
If we take Hamilton’s principle 

(1a) 5 [ bdt=0 


t 
as our fundamental principle of mechanics, we obtain Lagrange’s equations 
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just as in § 34—in spite of the new extended meaning of Z. For purposes 
of the following we shall write these equations in the form 
- ob. 
(1) Derivation of Hamilton’s Equations from Lagrange’s Equations 
Let us write down the total differentials of H and L: 


(2) aH = Fatt S dant >= Pp 


and, by means of Lagrange’s equations (le) and the definition (1c) of the 
Pf transform aL to 


(2b) dL GU+S Pydant Duddy. 


Let us, on the other hand, form the total differential of (1) with the 
help of (2b): 


(3) dh =Saudort > Prday— Fat — Dd, day— vp day 
Cancelling of the last term on the right against the second term yields 
(8a) d= ~ Fat Sirydat diner 


This expression for dH must, of course, be identical to that of Bq. (2). 
If we equate the coefficients of dt, we obtain 


oy Fy 
Comparison of the coefficients of dg, and dp, yields 
(4) 


P= — ae t= = : 
These relations, exhibiting an amazing symmetry, are “ Hamilton’s 
ordinary differential equations” or, for short, Hamilton’s equations, 
Incidentally, they first occurred in the much earlier “Mécanique 
analytique ” of Lagrange (Sec. 5, § 14), where they were, however, derived 
and put to use only for the special case of amall vibrations, 


(2) Derivation of Hamilton’s Equations: from Hamilton’s Principle 
In the light of (1) we write this principle in the form 
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—8[Ldt=8 [ (Be, q, P)— 2Py Gy, )at 


ai = SJ (Hy 8te+ 5, 8Pa da Bra Pr Bis) atmo, 


where we oan transform. the last term in the parentheeis by partialintegration, 
4,  , 4 

(8) -{ Py, oh, b= { Dy 5qy, dt— py 8q,| « 
i bo ty 


The integrated term vanishes because of the way in which the variation 
is carried out in Hamilton’s principle. Substitution of (6) in (5), followed 
by collection of terms in 54, and 6p,, yields 


7) ZA ta tx } Stet { Be - ae bers) di=Q. 


If it were permitted to treat the 5g, and the dp, as independent variations, 
one would be justified in putting the factors of 8g; and Sp, separately equal 
to 0 for every value of the index &, and so obtain Hamilton’s equations (4). 
This, however, is not allowed; for while g, and p, enter in H as independent 
variables, they are related in time through Eq. (lc), a fact which might 
conceivably cause our Eq, (7) to be satisfied identically. We notice, however, 
that a partial differentiation of (1) with respect to p, (¢, being held constant) 
causes the second { } of (7) to vanish identically. We conclude, therefore, 
that the first { } must vanish as well. 

One of the reasons why we derived Hamilton’s equations in the second 
way is that we wish now to make an important remark connected with it. 

We know that Lagrange’s equations are invariant under arbitrary 
“ point transformations,” ie., that they Keep their form if we replace the 
gq, by a new set of coordinates Q, connected with the former by relations 
of the type 


(8) On=Sic (Gy Gar > - > Zp): 
The associated P, are then given by 
a Ocal 
(8a) Pa= 55, = 255, 50g Pt 


that is, by linear functions of the p, whose coetiiclents @, are functions of 
the g,, just aa in (36.3). 

Wo shall now show that Hamilton’s equations are invariant under the 
much more gonoral transformations 


Qu=Sin (4, P) 


9 
ms Py= 94 (& Ps 
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where the f, and g, are arbitrary functions of the two sets of variables 
q, and p,—arbitrary, that is, to within a restriction to be mentioned below. 
In particular, the g, need no longer be linear in the p,. 

Let us suppose that Eqs. (9) are solved for the g, p in terms of the Q, P 
[we must of course require that Eqs. (9) be so constituted that this is possible) 


and are substituted in the expression H(q, »). Let us call 7 this new trans- 
formed Hamiltonian. We then have 


(10) H (4, p)=# (Q, P). 


Let us, moreover, compare the quantity Dp, ¢, occurring in (5) with 
SP, Oy: It is easy to see that the two expressions would be equal in a 
transformation (8), (8a). We now require that this equality be maintained 
in a general transformation (9), apart from an additive term. The latter 
we require to be a complete time derivative of a function 7’ of the g and p, 
or, alternatively, of a function ¥ of the g and Q1. We hence put 


(11) DPete= DP at FF @ M 


with arbitrary F. This is the restriction on transformation (9) mentioned 
above. 

In the substitution of Eqs. (10) and (11) in (5) the additional term 
< vanishes in the integration and subsequent variation, since 8¢ and 8@ 
vanish at the endpoints; Eq. (5) then retains ite earlier form, becoming 


3{(A(@, P)- SP, Q)dtmo. 


Furthermore, nothing is changed in our transformations (6) and (7); we 
conclude that Hamilton’s equations remain valid in the new variables. In 
complete correspondence to our Eqs. (4) we now have 


(12) Pit a = i 
Transformations (9), as subjected to restriction (11), are called canonical 
transformations or* contact transformations. The reason for the latter name 


1 Tf P’ ie originally given as a function of g and p, we can of course solve for p from 
the first Eq. (9) and substitute it in F’, thus obtaining a new function F of g and @. 

* The termes sre not entirely synonymous, their differance being one of definition. 
We need not be detained with thia difference, but remark that under suitable 
conditions either of the two transformations can be shown to be a special case 
of the other. Of., for instance, Whittaker, Analytical Dynamics (Dover), Chapter 
XT, or Osgood, Mechanics (Macmillan), Chapter XIV,—-TRansiaTor, 
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is a geometric one. Let us consider a hypersurface in the f-dimensional 
space of the ¢,, ¢o - - - Zp, given. by 


(13) w= Z(G, + + » Zs)5 
the quantities 


az 
P™ 5G; 
determine the position of the tangent plane to the hypersurface and can, 


for this reason, be interpreted as the coordinates of this plane. We require 
that there exist a condition 


f 

(14) da= > py dy 
im 

between the coordinates of the point gq, and those of the plane p,. This 
condition insures the “ union of lineal elements,” i.e., the continuity of the 
coordinates p, 28 we pase from an arbitrary point of coordinates ¢, to a 
neighboring point. Let us now introduce new coordinates Q,, P, by means 
of Eq. (9} and calculate (13) in terms of these new coordinates. Let the 
result be 


zm Z (Q, P). 
We now demand that this new expression again represent a hypersurface 


touched by the planes of coordinates P at the points determined by the Q. 
From (14) we must therefore have 


bj 
(16) dim > Py dQy, 


Feu, 


or, with p a factor of proportionality, 


(16) dZ— >P 2 4Q,= p (de— > n, dq,). 


Thus the contact between the surface and its tangent plane at a given point 
has been preserved in a transformation of the point. Let us compare condi- 
tion (16) with Eq. (11), which, when multiplied by di, can be written 


(16a) 2Pe ly = > Py dQy+ OF. 


If we put dF -dz—dZ in (16a) and p=1 in (16), the two conditions are 
in agreement. This may constitute adequate justification for the name 
** contact transformation.” 

In transformations of the generality of Eqs. (9) the meaning of the P, 
ae components of momentum is obscured. For this reason we prefer to 
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call the P,Q, canonical variables; P, and Q, are then said to be canonically 

conjugate. Because Hamilton’s equations are invariant under transforma- 
tions (9) [with restriction (11)], they are often called Hamilion’s canonical 
equations 


It is to this invariance under canonical transformations that Hamilton's 
equations owe their special significance in astronomical perturbation theory. 
They also play an important role in the statistical mechanics of Gibbs, a 
topic which we shall discuss in Vol. V. 

We conclude our treatment of Hamilton’s equations with a remark 
dealing with the principle of energy. 

In agreement with Eq. (2) we have, quite generally, 


= f oz. éH . 

at p3 (seat yeh)” 
According to (4), the parenthesis vanishes for all &. We then obtain, in 
general, 


(17) a= &. 


If, in partionlar, H does not depend explicitly on t, we arrive at the 
conservation law 


(18) oF =0, H=const 


This law is more general than that of the conservation of energy, for, 
according to (1) and (1c), it states that 


(18a) : > ade L— const. 


where ZL must not depend explicitly on ¢, but otherwise can be quite arbitrary. 
It is this conservation law to which we alluded in footnote 3 of Chapter VI. 
Hq. (18a) leads to the conservation of energy if L can be split up into two 
contributions, a kinetic one homogeneous of second degree in the g,, and 
@ potential one independent of the 4,. 


§ 42. Routh’s Equations and Cyclic Systems 


In Eqs. (10} and (11) of § 34 we considered a “ mixed type” of 
equation resulting from a combination of Lagrange equations of the first 
and the second lind. We shall now become acquainted with a mixed type 
of equation arising from a combination of Lagtange’s equations of the second 
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kind with those of Hamilton. The new equations bear the name of Routh?® 
who, for several decades, dominated the study of mechanics in Cambridge 
as “coach” and examiner in the “tripos.” Somewhat later Helmholtz‘ 
developed the same equations as the basis of his theory of monocyelic and 
polycyclic systems, a theory which he intended to use in the solution of 
the fundamental problems of thermodynamios. 

We subdivide the degrees of freedom of the system into two groups. 
One group, containing f—r degrees of freedom, can be described by Lag- 
range’s position and velocity coordinates 


Gr dors ++ Ogos Gas Gas + + + Upows 


and the other, containing r degrees of freedom, is to be represented in terms 
of Hamilton’s canonical variables 


Qyeembas Uprtes + Fes Perta Pparter ++ Pye 


Instead of the Lagrangian Z or the Hamiltonian H we now construct a 
Routh function #, which is to be a function of the 2f variables enumerated 
above and, for the sake of generality, of the time as well: 


(1) £ é, G1.9g +++ Ty o1, qs, ares Gpnr Pert ees Py)- 

£ is to be defined by the equation. 

(2) Rea >) Pr Ge L(t, dy + - 973 Hs + + + Gy) 
km for+l 


We see that for r=f, RB transforms to the Hamiltonian (41.1); for r= 0, 
where the summation on the right vanishes, it goes over into the 

(apart from sign). Evidently we could have replaced definition (2) of R 
by the equivalent condition 


nad ° 
(2a) Ree H (i,q, . -- G4; Pu - + Py)— S Pr le 
an} 


We now proceed as in. igs. (41.2) to (41.4). We form the total differential 
of &, on the one hand from. (1), 


* Tn this connection wa wish to mention the two volumes of Routh’s Treatise on the 
Dynomice of a Sysiem of Rigid Bodies; I, Elementary Pert, IL, Advanced Part. 
Xt is @ collection of problems of unique variety and richness. Routh first developed 
hig form of the dynamical equations in the prize article A Treatise of Stabiliay 
of @ Given State of Motion (1877). 

* Berliner Akad. (1884) and Crelle’s Journal f. Math 97. 
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t f=-r z 
aR an mR ag; aR 
(3) dR= = dt+ Z a, Mant iz iG, tet oe ip, Pe 
and on the other, from (2), 
£ . 7 i + 
(3a) dR= > Gdpyt > m4, -ab, 
ke f—r+1 k=f~-r+1 


For @Z we can use the expression (41.2b), which we shall, for greater clarity, 
decompose into 


i f-r St 
az ‘ ; : 
3b ab= =-dt+ dg,+ ag,.+ Py Ady. 
(3b) a 2, k 2? ke = a ie 2 Xe 


Substitution in (3a) causes the last term of (8b) to cancel against the middle 
term of (3a), so that we are left with 


i f=r us 
aL . , ‘ 
4 Ahm — sdt— > by 4q,— > Py det Qc Wr 
(4) i 2. 1 Py x MK ee ie 
A term-by-term comparison with (3) yields the relation 
oR aL 
a Be 


The f—r equations on the left are of the Lagrange type with L=—R, 
whereas the r equations on the right are of the Hamiltonian type with 
H=8. 

The application of these equations to cyclic systems, which Routh had 
in mind when he formulated them, proceeds as follows: we assume that 
the coordinates of the second group are cyclic, so that, from p. 197, they 
do not occur in the Lagrangian; in that case neither do they occur in the 
Routh function. The associated p, axe then constant [from the upper equation 
of the right group of Routh’s equations (5) or, as remarked on p. 198, 
from Lagrange’s equations]. We can now replace these constant values of 
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the p,, and, with the help of Eq. (41.10), those of the (generally not constant) 
associated g, in Eq. (2). We thus obtain a Routh function which depends 
only on the f—r coordinates of the first group of g, and g,. ‘For these 

coordinates the left group of Eq. (5) above is valid. We have, therefore, 
reduced the problem to f~r equations of the Lagrange type 

Routh used his method chiefly m the difficult problems of the stability 
of given states of motion. Let us instead illustrate the method with a 
reasonably simple example, that of the symmetrical top. The cyclic 
coordinates of this doubly cyclio problem are the Eulerian angles ¢ and #; 
according to Kgs. (35.15) to (35.17), we have 


: M’— 4M’ 0a Mim” 
ped py t= i" (A — 008 0 ag ) + Mae 
Me MM” con 8) 
~ fante? 
by virtue of fe 13) the Routh function then becomes 
(M’—M" 008 6) (M’—-¥4" cos 6)" DK”* 
+ 7 oe se Bi, ain? 6 az, +P 08 8 
aeiene e= or + art nen +P con é . 


With g,= 4, the lower equation in the left group of our present Eqs. (5) 
then yields 


p,=1,0 
and the upper equation of the same group gives 
(6) I b= a a4 2 


which is, of course, in agreement with the “ generalized pendulum equation.” 
(35.19). This example may serve to illustrate the usefulness of Routh’s 
method, particularly for probleme more diffioult than the one presented. 

In 1891 Boltzmann gave a series of lectures on Maxwell’ electro- 
magnetic theory at the University of Munich. He devoted his first lectures 
to the detailed consideration of a doubly cyclic mechanical system in order 
to illustrate the mutual inductive effect between two electrical circuits. 
The carefully worked mechanical model, consisting mainly of two pairs of 
beveled gears with centrifugal governors, is preserved in the museum of 
our Institute. To us it seems much more complicated than Maxwell’s theory 
which it was intended, to illustrate. Hence we shall not use it to clarify 
this theory, but instead take advantage of it in an exercise oaths aie 
of an automobile, to which it is similar in its essential features. 
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Let us finally generalize the mathematical formalism which led us from 
Lagrange’s to Hamilton’s and to Routh’s equations. We consider a function 
Z of two variables (or two sets of variables) v and y, and let 


(7) dB (a, y)=Xde+ Yay. 


If we wish to replace x, y by X, Y as independent variables, it is convenient 
to consider, instead of Z, the “ modified function ” 


(8) (x, Yy=a2X+yFY—Z (x,y). 

Indeed a differentiation of (8) at once gives, in view of (7), 

(9) aU (X, Y)madX-+yd¥. 

Higa. (7) and (9) are identical to the “ reciprocity relations ” 
aux, Za, 

(10) : 


aU 6 
ae ay mY: 


If, on the other hand, we wish to replace only one of the original variables, 
say y, by ita “ canonically conjugate ” Y, we shall have to “' modify ” (8) to 


(RL) ; ¥ (a, Yy=y¥-Z, 
which yields 
(12) aV (x, Yy=—Xde+yd¥ 


with the “ reciprocity relations ” 
(13} =X, ey. 


The transition from Z to U can be compared with that from Lagrange to 
Hamilton, that from Z to V with the transition from Lagrange to Routh. 

Such a change of independent variables and the attendant modification 
of the characteristic function is called a Legendre transformation and plays 
an extensive role in analysis. We have mentioned it chiefly in order to be 
able to refer to it in our study of thermodynamics (Vol. V). 


§ 43. The Differential Equations for Non-Holonomic 
Velocity Parameters 

Whereas the differential equations considered so far were all modeled after 

those of Lagrange for generalized coordinates, the theory of the spinning 

top brought ua in contact with equations of an entirely different, much 

simpler structure, viz., Hnuler’s Eqs. (26.4) for the angular velocities w,, 
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w, and ws. Let us determine what relation they bear to Lagrange’s equations. 

The difference between the two types etems from the fact that the 
G4, Wa, @, are not holonomic coordinates like the 6, bs, 4, but linear functions 
of these which are not integrable with respect to ¢. The connection between. 
them is given by Eq. (35.11). Let us immediately consider the unsymmetrical 
top with kinetic energy 


(1) T= 5 (Ig ®t I, 43+ Ty ws"), 


and for brevity restrict ourselves to the case of a top under no forces. 
We start out with Lagrange’s equation for the ¢-coordinate 


(2) ea a =0. 
According to (35.11) 
Gy Ss _ Be 
ad 0, &d ? 


so that, in view of (1), 


go wy od +s Wy 2d 47, oat als oe 


ag val, oy Ft +15 09 54 “395 tds wag = (Ty — Lg) cay we 
From (2) we then have 
(3) 1? = (L,— 14) a w2. 


This is the third Euler Eq. (26.4). 
A similar calculation for the §-coordinate yields 


St = 008 $, St} = —2in ¢, Ht =0, 
$4 008 Gain g, t= Yoon Ooosg, Frm — yein dé. 
From (1) we obtain 


4 wy w 008 $I, oy sin $, 


ahs eo, sin $+ Ig ws cos $) woos 6— I, ws yein 6. 


hence becomes 
O= 1, 008 ¢—F, Frain 
(5) —1, w, sin f ($+ y008 8)~I, ag 008 4 (6+ yc08 6) 
+I, w, ysin 8. 
But according to (35.11), 
$+ cos Ome, ein bmw, sin $+ cs 008 ¢, 
so that the second and third lines of (5) can be written 


(Ig—1,) wg o, sin ¢— (L,—I,) wg ws 008 
and, together with the first line, 


(8) Om{T,F2— Ex Zaborucrg } con p~ {7,52 — (Tq I,) ogo, boing. 
Finally the Lagrange Equation 


becomes, after suitable transformation of variables and in view of (8), 


(7) O= {1,3 — (Ly— Tg) wg we }eing— {4a —(I3— Ty), w, boos. 


It follows from (6) and (7) that both {} must necessarily vanish, so that 
we obtain the first and second Euler equations (26.4). 

The transformation which we have carried out for one specific example 
can. be performed quite generally® in the case of an arbitrary number of 
non-holonomic velocity parameters defined as linear (or more general) 
functions of real velocity coordinates. If, as in the case of the rigid body, 
the kinetic energy takes an especially simple form when expressed in terme 
of these parameters, such transformations can be of signal value for the 
integration of the equations of motion; they can also be usefal in that 
they may satisfy non-holonomic conditions. Boltzmann found it necessary 


yr re pe reeeeens 
5 Cf., rhage prcpe G@. Hamel, Math. Ann. 59 (1904), and Sitzungeber, der Bort. Math. 


Ges, 37 (1938). Furthermore, Eneyli. d. Math, Wiese. IV.2, Art. Prangs No. 3 
and ff. 
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to introduce the components of momentum corresponding to non-holo- 


nomic velocities in the kinetic theory of gases. He called these components 
** momentoids.” 


§ 44. The Hamilton-Jacobi Equation 

At the beginning of the previous century the most burning question of 
theoretical physics was, “wave theory or corpuscular theory of light? ” 
The wave theory was founded by Huygens and, at the time mentioned, 
found its confirmation in Thomas Young’s discovery of the phenomenon 
of interference. The corpuscular theory, on the other hand, had Newton’s 
seemingly authoritative backing. W. KR. Hamilton, astronomer and profound 
mathematical thinker, was just then engaged in a study of the paths of 
light raya in optical instruments. The resulta of these studies* began to 
appear in print in 1827, at about the time at which the two greatest ad.vooates 
of wave optics, Fraunhofer and Fresnel, died at almost the same early 
age. Hamilton’s work on general dynamics, the results of which we shall 
briefly summarize in this section, came somewhat later, but it is intimately 
related to his investigations in ray optics’. 

Let us add parenthetically that as a result of Planck’s discovery of the 
elementary quantum of action the above-mentioned question must now be 
posed differently. We no longer ask, “waves or corpuscles? ” but state, 
“ waves as well ag corpuscles!” It seems at first sight impossible to reconcile 
these apparently contradictory concepts; actually they are complementary 
rather than contradictory aspecta both of optics and of dynamics. Their 
reconciliation, as Schrodinger has recognized, rewults from a logical extension 
of Hamilton’s ideas and leads to wave or guantwm mechanic. 

Ray optice is the mechanics of light particles; in optically inhomo- 
geneous media the paths of these particles are by no means straight lines, 
but are determined by Hamilton’s ordinary differential equations or 
Hamilton’s principle which is equivalent to them. From the viewpoint of 
wave optics, on the othor hand, the rays of light are given by the orthogonal® 
trajectories of a system of wave surfaces or wave fronts. According to 
Huygens’ principle, these wave fronts are parallel surfaces. Hamilton under- 


* Treatiaca on ray optics, Trans. Roy. Irigh Acad. 1827, with supplemonts of 1830 
and 1832. His work on dynamics appeared in the Trans, Roy. Soc. London 1834 
and 1835. 

* In the formulation by Jacobi this connection wax lost. It waa newly worked out 
in 1891 by F. Klein (Naturforecher-Ges. in Halle; Ges. Abhandl., Vol, IT, 
pp. 601, 603). 

* This is true of optically isotropic media. In anisotropic media euch es orystals 
the orthogonality between ray and wave front is no longer an ordinary Fhclidean 
oné, but @ non-Euclidean, gonerslized tensor orthogonality, 
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took to represent the family of wave surfaces by a (perforce partial) 
differential equation and to extend this method to the polydimensional 
space of the ¢, of an arbitrary mechanical system. As we shall see, the family 
of wave surfaces is then given by S=const., where § is the least action 
function of Eq. (37.1). The trajectories orthogonal to the surfaces are 
determined by the equation 
ql) n= 2 
(1) Conservative Systems 

For the moment we deal with a mechanical system in which energy is 
conserved and can be resolved into 4 kinetic part 7’ and a potential part V. 
¥, V and 7 are hence not explicitly dependent on f. 

We start out with Eq. (37.9), and replace SW in the right member by 


~$V=8(7—B)=87~— 82. 
The right member of (37.9) then. becomes 
(2) 237-27 Tat— BE. 


Next we transform the left member of the same equation to generalized 
coordinates p, gq, 


(3) Pe 8g. 
Equating (8) and (2) yields 


(4) 287 +20 5 ot~ 8H= £5 7,80. 


We integrate (4) with respect to ¢ between the limits 0 and i to obtain 


(5) 88—t8B =) p8q— > m68do, 


where 8 is defined by Eq. (37.1) and p, and $g, refer to the lower limit 
im ( of the integration, » and 5g to ita upper limit ¢. 

iq. (5) indicates that we must regard the action integral $ as a fanction 
of the initial position g,, the final position g and the energy J, i.e., that wo 


are to use the arbitrarily assigned total energy # as variable in place of 
the time 7: 


(6) Saf CA Yo E ). 
According to (5), the motion as a fanction of time is then given by 
(1) t= 


t= 7’ 
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where g, and q are held fixed. If, instead, we keep H fixed and vary either 
¢ OF GQ, (5) yields 
(8) P= Fe P= 


The first of these relations is in agreement with our assertion (1); as for 
the second, we shall soon transform it to a more convenient form. 

It must be admitted that we have not gained much in the way of know- 
ledge of the motion as long as 4 is not known in the form (6). Let us, how- 
ever, recall the equation of energy 


H (9. p)=z, 
where we substitute the value of p from Hq. (8) to obtain 
(9) | Hq,5)=E. 


We regard (9) as the determining equation for the characteristic function 8. 
It is called “ Hamilton’s partial differential equation” or the Haméion- 
Jacobi equation for conservative systems. With 7’ homogeneous of second 
degree in the p (V can be assumed independent of the p), it is of second 
degree and first order. 

Let us suppose that we have found a complete integral of this equation, 
Le., 2 solution that contains a number of assignable constants equal to the 
number of degrees of freedom of the problem. Call these constanta 


Oy, Uys s+ = Spr 

Since S itself does not occur in (9), it is determined by (9) only up to an 
additive constant. One of the above constants of integration, say o,, is, 
therefore, in excess and can be replaced by an additive constant which 
remains unassigned. We may replace a, by our energy parameter Z, so 
that the complete integral can be written in the form 


(10) S=8 (gq, H, ug, tg, . . - ey)+-const. 


The classic method used to arrive at such a complete solution is that 
of separation of variablea—a method often, but not always, applicable. We 
shall deal with this method in § 46. In § 45 we shall show how Eq. (10) 
leads to a knowledge of the motion of the system. 


(2) Dissipative Systems 

We shall now adopt the general viewpoint that the Lagrangian Z and 
hence the Hamiltonion & depend on i. In general it is then impossible to 
decompose Z and H into T and V; if, in particular, a potential energy V 
does exist, it will have to depend on the time. This case is important for 
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the perturbation problems of astronomy and quantum mechanics. There 
exists then no energy principle, hence no total energy constant #. It 
follows that we cannot use the principle of least action, but must revert 
to Hamilton’s principle. Consequently we define a characteristic function 
S*, given by the integral occurring in Hamilton’s principle, 


: 
(11) sv— | Ldt, 
te 


and regard S* as function of the initial and final positions and of the Hime 
of travel t, 


(12) §*=8* (4, Ya, #)- 


This is to be compared to Eq. (6) where the constent total energy # (non- 
existent in the present case) took the place of f. 


Let us now form 5, first by means of (11), 
(13) o =L, 
next by means of (12), 
ae) = Lig et — DP Be 
The relation analogous to (8) used here, 


(15) a= Fa? 


is easily verified. Merely differentiate (11) with respect to g, and recall 
Eq. (41.1e). 

In view of the general definition (41.1) of H, the comparison of (13) and 
(14) now yields 
(16) 5 +H=0; 
from Eq. (15) we have, therefore, 
a7) tH (oS +t) m0, 


This is the Hamilton-Jacobi equation in general form. It includes our earlier 
Haq. (9) a8 a special case. To show this, let us assume, as in (a), that 
# is independent of ¢. From (17) it follows that 8* is linear in f. Hence 
we put 

S*=ai+b 
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and conclude from (16) that—a=—dZ, i.e., equal to the energy constant Z 
which now exists; 5 proves to be identical to our former characteristic 
function S. Thus Eq. (17) reduces to the special form (9) in this case. 

The remarks made in (a) concerning the integration of (9) apply equally 
well to the more general Kq. {17). The complete integral of the latter now 
contains f+-1 constants, one of which is again additive. Instead of (10) 
we can then write 


(18) S* ma S*(g, t, ty, My, . - . ay) const. 


§ 45. Jacobi’s Rule on the Integration of the Hamilton- 
Jacobi Equation 

We stated in connection with Eqs. (44.8) that the second of these did 

not lend itself to ready integration. The reason for this is that we integrated 

our partial differential equation, not in the form (44.6), but in the forms 
(44.10) and (44.18), respectively. In Hq. (44.7), 


(1) t= 


on the other hand, we had obtained an equation describing, very directly, 
the motion in time. We shall now prove that if we differentiate S with respect 
to the constants of integration a», «3, ... a, instead of #, we obtain 
equations 

as 
(2) Py Fa? be 2,8,...f 


which describe the geometric configuration of the path of the system, provided 
that we regard the 8, as @ second set of constants of integration. This is 
Jacobi’s rule for the case (a). In the case (b) it takes the even simpler form 


(3) Besa’ kul, 2,...f 
Here we have f equations of uniform structure which give both the temporal 
and the spatial course of the motion of the system. 
We can introduce the same simplicity into case (a) by formally writing 
as 
(3a) B= 5a,’ 


where we have put t= 8, and Z= 2, 

We shall restrict our proof to case (a). Let us recall the definition (41.11) 
of a contact transformation, which we shall write, for purposea of the 
following, 
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(4) aF (¢, => Puedau— > PrdQe. 


Let us compare this with the total differential of the characteristic function 
(44.10), 


f i 
aS (¢, E, a= > 3 dagt Fab + > FE 
kel bad 

which becomes, with substitution from (44.8) and (2), (3a) of this section, 


f t 
(5) aS (g, «) =2Pe dy, +2 Pe day,. 
= =1 
This equation agrees with (4) if we identify 
(8) F with 8, Q, with op» P, with — B,- 


Now we know that, by means of a transformation g,, 7,>-Q,, P, satisfying 
condition (4), we pass from Hamilton’s equations (41.4) 
° oH _ of 
Pr=— oy,  ¢k= bp; 
to Eqs. (41.12), 


5 aH iC, _ OH 
Pym ~ 55" O.= a; 


In view of (6) these become, in our case, 


(7) —hy=— 3 inn — B 
But from (41.10), 
: H(Q,P)=H (y,2), 


or, by virtue of (6), 


H (a,—p)=E=a. 
Tt follows that 


(9) oH 1 for karl, oH 0 for kml, 
Bay | O fork>1; 58,” | 0 for b> 1. 


Thus Eqs. (7) become 


of for k=l, 5 0 for kml, 
(20) Be=) ofork>1; %% 1) 0 for k> 1. 


These equations tell us nothing new regarding the «,; they merely confirm 
that the a, are constants of integration, The same can be said of the 
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equation for f,; from §,=1 we simply have £,=é (to within an additive 
constant of no importance), nothing new in view of Eq. (8a). Eqs. (10) 
for §, with k>1, on the other hand, furnish the proof of Jacobi’s rule; 
they state that, like the «,, the f, are integration constants. 

The proof can, be extended without important changes to the case (b) 
provided we make the definition of a contact transformation somewhat 
more general. Since we do not need this result in the following, we shall 
not be detained by it. 


§ 46. Classical and Quantum-Theoretical Treatment 
of the Kepler Problem 


In this section we wish to show how the Hamilton-Jacobi method of 
integration leads unambiguously and directly to the solution of the planetary 
problem of astronomy. We shall, furthermore, discover with surprise that 
the same method is made to order for the requirements of atomic physics 
and leads in a natural way to the (older) quantum theory. 

We begin with the Lagrangian. of the two-body problem with fixed sun 
M, expressed in polar coordinates, 


(1) L= Fat + atk 
from which we calculate the momenta 
(la) =m, po= mrp 


Substitution of these in (1) and a change of sign in the potential energy 
yield the Hamiltonian 


(Ib) Ho 3 (+ 576)-O7 


and, from (44.9), the Hamilton-Jacobi equation 


(2) (25)'+4-(%) -2m(z +e). 


Let us apply in this example the method of “ separation of variables ” 
mentioned on p. 231. 


We try a solution. of the differential equation (2) of the form 
(3) S=R+-h 
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in which R depends only on ¢ and @ only on ¢. If we replace the right mem- 
ber of (2) by the general function f (r, 4), we obtain 


(8a) (2) +3(B) =re.9. 


In general, such a relation doea not hold. If, however, fis independent of ¢, 
as in our case, we need merely put a equal to a constant, say 0 (called 
the “ separation constant ”’). 2 is then determined by the equation 


) (2)"=40-&, 


which is solved by quadrature, yielding & complete integral. The assumption 
that f is independent of ¢ is evidently equivalent to the fact that in 
our case ¢ is cyclic, that is, it does not occur explicitly in the differential 
equation. We see that the method of separation of variables ia based on 
special symmetry properties of the given differential equation, symmetry 
properties which are often, though by no means always, realized. 

We now follow the general pattern of § 45, put O= a, and separate (2) 
into 


(5) Bo 
© Bofo(esont)-a 


Eiq. (5) is the law of conservation of angular momentum, that is, Kepler’s 
second Jaw; the separation constant «, is the constant angular momentum, 
essentially identical to the areal velocity constant used in Eq. (6.2). Eq. (6) 
gives the variable radial momentum. 

To calculate the characteristic function S$, we integrate (5) and (6) 
and form (3). Replacing 2 by a, we obtain 


©) Saf [am (art OH) SP drag coat 


The lower limit of integration can be chosen arbitrarily since it merely 
affecta the magnitude of the additive constant. 

Let us, for the present, focus our attention on the geometric trajectory, 
Le, on Kepler’s first law. To do this we follow (45.2) and form 


® AnB--af” [am(a rome) ) +4 


VIII.46 Quantum-Theoretical Treatment of Kepler Problem 237 


It is evidently convenient to introduce em instead of r as variable of 
integration and to rewrite (8) 


Pa- 94" [ 2m o+Gmmte) ~ ole] de 


, ds 
= Pr eam (max —¢} 


Here ¢,;, and 4,,,, are the reciprocals of the distances from sun to aphelion 
and perihelion. Comparison of the two integrals yields 


(10) 


2¢ 
Smin + Snes = 
Now we wish to obtain (9) in convenient trigonometric form; the trans- 
formation 
(12) gm min tts 4 ar Sie y, 


Suggests itself. It takes guns... into w=+1 and s=ms,;, into t= —I. 
From (9) we then have 


(12) h-s—|" cin 
and, making the assignable lower limit of integration equal to 1, 
(18) $— Pymcos*u, w= cos(d— fy). 


Finally we return from w to ¢ via (11} and take note that, according to 
p. 42, Fig. 7, 


| I 
Sinn = ada’ Snax ™ aa—.s’ 


1 é 
é=cai-es tae 
From (13) we then obtain the equation of an ellipse in the familiar form 
(14) 1 ltecos (¢— 


= a(i— 


where the constant £, can be absorbed into the definition of ¢. 
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For experimental reasons the astronomer is interested not so much in 
the geometrical form of the trajectory as in the motion as a function of 
time. Here again the Hamilton-Jacobi method gives the answer in the 
most systematic fashion, namely, by means of Eq. (45.1), 


f== 88 = as s 
BH ba, 
from which we obtain, after substitution of the variable a, 


: m {? ds 
(15) t= — a.) 4, feet Noman ah 

With this equation we complete our former treatment in § 6, where the 
position of the planet aa a function of time was left undetermined. With 
the help of the “ eccentric anomaly ” of Problem 1.16 as the new variable 
of integration [ite symbol ~ should not be confused with the auxiliary u 
in Eq. (11)] equation (15) can be solved by elementary integration and 
leads directly to the celebrated Kepler equation 


né=U— € Bin 
mentioned in the cited problem. 


Tt is well-known that two- and several-body problems play a central 
role in modern atomic physics as well. In the hydrogen atom the electron 
moves about the nucleus, the proton, like a planet about the sun. Here, 
too, the Hamilton-Jacobi method has proved of surprising value. It 
literally shows us the point at which quantum numbers must be introduced. 

In the older quantum theory, whenever the #th degree of freedom was 


separable from the remaining ones, one defined a phase integral (also called 
“action variable ”) of the k"* degree of freedom given by 


(16) Jum | Paday. 


The integral was to be taken over the whole range of values of the variable 


gx One then asked that J, be an integral multiple of Planck’s elemen- 
tary quantum of action {cf. p. 181), 


(16a) Jy = mh. 


With p, in (16) expressed in terms of the characteristic function 8, one 
obtains 


(17) fee 4an= 48, = md. 


AS, is the & “ modulus of periodicity ” of the function 9, iLe., the change 
suffered by S when g, runs through a complete cycle of its values. 
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The electron of a hydrogen atom has coordinates g,=¢ and g,=r. 
The differentia] equation (2) for § and its solution (7) can be transferred 
directly from astronomy to atomic physics, provided we replace the gravita- 
tional potential energy by the Coulomb energy -<. 

Since the range of the coordinate ¢ extends from 0 to 27, we obtain 
from. (7) and (17) 


(18) ASg = Ler ay = nigh. 


ng is the azimuthal quantum number; a, aa we know, is identical to the 
azimuthal moment of momentum p4. 

The range of values of the r-coordinates extend from 1,,,, 10 Tm, and 
back. Eqs. (7) and (17) therefore yield 


max ay 
(19) 4s,-2| [2m ( -7) ~The | tae = nh 


n, is the radial quantum number. The quadrature is best performed by 
complex integration in the r-plane; once this is done, (19) becomes 


(20) — gh + ari gr me nh, 


The energy of the hydrogen electron in the quantum state n=n,-+-ng is, 
therefore, 

(21) ed 

It is negative because the energy waa set equal to zero for infinite electron- 
proton distance (see the above expression for the potential energy). 

Eq. (21), together with Bohbr’s postulate of the radiation of energy in 
quantum jumpe, led to the first understanding of the hydrogen spectrum 
(the so-called Balmer series) and from there to the modern theory of spectral 
lines in general. 

Present-day developments of atomic theory have gone beyond the 
description of electronic orbits here presented. As mentioned at the begin- 
ning of § 44, investigations following Hamilton’s line of thought have 
resulted in a more profound wave-mechanical conception of atomic processes. 


PROBLEMS 
Chapter J 


Il. Elastic collision’. » equal masses VM are placed in contact with 
each other along a straight line. Two masses M, both having velocity », 
collide with the row of ~ masses from the left. Evidently the laws of 
momentum and energy are satisfied if the two masses on the left tranefer 
their velocities to the last two masses on the right. Show that these laws 
cannot be satisfied if only one mass is expelled on the right, or if the two 
last masses on the right are set in motion with different velocities v,, vq. 


1.2. Elastic collision with unequal masses. Let the last mass m on the 
right be smaller than the remaining masses, Let a mass MV collide from 
the left with velocity v). Show from the principles of energy and momentum 
that it is impossible for m to be the only mass set in motion. If it is assumed 
that only two masses are set in motion, what must be their velocities? 


1.3. Elastic collision with wnequal masses. Let the last mags M’ on the 
right be greater then the remaining ones. Make the same sasumptions as 
in Problem 2, taking notice, however, that the next-to-last mass on the 
right transfers its momentum toward the left. What is the velocity of 
M’ and of the first mess Mf at the left end of the row? What happens if 
M’ is very large? 


L4. Inelastic collision between an electron and an aiom. An. electron 
m, of velocity v, collides centrally with an atom M initially at rest. The 
atom is excited and is raised from its ground state to an energy level 2 
unite above it. What is the minimum initial velocity », that the electron 
must have? 

You will find one quadratic equation each for the final velocities » of 
the electron and V of the atom. The minimum value v results from the 
requirement that the radical occurring in the solutions for v and V be real. 
The value of 1 is somewhat higher than would be expected if only the 
conservation of energy were called into play, although the difference is not 
observable because the ratio M/m> 2000 is very high. 


ee 
"It is easential thet the student carry out the experiments described in Problems 1.1 to 
1.3 himself, This can be done with coins on a smooth support, with elastic spheres 
a0 suapended on strings that they touch in the position of rest, or finally with 
marbles in a trough. 
240 
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If the colliding particle is of the same, or approximately the same, mass 
as the struck one, the required minimum energy is about twice that expected 
from conservation of energy alone. 

1.5. Rocket to the moon. A rocket with continuous exhaust shoots 
vertically upward. Let the exhaust velocity be a relative to the rocket 
and p= ~—m be the mass expelled per second, and assume both constant in 
time. Assume that the motion occurs under constant gravitational accelera- 
tion g, friction being neglected. Set up the equation of motion and integrate it 
under the assumption that the initial velocity of the rocket on the surface 
of the earth is zero. If pmzg5 of the initial mass m,anda—=2000 meter: sec, 
what height has the rocket reached at 10, 30, 50 se0.3 

I.6. Water drop falling through saturated atmosphere. A spherical water 
droplet falls, without friction and under the influence of gravity, through 
an atmosphere saturated with water vapor. Let its initial radius (¢=0) 
be ¢, ita initial velocity, vy. As a result of condensation the water drop 
experiences a continuous increase in mass proportional to its surface; sa 
‘will be shown, its xadius then increases linearly with time. Integrate the 
differential equation of the motion by introducing r instead of ¢ as indepen- 
dent variable. Show that for c=0 the velocity increages linearly with time. 

1.7. Falling chain. A chain lies pushed together at the edge of a table, 
except for s piece which hangs over it, initially at rest. The links of the 
chain start moving one at a time; neglect friction. The energy written in 
the usual form is here no longer an integral of the motion. Instead, the 
impulsive (Carnot) energy loss must be taken into account in writing the 
balance of energy. 

L383. Falling rope. A rope of length ! slides over the edge of a table. 
Initially a piece x of it hangs without motion over the side of the table. 
Let x be the length of rope hanging vertically at time ¢. The rope is assumed 
te be perfectly flexible. Show that the principle of energy in the form 
T+ V=_const. gives an integral of the motion. 

1.9. Acceleration of moon due to earth’s attraction. The moon’s distance 
to the earth is about 60 earth radii. Assume that the lunar orbit is a circle, 
once traversed in 27 days, 7 hours and 43 minutes. From this the accelera- 
tion of the moon toward the earth (centripetal acceleration) can be caleu- 
lated. Comparison of this value with that from Newton’s law of gravitation 
gave the first confirmation of this law. 

1.16. The torque as a vector quantity. Consider s rectangular coordinate 
system (x, y, 2), with r the radius vector of the point of application of a 
force F. We now pass to a second coordinate system (x’, y’, z’), obtained 
from the former by rotation. Show that the moment of foros F about the 
origin of the first coordinate system transforms like a vector, i., like 
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re(z, y, z). To prove this one must assume that both coordinate systems 
are of similar sense (both right-handed or both left-handed). 


I.11. The hodograph of planetary motion. From Eq. (6.5) with A=0, 
the hodograph of planetary motion is given by 


Exam — Haing, ym gm + Moog +B, 


where M is the mass of the sun, C the angular momentum constant, ¢ 
the true anomaly (of. Fig. 6). Show that the trajectory is a hyperbola or 
ellipse, depending on whether the “pole” §=7=0 of the hodograph is 
excluded from or included by the hodograph. Also describe the limiting 
cases of parabola and circle in terms of the position of this pole. 

1.12. Parallel beam of electrons passing through the field of an ton. 
Envelope of the trajectories. A source located at infinity shoots off slectrons 
(charge e, masa m)} along parallel paths with constant initial velocity wy. 
An ionized atom 4 (charge HZ, maas M) is fixed at the origin. If e and 2 
have the same sign, what area surrounding A is never touched by the 
electrons? 

Take the y-axis as the direction of the incident particles; treat the 
problem as plane. It will be easiest to write the trajectory of an electron 
in polar coordinates with A as pole of the coordinate system and focus of 
the hyperbolic trajectory. The boundary of the above-mentioned area is 
obtained as the envelope of the electronic trajectories. Because of M>m 
one can consider A to be at rest. 

Show that if e and # have opposite signs, the envelope of trajectories 
seems to yield the same boundary, but that it is now devoid of physical 
meaning. 

1.13. iniplécad ttajactosty adie waa: tahuinte of @ central force directly 
proportional to the distance. Consider a mass m under the influence of 4 
force directed toward « fixed point 0 (center of force) 


F = —ikr 


— 

(r= Om, k=conat.). Show that the following three laws hold for the motion 
of m: 

1. m describes an ellipse with O as center. 

2. The radius vector r sweeps out equal areas in equal times. 

8. The period 7 is independent of the shape of the ellipse, depending 

only on the force law, i.e., the values of & and m. 

1.14. Nuclear disintegration of lithiwm (Kirchner, Bayer. Akad. 1933). 
If « hydrogen nucleus (proton, mass m ) collides with velocity v, with a 
nucleus of £47 (lithium of atomic weight 7), the latter splita into two «- 
particles (mass mig—4m,). These two «- particles fly off in almost (but 
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not exactly) diametrically opposite directions. Aasume that the «- 
particles fly off symmetrically with respect to the line of collision, and with 
equal velocities, and calculate the angle 2¢ between them. Notice that in 
sddition to the kinetic energy #, of the proton, there occurs another energy 
# liberated as a result of the mass defect, which is greatly in excess of H,, 
and is likewise transmitted to the two «- particles. Thus the final answer 
for cos¢ contains not only m, and mx, but also the kinetic energy Z,, of the 
proton, and 2. 

In the units customary in atomic physics, = 14-10* ev (electron-volt). 
In an experiment £,=0.2:10* ev; what are the values of vg and 241 


1.15. Central collisions behoven neutrons and aiomic nuclei; effect of a 
block of paraffin. Neutrons are slowed down but little by a lead plate 
50 cm thick; a layer of paraffin about 20 om deep, on the other hand, 
absorbs them completely. This can easily be understood, if one remembers 
that in a central collision the kinetic energy of the neutron (mass m=<1) 
is completely transferred to one of the hydrogen nuclei of the paraffin 
(proton mass M,-1); whereas the amount of energy transferred in a 
central collision with a lead nucleus (mass M,==206) is hardly worth men- 
tioning. Draw a curve showing the kinetic energy which the initially motion- 
less atomic nucleus (of mass M) receives from the neutron. (mass m) in a 
central collision, as a function of the ratio M/m. 


1.16. Kepler’s equation. The seoular variation of the motion of the 
planet in ite orbit is determined, in differential form, by the principle of 
angular momentam. In order to obtain the secular variation in integral 
form, one can, following Kepler, proceed as followa (Fig. 55). 

Draw @ circle about the 
center of the ellipse with the 
major axis as diameter. We 
now associate a point K on 
the circle with the planet 
located at pomt H of the 
ellipse at the time 4. If we 
take the principal axes of the 
ellipse as coordinate axes, 
point KX has the same ab- 
gcissa as Z. Whereas Z ia 
given by its polar coordinates 
r, ¢ (pole S), EK is deter- 
mined by polar coordinates Fra. 55. Eeplor’s construction of the occentric 
a, @ (pole 4). Thus with the anomaly u and its connection with the true 
true anomaly 4 we associate snomaly ¢. 
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the eccentric anomaly u (aa in the text, we count both from aphelion in 
the direction of motion, at variance with astronomical usage, where the 
anomalies are counted from perihelion, though, of course, also in the 
direotion of motion. of the planet). 

The coordinates x and y of the planet # can be expressed, on the one 
hand, in terms of r and ¢, and on the other, in terms of one of the semi- 
axes of the ellipse and the eccentric anomaly u, so that, with K given, 
& is also given, The course of the motion of point K on the circle is then 
determined by the celebrated Kepler equation 

nt == (u — € sin). 
Ht : sai er ; out 
ere ¢« is the eccentricity of the elliptical trajectory, and n=(S) = oR 
where a, b are the semi-axes, G the gravitational constant, Mf the mass of 
the sun, C the areal velocity constant. 

Tn order to derive Kepler’s equation, start out with the polar equation 

of the ellipse, referred to § as pole and the ray SA (aphelion) as polar axis, 


r=T—ecoag 


where p is the “ parameter ” a(1—-*). Now use the transformation rela- 
tions referred to above to introduce « in place of ¢, and obtain the equation 


r'm= (1 -}- € 008 4%). 


Differentiation of these two equations, elimination of r and ¢, introduction 
of the principle of angular momentum and of Eq. (6.8) finally yield Kepler's 
equation by an integration, provided we stipulate that at #0 the planet 
ig at aphelion. 


Chapter II 


IL1. Non-holonomic conditions of a rolling wheel. A sharp-edged wheel, of 
radius a, rolls without sliding on. a rough plane support (think, for example, of 
& hoop rollmg on an even road). Its instantaneous position is determined by 
assigning values to 

1. coordinates 2, y of the point of contact of the wheel with the support, 
referred to @ rectangular coordinate system x, y, 2 whose vy-plane coincides 
with the support; 

2. angle @ between axle of wheel and z-axis; 

3. angle ~ formed between the tangent to the wheel (intersection of 
the plane of the wheel with that of the support) and the x-axis; 
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4, angle ¢ that the radins toward the instantancous point of contact 
of the wheel makes with an arbitrary fixed radius, this angle to be counted 
positive, say, in the direction of rotation. 

In finite motion the wheel therefore haa five degrees of freedom. The 
mobility of the wheel is, however, restricted by the condition of pure rolling 
(without slipping) brought about by the statio friction between wheel and 
support; indeed, with the wheel moving along ita instantaneous direction, 
the distance 8: moved slong the direction of the tangent must equal a 54. 


By projecting this equation on the coordinate axes we then obtain the 
conditions of constraint 


(1) demacos edd, sy—asin pdd 


which the displacements dz, 5y and 6¢ must satisfy. 

Hence the rolling wheel has only three degrees of freedom in infinitesimal 
motion. 

Show that conditions (1) cannot be reduced to equations between the 
coordinates themselves. To do this, show that the existence of an equation 

f(z, ¥, ¢, #)=0 [4 does not occur in (1)] is incoxupatible with conditions (1). 

Il.2. Approximate design of a flywheel for a double-acting one-cylinder 
steam engine (cf. also § 9 (4)). A double-acting piston engine is one in 
which steam is introduced alternately on both sides of the piston, so that 
work is done during both strokes of a cycle. 

Let us assume, for simplicity, that the steam pressure remains constant 
during each stroke (full presswre or Diesel cycle), and let us, moreover, 
suppose that the connecting rod is of infinite length. The variable torque 
as a function of crank angle ¢ transmitted from the piston to the crank 
shaft is then given by 

L= LD, ein ¢ 


for the half.cyole in which the crank moves from the backward to the 
dead forward position [cf. Eq. (9.5)]. Here D, is a constant; ¢ is counted 
in the sense of rotation from the dead backward position. During the 
second half-cycle, from forward to dead backward position, under the same 
assumptions as made above (viz., 1. double-acting engine, 2. operation under 
full pressure, 8. infinite connecting rod), the torque changes according to the 
same law, provided ¢ is now measured in the sense of rotation from the dead 
forward. position. 

Let the load on the engine be given by the constant torque W, corres- 
ponding to a power of YW AP withnmr.p.m. Thus the driving torque LZ is 
variable, while the load torque W is constant. As a result the angular 
velocity of the engine fluctuates between a maximum value w,,, and a 
minimum value w,,;,, its mean value w,, being given approximately by 
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@ max + @ min 
— <_<. - 


It is the purpose of the flywheel to prevent the relative fluctuation, that is 
the degree 6 of unbalance of the engine, given by 


ga “mex ~_@ min. 
Dp 


from exceeding a given limit. How great must the moment of inertia of 
the flywheel be if the inertial effect of the moving masses (piston, piston 
rod, cross head, connecting rod and crank) is neglected? 

11.3. Centrifugal force under wmereased rotation of the earth. How fast 
must the earth rotate and how long would the day be in order that cen- 
trifugal force and gravity just cancel at the equator? 


11.4. Poggendorff’s experiment. From one end of the beam of a balance 
we suspend a weightless pulley which can rotate without friction. A 
string UY passes over the pulley; on one side the string carries the weight P, 
on the other, the weight P+-p, where p is a small additional weight, just 
as in Atwood’s machine. Initially » is fastened to the axle of the pulley 
by means of a thread. w. On the other side of the balance these weights are 
suitably equilibrated in a pan. The thread « is then burned. 

(a) With what acceleration do the weights P and P-+p rise and fall, 
respectively? 

{b) Is the beam of the balance displaced in this process? 

{c) What is the tension in the string 0? 


IL5. Accelerated inclined plane. An inclined plane is moved in a 
vertical direction according to a given dependence on the time. Investi- 
gate the motion of a body of mass m sliding down the plane without friction; 
im particular, consider the case that the inclined plane is moved with the 
constant accelerations +-¢ and —g. 

H1.6. Products of inertia for the wniform rotation of an unsymmetrical 
body about an axis. An unsymmetrical body rotates uniformly about an 
axis whose ends rest in hearings A and B. What reactions A and B must 
be exerted by the bearings? Caloulate them from d’Alembert’s principle; 
show that they result from the total centrifugal force applied at the center 


of gravity and from the resultant moment of the centrifugal forces acting 
on. the individual mass elemente. 


From p. 55 we know the reactions caused by the weight of the body 
alone; we can therefore omit their effect here, 


IL7. Theory of the Yo-yo. A disk-shaped body of mass M and moment 
of inertia J is provided with a deep symmetrical groove in the median plane 
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perpendicular to its axis. A string is wound on the shaft of radius r in 
the groove. The loose end of the string is held in the hand. One then lets 
the body fall, with the strmg taut at all times. As the body descends, it 
eoquires a rotational acceleration until the string is unwound. Then follows 
@ transition stage, not to be considered in detail here, the result of which 
is that the body shifts from one side of the string to the other. The string 
now winds around the shaft in the opposite sense, and the body climbs 
with rotational deceleration, and 6o on. What is the string tension 

{&) in descent? 

(b) in ascent? 
Assume that + is so small compared to the distance of the axis from the 


loose end of the string that the string can at all times be considered to be 
vertical. 


IL8. Particle moving on the surface of a aphere. A mass point moves 
on the outside of the upper half of & sphere. Let its initial position z, and 
initial velocity v, be arbitrary, except that the latter is to be tangential 
to the surface of the sphere. The motion is to be frictionless, occurring 
solely under the influence of gravity. At what height does the mass point 
leave the sphere? 


Chapter III 

YIL1. Spherical pendulum with infinitesimal oscillations. In general, 
the nodal points of the trajectory of a spherical pendulum advance during 
the course of the motion. For sufficiently small oscillations, however, the 
nodal points must be fixed, for we are then dealing with an harmonic 
elliptical motion. Estimate in what order the advance 4¢ of the nodal 
points vanishes with vanishing area of the ellipse, 

IIL2. Position of the resonance peak of forced, damped oscillations. 
In « forced oscillation with damping the maximum amplitude of oscillation 
lies, not at w=, 43 in the case of no damping, but at a value below aw, 
(ef. Fig. 33) depending on the amount of damping. 

Find for what value of w |C| is a maximum. 

[Show that the maximum of the velocity amplitude |C|w (or of the 
time average of tho kinetic energy) ocours exactly at w= ay.] 

IlIl.3. The galuanometer. A galvanometer is connected through a 
switch with a direct-current source of constant ZMF #. At time i-0, 
the switch is closed. Aftor a sufficiently long time the galvanometer deflec- 
tion reaches its final value o,,. What is its motion between the initial 
position of reat, a=0, c=0, and the final position, c=«,,? 
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Three effects have to be taken into account. First, an external torque 
proportional to the electric current and hence to the EMF acta on the 
galvanometer of moment of inertia I. Second, there acts a damping torque 
proportional to the angular velocity, which tends to slow down the motion. 
Third, the torsion in the suspension acts aa a restoring torque and is pro- 
portional to the deflection «. Let p be the factor of proportionality of 
the damping torque, w} that of the restoring torque. 

Distinguish and explain graphically the three casea 

(a) weak damping (p< «,), 

(b) aperiodic (‘ critical”) damping (p= »), 

(c) strong damping (p > wo). 


TIL4. Pendulum under forced motion of its point of suspension. 

(a) A particle is suspended from an inextensible string and oscillates 
without damping under the influence of gravity, The point of suspension 
is moved along a straight horizontal line according to some given law of 
displacement £ =f(t). 

What are the equations of motion of the system, the mass of the string 
being neglected? Derive them either from d’Alembert’s principle or from 
Lagrange’s equations of the first kind. 

The equations of motion become considerably simplified if we pass to 
small oscillations, i.e., retain terms of only the first order. 

If we make the additional assumption that the displacements of the 
point of suspension are harmonic in time, the equations of motion can 
easily be integrated. As the pendulum is set moving, say by a motion 
of the point of suspension, its proper frequency is excited; the amplitude 
of this proper frequency is gradually damped out (though we shall neglect 
damping in the analysis), thus leading to a steady state of oscillation with 
the saxne frequency aa that forced on the point of suspension. Show that 
when the motion has thus become stationary, suspension point and maas 
m move in the same sense below the resonance frequency, in opposite 
senses above it. 

(b) Make « similar analysis of the case in which the point of suspension. 
is subjected to a vertical displacement 7, with special emphasis on the 
caae that the acceleration of the point ia constant. What is the period of 
Rag if the point of suspension ia displaced with accelerations +9 

—g! 

TUL.5. Practical arrangement of coupled pendulums, sketched in Fig. 56. 
Between two fixed supports 4 and B is stretched a weightless, flexible 
and elastic wire. Its tension § is regulated by an adjustable weight G 
ettached to the loose end of the wire hanging over the angle iron B. Two 
pendulums are suspended bijilarly at points GC and D which divide the 
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segment AB into three, let us say, equal parts. The bifilar suspensions, 
indicated as simple suspensions in the sketch, enable the pendulums to 
swing out with good accuracy in a transverse direction, i.e., normal to 
the plane of the drawing. By increasing G the coupling between the two 
pendulums is made weaker (not stronger, as might at first be thought }). 
In what is to follow, we shall assume the coupling to be weak, which means 
that § is large compared with the weight of the pendulum bobs. We 
further suppose the angles of deflection ¢, and ¢, of the pendulums with 


ee | 
x | 


: é 
Fic. 56. Wire AODB is held taut by the weight G. It is deformed 
into A34B or, for the opposite deflection, inte 43‘4’B, the deflection 
being caused not only by the gravitational action on masses m, 
and m,, but also by the inertial effects of the pendulums. The 
latter are labeled 1 and 2, are of lengths 7, and J,, and guepended 
bifilarly, so that they sewing out normally to the plane of the 
drawing (the bifilar suspensions are not shown in the figure). ¢, 

and $, sre the instantansous deflections from the vertical, 


respect to the vertical to be small. (Refer to Fig. 56 for notation; 3’ and 
4’ are the deflections of the points of suspension C and D symmetrically 
opposite to 3 and 4.) These angles are then approximated by 


singa gi SE, cosdy—l 


sin dodge, cong,=1. 
With neglect of the y-component of the smal] oscillations we have for m, 
and similarly for mg, 
(1) m, g= 8, 008 $, = 5; tha g= Ss 008 Ga=Sy 


(2) m z= —S, sin d= “pt @e— m), MyXa= — Sy Sin by “BF (ea %)- 


At the points of suspension 0 and D, 8, and &, respectively must, at any 
instant, be in equilibrium with the tension §; the latter is altered negligibly 
little by S, and S,. This yields two more conditions between 2,, 2, x, and 
2,. We can solve these for z, and 2, and substitute them in (2). We then 
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obtain the simultaneous differential equations of coupled pendulums. 
Verify that these are indeed in agreement with Eqs. (20.10). 

Til.6. The oscillation quencher. A system capable of oscillating in the 
w-direction (mass M, proportionality constant of the restoring force, X)} is 
coupled by means of a spring (constant &) to a mass m, in such a way that 
m, too, can oscillate in the x-direction. We require that when an external 
force P,=coosat acts on the mass M, this mass M stay at rest. What 
conditions must be satisfied by the system (m, k}? 


Chapter IV 


TV.1. Moments of tnertia of a plane mass distribution. Prove that 
for any plane maas distribution the moment of inertia about the “ polar ” 
axis (perpendicular to the plane) equals the sum of the moments of inertia 
about two mutually perpendicular “ equatorial” axes (in the plane of the 
mass distribution, intersecting in the polar axis). Specialize the foregoing 
to @ circular disk. 

IV.2. Rotation of atop about its principal axes. According to Fig. 46a, b, 
the rotations of an unsymmetrical top about the axes of the largest and 
smallest moments of inertia are stable, that about the axis of the intermedi- 
ate moment of inertia is unstable. Prove this analytically. Start out with 
Enler’s equations of motion and put the angular velocity about the axis 
of rotation w,=<const.=, Angular velocities w, and ws about the other 
two principal axes are initially zero, but, due to a perturbation, acquire 
values different from zero. If we suppose the perturbation small, the first 
Euler equation states that to a first approximation w, remains unchanged, 
=wy From the other two equations one obtains # system of two linear 
differential equations of first order in w,and ws. Put weaer and wamber? 
with arbitrary constants @ and b, and substitute in the two equations. The 
discussion of the resulting quadratic equation for yields the proof of the 
above assertion. 

IV.3. High and low shots in a billiard game. Follow shot and draw 
shot. A billiard ball is hit with horizontal cue in its median plane, ie., 
without “English .” At what height 4 above the center must the oue hit 
the ball so that pure rolling (no slipping) will ensue? Work out a theory 
of balls struck high and low, taking into account the kinetic friction between 
ball and cloth. By how much does the velocity of the center of mass grow 
in a high shot during the total time friction is acting, and by how much 
does it decrease in » low shot? What time elapses before only pure rolling 
remnainal 
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The same method oan be used to explain the henomena taking 
on collision with another ball, i.e., follow and ae ae = 
IV.4. Parabolic motion of a bilkard ba. How must a ball be struck 
ao that the initial motion of its center of gravity and the axis of rotation 
are not normal to each other? Show that the direction of the force of 
friction is constant as long aa the ball slides. What is the trajectory of 
the center of the ball? After what time does pure rolling ensue? 


Chapter V 


V.1. Relative motion tn a plane. A plane rotates with variable angular 
velocity w about its normal at ons of its points 0. 

What forces in addition to the centrifugal force must be applied to a 
mass point 2o that its equations of motion in the rotating plane take on 
the same form as in the inertial frame of a spatially fixed plane? It will 
be convenient to introduce complex variables x+-iy in the spatially fixed 
plane, +47 in the rotating plane. 

V2. Motion of a particle on a rotating straight line. A mags point 
moves without friction on a straight line which in its turn rotates with 
constant angular velocity w about a fixed horizontal axis intersecting, and 

to, the straight line. Calculate the motion on the rotating 
straight line as a function of time, and show that the force of constraint 
(guiding force) and the component of the gravitational attraction along 
this force just balance the Coriolis force. 

V.3. The sleigh ae the simplest example of a non-holonomic system 
(after C. Carathéodory, Z. angew. Math. Mech. 13, 71 (1938)]. The sleigh 
is regarded as a rigid plane system with three degrees of freedom in finite 
motion, one degree in infinitesimal motion. (Cf. the rolling wheel in 
Problem 11.1, which had five degrees of freedom in finite motion, three 
in. infinitesimal motion.) 

Neglect the sliding friction on the snow, or, alternatively, think of it 
ag permanently compensated by the pull of a horse. One must, however, 
take into account the friction F exerted laterally by the snow tracks 
against the runnors of the sleigh, for it prevents any lateral motion of these. 
Let this friction be soncentrated at one point of application 0. 

An é-system is fixed in the sleigh. The ¢-axis runs horizontally along 
the center line of the runners and passes through the center of mass @ 
with coordinates £-<a@, 7==0, and the y-axis passes horizontally through 
the point of application of J. In the horizontal plane of the ow we fix 
an zy-system. Let ¢ be the angle between the axes of § and 2, w=¢ the 
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instantaneous angular velocity of the sleigh about the vertical; M is the 
mass of the sleigh, J its moment of inertia about the vertical through the 
mass center; u, v are the components of the velocity of the point @ 
(€=9=0) along ¢ and ». 

(a) Derive the throe simultaneous differential equations for the quantities 
&, v, w with F as external force, using the method of complex variables 
of Problem V.1. 

(b) Simplify them by introducing the non-holonomis condition v=0 and 
determine ¥ from them. 


Ket Ka¥ Ke Ks3 


Fie. 57, Trajectory of a sleigh for various values of 
k, after Carathéodory, 


(oc) Integrate them by introducing, instead of ¢, an auxiliary angle 
proportional to ¢. 

(a) Verify that the kinetic energy of the sleigh is constant (because F 
does no work). 

(e} Show that, with suitable choice of the time scale, the trajectory of 
point 0 in the zy-plane possesses a cusp at f= 0 andasymptotically approaches 
straight lines for = +0, sa shown by the curves of Fig. 57 borrowed from 
Carathéodory. 


Chapter VI 


VILL. Example illustrating Hamilion’s principle. Caloulate the value 
of Hamilton’s integral between the limits t=0 and t=?, 

(a) for the real motion of a falling particle, z= } gt?; 

(b) for two fictitious motions z=ct and z=af*, where theconstants c and a 
must be so determined that initial and end positions coincide with those 
of the real path, in agreement with the rules of variation in Hamilton’s 
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principle. Show that the integral has a smaller value for the real motion (s) 
than for the fictitious ones (b). 


VI.2. Once more the relative motion in a plane and the motion on a 
rotating straight line. ‘Treat Problema V.1 and V.2 by means of the Lagrange 
method. 


VI3. Once more the free fall om the rotating earth and Foucault's 
pendulum. Verify that these problems, too, can be treated by Lagrange’s 
method without knowledge of the laws of relative motion. This procedure 
is interesting and simpler in thought than that of Chapter V; it does, 
however, require & careful ware of "e numerous small terms oceurring. 


only after the differentiations 2 a: A and = 5 have been carried out should 


the usual approximations of large terrestrial radius and small angular velo- 
city be made; until then, alf terms must be carried. 

Start out with ordinary spherical polar coordinates r, 6, ¥, where r is 
measured from the earth’s center. Next compare these with coordinates é, 
», € introduced in Fig. 49. Let & be the earth’s radius, 6), yy the coordinates 
of the projection on the earth of the initial position of the freely falling 
body or of the point of suspension of the pendulum. We then have the 
following relations between coordinates r, 0, y and £, n, { of the falling or 
oscillating particle m, 


(1) f=R(8-%), n= Rain O(y— fy), Car—R, 
with 

(2) Yo= wt, Om = —P-moolatitude. 
From this 


fo RO, =Rein O(p—a)+25n8, fai 
and, conversely, 
(8) rém(1+§)é, 
rein Oyim(1 +h )ptoR (2+ §)sine- S81 +E), rm, 
where the angle 6 occurring on the right must, according to (1), be regarded 


ad o function of £. 
These values are to be replaced in the expression 


Tm F (A124 rein? oy) 
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for the kinetic energy, which becomes, aa a result, a function of ¢, 9, f, 
é,y and {. If we denote the terms later to be dropped by..., we can, 
for instance, calculate from 7' 


(4) ial + £)'e-m225(1+8) 2{---tok(1+§)sino+.--} 


d oF = ‘ 
(5) aoe mmf —~ mw 008 On + ++ - 
6) SE = Bap Tw 008 H+ 


As our potential energy we can take 
(7) Vumg(r—2)=megt. 


Verify that in this manner we obtain Eqs. (30.5) for the free fall and 


Eqs. (31.2) for Foucault’s pendulum, from which follow the results developed 
earlier. 


VI.4. ‘* Wobbling ” of a cylinder rolling on a plane ewpport. A circular 
cylinder of radius ¢ has an inhomogeneous mass distribution, so that the 
center of mass @ has the distance ¢ from the axis of the cylinder. The cylinder 
rolls on a horizontal plane under the influence of gravity. Let m be the 
mass of the cylinder, J its moment of inertia about an axis through the 
mass center parallel to its axis of symmetry. Investigate the motion with 
the help of Lagrange’s method, introducing the angle ¢ rotated through 
as generalized coordinate g. In calculating the kinetic energy, put the 
point of reference 

(a) in the center of mass, 

{b} in the geometrical center, 
of the cylinder and verify that in both oases the same differential equation 
in ¢ results. 

Show by means of the “ method of small oscillations ” that the equili- 
brium of the cylinder is stable with @ in the lowest, and unstable with @ 
in the highest position. 

VI.5. Differential of an automobile. If the driven wheels of an auto- 
mobile are not to slide, they must be able to turn at differant speeds on a 
curve. This is achieved by the differential (Fig. 58). The engine drives the 
driving wheel ($2) in which axle A is fixed. Two bevel gears (w) sit on 4 
in such a way that they can rotate independently about A. They, in turn, 
are in mesh with the pair of bevel gears (w,, «,) on which they may roll 
(of. Fig. 58, left) as A turns. 
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The axle of the rear wheels of an automobile is cut at the center (Fig. 58, 
right), Fixed to the left end of its right half is the bevel gear (w,), to the 
right end of its left half, the bevel gear (w,). The two halves of the rear 
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Fre. 58. The differential of an automobile, at the same time & 

model (after Boltzmann) for the induction effect of two coupled 

circuits. Left: view along rear axle of vehicle. Right: side 
view of this azle. 


axle are therefore coupled by the differential in such a way that they can 
turn with different angular velocities. 

Set up the kinematic relations between angular velocities 2, w, w, and 
w,, Next make use of the principle of virtual work to derive the condition 
of equilibrium between the driving torque L acting on (2) and the torques 
DE, and £, acting on (w,} and (w,). 

What is the equation of motion of the system? Let I, and J, be the 
moments of inertia of (w,) and (ws), J that of the pair of gears (w) about 
the axis of A, Z' that of (w) about the axis of the driving wheel. Neglect 
the contribution of (2) to J’. 

If one rear wheel is accelerated, for instance by decreasing friction, the 


other wheel is retarded, even if driving torque and frictional torque remain 
equal there. 


HINTS FOR SOLVING THE PROBLEMS 


Almost all numerical calculations occurring in these problems can be 
éarried out to sufficient accuracy by means of 6 slide rule. Let us call 
express attention, to this useful tool for quick approximate calculations. 


Ii. The proof that v,.=v,=0 can be derived either algebraically or 
geometrically. In the latter case use », and v, ag rectangular coordinates 
in a plane diagram. 

1.2. The velocities of the expelled masses are, respectively, 


2M M—m 
Wim"? and fm ° 


1.3. Here we obtain the formulas of 1.2 with a change of sign. 


1.4. Verify that the quadratic equation for V leads to the same minimum 
value v, as that for v. 


I.5. The differential equation to be integrated is 
0 — prem — mg. 
With the independent variable m=m,— pt instead of ¢ one obtains 
=~ aln(1-44)—¢¢ 
and, by an additional integration (z= height above earth’s surface), 


a =" {0B} nf -By) +B} tr 
For small t we obtain, by neglecting higher terms in ¢, 
@) a= (9) 
The numerical calculation with equation (1) yields 
i= 10 30 50 see 
g==0.54 5.65 18.4 km 


1.6. Since water has specific gravity 1, the mass of the drop is 
m= <*, ie., dm=4ertdr. In condensation, on the other hand, with « 
@ factor of proportionality, dm=dnrtadt; it follows that dr=« dt. In terms 
of r the differential equation is then 
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aF(r*0) mrtg, 
By virtue of the initial condition y= for r=c its solution is 
Pl 
ve bith (0 23): 
for c=0 and v,=0 we have, respectively, 
r ra of 
vali v= 85 (1-3): 


1.7. Let 2 be the instantaneous length of chain hanging down. With 
the mass of the chain per unit length put equal to 1, the equation of motion is 


Sled) — nage, 
Since ite integration is somewhat difficult— after the substitution «= x3 it 
leads to an elliptic integral — we shall be satisfied with expressing the quanti- 
ties T, V and Q (Carnot energy loss per unit time) in terms of x, and # 
and showing that by the equation of motion we have 
T4+V+Q=0, and henoe, T+V 40. 


L8. Qur equation of motion is tz=gzx. This linear differential equation 
with constant coeficients has a solution of the form (3.24b). The validity 
of the principle of energy can be read off either in differential form from 
the equation of motion, or in integrated form from. its solution 


mm afettemat), atm f, a= 3. 


L9. The numerical data given in the problem permit the calculation 
of the centripetal acceleration of the moon in meeo™*, For the radius r 
of the earth we can take the original definition of the meter, r=—107m. 


The law of gravitation, on the other hand, yields 45 as the centripetal accelera- 


tion after the gravitational constant G has been eliminated by means of 
gason p. 20. The two numerical values thus obtained are in satisfactory 
agreement. 

1.10. Set up the transformation equations for the coordinates as in 
(2.5), but with «,= §y)=y,=0. The components of the transformed moment 
L’ are found to be linear expressions of the components of L with coefficients 


equal to the cofactors of the transformation scheme. For the latter we 
have the relations 
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tw % 

Bs A — 

to be proved from the orthogonality conditions. Here p= + 1, acoording as 
the transformed system has the same sense (“ unimodular transformation ”’) 
as the original system, or the opposite sense. 


L11. From Eqs. (6.8) we have (according to Fig. 7 and Eq. (6.5), Bis 


_ | % % = 
Py = | Ba Bal’ PYs 


negative] sie 
‘“GM ™ GM 
Co “o 


It follows that for the ellipse (e< 1) > |B, for the hyperbola (¢>1) 


cs < |B|. Now R= on is the radius of the hodograph circle, |B| the 
distance of the center from the pole. From this the assertion made in the 
statement of the problem follows at once. 
The table below, in which | 
GM 
Yo™™ “a +(B| 


signifies the magnitude of the planet’s velocity at perihelion, shows how 
the limiting cases of the circle and the parabola fit into the scheme. 


hodograph excludes 
pole 


1.12. In the differential equations (6.4) we must replace GM by + *, 


where the upper sign (attraction) corresponds to the case of the positive 
ion, the lower sign (repulsion) to that of the negative ion. Note that here 
2=0, y=—vp, and the meaning of ¢ is the eame as in Fig, 6, so that Eqs. 
(8.5) give for $= g, 


A=+%0, Bat, 
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Eq. (6.6) then becomes 
(l) 7 = £ gagull—sing)— Hoos¢. 


O changes from trajectory to trajectory with the distance of the firing 
direction from the y-axis. It follows that (1) represents a family of 
curves. To obtain the envelope of this family, differentiate Eq. (1) with 
respect to C, then eliminate ( from this and the original equation to obtain 


4a) 
(2) at=pi'—2py, p= a 
Note that any electron path consists of only one branch of a hyperbola, 
whereas (1) represents both branches; verify—- most simply by a sketch of 
the corresponding families of curves —that Eq. (2) is the envelope of the 
actual electron paths only in the case of repulsion. 

1.13. It will be easiest to use the method of harmonic oscillations 
of § 3, (4). It is, however, instructive to check that the methods of § 6 
also lead to the desired end. 


1.14. The nuclear reaction treated here is not an elastic collision; 
nor is it an inelastic one. It is, 80 to speak, a “‘ superelastic ” one, in that 
the nuclear binding energy Z is to be added to the primary energy J. 
The kinetic energy of the «-particles can be calculated in the classical form. 
Ba= dna. 

Elimination of v, from the equations of energy and momentum then 
yields Kirchner’s result for the symmetrical case, 


~ (% #, \+ 
ee (ee a+) 


1 ev is that energy which a potential drop of 1 volt (= 10® electromagnetic 
units of potential) imparts to the electronic charge e (=1.6 - 107? electro- 
magnetic units of charge), so that 1 ev=1,6 «10°"* arg. 

The mass of tho proton is m,=1.65 -10~™ g, that of the «-particle, 
is hence myz=6.6 -10-“ ¢. The latter is needed in order to pass from 
EF. at first expressed in ev and then converted to erg, to the velocity v,. 
The value of v,, thus found shows that the classical form for Hy, was justified 
and that the relativity correction of Eq. (4.11) is negligible. 

1.15. In tho second Eq. (3.27) we put V,=0 and, say, v=1, so that 
one can immediately caloulate the kinetic energy $M V? of the struck particle 
after the collision as function of =<; in particular one finds it to be a 
maximum for ¢=1 and to be small—only 1.9% of the maximum value— 
for «= 206. 
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Proceeding from such considerations, Fermi in 1935 worked out his 
method for the production of “thermal” neutrons, i.e., slow neutrons of 
uniform velocity, which by frequent collisions have reached equilibrium with 
the protons of thermal energy contained in the paraffin. 


1.16. The coordinates of # are 


(la) v= ML=a cos u 
=SL—SM=r cos ¢— <a 
(1b) y=LL=rsm¢=b emu, 
Write the polar equation of the ellipse in r, ¢ in the form 
(1) r=ercosd-+p, p=a(1—e%), 
Substitute the value of r cos ¢ from (la) to obtain 
(2) r= e(a cos u+-ea)+-a(1 — e*)=a(1 + cos u). 
A differentiation of (2) gives 
(3) drm ~~ es sin udu. 
A differentiation of (1) gives 
erin gdp=— pS. 
From this 
(4) ry eee g=C (Cmareal velocity constant). 


Eq. (4) is transformed by (1b) and (8) into 

Prue. 
Finally replace r from (2), to arrive at the differential equation 
(5) (1-4 008 ts) deseon di (6) na & 


Integration of (5) yields 

@— € SD, u=mnt, 
The integration constant vanishes because we agreed to measure time in 
such @ way that for u=0 we have t=0. mé is called the mean anomaly 
and, lie the other anomalies, is measured from perihelion in astronomy. 
The name comes from the fact that by means of Eq. (6.9) the right member 
of (6) can be transformed to a 
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II.1. Reduce 

x Foy Fy Fg F 

| of an +3, Ut 35 9b+ 55 Op 

by means of condition (1) of the problem, to obtain for the right member 
(Za cos f+ Ha gin 3) é¢+- 5 8Y- 
Now 5¢ and 5¥ can individually be put =0, so that 
] s 

(2) 479 and (3) a7 cos p+raZ sin y+ 2% wx), 


The latter equation is valid for all y and can therefore be differentiated 
with respect to 4. With the help of (2) this gives 


(4) —aZciny-+aZ cosy=0 
and, after a second differentiation with respect to , 
(5) af cosy-+az sinym0. 
From (4) and (5) it follows that 

(6) Ea En. 
According to (3) we must then also have 


on 
3 70- 


(2), (6) and (7) show that there does not exist a condition f/—0 dependent 
on 2, y, ¢, ¥, i-o., that our system is non-holonomic. Proof of G. Hamel, 
“ Blementaro Mechanik,” 2nd Ed., Leipzig 1922. 


(7) 


I{.2. Draw the work diagram of the engine, that is, the L-curve and 
the W-line with the crank angle from 0 to 7 as abscissa. Note that the 
areas onclosod between the L-curve and the abscissa and the W-line and 
the abscissa must be equal. ‘This yiclds a relation between DL, and W. 
The angles ¢, and ¢, belonging to ow, and ww, are the points of inter- 
section of the J and W-ourvos in the diagram, sing,=sings= => ¢y= 
a— ds, $= 39° 33'~+0.69 radians. Determine the difference in the kinetio 
energy of the flywhooel between angles ¢, and ¢, and express it in terms of 
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I, w,, and 5. The equation of energy written for the same interval yields 
the magnitude nies apres 


I= oe ms lr 008 $4 —24-+24,) = ra Y. 


With 
N= 2* yp and a= © orp. 
one obtains 
Tex43, 400 © lgmn-sect 
in the practical system of units. 


II.3. For the magnitude of the earth’s radius see Problem 1.9. For 
the numerical calculation of the length of the day put (87)t=< 65. 


I1.4. (a). If one thinks of the beam as held fixed in position, one need 
only consider the equilibrium of gravity and inertial forces at the pulley 
in a virtual rotation 84 of the pulley (torque equation). From this one 
obtains the acceleration % of the weights as a small fraction of g. 

(b). Add e virtual rotation of the beam to the foregoing. Here the 
moments of the inertial forces about the fulcrum of the balance beam 
enter, One finds that equilibrium does not prevail. The beam is deflected 
downward on the side of the pan as long as the weight p is falling. In 
estimating the excess weight the diameter of the pulley may be neglected 
in comparison with the length of the balance beam. Another procedure 
using the same approximation is to compare the load on the pan with 
the load due to weights and inertial forces on the other side of the beam. 


II.5. Let the equation of the inclmed plane be 
(1) F (2,2, )}=z~—ax—¢ ()=0. 
a=tan « determines the constant inclination « of the plane to the hori- 
zontal; ¢(t) is its intersection with the z-axis which varies with time. 
Lagrange’s equations of the first kind (12.92) give 
(2) B=—ha, Z=d-g. 
In order to determine i, differentiate (1) twice with respect to 7, 


(3) %—aiimd (t). 


11.6 Hints for Solving the Probleme 263 


Substitution of (2) m (3) yields A; the integration of (2) can now easily 
be carried out. With initial conditions z=z=0, x=%, z=z at {=0 one 
obtains 


bm ty Ea HO) — $10) — H0}-+-9$)> 


1 ‘ 
= ty by zal H(t) — $(0)— 4(0)8—ga*s )- 

From this we have for $= +9 

ft, a 

U= %y— Fes? a, z= % + gz c0082a 
and for $= —%J, 
rs 
Geax, Sa ky— GF x 


as for a frec fall. A=0 only under the last assumption; otherwise A acts 
as a pressure against the sliding body and hence does work. 

The problem can be solved by means of d’Alombert’s principle without 
introducing A. Since the time is not to be varied. (cf. p. 68), we have, from 
(1), 8e=@6x for the virtual displacements. From d’Alembert’s principle it 
follows that 


t+(9-+#)a=0, 


which, together with (3), allows one to caloulate # and 2 directly. This 
examplo illustrates that d’Alombert’s method loadsa to a solution more 
directly and simply than do Lagrange’s equations; the latter, on the other 
hand, have the advantage that the forces of constraint are quantitatively 
determined. 


II.6. In § 11, (1}, d’Alembort’s principle was used to derive the oquation 
of acceleration of a aystem rotating under the influence of an external torque. 
We introduced a virtual rotation 64 about the axis of rotation, which we 
shall here take as our anaxis. Only the tangential inertial forces were 
relovant, since tho normal ones, the centrifugal forces, did no work in the 
rotation &¢. 

Here we ask for the forces oxerted on bearings 4 and B in a uniform 
rotation, or, instead, for their reactions A and B. It is precisely the centri- 
fugal forces which are relovant, whereas the tangential inertial forces drop 
out in a uniform rotation. If we introduce the virtual translations Sy, 32, 
the virtual work becomes equal to the product of dy and dz by the sum of 
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the y- and z-components of the centrifugal forces acting on the single mass 
elements, these forces being 


dmyewt, dmzw*. 


An, integration yields the inertial components Y and Z of the ordinary 
swinging motion of the total mass m, which are to be thought of as applied 
at the center of maas. 

Next we introduce virtual rotations 54, and 5¢, about the y- and z-axis 
respectively. The virtual work done in these is given by 


- $4 | maz w* and Bf, | day co. 
They correspond to the torques 
Ly=—I,,0% and L,=I,,w*. 


To determine the bearing reactions A and B, fix the origin of coordinate 
system xyz, say, at the bearing A, designate by | the distance between the 
two bearings and by » and { the coordinates of the mass center along the 
y- and z-directions, We then obtain the two component equations 


{1} Ay +By= — myer, 
A,+-B,= — mat 
and the two moment equations 
(2) IB,= —I,, 0", 
IBy= —1,yo7 


for the determination. of the four unknowns 4,, A, and B,,, B,. 

Clearly these periodically varying reactions in the bearings are undesirable 
from the engineering standpoint. To avoid them it is not only necessary that 
the center of mass lie on the axis of rotation »=f=0, Eq. (1), but also 
that the axis of rotation be a principal axis of the mags distribution, 
LF g=I y=, Hq. (2); see, in this connection, Ch. IV, § 22, near Eq. {1Sa). 
The fulfillment of this second condition is just as important as that of 


the first. The fulfillment of both conditions is called the “‘ balancing ” of 
the rotating body. 


II.7. Let § be the tension of the string, z the portion of its length 
that is uowound at any given instant. We have during (a): 


Iw=8r, S=mlg— 2). 
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% and Zare positive; because of z =rw, 


(1) irom 
2) 8 = 5; 
1+—- 
during (b): 


The rotation w retains its sense. The torque of the string tension acts 
against w. 2 becomes negative and we have 


(3) i=m—rw, ge—-roa 4%, 
(4) Sa 
ae 


In both cases (a) and (b) the string tension is the same, and constant in time; 
it is smaller than the weight of the rotating body. 

In the transition stage between (a) and (b) one perceives a very noticeable 
pull in the hand which corresponds to the transition from positive momentum 
mz to negative. During this interval 8 becomes greater than that given 
by Eq. (2). 


11.8. The condition that the particle jump off is, according to (18.7), 


AmQ or F,=0 
so that, from (18.6), 
(1) mayan — T(xd+-yy-+27). 
Now for every path on the sphere 


wk+yy+z2z=0, ie, 2b+yi+zZm — (2292+ 2%) =~ yl, 
so that, instead of (1), we oan write 
0 faa 
The right side does not equal the centrifugal force along the path, since the 
path is not a geodesic in our case. In agreement with Meusnier’s theorem 
of § 40 it is equal to the projection of this centrifugal foree on. the normal 


to the spherical surface. 
From the equation. of energy 


(3) oan up 2g (2m). 
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Eq. (2) can therefore be rewritten in terms of the initial values v%, %: 
eo 
(4) Bam Deyo we 2 (og-+Fy), 
2 
where ho=}-? is the height of free fall corresponding to velocity v9. 
III.1. For a pendulum hanging almost vertically coordinates x and y 
are small quantities of the first order; z equals —? to quantities of the 


second order. For this reason the third Eq. (18.2) gives, to quantities of 
the second order, 


(1) Am 7 


and the first two Eqs. (18.2) define, as in Problem J.13, a harmonic elliptical 
motion of circular frequency 


2) 77 (3) 
For the areal velocity constant of the elliptical motion we have 
(3) one (5) ab > 0, 
and for the energy constant (initial state 6)=«, 0)=0) 
(4) E=uT+V=mgl (- 1+$}. 
With u=—1 one has, from (18.12), 


U=—L(y-$) 1—E= Fn) 9m) 
$ 
nant (ie— a)’ 
From (18.15) we then have 


5 yey, ee ee | ee. 
©) cae marl altn—aa—mdlt 


A substitution modelled after Eg. (46.11) transforms the integral of (5) 
into the known integral 


"de ote A e B a 8 6gayt 
pAtsooss (ABH *™ Z =(%-a)- 


Thereupon (5) yields 4g—0, which was to be proved. 
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IIl.2. The first assertion of the problem is proved immediately by 
differentiation of Eq. (19.10) for |C| with reapect to w; the second assertion 
is similarly proved by differentiation of |CO|w with respect to w. 


TIL3. Let us designate the proportionality factors of the damping 
torque and the restoring torque by 2pf and w*I respectively. One then 
obtains Eq. (19.9) as the equation of motion of the galvanometer, with the 
difference that the right member is now a constant 0 and « replaces x in 
the notation. Fit the constanta a and 6 of the general solution 


oom O+-€-P* (a cos [(w? — 9%)8]+5 sin [(co2— p8)?2) 
to the conditions nm«=0 at ¢=0, and the constant C to the condition 


CP e aS b> 0. 

In the case (a) one obtains a transient motion with decreasing oscillations, 
in the case (c), a monotonic transient motion towards the final position. 
Case (b) should be treated as limiting case of either (a) or (o); in it we arrive 
at a secular term containing ¢ as a factor. 


IIL.4, In part (a) of the problem d’Alembert’s principle (a, y= coordinates 
of the oscillating mass point, y positive upward) demands 


(1) % Ba-+(y-+g)dy=0. 

The equation of constraint is 

(2) (e— fp ytn lt, 

Its variation (¢, and hence also é, being held fixed) gives 
(3) (2~ €)Sx-+y Sy—0. 
Combination of (1) and (3) results in 

(4) yt (e~ £) (y-+-g)—0. 


Differentiating (2) twice with respect to ¢ yields a second equation for = 
and ¥ which, together with (4), furnishes the exact differential equation of 
the problem. 

When passing to small vibrations, one must remember that x-- § is a 
small quantity of first order so that, acoording to (2), y «--i to amall 
quantities of second order. ¥ and y are then also small quantities of second 
order, 50 that (4) becomes 
(8) la-+(m— 8) g=0. 

With «—f=u one obtains the inhomogeneous pendulum equation 


(6) tit fume — §, 
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showing that —mé acts aa driving force. The integration is performed as 
onp. 101. The phase relation between the motion of the point of suspension 
and that of the mass point emphasized in the text of the problem corres- 
ponds to Fig. 31. It will be instructive to make an experiment with a 
string whose lower end carries a weight, and whose upper end is moved 
horizontally to and fro by the hand, For fast motion of the hand (case 
above resonance) the out-of-phase motion of the two points can be very 
clearly observed. 


Using the method of Lagrange’s equations of the firat kind, from 
Lagrange’sa equation for y one finds A= -# up to small quantities of 
second order, and from the z-equation one obtains Eig. (5). 

In part (b) of the problem Eq. (1) remains valid. Condition (2) becomes 


(7) a+ (y—n)Po= i. 
Its variation yields, instead of (4), 
(8) (y—)&— x(y-+g)=0. 


If a is treated, as a small quantity of first order, (7) gives to quantities of 
second order 


(9) y-n=~1, Y=. 
By this, (8) becomes 


(10) i+ 140 5200, 


The same follows from Lagrange’s equations of the first kind, since the 
y-equation yields the value 


(1) A= Ute 


a co (9) is used, so that the x-equation becomes identical to 

If the point of suspension is moved upward with constant acceleration. 
-++¢ it follows that the force of gravity seems doubled; if the point is moved 
downward with —g, it seems to be anulled. This points to an equivalence 
between gravity and acceleration, which, together with the equality of the 
gravitational and inertial mass (p. 19), formed the foundation of Einstein's 
theory of gravitation. 
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IfI.5. Equilibrium of the tensions at points C and D (necessary because 
the wire is weightless |) demands that 


(3) ra =s" +8 = ; 8," =S*% +97 —_ : 


so that, from Eq. (1) of the problem, with o,= “ a o4= ~ re 
(4) 0% = (2+ 0y)%4—- us 

Og _== (2-+ 03) 4— ey. 
We have presupposed weak coupling, so that o, and o, are small numbers; 
they can be cancelled in the right members of (4). Solving for 2,, x, then 
yields 

2 1 

(5) v3= gt 5 ss 


2 I 
™=% Te%gt 5% 
and substitution in (2) gives 


(6) t+ 7 (l— 0) ot haa sf (7_%— 04%) 
tig t+ F (1— 04) tym 50 (0,2,— ot). 


These simultaneous differential equations are to be treated just like (20,10). 
The meaning, for our problem, of the quantities w,, w,, %,, k, introduced 
there can be found by comparison. with Eq. (6) above. 


TIL6. The effect of m on M ia represented by &(X—«x), that of 2 on 
m by kiv—X). In the two rosulting simultaneous differential equations for 
X and z put X=0. It will be found that the condition required—that only 
m take pert in the oscillation—is given by the resonance requirement that 
the cireular frequency of the proper oscillation of system (m, &) be equal 
to the circular frequency w of the external foros. 

Such an arrangement is used in engineoring practice aa an “‘ oscillation 
quencher.” It may thus bo used on a crank shaft with flywheel rotating 
with constant angular velocity w; there the quencher is a device capable 
of variable rotation; its purpose is to absorb the oscillations of the crank 
with which it is coupled. In such a case the angle rotated through takes 
the place of coordinate « of our problem. 


{V.1. Moments of inertia of plane mass distributions are important 
for the torsion and bonding of beams in elasticity theory (Vol. 11). Beoanse 
of r2anz?-+-4? we have 


Iy= | ridme [Adm [ ytdm=aly tly, 
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In problems of elasticity the massa is to be thought of as uniformly distri- 
buted with density 1 over the cross section of the beam, so that dm=dS= 
element of area. For a circular disk of radius @ and area S=7a* one then 
obtains 


1,= [ tds—20 f “pdr=}8a% and hence, I,=1,~= 48a". 
a 


IV.2. We leave the ratio of the magnitudes of the three principal 
moments of inertia arbitrary to the very last; we thus embrace, in one and 
the same calculation, the three cases in which A is the greatest, smallest, 
and intermediate principal moment of inertia. 


IV.3. The impulse Z imparts to the ball (radius a) both a tranalational 
and a rotational momentum, 


(1) Mo=Z and (2) ITw=Zh, 


where # is the height above the center at which the horizontally held cue 
strikes the ball. The axis of w is perpendicular to the median plane. The 
peripheral velocity u at the lowest point lies in the median plane and equals 
aw, This is true not only at i=0 (time of the impact), but also for ¢>0. 


Aoording to (11.12a), [=2 Mat, so that, for #=0, by Has. (2) and (1), 
(3) 2 Mau=Zh= Moh. 


v=% means pure rolling, and from (3) requires A= ; a. Notice that we 
— counted % positive in the direction opposite to v. For high shots 
h>2 ;@ the sliding velocity u—» of the point of contact between ball and 


doth ie >0 and opposed to v; friction is therefore directed along v and of 


magnitude pg. Its moment about the center, u.Mga, acts against the 
rotation o, 


For low shots the friction is directed in the opposite way. In general, 


we can associate the upper sign with a high shot, the lower sign with a low 
shot, and write for ¢>0, 


(4) ver 9, 
(5) tm as HG. 


Discussion by means of graph: draw wv and w as ordinates against ¢ 
as abscissa; both sre represented by straight lines which intersect in the 
case of high shote ag well aa that of low shots, At the point of intersection 
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“=v pure rolling takes place. From then on the graphs of u and » run on 
in coincidence along a horizontal straight line. The abscissa of the inter- 
section is 

ch—2 «= 
(8) te agit 


Note that for a low shot the first numerator is negative since A lies between 
—a@ and 36; the negative sign of the right member of (6) is therefore only 
& formal one. The increase or decrease of velocity for high and low shots 
respectively is given by 4vu=-+typgr. The final velocity of pure rolling 
becomes 


L.¢., proportional to the height 4+-a of the point of impact above the cloth. 


Theory of the follow shot. The ball struck high meets a second ball in 
a central collision during the time interval ¢<7 in which u>v. Let wy 
and vy, be the values of u and » at the moment of impact. », is transferred 
to the second ball. According to (4), the first ball is then accelerated from 
v=0. From (5), ite « decreases from uw, on down. A new graph shows 
that there is an intersection at which pure rolling begins to take place. 
Abscissa of the point of intersection and velocity of pure rolling are, 
respectively, 


2 2 
(7) 5 fs 5 a y= HIT = 7 M- 


Theory of the draw shot. Again the driven ball meets a second one in 
the interval ¢< 7, where now, however, w<». For an extremely low shot, 
which we ehall presuppose, w is, as a mattor of fact, negative, that is, has 
the same direction as v. Let u and v be the values of « and v just before 
impact, v is again transmitted to the second ball. From (4), the first 
ball is aceclerated from v=0 in the negative sense: it runs backward. 
Eq. (5) tells us that « increases from its negative initial value u, toward 
positive values, i.e., its absolute value decreases. The two straight lines 
of » and intersect (new diagram); the abscissa of tho point of intersection 
and the final velocity of pure rolling now become 


2 
@) mare? Wal 5 lool 
TV.4. The cue is no longer held horizontally ag in IV.3, but forms 


an angle with the horizontal plane; evidently the cue must hit the ball 
at a point of the upper hemisphere, as in our earlier “ high shots.” Put 
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the a-axis along the horizontal component of the impulse and the z-axis 
along the vertical. The components of the impulse Z become (Z,, 0, Z,) 
and the components of the impulsive torque N referred to the center of the 
ball (which is also the origin of the xyz-system), 


N,=92Z, Ny=22,-22,, N=—yZ x. 


Here 2, y and z are the coordinates of the point of impact of cue and ball. 
From the NV ,, ¥,, we obtain the angular velocities 


y= 5 ma oy s a 
The associated peripheral velocities at the lowest point P of the ball are 
(1) Ug — AW, Uys paar. 
N, and w, do not interest us; they do not generate any sliding at P, but 


merely a “boring” friction to be neglected. Let the sliding motion at 
the cloth have components 


(2) ¥,—U,z=—pPCOBa, 0y—U,=— pain a. 

It creates a friction R making an angle 7+ with the z-axis and having 
magnitude »gM. Its influence on the translation and rotation for ¢>0 is 
determined by 

Mo,=B,, Mt, =F, 
la,—aR,, Ia .=——ak,. 


It follows that 
U,=—pgoose, $,= —pgeing 
and, by virtue of (1) and (2), 
, ee . 
(4) Uy= —~ sHgsM &, tig — $9 008 a; 
iS a 7 
(5) 0,— Um — 5 (poce« =~ 5H 008 &, 


‘ ; d : 7 ° 
t,-ty=— qesin @)= — spy Bin e. 


Solution for & and / from the last two members of Eqs. (5) gives 


1, ¢==0. The friction has constant direction; since it also has constant 
magnitude, the path of point P in the horizontal plane becomes a parabola. 
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The axis of the parabola is parailel to the initial direction « of the sliding 
motion, which can be gathered from the components of Z and N. 


: 7 : Gi 
2. p= —3 Ho; p= po— gugt, p=0 for terms &. po is the initial magni- 
tude of sliding velocity which can likewise be determined from Z and N. 


For ¢>7 the sliding and friction are permanently 0. The ball pursues a 
straight course tangent to the parabola. 


V.1. Let ¢ be the instantaneous angle by which the rotating plane 
has turned with respect to the fixed plane. We put 
(3) a-+iy= (E+in)ef. 
Two differentiations with respect to ¢ give, with du wv, 


(2) BA HY — {EF H+ Wu(E+ HH) + a(Et ty) — ONE + ines, 

£-+- is the (complex) vector r as observed from the rotating plane, 
E+ ij=r ite velocity observed from the same plane, etc. Since é(¢ + in)= 
(é +n) ef is a vector perpendicular to the latter, we can write, 


(3) al(E+in=2oxt, ia(t+inmoxr, 

where w is of course directed along the normal to the complex plane. As 
on p. 165, let us call w the velocity + + sy, as observed from the fixed plane; 
we shall, however, retain the designation of superscript dota for the time 
derivatives referred to the rotating plane, as written in Eg, (3) above. 
Eq. (2) then traneforme to the following equation analogous to (29.4): 


(4) wom fr-+20xP+axr— wir} ef. 


ff FeF_+iF, is the force referred to the fixed plane, ®=F;+iF, that 
referred to the rotating one, we have, ‘from (1), F= <e'#, 90 that 


(5) = Fe, 
In the light of (4) and (5) we then have from mw= F that 
(8) m {i+2oxXr+oxr—w'r} =. 


With this we have determined the additional forces required in the problem. 
In particular, one identifies the second term on the left with the Coriolis 
force. 

We have intentionally treated this problem in complex notation in 
order to emphasize that two-dimensional vectors are best represented by 
complex variables. 
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V2. Let us choose the plane in which the straight line rotates as the 
ay-plane; z-axis horizontal, y-axis vertically upward. Let ¢= wit be the 
angle of the straight line with the a-axis. One can reduce the problem to 
the foregoing one by associating with the rotating straight line a vertical 
éy-plane in which the line is fixed. This &)-plane must then rotate in the 
xy-plane with constant angular velocity w. It is convenient to put the 
f-axis along the rotating straight line. In order to keep the mass point 
on the ¢-axis one must exert on it a force of constraint in the y-direction. 
Our external force ® is therefore the sum of the force of constraint, which 
we shall call mb, and the force of gravity mg. From Eq. (8) of the foregoing 


problem the contribution of the latter to ® ia —imge#, Summing, we 
then have 


@= 0; +50, = —mgsin wt—imgoos wi + imdb. 


In Eq. (6) of the previous problem one can put r=é and, by virtue of (3) 
ibid., Laxt=Biwt; further one must put a=0. One obtains 


(1) £+2iwé—o f= —mgsin wt + i(b— 9 c08 w!). 
Ite real part gives 
(2) E— wo? ¢ = —gein wt, 


a differential equation with solution 

(3) r= A cosh wt + Bsinh wt + 2; ain wt. 

If one puta the imaginary part of (1) equal to zero, one obtains the relation 
between force of constraint, gravity and Coriolis force given in the problem, 
viz., 

(4) bang 008 wt +2 wo, 


V.3. (a) Let x, -+ ty) determine the position of O in the xy-plane. We 
then have 


(1) yt VY¥o= (u + tv) et? 

ty tip {Ut iv iw(u+ ive. 
Let x+y determine the position of Gin the zy-plane. We have 
ab & + tyes, + ing + cer? 

2 + iy=(u+iv+iwa)ee 
(2) tig =[i-+ +ide+io(u+iv)— ota] ef, 
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In the zy-plane there corresponds to the external force R the complex 
quantity 
(2') F= Rieté, 
From (2) and (2') the Second Law, 2 + yap leads to 

iti +ida+ieolu+ ir)— vtonth 


or, resolved into components, 


(3) i— wv— otamd, 
(4) i+ 00+ mum. 
In addition we have, from the law of angular momentum, 
(5) Ili=— Ra. 
(b) Conditions v=0, ¢=0 simplify (3) and (4) to 
(3) &—wta=0, (4) dap ouny 


Elimination of R from (4) and (5) gives 

(6) isa(1 +37) + ou=0. 
Now put [= Mb? (6=radiua of gyration) and 

(7) Bel tS >, 
which transforms (6) into 

(6) Bdat+ound, 


After integration of the simultaneous Eqs. (3') and (6°) R is determined by 
(4°) or (5). 


(co) Elimination of « from (3°) and (6'} yields 
(8) pd a, 
After multiplication by & this equation becomes integrable and furnishes 
(9) i#(2)t=kct— wt, (9) kebww (Kot wat, 
where ¢ is a constant of integration. One gets rid of the aquare root by 


putting 
(10) w= keoos yp. 
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With suitable choice of the sign of the square root, (9") becomes 
{10’) y= coos p 


or 


edt= se , (12) ot=plnj tee . 


We have thus determined ¥ as function of &. We can now express all 
quantities in terms of 4; w from (10), v and B from (6’) and (4’): 


(12) wak%csiny, (12) R= Fak (k— l)otsin2y. 
This completes the integration. 

Because of w=, comparison of (10) and (10’) finally yields the relation 
g—%. Our auxiliary angle ys is hence proportional to the angle of rotation ¢, 


(13) =f, 


since the constant of integration can be made zero by suitable choice of 
the arbitrary direction of the z-axis. 


(d) From (L’), for »=0, 


[a-sy Pm 2 yr meut+ oa, 
TH+ i) ota E ut tat) +e ato? 
=F (ut-+- bata), 
From (10) and (12) this equals 
(15) P= 5 citct(ein®}-+coa*y) = Const. 
(e) From (1) and (12) 
Z~altesinycosd, #-ak*csin psing, 
80 that, by virtue of (10’) and (23), 
(16) p= akten pooad, “= akten sing. 


Eq, (11) tells us that 
for a0, tm 
for p= +5, f= +00, 


VIA Hinta for Solving the Problems 277. 


The whole trajectory takes place between, —3<¥<+3, — kz 3<o< +k 
At t=0 a ousp occurs; for, acoording to (16) with m0, daum0, 
Baan: on the other hand, apr and F240; 


the cusp has tangents parallel to the z-axis on both of its branches. 
For t= the path becomes asymptotic, for ¢ becomes stationary: 
from (16), quite generally, 


day dye 
ag ab +0. 
In addition (16) yields 
Gi—tang =ttenk3, 
60 that the asymptotes are situated symmetrically with respect to the x-axis, 
with angles + & 7 aa shown by Fig. 87 of p. 252 for kel, $, 2, 3. 
VIL1. With z taken positive in the sense of fall, ic. downward, 


V=—mgz. Initial position z=0 for =0 lies above the final position z=2, 
at t=2,. 


(a) For zaa}-gi* we obtain 
[za - ik [Foet+mng Le dem i mgt. 
(b) For z=ct we must choose ¢ in such & way that for t=+, 
emmy; we therefore have om. 
With this value we find 
t 
Jia [EGY +m 0G] em Emerg 
For z=af*, a=} 4s on the other hand, 


f Ldt= nb BSE) t+-mg Zo 8 | dif mgttt, 


Whereas in Hamilton’s principle we compare paths differing only by 
infinitesimal arnounta, here the trajectories of (b) in the phase space of the 
¢, ¢ (here z, 2) differ by finite amounts from the real motion (a). Nevorthe- 
less even now the value of Hamilton's integral is amaller for (a) than for (b), 
a8 


1.8 1 sf 
g<g md 5 <5 
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This is true here even for arbitrary lengths of path, which need not be 
the case as a general rule (cf. p. 208). 


VI.2. As in Problem V.1, let £ and » be the coordinates fixed in the 


rotating plane; let u=(é, 7) be the velocity measured with respect to this 
plane. The velocity relative to the fixed plane is then 


W=u+Y, V=oxr 
fef., for instance, the first line of the table of p. 139]. Resolution into com- 
ponents gives 
wemt— on, wy= 4 + wf, 
[Wh B+ 99-4 2e0(64—98) + wo +7). 
From this it follows, with 7’ 3m|w|?, that 


aon at — wy) =m (E — oF — con) 


5 =m + of) =m Git of +06) 


Seam (wr + wf), F mm(—wé + wy). 


Let ¢, D, be the components of the external force F with respect to the 
moving axes £,7; we then obtain Lagrange’s equations 
m(t- Zan— wy— a £)= Sz, 
m (i) + Qok + wf wtn)—= By. 
This is in exact agreement with Eq. (6) of Problem V.1, provided we resolve 
the latter into its components. 
In the guiding on a rotating straight rod treated in Problem V.2 we have 
Ce Ate, Lei +re)—mgrsin ot; 


Pa amr ot— mgsin wi. 


The Lagrange equation resulting from this is identical to Eq. (2) of V.2. 
It immediately leads to the solution (3) of that problem. With the present 
method we need not speak of Coriolis and similar forces, though, on the 
other hand, we do not learn anything about the force of constraint. 
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VI.3. The terms left out in Eq. (4) of the problem and indicated by 
.. are 


o\ £\ cose ; 

(+g) 9 ond -2(1+§)5056. 
After multiplication by the factor of {} they would give, on differentiation 
with respect to , terms of second or higher order in the &, 9, { or their 
derivatives. In connection with the differentiated equations (5) and (6) 
we should remark that terms of second order such as ¢ é, té, etc., have, 
of course, been omitted. It is worth noting that through this omission the 
radius F of the earth disappears from the resulta. In the complete Eq. (6) 
we would actually obtain, in addition to the term written down, s term 
in. w*, viz., 

Rain écosd w, 

which evidently represents the é-component of the ordinary centrifugal 
force ; the corresponding {-component would occur in a These terms must, 
however, be omitted because they have already been included in the effective 
gravitational acceleration g, Eq. (30.1). 

In the case of Foucault’s pendulum one should evidently use not the 
ordinary form (34.6) of Lagrange’s equations, but the mixed type ($4.11), 
coupled with the equation of constraint (31.1). 

Incidentally, note that due to the definition of » and x, in (1) and (2) 
our problem belongs to the class of problems dependent on the time discussed 
on p. 217. 


V1.4. The center of mags describes a “‘ curtate” cycloid in a plane 
normal to the axis of the cylinder. Ita parametric equations in terms of 
the angle of rotation ¢ are obtained from Eq. (17.1) for a ‘ common” 
oycloid by replacing @ of Eq. (17.1) in part by a, 


gmap asing, Em (a—s008g)¢, 
n=a—4scosd, n=saingd. 
(a) If we take the mass center as reference point O, we have 
Preaon = F (E+) = F (a? + 24 — 208 0084) g*, 
Doe = oh", T,=9, Vumgn=mg(a—scosd), 


Notice that omg is originally the angular velocity of the cylinder about 
its axis of symmetry, but thet, according to (23.8), it is also the angular 
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velocity about a parallel axis through the mass center. Putting J=mb? 
(=radius of gyration) and c*=a'+-s*+-5*, we have 


(2) L=P ana t Prov V = z(t 2asc0sd)¢*— mg (a— #008) 


= aa =(ct—2ascosd)d+ 2assings 


La 267 assingd®—gasing. 


Hence the equation of motion is 


(2) (c®— 2ascoad)¢ +assindd?-++gasing==0. 
(b) If we choose the center of the cross section through the mass center 


as reference point OQ, the latter moves horizontally with velocity ag; with 
I'=I + me* (cf. (16.8)] we have 


Pai Gog, 7, rot 3 F js, V ag above, 
but now 7, is not 0; from Eq. (22.11) it is given by 
T= —mad*ecos¢. 
As 6 result 
(3) =P ernst + Trt + 2in— V =F (248 008 $) $2#— mg (a— 80084), 


which, is in agreement with (1), so that we obtain, once more, the equation 
of motion (2). For small oscillations about ¢=0 it yields 


$4$$=0, aS asta Comte: stability 
for emall oscillations about 67, on the other hand, with #«<1-+4, 
p-Fy—0, = Stee Cts” |. instability. 


VLL5. 1. Relations between the angular velocities. The derivation of 
these relations is simplest if one remembers that at the points at which the 
bevel gears (w) are in mesh with gear {w,) on the one hand and gear (we) 
on the other, the peripheral velocities must, at any instant, be equal. Gears 
{w) rotate about axle 4A with angular velocity w; in addition, this axle 
rotates together with (w) about the common geometric axis of (12), (w,) 
and (w,) with angular velocity 2. If r, r, and r, are the mean radii of bevel 
gears (w), (w), (wy), we must have at point of contact (w, a) 


ratty Qe rye, 
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and at point of contact (w, w,) 
, —rotr, Q—r, ws, 
With r,=r, we obtain from this the relations 
(1) ZL = an + ti 
2eo= Hany — coy}. 
Of course these relations can also be derived by introducing virtual rotations. 


2. Relations between the torques. The virtual work of Z must always 
equal the sum of the virtual work of LZ, and Ly, i.e., 


LQ8=L, w, 8 + Ly wd. 
We now replace 2 in terms of w, and «, by means of (1) to arrive at 
(7 -Zi)or+ (FZ) oa=0. 
This is possible for arbitrary w,, w, only if 
(2) pL=L=Ly 


It is seen that the driving torque of the engine is transferred in equal 
amounts to each rear wheel at all times, no matter what the values of 
angular velocities w, and ws. 


3. Equation of motion of the system. Here it will be found simplest to 
use Lagrange’s equations of the second kind. We have 


T=} (I, w? +I, 08+ Tw +- J’ 2%). 


We replace w and 2 by their expressions in terms of «, and w, and introduce 
abbreviations . 


Ina t+ +2, 


Lagrange’s equations then become 
F (Lu a; + Ly5 4) =t- Wy 


€ (Des @y + Legg crs) = —Wy 


(3) 
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W, and W, are two resisting torques acting at the two rear wheels; they 
have their origin in the static friction at the ground and may, if one wishes, 
include the other resistances (air, ete.). 

If L, W, and W, are given as functions of the time, one can caloulate 
the parentheses in the left members of (3) as time integrals of the right 
members, so that «, and w, become known functions of the time. 

Averaged over the time, the right members of (3) are equal to zero, 
so that w, and w, are constant. If, however, the resistance acting on one 
wheel is decreased, which happens, for instance, if the wheel jumps off « 
bump in the road and momentarily turns in the air (W—0), this wheel 
is accelerated, whereas the other is decelerated. 


4. Analogy to electrodynamics. Eqs. (3) are so written that they remind 
one of the interaction of two inductively coupled currents (see the remarks 
on p. 225 concerning Boltzmann). If we identify the L,, with the coefficients 
of induction. of the two circuits, w, and w, with the currents flowing in 
them, the left members of (3) are the electrodynamic induction effects. 
+L corresponds to the “ impressed EMF ” acting in the circuits, and 


Pe hlyy ol + Lys wy tig th Lng wd 


is the total magnetic field energy. According to p. 197, one calls cyclic 
systems those whose Lagrangian contains only the derivatives of the 
coordinates with respect to time (here w,=¢,, w_=$,). They therefore 
constitute the mechanical analogue of stationary electric currents. Both 
the differential mechanism and the symmetrical top are doubly cyclic 
systems. 
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Atwood’s machine, 246 


B 
Baer law of river displacementa, 164 
Balmer sorica, 239 
Boete, 108, 114 
Bernoulli, Jacques, 53 
Jean, 53 
Bicyelo, 55 
gyroscopic effects, 157 
Billiards, thoory of game, 158 
high and low shots, 158, 250 i 
parabolic motion of ball, 160, 261 
Block and tackle, 56 
Body, rigid, 118, 133 
Boltemann, L., doubly cyolic ayatema, 225 
momentoids, 228 
Brachistochrone, 95 
Bridge, forces of sapport, 55 
Buys-Ballot, law of, 164 


Canonical, 220 

equations, 222 

variables, 222 é 
Canonically conjugate, 222 
Carathéodory, C., 174, 251 
Cardan'’s suspension, 150 
Carnot energy loas, 28, 28, 24:1 
Centrifugal force, 59, 82, 163 

for inoreased rotation of the earth, 246 | 
Chain, falling, 241 


Circular frequancy, 23, 87, 116 
Cogredient, 14, 202 
Collision, see Impact 
Conservation of angular mormentum, 73, 
79, 1lé 

of energy, 18, 31, 168, 189 

of momentuma, 4, 79 
Constraint, <8, 96 

principle of least, 210 
Contact transformations, 220° 
Contragredient, 202 
Contravariant, 202 
Coriolis force, 59, 162 

theory ‘of light, 229 

Coulomb, Oh. A., laws of friction, 81 
Couple, 128 
Coupled pendulums, 106, 248 
Coupling coefficient, 107 
Covariant, 14, 202 
Curvature, 213 

of a trajectory, 34, 218 

prinoiple of least, 212 
Cyclic coordinates (variables), 197, 236 
Cycloid, parametric equations, 94, 192 
Oycloidal pendulum, 94; 192 


DB 
Damping, aperiodic (critical), 104 
factor, 104 
Decrement, logarithmic, 104 
Differential of automobile, 254 
Differential, perfect (exact), 46 
Displacement, virtual, 50 
Dissipation of energy, 168 
Dissipative systems, 47, 168 
Double pendulum, 111, 195 | 
Drive mechanimn of « piston. engine, 49, 
61, 57 
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Dynamics of a free particle, 38 Fermat’s principle of least time, 207 
of a rigid body, 138 Fermi, 5., thermal neutrons, 260 
Dyne, & Flattening of the earth, 143 
: E Flywheel, caloulation of, 245 
Eeliptic, g9 Force, be 
Einstein, A., general theory of relativity, |  9PPlied, 53 
alee acu potential, 46 
‘ s m & ’ 
ee eee 70, "4 
Electron, variable mass, 30 fictitious, 59, 162, 192 
Blectron-volt, 248 field, 17, 46 
proportional to the distance, 242 Hertz's ideas on, 5 
in a Kepler type problem, 41, 179, 237, internal, 70, 74 
242 Kirchhoff’s ideas on, 5 
Ellipticity, 143 lost, 61, 211 
me 18 moment of, see torgue 
conservation of, 18, $1, 168, 189, 222 of reaction, 52 
equation (law) of, 17, 68, 222 parallelogram of, 6 
equation of, in relativity, 31 polygon, 126 
free, 185 principle of superposition, 6 
inertia of, 31 unite of, 7, 8 
kinetic, 17, 122 Foucault's gyrocompass, 154 
Ltnek'n fie the solalan of asia pendulum, 171, 253 
~ aenia n 
kinetic, in relativity, $1 Frahm eatabilization tank, 154 
potential, 17, 45 Freedom, degrees of, 48, 50 
potential, of harmonic binding, 23 of non-holonomio systems, 50 
 Enelich ”, in billiards, 160 of rigid bodies, 48, 118 
Equations of constraint, 50, 66 Frequency of oavcillation, 23, 87, 102 
theonomous and scleronomonus, 191 Friction, 54, 66, 81 
time-dependent, 68 sngle of, 82 
Equations of motion, various methods of coefficient of, $1, 83 
integration, 16 cone of, $1 
Equipollence of foross in the statics of |  Kinetio or sliding, 54, 83, 158 
rigid. bodies, 126 Coulomb’s lawa of, 8] 
Erg, 8 on an inclined plane, 82 
Enuler’s circle, 143 static, 54, 31, 84 
equations, 187 
equations of motion, 139, 226 G 
period, 143 Galilean transformation, 11 
theorem, 190 Galileo, law of inertia, 3, 10 
theory of polar fluctuations, 142 principle of virtual work, 53 
Eulerian angles, 196, 226 Galvanometer, 247 
Evolute of a oysloid, 96 Gens, EK. F., 8, 210, 215 
Gauss’ principle of least constraint, 210 
F Geodesics, 208, 214 
Fall, free, from a great distance, 20 Gibbs, J. W., notation for vector producta, 
free, in air, 21 38 
free, near the earth, 19 Grasamann, H., notation for ‘vector 
freo, on rotating earth, 167, 253 producta, 33 
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Gravitation, Newton's law of, 20, 39 
Einstein's theory of, 16 
Gravitational constant, 20, 39 


Gravity, acceleration due to, measured 


with a reversible pendulum, 92 
center of, 91 


Hamel, G., 228, 261 
Hamilton, W. R., algebra of quarternions, 
120 
hodograph, 34 
Hamiltonian, 190, 217 
Hamilton-Jacobi equation, 229 
Hamilton’s equations, 217-219 
Hamilton's principle, 181, 282, 252 
illustration, 252 
Hamilton's theory, 217 
Heaviside, O., notation for vector pro- 
ducte, 38 
Helical spring, oscillating, 110 
Hertz, H., cantrifugal foree, 40 
concept of force, 5 
holonomie and non-holonomic oon- 
ditions, 50, 185 
principle of least curvature, 212 
Heaese’s case of the unsymmetrical heavy 
top, 138 
Hodograph, 34 
of planetary motion, 40, 242 
Holonomic conditions, 50, 66 
Huygons, ©., center of oscillation of a 
pendulum, 91 
cycloidal pandulum, $4 
Hydrogen atom, 238 
Hyporsurfave 221 


1 
Impact, elastic, 24, 25, 240 
inclastic, 27 
inclastio, between an electron and an 
atom, 240 
in gamo of billiards, 159 
Trapulse, 159 
Inertia, 9 
of enorgy, 31 
Galileo's law of, 3, 10 


Inertia (contd,) 
moment of, ase snoment of snertics 
producta of, 123, 246 
Inertial forces, 59, 60, 76 
syatersa, 10 
Integral variational principles of mecha- 
nies, 181 
Intrinsic coordinates, $2, 36 
Invariant, 14, 15, 16, 216, 219 
Inversion (reflection through origin) of 
coordinate systems, 12] 
Isochronous pendulum, 88, 94 


J 
Jacobi's rule, 233 
Joule, unit, 8 


K. 
Kelvin, Lord, 189 
Kepler's equation, 238, 243 
lawa, 39-43, 235 
problem, 38-45, 71, 235 
Kinematics in a plane, $2 
in space, 36 
of a rigid body, 118 
Kinetic anergy, seo energy 
Kirchhoff, G., concept of force, 5 
Kirchner, F., nuclear disintegration of 
lithium, 242 
Kowalewaski's case of the unsymmetrical 
heavy top, 188 


i,58 .. 
Lagrange’s case of the three-body problem, 
174 
equations of the first kind, 66 
equations of the second kind, 1385 
fictitious forces, 182 
indeterminate multipliers, 67 
Lagrangian {fanction), 184, 209 
diffeuliy in defining it for general, 
especially non-mechanical systema, 
209 
Legendre’s standard form for elliptic 
intograla, 89 
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Light, corpusculer theory, 229 


independence of velocity of the refer-” 


ence frame, 11 
wave theory, 229 
Linear momentum, ase momentum 
Line element, 213 
Line of nodes, 136, 196 
advance of, 146 
Liouville’s theorem, 26 
Lorentz, H. A., deformable electron, 15 
transformation, 12 


M 
Mam, 4 
center, 25, 70 
center, velocity of, 25, 70 


Minkowski, H., Proper time, 14, 209 
Modulus of periodicity of an action 
. bntegral, 238 
Moment of acceleration, $5 
of a vertor, 34 
of force, nee torque 
of momentum, see angular momentum 
of velocity, 35 
Momental ellipsoid, 124, 132 
Moment of inertia, 62, 128 
law of parallel axes, 93 
of a compound pendulum, 91 
of @ plane mags distribution, 250 


conservation of, 4, 79 

equation of, 4, 70, 133 

equation of, for a rigid body, 133 
in a collision of two magsea, 25 
in relativity theory, 14 


‘| Momentum (contd.} 


moment of, or angular, see angular 
momentum 
of a rigid body, 130 
Moon, acceleration due to earth's attrac- 
tion, 241 
nodes, 146 
rocket to, 241 
Multiplication of veotors, scalar, 7 
vectorial, 34 
N 
Newton, Sir, I., Philosophiae Naturalis 
Principia Mathematica, i, 3 
unit of forces, 9 
Newton's absolute time, 9, 11 
axioma, 3 
first law, 8 
fourth law, 6 
law of acceleration, 4 
law of gravitation, 16, 20, 39 
pail experiment, 9, 20 
second law, 4 
third law, 6 
Non-holonomic conditions, 50, 244 
velocities, 141, 197, 226 
Normal modas of oscillation, 107 
Normal to a surface, 215 
North Pole, celestial, 148 
geometric, 148 
Nuclear disintegration of lithium, 242 
Nutations, 146, 200 


Oo 
Oscillations, 87 
aperiodic, 104 
center of, 91 
forced, damped, L0d 


forced, damped, resonance peak, 105, 
247 


of a balance wheel, 115 
period of, 23, 87, 90, 85 
quencher of, 250 
symmpathetio, 106, 248 
Osculating plane, $6, 214 
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Pendulum, compound, 49, $1 
coupled, 106, 248 
cycloidal, $4, 192 
double, 111, 195 
forced motion of the point of suspension, 


reversible, 92 
#econda, 88 
simple, 49, 87 
spherical, 49, 96, 193 
spherical, for infinitesimal defiections, 
247 
Perihelion, 42 
Periodicity, modulus of, 238 i 
Phase difference of oscillations, 101, 105 
Phase space, 238 
Piston engine, drive mechaniam of, 49, 
51, 57 
double-ecting, 245 
Pitot tube, 20 
Planck’s elementary quantum of action, 
181, 220, 238 
Plane, inclined, 64 
inolined, vertically accelerated, 246 
inclined, with friction, 81 
invariable, 73, 186 
osoulating, 86, 214 
rotating, 174, 251 
Planetary motion, 88, 235 
Poggendorff’s experiment, 246 
Poinsot method, 132 
Point tranaformation, 201, 210 
Polar coordinates, 39 
Polar fluctuations, 142, 167 
Polhode, (body cone), 143 
Position coordinates, generalized, 185, 201 
Potential, 45 
energy, ee energy 
kinetic, 185 
Power, 7 
Precession of & spherical pendulum, 99 
of the equinoxea, 145 
peoudoregular, 137, 146, 200 


Presession of a spherical pendulum (contd.) 
regular, 134, 142, 200 
,. under no forces, 145 
Principal axes, transformation to, 124 
Principal momente of inertie, 124 
Principal normal, 36 214 
Principle, d’Alembert’s, 59, 61 
Hamilton’s, 181, 2$2 
of least action, 204, 230 
of least constraint, 210 
of least curvature, 212 
of least time, 207 
of Maupertuis, 204, 280 
of the shortest path, 208 
of virtual work, 51 


Producta of inertia, 128, 246 


Proper time, 14, 209. 


Q 
Quantum numbers, 238 
_theory, (old), 233" 
Quiaternion algebra, 120 


R 
Radius of gyration, 91 
Reaction, principle of action and, 6 
application to collisions of particles, 24 
Fednetion of & system of forces, 126 
"Reference frame or system, §, 10 
Reference point, change of, in the theory 
1, Of a rigid body, 127 
Reflection of coordinate system, 121 
Relative motion, differential equations, 
165 
in ‘a a plane, 251, 268 
Relativity pineiple, - in olasaical mecha- 
nics, 11 
of electrodynamics, 14 
Relativity theory, , general, 15, 200 
principle of energy, a 
apecial, 5, 14, 79, 2% 
Resonance, 76, 108107, 116 
denominator, 102 
peaks in forced damped oscillations, 
105, 247 
Reat roses, 15 
Reversible pendulum; 92, 
BRheonomous conditions of constraint, 191 
Rigid body, 62, 118, 133 
Rolling wheel, 244 . 
Rope, falling, 24) 
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Rotating straight line, 261, 253 
Rotation, about a fired axis, 62 
addition of, 126 
basic equation of, 63 


virtual, 58, 71 

Rotational couple, 128 
velocity, 119 

Routh, E. J., Treatise, 150, 223 

Routh's equations, 232 
function, 228 


Schuler’s law, 156 
Scleronomous conditions of constraint, 191 
Screw displacement, 119, 129 
Seenlar equation, 109 
Separation of variables, 231, 285 
Sleigh, aa an exemple of s non-holonomic 
system, 251 
Sliding friction, 54 
Spin, stable and unstable, 151 
Stability of the rotation of a top, 250 
ofa ship, 153 
Static friction, 5¢ 
Statics in space, 37 
of a rigid body, 125 
plane, $4 
Staude’s cage of the unsymmetrical heavy 
top, 188 
System, closed, 79 
conservative, 47, 230 
oyolio, 222 
non-conservative (dissipative), 47, 281 


Tt 

Tautochrone, 95 
Tensor, symmetrical, 128 

atrain, 123 

stresa, 129 

surface, 128 
Three-body problem, 80 

Lagrange’s case, 174 


Time, absolute (Newton), 9, 11 
proper, 14, 209 
Top, heavy symmetrical, 136, 196, 225 
heavy unsymmetrical, 138 
spherical, 125, 134 
syrometrical, 1384, 225 
under no forces, 134, 146, 227 
unsymmetrical, 135, 146, 227 
Torque, 35 
about an axis, 37, 58 
about a point, 37 
ea & vector quantity, 241 
connection with virtual work, 58 
impulsive, 159 
polygon, 126 
Trajectory, curvature of, 33 
Transformation, angle-preserving, 27 


unimodular, 258 
Translation of a rigid body, 118 
Turning stool, 74 
Two-body problem of astronomy, 44, 80, 
235 


U 
Unite, absolute, 7, 8 
Giorgi’s system, 8 
gravitational or practical, 7, 8 


¥ 
Variation of trajectory, 182, 205 
Vector, 4 

algebra, 46 

analysis, 46 

axial, 120 

moment, 34 

notation for products, 38 

polar, 120 

scalar product, 7 

vector product, 34 
Velocity, areal, 36, 39, 72 


of a rigid body in arbitrary motion, 119 
Virtual work, §1 

displacement, 50 

rotation, 68 
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Ww Work, 
Water drop in saturated atmosphere, 241 of the reactions, 52 
Watt, unit, 8 principle of virtual, 61 
Wave theory of light, 229 unite of, 8 
shaman lig virtual, connection with torque, 58 
ine element, 
“Wobbling” of a cylinder rolling on a hate ae 
Plane support, 254 
Work, 7 Y 
in # virtual rotation, 58 Yo-yo, 246 


SqIGOd FIGVWUOTAA JO SOINVHOAW 


Mechanics of 
Detormable Bodies 


Lectures on Theoretical Physics, Vol, II 


BY ARNOLD SOMMERFELD 
Universtiy of Musich 


Translated from the sccond German edition 
BY G. KUERTI 
flarvard Oniversity 


NEW YORK, N. Y. 
ACADEMIC PRESS INC., PUBLISHERS 
1950 


Copyright 1950 
By ACADEMIC PRESS INC. 
125 East 23ep Srauet, New Yore 10, N. Y. 


All Rights Reserved 


NO PART OF THIS BOOK MAY BE REPRODUCED IN 

ANY FORM, BY PHOTOSTAT, MICROFILM, OR ANY 

OTHER MBANS, WITHOUT WRITTEN PERMISSION 
FROM THE PUBLISHER 


PrbUched and distributed by authori « ef tha 
Atlorney General under License A 1 (17 


PRINTED IN THE UNITED STATES OF AMERICA 


THE WILLIAM BYRD PRESS, INC. 
RICHMOND, VIRGINIA 


PREFACE* 


It is due in part to the encouragement of former students of mine that 
I have decided to publish my general course of lectures on theoretical 
physics which I gave regularly during thirty-two years at the University 
of Munich. 

They were of an introductory nature, attended not only by the physics 
majors of the University and the Polytechnic Institute, but also by the 
many candidates for degrees-in the teaching of mathematics and physics 
—uaually in their fourth to eighth semesters—as well as by astronomers and 
some physical chemists. Classes were held four times a week and supple- 
mented by a two-hour problem period. Special courses in modern physics 
which were given concurrently have not been included in this series of 
books; their subject matter has found its way into my papers and treatises, 
While it is true that quantum mechanics always hovers in the background, 
reference being made to it now and then, the actual substance of these 
lectures is classical physics. 

The order of subjects, which is retained in their publication, was 


1. Mechanics 

. Mechanics of Deformable Media 

. Electrodynamics 

. Optics 

. Thermodynamics and Statistical Mechanics 
6. Partial Differential Equations in Physics 


The lectures on mechanics were given in alternate semesters by myself 
and by my colleagues in mathematics. Concurrent courses in hydrody- 
namics, electrodynamics and thermodynamics were taught by younger 
members of the faculty. Vector analysis was given in a separate course 80 
that its systematic development could be omitted from my lectures. 

Here, as in my classes, I shall not detain myself with the mathematical 


2 
3 
4 
5 


* From the forewords to Vol, I and Vol. II, firat and second edition. 
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foundations, but proceed as rapidly as possible to the physical problems 
themselves. My aim is to give the reader a vivid picture of the vast and 
varied material that comes within the scope of theory when a reasonably 
elevated vantage-point is chosen. With this purpose in mind I shall not 
be too concerned if I have left some gaps in the systematic justification and 
axiomatic structure of the work. At any rate, I have avoided frightening 
the student with drawn-out investigations of a mathematical or logical 
nature and distracting his attention from that which is physically interest- 
ing. I think that this attitude has proved its worth in my lectures; it has 
therefore been retained in the printed text. And when Planck’s lectures are 
impeccable in their systematic organization, then I may perhaps claim for 
my own lectures a greater variety of subject matier and a more flexible 
handling of the mathematical apparatus. However, I gladly refer the reader 
to the more complete and often more thorough treatment of Planck, 
especially for thermodynamics and statistical mechanics. 

The problems collected at the end of each volume should be considered 
as supplements to the text. They were presented by the students during the 
problem periods after they had worked them out and handed them in in 
writing. Elementary numerical calculations, such as are found in great 
number in textbooks and collections of exercises, have, in general, not been 
included. The problems are numbered by chapter. Sections are numbered 
through in each volume, and equations in each section. Within each volume 
references to earlier equations can thus be made by merely giving the num- 
bers of section and equation. 

In this second volume s fairly complete development of certain mathe- 
matical methods had to be given. These methods are often taken up in 
a separate introductory course on theoretical physics; their incorporation 
in Vol. IT accounts for its larger sise. But the actual subject of this volume 
is the mechanics of systems with an infinite number of degrees of freedom. 
The place of ordinary differential equations (governing the mechanics of 
systems with a finite number of degrees of freedom) is here taken by 
partial differential equations, the place of vector algebra by vector analysis, 
which is briefly summarized in Chap. 1. Besides, it was necessary to develop 
the fundamentals of tensor analysis, being an indispensable tool in the 
theory of elastic solids and viscous fluids. This hag been done for Cartesian 
coordinates and to some extent also for orthogonal curvilinear coordinates. 

Some points may be mentioned bere in which this presentation seems 
to be more complete than the one generally found in textbooks on the 
same level: In Chap. I.2 it is proved that the curl is an axial vector (or 
antisymmetric tensor). Following O. Reynolds we consider in II.10 éwo 
laws of similitude and fwo corresponding invariants, viz. a dimensionless 
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number S characterizing the pressure dependence in addition to the usual 
Reynolds number. In ITJ.15 we discuss the quasi-elastic body (gyroscopic 
ether) ; its logical place is among the continuous media that are compatible 
with the fundamental theorem of kinematics in I.1. Rather than explain 
Maxwell’s equations by a mechanical model, we want to show in this dis- 
cussion the fundamental <ifference between electrodynamics and mechanics. 
In Chap. V, Sections 27 and 28 deal with the somewhat invalved problems 
of circular waves and ship waves. Complete calculations arc supplied using 
the method of stationary phase which is a simplified version of the method 
of steepest descent. In the plate and jet problems of Chap. VI the dimen- 
sions of plate and of orifice etc. are carried a8 paramcters throughout the 
entire calculation. This form of analysis has perhaps a stronger physical 
appeal than the usual one which employs dimensionless quantities. Kér- 
man’s vortex strect (32) is extended according to Maue to include the un- 
symmetrical case in which the flow is not parallel to the street. The hydro- 
dynamic theory of journal bearings is briefly dealt with in VII.36. Rie- 
mann’s theory of shock waves is discussed in 37 with a particular view to 
the results that Bechert obtained in certain clemcntary integrable cases. 
Sec. 38 is a report on the history and present situation of the difficult 
turbulence problem and includes also Burger’s mathematical model of 
turbulence. In VITI.43 one finds, in the problom of the helical spring, an 
example of combined bending and torsion, In 44 the boundary conditions 
for an oscillating parallelepiped are discussed, and the foundations laid for 
the quantum-theoretical thermodynamics of the solid body. 

It is obvious that not all the topics found in this volume could have been 
touched wpon in the bricf period of onc term; several of the subjects men- 
tioned before have in fact been added for the print. 

The second edtiton of Vol. IT has heen supplemented by a representation 
of general tensor calculus limited to three dimensions and orthogonal line 
elements, Tensor caleulus docs not hold an alvantage over the simpler 
vector analytic formulas for the cases considered here (cf. App. IV), but, 
because of its importance in the genoral theory of relativity, it cannot he 
entirely omitted if a fairly complete exposition of the mathematical methods 
of theoretical physics is the goal. 

The discussion of the turbulence problem, which already presented 
great difficulties in the first edition, had to be revised on the basis of so-far 
unpublished work by C. F. von Woiasiicker and W. Heisenberg. My 
opinion of long standing that turbulence would finally be accounted for by 
integration of the Navier-Stokes equations in their complete, non-linew, 
form, proved wrong in the special case of “isotropic turbulence” investi- 
gated by the two authors; hore, as in the kinetic theory of gascs, statistical 
methods havo shown their superiority. It was, of course, impossible to 
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CHAPTER I 


KINEMATICS OF DEFORMABLE BODIES 


I. A Fundamental Theorem of Kinematics 


Helmholtz establishes the following theorem at the beginning of his 
paper on vortex motions:’ The most general motion of a sufficiently small 
element of a deformable {i.¢., not rigid) body can be represented as the 
sum. of 

1. a translation, 

2. a rotation, 

3. an extension (contraciton) in three mutually orthogonal directions. 

The proof is based on the Taylor expansion of the relative displace- 
ment of two neighboring points P and O in terms of their original co- 
ordinate differences. 

Let P be a point of the volume element under consideration and 
x, y, 2 its coordinates in a rectangular system the origin of which, 0, lies 
within the element. In a general motion of the body the points P and O 
will both experience changes of position, which we denote by §&, 9, ¢ and 
fo » 90, & respectively, referring to the chosen space-fixed coordinate 
system. Taylor’s formula then gives for the displacement of P 


t= b +eethat get ie 
a) sant tet yt et 


penttet dy + Ser... 


Introducing for brevity 
) é a 
(2) Sean, i = ae ae = Os By Ta 


1Uhbor Integralo dor hydrodynamisgchon Gleichungen, welche den Wirbelbowegungon 
entapreshon. Crelles J. 85, 26 (1858). 
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we write each of the quantities a,, as a sum of an “odd” and an “even” 
term 


an — & Gi, + a 
Cn = a ac aaa | 
“odd” and “even” refer, of course, to the commutation of the subscripts. 
Now, (1) may be rewritten in the following form 


p= pt lope ear, mam, 


+ || oe + 2M y 4 Sat on, 


pant [St to +0 + BO 


(8) 
: + |[ tee + ony + te 


pant |S ee 4 ma eey 4 o| 


4 || omtens 4 Mat Oy + ane | 


where terms higher than first order in a, y, z have been omitted. Let us 
introduce the symbol s for the total change of position of P; the vertical 
separation lines in (3) indicate that the displacement s is compounded of 
three partial motions & , $8: , 8 , or 


(4) s= 8 +8, + %. 


The displacement & , with the components & , 7, f> , is the same for 
ali points P of a volume element and is therefore a translation. 

The central portion of the set (3), 8, , is a rotation. Upon introducing 
the vector 8, with the components 


(5) g. = A $= TE, e, = Ee 


and the position vector OP =r, we obtain simply 
(6) 8 =éxXr. 
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This displacement is well known from rigid body kincmatics (Vol. 1’, 
Eq. 22.3) and corresponds to the infinitesimal rotation § (the appropriate 
notation would be 88) whose axis and magnitude are given by the com- 
ponents y. , ~,, %,- 

The infinitesimal rotation is not a vector in the proper sense, such as 
a polar voctor that characterizes a translatory displacement. One may, 
nevertheless, denote it by the usual vectorial symbolism, associating with 
it a polar vector $ that points in the direction of the aris of rotation and 
‘has a length equal to the (infinitesimal) angle of rotation. More about 
axial vectors is found in 2, 

There is, of course, no change in the length of the vector OP due to the 
displacement s, . This is self-evident if we consider s, from the point of 
view of rigid body kinematics, but will be shown here independently. 
The square of the distance OP is 


OP =|r+s8, =|[r(+2r-s,+ |, [, 
but according to (6) 
r-8, = e-(@ Xr) = eT Xv) = 0. 
Disregarding second order terms as in (8), we find 
lr+a,[?=[rP = 
(It will be noticed that here and in all subsequent arguments of a similar 
nature, “no change” means “no change # first approximation.”’) 

In order to pass from infinitesimal to finite quantities the displacements 
must be considered in their time dependence, which amounts to introducing 
velocities instead of displacements, viz. 

(7) smvAi, $= oli, 
or in components 

— = uAl, 7 = vdi, ¢ = wii, 
(8) 


Ye = wrAt, gy = w, dt, Ys ™ wiAf. 


Here v is the velocity of the particle or volume clement considered, and 
@ its vortex vector; the physical importance of the latter quantity was 
first recognized by Helmholtz. 


2A. Sommerfeld, Vorlesungen ther Theoretischo Physik, Akademische Veriagy- 
geacllachalt, Leipzig, 1944, Bd. I, quoted heneoforth ax Vol. I. Inglinh tranelation in 
preas {Academic Prees Inc., New York). 

Soe, c.g., J. L. Syngo and B. A, Griffith, Principles of Mochanics, McGraw-Hill, 
New York, 1942 Suc. 10.5, 
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The components of the vortex vector in the system 2, y, 2 are according 
to (8), (5), and (2) 


@) « = 1 (a _ 2) ; = 1(% _ 2) ‘ = 1(% _ &), 

*  2\ey = dz? 5 2\G2 ax? .  2\de 9 Oy 
A more complete analysis of this fundamental definition belongs also to 
the review of vector analysis in the following article. 

We turn now to the third partial motion s, indicated in the right 
hand part of our scheme (3). Here the deformability becomes significant, 
the two other partial motions having been recognized as the elements of 
the general motion of a rigid body. 

The displacement s, is a Linear vector function of the position vector fF, 
in the sense of Vol. I, 22.* We denote the components of s, by £ , 2, $2; 
and introduce the notation : 


& = apt + xglf 1 Crs%, 
(10) fa = Est  eyyY + G2, 


fs = ¢ygt + eeytf + Eggs 
The meaning of the coefficients ¢,, follows from (2) and (3): 


(11) wat, gee a9 (24 4), 


The quantities « are the components of the strain tensor. The tensor 
itself may be symbolized in a similar way as the moment of inertia in 
Vol. I, 22.13b* by the quadratic array 


(12) € = | &ys ey ys 


See, e.g., L. Brand, Vector and Tenaor Analysis, Wiley, New York, 1947, §§60 and 
‘See, e.g., Synge and Griffith, op. ctt., Sec. 11.3. 
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In the present case the tensor is symmetric (i.e., the components are 
symmetric to the main diagonal that connects the upper left and lower 
right corners), a fact which is an immediate consequence of the definition 
of the third partial motion s, in (3). On the other hand, the scheme of 
coefficients of the partial motion s, represents an antisymmetric tensor. 
Its definition, given by Eq. (6) or Eq. (3) (the part between the vertical 
lines), yields the array 


(12a) $= | on 0 Pys | Pik = “Pri; 


Per Pry 0 


and our change of notation y, = ¢,, = —Y. etc. establishes accordance 
with the double subscript notation introduced in (10). Note here that the 
antisymmotric tensor can always be represented by a vector, which is, of 
course, not true for a symmetric tensor, as will be proved in 2. 

In the analysia of the strain tensor we make use of the concept of the 
tensor quadric as in Vol. I, 22.15 in the analysis of the moment of inertia. 
Consider for this purpose the scalar product 


(13) Bol és + Zesty + ey? +--+ = f(a, y, 2). 


By putting f(x, y, z) = const, we obtain a surface of second order, the 
strain (or deformation) quadric, also called the ellipsoid of strain or of 
dilatation; this terminology, of course, does not exclude contraction, nor 
does it imply that-the quadric is necessarily an ellipsoid as in the case of 
the inertia tensor. [t may be any one of the surfaces of second order, e.g., 
a hyperboloid of one or two sheets or a degenerate surface such as « pair 
of planes. 

In order to decide this, we refer the strain quadric to its principal axes. 
Upon introducing the corresponding rectangular coordinates X,, Xs, Xa, 
Bq. (18) takes the form 


(14) F(X, ? Xs , &) = oe + X45 + &X3 = const. 


The coefficients «, , ¢ , &; are called the principal extensions (or contractions, 
if negative). 

If (18) is used, the lincar vector function (10) may be rewritten in the 
form 


laf 23 
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and in terms of the principal coordinates we have the correspondingly 
simplified linear vector function 


1 oF 
B= 3a =X, aS ee 


(16) 


The principal components of displacement 2, introduced here are the pro- 
jections of the vector s, upon the principal axes X; . 

The proof of Helmholtz’s theorem has been completed by the estab- 
lishment of relations (16), which indicate that the third partial motion is 
composed of three extensions (contractions) in the mutually orthogonal 
directions of the principal axes of the deformation quadric. In fact, any 
point P of our volume element with coordinates X,; in the principal system 
is carried over, according to (16), into a point P’ with coordinates 


(17) X, + BR, = X(1 + ,). 


The tensor quadric has been introduced here by formal definition, but 
a direct physical interpretation is possible when coordinate differentials 
or the equivalent direction cosines are introduced in place of the co- 
ordinates z, y, 2 [see Eq. (4.21)]. 

We now proceed from the linear extensions ¢, to the cubical extension 
or dilatation 8 which is defined as the specific change of volume (i.e. the 
volume change per unit of original volume) 


AV’ — AV 
(18) 6=— 


Here AV is the original and AV’ the expanded (or compressed) volume 
of the element. The calculation is easy for a volume element that has 
the shape of a rectangular cell with sides parallel to the principal axes. 
Let one corner coincide with the point 0 and denote the sides before and 
after dilatation by a, and aj. Then AV = a,a.a,, AV’ = ajajas . According 
to (17), af = a,{1 + «), therefore AV’ = AV(1 + «)(1 + 4)(1 + 4) 
and, according to (18), 


(19) @=(lt+allt+al\lt+ea—-lLeatatse. 


(The product terms have again been omitted.) 
The representation of 6 by (19) is valid in any Cartesian system: take 
for example the original system «, y, 2. We assert that thore is always 


(20) O = ey + ey + ee - 


[1.1] KINEMATICS OF DEFORMABLE BODIHS 7 


For the proof we have to use certain properties of tho transformation 
by which the surface f = const of Hq. (13) is transformed into F = const 
of Fiq. (14). Writing the transformution in the schematic form 


© y Z 
—j—_____ >~a=l, 2 %8: = 0, °° 
X, a Bi v1 

(21) (2la) af +A +y7i =1,- 


Ag | as Ba v2 
dic, + BiBs + vive = 0, - 
Xstas Bs Ya 


and reading the scheme (21) from loft to right (i.e., solving for the X,), 
we obtain by substituting in (14) 


F= DreXi = 2) eda + By + 78)” 
mx! DY eat + Qoy DY eB: + y* Deshi + 
This expression must be identical with (13), therefore 
fox = O16 anes + ages , 
(22) fyy = Bie; + Bate + Baes ; 


&, = viG + Yate + Yats ° 


Esy = 01814, + cnPyte + agBye; , 
(22a) ye = Bivits + Bayete + By ysts , 


Ess = Yidie: + Ya%2€2 1 Yates « 
On adding I%qs. (22) and taking into account the orthogonality relations 
(21a), we finally obtain 
(23) fez 1 Gy + bee = Hi Het G&. 


The result is: The sum of the clements in the principal diagonal of the 
strain tensor is independent of the choice of the system of coordinates; it 
is an invariant of the tensor. In 4 this result will be supplemented by a 
search for all invariants of a tensor. Also the relations (22a) not fully 
exploited so far will reappear there. 

By (19), (20), and (11) the dilatation © can be put in the simple form 


(24) on By 4S. 
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Having established the geometrical significance of the principal ex- 
tensions ¢, , our next task is the geometrical interpretation of the general 
strain components ¢,, and ¢,,. For the diagonal components ¢,,, -*: the 
case is not different from that of the quantitios «, --- : ¢,. 7s the increment 
tn length of an x-fiber per unit of original length. If such a, fiber is cut from 
the body between the points + = 0 and + = Al, its length after straining 
Al’ = Al +. ¢ — §& , whence the specific change of length is 


sh fe 
Al 


But the last expression is seen to be equal to 
oF 
bx = Ces ’ 


when we substitute the special values x = Al, y = 2 = 0 in Ea. (1). 

For the purpose of interpreting the components «,, we consider an 
“¢ ylamina” instead of an “x-fiber”. Let 0123 denote an infinitesimal 
rectangular part of the lamina with sides ¢ and 6 (Fig. 1). In the process 


Fria. 1. Geometric interpretation of the strain 
component ¢, as angular change in an originally 
orthogonal volume cloment. The diagram gives 
the projection in the ,1-plano. 


of straining, the points 0, 1, 2 are displaced to 0’, 1’, 2’, and the rectangle 
is deformed, into a parallelogram. (Note that displacements in z-direction 
are disregarded; think of the strained figure as projected on the z,y-plane: 
the projection 3’ of the strained pomt 3 will then coincide with the fourth 
corner of the parallelogram subtended by 0’1’ and 0'2’, if higher order 
terms are omitted. Note the analogous omission also in the case of the 
éz-) The angles y, and 7, indicated in Fig. 1 can now be calculated, again 
omitting higher order terms: 


= _- —bh— mm _ h— te _ 7 
n=ten ice =e a = or 

= — —&—f&  _ i — & _ #€ 

(25) Ya tg v7. b+ 42 — 1 b ay 


i+ %2 = ot + SE = Bey 
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In this equation, subscripts on & refer to the displaced points. The 
angle y = +, + 72 is equal to the change of the originally right angle at 
0 due to the distortion of the rectangle 0123; ¢,, , which is half of that 
angle, is the shearing strain or, simply the shear. The quantities ¢,, and 
é:, have the same significance relative to the y,z- and z,x-laminae. 

A. short compilation of the more common notations of the strain’ 
tensor follows. 


Thisbook ..... fxe | €yy| sr | Coy ™ Eye fxg = boy Cae = fae 
Love and some 
American authors . és, |eyy|€es | Sey ™ See Cos = Soy C2 = Ces 
Kirchhoff and Planck x, | y,| 2, 5 te = 5 Fs su 9 % 5 te 58, 
, 1 1 1 

Some English authors ¢ | f | g 5% 3% 5¢ 

‘ a 1 1 1 1 
Engineering usage . «| ¢| ¢ 9 Yas = 5 Vuela Ves = 5 Vers Vee = 5 Yes 


The inclusion of the factor 4 in our definition of the «,, , --+ is sug- 
gested by the system of notation of general tensor analysis, but we shall 
sce in 40 that IGrchhoff’s choice of the x, , --- which sets this factor in 
evidence has a certain advantage when simple expressions for energetic 
quantities are desired. 


2. Review of Vector Analysis 


Throughout this volume we shall make continual use of vector analysis, 
that is, calculus applied to vector quantities. Thus, while familiarity with 
vector algebra and with the basic concepts of vector analysis is assumed 
on the part of the reader, a clarification of some of the fundamental points 
seems appropriate. 

First, we repeat here the definition of vector and scalar given in Vol. I, 
following 22.6. A quantity is a vector if, in an orthogonal transformation 
of the coordinate system, it follows the same transformation rules as the 
position vector r = 2, y, 2; itis a scalar if it is invariant in such transforma- 
tions. 

Let us put this definition to use in the proof that the quantity 0, de- 
rived from the vector s = 2, y, z in (1.24), is 2 sealar. We replace s by 


SFor this definilion compare If. and B. 8. Jeffrays, Mcthods of Mathematical 
Physica, Cambridge University Prosa, Cambridge, 1946, Chap. 2,023. 
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an arbitrary vector A = A, , A, , A,’ and consider instead of © more 
generally the quantity 


1 divA = OA, , OA, 

(1) iv a te 4 9és 

called the divergence of the vector field A. 
The invariance of div A, which we now prove, amounts to the following 

equality: 

oa 4 OA,: see 


+ “jy + 


For the sake of brevity, the coordinates, primed or unprimed, will be 
numbered rather than lettered. Transformation (1.21) reads in the simpli- 
fied notation 


div’ A = = divA 


v1 v4 vs 


ti | On Qi2 13 > ues, = 8; , 
(2) (2a) 

%3 1 O33 Cigz > Cents: = Oar - 

x4 &s1 Cs M33 


The meaning of the symbol 8,,; (and correspondingly 4,;) is the usual one: 
1 for i=j 
bi; = . 
0 for 43 


For an arbitrary function U (x, , 2 , 23), which may at the same time be 
considered as a function of xj , xi , 7 because of (2), one has 


(8) av gy 


ESA > 0%, dz; ° 
This can be rewritten as 


(Ba) au - » Ash A 


if the scheme of coefficients (2) is read vertically downward. According to 
our vector definition we may apply the transformation rule for r, that is 


"In tho original German toxt, vectors and their components are printed in the same 
Gothic types. The more usual way of making a typographical distinction betwoon the 
two has been adopted for this translation. 
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the scheme (2), to the vector A. Thus, on reading (2) from left to right, 
it follows 


(4) Al= > wi Ay< 


We now identify the arbitrary function U in (3a) with the vector com- 
ponent A, . Doing this for z = 1, 2, 3 and adding leads us to 

ag _ B41 _ aA; 

7 On, 2 » Do ees = 2 2. on on, ° 

Here the first member is div’ A and the last member div A if proper 
account is taken of the é-symbol, hence the invariance of the divergence 
has been proved. The cubical dilatation (1.24) can now be written as 
@ = divs. 

The divergence operator derives a scalar from a vector. The gradient 
operator, on the other hand, is the simplest differential operator that 
derives a vector from a scalar. Denoting the scalar by U (a scalar point 
function as before), wo construct the vector 

—o2U av av 
(6) gad U = dx,’ dx,’ dx," 

Its vector character follows at once from (8a) which can be written 

by means of the symbol “grad” 


(5a) gradi U am 2 Qe grad, U. 
Thus the gradient transforms in the same way as the position vector. 


We now twn to the differential operation introduced in (1.9) for 
which the symbol “curl” is used. Writing (1.9) with this symbol, we have 


(6) B=curlA,  curl,A = 7 = of, . ete, 


where B stands for 20° and A for ¥ = u, », w. Eq. (1.6) already contains 
a, definition of the vector o. On setting as in (1.7) 


ss, = ¥, At, 4 = wAt, 
(1.6) is carricd over into 


(7) ¥ =o Xe. 


®We shall lator come back to this factor } that is now included in the definition of B. 
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The developments in 1 make it evident that the definition of by (6) 
[or (1.9)] agrees with that by (7) [or (1.6)]; this will be checked by direct 
calculation in problem I.1. 

Let us now write (7) with the same lettering as (6); we can again use 
B instead of 2a, but we may use A also for ¥, , since in what follows we 
are only concerned with the vector character of this quantity and curl 
¥, is identical with curl v. In this way (7) becomes 


(7a) 2A = B Xr. 


Our aim is to show that the quantity B has, at least in a certain sense, 
vector character. Such a proof, which furnishes a better understanding of 
the concept “curl”, is by no means superfluous although it is omitted in 
most textbooks. 

The formal proof can be based directly on the definition (6), in which 
case it amounts to a rather cumbersome calculation (problem I, 2), but 
a clarification of the issue can also be obtained if one starts from Eq. (7a).* 
There the components of B appear as coefficients of a linear vector function, 
like the quantities ¢,, in (1.10). Introducing double subscripts and num- 
bering the vector components (instead of lettering), we write 


B, = B, = By = —Ba, A,=A., 
(8) B, = B, = By = —Bs;, ? A, al A; ; 


B,= B, = B,, = —By, A, mA,. 


This notation for the components of B corresponds to the representation 
of @ by (1.128); in both cases the diagonal terms (8;, , ¢;;) vanish and 
the “vector” B is really an andisymmetric tensor like ¢. 

Eq. (7a) now takes the simple form 


(9) 2A; = 2X Bats 
which we can check, say, for ¢ = 1; we find 
2A, = 2A, = Bum + Bye, + Burs = —By + Bz = (Bx), 


in agreement with (7a). 
In order to define the quantities B for the rotated coordinate system 
x’, we write Eqs. (9) m this system 


(10) 2Ai = 2 Bist 


"Note, however, that Eq. (6) by no means implies Eq. (7a) in the case of a gonoral 
vector field A. Observe the careful formulation of problem I.1. 
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and reintroduce z and A by 

= a at, A= 2 enAr 
according to (2). This transforms (10) into 
(11) 2 Daud, = 3 2) Baath - 
On substituting for the components A in the first member of this equation | 


according to (9) which, obviously, can be written as 24, = >), But: by 
a, mere relettering of the subscripts, Eq. (11) becomes 


> 2, Bucxt = 2 2 Bioessts 3 


which is an identity in the three independent variables x, , x , 2, . By 
comparing the coefficients, the following three equations between the B 
and B’ are obtained 


(12) 2 Bua = Biren » t=1,2,8, 


from which the B’ must be determmed. This is done by multiplying Eqs. 
(12) with a;; and summing over !. The second members of (12) add up to 


(12a) x 22 Bhawan = 2d Bir Do anictn = DX, Bindss = Bi; . 
Thus the new components 2B’ have been found, viz. 
(13) » Do Barcercey = Bi; . 


As it stands, cach 2’ is a linear function of all nine components B, but, 
with Bi = —-By and By = 0, the number of terms reduces to three. 
Written more completely, the expressions for B’ are 


( B iy = Baalorcacess a O¢0t43) + Bi (anass ue O13 j1) 
14) 


+ Bay lecsaeey — agyCts2). 
Let us write out one of them, say, for ¢ = 3,7 = 2: 
By = Bas(Gtarcres oe 0632093) + Bys(esieeas = Ca30%a1) 


(15) 
+ Bor (cesatea1 =F Ogx¢%ga)- 
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The coefficients of the quantities B in (15) are nothing else but the co- 
factors of the elements in the first row of the determinant of the trans- 
formation (2). Depending on whether this determinant is -+-1 or —1, the 
cofactors are equal or opposite to the elements to which they belong’® (see, 
e.g., Vol. I, problem 1.10.). Eq. (15) may therefore be rewritten as 


+B = ay By, + caeB, + onBs 


where the single subscript notation has been reintroduced for the B. 
In the same way 3B; and Bj are obtained. The result can be written in the 
form 


(16) = = Bi = 2, auBi ’ 


which is exactly the vector transformation rule of Eq. (4) except for the 
ambiguity of the sign. 

Two things can be learned from this result: 

1. The quantity B = curl A behaves like an ordinary (polar) vector in a 
rotation, that is, in an orthogonal coordinate transformation with determinant 
+1, hence the general use of the simple terminology “curl vector” which 
we shall also adopt. 

2. The curl ta, strictly speaking, not a polar, but an axial vector for the 
following reason: In a transition from a destrat to a sinesiral system or, more 
generally, in @ rotation unth a subsequent change of orientation (determinant 
—1) the new components of the curl are the negatives of the new components 
of the (polar) vector that represents the curl in the original system. 

We can now easily see why the use of double subscripts is an advantage 
in the foregoing proof: An axial vector is not appropriately represented by 
an arrow in the direction’ of the axis; the correct symbol should be a 
circular arrow about the axis. In this way the plane of the circular arrow, 
say the y, z-plane, takes over the function of the r-axis, and a better way 
to write the left member of Eq. (6) would be 

dA, 9A 
(17) OU ys Am ie 
The notation curl, A represents the axial vector by a polar vector. This 
is possible in pure rotation according to 1. and is indeed quite often an 
aid to the imagination. 

In this connection a well-known and often applied rule may be men- 

HCf., ¢.g., Brand, op. cit., §149. 


XIn fact, two orientations are possible and only ona is choson in accordance with 
the orientation of the coordinate system. 
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tioned that helps to keep in mind the structure of the expressions (6) or 
(17) and in particular the sequence of signs in those formulas. It reads: 


ij &k 
ai wee 

(18) orlA=|5> jy 22 t 
A A, A, 


The letters i, j, k denote here unit vectors‘* in the directions of the x-, 
y-, 2-axes. Multiplication with 4/d2, 3/dy, 8/a¢ means differentiation with. 
respect to the corresponding variable. The expansion of the determinant 
(18) yields 


= i(2Ae — 242) 4 (24s _ 241) 4 y(2de — 2A) 
(8s) orl A (24 a} t Nee ~ eed tee ~ ay?’ 


which represents the correct way to form the curl components. 

It should be noted, however, that the mapping of an axial upon a polar 
vector is possible only in three-dimenstenal space. This can be inferred 
from the number of components » which is, of course, equal to the number 
of dimensions 7 in the case of the polar vector, while for an axial vector 
im general 


ne =D 2 for n= 1, 2,3,4,-:- 
a nae eee 


The number » is correlated with the double subscript notation of the 
axial vector: it is the number of combinations of the n directions in space 
in groups of two. That » coincides with n for n = 3 is, one might say, a 
coincidence. The number of components »y = 6 in four-dimensional space 
plays a decisive part in olectrodynamica, where it coincides with the 
number of components of the electromagnetic field 8 electric + 3 magnetic 
components). 

We returm to our starting point, Eq. (19), which we write in vector 
form. 


1 
2 


®The ¢, j, & in the original Gorman text have not boon printed as vectors. The 
symbolic notation V = {Vs + jV, + &7., bas then the character of a “higher complex 
number’ and indicates more mtirongly the conceptual relationship between vectors, 
ordinary complex numbem, and Hamilton’s quaternions. 


(19) ® = curly. 
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It cannot be denied that the factor 4 in this formula is a flaw. The meaning 
of w is, as we know now, the whirl or rotation associated with the velocity 
distribution v. Our formal introduction of the symbol curl in (6) implies 
that the “physical rotation” is only half of the “mathematical rotation”. 
It is not feasible to remove this paradox by absorbing the factor } in the 
definition of the curl symbol; that would have the most uncomfortable 
consequences for general vector analysis, in particular for electrodynamics. 
Nothing can be done but to point out the flaw and apologize. 

The three operators grad, div, and curl have so far been defined by 
differential operations. There exists, however, a very convenient way of 
introducing div and curl by means of integral operations. Let us start 
with the divergence. 

Visualize the vector field A as a field of flow, that is, let magnitude 
and direction of the flow be given everywhere by the magnitude and 
direction of A. Let the field point P be surrounded by a closed surface 
and Ar be the enclosed volume. If » is the outward normal associated 
with the surface element do, A, represents the outflow per unit of surface, 
normal to the surface. On forming (1/Ar) J A, do, the limit for vanishing 
Ar (or o) becomes 


(20) div A = Lim 7- + f As de. 
The agreement between this definition and (1) is svident in the special 


ease that Av is chosen as a rectangular cell with center P and sides Az, 
Ay, Az (Fig. 2). If A, at the point x + Ax is expanded after Taylor and 


Fia. 2. Calculation of div A by an integral over the surface of an infinitesimal 
parallelepiped. 


higher powers of Az are neglected as before, one finds for the two 2- 
surfaces (that is, the surfaces normal to the z-axis) 


[ A.ae= f(A + 2) - A.(c) dy da = f 98s Ae dy de = 2A ae 


and two corresponding terms for the two paira of y- and z-surfaces; alto- 
gether one obtains the expression for div A. In writing (20) mathema- 
ticians would add the proviso that the limit indicated therein actually 
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exists. This we have omitted, since the restrictions as to continuity im- 
posed on the vector field by such a proviso certainly would not be more 
severe than those which are inherent in definition (1). Thus, as a definition, 
(20) is certainly equivalent to (1); it should be preferred, however, as it is of 
a less formalistic nature. 

The curl can be defined by the following construction in our field of 
flow. Let an arbitrarily chosen, oriented line ¢ pass through the point P; 
in the plane that contains P and is normal to a, draw a closed curve s 
surrounding P, and denote the enclosed area by Ac. Let A, be the com- 
ponent of A in direction of the arc element ds, taken in that sense of 
direction which forms a right hand screw with the axis a. Consider now 
the line integral £ A, ds, for which Lord Kelvin introduced the appropriate 
name circulation. The limit of the ratio of the circulation to the area Ac is 


4 
(21) curl, A = Lim g Ade. 


The agreement of this definition with the previous one, (17), can again be 
seen quite easily if the curve s is appropriately chosen. Suppose one 
wants to verify (21) for the y, 2-component of the curl. The line @ then 
coincides with the +<2-direction, and s may be chosen as a rectangle 
with center P and sides Ay, Az (see Fig. 3). On expanding the contributions 


Fig. 8. Calculation of curl A by a linc in- 
tegral over an orthogonal circuit. 


‘ 


of each pair of sides as before, the firat pair (which is parallel to the y-axis) 
yields 


[ Acdom [ (Ase + 8) + A) dy = - 24s ayae, 
and the second pair 
fa. ds = 8 Aydz. 


Altogether one obtains according to an 


aA, _ aA, 
oy az 


curl, A = curl,, A = 
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The other components come out if the line a is made to coincide with the 
other coordinate axes, and the results are found by cyclic permutation 
(“rotation’’) of the letters. 

The “integral” definitions put geometrical meaning into the operators 
diy and curl previously introduced by formal analytic means, but a 
visualization of the operation grad U is still lacking. Imagine for this 
purpose the level surfaces (that is, the surfaces 7 = const) and their ortho- 
gonal trajectories marked in space. The direction of the gradient is every- 
where tangential to the trajectory; its magnitude, 0U//4n, expresses itself 
in the concentration of the level surfaces as they follow each other: for 
constant 80/7, dU//an is the larger, the smaller én. 

Compared with the original definitions (1), (5), and (17), the advantage 
of the geometrical definitions is not only their less formalistic nature, but 
also their validity in general coordinates, which permits in particular an 
easy transition to any required system of curvilinear orthogonal coordinates 

We show this for the general case of a system of three mutually 
orthogonal families of surfaces, while the more elementary special cases 
such as polar coordinates will be treated in prob. 1.3. Let p, , pe , ps be 
the parameters of the three families of surfaces. As a consequence of the 
mutual orthogonality, the analytic expression for the square of the distance 
of two neighbored points contains no mixed terms of the type dp, dp, . 
Following the notation g,, of the general theory of relativity, we denote 
the coefficients of the quadratic terms by gj , so that the square of the 
element of length is 


(22) ds® = gi dpi + gi dpi + go: dps, 

which implies in particular the following expressions for the differentials 
in the three coordinate directions: 

(23) ds; = 9. dp, , ds. = 9. dps , ds, = gs dps . 


These expressions replace dx, dy, dz, if orthogonal curvilinear coordinates 
are used instead of the usual Cartesian coordinates. The components of 
the gradient, heretofore 


ay aU aU 
grad Ue as a ae? 
now become 
si gad iY Lay ray 


~ 91 Op.’ ge Ope? gu Ops * 


The expression for the divergence in the new coordinates is obtained from 
(20) if the volume Ar is chosen as an infinitesimal cell with (curvilinear) 
sides As, , As, , Ass : 
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: 1 
(25) div A = Vgeda 2 (gaits A += aps ae | ») naa. Leona}. 
The expression for the 1-component of the curl is obtained by choosing 


the surface that contains the “rectangular” circuit orthogonal to the co- 
ordinate direction , : 


The 2- and 3-components follow by “rotating” the numbers 1, 2, 3. 


3. The Theorems of Gauss, Stokes, and Green 


It is not difficult to proceed from the integral definitions of divergence 
and curl in (2.20) and (2.21) to the integral theorems of Gauss and Stokes. 

Let the vector field A be differentiable inside the closed surface ¢ so 
as to establish the value of div A everywhere in the interior. The following 
integral relation then constitutes Gauss’s theorem: 


(1) [ div Ade = f A, ao. 


Here » is the outward normal associated with the surface clement de. 
To prove this relation we divide the volume 7 in a number of small 
cella Ar, ; in accordance with the mathematical definition of the definite 
integral, a set of such divisions with decreasing cell size may be used to 
write the first member of (1) as the limit 
m= Af 


(la) Lim >> div A Ar, , 


Af--— meh 


where the value of div A may bo taken st an arbitrary point of the cell 
Ar . If the integral definition (2.20) is substituted for div A the sum in 
(Ja) becomes 


4 
(1b) © Are Lim 5 { A, de. 


There is no objection against writing the factor Ar, , which is still finite, 
to the right of the limit sign; also the summation, which so far refers only 


This convention nay caus some inconvenionee, as in dhe casc A = grad (7, where 
éU'/dn is thon in goncral not dofined outside of o; we may, howover, replace U/dn by 
—3U /dn’ where »’ is now the inward normal. 
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to a finite number of terms, may be interchanged with the limit sign. 
The expression (1b) then takes the form 


(10) Lim > a / yer Pa 


Let it now be agreed upon that the cell Ar which serves to define the di- 
vergence be identical with the cell Ar,, that belongs to the definite integral.“ 
At the same time let us write de,, instead of de, to indicate that de, is 
now an element of the surface of Ar, . After these changes (1c) becomes 


(14) Lim > f A. dea . 
ata im 
In carrying out the summation over m the parts of the o,,-surfaces that 
lie inside ¢ cancel each other in pairs because of the opposite signs of the 
normals n. Only the contributions of the surface elements that are ad- 
jacent to the o-surface are left over; hence the sum in (1d) may simply 
be written 


(16) [ Ando, 


where the integral refers to the surface of the originally given region in 
space as in the integral (1). Since this integral is independent of the division 
into cells Ar, , the limiting process required in (1d) does not change any- 
thing, neither does the summation required in (1a). Expression (le), as 
it stands, is therefore the value of the expression {la} which, in tum, 
was only another way of writing the volume integral on the left side of 
(1). Since (le) is identical with the right member of (1), everything is 
proved. 

The formal proof of Gauss’s theorem usually found in textbooks is 
based on a partial integration in rectangular coordinates; it can be re- 
placed, aa we have seen, by an argument that uses only the genera! princi- 
ples of integral calculus and vector analysis. The same is true for Stokes’s 
theorem, for which we shall outline only the general idea of the proof, 
referring to the foregoing for the formal details. 

In terms of fluid flow, the second member of (1) means the outflow 
through the boundary surface (inflow, if negative). The first member of 
(1) represents the algebraic sum of the strengths of all sources or sinks, 
continuously distributed throughout the interior. The equality of the two 
members is thus intuitively evident. 


To be sure, this means that the limiting processes Ar +0 and Are — 0 (or m 7) 
are carried out simultaneously, whereas the two processes should be carried out inde- 
pendently according to (1b). 
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In Stokes’s theorem we consider an arbitrary, in general curved, surface 
g bounded by a closed, oviented curve s (circuit). At each surface element 
de construct the normal and let it point in the direction that forms a 
right hand screw with the orientation of s. The content of Stokes’s theorem 
is then: For any vector field A, continuous in the neighborhood of ¢, 


(2) [ carl, Ado = ¢ A, do. 


For a proof divide ¢ into small surface elements that can be considered as 
parts of the associated tangential planes, and let their boundaries s,, be 
oriented in accordance with the orientation of s. Write down equation (2.21) 
for each of the elements Ag, , multiply with Ac, and sum over m. This 
leads to 


(3) Lim D curl, A Ac, = Lim 5) p Lim SA, ds, . 


On making Ac = Ac, and proceeding os in Eqs. (1a)-(1d), the contribu- 
tions of all internal boundaries cancel each other, since each segment 
belongs to two adjacent surface elements and is therefore traversed twice 
in opposite directions. Only the contributions of the external boundaries 
remain and sum up to the line integral on the right hand side of (2). In 
terms of fluid flow, Eq. (2) states: the circulation around the boundary 
curve s equals the flux of the vortex vector through an arbitrary surface o 
subtended by s. 

The integral taken over the boundary curve vanishes if the surface 
integral in Stokes’s theorem refers to a closed surface. We indicate this 
as follows: 


(4) § oul, Ade = 0 


where we assume, of course, the continuity of curl A, a point which has 
been emphasized before. 

If the vector A is, in particular, chosen as a gradient, A = grad U, say, 
then the differential expression 


(5) A,ds = A,dx + A, dy + A, dz 
becomes a total differential dU. In this case 
(6) § A, ds = 0 


for any boundary curve. The first member of (2) must then vanish for 
any surface ¢ and any normal direction n. This implies that quite generally 


(7) curl grad U = 0, 
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a formula which can also be read from the differential definition of the 
curl, Eq. (2.6). 

The equation curl A = 0, written in rectangular coordinates, is equiv- 
alent to the three conditions for the differential expression A, dz + A, dy + 
A, dz to be a total differential [see Eq. (5)]. These same conditions already 
appeared in Vol. I, Eq. (18.17) for the existence of a potential in a force 
field; they can now be written in the comprehensive form curl A = 0. 

Note, by the way, that the operation curl grad has a well defined 
meaning, but grad curl has not, since the gradient, by its definition, cannot 
be applied to a vector. 

When Gause’s theorem is applied to s curl vector, that is, when curl B 
is substituted for A in (1), the right member of (1) becomes an integral 
of the form (4), hence it vanishes. Consequently the expression on the 
left side of (1) is zero for any closed surface ¢ in 7. This means that generally 


(8) div curl B = 0, 


an identity which can also be read directly from the differential definition 
(2.1) and (2.6). Again the converse symbol cur! div B carries no meaning 
since the operation curl cannot be applied to a scalar. 

Let us also have a look at the symbols div grad and grad div. The 


first applies to a scalar, say U. We write 

(9) diy grad U = VU. 

In Cartesian coordinates the ark VY" is 
ee 


In orthogonal curvilinear coordinates p, , ps , Pa the relations (2.24) and 
(2.25) yield 


0) = ai Cn) abd) +i 


The symbol V”° is called the Laplace Operator or Laplacian, also the 
second differential parameter. The first differentzal parameter is defined by 


DU = (VU) = (au i: + (22 + (2 


alse) +l) + a Gp 


Both symbols operate on scalar point functions. Other notations for the 


(9c) 
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Laplacian are A? and A, the latter mainly in French and German litera- 
ture.”* 

The converse symbol, grad div, applies to vectors. Let it here be 
sufficient to mention that it appears in the useful formula 


(10) curl curl A = grad div A — VA. 


Caution is necessary in the application of (10) since in this formula the 
symbol V* = div grad operates on a vector, contrary to its definition. 
Actually, the formula refers to the Cartesian components of the vector A, 
and V” operates on the individual component of A, considered as a 
scalar. Accordingly, the proof of (10) must be carried out in Cartesian 
coordinates and consists in checking the equality of the two members by 
an easy Calculation; the operator V can also be used. 

Formula (10), conversely, serves to transform into general coordinates 
the quantity VA, which go far is only known for Cartesian components. 
We define 


(10a) V*A = grad div A — curl curl A. 


The right member is known in arbitrary orthogonal coordinates ar- 
cording to (2.24)-(2.26) so as to give a definite meaning to the left member. 
We shall see this procedure applied in 9, after Eq. (18). In problem 1.4 
we discuss and interpret the difference between the correctly and in- 
correctly calculated components of V°A in cylindrical coordinates. 

We turn now to Green’s theorem'*® which occupies a untque place among 


The sign VY (read “del” or “nabla”, the lattor being the name of  Fcbrow musical 
instrument of inverted triangular shape) is symbolically defined by 


. 90 Pee ] 
Vwintin the: 


V? is meant aa a scalar product: 


3 a 

4 — 

V V-V= an + rm + ae 

The product of VY with a sealar ¢ is the gradient of ¢: The acalar product V- A, if 
evaluated according t the formal ae? : nai" oo gives the divergence of A: 


Vea = ods + fa Bs = div A. 
The vector product Y x A means, Par the curl of A; one obtains, with 
ixj=-j Ximk, i-i = 0, ete, as in (2,18b), 
aA, _ dA, 24s) (24s - 24.) (24s _ dA, 24.) 

VxXxAz= (24s ay Az + Jj an +k ay curl A. 

UOvorge Gran, An Hesay on the Applicution of Mathematical Analysts to the Theories 
of Hlectvicity aut Magnetiam, publishod in Nottingham, 1828. The theorom is an- 
nounced and oxtablished in full generality in art. 3 of thia paper, the calculations are, 
of course, carried out in (Cartesian) coordinates, not in vectors, The notations U, V, 
uscd in (11), are Greon’s. 
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the vector-analytic integral theorems. Its applications in mathematical 
physics are very numerous. It is of fundamental importance in potential 
theory for which Green first devised it; indispensable in hydrodynamics, 
electrodynamics, and optics, it is also highly useful in pure mathematics. 
Riemann based his theory of complex functions upon the two-dimensional 
form of Green’s theorem; it is likely to turn up at any time in the calculus 
of variations and in the theory of eigenfunctions and integral equations. 
Green proved his theorem by partial integrations as it is often done at 
present. We shall derive it more simply from Gauss’s theorem which, 
apparently, was not known to Green. Let U and V be two scalar point 
functions satisfying the necessary continuity requirements (existence of 
the second and continuity of the first partial derivatives) and substitute 
for A in (1) 


(12) A= U grad V — V grad U, 
and, consequently, for A, 


(12) A= graye. 
We calculate’’ 
(18a) div (U grad V) = grad U - grad V + U div grad J, 


(13b) div (V grad U) = grad V : grad U + V div grad U 
and find for div A from (11) 


(14) divA= U divgrad V — Vdiverad VU =U V*V —V V'U. 
On using (14) and (12), Gauss’s theorem (1) becomes 


(15) fwv'v - 770) ar = 4 = v 2u) da, 


which constitutes Green’s theorem in tis firet form. (Unfortunately, the 
nomenclature ‘is not uniform. Many authors refer to (15) as Green's second 
jormula which seems to be the preferred usage in current American 
literature.) 

Green’s theorem is correct for any two functions U and V and any 
boundary o« of the volume r. Note that the positive direction of » points 
outward. 

It was assumed so far that the volume r has only one exterior boundary 
surface. If an inner boundary exists also as in the case of oa body with 


For an arbitrary scalar ¢ and an arbitrary vector A one casily verifies the formula 
div yA = y div A + A> grad y. 
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one or more cavities, the integration on the right side of {15) must include 
the inner boundary. This happens in particular if the interior contains 
points where one of the functions U or V becomes infinite or otherwise 
singular, so that these points must he excluded from the integration by 
inner boundaries a, . The corresponding integrals then appear in addition 
on the right side of (15). 

If one substitutes A = U grad V, that is, A, = UdV/dn in Gauss’s 
theorem, (1) becomes on account of (13a) 


as) f edu gad Vert fuvvar= fu as 


which constitutes the second form of Green’s theorem (or Green’s first 
formula if the other terminology is used). On identifying U and V one 
obtains the form 


(168) [vuyart fuvud = fu ae, 


which contains both differential parameters (9b, c). 

The last identity leads directly to conclusions of fundamental im- 
portance in potential theory, which is, mathematically speaking, nothing 
else but the theory of the differential equation 


(17) V'U =0 


the solutions of which are known as harmonic or potential functions. 
From formula (16a) one derives at once the following lemma: A potential 
function that vanishes on a@ closed surface o and 78 regular inside, vanishes 
everywhere in the interior of o. In fact, oq. (16a) implies 


(17a) f (VUY dr =0 = inside ¢ 


because of (17) and the boundary condition U = 0; but (17a) requires 
VU = 0, the integrand being non-negative. This means U = const, 
and since U vanishes on o, U = 0. 

The uniqueness of solution of the boundary value problem of potential 
theory can also be proved by moans of (16a). We formulate this problem 
a8 follows: required an integral U of (17) that assumes given values on a 
given boundary surface and is regular everywhere inside. If there were 
two solutions U, and U, satisfying the conditions of the problem, the 
difference UV = U, — U, would satisfy the conditions of the foregoing 
lemma; thus 7 = 0 inside o as heforo, and U; = U,. 

The result holds, with a slight modification, also in the case that 
instead of U the normal derivative dU//n is preacribed on the boundary 
(see problem I.5). 


26 MECHANICS OF DEFORMABLE BODIES [I.4] 


These few remarks should give a general idea of the scope of Green’s 
theorem; 20 will bring a characteristic example of how it is put to work. 


4. Some Remarks on Tensor Analysis 


One distinguishes between symmetric, antisymmetric, and general or 
asymmetric tensors. A general tensor can be considered as the sum of a 
symmetric and an antisymmetric tensor in exactly the same way as the 
coefficients @,, in 1. The antisymmetric tensor, in turn, is representable 
by an (axial) vector as in (1.12), hence we have only to deal with sym- 
metric tensors in this article. As we shall limit our discussion fo second 
order tensors (i.e. tensors whose components carry not more than two 
subscripta), the representation (1.12) of the strain tensor may be taken 
as a starting point. Our remarks will be formulated so as to refer to the 
strain tensor, but they are of course valid for any symmetric tensor of 
second order, in particular for the stress and friction tensors of Chapter IT. 

The behavior of a tensor in a transformation of coordinates, which is 
so closely connected with the general significance of the tensor concept, 
can be studied either by means of its representation through the scheme 
of coefficients of a linear vector function as in (1.10), or by means of its 
relation to the tensor quadric (1.18). In rewriting these two equations we 
replace 2, y, 2 by 2, , To, Xs 3 ten» Gy, °°* DY ete ; the special vector & , 
n2 » fz by the general vector symbol A with components A, , 4:, As; 
and obtain: 


(1) A, = > Craty » (2) p> > €530 2%, = const. 
We compare these with the transformed equations 
(ALS Diem, 2) 2X Lidwwlrs = const, 


in order to find the relations that connect the tensor components ¢ and ¢’. 
We shall again use the relations between the vector components x, A and 
x’, A’ known from (2.2), viz. 


(3) Aj = > awA, ’ A; = x Aj P 


(4) y= 2 esa ’ a ™ Dd tanith . 


The comparison of (1) with (1') need not be carried out here, since the 
procedure is formally identical with the transformation of the anti- 
symmetric tensor, carried out in (2.9)-(2.13); one has only to write ¢:, 
instead of B,,, A instead of 2A, and to observe that the antisymmetry of 
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the B is not made use of until (2.14). Then the result (2.13) reads in the 
present notation 


(5) ei; = > > heyy 1€nz - 


This same result can also be obtained by comparison of (2) with (2'): 
Substitute, according to (4), x, and 2, in (2) and reverse the order of sum- 
mation. The expression >), Dou 2: Doe €1srsCmatizi, = const must be 
identical with (2’), therefore 


(6) En = > py Epp me » 


which is indeed the same 18 (5), execpt for the lettering of the subscripts. 

The second method to establish the transformation rules is, of course, 
much simpler, but could not have besn applied in the case of the anti- 
symmetric tensor of rotation. The attempt to associate a quadric with 
such a tensor fails us the quadric vanishes identically: the coefficients of 
the squares vanish (¢:, = 0), the product terms cancel in pairs because 
of ga = eu - 

Our result (6) may be expressed in form of the following proposition: 
The components of the symmetric tensor transform as the products and 
squares of the coordinates, a statement which, conversely, can be considered 
as the definition of a tensor. The corresponding statement for a polar 
vector would be: The componcnis transform as the coordinates themselves. 

Eqs. (6) are generalizations of our previous relations (1.22) and 
(1,22); they are sums of six terms, while (1.22) and (1.22a) are sums of 
three terms. The reason is evidently that the strain tensor was assumed 
in “diagonal form”, that is, referred to its principal axcs. But a rectangular 
cell cut parallel to the principal axes remains rectangular after straining; 
its angular changes and, therefore, its shears vanish. Thus three of the 
six tensor components in (6) are zero whenever the ¢ refer to principal 
axes. 

We shall now discuss the tnwariants of a tensor, supplementing what 
was learned in Jig. (1.23) about the invariance of the diagonal sum, and 
prove first that the determinant of the coefficients of the quadric (2) is 
invariant in orthogonal coordinate transformations. 

Denoting the determinant by D we have to show 


eu E19 €)3 


(7) . D =| en €aa @3| = D’, 
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where D’ stands for the determinant of the ¢’ in Eq. (6). The proof is 
based on the multiplication theorem for determinants, which we apply 
here as follows: when the determinant of the ¢ is multiplied with the 
determinant of the transformation coefficients a, the result can again be 
written as a determinant whose elements 8; are >. éa01; - On multi- 
plying the determinant of the 8 once more with the determinant of »~ 
a, the elements of the resulting determinant are 


> Brine = pa > Exh (heed 


According to (6) this is identical with the transformed tensor component 
ei, , the determinant of which was denoted by D’. Thus we have found 


(Va) Di = D-| ae| | ons |; 


but this does not differ from assertion (7) as the determinant of the « 
equals unity. 

When the surface f = >> > «, 2,0, = const is orthogonally trans- 
formed into f’ = >> }veeie, = const, the quadratic form ¢ = >. 24 
is tranaformed into g = >> 27’. (The “circle at infinity” » = 0 which is 
the gauge quadric of Euclidean metric, transforms into itself in ortho- 
gonal transformations.) Consequently a specified quadrie of the family 
f + Ae = const transforms into f’ + Ay’ = const and the parameter » 
has the same value in these two equations of the same surface of second 
order. But since the determinant of the coefficients of thts surface is also 
invariant, it follows that 


+4 £13 €i3 
(8) D, = €41 ¢22 + A €33 = DX, 
€3) €g3 €93 + X 


and this must hold for any choice of the arbitrary parameter 4. Thus a 
generalization of (7) has been proved. 
The determinant D, may now be expanded in powers of i, 


(8a) D = D+dA4+ 0 + 2% 


Here 9 is our previous diagonal sum of (1.23) and A the quadratic ex- 
pression 


(9) A = e11¢22 + fan€as + 633€11 — €is€a1 — Coa€az — Esr4ig . 


On doing the same with Df and denoting the coefficients by D’, A’, 6’ in 
analogy to (8a), we obtain because of (8) 


D+iA+NO+N = Di + dd’ + VO! + 2°. 
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This must hold for any value of d, therefore 
(10) D=D, A=, O=0. 


The symmetrical tensor posecsses three invariants, that is, three characteristic 
scalars that are independent of the incidental way in which the tensor ts 
represented by iis components. The geometrical relations between the in- 
variants and the tensor quadric are the object of problem I.6. The in- 
variant © is, in mechanical interpretation, equivalent to the cubical 
dilatation, as previously shown. In general, 6 is known as the jirst scalar 
or spur of the tensor. 

The preceding argument relates to quadratic forms in a general way 
and must be valid for the antisymmetric as well as for the symmetric 
tensor. Hence, also the antisymmetric tensur ought to have three in- 
variants, but the invariant © is identically zero (the diagonal terms 
vanish) and the determinant D vanishes (so does any antisymmetric de- 
terminant of odd order). There remains only the invariant A for which 
(9) supplies the special form 


(11) A=ex tent en, 


which is equal to the sum of squares of the components of the associated 
axial vector. Hence in the case of the axial vector only one quantity exists 
that ts independent of the choice of the coordinate system, exactly as in the 
case of the polar vector. For the polar vector this is the length and for 
the axial vector the magnitude of the “twist”, which equals the length 
of the polar vector by which the axial vector is represented. 

As in the case of the moment of inertia (Vol. I, Fig. 40 a, b, c), we 
shall now discuss some particular cases of the tensor quadric. The sig- 
nificance of a spherical tensor quadric is evidont. In terms of strain it 
means uniform cxtension or contraction in all directions: no shears occur 
since every axis may be considered as principal axis; all right angles are 
preserved. 

Unidirectional extension, e.g., in z-direction with vanishing extensions 
in all directions normal to z is associated with the quadric 2? = const, 
which is a pair of planes. Note, however, that this is not the state of — 
strain caused by unidirectional stress in x-direction, since an additional 
contraction normal to x is produced in that case. The strain quadric is 
then  hyperboloid of one sheet, axisymmetric with respect to the a-axis. 

A state of strain that prosents some interest arises when the points 
of the body are displaced along concentric circles about an invariable axis 
in such a way that the displacements are inversely proportional to the 


“Of. Synge and Griffith, op. céf.; Sec. 11.3 contains a tablo. 
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distance from the axis, r. It prompts itself to introduce cylindrical co- 
ordinates and to define the displacement vector by 

(12) 20, 3s = A > & = 0. 

The strain componenis in the same coordinates are determined on the 
. basis of formulas (26) and (28) to be derived presently; they are correct 
for arbitrary orthogonal curvilinear coordinates and yield in the present 
case 


(13) é. = — 4, fre = bop = Cus = fy, = &, = 0. 


We now write the tensor quadric for a point r, ¢, 2 in (local) coordinates 
&, 2, ¢ oriented parallel to the increments dr, dy, dz: 


(14) 26,,£7 = const. 


The coefficient ¢., varies with the distance r, but has o fixed value in 
Eq. (14), which refers to a certain point of the body. We may then include 
the factor 2¢,, in the constant, and have instead of (14) 


(15) tn = const, 


an equilateral hyperbola. Hence the tensor quadric is quite generally on 
eguilateral hyperbolic cylinder. The axes of the hyperbola (15) form an 
angle of 45° with the asymptotes § = 0, 7 = 0. 

A volume element cut parallel to dr, dy, dz is after straining in a state 


E+ 
Lom 


Fra. 4b. The princi- 
pal strains form an 

Fig. 4a. In tho state of pure shear an originally anglo of 45° with tho 
rectangular volume clement is transformed into a  dircctions of the shoar 
rhomboid. and are cqual and op- 
posite to cach other. 


of pure shear. The face that originally had four right angles is distorted 
into a rhomboid-like shape (see Fig. 4a). By setting 


a(r) = 8) + 68, s(r + dr) = & — 468, (» = const) 


it is seen that only 5s contributes to the distortion, while the effect of a 
is a mere translation (not indicated in the figure). On the other hand, the 
volume element drawn in Fig. 4b which is oriented parallel to the principal 
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axes of the tensor quadric is not only free of shear strain (as required by 
the definition of the principal axes) but also free of dilatation.’ 

This is a consequence of the ‘equilateral shape” of the tensor quadric: 
from (18) it is seen that the spur 6 vanishes; hence it must also vanish 
for the volume element cut parallel to the principal axes (invariance of 
the spur). Since 9 = ¢, + & + & and e, = ¢,, = 0, we have g = —«,. 
The state of pure shear is characterized by opposite principal extensions. 

In conclusion we derive the formulas that express the sirain tensor in 
curvilinear coordinates (we have already used them to obtain (13)). These 
formulas cannot be written down in such a direct way as those for grad, 
div, and curl in Eqs. (2.24)-(2.26), because there cxists no definition of the 
tensor that is intuitively meaningful or carries self-evident geometrical 
invariance such as the definitions of grad, div, curl in 2. The following 
analysis” should make up for that and contribute to a deeper understanding 
of the tensor quadric. It is somewhat laborious, but will prove a great help 
later, e.g. in the torsion problem, 42. 

Let ds be the distance of two neighboring points P and P’ of the 
medium under consideration, let dz, dy, dz be the differences of their 
Cartesian and dp, , dp, , dps the differences of their curvilinear coordinates. 
According to (2,22) one has 


(16) ds* = de* + dy?+ dz* = gidpi + g2dp: + ga dp; . 


In the deformation of the medium all points suffer displacements given 
by (1.10), which we shall now denote by éq. By dq we denote, on the other 


p' +5dq ta. 5. To illustrate the transformation of the strain tensor 
a4 in gonoral orthogonal coordinates: a line clement dq is shifted 

dg 2 along the displacement vector éq, 

p™ &q 


hand, the relative position vector of two neighboring points before the 
deformation, so that |dq| = ds. The symbol déq denotes the change 
of the displacement éq caused by the transition d from one field point to 
a neighboring field point. With the notation of Fig. 5, this is the differance 
of the displacement vectors P’Q’ and PQ. The symbol édq means, again 
in terms of Fig. 5, the change of the position vector PP’ caused by the 


ENote alwo thaé this slate of strain is formally the same asin a bar of circular cross 
section subjected to torsion, but the generators of the tensor quadrie ara porpendicular 
to the bar axis in the latter exse (compare (4.13) with (42.3)). 

4Of, I. Beltrami, Aunali di Mathematica 10, 188 (1881). Opore Mathomatiche, 
III, 383. 
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displacement operation 8, which carries P into @ and P’ into Q’; ddq is 
thus the difference of the position vectors QQ’ and PP’, after and before 
deformation. But the quadrilateral PQQ'P’ supplies the vector relation 
PP’ + PO = PQ + QQ' or P'Y — PQ = QQ’ — PP’, which is equivalent 
to the commutative relation 
(17) diq = dq. 

We retum now to (1.10) and have in Cartesian coordinates 


diz = txs OE + te, GY + tc, AZ, 
(18) déq =4 aby = eye GU + ty dy + eps de, 


diz = ¢,, dv + ¢,, dy + «,, dz. 


These relations give the change of the displacement déq as a linear 
vector function of the Cartesian components of the vector dq. If we 
decompose dq into its curvilinear components given by (2.23), viz. 

(19) ds, = gdp, , a8 = gobs , dss = gps 


we obtain again a linear vector function for diq the coefficients of which 
are the tensor components we look for: 


d3s, = 1 dS, + ta des + era Gos , 
(20) dig = BiSq = &y, AS, + ten OS. + tas GS , 


dds; = €31 €8, + Ge d8q + tgs day . 


Our task is to calculate the ‘‘curvilinear tensor componcnts” ¢,, from the 
displacement components 6g, , 5g, , 8g in directions p, , Po, Ps 28 in (1.11). 

We first determine in Cartesian coordinates the change of the square 
of the element of length ds* produced by the displacement 5q. From 
(16), (17), and (18) we infer 


46 de” = deide + dyidy + dzddz 
(21) = «, dx” + ¢,, dy’ + «,, dz 


t+ 2x, dx dy + 2,, dy dz + 2¢,, de dz. 


The last member is identical with the polynomial of the tensor quadric 
except for the notation of the variables dz, dy, dz that replace the former 
z, y, 2. The first member of (21) may be written in the form ds éds. On 
dividing by ds’ we obtain éds/ds which is the extension of the ds-jfiber per 


{1.4} KINEMATICS OF DEFORMABLY BODINE 33 


unit of length; the variables are now the quantities dz/ds, dy/ds, dz/ds. 
Hence the tensor quadric gives directly the specific extension of the ds-fiber 
tn terms of the direction cosines dx/ds, dy/ds, de/ds and thus lends in- 
tuitive physical meaning to the conecpt of the symmetrical tensor. 

The procedure leading to Eq. (21) can just as well be carried out in 
curvilinear coordinates p,, P2, Ps. Using (19) we write the length element 
in the form ds? = dst + ds} + ds? . Eqs. (20) and (17) then yield 


13 ds" = aa dds, + de, dds, ++ ds, bs, 
(22) = €11 Ut + ex 93 + as ds5 


+ 2e,2 dS, G8 ++ ers U3, dds + 26, ds ds, . 


On dividing this equation by ds’ the extension of the ds-fiber is obtained 
as before, 

The required relations between the e;, and the displacement com- 
ponents 4g, are now obtained by the direct calculation of }4ds" in terms 
of the ds; and subsequent comparison with the right member of (22). 
Writing (16) in condensed form, we obtain first 


(22a) 4 dds? = 2) gs 890 dpi + 2 9 dps Sdp, . 


Here we have to express the variations, imposed on the coefficients g; and 
on the coordinate differentials dp; by the displacement dq, in terms of the 
variations and differentials of the coordinates themselves; in other words, 
we have to substitute in (22a) 


at SUE = don, = yr 2 
bg. py a, opr » ddp; = dép; 2 aD, dp, 
and obtain 
3) gba = Dae SY ma + OD ot GP ap. dp. 


Now we are ready to introduce the ds; . According to (19), we write 
ds,/g; for the dp; . The “curvilinear’’ displacement components 5p, are 
obviously connected with the components 6g; by 


ba. = 9cdD; , or bg, = grbpy - 
In this way the first of the two sums on the right side of (23) becomes 


(28a) © Doe ad ; 
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the second sum becomes 


IDI ae Q - (2 ) as ds 


or, on carrying out the differentiations, 


ab) hE dey dey — a Be, dy 

GsGe OP, 
Now we can compare the coefficients of ds; ds, in (22) with those in the 
sum of (23a) and (23b). Let us do this first for the diagonal terms: the co- 
efficient of a specijied ds} in (28a) is 


oh Fs 
(24a) > a 


in (23b), & must be identified with the given 7. The coefficient is then 
simply 


. 1 dig age age 

any) Gx Op; rH Op; * 

Upon adding (24a) and (24b), two terms cancel and one obtains 
es (ate ge 996 

” ap, = 2 gx Op,/° 


This, then, is the value of ¢,, . Written in extenso, (25) means 


= 2 (4 5qu 9g, , 5ae Og: 
= #1 op, + ga ops F 9s $i) 


_ 1 (a8 , 59m , 84 990 
(26) = 1 (25s + Sis 200 + 28s Bt) 


2 (28a 5g, go | daa 1 Sta), 

a Gs \ Ops a fi a, t Gs Os 
In the determination of the shears ¢,, , we note first that (28a) gives 
no contribution. In (23b), either sum yields two terms if ¢ and k are 


specified, viz. one term - - - ds, ds, and another --+ da, ds, . This amounts 
to the four term expression 


1 98g. 1 1 98g, _ ag: 
2) ge Ops + G9: OP: is (ta § Os es oes 


which, on the other hand, equals 2¢,, . If we write (27) in extenso, we 
obtain 
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tft sin a og. og, 
a = To +4 St) 2919 (30, aps + Ms ses) 

al (32a a( - gs 
(8) 2\gs To +5 Se) — oy 842 ap, + Oa “ 


1/1 d8q 1 $801), € 54 261), 
= (ea Op, + gs aps vrs 8% ap, + Ot 

Formulas (26) and (28) can be cast in 2 much more comprehensive 
form if the notation of general tensor calculus is employed as in Appendix I. 

For the present we apply these formulas only to verify our Eqs. (18). 
If we specify the p,; as cylindrical coordinates by setting p, = 7, P2 = ¢, 
f. = 2, it follows that g, = g; = 1, g. = r, and the displacement (12) 
reads 


én = éqs = 0, bn = 


Ag a consequence, only those terms in (26) and (28) contribute something 
that contain 69, or d69,/8p, and do not have a vanishing coefficient 
8g,/8p, (note that all these derivatives vanish except 392/@p: which 
equals unity). Only ¢,, contains such terms, viz. 


1 dim  _1A oe 992 1A 
2g, 8p, 2x ans 2919s qs OD, ae 


Thus the system (26) and (28) reduces in our case to: ¢, = —A/r’, and 
ali other ¢ vanish, in agreemont with (13). 

Let us finally interpret the displacement field (12) as a velocity field 
by selding 


A 


(29) v, = 0, v, = ,? 


v, = 0, 

This motion is of fundamental importance in the theory of vortices. We 
shall soe that it is ¢rrotaitonal whorover r > 0, that is, at all points outside 
the axis. This is true in spite of our inclination to “seo” (29) as a whirl 
about the axis r = 0. The steady motion characterized by the velocity 
distribution (29) is known as a circulating motion, also as a (straight) line 
voriec or simple vortex. The latter terminology makes it evident that the 
points of the axis have a particular significance: they form a vortex line, 
that is, a concentrated vortex filament. This will he discussed more fully 
in 19, p. 140, where the irrotationality of the vortex motion will also be 
shown; the hitter point, however, can be verified right now by means of 
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CHAPTER IH 


STATICS OF DEFORMABLE BODIES 


5. Concept of Stress; General Classification of Deformable Bodies 


The term statics will be used throughout this book in the same sense 
as in the mechanics of s finite number of degrees of freedom, where it 
was applied according to the following definition: Statics treats of the 
forces to which matter is subjected regardiess of the motion caused by 
them (ef. Vol. I, 5). 

One distinguishes between extemal and internal forces. Once a me- 
chanical system has been delimited, the néernal forces of the system are 
those which obey Newton's third law (equality of action and reaction). 
Among the eziernal forees, gravity and centrifugal force’ are commonly en- 
countered in mechanics of deformable bodies. Capillary forces occur also; 
they act between internal and surface molecules or between a solid 
boundary and the molecules of the surrounding fluid. Examples of internal 
forees are fhe reactions (tension and pressure forces, surface forces) that 
have their origin in the distribution of matter over a limited space. They 
play the most important part’ in the mechanics of deformable bodies. 

Tn solids the reactions measured per unit of area are known as stresses; 
in the case of fluids we usually speak of pressures (negative stresses); 
both have the dimension of a force per unit area, dyne/cm’ in the CGS 
ayatem. 

To analyze the stress concept in the case of an elastic solid, we imagine 
a plane surface cutting through the body and consider the interaction 
between the two parts of the body across this surface. In Fig. 6 such a 
surface of separation has been drawn normal to the +-axis, and the two 
parts of the body have been disjomed for the sake of clarity in the drawing. 
On the part to the left a “positive asurface” has been marked by cross 
hatehing. (A surface with an outward normal pointing in the positive x- 
direction is called positive r-surface for brevity.) We assume the x-surface 


The proper place for the centrifugal forec, which is an inertia effect, is in dynamics 
(Ohap. TIT}, but it may he enpsidered in statica since it is equivalent to an external 
foreo for an abaerver moving with the body. 

*The iistinetion between external and internal forces in a specified system does not 
in general eaincide with the distinction between forces of physical origin (impressed 
forces) and forecs of goomotrical origin (due to spatial constraints to which the systam 
is subjected). 
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in this figure bounded in the shape of a rectangle with the sides Ay, Az. 
The x-surface bounding the right part of the body, which in reality co- 
incides with the positive 2-surface, has also been cross hatched. It is o 
negative z-surface since its outward normal points in the negative 2- 
direction. 

Consider now the forces which the negattve x-surface exerts upon the 
positive 2-surface. When these forces are parallel to the positive x-direction 
we speak of a positive normal stress o,, ; its magnitude equals the sum of 
the forces divided by the area AyAz. In general, however, the total force 
will by no means be perpendicular to the z-surface. We then resolve the 
force and the associated stress into components in the positive x-, y-, and 
z-directions. The y and z components are known as tangential or shear 
stresses and denoted by ¢,, , oz; . This notation indicates the position of 
the surface by the first subscript and the direction of the stress by the 
second, 

The principle of action and reaction requires us to draw for the right 
part in Fig. 6 the stress arrows that act across the negative 2-surface in 


Oxx 


Fie. 6. Normal and shear strosses acting on a volume eloment of an clastic body. 
Positive and negative x-surfaccs. 


opposite direction. A positive ¢,, means here a stress in the negative 
k-direction. The same is true for the negative x-surface of the body element 
in the left part of the figure which is obtained by a mere displaccment 
(through ~Az) of the negative x-surface considered before. In speaking 
of the entirety of quantities o,, characteristic for a volume element, we 
use the term stress tensor although the proof of the tensor character will 
be given in 8 only, by showing the symmetry of the ,, and their trans- 
formation rules. The term stress tensor is, by the way, redundant since 
the word tensor in itself implies tension. 

The forces exerted by the surrounding elements of the body may be 
directed either toward the exterior or the interior of the body element 
under consideration. In the latter case (compression) it is more appropriate 
to speak of pressures than of stresses. We shall, however, retain the uniform 
terminology “stress” in the case of an elastic solid, and consider pressures 
as negative stresses. 
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Not so in the case of fluids. The cohesive forces in a fluid are weak, 
its “ultimate strength” under ordinary circumstances is exceedingly small 
if compared with that of o solid. In other words, the resistance of fluids 
against tension is so small that positive stresses practically never occur; 
we then prefer to deal in our equations with pressures p rather than stresses 
¢. In a sketch such as Fig. 6, the positive »,, would have to be drawn as 
an arrow directed inward.* . 

The totality of pressures p,, acting upon a fluid element will again be 
called a tensor, There is, however, an essential difference between the 
normal pressures p,, and the tangential pressures p,, , at least in the state 
of rest or of slow motion. A fluid layer may be moved along the adjacent 
layer without expenditure of a noticeable amount of energy provided the 
motion is slow; this means that the tangential pressures p,;, are quite small 
if the two layers are slowly displaced parallel to each other. By extension, 
we must assume that the tangential pressures vanish altogether in the 
state of rest. In this way a fundamental simplification of the pressure 
tensor p is accomplished which will be applied in 6 (hydrostatics). 

For larger relative velocities of the fluid particles the complete pressure 
tensor must be studied and its dependence on the velocity gradient in- 
vestigated. This will be done in 10 (viscous flow). 

The concept of the fluid state is meant to cover also gases and vapors, 
the latter two being characterized by larger compressibility. Fluids in the 
restricted sense, or liquids, ure essentially incompressible. Of course, they 
yield to a certain extent if subjected to strong external forces, but their 
compressibility is very small in comparison with gases or vapors and can 
be neglected in a great number of problems; so is water often considered 
fs tneompressible, 

The condition for incompressiiniity reads © = 0 according to (1.24); 
on passing from the displacemont vector s to the velocity vector ¥ as in 
(1.7), we obtain the relation 


(1) div v = 0, 


expressing the fact that the balance of outflow and inflow for a given volume 
element Ar is zero at any time. If Am denotes the mass contained in Ar, 
we have 


(2) Am = pAr 


where p stands for the density. For homogeneous incompressible fluids p 
is constant in timo as woll as in space. 


‘It is only consequent to invort the direction of the arrows also for prey , Pes , etc. 80 
that poy is counted positive if it points in the negative y-direction. This rule will be fol- 
lowed from now oun. 
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What corresponds to Eq. (1) in the case of a compressible fiuid where 
not the volume but the mass is preserved? The mass Am cannot decrease 
unless part of it passes through the boundary of the volume element Ar. 
The mass flow at any point of tts boundary is represented by the normal 
component of the vector py. The total outflow of mass during the time 
element Af is therefore [ef. e.g. (2.20)] 


(3) i je do bt = div (pvArat. 


On the other hand, the loss of mass during the same time is found from 
(2) as 


~ 9¢ 
at Atar. 


Comparison with (3) yields the following condition for the conservation of 
masa 


(4) oe + div (pv) = 0, 


also known under the name of equation of continuity. It may be written 
in the form: 


(4a) oP + p div =0 


The first term in this equation is the material differential quotient which 
will be discussed more fully at the beginning of 11. Its definition is 


dp _3e,,. 

If p is constant in time and space, Enq. (4) takes again the form of the 
incompressibility condition (1). In an incompressible inhomogeneous fluid 
(e variable in space) we have by (4b) 

gp | eee 
(40) aE 0 »—_ that is At Vv: grad p, 
which describes the temporal fluctuations of p at a fixed point of ob- 
sorvation, while the material rate of change of p vanishes. 

We add here Eqs. (1), (4), and (4a) spelled out in Cartesian coordinates: 


a’) tate! 


[IT.6] STATICS OF DEFORMABLE BODIES 41 


' Gp , Sou) , aoe) , S{pw) _ 

(4) at + dz 5 ay er ms 
’ dp ou oo | dw) 

(4a’) dos (4 2 + 2) 


In problems involving capillary forces we are concerned with the fluid 
layers that are closest to the surface (surface film). The surface of separation 
introduced previously (see Fig. 6) is now to be replaced by a linear cut 
through the film. The object is again to study the reaction forces transferred 
from one bank of the cut to the other. Referring the forces to the unit 
length of the cut we speak of surface tension; its dimension is dyne/cm. 


6. Equilibrium of Incompressible Fluids (Hydrostatics). 


The subject of this section is, of course, not only water (“hydor” in 
Greek) but any liquid in equilibrium since differences in the rheological 
characteristics have no bearing on the state of rest: shear stresses, as already 
observed, are zero in equilibrium, or 


(1) Pir = O, q pt ik, 


This equation actually amounts to a definition of the fluid in the state of 
rest—in contrast to the state of solidification: glass which has no crystalline 
structure must be characterized physically as a fluid in the solid state for 
which Iéq. (1) is, of course, incorrect. 

A fundamental conclusion from (1) is that the hydrostatic pressure is 
associated with a spherical tensor quadric. Any diameter of the quadric 
may be taken as a principal axis, because (1) must be true in any coordinate 
system. The complete symmetry of the tensor of hydrostatic pressure can 
be expressed as follows. Ai a given point the pressure acts on any surface 
clement tn the, direction of tts normal t, its magnitude being the same for all 
directions 43 Pi, = Por = Yas for any three orthogonal directions. Pascal*, 
it appears, was tho first to perecive this law. 

We can summarize this result in the statement that the hydrostatic 
pressure is a, scalar quantity. It will be denoted by 7p, as is usually done 
with omission of the subseripts that are now abundant. Note that there 
is no preferential loading of the horizontal cross scctions if a vertical force 
such as gravity acts on the fluid; the same pressure p is transferred 


‘Blaise Pascal (1624-1602), the great geometer (Pascal's thoorom) aud mathemati- 
dian (Pascal's triangle, foundation of the calculus of probabilities), a great writer and 
thoologian 100; he studied the laws of air pressure and at his instigation the first baro- 
motri¢al determination of an altitude was carried out, 
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through any cross-section (also a vertical one). The unidirectional char- 
acter of the force does not interfere with the symmetry of the pressure. 

In order. to calculate the pressure if magnitude and direction of the 
external force are given, let F denote the external force per unit of fluid 
volume, so that the dimension of F is dyne/em*. Then the volume element 
Ar is acted upon by the force FAr. On delimiting the volume clement as 
rectangular cell (Ar = AxAyAz) and marking the negative x-surface by 
the value x of the 2-coordinate and, consequently, the positive z-surface 
by « + Aa, the forces in positive z-direction are: 


on the neg. x-aurface on the pos. x-surface onthe vol. clement 
(2) pla) Aydz —ple + Ax)Aydz Fr 
The first and second contributions add up to 


_ ® —- — 2 
(3a) ra AzAyds = as Ar 
and yield after division by Ar 
_ ® ate 
(3b) an + F, = 0; 


this can be written in the form 
(4) grad p = F, 


which is correct for any direction at any point of the liquid. 

The relations (3b) or (4) for the force components obviously constitute 
& necessary condition for the equilibrium. From statics of rigid bodies a 
second condition is known requiring that the resultant moment be zero. 
This condition must also apply to non-rigid bodies, for, if we remove or 
relax the internal constraints of a rigid mechanical system, we obtain a 
non-rigid system with a vastly increased number of degrees of freedom. 
Hence, quite generally, any equilibrium condition for a rigid body must be 
valid a fortior: for a deformable body. 

It is, however, easily seen that the sccond or moment equilibrium 
condition is automatically fulfilled in the case of a liquid. The normal 
pressure cannot produce a moment about any axis. Moments about the 
w-axis, for instance, could be produced only by the shearing stresses p,, 
and p,, , but they vanish. The external force F cannot produce a moment 
either; this is certainly true when we assume a continuous distribution of 
lines of force; such a distribution can be always considered as parallel in 
any infinitesimal region (the fiold of gravity is a simple example for what 
is meant). If, on the other hand, the lines of the field F have ao singular 
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point at our volume element (a point where the field lines intersect), then 
F must necds vanish there, and so does the moment of F. Eq. (4) is in 
fact not only a neccessary but also o sufficient condition of equilibrium. 

Iéq. (4) includes a very remarkable theorem: equilibrium is only possible 
if the external force has a potential, that is, if F can be represented as the 
gradient of a scalar function. In this case we may write 


(5) F = — grad U 


where the minus sign is prompted by the relation to the potential energy, 
ef. Vol. I, appendix to 18.° The eaistence of the potential function U is 
not sufficient, 7 must also be single valued within the space occumed by 
the liquid. Only under this assumption is it possible to caleulate p from 
(4) a8 o single-valued scalar point function in the form 


(6) g+ U = const. 


The integration constant in (6) must be determined by special conventions 
concerning the normalization of the potential and the pressure. 

Postponing the further discussion of this theorem to the end of this 
article, we deal for the present with the regular case in which the force 
F has a single-valued potential and take gravity as an example. Let 
z = 0 be the surface of the liquid (call it “water” for simplicity) and orient 
the positive z-axis vertically downward, Then 


(78) F = Fk; F, = oy = 1, 
(7b) U= —yt= —7. 


Here y(= py) denotes the specific weight of the water as distinguished 
from the specijic masse or density o. In writing (7b) the arbitrary constant 
in U has been adjusted so a8 to give zero potential at the surface. We 
obtain now from (6) 


(8) p = yz-+ const, 


where const is the pressure value at the surface 2 = 0, equal to the at- 
mospheric pressure; however, p can also be given the meaning of the 
overpressure relative to the atmosphere (gauge pressure), which is more 
convenient for what follows. Let p have this meaning, theh (8) becomes 
(8a) p = 7. 

This equation contains the well known elementary rules about com- 
municating vesscls, viz. equal pressure at equal depth in each of the 


Koc ag., T. C. Slater and N. H. Frank, Mechanica, McGraw-Hill, New York, 1947, 
* 1,2. 
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interconnected vessels regardless of shape. The same equation may also 
be obtained directly from the differential formula (4). One follows the 
shape of the vessel along a broken line consisting of a series of vertical 
and horizontal segments inside the water and integrates. Along the hori- 
zontal segments dp = 0, along the vertical ones dp = y ds. Summation of 
the vertical contributions gives immediately p = yz at the depth z. 

Let us insert here a few basic numerical constants: normal atmospheric 
pressure = 76 cm Hg, density of Hg 13.596 gr/cm*; hence from (8a), 
Pam = 76 X 13.596 X g gr/em® = 1033 g X gr/om* = 1.083 kg-wt./om’. 
One cm’ of a water surface carries a pressure load of about 1 kg-weight 
which makes 10 metric tons per m*. The height of a water column corre- 
sponding to 76 cm Hg would be 10.33m, since for this height 7,,. = 
1083 X 1X g gr/om® = 1.033 ke-wt./em’ where p = 1 has been used. 

We now consider an example that combines centrifugal force and 
gravity: a liquid in a drum (centrifuge) rotates with constant angular 
velocity w about a vertical axis. The centrifugal force per unit of volume is 


(9) F = Fx; F, = pro’; vis a unit vector | to the axis, 
Its potential is given by 
(9a) U = - 5 oe’, 


The total potential of gravity and centrifugal force is (except for a con- 
stant) given by 


l 2.2 
= — pgs — 5 pe” = ~ne +), 
From (6), the pressure in the rotating liquid is found aa 
32 
(10) p= fe + Se) + const 
To determine the constant in (10) let us first mark the water level in the 


axis of the drum, i.e, at r = 0, by % . If p is again the overpressure, we 
have for z = # andr = 0 from (10) 


_ 0 = ye + const, const = —~+2, 
and in general 
rey" 
(11) p=re-a + S), 
The free surface, characterized by p = 0, has the equation 


(12) m—z= i, 
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It is the well known paraboloid of rotation indicated in Fig. 7. Since z is 
positive downward, z) — zis the ordinate of the parabolic meridian curve 
counted positive upward. On denoting by A the difference of the water 


Fia. 7. The paraboloid sur- Fie. 8 The equilibrium of a prismatic hull. Tho 
face of a fluid masa in rota- buoyancy is the resultant of all preasure forces acting 
tion. The rise along the wall on the surface, 
can be considered aa velocity 
head. 


levels at the circumference and the center, and by v the circumferential 
velocity, 4 appears in the well known form of the velocity head, 


(18) ho. 


The surfaces of constant pressure are congruent paraboloids, obtained by 
displacing the free surface vertically downward. 

Next we turn to the problem of the equilibrium of a boat where again 
gravity is the only external force present. Tig. 8 represents a crose section 
normal to the longitudinal axis of ‘the boat (positive y-axis forward). Let us 
think of the hull a3 a sylindrical surface with generatrices parallel to the 
y-axis. S is the center of mass of the boat, C the center of mass of the 
displaced water or of the “displacement”, when the boat is upright. 

Defining the buoyancy of the boat as the resultant of all pressure 
forces acting upon the wetted surface, wo ean show that this resultant 
passes through C. The point C is thus called the center of buoyancy. 

Lot de bo a surface element of the hull. According to the simplified 
form of the hull, do = ds dy where ds is the line element of the cross 
section. The pressure yz acts in linc with the surface normal of de, thus 
the pressure force is yz de and its vertical component is yz de cosa (n, 2), 
where is the inward normal of ds. With de cos (n, z) being numerically 
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equal to the projection of de upon the horizontal, the vertical component 
of the force element can be written yz dz dy. The buoyancy is then found 
as 


(14) Bay | ededy =v, 


where V is the volume of the displacement; B = yV expresses, of course, 
the principle of Archimedes. The vector B points vertically upward and 
its line of action is obtained in exactly the same way as if the elements 
yz dx dy were vertical vectors; B can therefore be found as the resultant 
of the gravity forces that act upon the columns zdzdy and thus passes 
through the center of gravity C of the displacement. In equilibrium, C 
and S§ lie on the same vertical and B balances the weight of the boat W 
as indicated in Fig. 8. 

The condition B = yV = W determines the draught of the boat; 
naturally, the draught increases with the ship load. Note that also the 
horizontal components of the pressure forces acting on two opposite 
elements de, and ds, at the same depth z balance each other. This remains 
true, even if the boat is unsymmetrically loaded, and follows inmme- 
diately from the equality of the two projections upon the vertical plane 
cos (nm, , 2) do, = cos (m , 2) des. 

We now want to learn something about the oscillations of the boat 
if the equilibrium position is disturbed. This is still a question well within 
the bounds of hydrostatics; for, in good approximation to reality, we may 
assume that the pressure distribution at any phase of the motion does 
not differ greatly from the hydrostatic pressure distribution that would 
prevail if this phase were a possible rest position. 

Let us apply this idea to the rolling motion of the boat (rotation 
about the longitudinal or y-axis). The symmetry plane of the boat now 
subtends a variable angle with the vertical which will be denoted by #. 
During the roll the shape of the displacement and the position of C will 
change. Assume a roll of small amplitude and let C’ be the center of mass 
of the displacement at the end of the roll, C’” the corresponding point 
when the roll has gone in the opposite direction. Let 9% be the center of 
curvature of the curve C’C C” at the point C. (In Fig. 9, 9% has been 
constructed in an approximate way by intersecting the normals at the 
points C’ and (”’.) This point 9% is known as the metacenter. Our figure 
illustrates the instant of the motion when the buoyancy B passes through 
C’. As it is, B is to the right of the weight vector W which always passes 
through S. The moment M of the couple formed by B and W is indicated 
in the figure by a circular arrow that acts so as to decrease the angle of 
roll # This is the necessary and sufficient condition for the stability of 
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the boat. It is fulfilled whenever the metacenter 1 is above the center of 
mass S, (s0 drawn in the figure). If 9% wore below S, the moment M 
would tend to increase the disturbance and finally make the boat capsize. 


' Fig. 9. Metacentor and restoring moment for the tilted hull. 


The distance between S and 9% is called the metacentric height h. 
According to the figure one has for small ¢ 


|M| = M, = kW sin ¥ ~ AW. 


The differential equation of the rolling motion is therefore the same as 
that of a compound pendulum (see e.g. Vol. I, 16).° With © denoting the 
moment of inertia of the boat about its longitudinal axis, 


(15) 63 = M, = —AW8, 


and the circular frequency of the oscillations 
(18) je cee. 


Practical values of 2 are about 3 to 5 times the distance CS. 

The validity of the foregoing is limited, strictly speaking, to in- 
finitesimal amplitudes, where only onc metacenter 9% has to be con- 
sidered. 9% is actually the limiting position of the metacenter for 3 — 0. 
In naval architecture one has to investigate the stability also for finite 3 
values, and takes into account that the point 9% moves in reference to 
the boat when #8 changes. 

We now turn to a discussion of what happens in a field of force that 
has no single-valued potential. Instead of an exposition in general terms 


*Cf. Synge and Griffith, op. c#f., Soe, 7.2. 


48 MECHANICS OF DEFORMABLE BODIES [I1.6} 


let us consider a simple example which can be easily shown in an actual 
experiment, A weakly conducting fluid such as a solution of CuSO, is 
placed in a shallow cylindrical container with insulating bottom and 
conducting side wall. A copper wire runs along the axis of the container. 
A potential difference of a few volta is put between center wire and side 
wall so as to maintain a current flowing from the axis through the fluid 
- and spreading out toward the wall. Let Z be the current and J the vector of 
the current density, | J| being the current passing radially through the 
unit of area at the distance r from the axis. Obviously 


a7 |F 1 = a5 


where fA is the height of the fluid layer. Now we impose a fairly homo- 
geneous magnetic field H whose lines of force pass perpendicularly through 
the fluid layer. The electromagnetic foree acting upon a fluid element of 
unit volume is then given by 


(18) F=3xH, 


a vector that is normal to J and H and points therefore in the tangential 
direction. On introducing the polar angle ¢ and considering (17) and (18), 
we have 


A I-H 
(19) [Pl fe= =: va ie 
This force has the potential 
(20) U = —Ay, 


The negative gradient of U taken with respect to the cylindrical co- 
ordinates r, 2 is indeed zero and for the y-direction 


Yet this potential is obviously not single-valued in the (doubly connected!) 
domain of the fluid, since it changes its value by the amount 274 for 
each revolution of the variable ¢ about the axisr = 0. 

Since the hydrostatic pressure must be a single-valued point function, 
& pressure distribution that balances this potential in the sense of Eq. 
(6) cannot exist. Hence the fluid yields to the force F, and begins to 
move. The velocity pattern of the motion is the single-vortex motion 
described in (4.29); the circumferential velocity is in our case 
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where ? is the time through which the magnetic field has been acting and 
p the density of the fluid. The velocity would grow continually if there 
were no friction. 

The mathematiaan who studies a multi-valued function tries to 
arrange its set of values in a number of different branches. He leads an 
appropriate cut through the domain of definition of the function to re 
strict the possible types of curves along which the independent variable 
may be changed, and ‘thereby establishes o single-valued branch of the 
function. We can do the analogous thing in our experiment by putting 
& separating wall (wood or cardboard) into the fluid between the axis 
and the side wall. The fluid builds up on one side and recedes from the 
other, and the potential is now a single-valued function in the domain 
of the fluid; a hydrostatic pressure p = Ag is built up so as to balance 
the potential UV, and the motion stops. The pressure distribution can be 
inferred from the shape of the surface; on one side of the separating wall, 
the level is by the amount 274 higher than on the other side. The level 
difference is thus equal to the modulus of periodicity of the potential. 


7. Statics of Compreasible Fluids 


The density of compressible gases and vapors depends on the pressure. 
Let the relation between the two have the form p = Cp” which can be set 
up in reference to 4 normal state po , po 28 follows: 


p (2) 
@) Po p 
Tho cutve corresponding to this equation is known in technical and 
astrophysical applications as a polytrepe; n is called the polytropic ex- 
ponent. 
In tho isothermal state (constant temperature throughout the fluid), 
n equals 1. This is an immediate consequence of the equation of state 


R 
(2) poe 


whore R = universal gas constant, » = molar weight’ of the gas (eg., 


7As is woll known the number of grams in @ mole equals the sum of tho atomic 
weights of the gas, Instead of molar weight the torm molecular weight is frequently 
used, but wo wish to save this term in order to apply it to the actual weight (or more 
properly, the mass) of the single molecule. Ay R. W. Pehi has pointed out (Z.f.Phys., 
121, 543, 1143) the definition of the mole depends on the definition of the unit of mass. 
Ii gr is replaced by kg, the mole changos into the “kilomole”, The molar volume and 
Losehmidt’s number per mole (Avogadro’a number) change correspondingly (seo later). 
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# = 32 gr for 0,), T = absolute temperature. In the adiabatic state (con- 
vective equilibrium such as results from a vigorous mixing process without 
heat exchange) nm = 1.4 for diatomic gases.* In aeronautics a mean value 
of nm = 1.2 is sometimes assumed (polytropic exponent of the atmosphere, 
see below). ; 

It ia known that the exponent » = 1.4 of the adiabatic state is equal 
to the ratio ¢,/c, of the specific heats at constant pressure and constant 
volume. This ratio follows from the first law of thermodynamics by means 
of an application of classical statistics (equipartition theorem of energy). 
The theoretical value is obtained as c,/c, = 1 + 2/f, where f is the number 
of degrees of freedom of the gas molecule. For a diatomic molecule such 
as N, or O, this number equals 5 (three degrees of freedom of translation 
and two of rotation; the rotation about the line connecting the two atoms 
cannot be excited for quantum-theoretical reasons), hence the value 
ami + 2/5 = 1.4. 

In the case of a compressible fluid, it is convenient to follow a different 
convention in measuring the external force. Previously referred to the 
_unst of volume and denoted by F, we refer the external force now to the 
unit of masa and denote it by P. Thus 


(Sa) FAr = PAm, hence F = pP. 
In the case of gravity where | F| = pg we have simply 
(3b) +|P| =P, = +9, 


the sign depending on the choice of the orientation of the z-axis; in the 
case of the centrifugal force where | F | = prw’ as in (6.9) we have 


(4) | P| = rw’. 


The advantage of the now notation becomes apparent if we consider the 


In CGS unita the gas constant 2 = 831 X 107 erg/centigrade: on the other hand, if 
one uses Meter-Kilogram-Second (MEK8) unite as Poh] does, the powors of ten drop out. 
Tn the same way as the unit of force in the MKS system is defined by 1 Dyne = 10° dyne, 
we can introduco as unit of enorgy in the MKS system 
1 Erg = 1 M*KS-* © 1 M+ 1 Dyn = 0’ org = 1 Joule. 

The gas constant is then # = 8.31 Erg/ecntigrade. Cf. tho remarks about MKS-unila 
in Vol. I, end of 1, also Slater and Frank, op. cit., See, 1.5. 

"Tho prossure distribution within the gasoous mags ia such that an arbitrary 
adiabatic displacemant of a particle docs not diaturb its temporatare oquilibrium with 
the neighboring particles, cf. problem IT, 1a, 
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equilibrium condition (6.4) which is correct for both compressible and 
incompressible fluids, £1 reads now 


(5) * grad p =P, 


where the second member is 2 known quantity and the first member can 
be expressed in terms of cither p or p, if a p, p-relation is known. 
For the p,p-relation (1), lq. 5 takes the form 
1/a 1—(¢1/R) 
6 d¢g=Pf re = BOL : 
(6) gra, ; where (6a) e po 1 — (1/m) 


The same Eq. (6) is correct for any non-polytropic p,-relation provided 
we oxplain the quantity & by 


(6b) o=f @. 


Here 4 is a fixed point, # ts the variable field point with coordinates 
X,Y, B 

In the samo way us (6.4), lq. (6) implies that in a compressible fluid, 
tou, equilibrium ts only possible when the external force, that is in the present 
case, the oxternal force per unit of mass P, has a potential. On denoting 
the potential by V, we draw from (6) 


(7) grul (? 4+ V) = Q, @ -+- V = const. 


Tor the field of gravity V = gz, where z is counted positive upward. 
When the polytropic relation (1) is used, P is given by (6), and the second 
relation (7) takes the form 


lf 


(8) Bo.” tie) es 1 (const — gz). 
Pn nr 


At z = 0, » = pp (reference pressure). The constant in (8) is found from 
Do/ pn = const (x — 1)/n. Eq. (8) can then be written as 


2 ~_n— 1 Po _ 
(9) il a(1 : ee Do gz . 


On expressing p by p we obtain. 


= n- 1 po 
(92) p pol OR) 
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Formulas (9) and (9a) represent the distribution of pressure and density 
in a polytropic atmosphere; its altitude h can be determined by setting 
p=Oorp = 0: 


it 
(9b) hea = 
By reintroducing A in (9) and (9a) these equations can now be simplified 
and read 


Zz s/in—1) zg tfin~1) 
(10) p= p(t = 2) > p= ai = £) : 


The ‘distribution of the temperature can be found when the ratio p/p is 
calculated from (10) and the equation of state (2) is applied: 


= peiy 
(11) RT = yu Fe (1 2), 
According to this, the temperature distribution in the polytropic at- 
mosphere is a linear function of the altitude, dropping from 7) = upo/poR 
to T' = 0 between z = O and z = A. 

Numerical results for the altitude of the polytropic atmosphere are 
found from (9b): in the adiabatic case, » = 1.4, the altitude is only 28 
km; in the polytropic case, when one chooses » = 1.2, one obtains 48 
km; the altitude of the isothermal atmosphere is, of course, infinite. 

The assumption T = const is not permissible for the entire atmos- 
phere. In the troposphere, the lowest part of the atmosphere, there is a 
very noticeable temperature lapse as one goes up; in the stratosphero, 
the temperature first remains constant over a considerable interval and 
increases later on. The boundary between troposphere and stratosphere 
is located at an average height of 12 km, at the poles it is lower than at 
the equator. For minor altitude differences the assumption of constant 
temperature may be maintained. The pressure and density distribution 
resulting in this case is well known under the name of the baromeiric 
formula. Since this formula is of general interest, it will be derived directly 
from the fundamental Ihq. (5). 

On setting P, = —g and writing (2) in the form 


(12) p = Cp, C= a ’ 
we obtain from (5) 


a 
paz Cg. 
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This gives on integration 

(13) log p = —Cgz + log m , 

where pp is the pressure at the ground (¢ = 0); on solving for p, one has 


(14) p= poe °** -_ eet ee 
The same formula holds for the distribution of the density [comp. (12) or 
p/p. = P/ Pol: 


(15) p= pe eRe 


According to (13), the altitude may be read directly from a barometer if 
the instrument is furnished with an appropriate scale.* 

One can interpret Eq. (15) in the sense of a sedimentation equilibrium 
of the air masses. It was Jean Porrin who successfully applicd this idea 
to make a laboratory model of the atmosphere using a homogeneous 
emulsion of mastic droplets in water. His aim was to determine in this 
way a fundamental constant of atomic theory. That this ean be done is 
evident as Koon as # in Hq. (15) is replaced by Lm, where L is Loschmidt’s® 
(or Avoguclro’s) number, i.c. the number of molecules per mole, and m 
is the mass of the single molecule; mg would therefore be the molecular 
weight in the proper sense of the word. Iq. (15) then becomes 


(15a) p= pe eee r 


While it is impossible to measure directly m of an actual molecule, Per- 
rin’s model gas permits of 1 direct determination of zis m (c.g. by weighing 
& sufficiontly large number of mastic droplets); Eq. (15a) can then be 


"fq. (14) or (15) can be derived from the goneral liq. (9) or (a) by making 7» ap- 
proach the limit | sand uring 


“= tim (1+ 5)" 
c= Lim 1+ ma)” 

*Somotimes one uscs the term ‘“Logelumidt’s number” in the sonse of the number of 
molecules per cm? and distinguishos it from “Avogadro's number” =number of mole- 
cults per mole, a definition of Lowchmidt’s nambor that was proposed by Boltzmann in 
®& memorial address for Loschmidt (.. Bolismann, Populiire Schriften, Leipzig 1005, 
y. 243). It is truc that Loschmidt had focused his attention only on the first of the two 
numbers which he was able to estimate by several gas-kinotic mothods, but he could 
have csaily derived the socond from tho [ixat numbor on the basis of Avogadro’s law. 
Yet one must admit that not cven the crudost calimate of the order of magnitude of 
either one of the numbers waa within Avogadro’n reach, if one considers the goneral 
rtate of knowlodge of his time. Since the nuinber of molocules per mole is a fundamental 
constant of all alomic physick, it appears reagonable to give a charactoriatic name to 
this number alone, Should it not be the namo of the man who waa the first to devise 
methods for its determination? 
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used for a determination of L if the densities p and po have been observed. 
The value obtained by Perrin in this way is 68 X 10°, which is remarkably 
close to the value L = 60.2 X 10” accepted today. 

When we introduce in (15a) instead of 2 the gas constant per molecule” 


R 
(15b) k= Z’ 


the exponential in (152) becomes 


(15¢) go messkT sof e*/ a? . 


Note that V stands here for the potential energy of a mass point m that 
has been elevated to the altitude z in the field of gravity. The right member 
of (15c) is called the Boltzmann factor; it involves a specified energy V, 
but its physical meaning can be extended to the energy states of any 
physical system and represents, generally speaking, the relative prob- 
ability of such a state in reference to a standard state of equal temperature. 

The Boltzmann factor is fundamental in all statistical investigations; 
the purpose of this short digression into atomic theory has been to point 
to its connection with the elementary barometric formula. 

Since the molar weight » occurs in formula (15), a possibility arises 
to separate heavy from light molecules in a mixture of gases by sedimen- 
tation. Practically, this cannot be done in the field of gravity, but a 
centrifugal field may be effectively used for that purpose. 

The potential of the centrifugal force (4) per unit of mags is 


(18) Vim ars 
According to (7) we have for the quantity @ 
(16a) © = const ++ Sr, 


Here we assume w to be constant [as in (6.9a)] all over the inside of the 
centrifuge. On the other hand, the integral @ for an isothermal gas or 
mixture of gases is found from (6b) and (12) 


RT fdp_RT, p 
t g==—— = -——] . 
al ra it °8 no 
Here 7 is the pressure at the axis of the centrifuge (r = 0), and the con- 


Usually called Boltzmann’s constant although Planck, folowing Boltsmann’s 
ideas, was the first to introduce it definitely. 


{IT.8] STATICS OF DBFORMABLE BODIES 55 


stant in (16a) vanishes. From (16a) and (17) the pressure distribution 
inside the centrifuge is obtained: 


2 2 
(18) log & = on Sra’, p = Bo exp ert), 


The pressure is seen to increase exponentially with increasing r. 

Consider now 4 mixture of two gases with molar weights zg, and yw. 
Eq. (18) gives two different partial pressures p, and p, with two different 
constants fo. , Por that depend on the mixing ratio. The total pressure is 
p = p, + p, . According to Eq. (18), the partial pressure that belongs 
to the larger molar weight increases more rapidly than that belonging 
to the smaller », when r increases. Since for a given temperature the 
pressures and densities change proportionally, the heavier component of 
the mixture is concentrated in the proximity of the circumference of the 
centrifuge. The numerical magnitude—or rather minuteness—of this effect 
for air (21% O, , 79% Ns) will be the object of problem IT.2. 

As in the incompressible case, we may consider gravity in addition to 
the centrifugal force; the gravity potential —gz is then to be added in 
Eq. (16). Instead of (18) we have 


(19) D = Do exp ma (—¢e a 1 at)}, 


The surfaces of constant pressure (hence constant density) are again 
paraboloids, but ». is now the pressure at the particular paraboloid 
gz = r°w*/2, from which the other isobaric surfaces are obtained by an 
upward or downward translation. Note that there does not exist a free 
surface toward vacuum (p = 0) since the exponential function does not 
become zero for finite values of the argument. 

Design and construction of centrifuges of enormous efficiency have 
become possible through the rescarches of Th. Svedberg. The speed of 
these devices which now are commercially available under the name of 
ultracentrifuges goes up to 100,000 r.p.m., the strength of the centrifugal 
field reaches 750,000g. One of the purposes of these machines is to sort 
protein molecules (molar weight about 30,000). Their principal field of 
application is in colloidal chemistry and biology where the objects of 
investigation are approximately incompressible mixtures of liquids rather 
than compressible gases. 


8. The State of Stress of an Elastic Solid 


The mathematical characterization of the stresses in a solid body is 
complete when the stress is recognized as a symmetrical tensor of second 
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order. In other words, it must be shown that the array of stresses 


Cas Oxy Ors 
Osx Ouy oes 


is symmetric about the principal diagonal, 
(1) Try = Oy: , OtC., 


and that the components transform in the same way as the squares and 
products of the coordinates in passing to another Cartesian system [cf. 
gq. (4.6)] ) 
The symmetry can be easily inferred from the condition of moment 
equilibrium. Let us first set up the moment about the zaxia which acts 
on the volume element with the sides Az, Ay, Az, cf. Fig. 10. The normal 


san vt 
We = ba dow ao ol 


(G 
ol 


4 


Fig. 10. The symmetry of the strain Fra. 11. Hiustrating the equilibrium of 
tensor. The resulting moment of the shear forces acting on a totrahedral volume 
forces must vanish, element. F denotes the area. 


stresses do not contribute anything to this moment since their vectors 
intersect with the z-axis. Consider now the tangential stresses o., and 
g,, indicated in the figure. The corresponding forces tranamitted to the 
volume element and the arms of those forces are 


1 


cwdyde, gar and  dpAchz, 1 Ay, 


2 
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For the signs of the resulting moments refer to Tig. 10, observing the 
convention that the direction of a stress component be indicated by its 
second index, when it ucts on a “positive” surface element (cf. p. 38). 
The sum of the moments due to o,, and ¢,, then becomes 


(2) = (oe ~ Fue): 


This does not take care of the contributions of the shear stresses 
acting across the “negative” x- and ysurfaces of our volume clement. 
Let of, and oj, be these stresses; on expanding the first in terms of Az, 
the second in terms of Ay, one sees immediately that of, = —o,, and 
a, = —o,,if terms of the order Ax and Ay are neglected. The contributions 
of these strceases to the moment about the z-axis is therefore once more 
the quantity (2) if only terms of the order of magnitude Ar are retained. 
An additional external force F (per unit of volume) will in general also 
be present; its moment is | B| Ar? where the arm / is of a smaller order 
of magnitude than the side length [see 6, after Eq. (4)]: it cannot possibly 
balance the reactive moments. Thus the equilibrium condition requires 
that the expression (2) vanishes by itself, but this is identical with the 
first symmetry condition in (1). The other two follow in the same way 
by considering moments about the z- and y-axes. 

The proof of our second point, the tensor character of the stress, is more 
involyed. It must be based on the vector character of the reactive forces 
that are transmitted across a surface clement, just as the corresponding 
proof for the strain tensor was based on the vector character of the dis- 
placement. 

Wo first set up the conditions for the equilibrium of forces acting on 
@ tetrahedron, three faces of which coincide with the coordinate planes 
while the fourth is formod by 2 plane of arbitrary norma) direction 2 
(Fig. 11). Let the arca of the oblique face be #, , and F, , F, , F, the 
areas of the faces lying in the planes t = 0, y = 0, 2 = O and consider 
these areas us projections of #, : 


(3) F,=F,cos(n,*), FF, =F, cos(n,y), 2, = FP, cos (n, 2). 


The equilibrium condition for the z-direction is then™ 


(4) Putas = VC ex + P yoy. + Fos , 
which because of (3) may bo written 
(5) One = Fr, A Bivys Vis - 


One checks with the aid of Fig, LL that ¥, , Fy, %, arc negative a-, y-, z-surfacea; 
henee, in the total x-foreo, the terms with factors os: , ¢ys , % aro originally nogative. 
In Dg. (4) they have been transferred to the right side with the positive sign, 
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Here a, , 8: ; ¥1 have been written for the direction cosines in (3) as indi- 
vated in the following scheme: 


Eq. (5) expresses the z-component of the stress acting acroas the 2- 
surface. The y- and zcomponents can be determined analogously by 
setting up the equilibrium conditions for the y- and 2-<directions. One 
obtains 


(6) Fay = Fey + Bidyy + Vi0 ss » 


(7) Tre = Fee + Bitye b VT ee - 

The normal stress on the n-surface results now from (5), (6) and (7) by 
projecting the stress vector 

(8a) Oral HK Gay 4 onl 

on the #-direction, The projection equals 


San = 217 n2 of BiGry + Yin 
(8) 
= its + Bitsy + Vidas + 20181 F2, + 2B rv ys + 2 1010 re . 


The directions ¢ and # already introduced may be realized as the legs of 
& right angle lying in the n-surface in an otherwise arbitrary position. 
We now project the stress vector (8a) also upon the directions ¢ and ¢ 
and obtain the tangential or shear stress across the n-surface, resolved in 
a t and ¢’-component: 


Fai = AgPny + Bang + ¥2%n; 
(9) = OyGaFes + Bibatey  V1¥20s 


+ Bras + aBa)ocy + iba + Bivadtys + Cerys + eves 


(for o,, , change subscript 2 into 3). When numerals are introduced 
instead of the subscripts 2, y, ¢ and n, t, # and a,, is written for the nine 
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direction coeines, (8) and (9) and the corresponding relation for Sarr CAN 
be written in the condensed form 


(10) th = x Dd: etiantin . 


This equation contains no reference to the size of the tetrahedron and 
gives, therefore, normal and tangential stresses acting across an arbitrary 
r-plane through O in Fig. 11. Its full significance is obtained if we dis- 
regard the particular roles of n, ¢, and ¢’. Eq. (10) is then seen to express 
the stresses acting on a cell parallel to the arbitrary orthogonal triad 
n, i, & by the stresses on a cell parallel to x, y, z. 

Since (10) has the form of the tensor transformation formulas as 
derived for the strain tensor in (4.5), we may from now on refer to the 
siress tensor and visualize the state of stress in the neighborhood of a 
point by means of a stress quadric (elipsoid, hyperboloid, ete.) Magnitude 
and direction of the principal stresses are determined by the principal 
axes of the quadric. Any state of streas can be represented for a sufficiently 
small neighborhood of the field point as the sum of three mutually “orthog- 
onal” tensors of simplest structure, viz. unidirectional tensions or com- 
ain in correspondence with Helmholtz’s theorem for the strains in 
1 Eq. (16). 

In setting up the equilibrium condition for the infinitesimal tetrahedron 
in (4), only the reactive forces transmitted through the surfaces, but no 
body forees have been considered. This is justified since the contributions 
of the latter are proportional to the volume while the stresses have the 
order of magnitude of the areas of the faces. The situation is different if 
we now turn to the equilibrium of external and internal forces for a small 
rectangular ceil.* We want to establish a relation that is analogous to the 
fundamental oquation (6.4) of hydrostatics. To secure equilibrium in 
z-direction as in (6.3) we have to consider the contributions of the normal 
stresses acting on the positive and negative z-surfaces and, in addition, 
those due to the tangential 2-stresses across the positive and negative 
y- and z-surfaces; the latter do not occur in hydrostatics. The sum must 
be balanced against the contribution of the body forces represented, per 
unit of volume, by the vector F. This yields, after cancellation of the factor 
Ar = AgzAyAz, the equilibrium condition 


oe. dg, Oss 
(11) aa Oy oz F,= 0. 


The corresponding oquations for the y- and z-direstions are obtained by 
“rotating” the letters. Note that in (11) the F term has the same sign as 


& *Since the arca torms duc to opposite faces now cancel [cf. the remark following 
Bq. @)). 
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the stress derivatives while in (6.4) the signs were opposite. The reason 
is obviously that the positive sign now denotes a tension, while it denoted 
& pressure previously. 

The triplet of equations that corresponds to (11) reads in condensed 
form: 


(12) Divo + F=0. 


The symbol Div stands for “vector divergence”; it derives a vector from 
a tensor while the operation div, formally explained in the same way, 
derives a scalar from a vector. In tho general tensor analysis, where 
tensors of arbitrary order area considered, certain operations that decrease 
the order of a tensor are studicd. The present case occurs there under the 
heading ‘differentiation with subsequent contraction’’.” 

The definition of the symbol Diy contained in (12) is obviously limited 
to Cartesian coordinates. It can be generalized for arbitrary orthogonal 
systems by the introduction of the limit of a surface integral as in (2.20). 
Enclose the field point, at which the pcomponent of the divergence 
vector aasociated with the tensor field o is to be calculated, in a closed 
surface f with outward normal ». The generalized definition of Div is 
then. 

(13) Div,o = Lim [ om df 

aro AT ~ 
where Ar is the volume enclosed by f, and o,, the component of the stress 
that acts across the n-surface element, taken in the direction p. 

In the particular case of Cartesian coordinates we take for Ar the 
rectangular cell Az, Ay, Az, and verify the new definition (13) in the 
same way a8 in the argument leading from Fig. (2.20) to (2.20a). In the 
general case of orthogonal coordinates [cf. Eq. (2.22)], the surface f is 
again chosen as the boundary of the curvilinear rectangular cell g,A4p, ; 
gshPs , gap, . The component of the vector divergence in the direction 
dp, follows from (13) as 


(4) Dine = 11-2 ongeou) + 3% (nsiea) + 5% (s.serad 


The meaning of o;, is, of course, the eh? of the stress in the direction 
of dp, acting across a surface element that is perpendicular to the direction 
of dp, 

To obtain the k* component of the equilibrium condition the expres- 
sion (14) must be augmented by the component of F acting in the direction 


“Cf, Appendix I-IV. Gencral tensor analysis has been developed to sorve as tho 
adequate mathematical language of the general theory of relativity. 
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of the coordinate p, . This sum replaces the left member of Eq. (12) in 
the case of general coordinates. 

But the conditions of equilibrium are not sufficient to determine the 
tensor field « from the vector field F, since the tensor has six independent 
components while Eq. (12) is only equivalent to three scalar equations. 
The three missing equations are not supplied by the conditions of the 
moment equilibrium as one might be tempted to believe, since that 
condition has already been exploited in establishing the symmeiry of 
the stress tensor. For the determination of the stress tensor the strain- 
stress relations must be used as will be done in the following 9. 

In this connection one may ask for supplementary conditions which 
together with (12) would ensure that the six quantities o represent a 
physically possible state of stress. The answer is found in the conditions 
of compatibility. The same question could have been asked in the case of 
the strain field, since the six functions « depend on the three displacement 
components é, 7, ¢ and, of course, may not be chosen arbitrarily." 

In conclusion we have again compiled the more frequent notations for 
the stress tensor: ; 


This book zx Oyy Ox:z Try = Oyz Cus = Ong Fen ™ Ces 
Many American 

authors Tex | Try | Tee Tey ™ Tyz Tya = Tag Tas = Tra 
Love and many 

English authors X, | Y,!%:.| Y.= 2X, “Z, = Y, X, = Z, 
Kirehho(lf and 

Planck -X,|-Y,|~-2Z,/-— Y, = —X,)-Z, = -—Y,|-X, = —-Z 
Some Itnglish 

authors P| Q|R S T U 
Engineering 

Usage Oz qT, Ce Tay = Tyz Trea ™ Tey Taz = Trxs 


9, Strain-Stress Relations, Elastic Constants, Elastic Potential 


In the present section the loads are supposed to be sufficiontly amall 
#0 that secuml and higher powers of the xtress and strain components 
muy be neglected. Then the general form of the relations between stress 


BCL, Love, Mathematical Theory of Elasticity, 4th od., Cambridge, 1927, pp. 49 
and 136. 
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and strain components becomes linear. Hooke, a contemporary of Newton, 
was the first to state this “law”, although in simpler formulation. About 
the limits of the linear law (proportional and elastic limits) some remarks 
will be found in Chap. VIII, 39. 

We further assume that the elastic body is isotropic: its physical 
properties should be the same in all directions. Now it is well known that 
the structure of most solids such as minerals, metals and engineering 
materiale in general is crystalline or microcrystalline. The following 
analysis refers therefore to ‘‘volume elements” that are large compared 
to the microstructure of the material, that is, what we call a volume 
element contains a great number of irregularly oriented microerystals. The 
elastic properties of macroscopic crystals will be discussed in Chap. VIII. 

A volume element cut parallel to the principal axes of the stress 
ellipsoid makes a convenient starting point for our analysis. The three 
pairs of faces are subjected to the principal stresses o, , 2. , ¢; while shear 
stresses o,, do not occur. It is then a first consequence of the assumed 
isotropy, that the shape of the volume element after loading is still rec- 
tangular. Thus there are no angular changes, the shear strains ¢;,, are 
zero, ind the state of strain consists in pure extensions along the principal 
axes cf the stress ellipsoid. Hence the principal aves of the siress quadric 
coincide with the princtpal axes of the strain quadric. The principal ex- 
tensions will be denoted by 4 , « , & , 48 in (1.14). 

_Now by the proposed linearity of the stress-strain relations the fol-~ 
lowing relation between a stress component and the strain components 
is implied: 


(1) o; = ag + be + ce. 


Since no axis is preferred,. two further equations must be obtainable 
simply by rotation of the subscripts: 


(1a) = Ag +be+ea, 7 = ae + ba + ce. 


Again for reasons of isotropy, c must equal 6, in Eq. (1), otherwise the 
directions (2) and (8) would not be equivalent with regard to the stress 
o, . It is convenient to rewrite (1) by adding +de«, , viz. 


a, = (a — ba + Of. + at 4), 
or, with a change in notation™* 
(2) o, = Que + AC + a + a). 


W4Replacing the factor of « in Eq. (2) by 2p is an advantago, as will be scon below 
[iqs. (16) and (18)]. 
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On introducing the same notation in Eqs. (1a) the triplet (1) and (la) 
reads in condensed writing 


(3) 71> Qe, + X(e, +et Ey). 


To find the generat form of (3) (i.e., for a volume element of arbitrary 
orientation) is our next task, and now the transformation rules (1.22) 
and (1.22a) are needed. They are general tensor equations and valid for 
the strain as well as for the stress tensor: 


(4a) &, = oie + anes + ase ; ty = Pits + anfotr + aaBse, ’ 


(4b) Sor = O10) + cao: + O20, , Say = MBO 1 OaBata + OsBaos « 
In (4b) we substitute for c; according to (8) and obtain with the aid of 
(4a) 


Ory = QBrers + Mai + a3 + 3)(e, + € + 2), 
(5) 
Ory = Ayers ~ AaB, + ashe + asPa)(er + es + 4). 


On observing that >> a* = 1, of = 0, andOmagt+ateastet 
én t Gs, (5) may be transformed into 


on = 2yezs + Aes + Coy + Ess ? 


‘ e + * * . * « e . 


(6) 


Cay = Zieey - 
or, in condensed writing,“ 
(7) Sin ™ Qutb bn,8 


Kg. (7) is the gencral form of the stress-strain relation for an arbitrary 
volume element. 


The converse relations ure easily found: Summing the first triplet (6) 
gives 
2 = ty F Oy + o,, = (2ys + 3A) (es + é, -{- €ss): 


This permits one to express the first scalar @ by the first scalar 2. On 
reintroducing % in (6), one has at once 


UPor gc see Tig. (220), 
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-i( eee )- , P 
t= = 95 Czs Qn + 5a = 2n'¢,, +N SZ 


(6a) 


1 
ty = Qu Ty = Qy'os, - 


* 


or, condensed, 
(7a) €E. = Qu! ou + Von z. 


These are the general strain-stress relations and the constants appearing 
in (7a) are, in terms of » and 4, 


i em, eee 1 _ A 

(7b) = Qu? ~ Qu Qu +- 3° 

Eqs. (6) and (6a) show that the isotropic elastic body has two elastic 
constants which are physical characteristics of the material of the body 
and depend on the temperature. An anisotropic crystal has more than 
two elastic parametera; depending on the character of its asymmetry 
there may be up to 21 elastic constants, as will be seen in Chap. VIII. 
The quantities } and y, introduced by Lamé, are known as Lamé’s con- 
stants, or better, Lamé’e modult.’* For general investigations they are the 
most convenient characteristics of the elastic behavior, but their physical 
meaning is not immediately obvious. The quantities \ and » will now be 
expressed by two other constants that refer in a straightforward way to 
the simplest type of tension or compression experiment. 

A vertical prismatic bar with cross-section F, the upper end of which 
is rigidly fixed, is subjected to a load P that acta at the lower end. Let 
the load P be uniformly distributed over the end cross-section. The 
tension across the end section (and across any other parallel section) is 
¢ = P/F; ois a principal stress since no side forces, and therefore no shear 
stresses, are active. The associated principal extension e€ equals Al/l, 
where ? is the length of the bar and Ai the displacement of the end cross- 
section. It turns out that the ratio of stress to extension is a constant of 
the material, that is, it is independent of P, #, and J, as long as the loading 
is not excessive. This ratio is denoted by Z and known as Young’s modidus”” 


"Tt stands to reason to have two different words for tho cocfficients of the atross- 
strain and those of the atrain-stress relations. Following Voigt, the former, like (A, s), 
could be called moduli, tho latter, like (\’, uy’), constants of elasticity [cf. 40). 

Introduced 1807 by Thomas Young, the same who discovered the interference 
of light, 


{IL.9] STATICS OF DEFORMABLE BODIES 65 


or modulus of elasticity. Thus, for a bar under tension, we have 


(8) = = 


} 
6 


where # has the same dimension [force/area] as o (¢ is dimensionless). For 
steel and wrought iron an average value of E is 2 X 10° kg.-wt./em’. 

Elongation, however, is not the only response to the loading that can 
be observed in the tension experiment; actually, it is always accompanied 
by a contraction of the cross-section. It is this same contraction which 
we notice on a much larger scale when a rubber band is stretched, and we 
take it as the natural adaptation of the material to the loading. Denoting 
the contraction, which is the same for all fibers of the cross-section, by 
—«', in this case a positive number, we define quite generally 

a : : y 
(9) 7 7 or, using (8), ‘<= pe: 
The quantity v is also a constant of the material. It is called Potsson’s ratio 
of transverse contraction to longitudinal extension.” 

Poisson not only introduced this number, but actually determined 
its value as ¢, on the basis of a rather limited molecular theory. Modern 
lattice theory of the solid state has again taken up this problem and 
improved on Poisson’s calculation; one of the results is that there is no 
universal theoretical value of ». In enginecring applications the accepted 
value for iron is y = 1/m = 0.38. 

When the bar is under compression instead of tension, longitudinal 
contraction is accompanied by transverse dilatation, but # and v romain 
the sume in spite of the changes of sign that have occurred, provided, of 
course, that the loading is within the elastic limit (see also 39). 

We now apply what we huve learned in the simple tension experiment 
to analyze the general stute of stress, which we consider as a superposition 
of throe unidirectional stresses in the principal directions; the effect of 
each stress is the same as in the bar problem. Because of the linearity of 
all occurring relations we may superimpose the stresses as well aa the 
associated strains. Flowever, the extension along the principal axis 1 is 
not solely determined by the stress ¢, but in addition (if considered as a 
transverse contraction) by the stresses acting in the principal directions 
2 and 3. In this way one obtains from (8) and (9) 


a= BF oy to) eet — Ei tot 


Tho preferred letter for Poisson’s ratio in American and English literature seems 
to be «. 
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or, in condensed writing, 


(10) a atte, -23 

On summing the relations (10) fori = 1, 2, 3, one has 
(108) o=+5 "2, B= +6, 
and by substituting = in (10) the result 

(10b) SF l+> re - E(«, +>: i at) 


is obtained. The relations which we wish to find result from a comparison 
between (10b) and (8). This leads to 


E vi 
GQ) ae Tay? Oa a’ 
which express Lamé’s parameters by & and » whose physical significance 
is more immediate. 

Let us now take up another particularly simple case of a stress field, 
viz. equal pressure in all directions a8 it is realized, e.g., inside the cylinder 
of a hydraulic press. Both the stress and the strain ellipsoid are now 
spheres [see also 4 after (11)]: 


1 = 0; = os = —D, = = —3p, atase= 56. 
Eq. (10b) gives in this case 
(12) p ot =%) : 


We define now in analogy to (8) a modulus of compression K by the 
equation 


eee 
(13) EK am 
and infer from (12) and (13) at once 
E 
(14) ie Sea =o" 


The incompressible case 9 = 0 corresponds to K =©& or vy = 3}. This 
value represents the upper limit for the possible values of Poiason’s ratio. 
For »y > 4 the behavior of the body becomes 2znstable: its response to an 
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external pressure would be an increase of volume (© > 0) instead of a 
decrease, 

We conclude this discussion with another particular stress field, that 
of pure shearing stress. Take a rectangular parallelepiped, the z-surfaces 
of which are free of stress while the shearing stress ¢,, = o,. = T acts 
across the z- and y-surfaces. Our example is one of plain stress, that is, 
the stress field is independent of z and can be ropresented by simply 
drawing a cross-section parallel to the z-y-plane as in Fig. 12a. The 


1 
+42. 
T° * twee 


Fia. 12a. Chango of shapo in pure shear Fra. 12b. The principal stresacs in pure 
loading. shear loading are equal and opposite. 


deformation due to r changes the original rectangle into a rhomboid, one 
pair of right angles being diminished, the other pair increased by the 
angle y. The stress quadric is, like the strain quadric in pure shear (cf. 
4 Fig. 4a, b), a cylinder parallel to the z-axis the basis of which is an 
equilateral hyperbola. The principal axes form an angle of 45° with the 
x- and ydirections and the two principal stresses are numerically equal 
and of opposite sign: ¢, = —¢, $04 18, of course, zero. This is a consequence 
of the invariance of the first scalar of the stress tensor, 2: for the element 
considered originally (Fig. 12a), 0.2, = Oy = Tr, = 0 by hypothesis, hence 
an clement cut parallel to the principal axes must take tension and com- 
pression in equal amounts to make again S = o, + og = 0. 

The state of pure shear stross serves to define the shear modulus which 
we provisionally denote by G, » notation generally accepted in engineering 
practice. In partial analogy to (8) and (13) we set 


~ 
(15) CsS 


The analogy is not complete: the denominators in (8) and (13) represent 
the extension and (cubical) compression that correspond to the stresses in 
the numerators, bué in the present case, (15), the denominator is the 
angular change produced by the stress that stands in the numerator, and 


this change is twice the strain component obtained according to the defini- 
tion (1.25). 
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To find G, that is, to express it by the elastic constants already intro- 
duced, we go back to the general relation (6), o,,/2¢, = », which reads 
in our present notation +/y = ». Thus (15) and (11) yield at once 


~,-1H 
Em oT +y° 


The shear modulus G is identical with Lamé’s modulus u so that the notation 
@ is no longer needed. Also the name torsion modulus is in use for this 
constant because of its significance for the problem of torsional waves 
(see p. 107) and the torsion problem of a bar, 42. 

We are now able to determine completely the stress from the equilib- 
rium condition (8.12). This problem was posed at the end of 8, and it 
was pointed out that the three equilibrium conditions were insufficient 
for a complete determination of the six stress components o, . But if 
we express the o,, by the «,, and write for the «¢,, their original definitions 
(1.11) in terms of the displacements, we obtain three equations just suf- 
ficient to determine the displacement vector. 

That is an easy job if Cartesian coordinates are used. The 2-com- 
ponent of the vector divergence in (8.12) transforms, according to the 
stress-strain relation (6), into 


(16) G 


a9 


Div, i ay 2 + = dee) + h ID : 


Oz 
which becomes, on going back to tees by means of (1.11), 


) é at ) 30 
ial adie A2 + hy or Gy oe TAS: 
This is easily rearranged into 
(a7) Dive o =u VE+G4N2 
On substituting (17) in the equilibrium conditions (8.12) and rotating the 
letters we obtain finally 
n+ Gt S4F =O, 
(18) wV4y + tS SF, =0, 


eV ttn Sa R= 
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These three fundamental equations determine the displacement vector §, n, f 
everywhere in the interior of the body if its behavior along the body surface 
is determined by appropriate boundary conditions. When the é, », ¢ have 
been found, the « follow by differentiation and the ¢ by way of the stress- 
strain relations. Thus Eqs. (18) are the definitive differential equations of 
clastic cquilibrium. The quantity » occurs in (18) without the factor 2, 
which again indicates that the choice of notation in Eq. (9.2) waa to the 


purpose. 

Eqs. (18) are limited to Cartesian coordinates. If we wish to write 
them in general coordinates, we have to interpret the symbol V’ as grad 
diy — curl curl according to (@.10a). On denoting the displacement 
vector & 7, ¢ by 3q as in (4.17)-(4.28), the legitimate vectorial form of 
Fq. (18) is obtained: 


uw grad div 6g — « curl curl 5g + (u + A) grad O + F = 0, 
Instead of div §q we may write 6 and obtain 
(19) (2u +) grad @ — » curl curl 8q + F = 0. 
The transition to general coordinates p. , 2 , Ps is now governed by the 
general expressions (2.24)-(2.26) for grad, ete. Setting P = curl dq for 


brevity, onc has immediately 


L a9 OgsP, _ dgsPs : 
Qu +2) +88 — i (20 Ps) 4. 7, 0, 


Qt) e+ 220 — 4 (AUP _ 2uPs) |p, 2 0, 


9s ap, Jaf. \ ADs Op, 
_ #. f8goPs _ InP = 
Gu + Ni, fs a = ( op, a) ) ad len 


The quantitics 6 and P that occur here have according to (2.25) and 
(2.26) the meaning 
I 
e=—— (52 5 
Ngega ap (age Ba) + 
(208) 
P= 1 (2 (gs 8q3) — a (92 an.) VE ag 
29s \Ops SPs 
The boundary conditions to be added to Eqs. (18) or (20) may refer 
either to displacements or to stresses, or, as in the problem of 44, partly to 
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the one and partly to the other (mixed boundary value problem). When the 
displacemenis are prescribed along the entire surface of the elastic body by 


(21) F= &, 7 = Mo; f= fo, 


where 2, to, f. are point functions given along the surface, the boundary 
value problem is similar to that of potential theory (p. 25) but consider- 
ably more complicated. In order to prescribe the sfresses one assumes a 
system of external forces distributed over the surface of the body in the 
form F = fdo so that the “surface density” f of the external forces is a 
finite point vector given along the surface. The surface stresses developed 
by the body must be balanced by the given vector f everywhere on the 
surface. Hence we have for each surface element with normal direction n 


(21a) One +f. = 0, Cay + fy = 0, Tns +f, = (0. 


In the particular case that xo external forces act on the surface, the 
boundary conditions become 


(21b) Onn = Oy = On = 0. 


Such is the case for the sides of the bent beam in 41 or for the har in 
torsion in 42. When the components of ¢ are expressed by the & 7, ¢ in 
(21a, b), three boundary conditions result for the first derivatives of the 
£, », ¢. Thus the integration problem is similar to that of the sccond 
boundary value problem of potential theory (cf. problem I, 5), but again 
considerably more difficult. 

The uniqueness of solution of the problems mentioned, in particular 
for a simply connected body, can be proved as in potential theory essen- 
tially by an application of Green’s theorem (cf. p. 25). In such a proof, 
homogencity of the material, hence uniform temperature, and strictly 
elastic behavior ure assumed. In reality, however, internal stresses are 
present even without external loads: they are caused by imperfections of 
the casting, inhomogeneous cooling etc. and are a constant source of trouble 
for the engineer; in applied elasticity, they constitute an unknown clement 
which makes the strict uniqueness proofs of the mathematical theory 
somewhat unrealistic. 

We turn now to the energetic aspect of the stress-strain relation and 
determine first the strain-energy function. The calculation procceds aguin 
in Cartesian coordinates z, y, z and displacement components &, », ¢. 

Consider the two z-surfaces of the volume clement Ar = Aw-Ay- Az 
while an infinitesimal increment of the displacement 


En, $7 & + dé, 9 + dy, i+ df 


(II.9] STATICS OF DEFORMABLE BODIES ral 


is imposed on the strain field. The work done by the stresses across the 
negative und posilive 2-surface is, in the samo order, 


a, = — (o,dé + a + 7,45) hy Az 
and 


AWesas = + (Grn dE + ory dn + 0, dd AYAZ 


+ © (61 dt + 005 dn + o2e dt)drbyhe, 


The algebraic sum of the two expressions is clearly the second line of the 
second equation. On adding the work done by the external force F in 
x-direction, one obtains 


(22) ‘2 (O26 dé + Ty dy + Ox af) + F, ax aay 


Two analogous expressions are obtained for the work done in the dis- 
placement of the y- and z-surfaces. On adding all three contributions and 
carrying out the indicated differentiations, the terms that contain the 
(not differentiated) factors dt, dy, df cancel the F-terma, if we make use 
of the equilibrium condition (8.12). The work dW per unit of volume is 
thus found as 


eieca te an as (3 és) 
AW ond ge + Onda + on ds, t+ onda + 5, 


re] ] or , of 
+ Fyz af 22 + 3) + Tz2 af 2 + 26), 
In this calculation we have employed the symmetry of the stresa tensor 
and the fact that dd& (the gradient of the incremental displacement) is 
commutative with ddé (the increment of the gradient of the displace- 
ment) (ef. 4, Fig. 5; d here corresponds to 6 there). Eq. (23) can be written 
in the form 


aw = Orc déz. + Ouy dey, + Ts de,, + 20ry désy 


+ 25 ys déys + 24x des, = 2; > Tik dey ’ 


when the strain tensor is introduced. 

It is possible to express relation (24) in terms of the stram tensor 
alone, by means of the strose-strain relations. Substitution according to 
(7) yields the form 


(25) dW = > a és dé, + 40 dO. 


(23) 


(24) 
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This expression is a total differential as long as tho “‘constants’’ > and x 
remain truly constant in the process of loading. We may then speak of a 
strain-energy function, without referring to the particular way of loading 
that starts from the (stress-free) initial state and leads to the final (stressed) 
state. In other words, the strain-energy is a function of state. It reads in 
terms of the strain components: 


(26) Wan Dot 5e 


As a function of state, W must be independent of the particular choice of 
coordinates 2, y, 2. This can be seen immediately through the following 
realrangement: 


2» > ie = (Gn + a # 65:)" 
+ 26a tb eds + Gr — 11€os — fontss — €%1) 
= 9° — 2A, 


where A is the second scalar of the strain tensor, as explained in Hq. (4.9). 
Thus, instead of (26), we have the invariant representation 


(268) W = zat s @? — Qua. 


A more symmeirical expression for W which also makes the invariance 
evident is 


(26b) = ; >: pe Tinein - 


The right member in this equation is the simplest simultaneous invariant 
of the two tensors o and «. On expressing o by ¢ or vice versa [Iéqs. (7) or 
(7a)] one obtains the quadratic forms 


(27) We) or W(e). 


The first is, of course, identical with (26), the second can be obtained 
from (26) by formally replacing «, © by o, 2 and yu, X by y’, d’ from (7b). 

The factor 4 that occurs, e.g., in (26b) is in obvious connection with 
Hooke’s law, that is, with the assumed linear relation betwoen stress 
and strain. 

From the quadratic forms (27) the stress and strain components can 
be reobtained; they are the partial derivatives of the energy W with 
respect to the corresponding strain and stress components: 


bats aw (6 gives awe 
Oeis 


: Bou : 
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For this reason, the negative strain-energy W is also called the elastic 
potential per unit of volume. 

We have already observed that » and X are temperature-dependent 
parameters. If the temperature is kept constant while the load is applied 
(isothermal transition), then « and \ are true constants, and the preceding 
determination of W is correct. ff on the other hand the transition is carried 
out without heat transfer to or from the individual volume elements of 
the body (adiabatic transition), then the strain energy can again be 
shown to be a function of state, but the “adiabatic” values of « and » 
are different from the “isothermal” ones. This difference is, ag one would 
expect, especially noticeable in the gaseous state and will be discussed 
in 13 when the velocity of sound is calculated. In the more general case, 
as in a body with non-uniform temperature distribution, the strain energy 
is not a function of state, but depends on the path of the transition; the 
elastic potential does not exist. 


10. Viscous Pressures and Dissipation, 
Particularly in Incompressible Fluids 


The following analysis is based on an assumption about the nature of 
the viscous forces which, in the special form to be discussed first, is due 
to Newton. Let the velocity of the fluid u(y} be everywhere parallel to 
the z-axis, increasing in some way with increasing y. The reactions due 
to viscous friction that are transferred through a surface normal to the 
y-Axis are, according to Newton, proportional to the velocity gradient, 
the factor of proportionality » depending on the nature of the fluid. We 
refer the reactive forces to the unit of area and designate them as frictional 
or viscous pressures, Newton’s assumption then is 


Ou 
(1) Pus = ¥ Oy “ 


The minus sign as well as the notation p,, requires some explanation. In 
Fig. 13 a surface SS has been indicated which, relative to the lower part 
of the fluid, is a positive y-surface, since the outward normal points in the 
direction of the positive yuxis. The fluid above SS, flowing faster, tries 
to take with it the fuid below SS; the upper small arrow in Fig. 13 repre- 
sents therefore the retarding action exerted on the upper fluid body by 
the lower one. Hither arrow should be designated by ¢,, if we were to use 
stresses in our analysis, the upper one representing the -+2-traction 
avross a --y-surfuce, the lower one the —2-traction across a ~y-surface. 
We use pressures, howover, and this explains the minus sign in Eq. (1); 


74 MECHANICS OF DEFORMABLE BODIES {IT.10] 


,. is negative for the positive y-surface (since du/dy is positive) and posi- 
tive for the negative y-surface.” 

Our aim is to generalize Newton’s formula for the case of an arbitrary 
fluid flow. To do this we must go back to the fundamental theorem of 
kinematics of 1, which deals with the resolution of an infinitesimal dis- 
placement into translation, rotation, and deformation. The first two, as 
we know, correspond to rigid body motions and cannot involve internal 
friction. The friction is entirely due to the third part that can be de- 


Fire. 18. Transfer of friction pressures in 
laminar flow. Newton's hypothesis. 


ascribed in terms of the strain tensor ¢«. Now, in a fluid the time rate of 
displacement rather than the displacement itself is the physically im- 
portant quantity (see 5, p. 39), accordingly, we shall not consider «, 
but ¢ as responsible for the friction. In anticipation of the result of the 
subsequent discussion we assume now: 


% 
(2) Pua = — Quein ; | = 71, ¥, 2. 
k 


The factor of proportionality » which has already occurred in (1) char- 
acterizes the internal friction and is called the coefficient of viscosity. The 
value of » depends on the nature of the fluid and changes very strongly 
with the temperature (in liquids, increasing temperature makes » decrease). 

We show first that the set (2) is equivalent to (1) for the special flow 
of Fig. 13 where 


us uly), y= 0, we 0, 


Applying (1.11) and the array (1.12) to the deformation velocities u, v, w 
rather than to the deformations é », ¢, we obtain 


YCf, tho footnote onfp. 39, 
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1 Ox 
0 2 ay () 
L du 
2 By 0 0 
0 0 0 


and the content of Eq. (2) reduces to the following equations which are 
identical with (1): 


ou 
Py = Py = Foy? 


the other p,, vanish. 

Assumption (2) is in agreement with the tensor-analytic principles 
considered in the preceding article. This is at least true for incompressible 
fluids, and we wish to limit the validity of (2) to that case. Then 0 = 0 
by (5.1), and the stress-strain relations (9.7) become identical with (2) 
as soon as the stresses are replaced by the pressures (change of sign) and 
the strains by the rates of strain. Hence one would conclude from the 
uniqueness of the stress-strain relations that a tensor-invariant relation 
between p and é other than (2) cannot exist. (The phys:cal meaning of 
the viscosity cocfficient » has, of course, nothing to do with Lamé’s 
modulus » in the last article.) 

First, however, the following point must be clarified: in the theory of 
the elastic solid we were able to show by an equilibrium consideration 
that o is a symmetric tensor. The corresponding argument is questionable 
in the case of the viscous tensor p, since the necessary transition to a 
sufficiently small volume clement is no longer legitimate in the present 
case, as we shall sce below. Suppose then one would admit the possibility 
that 


Dia * Dye » 


Now, an unsymmetri¢c pressure tensor could always be resolved into a 
symmetric part D and an antisymmetric part x such that 


Dis = Drs and Tip = —~—WEi 


The latter may be reprosonted by an (axial) vector (cf. Eq. (1.12a)] and 
can be invariantly connected only with a quantity of the same character. 
The vortex velocity w is such a quantity, and it is the only one that can 
be used. One would then have to postulate a static-kinematic relation of 
the form 


(3) Ty FS WK. 
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Hence to admit the possibility of the asymmetry of the viscous tensor p 
‘amounts to the acceptance of a “vortex friction” as in (3), but this con- 
cept is inadmissible since it leads to a nonsensical result even in the 
simplest cage. 

Suppose a drum filled with some viscous liquid is made to revolve 
about its axis. The liquid starts to rotate at the circumference of the drum 
and the motion is gradually communicated to the bulk of the fluid. While 
this goes on a moment is required to overcome the internal friction of the 
liquid in addition to the moment required for the acceleration of the 
moving mass. In the steady state which is finally reached, the angular 
velocity w is everywhere the same; at least, one may safely consider this 
as the final state since no experience points to the contrary. The liquid 
rotates as & rigid body and surely no moment is needed to sustain the 
motion if bearing friction etc. is disregarded. In contrast to that, Eq. (3) 
contends the presence of friction also in the steady state. Originating in 
the fluid, the friction would be conveyed to the drum and would have to 
be balanced by an external moment. 

This whole discussion is of a phenomenclogical nature in accordance 
with the general point of view taken in this volume, and the same is true 
for the preceding tensor-geometric considerations. The deformable medium 
is being considered as a continuum and no attention given to the molecular 
origin of the stresses or pressures. The molecular theory of compressible 
fluids will be dealt with in the kinetic theory of gases. It furnishes a direct 
explanation of the frictional pressures in terms of the transport of mo- 
mentum by thermal motion or, as it is sometimes put, in terms of the 
diffusion of momentum. Such a theory is physically altogether more 
profound; for compressible fluids it leads of necessity to the relation (21) 
between pressure and rate of deformation,” which will be found at the 
end of this article. That more general relation comprises (2) as a special 
case if the fluid is incompressible (@ = 6 = 0). On the other hand, the 
gas-kinetic concepts do not directly apply to incompressible fluids, that 
is, not unless arbitrary additional assumptions are made. There is, how- 
ever, no doubt that also in the incompressible case the single volume 
element is exchanging momentum with more distant volume elements, 
and that this constitutes the physical cause of fluid friction. But it is just 
this idea, of interaction by exchange of molecules that is in contradiction 
with the transition to an isolated small fluid element as in 8. 

In addition to the frictional pressures and superimposed on them, there 
is a uniform normal pressure of the same nature as the pressure in the 


*Cf.in particular the critical remarks of E. Fucs, 2. f. Physik 118, 409 (1941) and 


121, 58 (1943) which start from ideas of Maxwell and Boltamann, like most investiga- 
tions in that field. 
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fluid at rest when the external force F is present. We denote it by p as 
before (no subscripts, since it is a scalar), although it is not identical 
with the hydrostatic p (sce below). The total pressure tensor is then 


D+Ps;, Dev; Das 
(4) P =u; P+Pws Pus 
Pez ; Devs P+ Ps, 


We are now ready to state the relation that is the analogue of the 
equilibrium condition (8.12). Although it is true that we are not con- 
cerned with an elastic body at reat, but with a flow of fluid particles, we 
may first assume that (in the frame of reference under consideration) the 
motion proceeds without change of magnitude and direction of the velocity. 
Each particle is then in a state of mechanical equilibrium, and we can 
formulate an “equilibrium condition” also in the present case. It is 
modelled after (8.12) and reads (with the proper change of sign) 


(5) Div P = F. 
Here Div stands for the “vector divergence”, explained in (8.13) in an 
invariant way. Written in Cartesian coordinates, (5) takes the form 


Op , Opes, Per, Oey 
OP 1 Pes 5 Per 1 Dev 
a a a 
dz + dx ” oy me 4 rae 

These equations determine a steady fluid motion as soon as we express 


the six unknowns p,, through the three velocity components wu, v, w by 
means of (2). We obtain first 


gp ou (Ov 5B) (ate 4 ay) _ 
7) 3g — aa? — Nae ay + oy) — Nana + ae) = Fee 


which reduces on account of the condition of incompressibility 


ou ov ow 
(8) bh ee 
to 
(8a) 2 _. wu = F,. 
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The corresponding equations for the y- and z-directions are 


BB avy = F,, 
(8b) 
2 aya Fi. 


Eqs. (8), (8a), (8b) form a system of four equations for the four unknowns 
u, v, w, p. The pressure p is, of course, not equal to the hydrostatic pressure 
value, but is to be found from the quadruplet of equations simultaneously 
with the unknowns %, », w. 

The same Eqs. (8)-(8b) can also be considered as approximate equa- 
tions for a flow where the particle accelerations do not exactly vanish, 
but are so small that their omission appears to be justifiable. This type 
of fluid motion—‘ereeping” one might call it—will be studied in 35, 36. 

In both cases (either exactly or approximately free of acceleration), 
boundary conditions must be added to the differential equations to specify 
a problem, but there is a fundamental difference between the boundary 
conditions to be imposed on a perfect and on a viscous fluid. While in the 
first case only the boundary condition v, = 0 is to be fulfilled and arbitrary 
tangential velocities », may be admitted along the rigid walls, we must 
stipulate in the second case that the fluid adheres to the surface of the 
rigid boundaries. This implies, of course, that +, approaches zero con- 
tinuously in the neighborhood of the boundary, since a Jump of v, would 
mean an infinitely large gradient of v, and, consequently, infinctely large 
values of the viacous pressures p,, . Experiments on the flow in narrow tubes 
(see below) have justified this form of boundary conditions which we state 
once more: 


(9) ,=0, 4 =0. 


The fundamental difference between perfect and viscous fluids makes it 
understandable that the transition from small friction to the limit of 
vanishing friction is not without analytical difficulties. We shall come 
back to this point in 33 (Prandtl’s boundary layer). 

We now discuss the simplest application of the equilibrium conditions 
(8) and boundary conditions (9), viz., the classical Hagen-Poiseuitle flow™ 
in a capillary tube. Let the horizontal tube have circular cross section 
with a radius a, s0 small as to make the flow proceed in straight stream 


43, Hagen, Poggendorfis Ann. 46 (1839). J. Poiscuills, Compios Rondua 11 (1840) 
12 (1841}. Hagen was superintendent of works in Borlin, Poigouille a physician in 
Paris. Both found independently the law (15), csscntially by experimental investiga- 
tiona. . 
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lines parallel to the axis of the tube (for more details about laminar flow 
and the conditions of its stability, cf. 16). When the axis of the tube is 


taken as a-axis and the distance r = +/7° + 2 from the a-axis is intro- 
duced, the velocity distribution is 


(10) v=w=0, w= u(r). 


Eq. (8) shows then that u is independent of x; because of the cylindrical 
symmetry, u is a function of r alone. Gravity may be neglected in our 
case, hence the force F is zero. Eq. (8b) gives now 


(11) 2 =~ 2.0, therefore p= pla). 
Since the first term of (8a) depends only on «, the second only on r, and 
their difference is zero, either term must be a constant, say —A. Thus 
we have 


a eo 
(11a) ee me 


According to this, the constant A is the pressure gradient along the tube, 
or, if multiplied with the length of the tube J, the pressure difference I 
between beginning and end of the tube. We substitute for V7 its value 
in cylinder coordinates (problem I, 3) and note that there is no dependence 
on » and on the axial coordinate: 


» 1d, du 
Vu = a a 
The conclusions following from (11a) are then 
d du A du «=A 
ae a” r= gto 


Here ¢, must vanish since otherwise du/dr would become infinite for 
r = 0. A second integration yields 


(12) ue Eres, 

The constant C, is to be determined from the boundary condition (9) 
which now reads 

(13) u= 0 for r=4. 


The liquid sticks to the wall of the tube. There is no doubt that (13) is correct: 
it follows unequivocally from the observations and holds for water as 
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well as for non-wetting liquids such as mercury on glass. According to 
(12), 
As 
C, = 4u a, 
so that (12) takes the form 


(14) “= é (a? — r”), 


The veloctiy profile ta parabolic (cf. Fig. 14). The particles that are at the 
time ¢ = 0 on a planc cross-section, lie at ¢ > 0 on a paraboloid of rotation 


Fria. 14. Taaminar flow in a capillary tubo; 
) ) ) ) the liquid adhores to the wall, the velocity 
profile is parabolic. 


the vertex of which travels in the direction of the flow while the pointa 
of contact with the wall remain fixed. 
The volume discharge @ per unit of time is 


= 7A, 
(1) Qa 2 fur dr = bat. 


This formula has served as the basis for most determinations of viscosity 
constants in the last hundred years. The velocity of flow averaged over 
the cross section 

-2 4A. 
(16) Um = oi = Ba 
is half the maximum velocity un... , [Eq. (14) with r = 0}; the pressure 
loss follows from (15) and (16) as 


(17) I = Bul “3 


The pressure loss due to frickon 7s proportional to the mean flow velocity 
and inversely proportional to the square of the radius. This law which, in 
modified form, is also correct for other laminar flows (cf. problems I, 3 
and 4 and Figs. 19 and 19a on p. 121) is in characteristic contrast to 
the law for turbulent flow (see 16) where the pressure loss is approximately 
proportional to the square of the average velocity and inversely proportional 
to the radiue of the tube. 

We turn to the discussion of the energetic aspect of viscous flow. To 
calculate the work done hy the friction forces we can use lig. (9.22) a8 a 
starting point. Replacing the stresses ¢ by the pressures p (change of sign) 
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and the virtual displacements dé, dy, dt, by the quantities udt, vdt, wt, 
which now are actual motions occurring in the time element dt, we obtain 
in place of (9.22) 


(- 2 [P+ Dre) +H Pet + Pest] + Pasha AcAyAz. 


This is the work done by the uniform pressure p and the friction pressures 
pi On the a-faccs sugmented by the work of the z-component of the 
external force. On adding the corresponding expressions in y and 2 and 
carrying out the differentiations, the resulting expression can be reduced 
by applying the conditions of equilibrium and incompressibility (6) and 
(8), and Ihecomes after division by dtArAyAz 


sig EE cece Oa Oe 
Dre on Pes oy Pez bz 


- nlf 8) ~ nlf) - olde) 


This energy is, a8 it were, abundant, it has no mechanical equivalent 
sinee no energy is needed for the maintenance of a steady fluid motion; 
it must therefore appear in the form of heat. Pxpression (18) thus represents 
the heat produced by friction per wut of time and of volume (dissipation). 

Introducing a notation similar to the thermodynamic usage, we desig- 
nate by dq the heat transferred to the unit of volume during the time dt. 
Using the definition of the strain components ¢,, in (1.11), we can trans- 
form (18) into 


(19) a = p> 2, Putin - 


On applying the relations (2) between the p,, and the ¢,,, we obtain for 
the dissipation 


(20) 1 om 2 ae. 
i & 


The quantity dy defined by (20) is, of course, not a total differential like 
the clastic dIV of the corresponding equation (9.25), whence there is no 
thermal variable of state f dg that would correspond to the elastic strain 
energy (9.26). 

In conclusion wo wish to point out very briefly the changes which 
the foregoing considerations require in the case of compressible fluids. 
Tn the first place, comparison with the stress-strain relations in the form 
of (9.7) shows that the assumption (2) should be replaced by 


(21) Dis = — Qyesy i hin9 


(18) 
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CHAPTER Ill 


DYNAMICS OF DEFORMABLE BODIES 


11, Euler’s Equations for a Perfect Incompressible Fluid 
The transition from statics to dynamics is accomplished by adding the 
inertial resistances to the external forces in accordance with d’Alembert’s 
principle. ‘The inertial resistance of a particle with mass Am. is 
av dv 
Ama, =~—~pAr ai 
Hence the inertial resistance per unit of volume becomes 


dv 
This quantity must be added to the external force per unit of volume F 
in the equilibrium conditions (6.4) if one wishes to obtain the equations of 
motion. Transposing the inertia term (1) to the other side of the equation, 
we have 


Here one must carefully distinguish between the total or material 
acceleration dv/dt and the local acceleration év/a¢. Take for instance the 
x-component of the velocity u(z, y, 2, t). While the particle moves through 
ds = idx -+- jdy + kdz in the time dt, —— of u is 


du = 5p at + 5 de + 5 vay + 2 Ot ae 

where the particle coordinates x, y, z are to be considered as functions of 
i. Accordingly, the material acceleration in z-direction along the path 
dx = udt, dy = i mas 

du 
and the difference between material and hee acceleration in z-direction is 

dus du du ou ou 
(88) di at “ae tay t Me: 

33 
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the meaning of the local acceleration being the rate of change of the 
velocity at a specified point of the flow. To illustrate the difference by 
an example, take the steady flow through a pipe of varying cross-section. 
Let the axis of the pipe coincide with the x-axis; then we are mainly 
concerned with the velocity component u. By hypothesis the flow is steady: 
hence du/dt = 0 everywhere, but by no means du/dt. On the contrary, 
the velocity of flow increases where the pipe becomes narrower and de- 
creases where it widens. The difference between the two accelerations is 
given by the right member of (3a), in particular, by the first term because 
of the assumed preponderance of #. The terms on the right side of (3a) 
are often called the convective terms of the acceleration. 

Writing (2) in Cartesian components by means of (3) and the corre- 
sponding expressions obtained by rotation of letters, one finds 


tse t¢5y t mu) yf 2 = Ff,, 
de ou ov ov op 
4) AZ +u% +o% +0 #)4 2 Fs 
ow PR _ py 
{ev tus ae ou) 


The fourth differential equation is the condition of incompreusibility 
ou, w aw 
(4a) ae ay + 7 en 0 


The quadruplet of equations (4), (4a) constitute Huder’s equations’ of 
perfect fluid motion. Tho pressure p is not to be confused with the hydro- 
static pressure; it appears as the fourth unknown beside x, », w. 

It suggesta itself to abbreviate Euler’s equations by writing them in 
the symbohe form 


6) A(& + (warad) Ww + wad p= F, 


where the symbol (¥ grad) could be replaced by (¥V) as on p. 23. But 
this form is misleading as soon 48 once tries to uso it, as it stands, for non- 
Cartesian coordinates (see problem III, 1). The operation grad applies 
only to scalars and must not operate on vectorial quantities. We may, 


1Leonhard Euler (1707-1783). His first two papers on the equilibrium and motion of 
fluids appeared 1755 in Vol. 11 of the Berlin Academy, a later treatment 1770 in Vol. 14 
of the Petrograd Academy. 
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however, define the pseudo-veciorial symbol (v grad) v by explaining it 
through a legitimate vector formula. The definition we have in mind reads 


(6) (¥ grad)¥ = grad T — v¥ xX curly. 


In fact, the z-component of the first member of (6) can be rearranged 
in the form 


a tobi pte a gt (24 — 2) (du — av) 
= 90, FE Pe) E Ge} + as dx 
which establishes right away the identity with the z-component of the 
second member of (0). The corresponding relations for the y- and 
components follow by rotating the letters. 
Now we may replace Eq. (5) by 


@ oY _ yx cul v) + amd (pb +5) = F. 


Adding the condition of incompressibility 
(7a) div ¥ = 0, 


we have obtained Huler’s equations in invariant form that can be special- 
ized for any sort of curvilinear coordinates (e.g. polar coordinates) by the 
use Of the expressions for grad, div, and curl in (2.24)-(2.26), or of the 
ready formulas in the tabulated solutions of problem J, 3. 

Considering the mathematical character of Euler’s equations we notice 
immediately their noz-lincarity which distinguishes them from the many 
linear equations of mathematical physics, as e.g. in potential theory, heat 
conduction, electrodynamics, otc. The non-linearity which is caused by 
the presence of the convective terms 


ou au v 
ay + ” be ete., or Vv X curl ¥ + grad > 


ou 

u ae + v 
makes the integration incomparably more difficult, for we can no longer 
usc the principle of superposition of solutions by which more general 
integrals are found in the form of a combination of particular integrala. 
The integration of Euler’s hydrodynamic equations is thus a considerably 
more difficult mathematical problem than, for example, that of the seem- 
ingly more complicated equations of Maxwell in electromagnetic theory. 
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Only in the case of irrotational flow is it possible to give immediately 
a first integral of Euler’s equations. The condition is 


1 
(8) @=5 curl ¥ = 0; 
it is sufficient that Eq. (8) be fulfilled at a certain time instant only, since 
in an inviscid fluid it then remains permanently fulfilled as will be shown 
in Chap. IV. 
We shall at first consider a still more restricted case, viz. steady flow, 
so that 


av 


(8a) ry i 0. 
It is further assumed as in (6.5) that the external force F has a potential 
(8b) F = — grad U. 


Then (7) becomes 
a(4p40) <0 
grad \po +P 
and can be integrated to 
a 
(9) pS + p+ U = const 


which is Bernoulli's famous equation.’ lt was found before the discovery 
of Euler’s equations by an argument which could be considered as an 
anticipation of the energy principle. For Bernoulli, no other potential 
energy than that of gravity would count; with U = pyz (2 pos. upwards), 
Bq. (9) would read 


vp 
(9a) gt ite const. 


Bemoulli’s equation is the most important theorem in clementary 
fluid dynamics and finds application in the solution of numerous technical 
problems of turbine design, aerodynamics, cic. The first term of Hq. (9) 
is the kinetic energy per unit of volume, the third term the potential 
energy of the external force, again per unit of volume. The pressure p in 
(9) appears, as it were, as the potential energy of internal forces that are 
active in the unit volume cell and account for the dynamic interaction 


*Daniel Bernoulli, Hydrodynamica, Strasbourg 1788. This work contains also the 


first attempt at a molecular theory of gases and the first treatment of the bending of a 
beam. (cf. 41). 
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between neighboring incompressible fluid elements. A deeper mathematical 
interpretation of p will be the object of the next article. 

Let us now illustrate the physical content of (9a) by some simple 
examples. Imagine a tank filled with liquid having an orifice at the level 
of the bottom. Let the free surface be z = 0 and the bottom z = —h. 
As long as the orifice is closed, » = Q everywhere in the tank and p = 0 
at the surface (where p denotes the overpressure relative to the atmos- 
phere). The constant in (9a) is then equal to zero, the pressure p = pgh = 
yh at the bottom and is identical with the hydrostatic pressure in 6. 
When the orifice is opened we may assume that, at the surface, » remains 
approximately zero so that const = 0 as before. But since p is now zero 
also at the orifice, Eq. (9a) gives forz = —h 


(10) v= ~/2gh 


as in the cage of a freely falling body. This is the well known content of 
Torricelli’s theorem.* 

Another example is the steady flow through'a horizontal tube of 
variable cross-section. Since the volume flux through each cross section is 
the same for an incompressible fluid, » increases with decreasing cross 
section and vice versa, as already observed on p. 84. (The present v is 
essentially the same as the axial component » there). According to (Ga) 
the pressure must exhibit the converse change; this is easily demonstrated 
if the tube is furnished with a series of vertical open manometers in which 
the liquid is allowed to rise. The levels in the manometer tubes indicate 
the variations of the pressure along the tube, showing smaller pressure 
when the cross-section is smaller. The comparison with the behavior of a 
crowd of people trying to force their way through a narrow passage is 
inevitable: the way the fluid does it is more rational. 

The following little experiment which can be improvised at any time 
may also serve as an illustration of Bernoulli’s equation. Put a piece of 
paper (say 2 X 2 inches) on your left hand and hold the second and 
third finger of your right hand closely above it. Blow now vigorously 
through the narrow slit formed by the two fingers against the center of 
the paper. Contrary to expectation, the paper is not pressed against the 
left hand but lifted toward the fingers of the right hand where it remains 
floating for some time. Explanation: the air that emerges between the 
fingers and the paper flows in a channel of Increasing cross section (ef. 
Fig. 15). Its velocity decreases, hence the pressure increases. At the end 
of the channel there is atmospheric pressure, po , hence the pressure in 


*Torricelli was a pupil of Galilei, ho lived before Bornoulli’s time and could not 
have used Bernoulli’s equation in obtaining this result. 
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the channel p < p, . Since underneath the paper there is atmospheric 
pressure po , a overpressure pp — p acts from below, or as one might 
also put it, there is suction from above. When this experiment is carried 
out on a larger scale with a jet of compressed air directed against a plate 
that is constrained to move normal to the jet, then the plate can be heavily 
loaded, e.g., with one’s own weight. 

In this experiment and in the preceding one we have applied Ber- 
noulli’s equation to air, although the formulation given in (9) is only 
correct for incomprossible fluids. Yet the crror caused in this way is not 
very great as long as the velocity of flow is not too large. In general, the 


Po Po Fia. 15. Suction produced by blowing against a 
piece of paper through the slit formod by two 
fingers. The paper is not blown away but lifted 


P<Po t t { P«Po toward the fingers. 
rere 
Po 


corrections due to compressibility are small when the velocity of flow is 
small compared to the velocity of sound (ef. 13, and Appendix). 

We have still to set up the generalized form of Bernoulli’s equation 
in the case of a non-steady flow. Accordingly, we drop assumption (8a), 
but maintain (8) (irrotationality) and (8b) (F has o potential). Now (8) 
is the necessary and sufficient condition for the expression udx + vdy + 
wdz to be a total differential, hence we may put 


(11) udz -+- wdy + wdz = —db 
and call $ the velocity potential. Then 
a a a. ney 
ae ’ ay ’ dz ’ 
or, more briefly, 
(12) v= — grad © and therefore also ~ =— madd = ‘ 


It will be noticed that the negative sign in (11) and (12) is uncssential:* 
it is put in only to maintain the analogy with the potential of « force as 
in (8b). 

Because of div v = 0, © satisfies the potential equation (3.17) 


(13) V's = 0. 
‘Its use has, in fact, beon discontinued by many authors. 
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On account of (8), (8b), and (12), Euler's equations (7) take now the form 


(14) grad (—p 224% 4+p4U) <0, 
ag 2 
which is integrated to 
od 1 1 
(15) — a + gt + @ + U) = const. 


Herc we have used the notation (3.9c) for the first differential parameter. 

Eq. (15) is the generalization of Bernoulli’s equation for non-steady 
motions. Like (9), it is a first integral of Euler’s equations, Since (15) is 
found by spatial integration of (14), the constant in (15) is certainly 
independent of +, y, z, but it may in general still depend on the time. 
In other words, const is a function of ¢ that has a uniform value for all 
points of the fluid. It must be found from the boundary conditions which 
may very well change with time. It will be noticed that this time de- 
pendence can be included in the definition of the velocity potential # 
since the potential equation (13) determines only the spatial, but not 
the temporal behavior of &. 

So far we have only considered the case of irrotational motion; the 
question remains what can be done in the more general case where curl ¥ 
4s r0t Zero. 

A glance at equation (7) shows that also in this case integration becomes 
possible if one integrates in the direction of a stream line, or, in the non- 
stcady case along the ficld line of the vector field v. When this is done, the 
integral over the second term of the Icft member of (7} vanishes since 
y X curl ¥ is perpendicular to ¥ and does not contribute anything to 
the integration. If we, moreover, maintain conditions (8a) and (8b)- 
(steady flow in a field of force that has a potential) Eig. (9) is still correct, 
but in a different sense: the constant on the right side has no longer a 
uniform value for the entire space filled by the fluid, but changes from 
one streamline to the next. We shall call the equation (9), if understood in 
this sense, the modified Bernoulli equation. Its ciaalacucaicaias for non- 
steady motion will not be discussed here. 


12. Derivation of Euler’s Equations from Hamilton’s Principle 
The Pressure, a Lagrange Multiplier 


There is no doubt that the concept of pressure in an zncompressible 
fluid presents certain difficulties to the physical understanding. The 
pressure is considered a variable of state, but is denied any influence upon 
the way in which the fuid occupies the space, a difficulty, which is not 
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present in a compressible fluid where the pressure determines tho density, 
We shall therefore try another approach toward understanding the con- 
cept of pressure in the case of an incompressible fluid, using the ideas of 
Hamiltonian mechanics. 
We subject the mass particles of our fluid in motion to a virtual dis- 
placement 
= 8f, dn, of, 


which must not violate, however, the condition of incompressihility, 
6 = 0 (1.24). The expression 


_ 95 | 98y , OF _ ; 
(1) 60 = Se + iy aa div és 


must therefore vanish. This can be taken care of by providing (1) with a 
Lagrange multiplier A and adding it to the integrand of Hamilton’s prin- 
ciple. This we write in the form of Eq. (83.10) of Vol. I and obtain*® 


(2) i at i; dr(aP + 8W +86) = 0. 


The integration with respect to dr refers to the entire volume of the fluid. 
The variation of the kinetic energy 87 and the virtual work of the external 
forces 5W refer to the unit of volume in the same way a8 50 in (1). Hence 
we have 


(3) T = Ey’, 87 = p¥- dv 
and obtain for the virtual work 
(4) sW = F-ds. 
In (3) we substitute for the actual velocity 
_ de 

= ~ dt 
and, accordingly, for its virtual variation 

s d 
4 j= 
(4b) v= bo = & as. 


We now transform the term 87’ by partial integration with respect to ¢, 
observing that 6s vanishes at the limits 4 and ¢, according to the opera- 
tional rules of Hamilton’s principle. Thus we obtain 


See Joffreys and Jeffreys, op. cit., 10.06. 
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ta $s d ta ay 
(5) / pvovdt = [ py: qi Os at = ~j pz, ° 8 dt. 


The last term in the integrand of (2) is transformed according to the 
relation 
d div (68) = div (és) — grad \- ds, 


On integrating and using Gauss’s theorem we obtain 
(6) J div (68) dr = fr bade — f grad d-08 de. 


The surface integral on the right side will be taken up eventually; right 
now we are only concerned with 


(7) [ a div (68) dr =». — f grad n- 58 dr. 
Totroducing (1), (4), (6) and (7) in Hamilton’s integral (2), we have 


(8) [ae f a (-o 8 + F - gmaa)-ss] + --- =0. 


Thanks to the introduction of the multiplier \ the variation 4s may be 
chosen arbitrarily within the volume element 7 and the time interval t 
to £, ; but, with arbitrary displacements, Eq. (8) can only be fulfilled, if 
the volume and the surface integral vanish separately. Thus the factor of 
és in the scalar product must be zero everywhere inside the domain of 
integration: 


(9) p+ grad = F. 


This is Euler's equation writien in the form (11.2) provided \ is identified 
with the pressure p; hence from the point of view of general mechanics, 
the hydrodynamic pressure represents the reacison against the condition of 
incompressibility, since 4 was introduced to eliminate that condition. 
This corresponds to the way in which \ was interpreted in the case of 
the spherical pendulum in Vol. I. Eq. (18.7) where the constraint was a 
rigid spherical surface on which the mass point had to remain. The multi- 
plier 4 turned out to be a measure of the force that keeps the mass point 
on the constraint.* In the present investigation, the condition of incom- 
pressibility has also been shown to have the character of a rigid constraint 
without energetic consequence; this may help to remove the difficulty 
associated with the concept of pressure in an incompressible fluid. 


Bee e.g., Joos, G., Theorctical Physics, Hafner, New York, 1934, p. 110. 
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We should, however, be able to base our argument on the usual form 
of the incompressibility condition and its variation 


{10} div v = 0. $ div ¥ = div gy = 0 
rather than on condition (1). Retaining the expressions (8) and (4) for 
éT and 6W, we rewrite Hamilton’s principle (2) in the form 
ay 
(11) [oat i da{ pv-8v + F- 38 +’ div av} =0. 
ty 


We have denoted tho multiplicr by »’ to indicate that it is not identical 
with our previous A (if for no other, then for dimensional reasons). We must 
now transform the middlo term in (11) so as to have the same independent 
variation dy everywhere. We put 


(12) F= / Fat 
and obtain 
[  aev-ss = - fo a¥eoy; 


in the last transformation Iiq. (4b) was used and the fact applicd that the 
terms, which occur in the partial integration and refer to the limits 4 
and f, , vanish as before in (5). When we also transform the term with 
the factor X’ as in (7), the volume integral in (11) becomes 


i dt f dr(py — F — grad )’)-8y. 


The same conclusion that leads from (8) to (9) leads now to 
(13) pv — F — grad’ = 0. 


It is only necessary to differentiate this equation with rospect to ¢ and to 
observe the meaning of F in (12), to reobtain Euler’s equations (9 is, of 
course, independent of ¢ because of the incompressibility). The result is 


dv = ; _ ay’ 
(14) os +gradp=F with p= 7 


In this argument the pressure is again givon by the Lagrange multiplier 
¥ although in « form different from the one we had before. This should 
not be surprising in view of the remark following (11). 

We still have to consider the surface mtcgral occurring in Eq. (6) 
which should give us the surface conditions required for the complete 
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determination of the pressure. On replacing } by p and és, by dy, the 
integra! reads 


(15) i p bv de. 


Before continuing, we wish to broaden the physical basis of this argu- 
ment by considering another expression of the same structure as (15) 
which takes care of the cohesion of the fluid. In doing so we must for 
once resort to ideas taken from molecular physics. The fluid particles act 
upon each other not only with the pressure p (a consequence of their 
permanent volume as we may put it now), they also interact with their 
close neighbors through short range attractive forces which have their 
origin in the electrical structure of the molecules. For an inner volume 
element these forces cancel each other because they are in average di- 
rectionally uniform. Not so for an element adjacent to the surface, where 
these forces add up to a resultant NV in the direction of the inward surface 
normal. If NV is referred to the unit of surface layer, the virtual work done 
by N in the displacement sy equals 


oW =m —N deo dy. 


Thus there appears in Hamilton’s principle in addition to the volume 
integral over W, in which the cohesive forces cancel, the surface integral 


(16) [ sw do = - [ N vde. 


This and the surface integral (15) (which resulted from the condition of 
incompressibility) can be written as one integral, viz. 


a7) [e- wae. 


According to Hamilton’s principle the time integral of (17) must vanish | 
together with the first term in (8), whense 


(18) [a fo-™ ma =o. 


The conclusions to be drawn from (18) can be arranged according to the 

following three types of possible boundaries: 

a) The fluid is bounded by a rigid wall. 

b) The fluid has a free surface; it is bounded by vacuum or air. 

¢) The fluid is bounded by another fluid, e.g., oil above water, but the 
boundary surface may have arbitrary shape. 
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a) A rigid wall prevents the fluid from moving perpendicularly to it; if 
this be true for the real motion, it must also be valid for the virtual dis- 
placement. Hence é&» = 0 and condition (18) is automatically fulfilled. 
The rigid wall does not provide a surface condition for the pressure. 

b) Ato free surface dy is arbitrary. Eq. (18) requires then 


(19) p=N 


for each element do of the free surface at any time ¢. 

c) At the surface of separation between fluid 1 and 2 with hydrodynamic 
pressures p, , 2, and cohesive pressures V7, , N; , we first require according 
to (18) that for any de and any t 


(20) (pr = Ny) 6v, + (De —_ N33) dv, = 0, 


However, the contact of the fluids must not be disturbed by the virtual 
displacements. In other words, there must be 


éy, = — dy, 


the negative sign originating in our convention about the direction of n. 
Thereupon (20) gives 


(21) P—Pe=Nyr, Nig = Ni — Ny. 


Along the surface of separation of two fluids there is a presaure difference 
caused by ihe cohesive forces. It depends on the nature of the fluids und on. 
the shape of the surface of separation, but is independent of the motion 
of the fluids. 

Thus not only the differential equations of the problem {in the present 
ease Iduler’s equations) follow from Hamilton’s principle, but also such 
surface conditions for the presyure as may be imposed, cun be found in 
the same way; this will be taken up again in 17 (surface tension). 


13. Euler’s Equations for the Perfect Compressible Fluid 
and Their Application to Acoustics 


The transition from statica to dynamics ia made as before in Li by 
adding the inertial resistance to the external force. We have found it an 
advantage in the compressible case, to refer the external force to the unit 
of mass rather than to the unit of volume, hence wo should do the same 
with the inertial resistance which is then simply —dv/di. Replacing P in 
the equilibrium condition (7.5) by P — dv/di, we obtain 


dy 1 
(1) art 5 rad p = P. 
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These equations supplemented by the equation of continuity (5.4) 
(2) 824. div (on) = 0 


constitute Euler's equations for the compressible fluid. The 7,p-relation 
may be represented by the sufficiently general polytropic relation (7.1). 
The pressure p as well as the density p do now depend on 2, y, 2, and i. 

In acoustics we are usually concerned only with small oscillations of 
the air. The difficulties arising from the non-linear terms (11.32) in Euler's 
equations can then be avoided: we replace 


dy ay 
det 
Quadratic terms must be kept, however, when we investigate, as in 37, 
shock-like phenomena such as occur in the firing of a gun. In the present 
case it is useful to take the normal atmospheric pressure p, as reference 
pressure for p; p will then not occur in (1), since it is constant in space 
and drops out if the gradient is formed, while » has the character of a 
amall disturbance of p, . As we neglect terms of second order, we may 
write py instead of p in (2) and in the second term of (2), o) being the normal 
density. In other words, wo consider p, the derivatives of p, and the 
components of ¥ as small quantities. Finally, it is permitted in acoustics 
to neglect body forces altogether, i.e., to set P = 0. 
Thus we obtain the simple system of equations 


(3) po a + grad p = 0, 

(4) 22 + pp div ¥ = 0. 

Instead of grad » we may write 

(5) grad p = (#) grad p=c'gradp, ci = (2), 


where the constant ¢ is related to the normal state of the atmosphere. 
On substituting in (3) we obtain 


(6) pos + c* grad p = 0. 


We are now ready to eliminate v from (4) and (6). Taking the partial 
derivative of (4) with respect to ¢ and substituting for p)dv/dt according 
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to (6), we obtain 
2 
(7) os = ¢' div grad p = Vp. 


The same equation is valid for p, since grad p, and therefore V*p and 
8"p/dé are equal to the corresponding expressions in » if the latter quan- 
tities are noultiplied with c” (cf. (5)}. Thus 


(8) 2% =c¢'V"p. 


The same differential equation also governs the velocity field. It is, of 
course, not the velocity v that satisfies equation (8), but the velocity 
potential 4, provided it exists, For, on putting ¥ = —grad © according to 
(11.12), (4) and (6) become’ 


3 =pV'S and po oe = ¢'p. 
Here p can be eliminated by differentiation as before, and the result is 
(8) % _ evs 
zy : 


Equations of the type (7), (8), (9) are called wave equations. They 
play a very important part in the fundamentals of mathematical physics 
in the form of the equation of the vibrating string (one-dimensional, V7 = 
97/82") or vibrating membrane (two-dimensional, V? = 3°/a2" +. 67/07’). 

Our present problem reduces to the equation of the vibrating string 
if we consider a process that depends on one coordinate only. Hq. (8), 
for instance, takes the form 


3° 2 O'p 
(10) rr © aa? 
The integral of this equation can be given in the form of d’Alembert’s 
solution 
(11) p= Fi@+ ct) + Fie — od), 


where F, and F, arc real functions, entirely arbitrary oxcept for certain 
continuity requirements (existence of first and second derivatives). In 
fact, any function of « + ct satisfies the differential equation (10); the 


TIn the second of the two following equations a “constant,” indapendent of x, y, 2 
but dependent on t should be added; it can be absorbed in the definition of @, however. 
(ef. p. 89). 
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game is true for a lincar combination of such functions thanks to the fact 
that we neglected the quadratic terms in Euler’s equations. 

Expression (11) is the general solution of the one-dimensional wave 
equation, since it cun be adapted to an arbitrarily given initial state. Let 
it be required that for § = 0 


p=fio, P= fio). 
Then we have only to make 


Pi) + Fiz) = fie), Pia) — Fi) = * fa(2). 
This gives directly 
(12) Fy o(z) = : (ray + : [ fx€) at). 


The result is illustrated by Fig. 16 in which f, = 0 is assumed. Half of 
the initial pressure disturbance f,(z) moves to the right and half of it 
to the left, both travel without change of shape (undistorted, as one says) 
with the velocity c. The physical meaning of the constant ¢ becomes now 
apparent; it is the velocity of sound. In Fig. 16 the initial disturbance is 


Fra, 16. Illustrating d'Alombort’s solution. The initial preasure distribution (solid 
curve at the ecnter) travels with constant velocity to both sides so that the ordinates 
of the two prossure hills are half the original ordinates, the width being the same, At 
first, the two hilis partly overlap, (dotted curve) lator thoy leave an undisturbed space 
between cach othor (solid curves loft and right). 


represented by the “hill” in the middle. A later state is illustrated by 
the half size pressure hills left and right. In terms of acoustics, the figure 
illustrates the propagation of a nerse; the initial disturbance may have 
any shape as a function of z, the pressure being the same at all points of 
& plane normal to x. Or, in terms of the vibrating string, the string is 
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plucked (rather, distorted into an arbitrary plane curve) at the time 
t = 0 and then left alone. In the latter case we should havo to complete 
the picture by adding the reflections that the disturbances suffer at the 
' ends of the (finite) string. 

Tn acoustics of speech and music one is not so much concerned with a 
single but with a periodically sustained excitation of the air. Denoting 
the pitch (= frequency) by » = 1/r and introducing w = 2ay, we assume 
F, and F, in the form of trigonometric functions 


P(x — ct) = a cos {ke — wt + a), 
(18) 
Py(x + cf} = b cos (ke + wt + 8). 


(a and } are amplitudes, a and § phase constants, & = w/e = 2x/d is the 
' wave number, that is, the number of waves on a segment of length 2m). 
The plane wave F, travels in the positive and the wave F, in the negative 
x-direction. A superposition of the two waves results in a standing wave 
if the amplitudes a, b are equal. Note the formula 


ok 
(14) aed le 


First we wish to learn something about the actual motion of the 
particles whose oscillations constitute these waves. According to (5), the 
gradient of p has the same direction as the gradient of p, that is, the 
=-2-direction; the particle acceleration dv/d¢ points in this direction at 
any time according to (6), hence the vector v has the +2-dircction. 
The direction of the oscillations coincides therefore with the direction of 
propagation (or with the opposite direction, depending on the phase): our 
waves are longitudinal; transversal waves do not exist in perfect fluids. The 
process illustrated in Fig. 16 is, of course, also a longitudinal wave. 

Complex notation of periodic phenomena is the most convenient sym- 
bolism and very widely used today. When complex exponentials are 
substituted for the trigonometric functions, solution (13) takes the form 


Agere” : A - ae’*, 
(15) 


Bg eater. B = be **, 


Physically meaningful is, of course, only the real part of cither expression; 
it agrees with the corresponding right member in (13). This leaves the 
sign of ¢ still undetermined; it hag been chosen in (15) so as to make 
the time dependent term in both expresyions equal to e *“*. One may even 
suppress the time factor altogether, and obtains then the following symbols 
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Ae*™, 5, plane ware traveling in positive z-direction 
15a) 
Be“, a plane wave traveling in negative x-direction 

This representation is valid for pressure, density and velocity potential 
with the correspondingly changed meaning of A and B. It will contribute 
greatly to shorten our formulas in Chap. V. 

We atill have to say something about the numerical value of the sound 
velocity. Under the assumption of an isothermal change of state the poly- 
tropic exponent » equals 1. Then from (7.4) 


dp _ Po 
ap Po’ 
and by (5) 


(16) = af. 


On the basis of standard pressure and temperature we have (p. 44) 


po = 1033 x 981-1298 x 10°, 


cm sec 
and consequently 
_  {Lol2 scm mm 
oot 1,203 * a” sec 0 a0 : 


Newton had already obtained this value which is much too small. The 
theoretical formula upon which he based his calculation is 


Klasticity 
ue e=N Density ’ 
which requires some clarification. Actually, the term elasticity means in 
the present case the same as modulus of compression. For an elastic solid, 
this is givon by (9.13); the corresponding definition for a gas would be 


Pp 
| 42 | 


or, 


(16b) cs Ze. 
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Thus (16a) becomes 
— ./P _ .j(oP 
= Ndp \(@),. 


in accordance with definition (5). 

The question arises, however, whether the assumption of an tsvthermal 
change of state can be justified. It was Laplace who first noticed that 
heat exchange between the fluid particles should be practically impossible 
because of the rapidity of the oscillations; hence the change of state should 
be considered adiabatic. The polytropic exponent is then no longer 1 but 
1.4 (p. 50) and we have from (7.1) 


a (i) 92. 


The value of the velocity of sound takes up the factor +/1.4 and turns 
out to be 


(178) ¢ =+/14 X 280 = 832, 


in satisfactory agreement with the experiment.” 

In conclusion we wish to generalize d’Alembert’s method of intc- 
gration for a spherical wave. Let the origin of the wave coincide with the 
origin O of a system of polar coordinates r, %, », and assume a spherically 
symmetric distribution of pressure (no dependence on # and ¢). The ex- 
pression for V*p (problem I, 3) is then 


vp = 32) 
and equation (8) takes the form 


ep = oD 


Exactly as in (11) the integral is 
rp = Fi(r + ct) + Py(r — ct). 


Any distribution of » and ap/at given for t = 0 and r > 0 can be repre- 
sented according to this formula and continued for ¢ > 0; the values of 
F, for negative argument must be adjusted so as to keep p finite for r = 0, 


"This difference in the two values of ¢, which is due to a difference in A, illustrates 
woll the fact that the paramotera of clasticity depond on the character of the change of 
atate (seo end of 9), 
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Here again, we are mainly concerned with the periodic case which we 
now write according to (15), but without the time factor e~""' 


(18) p= ae and (18a) p= 2 ee reapectively. 


The same representation is valid for p and @. Since the gradient of © 
coincides with the r-direction the oscillation is longitudinal also in this 
cage. 
Eq. (18) represents an outgoing spherical wave: the spherical surfaces 
of equal phase kr — wt = const travel away from O with a phase velocity 
dr # ae 
dt k : 
Such a radiation process can be considered as produced by a pulsating 
sphere at 0. 
On the other hand, (18a) means an incoming spherical wave. The 
surfaces of equal phase —kr — wt = const travel with the velocity 


a 

at ko 
toward the origin, but this radiation pattern can hardly be realized phy- 
sically. 


Appendix 
Comparison of Compressible and Incompressible Flows.” 


Since the analysis of flows of compressible fluids presents much greater 
difficultics because of the variable density, the question arises: when 7s zt 
permissible to consider a compressible medium as incompressible within given 
limits of accuracy? This means that a certain prescribed error is admitted 
for the quantity of interest which may be either p or p or ». 

We restrict the following discussion to steady flow and start from the 
equation of continuity. Cross-sections of stream filaments in the com- 
pressible case do not change in the same way as in the incompressible case, 
which is a consequence of the different form of the continuity cquation, 
viz., div (pv) = 0 according to (5.4). On integrating the divergence of the 
mass flow over 4 strcam tube between the small cross-sections ¥ and F, 
avsumed to be orthogonal to the streamlines, one obtains by Gauss’s 
theorem 

*Cf. alao Prandtl-Tictjons, Fundamentals of Hydro- and Acromechanics, McGrayw- 
Hill, New York, p, 224, 
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(19) pie = Pol Wo = const = M 


where », v) and p, po are the absolute velocity and density values at F 
and Fy . 
In the incompressible case, (19) reduces to 


(19a) Fu = Fyv, = const = V. 
The quantities M and V in (19) and (19a) are the mags flux and the volume 
flux through the stream tube. 


We now compute the pressure in the steady flow of 4 compressible 
fluid and compare it with the pressure in an incompressible flow. Ber- 
noulli’s equation (with no other body force than gravity) is according to 
(11.98) and (7.6b) 


Lia _ a * dp 
(20) 5 — a8) + oho) + | B= 0 
but in an incompressible medium one would have instead of (20) 
(208) 5 Ot — ad + gh — he) +2 =P = 0, 
The quantities without subscripts refer to an arbitrary cross-section of a 
stream tube while the subscript 0 denotes the reference cross-scction of 


the same stream tube, The evaluation of the integral in (20) according 
to the polytropic assumption p = Cp” yields 


[2-5 -3)- 4 8[(ey"-1] 
- 2B (E)” - 1} 


% — 1 po 
Substituting this in (20) and solving for p, we obtain first 


(21a) p=pl1-2=4 . Loft (v* = + ohn} 


(21) 


{n-1) 


If we assume 


(21b) 50°) + oh — te) < BSB, 


we may expand the right member of (21a) according to the binomial 
theorem and have 


(210) p= m1 - 242 (y? - 0 + oa - ny} +284 peel 
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If all but the lincar term of the series are neglected, one reobtains the 
result (20u) os one would expect. 

Let us now estimate the error in the important case of the flow past 
o rigid body. The reference point 7 , vo is assumed to be at a great distance 
from the body, and differences in altitude are from now on neglected 80 
that k = hy . With o view to the later Figs. 46 and 48 we compute the 
pressure p at the stagnation pomt or simply the “stagnation pressure”’ 
p — po . Since v = O (ef. also the definition of the stagnation point in 
(29.7)], we obtain from (21c) 


1 1 
PD — Po = 5 pth + 5 Oe ... 


Here we introduce the sound velocity associated with the polytrope under 
consideration. At the reference point which we identify with what was called 
the normal state in (13.17), the sound velocity is 


(aid) co = f(B) = yn®. 


‘Thus the previous equation takes the form 


(22) p- m=} oat 2 = +}, 


and can be compared with (20a), which we now write 
1 
(22s) PD — Po = 5 pot - 


The error incurred in computing the stagnation pressure from (22a) 
instead of from (22) amounts to 1% at the most if % 3 0.2c . In the 
case of stundard air (n = 1.4, co = 332m/sec) this means %» S 66.4 m/sec; 
if, on the othor hand, an error of 10% is admitted, v) should be kept 
umaller than 0.63c, = 209 m/sec. These estimates have been carried out 
on the basis of the quadratic term in (22). 

The change of density associated with the pressure change is obtained 
from (21a) by the polytropic relation. The analogous expansion yields 


(23) p = o(1 5a + ---). 


We now determine the change of » along the stream tube. In the in- 
corapressible case (20a) gives with kh = ho 


(24) p= af + 202 with Ap=p—? and p= pp. 
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On the other hand, (20) gives, with the last value of the integral (21), 


(24a) y= ne + ——— 7 sd E -(@)r""] 


in the compressible case. On putting again p = p, — Ap and expanding 
as before, one has 


(24h) v= fh + 2 tip (s Lie zy} 


which agrees with (24) except for the quadratic term in Ap. 

Returning once more to the stream tube cross-section in Tiqs. (19) and 
(19a), we obtain by logarithmic differentiation of the equation of con- 
tinuity (19) 


do , oP dv _ 


Bernoulli’s equation (20) with 4 = hp can also be written in differential 
form, viz. 


(26) v dy + ae = 0, 
and so ean the polytropic equation: 
dp, 
2 = : 
(27) pee 


On substituting for the differentials dp and dp in (25) from (27) and (26), 
one hus 


a FB -§) -B(1-3) 


Note however that ¢ is now the sound velocity at the crogs-section of 
interest, #. The corresponding relation for the incompressible case is 
obtained by putting dp = 0 in (27), or ¢ © in (28): 


dF d 
(282) oF 
Comparison” of the two results shows first that the laws govering the 
change of cross-section are practically identical as long as » < ¢, similarly 
to the laws for the pressure changes given in (22) and (22a). But Eqs. 
(28) and (28a) allow another important conclusion to be drawn. Fer an 
encompressible fluid, di? and dp have always the same sign, i.c., the cross- 
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section enlarges with increasing pressure and becomes smaller with decreasing 
pressure. For a compressible fluid this is only true if v < ¢, i.c., in subsonic 
flow. In supersonic flow (v > c) the cross-section enlarges with decreasing 
pressure and becomes smaller with increasing pressure. It is this fact that is 
responsible for the fundamental difference between supersonic and sub- 
sonic flows of compressible fluids, a difference which does not exist for 
incompressible fluids for which the sound velocity is infinitely large ac- 
cording to the definition ¢ = +~/dp/dp. We also infer from (28) that the 
cross-section of a stream tube has an extremum when the sound velocity 
is reached (v = c), and we can easily see that it must be a minimum. 

Formulas (19) and (19a) play an important role in hydraulics. They 
serve to determine such flow cross-sections as occur in piping systems, 
valves, turbine bladings, etc. Eqs. (24) and (24a) serve to calculate 
the velocity of discharge from the nozzle of a pressure tank where pp is 
the (constant) inside pressure and p the (constant) external pressure; 
vo may be assumed ~ 0 in good approximation.—Formula (24a) is named 
after de Saint-Venant and Wantzel (1839). 

The Laval”® nozzle is of particular interest in this connection. It serves 
to change energy of high pressure and low velocity into energy of low 
pressure and high velocity as any nozzle does, but the peculiar feature of 
the Laval nozzle is that the velocity of discharge can exceed the sound 
velocity. In accordance with our results, its design must be such that 
the cross-sections decrease until sonic speed is reached and then increase 
again. 


14. Dynamics of the Elastic Body 


The dynamic equations of the elastic body follow again from the static 
equilibrium condition by adding the incrtia force to the external force F. 
Displacements in a solid can always be considered as small (only at the 
yield point, that is, beyond the limit of purely elastic behavior consider- 
able displacements occur, cf. 39). The material derivative may, therefore, 
be identified with the local derivative and the inertia force per unit of 
volume becomes — d7s/at", where 8 = it +- jn + ke. 

Writing the static equilibrium condition in the form (8.12), we obtain 
as the differential equation of elasticity 


3s F 
(1) pa = Dive + F, 


®Devised by the Swedish engineer de Laval, who also invented a good separator and 
the first usable steam turbine, 
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or, spelled out in Cartesian coordinates as in (8.11), 


3 
ain I : a ees 
poe = Mey My et p,, 


Oy 
3° ] ry 42 ~~ H 3 z 
(1a) psa = a + 7a + tt Fe 


ay das, Sous 
p a= a ig ee ea 


Using, however, form (9.18) of our fundamental equation which is prefer- 
able for what follows, we obtain the elastic differential equation in the 
form 


(1b) »2$ = QtrAgadO+sV°s+F, 0=diva. 


This equation refers to Cartesian coordinates; a more general equation is 
obtained when one starts from Eq. (9.19) imstead of (9.18). 

We are here mainly interested in free oscillations, therefore put F = 0. 
From (1b) it follows directly that there will be waves of dilatation as well 
as of distortion, the first having longitudinal, the latter transversal character. 

Waves of dilatation. On taking the divergence of every term in (1b), 
we obtain 

Cas} 


pap = (ue + )V"O + w div V's 
and may replace 
divV’s by V' dive = V’O. 


In this way we obtain the a scalar equation 
2 
(2) p28 = (Qu + NV 8. 


By comparison, e.g. with (13.8), the velocity of propagation of the waves of 
dilatation, which we denote by a, is seen to be 


(3) a? HED 
p 


For a one dimensional or spherically symmetric state the periodic solu- 
tions obtained by d’Alembert’s method (13.11) for the infinite elastic body 
are of the form 


(4) ec or iF e”, k=®, 
r a 
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They are plane or spherical waves with circular frequency w that travel 
with the constant velocity a. 

Waves of distortion. On taking the curl of Eq. (1b) term by term and 
putting as in (2.19) 


curl s = 26, 
Eq. (1b) yields because of curl grad = 0 
3 
(6) pot = pvt. 


Here $ representa in magnitude and axis the angle of torsion of the volume 
element under consideration. Comparison with (13.8) shows that the 
velocity of propagation of the waves of distortion, which we denote by 8, 
is given by 


(6) ae. 


This is the reason why Lamé’s modulus x» is sometimes called the torsion 
modulus, as already mentioned on p. 68 Again d’Alembert’s method 
gives plane and spherical waves that are represented by (4) in the same 
way as the compression waves, provided that the wave number & is now 
w/b. The comparison of (3) and (6) shows immediately that 
s 

a> b, since pratt FHS, 
as for the last term, ef. (9.11). For iron with » about 0.3 (see p. 65), we 
obtain a/b = +/7/2 = 1.87. 

The moaning of this is obvious: the elastic resistance of solids against 
changes of volume is considerably larger than that against changes of the 
relative orientation. The absolute value of 6 in a solid is, of course, still 
much larger than the sound velocity ¢ in air. With the data of pp. 665, 
68, and with p = 7.8gr/em®* for iron, the value of 6 is found to be 
$100m/sec. Both formulas (3) and (6) for a and 6 can be subsumed under 
Newton’s rule (13.164), provided the term elasticity is suitably specified 
in cach case. 

The compressional waves and the waves of distortion considered here 
arc tirce-dimensional waves progressing in an elastic body without bound- 
aries. In addition, there exist surface waves that are bound to the free 
surface of the body and have a special importance for seismic phenomena; 
thoy are dealt with in 45. The surface waves travel more slowly thun the 
three-dimensional waves, that is to say, the earth puts up more clastic 
resistance against the latter than the former. They constitute the principal! 
parts of the observed earthquakes, while the three-dimensional waves that 
arrive earlier are obzerved as preliminaries. 
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15. The Quasi-Elastic Body as Model of the Ether 


In 19th century physics, a material carrier was assumed for the optical 
phonomena, equipped as far as possible with the properties of ordinary 
clastic bodies. This construction, however, led to difficulties even in the 
most elementary problem of reflexion and refraction, about which more 
in 45. As early as 1889 MacCullagh tried to drop the connection with the 
ordinary theory of elasticity with the aim to develop a representation of 
optics that would be free of the difficulties mentioned. It turned out later 
that his theory agreed formally with Maxwell’s electro-magnetic optics 
(1864), in particular as far as the optics of transparent bodies is con- 
cerned. The following remarks should be considered as an interpretation 
of MacCullagh’s equations. 

Let us go back to the beginning of 1. There the gencral locomotion of 
a continuous medium was decomposed into the three parts of translation, 
rotation, and deformation. The elastic body responds to a deformation 
with a stress tensor which is determined by the deformation tensor; it is 
not sensitive to rotation (and, of course, not to translation). We now try 
to imagine a “‘quasi-elastic” body, supposedly insensitive to deformations 
but responsive to rotations relative te absolute space! Since the rotation has 
the character of an antisymmotric tensor (1.12a) we shall assume that 
the stress acting on the volume element os a result of the rotation is also 
an antisymmetric tensor, as indicated in the following array: 


0 Try Cr; 
(1) Tye 0 Gus |; Ci = “Ones 
Cus Try 0 


The streas-rotaiion relation here assumed is illustrated in Tig. 17. Let 
the volume clement Ar be twisted through the angle ¢, (indicated by 
the right hand screw arrow about the positive z-uxis). To produce or 
to maintain this rotation wo need—this is our hypothesis-a moment 
about the z-uwxis 


(2) M, = ke, Ar. 


The quantity & could be called the “twist modulus” of the quasi-clastic 
body. ‘The moment is associated with two shear stresses o,, und —o,, 
across the positive z- and y-surfaces and with corresponding anti-parallel 
sheur stresses across the negative z- and y-surfuces, all indicated in the 
figure. In order to be in accordance with (2) and (1) we have to put 
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Fia. 17. Strain and rotation in the Ay fete 
“quasiclastic” body. 


. Or 


@) buy = 0m = Ee. 


This assumed, the moment originating at the two z-surfaces (see the 
analogous argument that accompanies Fig. 10) is 


Az ek 
2o2zyAyAz - ies 3 esAr 


and the moment originating at the two y-surfaces 


— 2¢,,Avdz + = = K o,br, 


so that the total moment is in fact that of equation (2). By rotation of 
the letters we obtain from (3) 


k k 
(3a) Fve = Ory = 5 Pz Ter = Ore ™ 9 My - 


The equation of motion of the quasi-elastic body follows now from (14.1a). 
In applying this cquation we have to assign inertia to the volume element 
of the ether and to consider its displacement as amall, since we previously 
neglected the quadratic convective terms in putting du/di = du/di. We 
also disregard any external forces (F = 0). In this way we obtain from 
(14.1a) with the use of (3) and (8a) 


& 


pM am Sees Bees — E (ten _ 2s) 
at oy oz 2\dy az 7? 


or, written in vector form, 


k 
(4) Pa = g curl &. 
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This is the equation of motion of the ether; it must be supplemented by 
the relation between ¥ and the angular velocity @, which reads 

o 1 
(5) a 8 curl ¥ 
where wo = do/dt was replaced by 06/dt. As a further assumption we add 
the incompressibility of the ether; we also note that §, being the curl of 
the displacement vector, has no divergence. Thus v and $ are subject to 
the following conditions 


(6) divv=0, divée=0. 

The system of equations (4), (5) and (6) is of impressive simplicity 
and symmetry. It is formally identical with Maxwell’s equations for the 
empty space! 

Before elaborating this statement, let us introduce the following 
notations: E = electric field strength, H = magnetic field strength; a, 6 = 
factors of proportionality that depend on the choice of units for E and H. 
Now we put 


either = =8) Y= +oeK, § = +6H, 


or b) Y= -toH, § = fE. 


The signs in these equations depend on the signs chosen for the units of 
the electric charge and magnetic pole strength. Eqs. (4), (5), and (6) 
assume then the form 


dE 


© 5, = curl H, div E =0Q, 
(7) 
no 2 = — owl E, divH =0 


for the choice a) as well as for the choice b), The abbreviations «) , wo arc 
known as the dielectric constant and permeability of the vacuum; in our 
notation they are given by 


(a) 0 = £2, My = 2, 
— 2 e _ 28 
(b) Me EB? A 


Their product is independent of the choice of the units a, 8, since we have 
in either case 
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@) tm = 2 m8, 

The quantity ¢ defined in (8) has, physically, the meaning of the velocity 
of light in vacuum. It can. be included in Newton’s mule (13.16a) in analogy 
to the sound velocities in 13 and 14, when the word elasticity is given 
the meaning of one fourth of the “twist modulus” k. 

It is by no means our intention to assign any physical reality to this 
“ether model’, Physicists had convinced themselves by the turn of the 
century that all attempts at a mechanical explanation of Maxwell’s 
equations were doomed to failure. What we mean here is not a mechanical 
explanation but, at best, a mechanical analogy. Maxwell’s equations are 
among the fundamentals of the electrical theory of matter, so one should 
not expect that they can be derived from the macroscopic properties of 
ponderable bodies. On the contrary, they seem to stem from the same 
root as general gravitation, that is, from the space-time metric, according 
to a recent paper by Schrédinger.”* Our remarks, however, may have 
some justification inasmuch as they show: if we were to construct an 
“ether” as a substratum for Maxwell’s equation, then we would have to 
furnieh it with qualities that are diametrically opposed to those of ordinary 
matter, viz., an absolute directional orientation relative to space in constrast 
to the relative orientation of the volume elements toward each other possessed 
by elastic bodies. 

The following historical remark may be of interest. In an extension 
of MacCullagh’s ideas Lord Kelvin,” in the eighties, developed the con- 
cept of the quasi-elastic or, as he sometimes put it, “quasi-rigid” ether. 
He was not satisfied, only to postulate an ether with reactive responses 
(2), but attempted to construct a gyroscopic model that actually would 
react in the required way. As is well known, a fast spinning top can be so 
arranged as to acquire directional stability and will then respond to 
fairly strong moments with small angular changes only. But an ether 
model, based on gyroscopic effects, becomes desperately complicated. 
Each volume element has to be equipped with several tops that must be 
oriented relative to each other in such a way that the desired rotational 
stiffness is achieved not only for one but for all three axes. A construction 
as complicated as that, would be the only way to realize a “‘gyrostatic”’ 
ether. 

Lord Kelvin took the point of view marked by a) on p. 110 and corre- 
lated the “twist” of his gyrostatic ether to the magnetic vector H. He 


ufi, Schrédinger, Proc. R. Irish Acadomy 49, 43 (1943). 
BRir William Thomson (Lord Kelvin), Mathematical and Physical Papers, Vol. 3, 
Art. 49, 50, 52. 
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did not commit himself to a definite interpretation of the clectric vector 
E, thus abstaining from a complete mechanical representation of Max- 
well’s equations. There is no doubt that standpoint a) is physically more 
evident, since H has the character of an axial vector like 6, while E possesses 
that of a polar vector like v. On the other hand, standpoint b) seemed to 
recommend itself because it took care of the pure ether and the insulators, 
but alse left space for the conductors in the quasi-elastic picture.”* It was 
Boltzmann™ who pointed out the difficulties involved in standpoint b) 
which are caused by the existence of the true electric charge. Disregarding 
the electrodynamics of conductors, we shall only pursue assumption a) 
somewhat further in the following. In 20 we shall come back to the corre- 
lation b) in connection with Helmholtz’s vortex theory. 

For the ponderable insulator the two principal equations (7) are still 
valid as in vacuum, only the values ¢) , zo must now be replaced by «¢, x. 
The divergence conditions, however, undergo an essential change. In- 
stead of div H = 0 we have now 


(9) divB=0, B = gH = magnetic induction 


and we would therefore correlate B rather than H with the rotation $4, 
which would‘introduce no difficulty. On the other hand the condition 
div E = 0 must be altered into 


(10) divD=p),, D = & = dielectric displacement. 


Here p, is the spatial density of the true electric charge. When we now 
correlate D instead of E to the flow velocity v and set up suitable relations 
between the constants ¢, » and &, p, a, 8 we are still able to obtain complete 
formal analogy with Maxwell’s equations for the ponderable insulator. It 
is clear, however, that tho existence of the true charge causes difficulty 
also for the standpoint a), if it is desired to maintain the incompressibility 
of the ether. There is, of course, a mathematically permissible but phy- 
sically rather drastic remedy for this difficulty. One simply prescribes 
that the quasi-elastic fluid leaves or centers the field at points that carry 
true charges according to the signs. Where the fluid gocs or whenco it 
comes is left in the dark. As an apology for this assumption one could 
quote the example of the great Bernhard Riemann” who makes the same 
hypothesis in an attempt at a theory of gravitation and cloectrostatics, in 
his paper: “Neve mathematische Prinzipien der Naturphilosophie”’, but 


BA, Sommerfeld, Ann. d. Phys. 46, 189 (1892). 

4],. Boligzmann, Ann, d. Phys. 47, 743 (1802), and Vorlesungon tiber Maxwells 
Theorie, Leipzig 1893, Vol II, 1, p. 6. 

16Ges. Worko, 2nd od., Teubner, Leipzig, 1892, p. 528. The papor was written 
shortly after Riemann had obtained tho doctorate, and published posthumously. 


[III.16] DYNAMICS OF DEFORMABLE BODIES 113 


it seems to be more correct to admit that no mechanical or quasi-me- 
chanical picture is a suitable representation of the fundamental fact of 
the electric charge. 


We shall have no reason to come back in Vol. III to the model of the 
ether discussed here. The electric charge and the structure of the electro- 
magnetic field must be accepted as entities that transcend mechanics. 


16. Dynamics of Viscous Fluids. Hydrodynamics and Hydraulics. 
Reynolds’ Criterion of Turbulence 


In order to set up the general equations of motion of viscous fluids, 
we have to introduce the inertia force in the equations of uniform motion 
(10.8a,b). F must be replaced by 


dv ov 
F - a lt AZ + (grad) vp. 
In this way we obtain the Navier-Stokes equations” 
av 
(1) pa, t ov grad) v — wav + grad p = F 


which are written here in pseudo-vectorial form. In order to put them. in 
invariant shape one has to make use of Eqs. (11.6) and (3.10a), viz. 


2 
(¥ grad) ¥ = grad > —v xX curly 


and 
Vv = grad div ¥ — curl curl ¥. 


Kiq. (1) has to be supplemented in the incormpressible case by 
(la) div ¥ = 0. 


In the case of compressible fluids, (1a) must be replaced by (5.4); at the 
game time the additional term — (yu + A) grad 0, that is —(u + A) grad 
div v, has to be added to the left member of (1) according to (10.22). 
Today we consider the Navier-Stokes equations as fundamental for 
the entire theory of fluid flow. Engineers throughout the 19th century 
were, on the contrary, convinced that there was a big discrepancy he- 
tween theoretical hydrodynamics on the onc side and hydraulics on the 
other side. It was the British engineer and physicist Osborne Reynolds 


WNavier, 1822, Stokes, 1846. 
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who bridged the gap with his profound experimental” and theoretical’ 
investigations. 

He experimented with glass tubes of various diameters at varying 
pressure gradients which amounts to changing the average velocities of 
the flow. (Average velocity means here the mean value of the velocity 
with respect to the cross-section.) Introducing a colored fluid filament into 
the entrance cross-section he observed the behavior of this filament 
throughout the tube. At small diameters and not too large average ve- 
locities the colored filament remains straight and parallel to the axis of 
the tube. At a larger diameter or larger velocity there appear irregular 
deviations that have a tendency to fill the whole tube. The initially straight 
filament becomes fuzzy and finally indistinguishable. In the first case the 
motion is called laminar (proceeding in regular laminations as in the 
Hagen-Poiseuille flow), in the last case it is called turbulent, aa suggested 
by Reynolds. 

Reynolds would not have been able to bring order in his experimental 
results, if he had not considered them from the point of view of a “law 
of simalsiude.”” Considerations of this character already appear in the first 
beginnings of western physics, as in the work of Galilei.’® Generally 
speaking, they consist in the comparison of two experimental arrange- 
ments differing only in scale. 

In our case, consider two tubes of radii a, and a, . Putting 


(2a) ‘ i = XG ’ 


the number a is the change of the scale of length in the transition from 
experiment 1 to experiment 2. It pertains not only to the radii, but to 
all dimensions of length, such as’ the coordinates of two “corresponding 
points” in the two tubes. Any two such points are thus connected by 


tg = om, Ys = OU, a = am. 


The average velocities in corresponding cross-sections being », and v, , 
we put 


(2b) v, = Py. 


TAn Experimental Investigation of the Circumstances which determine whothar 
the Motion of Water shall bo direct or sinuous, and the Law of Rosistance in Parallel 
Channels, Phil. Trans. R. Soe. 174 (1883). 

#®0n the Dynamical Theory of Incompressible Viscous Fluids and the Determination 
of the Criterion, Phil. Trans. R. Soc. 186 (1895). In connection with this H. A. Lorentz, 
Ges. Werke, Vol. I, Leipzig, p. 43. 

*In his last work “Discorsi e Dimostrazioni Matematiche,” 1638, 
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The dimension of velocity being length/time, the number 8 determines 
also the change of the time scale in our transition; this change is evidently 
«/B8, according to (2a) and (2b). In addition we allow the two tubes to 
carry two different liquids of different density and viscosity and put 


(2c) Pa = YP1 - 


The factor y defines the change of the mass scale which is -ya* because of 
(2a) and (2c). 

It is more convenient to use instead of the coefficient of viscosity pz 
the kinematic viscosity v defined by 


r= E . 
p 
Again we put 
(2d) vy = by, . 
We finally compare the pressures in corresponding cross-sections by setting 
(2e) Po = ¢P - 


Obviously, « could be expressed by a, 8, 7, because of the dimension of p. 
We now write Eq. (1) after division by p once more in a schematic 
way and omit the external force which is here immaterial: 


(3) accoleration —»V°y + : grad p = 0. 


The dimension of the acceleration term may be written cither as velocity/ 
time or velocity’/length. In the transition from (1) to (2), this term takes 
up, according to (2a) and (2b), the factor 

8° 
(4a) pa 


according to (2h) and (2d) the second term of (8) takes up the factor 


(4b) sf, 
since the repeated differentiation with respect to the coordinates oc- 
curring in V7¥ means obviously a repeated division by a length. The 
change of scale in the last term of (3) is finally [by (3), (2a), (2c), (2e)] 


le 
ya" 


(40) 
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Suppose now, Eq. (3) is obeyed by the flow in the experimental ar- 
rangement 1. If it is to be obeyed also by the flow 2, the ratio of the three 
factors (4a, b, c) must be equal to one: 


(5) Engh leat isd, 


a ya 
This amounts to the following two relations: 


(5a) me = (5b) “eo I. 


The meaning of (5a) in terms of the experimental parameters involved is 
because of (2a, b, d) 
(6) at a 8 


¥y Vg ° 


Similarly, (5b) leads by (2b, 6, e) to 


— 

(7) Pay = Bs 

Eqs. (6) and (7) constitute the results of Reynolds theory of similitude. 
In the literature the term Reynolds criterion is usually applicd to equation 
(6) only, although (7) is a part of it as well, as we'have just seen. It is 
the two relations together that furnish the necessary and sufficient condi- 
tions of hydrodynamic similitude. In what follows we shall make ex- 
tensive use also of equation (7). 

If these two criteria are satisfied, the flows 1 and 2 are either both 
laminar or both turbulent, since the experimental arrangement 2 is 
nothing but a “mechanical image” of 1 on a different scalo. 

The dimensionless expression defined by (6) is known as Reynolds 
number and denoted’ by R: 


(8) : ==, 


¥ 


where the length a may designate any linear dimension charactoristic of 
the experiment (such as a distance of two plates, a depth of a channel, 
radii of falling spheres, ete.). The number defined by (7) will be denoted 
by & so that 


(9) s=5. 


™Somotimes denoted by Re. 
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The transition from laminar to turbulent flow in particular is a me- 
chanically similar event for the tubes 1 and 2 which is therefore char- 
acterized by the same numerical value of X. This is the critical Reynolds 
number: 


va 

(10) Raris = (“ ps, . 

Ite value is rather sensitive to the particular form of the entrance section 
of the tube. When a well rounded entrance section in the form of a trumpet 
bell is used, a laminar flow is established from the start and stays laminar 
up to rather large values of #. If the fluid enters the tube from the tank 
through a straight, sharp edged connection, the initial flow is disturbed 
by lateral components which are not damped out by friction at once; 
the transition to full turbulence occurs then at a comparatively low 2. 
The critical Reynolds number is between 1200 (very irregular inlet) and 
20,000 (mouth piece with a well-rounded fairing). Thus our statement 
regarding the constancy of the critical Reynolds number should actually 
be restricted to flows with similar initial conditions. 

The question arises: what is the cause of the transition from laminar 
to turbulent flow and vice versa? Our treatment of the laminar flow in 
capillary tubes on p. 78ff docs not point to anything like a limitation of 
the flow pattern to small diameters or small velocities; on the contrary, it 
appears that the Hagen-Poisouille flow is a possible form of the motion 
under all circumstances, but no longer stable if 2 > R,,,, . Thus Reynolds's 
criterion appears as a stability eriterion dictated by experience; the fol- 
lowing remarks should help to bring it closer to our physical under 
standing: 

Viscosity tends to smooth out lateral components either initially 
present or produced by the roughness of the tube, it thus favors the laminar 
pattern. The inertia of the fluid requires the conservation of such side 
components once they have come into existence, thus it acts in favor of 
turbulence. In the static treatment of the capillary flow in 10, there was 
no inertia, and side components wore entirely out of consideration; thus 
it appeared as if the resulta obtained there could be extended to arbi- 
trarily large tubes and arbitrarily fast flows. Note also the antagonism 
between viscosity and inertia that becomes apparent even in the structure 
of the expression » = y/p which occurs in the denominator of (8): An 
increase of x permits one to inercage the value of va without leaving the 
region of stability; increasing p diminishes that value and favors turbulence. 

This view is also in accordance with the apparent lack of definition 
of the transition point, a fact that could be compared with the well known 
thermo-dynamic phenomenon of super-cooled water. Water can be cooled 
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below O°C without freezing provided that it is left entirely undisturbed, 
Stmilarly, the regime of the laminar flow éan be extended to larger # by 
carclully avoiding the production of lateral components at the imlet or 
or by the roughness of the wails. 

In order to decide whether there oxists at all a sharply defined ideal 
value of the critical Reynolds number one would have to proceed as 
follows: one studics the flow in a sufficiently long tube with sufficiently 
smooth walls at a sufficiently large distance from the inlet. Initial flow 
irregularities in the region of tho inlet will have enough time to attenuate 
in the stable case without the interference of side components newly 
created at the wall. If now at certain R-values laminar and at other R- 
values turbulent flow is observed and if the upper limit of the former 
R-values agrees with the lowor limit of the latier R-values, the common 
limit would appear as the ideal value of &,,,, ’ Such an experiment can- 
not be carried out practically, therefore the large variation of the values 
of R..1: given in tho literature.” 

The transition to turbulent flow becomes apparent not only in the 
change of the flow pattern, but also in the change of the pressure-law, 
to which we now turn. Here the second law of similitude (9) comes into 
the foreground. We replace p in (9) by the pressure difference II between 
the beginning and the end of the tube observing that the dimensions of 
I and p are, of course, the same. In doing so the length ¢ of the tube must 
now also be considered (the tube in Eq. (9) could have had any arbitrary 
length). Now ? cannot be related to the dimensionless number in (9), but 
we may use the ratio l/a to rewrite the definition of Sas 


(11) t= - 8, 


which is valid for the similar motions I and 2 at the samo S-valuc but 
for different subscripts of Il, p, », t, a. 

We now compare (11) with the formula usod in hydraulics to compute 
the loys of pressure head in pipe or channel systems: 


v ,U 
(11a) ha dools. 


"]t saoms not impossible that with improved experimental conditions (bottor regu- 
lation at the inlet and smoother walls) ?,,;, may be raised to arbitrarily high values. 
If this should be truce, an ideal valuc would not oxist and Reynolds's stability limit 
would only be of practical valuc, depending on oxpcrimental conditions. On the other 
hand, thore svoms to exist a definite Reynolds number below which turbulent flow cannot 
be maintained. 

=They have becn systematically investigated according to inlet conditiona by 
L, Schiller. 
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Here \ is a pure number, the “hydraulic friction coefficient’, F is the 
cross-sectional area of the flow, U the wetted circumference of the con- 
duit. For a circular cross-section filled with fluid, U/F becomes 2/a so 
that 
vt 

(11b) hk =m > ry ae 
On identifying S with 4 and expressing IT by the hydrostatic level difference 
h (I = yh = pgh), (1b) becomes identical with (11). 

If, on the other hand, S is identified with the pure number 8/R, so that 


eh m 
0G pve 
the Hagen-Poiseuille formula 
v 
(12) I = Spi oe? 


is obtained with the only difference that, previously, we had the more 
precisely defined average velocity u,, where we now have v. 

In (11b) and (12) the different forms of the pressure dependence in 
laminar and turbulent flow that was already mentioned on p. 80, be- 
come again apparent: in (JLb) the dependence on v and a is in the form 
v/a, in (12) in the form v/a*. We have been able to overcome this con- 
tragting behavior by choosing the number S in two different ways. (Note 
that the definition of S in (9) does not, in itself, teach anything about 
the interdependence of the flow parameters; only the identification of S 
with another non-dimensional combination of flow parameters has the 
character of o physical law.) 

It will be noticed that the hydraulic formula (11a) has the same 
structure aa a law of air resistance that had already been used by Newton. 
According to this law, a body having the velocity » relative to air ex- 
periences a resistance proportional to »” (the same is true for the wind 
pressure against a surface at rest). Also in ballistics the resistance law is, 
at subsonic velocities, nearly a »*-law. 

A more accurate representation of the pressure losses observed in 
turbulent flow through smooth pipes is possible within the framework of 
Eq. (11) if a weak dependence of S on F is assumed, (that is, S is supposed 
neither independent of FR as in (11h) nor ~ R™ as in (12)). The following 
assumptions havo been tested for larger R-values 


(13) S=,R™“ and S=A+ AR" 


with « = 1/4 to 1/5 im the first formula (13) and with somewhat larger 
values of x in the second one. 
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The hydraulic v’-law (11a) is modified by the first formula (13) (Blasius 
fornmoula, x = 1/4) tov" which agrees almost exactly with old observations 
of Hagen and Reynolds (cf. also problem III, 2). For more details about 
the pressure in the transition region and the influence of roughness see 
L. Pranditl’s “Strémungslehre”, Braunschweig 1949, which can be con- 
sidered as a source book in this field.” 

The change of the pressure law at the critical limit is schematically 
represented in Fig. 18: At small velocities » < »,.,, the linear law of 


Fra. 18. The pressure gradient aa a function of the moan 
velocity ». At the critical point A the laminar fiow becomes 
turbulent, 


V"Verit 


Hagen-Poiseuille, at velocities » > v,,,, the increase according to v°*"". 
The broken line that continues the straight branch beyond A represents 
the possible increase of the stability limit A. 

The change of the pressure law at A is accompanied (“caused” would 
perhaps be the better word) by a noticeable change of the velocity dis- 
tribution over the cross-section. In contrast to the parabolic distribution 
of the laminar case, the time average of the velocity in turbulent flow is 
practically constant over the interior of the tube; only in the close vicinity 
of the wall it drops quickly to zero, satisfying the boundary condition 
v = 0. 

The contrast laminar-turbulont occurs not only in circular tubes or 
pipes with other cross-sections, but can also be observed in the flow 
between two plates at rest. This flow pattern, a two-dimensional analogy 
to the Hagen-Poiseuille flow, was treated in problem LI, 3a. The parabolic 
velocity profile which is also characteristic for this case is shown in Fig. 19. 

If the parabolic cylinder of Fig. 19 is cut along the symmetry plano 
y = h, that is, if only the lower half of the flow pattern is considered, 
one obtains the velocity distribution in a stream im laminar motion 
(strictly speaking, the stream is infinitely wide). Let the bottom of the 
stream form. the angle a with the horizontal (Fig. 19a), so that the eom- 
ponent of gravity pg sin a replaces the pressure gradiont of the previous 
figure. L. Hopf (Munich thesis, 1909) made a careful investigation of 


“Por pipe fow compare J, ©. unsaker and B. G. Rightmire, Engineering applica- 
tion of Fluid Dynamics, McGraw-Hill, Now York, 1947, Chap. VIII. 
“Partly published in Ann. d. Phys. 32, 777 (1910). 
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the experimental realization of such a laminar stream stabilized by viscous 
forces, and of the limits of its stability. The critical Reynolds number in 
this investigation was found to be R,,,, = vhk/» = 330. 

An even, simpler case of laminar motion develops from Fig. 19 when 
one of the plates is at rest while the other moves with constant velocity 


¥ 


7 


Fie. 19. Laminar flow between two Fie. 19a, The “river in laminar flow” 
plates st rest. under the influenco of gravity; free surface 
at y = 0. 


U. The velocity profile is here linear for laminar flow (cf. Fig. 19b). On 
denoting the flow velocity by «, we have 


(14) u=iu and, of course, 9 ov=w=Q. 


The flow proceeds parallel to the 2-direction; it should be noticed, 
however, that this flow is not irrotational although there seems to be 
no rotation involved in it: 


Because of its particular analytic simplicity, (14) is the preferred flow 
for theoretical investigations of stability (cf. 38). 

Following Couette,” an elegant realization of this flow can be made 
by means of two coaxial cylinders. When the inner cylinder is at rest 
and the outer cylinder moves with a circumferential velocity U, transition 
to turbulent flow occurs according to Couette at a Reynolds number 
Reis = Uh/v = 1900 where h is the thickness of the fluid layer. The 
converse case where the inner cylinder moves has been thoroughly in- 
vestigated by Taylor.”° 

In this discussion we have only scratched the surface of the turbulence 
problem. Central questions such as: “What is the reason for the insta- 
bility?” “Is it possible to give a mathematical description of the turbulent 
fluctuations of the velocity?’ “Is the turbulent state contained among 


4M. Coucttc, Ann. Chim. Phys. 21 (1890). 
“Sir G. I. Taylor, Phil. Trans. 223, 289 (1923). 
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the solutions of the Navier-Stokes equations?” have not been touched. 
No complete answer to these questions to which we shall return in 38 
seoms possible today. 


y 


Fra. 19b. The jaminar rectilinear flow botween a plate at 
rest and in motion may be considered aa the limiting case of 
the Couctie flow between coaxial cylinders, 


17. Some Remarks on Capillarity™ 


The molecular forces of cohesion that are responsible for the phe- 
nomena of capillarity have already been encountered at the end of 12 in 
the form of the normal pressure N acting on the fluid surface (Laplace’s 
theory). For the purpose of a short survey, however, it is more con- 
venient not to adopt Laplace’s™ starting point but to follow Gauss*® who 
proceeds from a minimum principle for the surface cnergy; the normal 
pressure NV of Iiq. (12.16) will be derived from this minimum principle. 

We stipulate that there acts within the surface / of the fluid an every- 
where equal surface tension J in tangential direction: / is, as it were, 
covered by a membrane which docs not by itself possess elusticity of 
form. Its resistance against deformation (comparable with that of a thin 
rubber skin) is furnished solely by 9 tangential tension T that acts along 
the border of the membrane in the direction that is normal to the border 
and lies in the tangential plane. 

We start with « simplified case, restricting ourselves to a cylindrical 
fluid surface or, which amounts to the same, to a membrane of cylindrical 
form. The tension equilibrium in such a membrane is the same as that of 
a vibrating string the instuntancous shape of which coincides with the 
profile of the cylinder. 

Let u be the displacement of the string between two neighboring 
points P and P’ and As their distance. We separate this segment from the 
rest of the string by cuts at P and P’ (ef. Fig. 20a). To make up for the 


"Since we wish to treat the phanomana of capillarity only to such oxtent as in indix 
pensable in a texthook on general hydrodynamics, we rofer for a mere complete repre- 
acntation to II, Minkowski’s carefully written article in Ensyklopidie d. Math, Wius. 
Vol. V, 1 p. 558: thoro the reader will also find a molocular-theorctical explanation of 
eapillarity which is more somplote and culs deepor than our purely phonomenological 
remarks, 

BMécanique céloste, Supplément do Paction capillaire, 1806. 

*Principia gonecralia theoriag fuidorum in statu aequilibrii, (1830). 
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effect of the two remaining pieces, we mtroduce the tensions T and T’ 
acting in the tangential directions of the string.*° They are both equal 
in magnitude to the tension to which the string is subjected (say, by the 
peg at the end) but are not parallel to each other. Let Ae be the change 


Fie, 20a. The tension T of a vibrating 
string and the corresponding restoring force 
N. At the same time this is a cross-sectional 
diagram of a cylindrical liquid surface. 


of the slope corresponding to As, and AT the closing side of the force 
triangle with sides T and T’ (insert of Fig. 20a). The magnitude of the 
vector AT is then 

AT = T | Ae| 


and its direction is perpendicular to the arc element As. The resultant 
force acting on As equals — AT. Instead of this, we introduce the resultant 
force per unit of length N so that NAs = —AT and consequently 


(1) Nas = T'| Ae|. 
On the other hand, the curvature 1/F is given by 
a°u 
Le, Ae 
(2) =~ RR Lim ia Ei 
1+ an 


where « is the deflection of the string and x the abscissa taken along the 

undeflected string; in the denominator of the last member we must take 

the positive value of the square root if s increases with 2, which we assume. 
Eqs. {1} and (2) determine the magnitude of N: 


1 


The diroction of N pomts always to the concave side of the string. 


*Note that the dimension of 7’ here is that of a force while in the following two-di- 
mensional cass 7’ has the dimension foroc/length. 
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Let us now slightly extend the meaning of NV by providing it with 
a + or — sign according to whether Ac is negative or positive. (In Fig. 
20a, N is thus positive.) If, in addition, we adopt the lower sign in (2) 
which makes & 2 0 if Ae $ 0, we may rewrite the last equation for the 
modified N: 


1 m 
(3) N=pft, 


or, for sufficiently small deflection, 


a7u 
(4) N= ST. 


From (4) we derive immediately the differential equation of the 
vibrating string mentioned in the context of Hg. (13.9). We have only to 
state the equilibrium between the external force in +zdirection (that 
is —N) and the inertia force of the unit length of the etring — pd°x/d?’, 
and obtain 


©) pea rey 


where p is the linear density of the string. 
if we now pass from a cylindrical to a surface of double curvature, 
(4) has to be replaced by 


6) ve(p+2)r, 


where 2, and R, are the two principal radii of curvature at the surface 
point under consideration. While in general the surface normals at two 
infinitesimally distant surface points do not intersect, but are skew to 


Fra. 20b. A vibrating membrane of duuble curvature; A, 
and &, are the radii of curvature of the two principal sections. 
At the same time this representa a liquid surface of the same 
shape. 
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each other, surface normals along the principal directions do intersect, 
and it is exactly this circumstance that defines the principal directions. 
The radii 2, , R, are then explained as the reciprocals of the curvatures 
of the two principal (normal) sections. Denoting their centers of curvature 
by C, and C, respectively (see Fig. 20b), we now investigate the equilibrium 
of the surface tensions T acting on the infinitesimal rectangle As,As, of 
Fig. 20b oriented parallel to the principal directions 1 and 2. If one con- 
structs the force triangles for either principal section as in Fig. 20a one 
obtains two concluding sides AT, and AT, and from them two normal 
pressures V7, and WN, as in equation (4). The normal pressure N in Eq. (6) 
is evidently obtained by adding N, and N,. 

From (6), the differential equation of the vibrating membrane follows 
directly in the form mentioned in the context of Eq. (13.9), if one puts 
according te (3) and (4) 


(7) 1 au 1m 
R, on?’ —s Ry ay 


and substitutes for N the inertia force 
ou : 
N= P38 > (o = surface density). 


The cquation thus obtained from (6) 


au (2 eu) a 
(8) ry oes an? ay? eS 


is not only correct for coordinates taken in the principal directions, but 
because of the invariance of the V*-operator for arbitrary Cartesian co- 
ordinates x, y, too. 

The quantity 


me 
p 


1 1 
(9) M=n TR. 


that occurs in (6) is the mcan curvature of the surface, while the measure 
of the curvature”’ introduced by Gauss 


L 


(9a) K= RRs 


is called Gauss’s or total curvature. 
Minkowski lec. cit. dofinca the mean curvature M = 1/2 (1/Ri + 1/Rs) which 


corresponds better to the idea of a “mean” curvature, We rotain tho usual definition 
(9), which is, of course, irrelevant for tho following resulta. 
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Our remarks about the vibrating string and membrane secm to be a 
digression from the subject of eapillarity, but actually Eqs. (4) or (6) are 
applicable, as they stand, for the capillary surface skin in a cylindrical 
or more general form. They can be introduced in Hqs. (12.19) or (12.21), 
which were derived from Hamilton’s principle, and determine therefore 
the surface condition for the hydrodynamic pressure 7. 

Let us firat take a free surface such as water bounded by air; then 
p = N according to (12.19). For a cylindrical surface (reatized by a capillary 
wave traveling, e.g., in z-direction), W is given by (8) or (4), and we have 


tT iy) 
(10) P=F or p= —-Taa, 


where in the second cquation the displacement « relative to the rest, 
position is supposed to be sufficiently small. We shall come back to this 
equation in 25. Likewise we have for a surface of goneral shape according 
to (6) 


(1) p= rh + 4). 


Here as well as in (10) p is the (hydrodynamic) pressure in the fluid 
over which the capillary lamina is sproad out.” 

A soap film subtended by a rigid boundary curve {a wire loop bent 
in some way) can be considered as an isolated capillary lamina devoid of 
the fluid body by which it is otherwise supported. Since the air pressure 
on both sides cancels, » = 0, and according to (11) the mean curvature 
M is then also zero. The same condition would, of course, be true for an 
actual membrane in equilibrium if subjected to the same boundary con- 
ditions; the equilibrium condition V°u = 0 as it follows from (8) agrees 
with (11) when p = 0, provided the membrane is approximately plane. 

The vanishing of means that the two principal radii of curvaturo 
are numerically equal but opposite. A surface with this proporty is called 
a minimal surface. Its aren # is smaller than that of any neighboring surface 
with the same boundary curve. This is easily understood from the capillary 
standpoint: The tensional energy U stored in the cupillury film is 


(12) U=T-F. 


Ay a supploment to loqs, (10) and (11) we should like to emphasize that thore is 
alao a proasure load on the plane, undisturbed surface termed internal pressure by 
vat der Waals. As indicated on p. 93, it ia a consequence of the molecular attraction. 
The surface tension 7’ iv prosent on a plane surface Loo, but it becomes active only on a 
wavy surface where it changes direction from point to point. 
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A virtual displacement at constant T with the boundary kept fixed pro- 
duces a change of energy 


(13) 6U = TSF. 


This, on the other hand, is the virtual work which is supposed to vanish 
in equilibrium. Therefore 6F = 0 is the equilibrium condition, indicating 
that the surface F occurring in the energy expresston (12) must be a surface 
of smallest area. 

This is shown in the following well known experiment: on a plane 
soap film with an otherwise arbitrary boundary a loop of thread is placed. 
The film inside the loop is destroyed, e.g., by piercing it. Upon that, the 
loop is immediately pulled out into circular form. Since the circle is the 
curve of maximum area for a given circumference the remaining part of 
the membrane has the smallest area for the given (rigid) boundary and 
length of thread. 

In the interior of a closed soap bubble there is overpressure relative 
to the external pressure. The shape of the bubble is spherical if gravity 
is neglected; since for reasons of symmetry R, = R, , the radius of the 
bubble is by (11) 


gal 
p 

In a structure consisting of many adjacent bubbles (foam), the pressures 
in the single bubbles or cells will be slightly different. The pressure differ- 
ence along the walls of the structure is therefore constant for any region 
that bounds not more than two cells. According to (11) the entire structure 
is then composed of surface pieces of constand mean curvature. 

Condition (13) applies also to phenomena involving the angle of contact. 
Consider e.g. an arrangement as in Fig. 21 and suppose that, of the three 


Sw SFe 
Fia, 21. Equilibrium betwoon a liquid (1}, air (2), and a rigid P 4 
wall (3); & is the angle of contact, 
IAD \ 4 


media abutting on each other at P, 1 is a liquid, 2 is air and 3 a solid. 
P is a point of the contact line which we imagine perpendicular to the 
plane of the drawing; if the point P is given a virtual displacement up- 


®4 groat many other experiments with accurate description of the soap bubble 
technique in C. ¥. Boys, Soap Bubbles, London (1931). 
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ward, Sw, the surface of separation F,, is increased per unit of length of 
the contact line by 
6F'y, = cos #-dw-1, 


where # is the angle of contact, and the surface of contact F,, is increased by 
bFy, = dw-1. 
As in (13) we stipulate 
TySF ig + TisdFis = (Ti, cos? + 7,)dw = 0, 
or, since éw is an arbitrary variation, 


- 2s 
(14) cos T. 
In order to obtain an acute angle for ® (water and glass), 71. must be 
negative and | T;,| < Tis . For non wetting liquids (mercury and glass) 
? is obtuse. 

Capillary elevation and depression are caused by the combined action 
of gravity and surface tension, cf. problem III, 6 As familiar a phe- 
nomenon, however, as 4 liquid droplet under the action of gravity leads to a 
complicated differential equation that admits only approximate aolutions. 
A lesa complicated problem is the theory of the beautiful phenomena 
known as “‘water bells”.** 

A complete theory of capillarity is not possible without the uso of 
thermodynamic considerations (Gibbs). 

We should like to add that in the original theory of Laplace there is, 
beside the surface contribution to the capillary energy four equation (12)], 
a second term which is proportional to the volume of the liquid. This term 
is essential in van der Waals’s theory of the liquid state; it corresponds to 
the constant @ that occurs in van der Waals’s equation of state of areal gas. 


%A vertical jot is dirceted contrally against s circular plate. The liquid leaves the 
plate as a thin film in the form of a surface of revolution, sometimes in the shape of a 
boll. See B. Buchwald and H. Kinig, Ann, d, Phys. 23, 857 (1935) and 26, 659 (1938). 


CHAPTER IV 


VORTEX THEORY 


18. Helmholtz’s Vortex Theorems 


In the paper of 1858 in which Helmholtz gives the kinematic analysis 
of vortex motion (cf. the footnote on p. 1) he also completes the dynamic 
theory of vortices in its essentials, Simplifications in method were found 
in the following decades, but new results were not discovered. 

The main content of Helmholtz’s theory are the conservation laws: 
It is impossible to produce or destroy vortices, or, expressed in more general 
terms, the vorter strength ts constant in time. This theorem is correct under 
the following conditions: the fluid is inviscid and incompressible; the 
external forces possess a single-valued potential within the space filled by 
the fluid. Apart from the conservation of the vortex strength in time we 
shall see that there is also a spatial conservation: the vortex strength is 
constant along cach vortex line or vortex tube, which must be either closed 
or end at the boundary of the fluid. 


1. The Differential Form of the Conservation Theorem 


Following Helmholtz we start from Euler's equations in the form 
(11.2). Since the external force F has », potential U by hypothesis, Euler’s 
equations can be written 


dy _ _ (2+8) 
The differential quotient on the left side is again the material acceleration, 
that is, the total rate of change of the velocity of the material particle 
under consideration. This leads to the form (11.7) of Euler’s equations 
which can now be written in the following way: 


2) ty x curly = ~ grad (F + 2LY), 


1Corresponding theorems have been found in posthumous papers of Lejeune 
Dirichlet, +1859, and were published by Dedekind who edited Dirichlet’s collected 
works. 


129. 
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We take the curl of this equation: the right member vanishes because of 
curl grad = 0. On setting o = $ curl ¥ we obtain 


(3) c2 — curl (v Xa) = 0. 
We make use of the following well known formula to transform the vector 
product of any two yecfors o and ¥: 


(4) curl (@ X ¥) = (¥ grad) o — (w grad) ¥ + wdiv ¥ — v diva. 
(This formula is proved, just as the related formula (11.6), by verification 


in Cartesian coordinates.) 
In our case, (4) simplifies on account of 


div ¥ = 0 and div a = div curl ¥ = 0, 


and one obtains by substitution in (3) 
(5) o + (v grad) w = (grad) v. 


The left momber is the material rate of change of o so that (5) can also 
be written as 


© C2 = (w grad) v. 


The material rate of change of w ts zero wherever w ts zero. From this point 
Helmholtz immediately proceeds to the conclusion, that flutd particles 
which were vortex-free at some time remain so for ever. Tho ronsoning he 
may have had in mind could be this: Let o = 0 for ¢ = 4 , then by (6) 
dw/dt = 0. These two statements seem to imply that, for the mass particle 
under consideration, w is still zero for ¢ = & + At Then (6) implies 
da/dt = 0 also for & + At, which is equivalent tow = 0 fort = t -+ 2Az, 
and so on. 

Tor a rigorous mathematical proof wa need more preparation: Tet A 
be a vector ussocinted with the moving fluid (not a “point function”, 


n de, 


dAz Ww Fic. 22. The flux of a yoctor through a surface alemant 
that moves with the fluid. 
w : dd, 


but a “particle function”) and do a surface element that likewise moves 
with the fluid, changing its shape and position in the course of time. Let 
A,, denote the component of A normal to de and consider the flux of A 
through de at successive instances ¢, and ¢, . Corresponding line elements 
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ds, and ds, of the boundaries of de, and de; are correlated to each other 
by the displacement w = vdi, which is the length of the infinitesimal 
region in Fig. 22. Its top and bottom surfaces are de, and de, and its 
volume dr = w, de . (in view of the limiting process we are going to per- 
form, it does not make any difference whether we identify dx = do, and 
w, L de, ,ordso = de, and w, 1 de,). 

Gauss’s theorem or the definition of the divergence (both amount to 
the same) yields 


(7) [ Ady ma div A dem (div Dun de 


The integral to the left refers to the boundary of the volume swept by 
d¢ in the time di. Note, however, that the vector field A is for the present 
kept constant in time. (Think of it as “frozen” at the instant ¢, .) 

In Fig. 22 one element of the side surface of dr has been marked. Its 
contribution to the integral is 


A-(ds X w) = ds-(w X A) = ds(w X A),, 


where the subscript s to the last term denotes the component in the direc- 
tion of ds, which makes a right hand screw with the outward normal of 
the top surface. The integral over the side wall thus becomes equal to the 
line integral over the boundary of the surface 


(7a) if ds (w X A), = do curl, (w X A), 


a transformation that corresponds to Stokes’s theorem. 
The contributions of the top and bottom surfaces to the integral in 
(7) are simply 
(An deja — (A, de), = 8(A, do) 
(note the opposite orientation of the normals). The right member 8(A, da) 
denotes the change of the A-flux due to the motion and distortion of de. 
From. (7) and (7a) this change is now found as 


(7b) 8(A, do) = (wdiv A — curl (w X A)), do. 


We have atill to take account of the change of the field A itself. The 
change of flux due to this cause is during the time dt 


24s ai de 
On denoting the total change of flux by 


d 
ai (A, do) dt 
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and substituting for the displacement w its value v dt, we obtain finally 
(7¢) 5 (An de) = (34 +vdiv A — ewl (v X A), de. 


This formula, too, was found by He!mholtz,* but in another connection. 
It appears in his posthumous paper about the principle of Joast action in 
electrodynamics. 

Upon identifying the vector A with the vortex vector o, liq. (7e) 
which is correct for any direction of the normal n of de, becomes 


(8) £ (co, ds) = (22 — curl (¥ X «)) de 

since div w = 0. The right member vanishes because of (3), thus 
d 

(9) at @, do) = 0. 


This equation expresses the theorem of conservation of vortices. Tho flux 
of the vortex vector has a certain unalterable value for every surface 
element that moves with the fluid. Vortices cannot be created or destroyed, 
or, the vorticity is a convective quantity of the flow; ti adheres to the individual 
fluid particle and moves along with 4. 


2. The Integral Form of the Conservation Theorem 


We start from the concept of circulation (p. 17) established hy Lord 
Kelvin® with the aim of simplifying Helmholtz’s vortex theory. Identifying 
the general vector A of (2.21) with our v, we consider the circulation 


(10) P= fo, ds =f (weds) = $ ude +0 dy + w ds) 


around a circuit, i¢., a closed oriented curve in the fluid; wo think of it 
as of a “material curve” that consists, like a string of beads, of material 
fiuid particles, and floats along with them. Lot C be the circuit at the 


*Ges. Werke, Vol. ITI, p. 476, cf. particularly tho equations (8a), (8b) that refer to 
the vector of the virtual <lixplacomont A = {Sé, 8, 8¢}. LUcimholta writes overything 
in components, which docs not add to lucidity; our notation and derivation corresponds 
to H. A. Lorontz’s prosentation in Enzykl. d. Math. Wiss. Vol. V, 2, p. 75, Ey. (8); 
there the equation ia shown to be of fundamental importance in the clectrodynamica of 
moving bodica. 

7W. Thomson (Lord Kelvin), On Vortex Motion, Transnetiona R. Soe. dinburgh, 
Vol. 25 (1869). Reprinted in Mathem. and Phya. Papers, Vol, IV, p. 13. In the same 
volume on p. 1, there is also the paper on vortex atoms often referred lo in the popular 
literature: the vortex atoms left no impression on the development of atomic physics. 
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instant ¢ and C” the distorted circuit at ¢ + At (see Fig. 23). Let ds be an 
are element of C and ds’ the corresponding element of C’. The straight 
arrows in the figure represent the paths of the fluid particles during Af, 
drawn for two neighboring particles ¢ and ¢ + 1; the lengths are 


v,Aé and V4, At. 


The arrows correspond, of course, to the vector win Fig. 22. Fig. 23 
differs from Fig. 22 only in that the infinitesimal boundary curvee of the’ 
elements do are now pulled out into finite circuits C and C’. The fol- 
lowing calculation is likewise closely related to the previous one. 


Fira. 23. Illustrating the concept of circulation. 


First, we see from the quadrilateral formed by the arrows in Fig. 23 
that 


¥,At + ds’ = ds + VeerAt 


or 
a 
(11) So ein — Ve 
We now calculate 
| SR OR ice? (INNA 2 _ faq. ay 
(12) Gy = him “75 = Fovis= $F ist $v ato 


where I” stands for the circulation about C’. The expression that appears 
in the last integrand 


d 
Thee 


is nothing else but the limit of the first member of (11) for At > 0. An 
approximate value of the integral itself is thus found in the sum 


> Y sf (Wear = ¥,). 
‘ 


If we now go to the limit ¢ +, the polygon see i,4 +1 +--+ approaches 
the circuit @ and our sum approaches the line integral over C 


vdr=iv 


& 
3 
A 
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where A is the arbitrary starting pomt (corresponding to + = 0) and 
B the end point of the integration, which coincides with A. Thus the 
second integral in the last member of (12) vanishes. 

Bui the first integral vanishes likewise, According to Euler’s Eqs. (1) 
it equals the line integral of —grad [(p + U)/p], that is 


A 
p+U = 0, 
p & 
Thus we have according to (12) 
(13) a = Q, T = const. 


The etreulation taken about an arbitrary circuit that consists of material 
particles retains iis initial value throughout the flow. 

The circulation is directly connected with the vorticity present in the 
fluid as we shall show now. According to Stokes’s theorem (3.2) we have 


(14) r= dveds= $v, ds = f curlvde =2 f mde. 


If we now consider an arbitrary surface bounded by the circuit C and 
take at every element do the normal component of the vortex voctor o, 
Y equals twice the vorticity that passes the surface o. Hence the flux of 
the vortex vector through the surface ¢ remains constant throughout the flow. 
Helmholtz’s vortex theorem appears here in the form of Kelvin’s circulation 
theorem; the contents of both are identical.* 

It is, of course, not necessary to follow a particular surface o chosen 
in (14) throughout its motion, since any surface through C gives the same 
vortex flux o, do. This is again a consequence of Stokes’s theorem which 


*It is now casy to soc that the assumption p — const ia not neccasury for tho validity 
of the conservation theorem. There is only one point in the foregoing proof that has not 
a purely kinematic character, and this is the vanixhing of ¢ (dv/ds). ds in (12): hero 
the compressibility might have an offoct. But in the compressible casy the integrand may 
be written in the form — grad (© + V)} when the notation of Migs. (7.0b) and (7.7) is 
used, provided that a p,e-relation ia given. 

The condition for the validity of Helmholts’s (or Kelvin's) theorem iy therefore 
the oxistence of a single-valucd “acocleration potuntial’ 


P 
|; * (grad p + F)-ds, 
gad jt docs exist whon 
1. the fluid is inviseid 


2. the external force per unit of mass, F/p, has a single-valued potential V 
3. 9 p,e-rolation ‘exists, 
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permits us to use an arintrary surface o. But it is required that the circuit 
C consist permanently of the same material particles. 

Eqs. (18) and (14) become obviously identical with the previous 
Eq. (9) when « becomes infinitesimal. Conversely, we could have derived 
the present result from (9) by an integration over de, but the reasoning 
used here is simpler and less abstract than the previous one and might 
be considered as a supplement not entirely superfluous. 

While Ings. (1) and (2) represent the differential form of Euler’s equa- 
tions, the circulation theorem (13) could be called their integral form, 
using a terminological distinction taken from electrodynamics. Likewise 
Eqs. (7) appearing in 15 represent the differential form of Maavwell’s 
equations. Besides, there is an integral form of the same equations ex- 
pressing their physical content in the form of relations between line and 
surface integrals, more suitable for a number of purposes. 


3. The Spatial Distribution of the Vorticity 


Following an idea of Helmholtz we consider now the field lines of the 
vector field o: The vector determines at a given time at every point of 
the field of flow a certain positive direction of the vorticity. Proceeding 
from one point to the next along these directions we describe a vortex line 
in exactly the same way as we deseribe a line of force in a field of foree by 
proceeding along the force directions. Now we take a surface element 4g 
perpendieulax to the vortex line which we let pass through a border point 
of Ag, and construct the vortex lines that go through the other border 
points of Ag. In this way a voriex tube is obtained. The circulation about 
the boundary of Ag is according to (14) 


(15) l=2 with p= wdg. 


The flux of the vortex vector through the tube or the vortex strength,* as we 
shall also call it, has been denoted by ». According to (13), « is constant 
in time regardless of the changes experienced by the vortex tube and the 
vortex lincs of which its boundary consists. 

However, the vortex strength remains constant also in space, that is, 


‘The vortex carriod by an clement dg can be characterised by 20Ag as well as by wAg. 
When the first possibility ig chosen, tho term vorticity ie frequently used as a name for 
QwAg, ro that the differontial circulation AI is directly equal to the vorticity, In this 
book wig has boon chosen as the characteristic quantity and the term vorter atrength 
introduced to denote it, while the term vorticity is regarded as aynonymous with the 
term vortex vector a = 3 curl 7. 

This dofunition of p also presupposes that the boundary of Ag is oriented go as to 
form a right hand sorew with w; » is then cssentially positive. In the two-dimensional 
case it is more convenient to give a sign to x [ef. (19.8) and 21). 
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as long as one proceeds along the same vortex tube (cf. Fig. 24). Since 
diva = 0, we obtain, by applying Gauss’s theorem to a piece of the vortex 
tube between the normal cross-sections Ag and Ag’, 


(16) 0= [ divadr= | wdo 


where the integration to the right includes Ag and Ag’ and the side walls 
of the tube segment. But w, vanishes on the side wall according to the 


aq° 


ce 
39 i Fig. 24, The flux of the vortex vector through an orthogonal and 
\\ an oblique crose-section of a vortex tube. 
aq 


definition of the vortex tube. Furthermore, the component «, has the 
value —w at Ag and the value +w’ at Ag’, where w and #’ are the amounts 
of » at the respective places. Thus Eq. (16) means 


(17) 0 = w'Ag’ — wg, that is pe =p. 


This finishes the proof. Note also that the same value » is obtained 
when the tube ia cut in oblique direction. With Ag” denoting the area of 
such a cut and w/’ the normal component of o at Aq’, Gausy’s theorem 
wives as before 


wi’Ag’ = whg = pz. 


Thus the product of the area of the cut and the normal component of 
the vortex vector is the same for an arbitrary cut through the vortox 
tube. This pointe to an analogy between vortex tubes ond clectric currents 
which will be discussed in 20. 

It is an immediate consequence of the constancy of the vortex strength 
that a vortex tube can never end within the fluid. Zt either reaches the 
boundary or it must be closed. 

So far we have silently assumed that o is continuously distributed in 
space; the vortex strength » is then of the same order of magnitude as 
the tube cross-section Ag. But we can consider the limiting cusc, that o 
is concentrated at single, infinitely narrow, linear regions, in unalogy to 
the so-called linear conductors in electricity. The vortex vector becomes 
infinitely large within those regions while it may have any finite value 
outside, in particular it may be zero. In the latter case we speak of a 
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vortex flament. Its strength has a finite value that does not go to zero 
with Ag and can be written as 


(18) p = Lim wAg. 
Agno 


19, Two- and Three-dimensional Potential Flow 


A. flow that is in general irrotational is called a potential flow. The 
term “tn general’? means here ‘“‘with the possible exception of singular 
points or lines.” As discussed already in 11, p. 88, the condition of irrota- 
tionality, 20 = curl ¥ = 0, implies the existence of a velocity potential 4; 
in the preceding article we found in addition that a flow remains irrota- 
tional if it starts out as an irrotational flow. In the present article, how- 
ever, we shall consider only steady flow problems so that the question of 
time dependence of @ does not arise. Since we shall further assume an 
incompressible fluid all through this chapter, the potential equation (11.13) 
(1) Vs = 0; 
is in general fulfilled in the space filled by the fluid. (For the meaning of 
“in gencral” see above.) 


We wish to investigate the properties of the flow that result from (1). 
This is particularly simple in the case of two-dimensional flow where 


3 o'® 
(2) ae an 0. 
Let us first compare (2) with the wave equation (13.9) 
> 18h 
oy ae ag ~ 


By putting ¢ = y and c = —1, (2a) is changed into (2). Since the gencral 
intogral of (2a) is known, viz. d’Alembert’s solution (13.11) 


(2h) & = Fi(e + ct) + F(a — ct), 
we also know the general solution of (2); it is: 
(3) & = 3 f(z + iy) + fe — ty)}. 


The two urbitrary functions of (2b) must be assumed as conjugate complex 
in (3) {indicated by *) in order to make @ real; besides, we have added 
the factor 4 so that & is directly equal to the real part of f(x + zy). 

The general solution of (2) is therefore given by the real part of an 
arbitrary analytic function f of the complex variable z = x + ty. It is 
then conveniont to write this function in the form 
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(4) f(z) = S(z, y) + 7G, y). 


The imaginary part Y, that is, the function conjugate to 2, is sometimes 
called the conjugate potential, In hydrodynamics ¥ is known as the 
stream function. 

To find interrelations between ¢ and YW we differentiate (4) once with 
respect to z and once with respect to y, indicating the differentiation with 
respect to the complex argument z by f’{z) as usual. This gives 


2a fo%e poe Seid, 
8 a a> oF 

oA tte 2% ue gftle\ = 2@ =, 

ay 28 = IO 5a, = I'@ oy thoy ° 


By elimination of f’(z) results 


ee 22) a 
ox dy t Naz * ay = 
Since } and ¥ are real, this relation is equivalent to the two rolations 
6 ab _ 9k ae _ oe 
oc | Oy’ ay ox’ 


the Cauchy-Riemann equations,of theory of complex functions. They can 
be expressed in the comprehensive form of one symbolic equation 


od oy 
(a) a 


valid for an arbitrary pair of orthogonal line clements of tho 7, y-plane 
that follow each other in the same sense as the positive real and the 
positive imaginary axes. When ds coincides with the x-direction (and dn 
consequently with the y-direction), (5a) becomes identical with the first 


Y=Const 
at 
Fira. 26. Equipotential lines @ = const, and strcam- 


lincs ¥ = const in two-dimensional irrotational flow. 
} GLonst 


equation (5); when ds coincides with*the y-direction and dn with the 
negative z-direction, (5u) becomes the second Iq. (5). That tho relation 
between the directional derivatives (5a) is correct for any other pair ds, 
dn can be easily derived from (5). Thus (5a) is the appropriate vectorial 
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expression of the Cauchy-Ricmann equations in invariant writing. When 
the direction ds is made to coincide with a contour line of the velocity 
potential as indicated in Fig. 25, the derivative 46@/ds = 0; hence, by 


(5a), the contour linc of the stream function coincides with the n-direstion 
since in this ease 


ov 
6 — = 0, 
(6) eo 
Thus it is seen that the two families of curves © = const and Y = const are 


orthogonal to each other. This is usually shown hy cross multiplication of 
Tigs. (5), resulting in 


(6a) grad @-grad ¥ = 0, 


but (5a) is a direct expression of that fact as we have just seen. 

To justify the term stream function, we turn again to Fig. 25. If de 
coincides with the contour line of the velocity potential as above, the 
vector ¥ = —grad % points in the direction of dn, but this is the direction 
of the curve ¥ = const by (6); hence the lines Y = const are the stream 
lines of the flow. 

The fomilics 6 = const and ¥ = const are not only orthogonal but 
also isometric, that is, the rate at which the functions & and WY increase 
in the directions ds and dn respectively are equal; in other words, if the 
increments of both functions are equal, say § = db = d¥, then ds = dn 
according to (5a). This means geometrically that the curves ® = ¢ , 
W=c,8 =c, + §,% = cy + S form an infinitesimal square. As a conse- 
quence, the image of an infinitesimal figure drawn in the z + ty -plane 
appears geometrically similur in the 4 + ¢¥-plane: The mapping of the 
xz + iy-plane on the & -+ ¢¥-plane is conformal, that is, geometrically 
similar in the small. The scale of the mapping is given hy | f’(# + ty) j; 
it changes from point to point, but, at a given point, is independent of 
the direction.’ 


SIt is no exaggerated claim that the theory of analytic functions of a complex vari- 
ablo is identical with two-dimensional potential theory or, in terms of hydrodynamies, 
with two-diinensional theory of potential flow. In particular the methods introduced by 
Riemann in his dissertation (1851), where analytic functidns aro characterized by their 
intrinsie properties such as singularitics, conncctivilios at branch points, otc. rather than 
by their analytic oxpressions, have been prompted by his deep interest in mathematical 
physics. ‘Tho following story reveals in 4 characteristic way the attitudes of two great 
minds of the oposhe toward Riemaun’s discovery, On a vacation trip in Switzerland, 
somatime in the svventicr, elmholtz meoia Weicrstrass, the great mathomatician. Theo 
latter, recently ongaged in the study of Ricmann’s dissertation, complains that R.’s 
methods were ao hard to understand. Upon this Helmholta borrows the paper and 
when ho mects Weiorstrass next time, he declares that Ricmann’s ideas appoar to him 
perfcelly natural and aclf-evidant. 
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The simplest example in which we apply the methods of the theory of 
functions to hydrodynamics is the line vortex discussed on p. 35. We put 


(7) f(s) = iA log z (A real). 
Setting z = re* we obtain 

f@ = 8+ i = —Ag +i logr, 
and consequently 


(7a) $= —Ay, v = A log’. 
The stream lines are given by ¥ = const or r = const. The flow velocity 
follows from ¥ = —grad ®. Since in our case depends only on ¢, the 
velocity 

1d A 
(7b) +v=mv, = — grad, = Pte vo, = 0 


in. agreement with (4.29). 

The origin is a singular point of the flow since » hecomes infinite there. 
This singularity appears already in Eq. (7) since f(z} goos logarithmically 
to infinity for z = 0. 

The flow is everywhere irrotational except for r = 0. This must be so 
by virtue of its derivation from a complex function f, and can he verified 
by computing the vortex vector w, which is here normal to the z, #-plane, 
in application of the results of problem I, 3: 


oo = 1dr) 1am _ 9 

y or r dy 
The corresponding calculation in Cartesian coordinates is unnecessarily 
involved; it is carried out here for once: 


» = Fosne = FE = —A4, 


v, = sky cos = tv = +A. 


Thus we have at every point with the oxception of the origin 


4 _ ov, _ A 2Ax’ , A _ 2Ay* _ 
a én ay” r +2 ie 
According to the invariant definition in (2.21), can always be com- 
puted from the circulation around an infinitely small circuit enclosing 
the point under consideration. This implies that the circulation around any 
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point with the exception of r = 0 vanishes provided the circutt is sufficiently 
close to the point. If on the other hand the circulation is taken around any 
finite (arbitrarily small) circle enclosing the origin one obtains from (18.10) 


(8) t= $veds= [dp = 2A. 


T is independent of r and therefore the same for any two circles r, and 
tr, ; this is necessarily so since the circular ring between the two is vortex- 
free. The entire vorticity is thus concentrated at the singular origin. The 
vortex strength* ot this point is accordmg to our definition of « in (18.15) 


(8a) uh TA. 


Viewed in three dimensions, the singular point corresponds to a vorter 
filament normal to the 2,y-plane. A second vortex filament of opposite 
strength » = —-xA is at infinity, when infinity is considered as a point 
of the complex plane as one usually does in theory of functions. Note 
the formula following from (7b) and (8a): 


ae 2 
(9) ==. 
We ean have both vortex filaments located in a finite domain, e.g., 


at the points < = -te, if we subject z to a bilinear transformation. Con- 
sider instead of (7) the function 


. 2—¢ 

(10) fe) =iA log = 5° 

and put 

(10a) e-emnrne™, zte=re, 


Defining the bipolar coordinates p and ¢ by 
(10b) palg?, = ao, 


we obtain according to (4) 
r 
(11) $=-Ay, Y=Ap= A log; 


Since «ll angles y subtended by the segment (—c, +c) have their 
vertices on a circular arc, the cquipotential lmes @ = const are circles 
through the singular points ¢ = -te; but the streamlines Y = const are 


*In the two-dimensional casc, wo take all circulation integrals in the same senso 
(“encloged” area to the left hand); tho vortex strength 4 can then be positive or negative. 
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also cireles since the locus of constant ratio of distances from two given 
points is a circle. Note that the intersection points of any circle Y = const 
with the real axis separate the points —c, +c harmonically. Fig. 26 
shows the orthogonality of the two families of circles, it also gives an 
idea of the network of infinitesimal quadratic meshes that is obtained if 
one allows the parameters of sither family of circles to change in equal 
increments 6, 

Problem IV, 1 shows how to handle bipolar coordinates. They are in- 
frequently used in mathematical physics, one of the reasons being that 


pro 


Fia. 26. Superposition of two 
peo vortices of equal strength and oppo- 
site orientation. The diayram also 

shows bipolar coordinate lines. 


Nz (eS ee / 


Poe 


pro 


the two-dimensional wave equation is not “separable” in these coordi- 
nates; this is discussed in the same problem. 

Our present function f(z} can be obtained by the superposition of two 
simaple vortices of the type (7), one having the center 2 = +<¢ and the 
constant +-A, the other the center ¢ = —c and the constant —A: 


(12) f(z) = iA log (2 — ¢) — 7A log @ + o). 


A circuit of arbitrary shape enclosing +c, but not —c, gives according 
to (8) 


(128) T, = 20A 


A circuit of arbitrary shape enclosing —c, but not +c, gives according 
to (8) 


A circuit that encloses both or none of the two singularities gives [' = 0. 
As in (8a), the strength of the vortex filament in +e or —c is 


(13) b= eA or wy = —wA, 
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The field belonging to our present function f(z) can also be obtained 
by the superposition of two fields of the type (9) if is replaced by | z — ¢ | 
and | z + ¢|, respectively. One obtains by superposition 


(14) | er. - eaee . Tuer. 
wal[e—c| mwlete] ay, ats 


Here $, and @ are unit vectors in the direction of increasing angles ¢, 
and g, . This result will be compared in problem IV, 2 with the repre- 
sentation of the same flow in bipolar coordinates according to (11) 


(14a) v= A grad ¢ = © grad ». 


We turn now to confocal elliptic coordinates, which are of importance 
for the flow patterns to be treated in Chapter VI. A simple approach to 
theze orthogonal coordinates takes on the form of a geometrical analysis 
of the mapping of the plane z = x ++ ¢y on the plane ¢ = & + i» given by 
the following relation 


(15) z == ¢ cosh ¢ 
which may also be written a 


(15a) sty 3 (oft eg). 
The substitution 


adg 


e"" = cosy + 7 gin 4, 


leads immediately to 

x + ty = ¢ (cosh £ cos 7 + ¢ sinh é gin 9). 
Separation of real and imaginary parts on both sides gives now 
(16) x = ¢ cosh £ cos 9, y = c sinh £ sin 7. 


From (16), 7 can be eliminated by the use of cos” » + sin” y = 1, resulting 

in 
a? 

es ooosh"é + oFaink™ § © 

The elimination of ¢ from (16) by the use of cosh? ¢ — sinh® £ = 1 gives 
x" 2 _ 

(7b) Foods ~ Fay = b 

For constant &, (17a) represents an ellipse with the semi-axes 

a=ccosht b= cainhé. 
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Tis eccentricity is given by 
(18a) V/a— =e, 
and thus independent of ¢. Thus, if ~ varies, one obtains a system of 
confocal ellipses with foci « = <tc, y = 0. On the other hand, for constant 
q (17b) represents a hyperbola with the semi-axes 

a = ¢ C08 4, b= c¢ sin»; 
its eccentricity is 


(18b) JVe+b=c 


therefore independent of 7 and equal to that of the ellipses given in (18a). 
With variable parameter 7, (17b) represents a system of hyperbolas, 
confocal among themselves and with the system of ellipses, ef. Fig. 27. 


rr ed 


LS 


“e- 


Fie, 27 eft}, The system of confocal 
ellipses and hyperbolas € = court and 
» = const. 


Fra. 27a (above), The mapping of the 
{z -+- ¢y)-plane on the (€ + f9)-plano. 


It is of interest to consider the limiting parameter values £ = 0 and 
§ = o im the family of ellipses: the value ¢ = 0 gives by (17a) the focal 
line 
y=0,—-ce<z2z< +6 


and the value =~ gives an infinitely oxtended ellipse. 
As regards the parameter 7, note the particular values 


n = 0, n= ti, 9 = ar. 


The value y = 0 characterizes, by (17b), the part of the real axis to the 
right of ce: y = 0,2 > «7 = +x/2 corresponds to z = 0, the hyperbola 
coincides with the y-axis. 7 = -:r gives the part of the x-axis to the left 
ofe:y = 0,2 < —c. 
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In order to obtain a unique relation between the coordinates ¢ 7 and 
the points of the z,y-plane, & and 7 must be restricted to a certain domain. 
One way of doing this is to assign the values 0 < » < w to the upper 
halves of the hyperbolas, and the values —x < 4 < 0 to the lower halves. 
By this rule the entire z,y-plane is mapped on the strip of the £,y-plane 


(19) O<t<+o0, -ren<cter 


indicated in Fig. 27a. Note that the one-to-one correspondence between 
the x,y-plane and the £,7-strip does not include the boundary of the strip; 
either the upper or the lower half of the borderline must be omitted. 
Or one might also consider boundary points that are mapped on the 
same point in the z,y-plane as identical (viz. 0, -:y; = + 0, +7). 

The advantage of elliptic over bipolar coordinates with regard to the 
separability of the wave equation will be discussed in connection with 
problem IV,3. In Chapter VI problems arising from the flow past a plate 
will be treated by means of elliptic coordinates. We shall use a complex 
potential of the form 


(20) 6+ =f(t), where f(t) = const-sinh ¢. 


Here, ¢ is thought to be related to z according to Eq. (15) so that f(}) 
becomes a complex function of z. 

Let us return onee more to the simple potential (7), but without the 
factor ¢ on the right hand side. Then 


(21) ff = A log z, @=Alogr, W= Ag. 


The rays ¢ = const originating at O are now the streamlines. The contour 
lines of the potential are the circles 7 = const about O. Depending on 
the sign of A, O is either 4 source or a sink. Note in this connection that 
the general central symmetric solution of the potential equation is the 
logarithmic potential & = log +, save for a multiplicative and an additive 
constant. 

A few remarks about the potential flow in space follow here as a sup- 
plement. : 

The central symmetric solution of the potential equation in space is 
the so-called Newtonian potential 


A 
(22) b=. 


No historical implication is intended, and Newton never spoke of this 
potential; the term should imply that (22) is associated with the field of the 
Newtonian attractive force 


(228) F =~ grad d= — Agmd>. 
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The hydrodynamical meaning of @ is again the velocity potential of a 
souree or sink at 0. 

In general, no stream function ¥ can be associated with the velocity 
potential in the three-dimensional case. Only in the case of an axial sym- 
metric flow is it possible to construct a stream function.* For this purpose 
cylindrical coordinates p, ¢, z are introduced, z being the axis of symmetry. 
If the problem is axial-symmetric, & will not depend on ¢ but only on 
p and z. The potential equation (1), the mathematical equivalent of in- 
compressibility, reads then (see problem I, 3) 


ao lad , &d _ 
(23) 63 +350 + a =o 


It may also be written in the form 

2 98 oe _ 
dp? ap ' az” az 
From this form we can conclude that there exists a function ¥ = W(p, z) 
such that 


(23a) 0. 


oY _ 8 8  _ a ae 

dp dz Ap ” ap a2” ae 
If we now put in particular 

oy ae oF ad 
we obtain by cross multiplication 


As ap + oe wy) = 0. 
This implies that in any moridian plane » = const the curves @ = const 
and Y = const are mutually orthogonal. In other words, in such a plane 
the lines & = const coincide with the direction grad # and are sircam 
lines. The function ¥ may therefore be considered as a stream function. 
From (24) and v = —grad 4%, one obtains the velocity components in 
the form 


(28) _ _ 1a _ lay 


It is impossible, however, to combine $ and ¥ to form a, complex function 
@ + ¢¥ of the variable p + 7z as in the two-dimensional case. If this could 
be done, then the relations (24) should coincide with the Cauchy-Ric- 


Stokes, Trans. Cambridge Phil. Soc. Vol. 7, 1842, p, 439. 
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mann Faqs. (5), which is net the case because of the factor p in (24). 
Also, and Y would have to satisfy the equation #°/dp" + 3°u/d2* = 0, 
but actually ® satisfies Ig. (23) and © the equation obtained from 
curl ¥ = 0 by (25): 


Ca Se a wy _ 
(26) ‘Opp ap + ee 


The powerful tool of the theory of complex functions cannot be used 
in three-dimensional potential theory.’ 


20. A Fundamental Theorem of Vector Analysis 


The theorem which we wish to prove here is this: A continuous vector 
field V, defined everywhere in space and vanishing at infinity together with 
ats first derivatives, can be represented as the sum of an trrotational field V, 
and a solencidal field V, : 


(1) V=V.+%;, 
where 
(1a) curl ¥, = 0, div V, = 0. 


Our decomposition charges all sources and sinks of the given field V to 
the component field V, and all vortices to the component field V, so that: 


(1b) div V, = div VY, curl ¥, = curl V, 


The representation (1) is wnique except for a vectorial constant. 
This fundamental theorem was proved in its essentials by Stokes* in 


"The great mathematician David Hilbert (1862-1948) sharply characterized the 
futility of all attempts in this direction by the following remark: time is one-dimensional, 
space is throo-dimensional, however the numbor, that is, the perfect complex number, 
has two dimensions. 

"In his big paper: On the dynamical theory of diffraction, Trans. Cambridge Phil. 
Soc. Vol. 9, p. 1, reprinted in Math. and Phys. Papers, Vol. II, Cambridge, 1883, p. 243 
and particularly p. 254 ff. Stokes docs not yet give an explicit definition of the vactor 
potential A. Instead, Vs is calculated by the following formula obtained through a 
combination of our equations (5) and (9) 


4aV, = f ULoulY 2, 


For a rigorous proof sco: O. Blamonthal, Ucbor die Zerlogung unondlicher Vektorfelder, 
{Mathem, Annalon 61, 235, 1905). His only restriction is that V¥ and ite first derivatives 
vanish at infinity while no additional assumption is made about how quickly thoy 
vanish. It turns out that the component fields ¥, and V: need not vanish themselves, 
they may even become in a restricted way infinite. In the following we shall make the 
somewhat vague assumption that VY vanishes “sufficiently strongly” at infinity. 
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1849. In a more complete form, it is the basis of Helmholtz’s paper on 
vortex motion of 1858, where it is also proved (implicitly however, and, 
of course, without the use of vector notation). This theorem penctrates 
deeper into the integration methods of mathematical physics than any- 
thing we have done so far; it is of great importance in hydrodynamics, 
but even more so in electro-magnetic theory. We shall prove it in three 
steps. 


1. Calculation of V, . The irrotational vector V, can be derived from a 
scalar potential in the form 


(2) V, = — grad & + const. 
The potential © satisfies the differential equation 

div grad 6 = V*S = — div V,, 
which because of our condition (1b) may also be written as 
(8) V"o = — div V. 


The constant added in (2) for the sake of generality means nothing for 
the determination of 6. From the inhomogeneous potential equation (3) the 
right member of which is a known function, 4 is determined by Green’s 
theorem in the form 


(4) sro = [ aw a. 


(see la below). Here r = rpg is the distance of the fied point 2, at which 
@ is to be determined, from the “source” point Q which designates the 
place of the volume clement dr, that is to say, the coordinates of @ are 
the integration variables. If @ is known, V, is also known from (2) except 
for a constant. 


2. Calculation of ¥, . One introduces u vector potential A by putting 


(8) ¥, = curl A + const 
and adds as a further condition 
(6) div A = 0. 


Note: if A fulfills (5}, A + grad d, with \ heing an arbitrary point function, 
does the same; hence an additional condition like (6) may be stipulated. 
Because of (5) 
eurl curl A = curl ¥, , 


which, according to (1b), may be written 
(7) curl curl A = curl V. 
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Algo here the additive constant in (5) is immaterial. To (7) we now apply 
the vector rule (3.10a) valid for Cartesian components: 


V*A = grad div A — curl curl A. 


Because of (6) this reduces to V*A = — curl curl A, hence (7) is equivalent 
to 


(8) V*A = — curl V. 


The components of A then satisfy, like 4, inhomogeneous potential equa- 
tions that can be integrated by the following formula, analogous to (4): 


) aoa = f SVG, 


We shall prove in 2a that this representation of A satisfies by itself the 
condition (6). When A is known, Y, is obtained by (5) except for a con- 
stant. 


3. Uniqueness of the resolution V = ¥, + V, . Suppose there were 
another resolution Vj , Vj beside V, , V,. The irrotational vector Vi — V, 
would then at the same time be solenoidal, since we should have according 
to (1b) 

div (Vi — ¥,) = 0. 
In the same way we conclude that the solenoidal vector Vi — V, should 
at the same time be irrotational since, again by (1b), 

curl (V3 — ¥,) = 0. 


The calculation of the potentials @ and A for the vectors Vi — V, and 
V3 — V. carried out as in (4) and (9) would yield @ = 0, A = 0. Hence, 
by (2) and (5), we have 


Vi-V,=const, Vi — V; = const. 


Thus the resolution is indeed unique except for a vectorial constant. For 
more details see Blumenthal, loc. cit. 


la. The calculation of & and A by Green’s theorem. Let us put in Green’s 
theorem. (3.15) 


4 
U = &, = 
and apply it to a large sphere with radius & and center O. We know from 


(19.22) that V7°(1/r) = 0 except for the singular point r = 0 which has 
to be excluded from the integration by a small spherical surface with 
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radius p. First we calculate the surface integral over the p-sphere which 
appears on the right side of (3.15). Let & denote the solid anglo, that ig, 
d& be the surface element of the unit sphero. The surface cloment of the 
p-sphere is de = p*dQ. Since dn is the outward normal seon from the 
region of integration, we have 

ua __ ail 

an dp’ om = dpp ph 


That part of the right member of (3.15) which refers to the p-sphere 
becomes therefore 


dn = —dp, 


(10) ef da+ 3p 0a. 


The second integral in (10) vanishes for p — 0, and the first equals 4x. 
(Note that the factor © tends to the value of ® at p = 0). 

We now consider the surface integral over the R-sphere. The same 
consideration as before leads to the following expression for this integral 


(102) - feaa- f Brae. 


But this time both integrals vanish provided © goes to zoro with R -+0 
and 86/aR vanishes more strongly than 1/R. This is what we want to 
enforce by requiring that V should vanish “sufficiently strongly” at in- 
finity. The sum of the surface integrals over both spheres becomes then 
4n®, 

On the other hand, the first member of (3.15) ix, because of (8) and 


Ws) = 0, 
f div ¥ dr. 
yf 


This finishes the proof of Eq. (4); the proof of (9) follows cxuctly the 
same lines. 


2a. Proof that div A = 0. We take the divergence of cither side of 
equation (8) 


div V°A = — div curl V = 0. 


Since the operators div and V" are commutative, onc concludes that 
u = div A satisfies the homogeneous oquation V*u = 0. We carry out 
the integration as before under 1a) and notico that the surface integral over 
the R-sphere has again the limit sero, while the volume integral that 
appears in Green’s representation of u is now identically zero. This shows 
that the additional condition (6) for div Ais actually fulfilled. 
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3a. More about the uniqueness. When the vector field V is not defined 
everywhere in space, hut only inside a boundary surface 2, additional 
surface integrals over Y appear in place of the vanishing surface integrals 


over the surface of the infinitely large R-sphere. In the calculation of %, 
for instance, we have instead of (10a) 


(12) fegia—f 198 59. 


This invalidates the representation (4) as well as our uniqueness proof, 
and the same is true for the representation (9) and the transformation 
(11). In the case of « finite domain it is indeed necessary to prescribe 
suitable boundary conditions on the surface £, in order to give a definite 
meaning to the resolution “irrotational-solenoidal’’. 

Note that in the case of an infinitely extended vector field that is 
everywhere defined the constants in (2) and (5) must cancel each other, 
since the sum V = V, + V, is supposed to vanish at infinity, according 
to our assumption at the beginning of this article. 

Our uniqueness theorem has a well known counterpart in two dimen- 
sions: «@ function f(r -+- ty) that is everywhere regular in the complex plane 
ineluding the paint © is necessarily a constant (Liouville’s theorem). Both 
real and imaginary paris of such a function represent a two dimensional 
potential that. is irrofational and solenoidal at the same time; both parts 
must therefore be constants, making f a complex constant. 


4. Representation of « velocity field with given vortices. Yor the sake of 
simplicity we assume first: the entire space filled with a moving fluid and 
identify the veelor V with the fluid velocity v. According to the condition 
of incompressibility, div ¥ = 0; hence by (4) ¥, = 6, and V =v = Y, 
(the wlditive constant has been omitted).Upon introducing the vortex 
veetor w Which, for the present, we assume continuously distributed in 
space, we have by (9) and (5) 


(13) QnA = i Ode, v= curl A. 


The wlocity ¥ ean be represented by a superposition of the contributions of the 
individual vortex elements odr. Consider now the vortex tube (cf. p. 186) 
associated with a certain vortex clement wdr, a segment of which having 
the length | As | and cross-section Ag is shown in Fig. 28. If the vortex 
strength 2 = wAg [ser (18.15)] is introduced, the contribution A’ of our 
vortex clement to the vector potential A is given hy 


(14) Qa A! = : As. 
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The corresponding contribution v’ to the velocity of the flow is then 
(15) v’ = curl A’ = = curl (# as) 
2Qr r ; 


Here the vector »As/r has the direction of As which, according to the 
definition of the vortex tube is identical with the direction w. The operation 
curl to which this vector is subjected refers to the coordinates of the field 
point P for which v’ is to be computed. It is now convenient to introduce 


? 

mda Hig r Fra, 28, The contribution of the elemont 4s of a vortex 
tube to the vector potential A and the flow yoetor v. 

\4a| 0 

44 


an auxiliary coordinate system, taking As as the z-axis of a Cartesian 
system with origin O at the volume element of the vortex tube under 
consideration. With A’ = A!, A? = A! = 0, we obtain from (15) 


rm or 94s _ a, 
dmv. alr i pate 
(18) 
f 
Dav, = — Oe Ab Bas? sm 


These three equations can be written in condensed form: 
(17) lev! = a As Xr. 


The direction of v’ is orthogonal to As as well as to the position voctor 
r = OP; its magnitude is given by 


(18) an |v | = ELSE ain a, 


where 3 is the angle between As and r. The orientation of v’ follows from 
the right hand rule for vector products. 
The motion at the field point P due to the vortex eloment pAs is de- 


“Instead of that we could also usc the genoral formula curl fa = f curl a + (grad f) x 
a, which gives (17) if one puta @ = As = const and f = p/r. 
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termined by the law (17). The total velocity at P is the vectorial sum of 
the elemental velocities v’: 


(19) v= DV. 


5. The electro-magnetic interpretation of solencidal fields. We now com- 
pare (18) with the well known classical law of Biot-Savart 


(20) [aF | = *Fsing, 


where ¢ is the current intensity in the element ds of the conductor and 
d¥ the force acting on the magnetic unit pole at the field point P; 3 and 
r have the same meaning as in Fig. 28; also the oriented direction of dF 
coincides with the oriented direction of v’, given by the vector product 
Tule. 

This amounts to a perfect analogy between hydrodynamics and electro- 
dynamics, which, according to a remark of Helmholtz, has helped greatly 
in the development of either science. 

The current intensity i corresponds to the vortex strength u, the current 
density J to the vortex vector w. The Biot-Savart force dF acting between 
an individual current element and the unit pole is the analogue of our 
elemental velocity 2rv’, the magnetic field strength (that is the force on 
the unit pole due to the total system of currents) corresponds (except for 
the factor 2x) to the total velocity vector ¥ = Xv’. As a system of electric 
currents is surrounded by magnetic field lines, so a system of vortex tubes 
is surrounded by stream lines. In electrodynamics we speak of the field 
F as induced by the current density J; it is convenient to use the same 
expression in hydrodynamics and to speak of the velovity v as induced 
by the vorticity a. 

This analogy corresponds to the correlation b) on p. 110 that coordi- 
nates the flow v to the magnetic field strength and the rotution (pre- 
viously § and now «) to the electric field strength. 

In the electromagnetic case all these things become particularly 
simple if one considers linear conductors, that is, wires of sufficiently sroall 
crose-section. Their counterparis in hydrodynamics are the vortex filaments 
introduced on p. 141 which will be treated in the following article. 


6. Boundary value problems in the firite space. The determination of 
the velocity distribution in the case of the continuous flow of an infinitely 
extended incompressible fluid has been represented under 4) as a summa- 
tion problem, provided the flow vector vanishes at infinity. The vector 
potential A is found by integration over the distributed vorticity which 
is considered as given. The scalar potential is here immaterial since it 
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was possible to assume the flow vector to he free of sources and sinlcs 
throughout the space. This is different when the flow is restricted to a 
finite domain, where we have to consider houndary conditions for the 
pressure (e.g. » = 0 at a free surface) and for the velocity (e.g. 2, = O 
at a rigid wall). If sources are present in the flow, they must be excluded 
from the domain of validity of Euler’s equations and the excluding sur- 
faces must be considered as boundary surfaces of the fluid. The simple 
integral representation of A is no longer sufficient and a scalar potential 
® appears in addition, as earlier in 3a. As a consequence of the boundary 
conditions we face now a boundary value problem which can no longer be 
solyed by a simple superposition of sources and vortices, but calls for the 
application of special mathematical methods suitable for the given bound- 
ary conditions (e.g. conformal mapping in the two-dimensional case). 


21. Straight and Parallel Vortex Filaments 


In this article we consider the followmg two-dimensional problem: 
Given a number of straight vortex filaments normal to the 7,y-plane. 
What can be said about their mutual interaction in the course of time? 
With such a question we enter the domain of vortex dynamics while we 
have so far only dealt with the kinematic aspect of vortex theory (for 
instance in our analysis of the induced velocity field}. The basis of vortex 
dynamics is found in Helmholtz’s conservation theorem of 18 where we 
learned about the convective character of the vorticity. Hence, if we 
know the velocity imparted to the particles of an individual vortex filla— 
ment by the other vortex filaments, we are also informed about the 
velocity with which that vortex filament moves along and about its com— 
tingent change of shape. Dynamics and kinematics of vortex filaments 
are thus directly connected. In the two-dimensional case to which we 
restrict ourselves in this article, it is understood that the vortex filament 
remains straight. 


1, The Single Vortex Filament 


As already learned in (19.7), the velocity field of the single vortex is 
given by 


(1) @ + iv = A log (x + wy), 

(1a) +ypme = — grad enti # 
e * r x’ 

The stream lines are circles about the origin; the vortex proper, that is to 

gay the point 0, does not take part in the motion. 
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This is the place to examine the comection between the field due to 
a simple vortex and the Biot-Savart law of the last article. To do this 
we must leave the complex plane and introduce the z-coordinate along 
the vortex filament, which reaches from —@= to --o~. Let 2, y, 0 and 
0, 0, 2 be the coordinates of the field point and of the “source” point that 
supplies the integration variable as before. The line element, previously 
| As |, is now dz, its distance from the field point, previously called r, is 
now R = +y+e = +7 where the new 7 stands for 
4/2° + y° as in (la). From (20.17) and (20.19) we obtain after evaluation 
of the vector product 


: See ere a : we de 
(2) t, + iy, = Dor + i) = 5 ( yin) | +2)" 
while », is obviously zero. To evaluate the improper integral in (2) we 
start with the well known formula 
a dz y _ 
[ ire eee VJ + a’) log r 


and obtain by differentiation under the integral sign with respect to r 


Me a ee 
| wean Pa dat ter 


If a+, the first term to the right vanishes, and we have 


| a. { “dz 2 
-- +2)” Pe a 
Thus Eq. (2) yields 

» x Eat tt ee 
(2a) v, + WY, - ” , tl|v| =v, xr 
in agreement with (la) in sense and direction. 


On denoting by » a vector in -t¢-direction* of length | u| and by r the 
position vector in the z,4-plane, Eq. (2a) can be written as 


(2b) ve-yuXr 


The components », and », calculated from (2b) are, in fact, identical with 
the values resulting from (2a). Eq. (2b) differs from the three-dimensional 
formula for v’ in (20.17) in the missing factor 2 and in the denominator of 
the right member which is now r* instead of 7°. The difference ig caused by 
the preceding integration with respect to z. 


“Depending on tho sign of pu. 
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2. Two Vortex Filaments of Equal Strength and Opposite or Equal 
Sense 


The case of two opposite vortex filaments waa dealt with in Ky. 
(19.12) et seq. From (19.14) or directly from Fig. 29a the following result 
is obtained: The velocity », imparted to the filament 7, by F, is equal 
and parallel to the velocity v, imparted to F, by Fi : 


(3) 1, =o) = aa =y (2c = distance F,F,). 


On the other hand, the velocity v at the center M of the segment FP: » 
subject to the common action of F, and F, equals 


(3a) . yn =H +t = 4y, 


Thus we see: both vortex jilaments proceed with common velocity v; the Susie 
between them moves in the same direction in which FP, and F, move, but with 


Fra. 29a. Two equally strong vortices of Fia. 29b. Two oqually strong vorticcn 
opposite orientation: the plane of sym- of the samo orientation move on a circle 
metry can be replaced by a rigid surface of in diametrical position. 
separation (wall). 


larger velocity. Fluid particles in line with F; and F, but not between 
them move in the opposite direction; their velocity becomes very large 
in the immediate neighborhood of F, and F, . 

Not only at M, but at all points M@’, M" of the biscctrix of FF, the 
resultant velocity due to both filaments is parallel to the bisectrix. One 
may therefore replace it by a rigid wall since the flow along the bisectrix 
is just the one required by the boundary condition along a rigid wall. 
Henee an isolated vortex filament, originally at rest, starts to move if nu 
wall is brought toward it; it travels parallel to the wall, the faster the 
closer the wall. The vortex is, as it were, pushed forward by its virtund 
image that is obtained by reflexion in the wall. More about that will be 
learned in the more complicated case of Fig. 31. 
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The case of éwo vertex filaments of equal orientation is also represented 
by (19.12), when the sign of the second term to the right is reversed. 
According to (3) F, induces at F, a velocity » that is opposite to the 
velocity which /, induces at F, . While F, travels downward on a circle 
with radius c, ¥, travels upward by the same amount. The diameter 
F,F, turns about the center M which is constant in space. Both vortices 
travel therefore on the same circle, the one being diametrically opposite 
to the other. 


3. A Theorem Concerning the “Center of Mass” of Two or More 
Vortices 


When the strengths », and yz, of the two vortex filaments are different, 
the vortex points F, , Fy, still travel on concentric circles, but the radii 
are different. The common center is the center of mass of », and w, , when 
we think of », and », in terms of masses carried by the points F, and F; . 
The center of mass is, of course, on the line through F, and F, , inside 
the segment FF, if ~, and wy have the same orientation (Fig. 30a), and 


a b 


Fic. 30a (éeft), b (right). Two vortices move in circles about thoir “centroid.” The 
centroid does (a), or does not (b), separate the vortiess depending on whethor the 
oriontationa of the vortices arc equal or opposite. 


outside if the orientation is opposite (Fig. 30b). In the latter case one of 
the masses must be counted negative. Figures 30a,b have been drawn 
under the assumption u, > zu, and |, | > m , respectively. 

The common center § of the circular paths described by F, and F, is 
found by connecting the cnd point of the velocity vector v, with the end 
point of v, (see Fig. 30a). This line intersects the line F,F, in S. Since 
v, is due to F, and », to #, , one has 


(4} n= 2%, mag. 
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For the position of the intersection point S we have SF,/v, = SF2/v , 
which yields because of (4) 


(5) um, SF, = po SPs. 


Hence S is indeed the centroid of the masses 4, and pa . 

The same construction is carried out in Fig. 30b for the case of opposite 
vortices. If here | 4. = u, , the point S is shifted to infinity: both circles 
degenerate into parallel lines and the first case of 2. is reobtained. The 
second case of 2. obviously corresponds to x, = ue , 80 that the two cireles 
of Fig. 30a coincide. 

It should be realized that the point 5 so constructed is by no means 
at rest if considered as a point of the fluid. Actually the velocity at S in 
the case of Fig. 30a is given by 


aoe Lat’ = (1 - # 8h) 
: aSF, wl, SF, A SF, ; 


The expression in parentheses is because of (5) 


g 
1-830. 
fa] 


The statement that S does not move means only that the geomotrical 
center of the circular paths of the vortices #, and F. is at rest and does 
not say anything about the motion of a fluid particle that happens to be 
at S. The tcrm center of mass at rest will be used in this senso also in the 
remainder of this section. 

Let us now consider a system of a number of vortex filaments F, , 


F,,-+-+ FB, , +++ F, . The velocity induced by F; at an arbitrary field 
point P can be written by moans of (2b) as 
(6) ye LUXE mT) 


we |r—r,; |* 
where r — I; is the relative position vector of P with respect to F, . Let 
P now coincide with F, and sum over all ¢ with the exception of i = k 
since J’, is not affected by ita own induction. Thus 
i xh — Ff. 

¥y ==> ws X(T, — td) 
(7) h 7 pa rm —f ] 
is obtained where the apostrophe at the summation sign means the ex- 
clusion of the value & from the possible z-values. We introduce now 


Ta =, —0,,%s = [Me — Fi | 
(7a) es 
Tia 


ei, = = — 8s; 
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where €,, is a unit vector in the 2,y-plane. We shall further need a unit 
vector € normal to the 2,z-plane to indicate the direction of the vector » : 
wu; = ».e. With these notations, Eq. (7) transforms into 


(7b) te 2 Dy Se 

Now we form 

(8) > MY, = . DD! wae 2X ey . 
k 4 Ter 


In the double sum to the right, ¢,, and therefore e X e,, is antisymmetric 
in + and k& while the products us, and the distances r,;, are, of course, 
symmetric. Hence the terms cancel in pairs, and we havo the result 


(9) Dmv, = 0, 


which implies that the velocity v, of the centroid of our vortex system 
{but only in the sense pointed out above) vanishes 


2 Ha¥y 
10 .™= m= (. 
ve xe ge 
4, The Law of Areas for a System of Vortex Filaments 


In a certain sense, there exists also an analogue to the law of areas in 
general mechanics; as we shall see, the total angular momentum of the 
system of vortices ig constant, in the absence of external forces. 

We define the momentum of a single vortex filament by :4%, and the 
moment of momentum or angular momentum of the system of vortices 
relative to an arbitrary origin O by 


M = »y iy OX Vy - 
Substituting from (7b) we obtain 
(11) M = > > Bitte, X (@ X 4). 


On interchanging ¢ and k and considering the antisymmetric character of 
the e,, we obtain 


(11a) M = —2 30 Sy By, x (eX en). 
re; TPR 


We add now Eqs. (11) and (11a) and find by applying the definition of 
€,, in (7a) the following form of M: 


(11b) M = as de Oe oe Bille On X (@ X @j,)- 
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According to a well known vector identity 
(12) Cn X (6 X Cie) = C(O nC) — Ca(O-Ors), 


but the first term to the right equals e and the second is zero (e,, is a 
unit vector, 30 is @, and they are normal to each other). Thus it is seen 
that the right member of (11b) depends only on the vortex strengths 
», and bas the constant direction e; it is therefore a constant vector 


(13) = = a De Mitts = const. 


5. General Remarks on the Dynamics of Vortices 


The dynamics of vortices which we have studied here is indecd a very 
peculiar one and deviates decisively from the dynamics of mass points. 

To begin with, Newton’s first law is altered. The isolated vortex 
(which is therefore not subjected to “forces’’) remains in a state of rest. 
A uniform rectilinear motion can only be acquired by association with a 
second vortex of equal strength but opposite sense of rotation or under 
the action of a wall at rest. Thus the relativity principle of classical me- 
chanics according to which the state of rest and of uniform motion are 
equivalent is no longer valid. The reason is, of course, that the fluid to 
which the vortex belongs plays the role of a preferred frame of reference. 

The modification of the second law is even more remarkable. The 
external action originating in a second vortex does not determine the 
acceleration but the velocity. The content of the law of motion of the mass 
center is shifted accordingly: not the acceleration, but the velocity of the 
mass center vanishes. As far as the law of areas is concerned the angular 
momentum of the vortex system is constant as in the case of a mechanical 
system in the absence of external forces, but the constant is entirely de- 
termined by the vortex strengths according to Iq. (13), in contradis- 
tinction to the mechanics of masses where this constant is a constant of 
integration that depends on initial conditions which may be chosen froely. 


6. Atmospheric V ortices 


At first thought it seems impossible to realize infinitely long vortex 
filaments experimentally. But, as Helmholtz noticed, in a fluid layer 
bounded by two parallel planes normal to the vortex filaments, the same 
vortex motions can be produced as in a fluid of infinite “thickness”. 

Such a fluid layer is realized to a certain extent by our atmosphere if 
one disregards the curvature of the earth. In fact, water spouts and tor- 
nadoes can be considered as vortex filaments on a tremendous scale 
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(filament diameter 5-500m), whereas atmospheric cyclones and anti- 
cyclones, the horizontal dimensions of which may well extend over 1000 km, 
being many times larger than their vertical extensions (10-15 km), combine 
the properties of vortices with those of waves. 

For applications in meteorology the classical theory of vortices has 
to be modified in two points. The normal state of the atmosphere is not 
& state of rest but of uniform rotation; for an observer connected with 
the surface of the earth the fluid in which the vortex motion takes place 
is not free of external forces as we have assumed so far, but under the 
action of the Coriolis force. In addition to this dynamical correction there 
is also a thermodynamical one which is due to the compressibility of the 
air: since the density of the air is connected with the air pressure by an 
equation of state p = F(p, J, -+-) which contains not only the pressure, 
but also the temperature T and possibly other variables such as humidity, 
the expression curl (1/p grad p) does in general not vanish. That means 
the presence of processes which can generate or destroy vorticity. 

Those are the two extensions of the classical vortex theory that are 
considered in the meteorological literature when more general vortex 
theorems are formulated. (V. Bjerknes,” H. Ertel**). 


22, Circular Vortex Rings 


Closed vortices, in particular those of circular shape, differ from the 
straight vortices of the preceding section in that they occur or can be 
easily made to occur on a small scale. As smoke rings, they are well 
known to smokers, but they may also be seen above chimney tops. For 
the purpose of demonstration the following device will serve well: A circular 
hole is made in the front wall of a cardboard box, the rear wall is removed 
and a picce of somewhat elastic cloth is stretched over that end. Into 
the box is put a dish of hydrochloric acid and another of ammonium 
hydroxide; thus a dense smoke of ammonium chloride is produced. Smoke 
is ejected through the hole by a sharp tap against the rear wall and curls 
up in the form of a circular vortex as it passes the edge of the aperture. 
Fig. 31a illustrates this process. The vortex ring thus created moves 
straight forward for a distance of several yards with considerable speed. 

According to the fundamental theorem of vortex theory (cf. p. 132) 
the vortex adheres to the fluid, that is, the air particles are carried along 
with the vortex. This becomes apparent when a candle is put in the way 
of the vortex: The flame is blown out by the “whirlwind” with a soft 
whistle.—Decreasing the aperture in the box wall makes for a smaller 


VY, Bjerknes, Metcorolog. Z. 1900, pp. 97 and 145, also 1902, p. 96. 
UR. Ertel, Physikal, Z. 1942, p. 526, alao Meteorol. Z, 1942, pp. 277 and 885. 
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radius of the vortex ring and at the same time for larger speed. When. the 
circular aperture is replaced by a rectangular one the vortex, rectangular 
when it emerges, develops regular pulsations that indicate a tendency 
toward the circular shape; the latter is the stable one, while the rectangular 
shape is unstable—The circular vortex increases its radius when ap- 
proaching « wall parallel to the plane of the ring (Fig. 32). 


a b 
Fig. 31. a. Formation of a vortex ring when an air current is ejected through a hole. 
b. The vortex ring approaches 4 plane wall. 


Fia, 32, The vortex ring widens when it approaches a wall parallel to its plana; its 
translatory velocity decreases. 


The following experiment, not easily performed with our device, pre- 
sents little difficulty to a smoker practiced in the art of blowing rings: A. 
small ring is made to follow a bigger one. Moving with greater speed, it 
catches up with the bigger vortex ring and slips through it. Thereupon. 
the smaller ring grows larger while the bigger one contracts. It has by now 
become the quicker of the two and will pass through the other, and, theo- 
retically, the game should repeat over and over again. For this experiment, 
vortices in a liquid are more suitable than smoke rings. One uses colored. 
liquid which is dropped upon the surface of a water reservoir from a 
pipette. When a drop strikes the surface, it pulls apart in the shape of a 
ring which penetrates into the water and expands at the same timc. The 
next drop, or rather the vortex ring which it becomes, is initially smaller 
and overtakes the larger ring, etc. This arrangement permits one to observe: 
the passing-through phenomenon several times in succession. 

Turning now to the interpretation of these experiments, we start 
with the discussion of some aspects of the problem that can be dealt with, 
by elementary means. This is the case if no account is taken of the inter- 
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action of the vortex ring with itself. The vortices, therefore, will for the 
present be considered as injinitely thin filamente. 

Eg. (20.17), the equivalent of the Biot-Savart law, serves as a starting 
point and gives the velocity contribution v’ induced by a single vortex 
element »As at given field point. For the midpoint M of the vortex ring 
in particular, all contributions become equal in amount and direction since 
in this case (20.17) becomes 

8 


where a denotes the radius of the ring. By summation over all As the 
velocity vx at the midpoint is obtained: 


(1) by = xh DAs =F 


Thus the velocity at M ts seen to increase with decreasing a. As we observed 
before and shall prove later, the translatory velocity of the vortex ring 
increases also with decreasing a. 

We take now as field point an arbitrary point A on the axis of sym- 
metry of the ring, denote its distance from the center M by z (the distance 
from any point of the ring being r = +/a" + 2°), and consider the com- 
ponents of v’ parallel and norma! to the axis. The normal components 
due to any two diametrically opposite vortex elements will cancel each 
other. The axial component of v’ is v'a/r. By summation over all As, 
Bq. (20.17) leads to 


+ 2 
page = : 
(2) va Der ¢ Yr As 3 Rory Ay ; 


Hence the velocity decreases along the axis on either side of M and goes 
to zero as 2 grows indefinitely. . 

For a field point in general position the summations that lead from 
v’ to V are no longer quite so elementary, but require integrations of elliptic 
type. The same is true, as is well known, for the mathematically analogous 
calculation of the magnetic field induced by a circular current loop. 

On the other hand, it is now possible to interpret some of the phenomena 
described in a qualitative way. 

Fig. 31a indicates schematically the formation of a vortex as the air 
flows through tho aperture, Fig. 31h illustrates the conditions that prevail 
when the vortex ring mects a wall parallel to its own plane. At the wall, 
the boundary condition is », = 0. It can be satisfied by employing the 
method of images, a procedure of general usefulness in problems of this 
character. To the physically real vortex on the left side of the wall one 
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adds a virtual vortex on the right side, in this way extending to infinity 
the hydrodynamic field that, physically, is bounded by the wall. An air 
particle W adjacent to the wall receives the velocity contribution vi from 
the real vortex », and v{ from the virtual vortex p, ; according to Kq. 
(20.17), ¥; is perpendicular to the plane subtended by the vector r; and 
the axis of the vortex element »; . Evidently, y{ and v4 add up to 8 motion 
parallel to the wall, thus satisfying the condition v, = 0. This, obviously, 
is true not only for the two pairs of vortex elements in the plane of the 
diagram, but for any pair of elements in image position. 

We now wish to find out about the influence exerted by the image 
vortex upon the real vortex," e.g. upon the upper vortex element , in 
Fig. 3lb. The strongest action is to be expected from the closest neighbor, 
that is, the upper element py . Again according to (20.17), this action 
consists in an induced velocity directed vertically upward, mdicated in 
the diagram by a vertical arrow at the upper left element. All the other 
elements x. Will partly aid in this action or partly, but in a smaller degree, 
counteract it (e.g. the lower element yu,). The same argument applied to 
the lower element u: leads to the vertical downward arrow at the place 
of that element. In the diagram the influence of the real vortex upon its 
image is also indicated. 

We see then that the real vortex is enlarged when it approaches the 
wall because of the hydrodynamic action of the image vortex. The samo 
is true for the image vortex. As the radius of the ring grows, so the forward 
motion directed to the wall attenuates, since the translatory motion of 
the vortex ring is essentially in inverse proportion to the radius. (This 
has been mentioned before but has not been proved.) Hence the vortex 
growing ever larger and weaker has evanesced to infinity before it reachos 
the wall. 

Using the same qualitative methods we can aleo understand the mutual 
slipping through of a pair of vortices (Fig. 38a, b, c, d). In Tig. 33a the 
radii and speeds of the two vortices are equal. Having been generated 
one after the other by the same device, their sense of rotation is the same, 
in contrast to Fig. 3la in which the senses of rotation were opposite. 
This time, the interaction of the two vortices consists in the enlargement 
of the more advanced vortex and, simultaneously, in the diminution of 
the rear vortex as indicated by the vertical arrows in Fig. 33a. In Tig. 338b 
and c the vortices are shown before and after passing which becomes 
possible on account of the greater speed of the rear vortex (cf. the hori- 
zontal arrows in Fig. 33b). In Fig. 33¢, the interaction of the vortex pair at 


Speaking physically, the influence is, of course, all duc to the wall, tout we have just. 
convinced ourselves that this influence is correctly described by tho assumption of » 
virtual image vortex. 
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this stage is again indicated by vertical arrows: The more advanced vortex 
grows, the rear vortex contracts, hence the first is decelerated, the second 
accelerated. The result is Fig. 33d, a repetition of Fig. 38a: The game is 
ready to start anew. 

But these qualitative methods are no longer sufficient for problems 
that involve the interaction of the vortex with itself. The translatory motion 
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a b ¢c d 
Fig. 33. The mutual threading of two vortex rings. 


of a circular vortex is of that kind. Now the cross section of the vortex 
ring must be assumed finite, e.g. as a circle of radius ¢ very small in com- 
parison with the ring radius a. Within the circular cross section one might 
perhaps try a finite (e.g. constant) rotation w; the vortex strength « that 
so far has been used only for filamentous vortices is now connected with 
w by 


t= TO. 


The most convenient approach is through the stream function ¥ (19.24); 
within the vortex cross section the differential equation for ¥ is not Hq. 
(19.26) but the inhomogeneous equation 


wy 1a , or 
Op? pap + oe = 


The representation of & (valid outside tho cross section) by complete 
elliptical integrals of the first and second kind has already been given by 
Helmholtz. It serves as basis for the computation of the translatory 
velocity vr , a computation that is mathematically involvod and at the 
same time physically unsatisfactory. It will be omitted here. The result is” 


— 8a _1 
(3) Or Ona (tog ¢ i): 


UFor s critical roview of literature soo A. 18, H, Love, Encykl. d. Mathom. Wiss. 
IV. 3. p. 118 
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The term written here as } is uncertain; it depends on the assumed w-distri- 
bution over the cross-section. Our previous statement, repeatedly used in 
the discussion of the experiments, that vr increases with decreasing a and 
decreases with increasing a is confirmed by Eq. 3, but the physically unde- 
termined quantity a/c makes the result appear rather unrealistic. A com- 
parison between (3) and (1) shows that v; may be larger or smaller than 
tse , depending on the choice of a/c. 

Similar difficulties and a result formally quite analogous to (3) occur 
in the computation of the inductance of a wire (cf. vol. III), but in the 
electrical problem the radius ¢ of the wire is of course physically deter- 
mined. 

How could we remove this uncertainty in the case of the circular 
vortex? There is hardly any other way but to investigate more completely 
the process of vortex formation at the edge of the circular aperture. ‘This 
should result, if not in a definite radius ¢, then at least in a definite w- 
distribution over the cross section (of course, w should decrease radially). 
However, such an investigation could hardly be carried out and would 
certainly not be worth the labor; hence we have to leave the attractive 
and successful theory of vortex rings incomplete in an essential point. 

A more direct grasp of the translatory motion of the vortex may be 
achieved by comparison with the motion of the straight vortex pair in 
21, Fig. 29a. A vortex pair may be obtained from a vortex ring hy re- 
stricting one’s attention to two diametrically opposite ring clements. 
Lengthening of these two elements makes up, in a certain way, for the 
disregard of the other elements and finally leads to a pair of puarallel 
straight filaments. To be sure, the similarity of the two vortex arrange- 
ments is only superficial, but their translatory motions are remarkably 
analogous. If we replace in Eq. (21.3) the letter c, which denotes half the 
distance of the vortex pair, by the ring radius a, the translatory velocity 
of the vortex pair ‘becomes 

i 
ia 
This is indeed the first factor on the right side of our Inq. 3 for mp . The 
direction of vy was perpendicular to the plane of the vortex pair; our vy 
is perpendicular to the plane of the ring, as it should be. 

A peculiar vortex motion may be observed in rowing. At the places 
where the oar breaks the surface of the water just previous to being lifted, 
small depressions of the surface appear—we could call them “dimples”: 
that run along on the surface. They are the endpoints of a vortex are that 
has been escorting the submerged contour of the oar while it was pulled 
through the water. The dimple-like shape has its cause in the combined 
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CHAPTER V 


THEORY OF WAVES 


Ever since waves were studied, water waves have served the natural 
scientist as a model for wave theory in general, although they are much 
more complicated than acoustical or optical waves. As surface waves they 
are bound to the common surface of two media, while the ordinary acoustic 
and optical waves are three dimensional waves. 

There is this fundamental difference between vortices and waves: 
vortices pull the matter along in their own motion while in a wave the 
average locomotion of an individual fluid particle vanishes; it is not 
nudter that travels but energy and phase. 

We shall discuss in this chapter waves with different symmetry char- 
acteristics, such as plane waves, circular waves, ship waves, and Mach 
waves, starting out with the simplest type, the plane progressive waves. 
According to the nature of the restoring force we distinguish gravity waves 
and capillary waves. Gravity waves are the large, conspicuous waves which 
one usually has in mind in talking of water waves. 


23. Plane Gravity W aves in Deep Water 


We assume the wave as a completely periodic phenomenon and express 
the time dependence as on p. 98 in the form e***; waves of 4 more 
general time dependence can be obtained by superposition of partial waves 
having different circular frequencica (cf. 26). 

We further assume that the wave motion is generated out of the state 
of rest, say, by a gust, a mechanical disturbance or the like (in problem 
VI, 3 we shall investigate under what circumstances an air current that 
grazes along a horizontal water surface can produce a wave motion). Since 
the fluid can be considered as inviscid, and since we shall consider in this 
and in the following article only the potential field of gravity, it follows 
from the conservation law of 18 that the motion possesses a veluctty 
potential. This can depend in the case of a plane wave only on two spatial 
coordinates x and y, where z is the direction in which the wave progresses 
and y the depth coordinate. The problem is independent of the third 
spatial coordinate 2 which is horizontal and orthogonal to the direction 
of propagation. © is thus a two-dimensional potential as far as the space 
coordinates are concerned, and, according to 19, has the form f(r + zy) 
in an tncompressible fluid. 
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Let y be counted positive downward; since we wish to obtain a train 
of waves advancing in the positive z-direction, the x-dependence of f must 
be of a trigonometrical form, or, of the form of an imaginary exponential 


when written in this more convenient way. This leads to the following 
possibilities 


(1) Bm fet sy eh! = A efOeren er, 
or 

(la) b= fla — ty) eo = Bere) ote, 
Here, & is again the wave number, and there is 

(2) b=, wa, 


where > is the wave length and r the period. 

We first assume the water tnjiniicly deep, that ia, the y-coordinate of 
the ground y = ’ should be very large compared to x. 

At the ground, 


(2a) ky = 2n x =m, 

This shows that the potential (1a) is not usable since it would yield infinite 
velocity amplitudes at the ground, but the potential (1) satisfies all con- 
ditions that have been imposed so far. 

The representation (1) contains three parameters, A, w, and &. A do- 
termines the amplitude of the wavo for y = 0; both A and the (circular) 
frequency w depend on the particular form of the excitation. While these 
two quantities can he chosen freely, the wave number / must be de- 
termined in its ratio to w, for, according to (2}, the ratio 


w xr 
(3) k 7 = ee V, 
is the velocity of propagation of the waves. 
For the determination of k wo must utilize the condition for the free 
surface: 


(4) p= 0, 


(the atmospheric pressure is taken as zero). iq. (4) follows from (12.19) 
if capillarity is neglected; it introduces a dynamic element into our theory 
while our argument so far has been wholly of a kinematic nature. 

The pressure p and the potential & are connected by Euler’s equations, 
which we shall use in the integrated form of Bernoulli’s equation. Since 
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our problem involves a velocity potential variable in time, we have to 
take Bernoulli’s equation in the form (11.15). We shall, however, neglect 
the quadratic term (VV), since we consider the amplitude factor A as a 
small quantity (the usual procedure in mechanics of small oscillations). 
The abridged form of Bernoulli’s equation is then 


(5) — +5 @ + U) = coms. 


As explained on p. 89, the constant in (5) is independent of the space 
coordinates, but in general dependent on time. The only function of time 
which in our case does not upset the periodicity and the uniform advance- 
ment of the wave is 


const = Fi) = 0. 
Under these circumstances (5) assumes the simple form 
od U 


(5a) 3 = be 


Here U is the gravity potential per unit of volume taken at the surface. 
Since y is counted positive downward, we have in general 


(5b) U = —pgy. 


Let the equation of the surface profile be y = 4, where y is o function 
of « and é. A positive 7 means a depression, 9 negative 7 an elevation, of 
the surface. From. (5a) we have . 


od 
(6) ryan At 


The function 7 must have again the form of a progressive wave, like the 
one we have set up for the velocity potential &. Thus 


(7) = ry viene 


The constant a introduced here is in general complex since it includes 
amplitude and phase of the surface function; also, a has the character of a 
small quantity like A. If we substitute (7) and (1) in (6), we obtain after 
cancellation of the common exponential factor 


(8) twhe™ = ga. 


We now expand ¢~”* in powers of ky and neglect the products An, Ay’, 
etc. as small quantities of higher order; Eq. (8) then simplifies to 


(9) wA = ga. 
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This is a relation between A and a, but it is not the relation between 
k and w we require. The latter is obtained by introducing a further hine- 
matic condition: We stipulate thet the motion of the surface muat coincide 
at any time with the motion of those fluid particles that happen to be at the 
surface at this time. That such a condition must be satisfied is rather 
obvious; we specify, however, that the components of the two motions 
taken in the normal direction 7 of the surface should be equal, since a 
motion of the fluid particles in the tangential plane does not change the 
shape of the surface, hence is immaterial for our problem. On denoting 
the velocity of the surface with V and the particle velocity with v as usual, 
our condition reads 


(10) Vn = Me: 
The component v, , expressed by the velocity potential ®, is 
= ~ o® 
- an * 


However, if A is sufficiently small (the wave sufficiently flat), we can 
replace within a ‘cosine error’’, that is, with disregard of terms of second 
order 


ab ob 
(10a) an by ay * 
V is treated correspondingly: we replace 
on 


that is by the “sinking speed” of the surface. With these simplifications, 
condition (10) reads 


an _ _ oe 
(11) RE Oy 

Substituting for 7 and from (7) and (1), we obtain, again after cauncella- 
tion of the exponential on both sides, 


Now, the comparison of (9) and (12) yields at once 
A ; 
a Aug. i. 


Our conclusions from (13) are: 
1, There is a phase difference of +/2 between the a-wave and the A- 
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wave. If A is chosen a real quantity, which is permissible, a becomes 
. purely imaginary; or, employing real representation, we ca write for ® 
in accordance with (1) 


{14) & = A cos (ke — whe, 
and Eq. (7) becomes now [ef. (13)] 


(14a) n= — 7 Asin (he — wi) 
or 
oe 
(14b) 2 = — = Asin (ke — ai). 
2. The relation between & and w is given by Eq. (13): 
(15) w = gk. 
Introducing here the velocity of propagation, we obtain (cf. (3)] 
2 
Be ID oe ga oe 2 
(16) vepe, Om? V eo 


The velocity of propagation depends on the wave length; long waves travel 
faster than amaller ones," 

When the propagation velocity of a wave depends on the wave length 
as in Eq. (16), we speak of dispersion, using an expression borrowed from 


Fie. 34. The phase velocity V ag a 
function of the wavo longth a. The 
diagram gives the dispersion of gravity 
waves for} << h& (sogmicnt 4), A > A 
(segment o), \ ce A (eegment ¢); & = 
depth of the water. 


optics. The dispersion in a medium is normal when longer (red) waves 
have larger velocities (smaller index of refraction) than shorter (violet) 
waves. The behavior of gravify waves in deep water thus corresponds to the 
case of normal dispersion in optics. 


1We should like to recommend to readers who are irritated by the complex represen- 
tation of periodic phenomena, to carry out the preceding calculation once more with real 
quantitica and to convince themselves that they obtain again Iq. (16) although in a 
somewhat more cumbersome way. One would have to replace (1) by (14) and (7) 
by 7 =| a | cos {kx — ot + a), where « is the phase difference botween y and » that is 
to be determined. 
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Fig. 34 should make this clearer. V is represented by the upper half 
of an ordinary parabola which has the V-axis as a tangent at A = 0, 
Only the middle part a of the parabola has been drawn as a solid line, 
this being the region for which our assumptions are actually valid. For, 
if the wave length keeps increasing, it finally becomes of the same order 
of magnitude as the depth of the water h, and our assumption (2a) is no 
longer valid. This case will be taken up in the next article. On the other 
hand, if one goes to very small values of A, gravity is no longer the decisive 
dynamic parameter, but surface tension takes the lead; this brings about 
a fundamental change of the dispersion law (see 25). 


24. Plane Gravity Waves in Shallow and Moderately Deep W ater 


If we now assume the depth / as finite, the second form of the potential 
(23.1a) need no longer be rejected, but is as good as the form (23.1); 
hence a linear combination of (1) and (la) may be taken for the velocity 
potential 4: 


(1) >= P viawcdiiaads ©." and + Bet} 5 


The new boundary condition at the bottom is: », = 0, or, d@/ay = 0 
for y = 0. This is, by (1), equivalent to 


—Ae™ + Bet™ a 0, 


& condition for A and B which is more conveniently handled, if we intro- 
duce & constant C defined by 


1 = Anum?” ame Rntth 
5 C = Ac Be 
so that 
(1a) A=, B= 


Then the potential assumes the form 


stes—oty C = ae 
hb = gh * wt} 5 {e** ¥} + @ eth sed 


(2) 
= e"-“C. cosh kh — 4). 


The expression (23.7) for the surface depression remains unchanged; we 
rewrite it here: 


(3) = on eee 
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Likewise, the dynamic and kinematic surface conditions (23.6) and (23.11) 
remain valid. They give for y = 0, because of (2) and (3), 


(4) tw cosh kh = ge, 
(5) —tec = Chsinh kh. 
We first discuss the case of shallow water, that is, 
kh<1, cosh*#h = 1, sinh kh = Kh. 
Figs. (4) and (6) yield in this case 
iw = go, —twe = CR, 


or 
C_-L._% 
6) rr ne si 
The formula for the velocity of propagation is now 
2 
(7) V== gh, V= Von. 


(One is reminded of the definition of the velocity head h = v*/2g on p. 45, 
but it is merely a formal analogy, due to dimensional reasons.) 

In shallow waiter the velocity of propagation is independent of the wave 
length: there is no dispersion. 

On the basis of Eq. (7) we can now complete Fig. 34 for large X values. 
The curve should approach a horizontal asymptote for \ > } in the dis- 
tance +/gh from the \-axis, as indicated by the branch b of this line. 

When & and & are of the same order of magnitude (moderately deep 
water), Eqs. (4) and (5) still govern the behavior of the wave. In this case, 
they supply directly 


C_ _ 
8) Eta cool Eh bah bs” 
from which we infer 
2 
w 
(9) tanh kh = oe ; 


On introducing z = kh and d = w*h/g, we obtain 
(92) tanh 2 = ©. 


The solution of this transcendental equation can be obtained graphically: 
We plot the equilateral hyperbola d/z and the curve tanh + above x as 
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abseissa (the latter is 4 Monotonic increasing function with a horizontal 
asymptote tul, the distance 1 from the z-axis). There is then only one 
infersection point of the two curves, and its abscissa s = a, is the root 


of Iq. (9a); the required value of k is o/h. ‘The velocit On % 
; ¥ 0 akon i 
moderately deep water is therefore nae 


(10) Vata 
ko 

We have obtained an implicit representation of the dispersion law which 

should be supplemented by a chart or table of the solutions of Eq. (9a) 

in function of the purameter d. We also see in what way Fig. 34 is to 

he completed: the gap between segment a (h >> d) and segment b (h < 4) 

is bridged by segment ¢ (h & 2) corresponding to Eq. (10). Since this 


V 


Fra. 38. Graphical solution of the transeendontal Bq. (9a). 


X2Xo x 


part of the curve increases, too, one sees that the dispersion is normal 
throughout. 


The transition from @ to ¢ ean also be read from the following formula 
which ix wu direct consequence of (9) 


(108) VP = % = Bionh 22 | 
One obtains from (10a) 


for Ah>A: | VO g , Hq. (23.16), 


for h&KA: = V2 gh, Eq. (24.7). 
A. remark on surf formation may be inserted here which is of a purely 
qualitative nature and includes perhaps an over-interpretation of our 
equations. Surf is hound to 2 region of very small 2 and, consequently, 


small A} = 2 so that tanh 2 & 2. The transcendental Eq. (98) becomes 
then algebraic: « = d/zx. ‘The root is 


t = /d =a 4 
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the velocity of propagation according to (10) is therefore 
(11) V = V oh, 


which is our formula (7) for shallow water. Now, our analysis is only 
valid for water of uniform depth, but we may try to apply it to the case 
of decreasing depth in the vicinity of the shore (cf. Fig. 36). Besides, our 
results apply only to small amplitudes since the amplitude squares have 
been omitted; nevertheless, we use them now for finite amplitudes, as- 
suming two values for h, viz., he characterizing the creat and hy charac- 
terizing the trough of a wave (ef. Fig. 36), and obtain from (11) 

Ve fe 
Ve 7 Vhs 1. 

Hence the velocity of propagation of the crest is larger than that of the 
trough, which would modify the shape of the wave as indicated in Fig. 36 


_-™ eae 
7 


by the crest to the right. This offers an explanation of the surf phonomenon 
on the basis of our equations, although it is doubtful whether the con- 
clusions are legitimate. 

We turn to the very attractive problem of the path of an individual 
particle in wave motion which shall be discussed under the assumption of 
moderately deep water. Let 2, y be the particle coordinates in water at 
rest and x’, y’ the same in water disturbed by the wave motion. The dis- 
placement from, the rest position is then 


(11a) 


where » no longer denotes the surface disturbance as before, but the dis- 
turbance at an arbitrarily specified depth y, (similarly #. The particle 
velocity according to (2) is 

v = E a — ike’ cosh kth — ¥), 
(18) 


y%= y= —-—=_ he *Cginh kh — 4). 
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It will be noticed that ® is here differentiated with respect to x, y, while 
it ahould be differentiated with respect to the variable coordinates 2’, y’; 
also, we should write in (13) 2’, y' or x + & y + 7 instead of a, y. The 
difference, however, would be of second order in the quantities C, ¢ and 9 
and may therefore be neglected. 


Integrating (18) with respect to t, which amounts to a division by 
—~tw, we obtain 


£ co & gttte-meig cosh kh os W); 


(14) 


a= iz eC sinh Kh — 4). 


where the constants of integration must be taken as zero because of the 
periodicity of the displacement. We introduce the notations (they will 
justify themselves presently) 


(15) a= ae cosh k(h — 4), = AC ainh kth — 4) 


and write the cal part of (14), using these abbreviations: 
(16) — = acos (kx — wf), 7 = —b sin (ke — wt). 
To find the oquation of the particle path we have to eliminate ¢ from (16). 
By squaring ~ ond » we obtain 
a 
(17) Sth =, 


which is the equation of an cllipse. The reason why we had to change 
back to the real representation becomes now apparent: the complex 
writing preserves its physical significance only in linear operations! 
The ratio of the minor to the major axis follows from (15) as 
7 | 0 for y= h, bottom 
(17a) = tanh k(h — y¥) = 
tanh kh «=6sfor)«=s y = 0, surface. 


The excentricity of the cllipses is the same at any depth: 
(17b) em fo — bt’ = e ‘ 


Vig. 374 represents the position and shape of the ellipses in the general 
caso, Fig. 37b in the case of deep water, Fig. 37¢ in the case of shallow 
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Fie. 37. The path curves of water particles (a) in moderately deep water, (b) in 
deep water, (c} in shallow water, 


water. The ellipses of Fig. 37a are confocal if they are coaxially super- 
imposed upon each other. In the limiting case Kh —->+ © we have by (17a) 
2 = tanh (@) = 1. 


The ellipses thus become circles as in Fig. 37b. The radii are determined 
by computing a or 6 from (15) and the first equation (la): 


g= a cosh kth —_ y) = t A ere + eo hiney 


we Aten te pal thae) Bs ww 
. Ae +e }— = Ae™, 
b= He sinh kh - y) = . A eM Fre) — gratin) 


a 


— Ae” = "Baa ~*A ee. 


The radii of the circles are seen to decrease very quickly with increasing 
depth. In the other limiting case where kh and, a fortiori, k(h — y) zo to 
zero we obtain from (17a) 


ae 
~ = tanh 0 = 0. 


The ellipses degenerate into horizontal straight segments (cf. Fig. 37¢); in 
shallow water there is, so to speak, no space left for a vertical displace- 
ment. The amplitude of the horizontal oscillation, e, is independent of 
the depth y [cf. (17b)]. 

The stream lines of the velocity field are no less interesting than the 
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path curves of the particles. Since in the present case of plane waves we 
have a two-dimensional velocity field, the stream function ¥ is obtained 
by (19.5) from the following equations 


ow _ _ 9 oF _ of 
dc ——(iéiéi ye 
On substituting the general* expression for @ from (2), we obtain 
oy 


es ke®““"*°C sinh k(h — y), 


a = the'-"C cosh k(h — 4). 


The first or second of these expressions is now integrated over x or y re- | 
spectively and the integration constant set equal to zero as before; this 
leads to 

Y =m —ie'*"“'C ginh k(h — y). 


To find the stream lines we have to consider this equation at a specified 
instant % Let us then take the real part for ¢ = 0: 


(18) ¥ = C ain kz-sinh k(A — y). 


For comparison, we write down the surface depression 7 according to (3), 
express ¢ by ( through (6), and tako again the real part at ¢ = 0: 


(19) a= — 6 C sin ke. 


A. glance at (18) shows: the streamline Y = 0 requires y = h: the bottom 
is therefore » part of the streamline, which is fairly obvious; but for ka = 0, 
ta, -:2r, wo have again Y = 0, whatover y is. At the same abscissas, 
vanishes likewise, as is geen from (19). Hence the flow pattern is divided 
into rectangular domains which contain the stream lines. Furthermore we 
conclude from (18) that a%/ar = 0 if cos kx = 0, whatever y is. This 
happens at the abscissas kr = 1/2, 3/2, --+ , for which 7 has a maximum 
or 4 minimum; at these points all streamlines are horizontal.—Altogether 
this is sufficient information to form an idea of the general pattern of the 
streamlines (cf. Fig. 38). 

The patterns of Fig. 38 and 37a are convincingly verified by actual 
photographs of path curves and streamlines. For the purpose of pho- 
tography the fluid is kept in a narrow glass container with parallel walls, 
and small light absorbing particles such as metal filings mixed in; one 


In the case of shallow water the stream lincs are obviously horizontal. 


180 MECHANICS OF DEFORMABLE BODIES [¥.25] 


photographs across the container and obtains the sireamlines by a short 
exposure. In viewing the photographs the eye involuntarily connects the 
line elements traced by the dark particles and recognizes the continuous 
ares of the stream lines, and also their position relative to the fluid surface 
which appears moderately sharp in the picture. With a lenger exposure, 
e.g-, as long as a half period, and a less dense interspersion of metal parti- 
cles, the path curves can well be distinguished as elliptical ares, but the 
surface does not show up distinctly. This second picture gives also evidence 


Fig. 38. The streamlines of gravity waves in 
water of finite depth. 


of the propagation of the phase, if one compares the starting points (or 
end points) of the ares left and right in the photograph. 

The particles remain essentially at their places; this, at least, is true 
if the amplitude is sufficiently small, as assumed in our calculation, but 
is no longer quite correct for a finite amplitude. Therefore it is only the 
phase that travels with the velocity V which we have computed; phase 
velocity would thus be a more accurate designation for V. 


25. Plane Capillary Waves and Combined Capillary-Gravity Waves 


In the following discussion we shall first disregard gravity entirely, 
taking only the surface tension T into account. The surface is no longer 
free of forces, but under the action of the normal pressure V caused by 
Tf. Accordingly, the condition for the hydrodynamic pressure at the sur- 
face is not p = 0 as in (23.4), but, in the case of a plane wave, according 
to (17.10) 


an 
(1) p= Toa: 
(Note that « of (17.10) must be replaced by the surface elevation —7.) 
The value of p given by (1) is to be introduced in Bernoulli’s equation 
(23.5) together with U = 0 (gravity is disregarded for the time being). 
Hence we obtain 


ae Ts 
@) dt op On" 
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Fia, 39b, A photograph of the path curves (longer exposure), 


The kinematic consilerations at the beginning of 23 have dealt with 
the character of a plane wave in general and are consequently still valid. 
We therefore can take over the exprossions (23.1) for ® and (23.7) for 9. 
Eq. (2) becomes after cancellation of the exponential and omission of 
second order terms 
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3) nA = = io. 


Also the kinematic condition (23.11) is in foree; it gives, as in (23.12), a 
second equation 


(4) —iwt = kA, 
From (8) and (4) we have 

A_ Tk tw 
©) a pia k 


(6) ain LP, 
The velocity of the capillary waves is 
2 
2° 2 =~ ji 2 
(7) eye t” V= ie Ge 
This then is a case of anomalous disperston since V increases with de- 


creasing >, contrary to the gravity waves which show normal dispersion 
at all finite wave lengths. In Fig. 40, we have plotted V as a function of 


Fia. 40. Superposition of the phase velocities of capillary 
and gravity waves as functions of i. 


}, obtaining the descending segment 1 (broken line). For comparison we 
have added the characteristic of the gravity waves from Fig. 34 as branch 
2 (broken line). Let the intersection point which exists under all ciretim- 
stances have the abscissa 4 = A, . For A < A, the curve 1 is above curve 
2, since the propulsive force of the capillary waves depends on the curva- 
ture of the surface profile which, for a given amplitude, is the larger tha 
smaller the wave length. (This is also the reason why in Fig. 34 the sog- 
ment @ was not continued beyond a certain lower limit.) For } > , the 
curve 2 is above 1. The unimportance of capillarity for large wave lengths 
which expresses itself in the small V-values justifies our use of the velocity 
potential for deep water throughout the present article. Even at a moderate 
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depth & the quotient A/d is large for capillary waves, and so is @ fortior? 
hk. 

It ig now easy to treat the general case of combined action of capillarity 
and gravity. We have only to introduce in Bermnoulli’s equation (23.5) the 
value p from (1) and the value for the gravity potential from (23.5b) 
U = —pgx. In place of (3) we obtain 


(8) wA = (7 ke + a)a. 
From (4) and (8) follows now, instead of (5), 
Al (Z a ) __# 
(9) Lo age te ~? 
and therefore, instead of (6) and (7), 
(10) a = 2 + oh, 
2 w" = r g _ wy 2 
(11) aaah Sera ii Ae 


Here V, is the velocity of the capillary wave according to (7), and V, is 
the velocity of the gravity wave according to (23.16); the velocity of the 
combination wave is found by a quadratic superposition formula. 

Let us first compute from (11) the minimum of V as a function of 3. 


We obtain 
dV a(2 g) a o 
2V > oa ria p ~% 
and therefore 
ae | me J 
(12) p kK? Amin k Qa Pg * 


But Ain 18 at the same time the abscissa of the intersection point of the 
branches 1 and 2, which has been denoted by A, in Fig. 40. In fact, one 
obtains from (7} and (23.16) the following cquation for A» 


Ee [phe 
pm Qe ’ 


hence Ay = Amin - The corresponding value of Vinia is found as 


(13) v2, = 2V? =2V? = 24/78 
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The general value (11) of V* can be put in the elegant form 


Je =i (tae + 2) 
(14) ae 7 2 X Sa Aes : 
which is easily verified. 

We finally turn to the numerical values which in the present problem 
are not without interest. The constant of surface tension between water 
and air’ is 

Pm 72 AYRES _ 79 Ot 
cm sec 


From (12) and (13) one obtains with p = 1, g = 981: 


hein = Or afew = 1.73 om, Vy = a/2V72X BI = 28,2 


Water waves with a velocity of less than 23 cm/sec do not exist; waves of 
larger and of smatler wave length than Mun = 1.73 cm travel with greater 
velocity than 23 cm/sec. Lord Kelvin proposed for waves A < Anin the 
name “ripples”; one sometimes observes big gravity waves the faces of 
which are covered with fine capillary ripples. 


26. The Concept of Group Velocity 


At the end of 24 the term phase velocity was proposed in place of 
velocity of propagation V and it was pointed out that the piase of the 
wave advances with the velocity V. The phase is given in our a ase 
tion [(28.1), (23.7), (24.1), ete.] by the exponent i(ke — wt); if it is kept 
constant, that is, if one looks for the locus of equal phase as time proceeds, 
one obtains the condition 


(1) kdz—wdt=0, therefore a = ; = VY. 

For waves of a given invariable frequency (or, borrowing an expression 
from optics, for monochromatic waves), this is the only velocity that can 
come into consideration. 

That is no longer true if waves of different frequency are superposed 
on each other. We speak then of a group of waves, particularly in the 
case where the frequencies are closely together. (Today one prefers, 
particularly in wave mechanics, the term “wave packet”, an expression, 


*Note that the most accurate method to determine 7 consista in the measurement 
of » of standing capillary waves excited by a tuning fork. Elevation measuroments in 
capillary tubes tend to be inaccurate becauso of impuritics along the walla of the tuhe. 
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which is perhaps not quite so elegant as appropriate.) The wave group 
progresses with the group velocity U which, in general, is different from 
the phase velocity V. It is convenient to write the expression for U in 
the following way that will be justified later: 


dis 
(2) eT a 


If the waves proceed without dispersion, that is, if V is independent of 
the wave length (or of the wave number %) one obtains from (1) dw = 
Vdk and therefore 

(2a) U = V. 


Group and phase velocity coincide only for wave processes free of dispersion. 
In gencral, however, we have 


om dV 
do = Vdk + k= dk, 


or, by (2), 


7 qV_y 
(2b) U=V+tky V : 
For normal dispersion (dV /dd > 0), the group velocity ts smaller than the 
phase velocity, for anomalous dispersion (dV /dA < 0) the converse statement 
holds. 


For gravity waves in deop water we have by (23.17) 


_ {gr ave_ i 
Vee Dix” 


and by (2b) 

(26) Ue V-EV<v. 

On the other hand, for pure capillary waves (25.7) yields 
vet, We-sy, 

hence 

(24) U=Vt5V>V. 


For the combined capillary-gravity waves we have according to Fig. 40 
for \ < Amin anomalous dispersion, therefore U > V; for > > Ania the 
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dispersion is normal and U < V. ForA = A,., U = V, corresponding to 
the horizontal tangent in Fig. 40 and to the vanishing factor dV /dd in 
(26). 

The possibility of U and V having opposite signs has also been dis- 
cuased.* 

The concept of group velocity is originally a hydrodynamical one 
(Stokes 1876), but has proved of fundamental importance in optics (Lord 
Rayleigh). In wave mechanics phase velocity has formal significance 
while the group velocity is the important physical quantity, viz. the 
velocity of the particle represented by the wave packet (L. de Broglie 
1924). 

Let us first reproduce here the usual elementary derivation of formula 
(2), following Stokes. We superpose two waves that advance in positive 
z-direction, having the same amplitude, but slightly different frequency, 
hence lightly different wave number: 


(3) n = afain (hye — wit) + sin (her — wat) }. 


The wave group so produced has the character of a beat: at points where 
the difference of two phases is equal to 2nr, there is reinforcement; when 
the phase difference is (2n + 1) there is neutralization. This can be seen 
if (3) is written in the following form 


(3a) 9 = 20 005 (HS, gin (Ht, ten) 


The cosine term vanishes or equals +1, depending on whether the phase 
difference of the two partial waves is an uneven or even multiple of x. 
Introducing 


ky + hey 1 + we 
” a 2 


= Wo s Kk, — ky = Ak, @, 7 wy = Aw 


we write for (3a) 
(3b) o=mCenir—-mt, C = 2a, cos 5 (Ale ey 


The introduction of the “amplitude-factor” C for the cosine factor should 
suggest that it is a slowly variable quantity. We call it the group amplitude. 
The phase velocity of the compound wave as it follows from the sine 
factor in (8b) is 


We 


4Cf. Sir Arthur Schuster, Theory of Optics, London, 1924, p. 330, 
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and thus not sensibly different from the phase velocities of the com- 
ponent waves 


1 In and Vo ke ‘ 
On the other hand, the velocity of propagation of the “amplitude” C is 
found by setting 


Ake — Awt = const, 
which yields when differentiated 


= = de Ay 
(3¢) Ah dx — Aw dt = 0, dt hk’ 
In the limit Akt — 0 wo therefore obtain our formula (2). 

We can go beyond the very special assumption (3) when we consider 
an arbitrary group of wavea whose frequencies are spread over a small 
frequency band. Since it is now convenient to return to complex repre- 
sentation, we put in the form 


kote 
(4) im i alk“ ah, 


The amplitude of the partial wave is now a(k)dk and the small band width 
of the whole group 2¢, if measured in wave number units, so as to be 
concentrated about the central wave number k, . We rewrite the exponent 
in (4) accordingly: 


Rec — cot = koe — egt + (hk — hye — (ee — wo)t. 
If this is done, (4) assumes tho form 


(4a) = Ce eres C - “iit ae ee eee dk. 
ka~4 

To find the velocity of propagation of the amplitude C in this more general 
case, we have to set the exponential in C, which alone contains + and i, 
constant. This yielda for the whole wave group the sensibly constant value 

dz _e—uy_ de 

dt k~-k, Ak 
in agreemont with Eq. (2), if Ak is sufficiently small. 

It should be noticed that the more general formula (4) as well as the 
expression (3) constitute a superposition of infinitely long wave trains, 
but do not reprosent an isolated hill or a few crests and troughs. T’o express 
an isolated wave group (a wave packet) by analytical means would require 
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the use of Fourier integrals; the integration in (4) would have to be carried 
out over all wave numbers from — © to + © instead of over the narrow 
range 2e. 

A wave packet can proceed without change of shape only if there is no 
dispersion. In the general case the group dissolves on account of the dis- 
persion since its partial waves do not keep together; this tendency is of 
particular importance for the particle concept of wave mechanics. The 
conservation of the packet in the absence of dispersion follows directly 
from d’Alembert’s solution (13.11), at least in the case of a sufficiently 
small amplitude, when this solution applies to dispersion-free hydro- 
dynamics as well as to acoustics. An arbitrary initial disturbance 7 = F(x) 
is then given by » = F(x — Vi) at any later time if the initial velocity 
an/dt has been suitably chosen. This means that the wave can advance 
without change of shape. 

In Fig. 419 and b a simple construction of the group velocity is shown 
that uses Eq. (2b) and the relation tana = + dV/dy. 


Iq oS 


a b 


fra, 41, Construction of the group velocity for a given phass velocity when the 
dispersion curve ig given; (a) normal, (b) anomaloua dispersion. 


Reynolds’ and, simultaneously, Lord Rayleigh have pointed out the 
relation between the group velocity and the transport of energy and thus 
enhanced the physical understanding of the concept of group velocity. In 
their theory the ratio of group velocity U to phase velocity V appears as 
the ratio of the energy flow S through a specified cross-section of the wave 
during the time + to the energy # contained in the fluid region ahead of 
this cross-section per length Vr: 


UUs 
6) vz 
"Reynolds, O., Papera on math. and phys. Subj., Cambridge 1901, Vol. I, p. 198, 


from Nature 46 (1877) 343. 


‘Lord Rayleigh, Scientific papers, Cambridge 1901, Vol. I, p. $322 and Theory of 
sound, Yol. I, appondiz from Proo, London Math. Soe. 9, 21. 
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It is convenient for what follows, to identify the time 7 with the period 
of oscillation, so that Vr is equal to the wave length X. The energy £ is 
more accurately defined as the energy surplus of the oscillating fluid over 
the fluid at regt. 

Let us examine these relations for deep water waves of sufficiently 
small amplitude. Since we are concerned with energy, that is with a 
quadratic function of the rates of displacement, we cannot use the complex 
representation. Taking the real equations (23.14) and (23.14b) 


= A cos (kr — wile™™, 


© : 
y= — 5 Asin (ke = wl), 


we can obtain the potential energy of gravity contained between the un- 
disturbed surface y = 0 and the wave surface y = 9 at a specified time 
é, per length in x-direction and per width 1 in z-direction: 


Evo = go fae [vay 
@) 2 3 


AT ate = ~ ok A 

= 90 3-5 [ sin (kee wt) dt = goa r r. 
Using the dispersion formula (23.15), we rewrite this result: 
(7a) Ero. = i: kARA = bas’, 


This is at the same time the difference between the potential energy 
of the oscillating fluid and the fluid at rest for the entire depth which | 
reaches from y = 1 to y = @ for the moving fluid and from y = 0 to 
y =o for the fluid at rest. 

The kinetic energy contained in this region has the same magnitude, 
as is always the case for small oscillations; this will be discussed in detail 
in problem Y, 1. The total cnergy, or more recurately, the energy cxcess 
over the fluid at rest. becomes thorefore 


(8) B= Buin t+ Bon = pr A’. 

In order to determine the energy flow S through the cross-section at 
a =, which may be replaced by the cross-section z = 0, we have to 
know the pressure p at this cross-section. This is found from Bernoulli’s 
equations (23.5) and (23.5b) as 


A 
(9) p= p+ poy + const. 
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Since p acts normal to the plane + = 0, its product with the z-component 
of the velocity, multiplied with dy dt expresses the work dW done at the 
suriace element dy-1 during dt: 


(9a) dW =p, dy dt = — p 32 ay dt. 


The work performed at the cross-section z = 0 during the time 7 repre- 
sents the energy flow through this cross-section in this time. It is by (9a) 
and (9) 


(1) S= - fal ay - - [af ay(- 84 ---) 8. 


The terms pgy + const not written out in (10) have the periodic factor 
0@/dz. Since they are independent of t, their contributions cancel when 
integrated over the period r. Substitution from (6) gives 


- a i st 2 : —Bk¢ 
S = pokA [ dt sin wt | e* dy 
or, after integration, 

(11) S = ar Ave™ = prdt. 


Here, e~™* has been replaced by 1 which means omission of terms of 
higher order than A’. 
Comparing (11) and (8), one obtains 


S_1 
" ‘This is indeed the value of the ratio U/V for deep water waves obtained 
in (2c). We have thus confirmed in this simplest case the general energetic 
definition (5) of the group velocity. It also holds in the considerably more 
complicated case of moderately deep water where Eqs. (2b) and (24.10a) 
lead to 


ae Okh 
(18) 772 (1 © aah i). 


Let us now have a look at this result from a more qualitative point 
of view; we again consider the wave train of length A ending at x = 0. If 
no dispersion were present, the entire energy content of the wave would 
flow through the cross-section during the period 7; in other words, we 
should have S = # and U = V. Actually, only a part of this encrgy is 
transported in the case of normal dispersion (half of it with deep water 
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waves), whereas the other part remains in the oscillating fluid ahead of 
the cross-section. This makes the case of anomalous dispersion appear 
rather peculiar smce more energy passes through the cross-section than 
ia present in the d-train ahead of it; the energy remaining in the train 
would be negative. To maintain the wave motion in such a case requires 
expending more energy than travels with the wave; in the first case less 
excitation energy is required for the same amount of energy transported. 
Energy transport ts thus easter in a medium of normal dispersion and more 
dificult in a medium of anomalous dispersion. 


27. Circular FV aves 


The waves that are produced when a stone is thrown into water form 
a series of concentric circular crests and troughs; their amplitudes are not 
constant, nor are the distances between the crests. What one observes.is a 
sharp decrease of the amplitude and an increase of the distance between two 
subsequent crests, which seems to follow a peculiar law. This problem that 
appears so simple requires for its solution a considerable mathematical 
apparatus: we not only need Bessel functions and Fourier integrals, but 
we should have to use the method of steepest descent if we were to treat 
it in full accuracy. A systematic treatment of these devices will be given 
in Vol. VI. At this point we shall limit ourselves to such explanations as 
are directly required here. 

For our analysia we shall replace the stone that hits the water surface 
by a “standard disturbance”: at r = 0 a e¢ylindrical piston of radius ro is 
immersed in the water to a distance a from the surface and suddenly 
withdrawn at the time ¢ = 0. If we again denote the surface depression 
by 9, the initial state is given by 


n = a, r<nro. 
(1) 
7 = 0, r>%}. 


In preparation for the problem of a single disturbance we first consider 
the much simpler case of a periodic excitation. 


1. The Periodic Cage. Introduction of Bessel Functions 


The excitation we have in mind works in a similar way as the device 
that produces waves in a swimming pool: a straight board subjected to a 
periodic motion excites plane progressive gravity waves adivancing normal 
to the board. We have investigated waves of this type in 23 for deep water 
and wish now to transfer our previous results to the present circular sym- 
metric problem. 


192 MECHANICS OF DEFORMABLE BODIES [V.27] 


Introducing cylindrical polar coordinates 7, y, y (y positive downward), 
we write the condition of incompressibility for the velocity potential } 
(ef. problem I, 3) in the form 


on vd 186, 19S FH _ 
ror ra ay 
If we at first assume circular symmetry, ® does not depend on ¢ and can 
be written as follows 
(3) & = Af(rye"*e"***., 


Now the following differential equation results for f(r): 


(4) +i tls wf =o. 


bee dr 


We substitute kr = » and obtain 
lof, 
(4a) a ; ae = Q, 


Let Jo(e) be the solution of this equation which is regular at » = 0 and 
assumes there the value 1. The power series expansion of this function 
can be easily found from (4a) by the method of undetermined coefficients: 


© doy (6) + ae(8) - ae (@) + - 


If, on the other hand, & is not independent of ¢, then wo replace fir) by 
f,(re""* and obtain instead of (4) and (4a) 


6) ti fs 4 (uw —%)s,=0 


and 
nr? 
(6a) oie = fs (1 -%)f, = 0. 


Let J,(e) denote that solution of (Ga) which is regular at p = 0 and admita 
the following expansion, 


M LO=F (2) . e+ ()" + 3G ; aI (sy 7 


which may be considered as a generalization of (5). The functions ./, are 
known as Bessel Functions of n** order; they are entire transcendental 
functions. 
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The following relation between J, and J, 


8) iQ) =- - Jol0), 


can be immediately verified from (5) and (7). 
On writing Eq. (4a) in the form 


AG Je) + pJo(p) = 0, 


where J/o(o) has been written for f, one has because of (8), 


ple) = Foo). 


This relation, integrated to an arbitrary upper limit, yields the following 
formula 


(8a) J ptelo) do = posh(os). 
We shall also nced the integral representation 


(9) Jo(p) = = [ i" {torre gy 


Tt is not difficult to verify that this expression satisfies Hq. (4a) and has 
the value | for p = 0, wherefore it must be identical with (5). The same 
result ¢an also be obtained, though less directly by series oxpansion of 
the exponential function in (9). Obviously, (9) can also be written in the 
form 


1 . Ag 
(9a) Jalo) = 2 fh ol da, 
We now substitute f = Jo(kr) in the formula for the potential (3) and 
obtain 
(10) ® = Ada (kre "8". 


This formula satisfies the condition for deep water: 6 — 0 for y >, but 
it should also satisfy the conditions (23.6) and (23.11) for the surface 
y = 0. The analytical form of the surface depression is assumed in corre- 
spondence to the form of Fig. (10) 


(10a) n = ady(kre™!**. 


Our expression for @ and leads, by exactly the sume steps as in Eqs. 
(23.9), (23.12) and (23.13), after cancellation of J,(kr)e*"', to 
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a 
(12) Aare 


Thus we reobtain the dispersion law (23.15) 


(11a) wa = </ok 


and the final expression for the potential becomes 


(12) = FE Fee 


2. Single Disturbance. The Fourier-Bessel Integral 


The content of the Fourier integral theorem is this: an arbitrary fune- 
tion F(x) (provided it is not “too irregular’) can be represented by super- 
position of trigonometric functions Sf kx or by the equivalent exponential 
functions e*”* in the form 

1 + +2 
(3) FG) = af dle e™ [. de Fe, -oc2<te. 


| This theorem has an analogue in the following representation of F by 
Bessel functions 


(18a) FF) = [ dk Jor) [ Ede POI), O<r<+te. 
Both theorems will be proved in Vol. VJ, where (13a) will be obtained as 


a consequence of (13). 
We now apply (13a) to the initial state (1). Our function F(r) is then 


given by 
a for QO<r<n, 
PQ) =9= 
0 


for  m<r<e, 


Its representation according to (13a) is 


(14) neo = a f ” ie dle Jalen) [eae a0. 


¥or the evaluation of the inner integral Eq. (8a) is used, which gives, 
with ké = p and kro ™ Po, 


[5a ot = fe [0 dp dole) = 2 I.Ckr). 
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Instead of the double integral (14) we have got 
(142) mea = are | Selle) Iu(lre) dk. 


Now we can show that 7 and & at any later instant ¢ > 0 have the fol- 
lowing forms: 


(15) ar i Soller) S,(kre) exp (—4 +/ gle t) dk, 


(6) & = ~iagr | Jollet) F,(ere) exp (—ky — i </gk #) dk/ ~/gk- 


For a proof, we observe first that (18) takes the value of (14a) ift = 0. 
Now, the expressions (15) and (16) are obtained by applying the same 
“operator” 


ref Silbrd) dk + 


to the periodic solutions (10a) and (12), with due regard to the diapersion 
law (lla). Since (10a) and (12) satisfy the differential equation of our 
problem and the boundary conditions for y = 0 and y =, the samo 
must be true for our expressions (15) and (16). Furthermore (15) and (16) 
satisfy the initial condition for ¢ = 0 and are thus the required solutions. 


3. Integration with Respect to k. ae Method of the Stationary 
Phase 


The quantities of physical interest in circular waves are all connected 
with the surface function » to which we therefore limit the following dis- 
cussion. To evaluate 7 we first replace J, m (15) by its integral representa- 
tion (94) and reverse the order of integration, obtaining the double integral 


(17) p= f da f de J, (kero) exp Gikr cosa — ¢ +/gk 2). 


We denote the inner integral by K, put 27 = ¢ v/gri/r and introduce a 
new integration variable by p = +~/hro; with these notations we have 


as) K = 2 f pdp Jo) oxp Lig cosa — Qpry/r. 


Here r/rp is a very large number, the exponential is, therofore, a rapidly 
varying function of p. In general, the positive and negative oucillations of 
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the integrand will cancel except at those places where the factor of ir/r, 
is slowly variable. If we abbreviate this factor by 


(19) S(p) = p' cosa — Qpr, 
this will happen when 
(19a) f@)=0, p=m= >. 


This observation leads to a method of estimating the value of the integral 
known as the method of the stationary phase. Since the “phase’’ of the 
quickly oscillating exponential function becomes stationary at p. , one 
limits the range of integration to the neighborhood of this value and thus 
achieves the integration by elementary means. It was particularly Lord 
Kelvin who applied this method expertly to many problems of hydro- 
dynamics and optics. The mathematically exact form of this device’ is 
called the method of steepest descent which we mentioned before. 

- Eq. (19) can be written in the form 


S(p) = cos « {(p — po)” — po} 
The integral (18) then becomes 
(20) 2 Pete , 
K= . exp (—ipo cos a-r/r9) is Ji(p")p exp [f cos ap — po) r/o] dp. 


where the range of integration is now an «neighborhood of », . The factors 
J,(p") and p in the ‘integrand are slowly variable compared with the ex- 
ponential function and may be replaced by J.(p5) and p, . We finally 
substitute in (20) 


(208) s=ap—p), gf =X copa 
and obtain 
ge 
Ql) K = (/r) exp (~iph cos a-r/rJi(oi) & fo as. 
—¢d 
As to the position of the critical value » = p, , (19a) gives, since r is 
positive, 
P>O0 for O<a<f, 
p <0 for 5 <a. 
"The problem of the circular waves has been treated according to that method in 


the Munich thesis of H. Widenbauer, Z, angew. Mathem. u. Mech. 14, 821 (1989). 
Our Fig. 42 hag been taken from this paper. 
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In the first case p) and, consequently, the values = 0 fall in the range of 
integration 0 < k < ©; not so in the second case. Thus the representation 
(21) is valid only for a < /2. Otherwise we have 


(21a) K = 0; BS a<e, 


which means complete extinction by “interference”. 


The final evaluation of (21) is achieved by means of the well known 
formula 


(22) | tds a o/s. 


On replacing t by 
£m gu ilt/g f= ~is’, dt =m ei" ay 


we are led* to 


+m 
(22n) f at’ ds = gi tt) a/x. 


The left member is our integral in (21) whose limits become + if r/rp 
is male to approach infinity at constant ¢ and cos « + 0. If we introduce 
the result (22a) in (21) we obtain 


(28) K = (2 x/ry) exp (—ip? 008 a-r/ro + im/4)Ji(p3) ms 


Now the value of p, following from (17a) and (19a), 


_ fare 1 
Pu = fa cos a? 


is very xinall, provided 


24) me KI 


(but we must exclude a small finite neighborhood of a = 2/2). The Bessel 
function J, is, for small », , sufficiently well approximated by the first 
term of (7): 


; i . time 
Jat) =, mobo) = B= 3 (BE) 


Tt will bo nolied that the original path of the integration in (22a) is the bisectrix of 
the ist and 3d quadrant in the complex ¢-plaus which forms also the limit of convergence 
of the integral; this path may be replaced by the real axis and two circular aves; the con- 
tributions of the Intter vanish if & >. 
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Taking the value of ¢ from (20a) we obtain finally for K 


2\ 3/2 
(25) K = Vo 7 + (2) exp (—igi'/4r cog a + t/4). 


4. Integration with Respect to a. Discussion of a Limiting Case 


We return now to (17), where we may restrict the integration interval 
to 0 < a < +/2 because of (21a). On introducing the volume displaced 
by the initial impulse, V, = rsa, (17) is transformed into 


Vofgt\? pr? da ; : 
(26) q ~ (#) [ ema exp (—igt?/4r cog a -+ t/4). 
We shall finally have to make r, — 0. In order to obtain a finite effect in 
the limit, V, must be kept constant, that is to assy, the depth of immersion 
aroust approach @ in a definite way. We shall come back to this eventually. 
The representation of » by (26) depends essentially on the variable’ 


? 
(27) “us 7 
Our aim is to determine the asymptotic behavior of » if wu -—»0©. Now for 
large u the exponent in (26) becomes once more a rapidly varying function 
of a, so that the method of the stationary phase can again be applied. 
Similarly as before, we denote the factor of u in the exponent of (26) by 
F(a) and have 


oe 1 sin a 


cosa? 7) = ogra: 
The critical «-value is thus 


2 
1 
amao=0, f(a) =1, fa)=1+5, ve 


and consequently 
3/2 ¢ 
(28) = SP(#) exp (min + t/t) [exp (—iua/2) de 


We need the value of the integral in (28) for large u. Keeping « constant, 
we apply the same argument that led us from (21) to (23). This time the 
integral in (28) transforms as follows: 


i exp (tua? /2) da = A, ce exp (-ia") de = JE exp (—tr/4)}. 
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By substitution in (28) we finally obtain 
(29) —— ue ™, 


The dimensions in this equation are easily checked: u is a number ac- 
cording to (27), Vo/+* is a length and so is 7. 

Our method scems to break down at the upper limit +/2 of the integral 
in (26) because of the denominator cos «, but according to (21a) this is 
at the same time the lower limit at which K vanishes. Thus one is probably 
Tight to assume that a special investigation of the behavior of (26) at the 
upper limit is unnecessary. 

The real part of (29) is the surface equation in which we are interested; 
we have 

pres 
7 becomes infinite for r = 0, which is quite understandable since the depth 
of immersion @ has become infinite in the limiting process 7, — 0 for fixed 
V, . The amplitudes of the crests decrease according to u/r" or r™*, the 
crests follow each other at the distance 


% COS U, 


Sr r? 
Ar = P p> 
as is casily seen, if the phases of neighboring crests u = 2rn, u = 


2e(n -+ 1) are compared for constant é Hence the wave length is no longer 
a constant as in vur previous examples of wave motion, but increases at 


Re nih) 


Tha, 42. Shape of the water aurface ¢ seconds after the 
ring Wavea wore excited; ¢ must aatiafy the condition 
u >i. 


constant ¢ with 7? and decreases at constant x with 2. Fig. 42 is « diagram 
of the surface profile ». Its appearance agrees well with that of & water 
surface disturbed by the fall of a small object like a stone or a rain drop. 
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Our problem was set as a prize problem by the academy of Paris im 
1816 and solved by Cauchy. About this and a later paper of Poisson cf. 
the report of H. Burkhardt.’ 


28. Ship Waves (Kelvin’s Limit Angle and Mach’s Angle) 


The wave pattern that is left behind by a ship at sea consists of a 
system of waves that envelopes the hull lengthwise and is interwoven 
with a system of cross waves. The two systems advance with the boat so 
as to be stationary relative to it. The beauty of the pattern is most im- 
pressive when viewed from an airplane or from the top of high cliff, but 
the same phenomenon on a more modest scale develops bohind a duck 
swimming in a pond. 

In our analysis the object that produces the waves will be considerccl 
as a point. The problem can then be formulated in the following way: 
The instantaneous location of the boat is the origin of a system of circular 
waves; this origin is in uniform rectilinear motion, its velocity being the 
speed of the boat v. Our task is to find the result of the superposition of ie 
successive circular waves. That it will be stationary relative to the boat is 
evident, but the detail structure of the wave pattern is surprising enough. 
and can only be unraveled by a careful analysis. 

With a view to Fig. 43, let O be the location of the boat at the time 
t= 0, and @ its location ¢ seconds earlier so that QO = vt. We wish to 
find the ordinate of the water surface » at the field point P. It is to be 
compounded of all ordinates 4, that were produced at earlicr instants ¢ by 
means of the formula 


(a) n=6f mdb. 


The factor 8 in (1) must have the dimension of a reciprocal time; we put 
it equal to »/l. For the length J there is hardly any choice other than the 
cube root of the initial displacement V, in Eq. (27.29). Thus we obtsin 
from (1) and (27.29) 


e-of Ll , Vive 
(2) n= Cf Su, exp (—éu) at, C= 
where re is the distance QP in Fig. 48, that is, the distance between the 
field point P and the location of the source of disturbance, ¢ seconds ago. 
Now let P have the polar coordinates r and # relative to the pole 0; 
rand # are therefore independent of ¢. According to Fig. 43 we obtain 


‘Jahresbericht der deutechen Math. Ver. Vol. X, p. 429 (1908). 
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(3) ror’ + of + rot cos 8, 
where ¢ is negative. As in (27.27) we put 


(4) m= =£f = fd). 


The representation (27.29) which we have applied in (2) was computed 
under the assumption u >> 1. With this condition, f(é) becomes again a 
rapidly varying function so that the method of stationary phase can be 
applied. We then have to find the roots of the equation f’() = 0. From 
(4) and (3) we obtain 


(5) 5" = 2 _ Ett trv cog F) == a ('E + Srut cos 8 + 2r'), 


Hence a roots of f’(é) = 0 are 
t= — 57 cose + 458 0 8 25 


i= 37 (cosa = cos’ 8 — 8), 
(6) 


— 3t/ fi 8 
ty 30 cos 3 - cos 8 — G}- 


Now, in order to fall in our integration interval —o < ¢ < 0, the roots 
not only have to be negative, they must also be real. This implies 


8 


cos" 3 > 9 3 | 3 | < Bo 3 
where # denotes the limiting angle 
8 1 
(7) cos’ oy = 9 or izg?, = WB’ 3 = 19°28’. 


This angle was first determined by Lord Kelvin. For | #| > & there is 
no such ¢-value as would make the phase stationary, that is to say, the 
whole wave pattern is bounded on either side by a stratght line forming the 
angle 3, with the direction of motion of the boat. This is shown in Fig. 44 
which is taken from Lamb’s” Hydrodynamics. 

The interference pattern itwelf can be understood on the basis of the 
integral (2) which casontiuly reduces to the two contributions of the neigh- 


*H. Lamb, Hydrodynamics, Cambridge, 5th edition, p, 409 ff. 
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borhoods of 4, and # . These contributions contain the phase factors 
exp (~#(4)] and exp {[—#(¢,)]. By putting f(¢,) and f(,) constant, one 
obtains the two systems of curves, the lengthwise and transverse waves 
mentioned before. In Fig. 44 the successive cresta of the two systems have 
been drawn. We shall discuss these curves by giving the field point P a 


Fra. 43 (left). Illustrating the generation of ship waves, 0 ia the present position 
of the ship, Q, Q’ +: are previous positions of the ship, P, P’ -+- are specified positions 
of the field point. 

Fro. 44 (right). Lengthwiso and transverse ship wavea. 


variety of positions, having in mind that the disturbance at P at the time 
i = 0 is essentially caused by two annular waves that issued from the 
source in the positions Q’ and Q” at the times ¢, and é, respectively. 

Let us start with a field point position P = P’ on the limiting line 
é& = 3 . The two values 4, and t in (6) coincide: The common source 
position associated with this case is the point Q’ in Fig. 43. Its distance 
from O is by (6) 


00 = -vii = —vi, = Sy COS Fo , 


where 1” is the distance of P’ from O. The direction of the curves of uniform 
phase f(t,) = f(f.) = const in P’ is given by a circular are element with 
center Q and radius Q’P’. Both curves of constant phase paas through P’ 
in the same forward direction. Considered as one curve they form a cusp 
at P’, 

If now # is decreased and r so chosen that f(t,) remains constant the 
source position associated with % moves to the left from Q’ (see Fig. 43) 
since —et, increases according to (6). When & reaches the value zero, 
Q’ reaches the position Qj’, so that 


enon = E14) oo, 
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Here r is the distance between 0 and the field point P’ at which the 
transverse wave intersects the course of the boat. The direction of the 
phase curve is obviously perpendicular to the course; it coincides with the 
circular element of radius Q;'Pi’ = r about the center Qi’. This gives a 
general idea of the shape of the phase curves f(t,) = const. 

If, on the other hand, we choose the r-values for decreasing # so that 
f(t,) remains constant, —vf, decreases [see (6)] and the point Q’ in Fig. 43 
moves right to the mew position @, . The slope of the lengthwise wave 
through P’ becomes flatter, as is shown by the circular are about Q, with 
radius Q, P, . The distance 0Q{’ becomes for very small ¢ 


Sere ee a fi £) +f 3 9") 
wh => I 2 qc =rl+g¢9 


so that Qi’ nearly coincides with the field pomt P/’ when both are close 
to O. The lengthwise waves should become tangential to the direction of 
travel at O if our method were still valid in the neighborhood of 0. This, 
however, is not the case: Our me hod of atationary phase breaks down for 
a short running time ¢. Nevertheless the general shape of the lengthwise 
waves has thus been clarified. 

The phase curves f{t,) = const, f(t.) = const are essentially identical 
with the actual wave pattern observed. Along either curve the contri- 
bution of the integral whose phase is not constant shows up as a secondary 
ripple, at least at some distance from O. For a comprehensive analytical 
representation of both families of curves see Lamb loc. cit. and L. Hopf 
in his Munich thesis quoted on p. 120; there the evaluation is carried out 
by eomplex integration. 

Looking back at: our result it appears strange that there should exist 
a limiting angle J, independent of the traveling speed v. This seems to dis- 
agree with the well known photographs of projectiles moving with super- 
sonic speed, first obtained by the Austrian philosopher and physicist 
Ernst Mach (1838-1916) with the so-called schlieren method. The pro~ 
jectile in Mach’s beautiful theory is shrunk to a moving point, just as 
the xtcam boat before, from which compression waves originate continually. 
At tho time of observation the wave that has originated ¢ seconds ago has 
now spread over a spherical surface of radius r = ct where ¢ is the sound 
velocity. In the meantime the projectile has traveled a distance x = vf. 
The spherical shells so produced have an enveloping circular cone, the 
Mach cone. Half ity apex angle is called the Mach angle and given by 


7 Tt Cc 
snd =- =", 
Ha 2 
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The Mach angle is approaching zero with increasing v, in contrast to 
the limiting angle 3 = 19°18’ in the case of the ship waves. 

The reason for this different behavior is found in the dispersion. Tho 
sound waves travel at fixed velocity ¢ without dispersion. The deep water 


Fie. 45. A projectile movea with supersonic velocity betweon two parallel walls, the 
Mach cone is reflected at the walls. 


fis. 45a. The projectile has pierced 4 thin wooden wall. Tho wood splinters alae 
produce Mach cones of varying apex angles, according to their volocilics, 
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waves follow the dispersion law V = +~/g/k. With the velocity thus 
depending on the wave length, there exist waves which at any given 
speed of the boat run along with the boat, while in the Mach phenomenon 
oll waves are overtaken by the projectile. Thus the fact that 3 is inde- 
pendent of » becomes understandable. 

We could substantiate this interpretation if we treated the ship waves 
in shallow water, in the sense of 24. According to (24.7) there is no dis- 


Fic. 46h. The projectile pasos a evlinder with circular slots. The spherient waves orig: 
inating at. the openings are dangential to the Mach cone of the projectile. 


persion in this case, and Mach’s purely geometrical argument may be 
applied. Ife > V the limiting angle should go to zero with increasing v. 
This problem, however, in whieh we would have to assume a Ant dis- 
turbance (au flat-bollomed bort) seems to us rather artificial. Towever, 
the classical investigations of annular waves on which the theory of ship 
waves is based (Muler 1759, Laplace 1776, Lagrange (787) assumed shallow 
walter, 

We close this chapter with some of the less well known pictures of 
the Mach phenomenon which were taken in the ballistic laboratory of 
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CHAPTER VI 


FLOW WITH GIVEN BOUNDARIES 


29, Flow Past a Plate 


In this and the following articles we restrict ourselves to two-dimen- 
sional flow and may, therefore, make use of the powerful tool of the 
theory of complex functions. 

We take up again our discussion of elliptical coordinates ¢ 9 in 19. 
The connection with Cartesian coordinates «, y is given by Eq. (19.15) 


(1) 2 + ty = ¢ cosh ( + in). 
Here ¢ is half the focal distance (ef. Fig. 27) and, at the same time, half 
the length of the projection of our plate in the z,y-plane; the plate is 
supposed to be infinite in -+-z-direction. 

In elliptic coordinates the front and back sides of the plate are simul- 
taneously given by 


t=0, —ri9g< +7, 


corresponding to the infinitely narrow ollipse of Fig. 27. For these values 
the right member of Eq. (1) is real, hence y = O and —c < + < ¢, 
On the other hand, for 


n=etb=, O<t<a 


the right member of (1) becomes a positive or negative purely imaginary 
number, hence z = 0 and y 2 O, as can also be secon from Fig. 27. 
Consider now the analytic function 


(2) ® + @ = const sinh (€ + ty) 

already anticipated in (19.20). Let the constant in (2) be equal to ze, 
where g is a real quantity having the dimension of « velocity: 

(2a) const = We; gq, ¢ > 0. 


Now, & + 7¥ is not only an unalytic function of + ¢y, but through (2) 

an analytic function of z + ty likewise. Consequently @ and ¥% may be 

interpreted as velocity potential and sireamfunction {19} provided they 

satisfy such boundary conditions in the z,y-plane as are required by the 
207 
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problem under consideration. The values of 4 and W along certain lines 
of the 2z,y-plane have been listed in tho following table, the auxiliary 
variables = and 9 playing the role of parameters: 


£, plane x, y-plane values of , ¥ 
té=0 x=ccos7, y=Q Y= 0, = —gesin 7 
n=—5|2=0, y= -csmhé<0|/¥=0, &= ge cosh? >0 
a= +5 z2=0, y=-+easmhi>dO|f¥=0, = —ge coshé <0 


pee feaeedene lente enna 
The first three lines of this table are explained in our previous remarks, 
if one takes into account that the right member of (2) becomes real for 
¢ = 0 as well as for 7 = +2/2 because of (2a). As regards the last line, 
the effect of the limit $+ on 2, y, etc. can be easily seen if one separates 
real and imaginary parts in (1) and (2). One obtains for large ~ 


i c gt G08 = 
ae Sees y 
(3) 


& = — Petsing, v= Fe cos n, 


in agreement with the last line of the table. 
According to the and © values in the last line, the flow field in the 
neighborhood of the point infinity of the z,y-plane is uniform, vis. 


(3a) a = ee = —-—= 0. 


The first three lines of the table contribute the following additional 
information about the flow: the streamline Y = 0 coincides with the 
negative y-axis (line 2) and with the positive y-axis (line 3). According to 
line 1, a singularity appears at y == 0. 

Tn its total extension, Y = 0 may be described as follows: the branch 
7 = —2x/2 corresponding to the negative y-axis splits into two branches 
at y = 0 (center of the front side of the plate). They follow the surface of 
the plate and are obtained according to the first line, when 7 passes from 
—x/2 to «/2 either by adding or subtracting (—3/2 being equivalent 
to x/2). The two branches join at the center of the back side and, from 
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there on, ¥ = 0 coincides with the positive y-axis.’ This streamline to- 
gether with the known flow pattern at infinity forms a frame for the 
family of streamlines & = const, that makes the diagram of Fig. 46 
acceptable. 

The point or, rather, the points O on the front and back side of the 
plate are of particular interest. They are called points of bifurcation with 


Fic. 46, Plate at right angle to flow. ———»—— ogo Yy 
The theoretical flow pattern downstream 


ig a mirror image of the upstream pattern. — 
SS 
a 


be 
reference to the division of the streamline ¥ = 0, or branch poinis with 
reference to the mapping function. Physically speaking, they are stag- 
nation points since the velocity of flow vanishes there (v, = v, = Q). 
According to Bernoulli’s theorem they are points of maximum pressure: 


From (11.9) we have for steady flow and in the absence of external forces 
(U = const) 


(4) p = const — su. 


If we put the pressure at infinity equal to zero, so that p is the ‘‘hydro- 
dynamic” pressure due to the acceleration of the fluid in the presence of 
the plate, then const = p/2 q’[g is the flow velocity at infinity according 
to (8a)] and 


(42) p= 5g — 0). 


This shows immediately that p,.., is larger than any other possible p-valuc. 
The pressure distribution along the plate is found from our formulas 
as follows: From 


@ = —ge sin 7, t= 6 COS 9, 


Tf the &, a-strip in Fig. 27a which isin onc-to-~me correspondence with the +, y-planc 
is shifted downward by +/2, the streamline ¥ = 0 ig represented by an #-shaped figure, 
the uppor and lower horizontal of which correspond to the same ray y > 0, ¢ = 0, 
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dba cos 

as 0 ~ Fy de fain 9’ 
os 

and by (4a) r) ~2¢(1 - 2), 


Here the front side is given by —r < » < 0 and the back side by 0 < 
a < 4/2 and -3x/2 < y < —-*, or simply, 0 < 4 < x. The pressure 
becomes then 


‘ £= "| 
p=—m@, for 7 = at the edges of the plate 
ie, 2= 6 
T 28. 
= 4. z= + A at a distance 0.29¢ from 
p= Q, for 4 = cither edge toward the 
4 oF Saeronnes 28 center 
4’ 4/2 


and, a8 we have found before p = Puss = p?'/2 for = +7/2, x = 0, 
center of plate. 

This pressure distribution ts impossible in a perfect fluid because of the 
occurrence of a negative pressure (which at the edges becomes even infinite); 
the fluid would separate under a negative pressure.’ 

A second consequence which is no less paradoxical, is this: The re- 
sultant pressure force exerted by the stream upon the plate is zero, (the 
resultant moment vanishes, too) since the pressure at any surface clement 
on the front side is canceled by the corresponding pressure on the back 
side. In other words, if the fluid is tranaformed to rost at infintiy (by super- 
position of the constant velocity field @ = gy), so that the plate moves 
through the fluid with uniform velocity g no work would have to be expended 
in such a process. Once the plate together with the surrounding fluid has 
been set in motion, it will keep on moving with constant velocity. 

This paradoxical assertion in a generalized form, in which it applies 
to rigid bodies of arbitrary shape, is attributed to d’Alembert or Euler.’ 


‘Here the emphasis lies on the fact that the pressure becomes arbitrarily strongly 
negative; if it wore only negative, but would stay bounded, we could make good for that 
by choosing the presauro at © sufficiontly positive. 

‘In the introduction to his book, Hydrodynamik, Leipzig, Akademische Verlags- 
gesellschaft 1927, C. W. Oseen quotca Spinoza as an oven earlicr authority. One could 
say, in & sonse, that Oscen’s book has ag its aim the analysis of the paradox. For 
instructive detail observations in two dimension see G. Hamel, Z. angew. Math. u. 
Mech. 15 (1935) 52 
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Tia. 47a. The vertical plate in real flow. Stagnation puint at the upstream conter 
of the plato. 


S. SRY Be ay —.., mers : 


lia. 47b. The oblique plate in real flow. The slagnation point js shifted toward the 
upstream odge of the plate. 
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Kirehhoff, Lord Kelvin and, later, Minkowski* investigated the general 
conditions for a steady motion like the one in our example from the point 
of view of abstract hydrodynamics. It was found that the direction of 
the momentum would have to coincide with the axis of the moment of 
momentum to make the motion possible. In the case under consideration, 
however, the occurrence of arbitrary large negative pressures makes the 
motion physically impossible. 

Let us now compare Fig. 46 with the photograph of a real flow past a 
plate in Fig. 47a.‘ The two Figs. 46 and 47a are in very good agreement 
upstream of the plate but have nothing in common downstream. In the 
picture of the real flow eddies occur behind the plate that are generated 
in the process of passing the edges of the plate and move downstream 
with the fluid. We shall investigate this phenomenon in 30 and 32. 

For the present, however, we wish to maintain our theoretical view- 
point incomplete though it is, and investigate the flow past an oblique 
plate. We rotate the z,y-system with respect to the £,y-system by the angle 
y < 2/2 and change Eqs. (1) and (2) into 


(5) a + iy =ce'” cosh ( + in), 
(6) & + w = ige sinh (£ + ty + 2). 


The table of p. 208 is now replaced by: 


ee 


eee ee ere eee rr re 


&, 1plane 2, y-plane values of 6, ¥ 


a | AE 


z= c COS 4 COnY 
Y=0, = —gesin(y + 


v= ccos sin y 


-te sinh £ sin y ‘ = stgesinh Esin y 


2 
g= FS 
y = Fesinh £ cosy ® = +¢c cosh £ cosy 


2 


E—+a& y= Tote VY = ge, $= —qy 


*Preuss. Akad. Ber., 1888, 1095. 
‘Figs. 39a, b and 47a, b are reproductions of photographs taken by the firm of 
Ablborn in Hamburg. 
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According to the table, the front and back sides of the plate represented 
by = 0, —-1 <9 <0, and 0 < » < « are still the streamline ¥ = 0. In 
the neighborhood of the point infinity of the x,y-plane, that is for § —<, 
we have a uniform field of flow with constant velocity g as before; the 
streamlines in this region are the lines x = const, but the lines 4 = 2/2 
are no longer streamlines. Geometrically, they represent a pair of rays 
that coincide with the two halves of the bisectrix of the plate; the center 
column of our table gives for these lines the equation y = —z cot y. 
Altogether, there are no rectilinear streamlines in the finite domain. 

In order to analyze the flow pattern we first determine the stagnation 
points. They are the branch points of the function that maps the ® + 7¥- 
plane on the x + iy-plane. Now, the general condition for a branch point is: 


(7) ue + WY) _ 

aa+ ty) 
The differential quotient is calculated from (5) and (6) as follows: 
(7a) ad + iv) / d(x + iy) _ ig cosh & + in + wy) 

dt + in) / aE + 44) e“sinh + im) 

Condition (7) leads therefore to 
(7b) cosh (£ +- ty + ty) = 0, 
or, on separating into real and imaginary parts, to 
(7c) cosh £ cos (7 + 7) = 0, sinh £ sin (7 + y) = 0. 
Since cosh £ is never zero, and sinh £ vanishes only for ¢ = 0, the solution 
of (7c) is 


eee 


Thus there are again two stagnation points one of which is in the front, 
the other in the back of the plate: 


(8a) g=0, oar a and § = 0, a= +5-7 
They are not in the center of the plate, but shifted up and down by the 
game amount |z + iy| = ¢ sin y, as follows from (5). In Fig. 48 they 
have been denoted by 0, and O, . At these points we have again »,. = 
v, = 0 and the pressure is, according to Bernoulli’s equation (4a), a 
MAXIMUM: Pring = Paez = 9'/2. From our derivation it follows that the 
stagnation points are points of bifurcation as before. The streamline that 
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meets the plate at O, and divides there into two branches is norm* to 
the plate, and so is the stream line issuing from 0, . 


rt 
Fra. 48. Flow past an oblique plate- "oon 


===¥ theoretical flow pattern downstream tor, 
tained by rotating the upstream pé! , 


about the center of the plate by 180°. 
er ns 

t 

x 


The differential quotient computed in (7a) yields quite generally the 
velocity of flow in the complex form 


@) BED wm oy + iy 


This is a direct consequence of the form of f’{z) in (19.4a) together with. 
the Cauchy-Riemann equations (19.5). If we take the absolute valu¢* in 
(9)-and substitute (7a), we obtain 


cosh (— + t» + #y) 
sinh (¢ + 49) 


In particular for ¢ = 0, that is, on the plate itself, we have on either Ide: 
cos (a +7» ; 


sin 7 


(10) ly{=mqg 


(10a) lvi=q@ 


The pressure distribution is found from (10a) by substitution in Bernou. 11433 
equation (4a): 


_ ps - 2G +1) 
(uu) po £d(i - Gtr), 
This leads again to 


0 
p=—"oe for 7 = ’ 
>t 


that is at the edges of the plate, and the point where the pressure vanishes 
is found from p = 0 as 


(12) cos" (y7 + y) = sin? » 
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which can be written cos (y + y) = +t cos (x/2 — n), and therefore 


either go+y =37- N; 


I 
i 
t 
I 
is 


T 
= eT —-S- he ee 


The value 7, is positive, the corresponding point lies therefore on the 
backside; the converse is true for », . The zone of negative pressure is on 
the back side between 7 = O and » = 7, , on the front side between y= —z 
and » = 7, . Since arbitrarily large negative preasures are not permissible, 
our solution in the case of the oblique plate has as little physical reality 
as in the special case of a normal plate. 

The comparison of Fig. 48 with the photograph of a real flow in 47b 
illustrates what we mean. Ahead of the plate the two stream patterns are 
rather similar, in particular, there is a stagnation point in front which 
has the expected position. The downstream flow, however, is entirely 
different. Instead of an antisymmetric repetition of the upstream pattern 
we meet again the characteristic eddies in alternating positions. 

In this article we have only dealt with the steady flow past a plate. A 
plate problem occurs also in acoustics, when a light circular disk is sus- 
pended in the non-steady field of a sound beam. This ao-called Rayleigh 
disk plays a significant part in the measurement of sound intensities; the 
analytic methods discussed so far and developed in the following are of 
importance for the theory of this instrument, as Lord Rayleigh® has shown; 
for this reason our statement about the unrealistic character of the ob- 
tained solutions should be restricted to the ease of steady flow. 


30. The Problem of the Wake; Surfaces of Discontinuity 


“There is nothing in the nature of a liquid that should prevent two 
adjacent fluid layers from sliding past each other with finite relative 
velocity, provided we consider the fluidity as perfect, that is, exclude all 
friction, Our aasertion is certainly true for those properties of the liquid 
which sre considered in the hydrodynamic equations, viz. the conservation 
of mass in each volume element and the equality of the pressure in all 
directions; these two factors do not preclude the possibility of a finite 
difference of the tangential volocities on etther side of a surface in the 
interior of the fluid. The components of the velocity normal to the surface 
and the pressure, however, must be equal on both sides of such a aurface”’.* 


5J,amb, Ilydrodynamics, Cambridge, 5th ed., Chap. LV, Art, 77, 
*TTelmholts, Prouss, Akad, Bor., 1868, 
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Helmholtz further points out that a sharp edged obstacle always pro- 
duces discontinuity surfaces in the flow and that in this way the negative 
pressures that would otherwise be present are avoided. He also observes 
that the discontinuity surface which originally is conceived as a geo- 
metrical surface curls up under the influence of friction and takes the 
form of a sequence of eddies (Helmholtz speaks of vortex filaments). All 
this will be discussed in 32; for the present we maintain the assumption of 
a perfect inviscid fluid. 

With this in mind we again take up the two-dimensional problem of 
the plate, assuming the plate normal to the How for the sake of simplicity, 
as at the beginning of 29. Two lines of discontinuity—if we now use two- 
dimensional terminology—-issue from the end points of the segment that 
represents our plate. They are symmetric to the y-axis, but of unknown 
shape (cf. Fig. 49, where the edges of the plate are denoted by A and B). 


f Fra. 49. Helmbolts flow past a vertical plate AR, 
——— ¥Y >U The wake is delimited by the discontinuity lines Af? 


B igi A . 
and BY that originate at the cdges of the plate. 
SS 


The wake is enclosed between the two discontinuity lines and the plato, 
and wo imagine the state of the wake to be dead water in the literal senso: 
its velocity is assumed as zero, and the pressure is everywhere constant, 
say, equal to p, . According to Helmholtz, we then have also for the fluid 
that flows along the discontinuity lines the following boundary conditions 
for the pressure and the normal component of the flow: 


(1) P= Po; 2, = 0. 


The tangential component », follows now from Bernoulli’s equation (29.4u) 
which yields because of (1) 


2) |v Pah = gt — 2p. 


The tangential component is thus constant along the lines of discontinuity. 
Infinite velocities and negative pressures no longer occur. 

Kirchhoff’ worked out Helmholtz’s idea in detail and applied it among 
other things to the plate problem. He considers in addition to the two 
complex variablos 


"G. Kirchhoff, Crelles Journ. 70 (1860) and Vorlesungen aber Mechanik, Chap. XX LL 
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z=u+-%y ond fre+iv 


a third variable 
. ” uf 
@) = —v, + wW, 
connected with 2 and f by the relation 
dz 
(4) i= af 


ag in (29.9), and introduces the assumption that the wake reaches to infinity 
(we have tried to indicate that in Fig. 49). The pressure p, then equals 
the pressure at infinity which we defined as zero in (29.4a), so that now 
py in Eq. (2} must also be put equal to zero. From (2) we obtain 


(5) |-2 +) =%.=¢ 


all along the lines of discontinuity. Consequently we have for ¢ the 
boundary condition 


(50) itl=3. 


We wish to emphasize, however, that the assumption of discontinuity lines 
reaching to infinity is too restricted. Indications for this will be found at 
the end of this urticle. 

Lot us now look for the image of the discontinuity line, which separates 
the moving fluid from the wake in the plane of the complex vanable ¢ 
(ef. Fig. 50). 


9 LA Wy 09 
Fira. 50, Mapping of the z-plano on the f-planos. 
Starting with the point infinity of the z-plane, we have there 
vy = Gq, vy, = 0, and by (8) fe—<. 


The image point U in the f-plane is therefore on the negative imaginary 
axis. The images of the two discontinuity lines must pass through the 
point U, in agreement with (5a). We draw now a semi-circle of radius 
1/q and center zero; it passes through U and terminates at the real axis 
in the points ¢ = +1/q, which are the images of the poinis A and B in 
Tig. 49 (edges of the plate). All along the plate onc has v, = 0 and therefore 
¢ real; this holds also at the edges. 
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We finally consider the stagnation point O in Fig. 49. There 
vy, = v, = 0, and by (3) to, 


The image of O is the point © of the ¢-planc. This determines completely 
the mapping of the two halves of the plate: Since { is real along the plate, 
ag was just pointed out, one half of the plate maps on the segment OA, 
the other on the segment OB of the real axis in Fig. 50. 

In describing the circuit UAOBU in Fig. 49, the region of the “ive” 
flow® remains to the left, and the region of the dead water to the right. 
Accordingly, the marked region in Fig. 50 to the left of the image circuit 
corresponds to the region of flow, the unmarked région to the wake. Yet 
that does not detexmine the analytic solution of our mapping problem 
since the shape of the lines of discontinuity is atil] unknown. 

This part of the problem calls for a discussion of the mapping of the 
z-plane on the j-plane, the characteristic points of which are listed in the 
following table. As before we assign the equation ¥ = 0 to the “sym- 
metric’ stream line which separates at the stagnation point, whereupon 
the entire boundary of the dead water becomes real in the f-plane. The 
zero level of the velocity potential 4 is now assigned to the stagnation 
point O; this makes @ negative along OA and along OB. We denote the 
unknown value of at A and B by f, . (Note that f, is at the same time 
the value of f at A and B since Y = 0; must decrease from O to A or 
from O to B, hence is negative along OA and OB.) f, is negative and given 
by 


6) foo — [ondo=—- fo de. 


We have thus found a correspondence between the total boundary of the 
wake and the negative real axis of the f-plane, but it is not a one-to-one 


Yj; Fira. 61. Mapping of the z-plano on tho f-plan«. 


correspondence, since, for instance, the plate front AOB is mapped on the 
double segment f, — O — f, , of. Fig. 51. This can be helped by making 
a cut along the negative real axis. The two borders of the cut form the 
image of the wake boundary, while the positive real axis has already becn 


‘If we had used the reciprocal variable ¢’ = 1/t, instoad of ¢, the region of flow 
would map on the interior of the semi-circle and the circuit VAOBU on the closed 
boundary of the semi-circle. We have retained Kirchhoff’s original definition of fin (3) 
to make s comparison with the original paper casior, although the map of the flow 
in the plane ¢’, being simply the hodograph of the flow, has a stronger physical appeal. 
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in one-to-one correspondence with the stream line ¥ = 0. The marking 
of Fig. 51 indicates that the cut f-plane is the image of the flow field in 
Fig. 49. The wake is mapped on a second sheet of the f-plane connected 


with the sheet of Fig. 51 across the branch cut (the two sheets form one 
Riemann surface). 


1 1 
A —= 2 
+c q fo <0 5 
= 1 1 
B c +3 fo < 0 9 
0 0 tbo 0 : 
2 

U 0 a) ren] 

g 


Let us now try to find the analytical form of the mapping of the {- 
plane on the f-plane, omitting the z-plane and comparing the Figs. 50 
and 61. (It will be noticed that this is feasible without knowing the dis- 
continuity lines, since the plane of the physical flow matters no longer.) 
Tf the mapping were everywhere conformal, it would be given by a bilinear 
relation between ¢ and f. There are, however, points where the con- 
formality breaks down, though not in the interior of the marked regions 
of the two figures, but on the boundary; they have been indicated in the 
last column of our table. The number } going with A and B means that 
the angle + occurring at the boundary points A and B in the f-plane 
appears as the angle #/2 in the ¢-plane; the number 4 going with O should 
likewise tell us that the angle 27 at O in the f-plane appears in the {- 
plane as x. From this we infer that the relation between ¢ and f must 
contain 


9 
finthe form +/f,  ¢ inthe form (r + 2) P 


We therefore consider the following bilinear relation of these quantities 


(ha ees 


g 
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or, written more conveniently, 


(gt + 1)? 1-6 
@) Cr re 
fo 


This function fulfills the requirements of the table as can be shown by 
expanding (7) in power series at the points A, B, 0. We shall como back 
to this in the next article in a more systematic way. 

Let us now compute ¢ explicitly. Eq. (7) can be rearranged in the form 


(7a) (gt)? + 2 Ns gi +1=0; 
the roots of this equation are 


8) pe} (Yea Jf -1), 


The salient point in this analysis is now that it is possible to eliminate the 
auxiliary variable ¢ by (4) and to obtain a differential equation between 
the two original variables z and f, viz. 


9) #1 (joa Je-1), 


Its integration determines the mapping function. 
It is convenient for this purpose to introduce the parameter a by 


Vi = sing, af = 2f, sin « cos a da. 


J@ a fo _ ) — coe 
f sine’ i gin « 
Choosing the upper sign in (9), we obtain 


(10) 


= — 22 (coe a + cos” a) da 
which gives integrated 
(11) := ~ 22 {sin a + 2 Gina oow.a + a) 
In this integration the constant must be set equal to zoro, since f = 0 


for a = 0 according to (10), and zis supposed to be zero if f = 0 according 
to our table. 
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For a = 7/2, f equals f. by (10); according to our table this character- 
izes the edge of the plate A, orz = ¢. Thus we have 
ee 2fa(1 +1) fo . = 2 
7 Tap 9G "e+4 
which determines the hitherto unknown quantity fy . We substitute this 
value in (11) and obtain by separation of real and imaginary parts the 
following parametric representation of the plate: 


. 1 s 
z= rina +} (ina cosa +4), 
74 2 
(13) = 
y= 0, 


traced by the point zx, y when a varies according to 


(18a) ~5<a<+é. 
Now we allow a to take complex values, starting from 7/2: 
(18b) a=5-#, O<f<e. 
Then one hag 
(13¢) gin a = cosh 8, cosa = + 7 sinh 8. 


If a changes according to (13b), f remains real by (10) and (12), hence 
(13b) represents the continuation of the stream line Y = 0 beyond the 
end point A, that is to say, the lower branch of the discontinuity line in 
Fig. 49. Its paramctrie representation is obtained from (11) by separation 
of the real and imaginary 0 in the following form: 


a a rl — #2 (cosh B+ :), 
(14) 
= —* (cosh sinh 6 — 6) 
t= saa 8 : 
This is a transcendental curve; its numerical determination makes no 
difficulty. For large §-values it can be approxiraated by a parabola. 


Jiqs. (10), (11) and (12) contain the general solution of our flow prob- 
lem. When « takes arbitrary complex values we obtain 


(15) fa otiy = — SE sin’ a, 


(18) gmat iy = 2 tsina +} Gina cova +a)}. 
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An explicit representation of and ¥ in terms of x and y such as would 
be obtained by elimination of the parameter a is neither feasible nor 
necessary. 

To check our results we may compare the value of f, in (12) with its 
original definition in (6). According to (6) we ought to have 


(17) fow—fovdem f Farm & — oy. 


By (15) we have the #-values 


$, = for a= 0. 
Thus (17) and (12) are in agreement. 
Contrary to 29, the results of which led us to the d’Alembert-Huler 


paradox, our present theory gives a reasonable value for the total pressure 


P acting on the plate per unit of length under the influence of the streaming 
fluid. 
From Bernoulli’s theorem (29.40) we have 


(18) p= [paabe f (1-5) a. 


Along the front of the plate » equals », , hence »* = 1/%* by (3), and (18) 
takes the form 


mt) p=fd ["(1- ap) a. 


This integral can be evaluated in the following elegant manner: along the 
plate, dx equals dz; thus we obtain from (4) 


(198 de = raf, P=Bof(a-4)a. 


From (8), where we choose again the upper sign, we have 


~ ga fe4 JP-1, 


The reciprocal value of this expression may be written 
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ere [fe 


a result that could have been read from the quadratic equation (7a). 
Upon introducing the last expression in (19a), we obtain 


(20) ae oe [ ° ta asf. 


As regards the limita of the integral and the factor 2, note that the pressure 
distribution is symmetric with respect to the center, and therefore the 
contributions of the upper and the lower half equal. 

If we now introduce the parameter « from (10) we obtain 


so that 


a/2 
(21) P= ~4ofog [cost ada = ~pfegr 
and, on substitution of f, from (12), 


i, ee ee p 
(22) on apa ee = 0.885 ¢. 


The pressure per unit of surface ts thus proportional to the square of the flow 
velocity at injinity in agreement with the general hydraulic experience 
(ef., ¢.g., p. 80); we could formulate our result also in this way: the pressure 
ts proportional to the kinetic energy per unit of volume of the undisturbed flow, 
or, in other words, proportional to the stagnation pressure at 0. The numerical 
coefficient, however, docs not agree too well with the results of careful 
measurements. In the case of the infinitely long plate the actual coeffi- 
cient is about 2.0 according to Prandtl (Strémungslehre, p. 165)° instead 
of our value 0.88. The reason is—also according to Prandtl’°—that the 
real wake does not reach to infinity and the two separate regions of the flow 
join at some distance behind the plate. Besides, the pressure downstream 
of the plate is smaller than the pressure of the undisturbed flow because 
of the eddies preaent in the wake. This leads to a “suction” on the back 
side that adds to the pressure on the front side. 

The last remarks throw a good deal of doubt on the basic assumption 
of Kirchhoff’s wake theory which has been widely accepted in literature. 
An essential feature of the theory is the assumption po = 0 introduced in 
connection with Eq. (2). It is identical with the hypothesis of an infinitely 
extended wake as explained on p. 217. Attempts at a general treatment 

*Cf. also Hunsaker and Rightimire, op. cié., p. 198. 


Seo ©. Schmicden, %. fiir Lufifahrtforschung 17, (1940) 37 and M. Kolscher, 
thid. p. 164. 
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of the problem which drop this assumption (see, e.g., footnote p. 223) are 
too complicated to be presented in this book. 

Let us finally have a look at the interesting question of stability; 
suppose the plate is not kept rigidly fixed, but is allowed to revolve about 
an axis through its center, what will be its position relative to the flow? 
If the preferred orientation were parallel to the flow, the total pressure P 
would vanish. The experiment shows, however, that the plate orients itself 
normal to the flow. 

A complete investigation of this question would require knowledge of 
the flow pattern and of the discontinuity surfaces also in the case of the 
oblique plate. We can do without that if we trust the stream pattern in 
Fig. 48 as far as the qualitative position of the stagnation point on the 
front side of the plate is concerned which, in Fig. 47b, is confirmed by the 
experiment. We take it then that the stagnation point travels toward the 
leading edge of the plate whenever the plate turns from the norma] to 
an oblique position. The pressure maximum then travels in the same 
direction. When the plate, as in Fig. 48, is turned counterclockwise out 
of the normal position, the pressure produces a clockwise moment which 
tends to restore the normal position. This +s therefore the stable position of 
the plate. The same argument applied to the parallel position shows that 
at ts unstable. : 

A weather vane likewise, would not turn into the wind but normal to 
it, if ite axis were centrally located (actually the rear face is much largor 
than the front face). In fact, the Rayleigh disk (cf. p. 215) which is cen- 
trally suspended places itself normal to the sound beam. 


31. The Problem of the Free Jet Solved by Conformal Mapping 


It might appear that the mapping function given in (30.7) is the result 
of @ lucky guess rather than of rigorous deduction. These doubts will be 
dispelled by the systematic derivation of (30.7) that follows here. 

Let it be required to map the positive quadrant” of a tplane on the 
upper half of an s-plane; the simplest way to do this is by the relation 


(1) t = st. 


The mapping is conformal everywhere in the finite domain with the ox- 
ception of the origin of the two planes, where the straight angle x formed 
by the real axis at s = 0 is mapped into the angle x/2 between the positive 


“Our quadrant can bo considered as a closed polygon, bounded by two straight lines 
and possessing two right angles at ¢ = QO and t = @ as onc sees by wtervographi¢ projec- 
tion. More gonerally, any polygon with arbitrary angles can be mapped on ihe half 
plane. There exists for this purpose a general integra] formula of H. A. Schwarz and 
E. B. Christoffol, but we do not have to usc it bore. 
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real and the positive imaginary axes at ¢ = 0. We consider now the ¢- 
plane connected with the t-plane by the bilinear transformation 


aoe is all Ry Sin al 
(2) ¢ eg — a2 3 ig a ; —— 1 , 
where a is real and positive. By (2) the positive-imaginary taxis is mapped 
on the semicircular are | ¢{ = a which passes from ¢ = —a through 


¢ = —ta tof = +a (bilinear transformations are known to map straight 

lines into cireles or straight lines), while the positive real axis of the plane is 

mapped into the two parts of the real t-axisa << { << and~o < ¢ < ~a. 
We now substitute (2) in (1) and obtain the mapping function 


¢ + a)’ 
@) eran 


which maps the upper half plane of the variable ¢ on the region of the ¢- 
plane marked in Fig. 50. 

Let us tum to the relation between s and f: here we wish to map 
the upper half plane of s on the f-plane cut along the negative real axis 
as indicated in Fig. 51. The angle « at ¢ = 0 must be doubled in the 
mapping, so that the angle at f = 0 becomes 2r. The simple relation 
s= Vi of Eq. (1) would do this. We wish, however, to achieve at the 
same time the coordination of f-values and {-values prescribed by our 
table on p. 219, and therefore subject +/f first to a bilinear transformation 
which we write 


9 _~avf+s. 

” Sy EHO 
Combination with (3) and replacement of a by 1/¢ gives 
(4) +1)? _avits 


(go — IP yf +30 
The coefficients a, 8, y, 6, determined” according to that table are 
gi = —l, f = fo avVfots = 0, 
g=+1, f=fo | -yVfot+8=0, 
gia om, f=0 B = 6, 
g=u-t, jfxmo a= —y. 


HThe negative sign on y in the second line of the table ia obtained from Fig. 51 in 
the following way: +/f changos ita sign in a transition from the uppor to the lower border 
of the cut, if this transition is carried out without leaving the hatched sheet in Fig. 51, 
that is without crossing the cut, The value ~/fo in the first lino that corresponds te the 
point A is thus to be replacod by —+/f, in the second line that corrasponds to the 
point B. 
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Putting a = 1, we obtain for the other constants 
ye-l, B=eb=—Vfo, 


and Eq. (4) assumes the form 


£ 
l= 

ast. alan, oe 
a rw VE= VR EL 


Thus we have achieved a more cogent derivation of fq. (30.7) based on 
the known mapping properties of the bilinear function and the square root. 

We now apply the same method to the classical problem connected 
with Torricelli’s name, vis. the outflow from a large reservoir, already 
treated in 11, p. 87. At that time we took it for granted that the fluid 
leaves the orifice in the form of a jet. Now we wish to follow Helmholtz 
who was the first to realize that the problem of jet formation should be 
made the object of hydrodynamic investigation. In the paper quoted on 
p. 215 he actually gives the present problem as the only example to 
illustrate the idea of the discontinuity surface. 

We shall treat here the two-dimensional equivalent of the problem of 
jet formation. This means replacing the orifice in the tank wall by an 
infinitely long slit of width 2c in a plane wall perpendicular to the drawing 
of Fig. 52. The action of gravity on the emerging jet will be disregarded. 


Fra. 52. Two dimensional scheme of jet contraction. 


The center line of the jet is taken as y-axis, the wall as z-axis. The two dis- 
continuity lines that issue from the sharp edges of the slit will approach 
each other since the water enters the orifice also from the sides; the cross- 
section of the jet decreases therefore after its emergence from tho orifice 
(vena contracta). The principal aim of our investigation is to determine 
the degree of contraction, that is to say, the ratio of the jet cross-section 
at large distance to that in the immediate neighborhood of the orifice. 
The details of the calculation need not be prosented since the problem is 
mathematically identical with that of 30. 

Fig. 52 has been drawn in the plane z = x +- dy. In gildition we con- 
sider as on p. 217 and p. 218 the planes 
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t ‘ 
(5) cr Sy, ancl f=@+ 7, 
Along the two discontinuity lines the prossure is constant; it is equal to 
the utmospheric pressure which we take as the zero level for p. From 


Bernoulli's equation (29.4) we then have v” = const along the discontinuity 
lines, therefore 


[v| = const = ¢ and from (30.3) |¢| = 


ae 


Here g represents the magnitude of | v| at the points A and B, or, as we 
may also put it, the value of the velocity at sufficient distance from the 
orifica, as it is given by Torricelli’s Iq. (11.10). 

At the infmitely distant point U of the jet, where the side component 
v, evidently vanishes, we olftain from (5) 


(6a) t_- 


wm |. 


Along the inside of the wall where », vanishes, ¢ becomes real; for, we have 
from Fig. 52 and Iq. (5) 


+e>t> ; at the wall OA, 
(51>) 
—a<ctr<c- : at the wall O’B. 


The region of flow in the f-plane of Fig. 58 has therefore the same 
shape as in Fig. 50. In addition, Fig. 53 shows the image of the infinitely 
distant point U' on tho upstream prolongation of the center line of the 
jet. (In approaching the point U’ from the orifice we have to assume 
v, = 0, v, — 0, therefore Im (f) — — &.) 


o ‘ 
* F, ' 
Sag YY; i” CAPE 7 eee es ¢--%29_-- uf 
' 
ut 
Fic. 53 (ef. Mapping of tho z-plane on the ¢-plane. 
Fra. 54 (r¢git), Mapping of the plane on the f-plans, 


Iig. 54 shows tho flow region of the f-plane. Let the stream line ¥ = 0 
coincide with the axis of symmetry of the flow UU" (real axis of the f- 
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plane). © increases along this line in the direction from { to U’, since 
v = v, has here the direction from U’ to U. We assign to the streamlines 
that ran along the walls of the reservoir and the discontinuity lines the 
value” of the stream function 


al 


¥es+5 


Wy. 


The entire region of flow is mapped on the strip of the f-plane hounded by 
these two W-lines. If we now assign the zero level of the velocity po- 
tential & to the equipotential line that passes through the edges A and 
B of the slit, then the images A and B in Fig. 54 are located on the imagi- 
nary axis of the f-plane. The “lower” and “upper” tank walls ure repre- 
sented by the segments 40 and BO’ of the boundaries of the strip, while 
UA and UB are the images of the boundaries of the jet. 

As before we have now to find the analytical relation between ¢ and 
f, and use again a table that incorporates the correlations already indicated 
in Figs. 52-54. 


+ @ 


In the previous problem we had to map the cut f-plane in ils full 
extension on a specified part of the ¢-plane which we were able to do by 
using the square root as a mapping function. In the present case we want 
to map a mere strip of the f-plane on the samo part of the t-plune as 
before. This can be achieved by the exponential function. We use Kirch- 


“The factor 2/2 of % simplifies some of the following formulas. 
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hoff’s notation ¢" where the variable w is proportional to f with a scale 
factor * that depends on the choice of ¥, 


(6) =i. 


The mapping function (4) takes now the following form 

(go + 1)? _ ie” =] 

(go — 1 de® 41° 
liere a, 8, y, 8 have been determined according to the foregoing table, 
e.g. by satisfying the conditions required for the points B, A and U; the 


conditions at the romaining points are then automatically fulfilled. In 
analogy to (80.7a) we obtain for g the quadratic equation 


(qt) + ieee +1 =0 


= ie + Ver ED. 


Because of (30.4), where df is to be replaced by &dw, this yields the 
differential equation 


with the solution 


(7) dem ~ Oe + Ver ED dw. 
Jct us now consider the three straight lines of Fig. 54 


x 


2 


The quantities f and w are real if % = 0; the left member of (7) is then 
purely imaginary. The point z travels along the y-axis from — © to + 
ax it ix expected 10 do (Fig. 52). Along the two other lines e” becomes 
purely imaginary. On putting 


Y= Q, Yost A 


=+1, dw==, 
Eq. (7) appears in the following form: 
(8) de = 78 (48+ Ve=HF. 


i re 


MNida that Kirchhoff in hin trealisa Vorlesungen Gber Mechanik, Chap. XXII, 3, 
defines the velocity potential with reyorsed sign, chooses the coordinate axes not sym- 
motrical ta the jet, and docs not set in avidence physical parameters of the problem 
auch as g. This procedure, whieh amounts to putting ¢ equal to 1, haa been generally 
accepted in the literature. Wo are of the opinion, howover, that a better grasp of 
Kirchhoff’s ingenious metho becomes possible by the introduction of definite unite 
from tho start. 
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The square root is real for @ > s > 1; for these values of s, z is real and 
travels along the “upper” and “lower” tank wall y = 0,2 > candz < —e. 

As we are mainly interested in the free boundaries of the jet that issue 
' from the slit, we must consider the range ¢ < 1. This makes dz in (8) 
complex, as it has to be in the case of curved Jet boundaries. We choose 
the upper sign in (8) which corresponds to the lower jet boundary in 
Fig. 52 and put 


=>a> 0. 


§ = si «, 3 


Eq. (8) takes now the form 


COS S dy = He -ta COS @ 


dy = Ee 7 (eit a “+ 4 C08 a) az sin w & 
This yields after integration the result 
= Wo ~te 1 + ph ose 
(9) p= ike(eee 5 log Tt Oe + const, 


which may be checked by differentiation. The constant can be determined 
by requiring 2 = ¢ for a = 7/2, that is, at the point A. Then we obtain 


const = ¢ — “2, and 


_ — ¥0(1 - ive 7 aa 
(9a) «ese q Ml de + 5 log el 


Separation into real and imaginary parts gives: 


zao- “(1 — sit a), 
(10) 
Lt c6s a) 


aoree (cos « ae l 
y q 2°81 — cos al" 
These equations are the parametric representation of one of the two jet 
boundaries; the other is obtained from (10) by changing tho sign of z. 
For a = 0 we obtain from (10) 


Poe ae | eae 


that is, the behavior at the infinitely distant point U in Fig. 52. Half the 
width of the jet at U is therefore 
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(1}} bae~- =, 

Finally, we have to find the physical meaning of the constant Y, which is 
of course connected with the velocity ¢. We write down the second Cauchy- 
Riemann equation (19.5) 

(12) ee: 

At the cross-section UY, that is, at large distance from the orifice, we find 
the velocity uniformly equal to g and parallel to the y-axis; the right 
member of (12) is therefore constant. Integration of {12) between the 
limits x = O and x = } which correspond to ¥ = Gand YW = (1/2)¥, yields 
(12a) = Yo = gd. 


In combination with Eq. (11) one has 


b=c~— 2 b, Ba a b=me 
WT T 
so that the relative contraction of the jet is 
b 
ae 0.611. 


The actual contraction coefficients used in hydraulic practice are close to 
our theoretical result; they serve to predict the efflux through a given 
orifice from its geometry. 


32. Karma's V ortex Street 


The analysis of a given physical situation usually requires a certain 
amount of idealization, so that tho tools of mathematics can be success- 
fully applied; to find workable idealizations is the art of the mathematical 
physicist. Bearing this in mind, let us investigate a problem already 
presented by Helmholtz (cf. p. 216): What is the nature of the mechanism 
that leads to the curling up of the discontinuity surface into a sequence 
of vortex filaments? In the case considered in 30, the vortices originate 
at the sharp edges of the plate; in general vortices may be generated by any 
obstacle that is in the way of the flow. The photographs 47 a, b give a good 
idea of them. Looxely speaking, the vortices operate like ball or roller 
bearings distributed along the discontinuity surface that separates the 
streaming fluid from the dead water. ‘his visualization gives at least the 
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correct sense of rotation of the vortices on either side of the wake. There 
is however this difference: the vortices do not run along in the samo way 
ag the balls in the race of a bearing. They would move with the stream, but 
they influence each other; actually the mutual influence produces an addi- 
tional velocity which is superimposed on the principal velocity of the flow 
and has in the simplest case the opposite direction as we shall see. 

K4rman” idealized the sequence of vortices produced at an obstacle 
by assuming an infinitely long straight vortex strect and disregards the 
origin of the vortices by transferring it to infinity. The vortices on cither 
side of the street are equidistantly arranged: this characterizes the steady 
state which has developed in the (infinitely) long time that pussed after 
they had been generated. On either side of the street the sense of rotation 
is different; the “upper’ vortices are clockwise, the “lower” vortices 
counterclockwise. The principal velocity points to the right, corresponding 
to that of a free flow that roils on “bearings” along a wake at rest. KArman 
restricts himself to the case in which the additional velocity is parallel to 
the street; we shall start our analysis with the same assumption. 

The first consequence is, as we shall show, that the two rows of vortives 
must be either opposite as in Fig. 55 or alternating as in Fig. 50. (Note 


Additiona} Principal 
velocity — ie Vela city 
~f oO +f +2 
» a >) » ts 
a ) “Sass ) 
=f o ae ou +2 
—-__ge 


Fig, 55. Karman’s vortex street consisting of two rows of vortices of different oriente- 
tion. The vortices ara in opposite position. 


that “vortex” means concentrated vortex filament, indicated in the figure 
by a dot with semicircular arrow.) 

Consider Fig. 55; number the vortices from —@ to +e and choose 
the vortex 0 of the upper street as “field” vortex, that ix, consider this 
vortex as subjected to the induction of all the other vortices as in 21. 
There are no contributions te tts velocity from the neighboring vortices +1 
on the same side of the street, since the induced velocity is normal to the 
line connecting with the inducing vortex and points in the sense of its 
rotation. The contributions of the pair +k cancel for the same reason. 
The contribution of the opposite vortex 0 points in the negative direction 


“Th. v. Karmén, Uber den Mechanismus des Pliasigkeite- und Luftwiderstandes 
Gating Naobr. 1911 und 1912. Cf. also Kérmén and H. Rubach, Phyuikel, % 13 
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of the strect. Also the contributions of the pair +1 on the other side, which, 
individually, are inclined to the street, give a resultant in the negative 
direction of the street, and the same is true for the pair +k. 

When the vortices are not exactly opposite to each other, the same 
construction will give a total induction at our field vortex that is oblique 
to the street with the one exception of the alternating case of Fig. 56. Here 
we compound the inductions due to the vortices 0 and 1 on the opposite 
side (broken lines in Fig. 56), and generally the inductions of the pairs 
(—k, & + 1) and obtain again an additional velocity at the field vortex, 
pointing in the negative direction of the street. Fig. 56 gives in addition 
an idea of the presumable path of the fluid particles that wind in and 
out between the vortices, in reasonable agreement with the photographs 
in Fig. 47a and b. 

These photographs suggest at the same time that the alternating ar- 
rangement of Fig. 56 rather than the one of Fig. 55 oceurs in nature. In 


-i 0 +I, +2 
) as. ») D) l 
a) 5) 
0 +f a +2 
i — 


Ira. 56. Karmén’s vortex atrect; tho vortices are in alternating position. 


order to explain this preference [K4rm4n investigates the stability of both 
arrangements. 

The concept of stability applied to a problem such as ours needs some 
comment. In Figs. 55 and 56 the locations of the vortices 


fp = My + Yr 


are accurately given by the positive or negative integer number & so that 
the additional velocity can be calculated according to well known complex 
methods. To investigate the stability we have to impart small displace- 
ments or disturbances 


zy = Ze = We 
to the vortices." The introduction of such disturbances changes also the 


“This variation is actually tov restricted since it occurs only in the z, plane while 
in the z-direction the displaced vortex filaments arc still supposed to be straight as they 
originally were. A more general stability investigation which introduces variations 
in e-direction has been carried out by I. Sehlayer in his Munich thesis [Z. angew. 
Mathem. und Moch. 8, (1028) 352}. One can defend the special variations admitted by 
Karman, observing that “infinitely long” straight vortex filaments can at any rate only 
be produced in a flow between parallel plates at 4 amali distance (see p. 160). The 
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additional velocity. For instance, the statement that the total induction 
of all vortices on the same side as the field vortex vanishes is no longer 
true. In the disturbed state the velocity of the field vortex depends on all z, 
regardless on which side of the street they are. We assume the dependence 
as linear neglecting the higher powers of 2, . The variation of the induction 
produced by the variation of the 2, determines the time rate of change 
3, of the field vortex as a linear function of all the other 2, . Thus we obtam 
first an infinite system of linear differential equations of first order for the 
Z, which can be reduced, however, to a system of only two differential 
equations of the same character (see later). According to the general 
theory of small oscillations'’, one determines first the principal modes of 
the system, that is, one finds solutions with the time dependence e™" 
This procedure was carried out in a very simple case in Vol. F, 3.24 and 
prob. IV, 2. If \ is purely imaginary the vortex street is considered stable 
since oscillations of constant amplitude would be attenuated by friction 
which has been neglected so far. But the occurrence of even one complex 
d-value with a positive real part makes the vortex street unstable, since a 
system can only be stable if all principal modes are stable. Karmin’’ has 
shown that an arrangement of vortices as in Fig. 55 is unstable for any 
value of h different from zero; the alternating arrangement of Fig, 56 is 
stable if and only if 


(1) sinh ae =1,  henee : = 0.281. 


Our Figs. 55 and 56 have been drawn with about this numerical value of 
h/fa. 

The complete representation of the stability investigation, which is 
rather an involved mathematical problem, would take up too much space 
here. We shall indicate only the main points of the calculation. In doing 
so we shall at the same time broaden the basis of our investigation by 
following a paper of Maue."” We shall assume that one row of the street 


te ee ee 


stability of such an experimental arrangemont is indced demonstrabln by means of 
ths special variations used in the text, provided the plate distance ix sufficiently small. 
According to Schlayer, there is, however, always a weak instability toward goneral 
vatiations, and it inereases with increasing plate distances. 
1@For a, discussion of the method of small oscillations soc, for instance, Karman, Th. v. 
ee M. A. Mathematical methods in Engineering, Now York, 18-10, Chapters 
and VI. 
7K4arman’s investigation has been supplementad by BI. Dolapiachiow who eonsid- 
ered terms of second order. (Z. angew. Mathom, u. Moch. 17 (1037) 313, 18 (1038) 203] 
WA. W. Maue, Z. angew. Mathom. u. Moch. 20 (1940) 130. Igy. (6) to (8) that go 
beyond Kérmén’s original investigation have been taken from this paper. Mr. Maue 
kindly contributed the appendix to the present article. 
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is shifted relative to the othor by the amount d < a (in Fig, 55, d = 0, 
in Vig. 56, d = a/2). This makes no formal difficulties if the origin of the 
z-plane ix located at the center of the pair 0, 0 and if the points are num- 
bered in such a way that the points --k on the one side are diametrically 
opposite to the points Fk on the other side of the street, viz: 
(2) Aah, death, m= sat i. 
(The superscripts 1 and 2 refer to the upper and lower rows of the street 
respectively, 2 indicates the location of the 0-vortex belonging to the 
upper side of the street.) 

First, we give a very simple expression for the complex potential 
f = & + 7 valid for arbitrary d, as it depends on d only by z . Our 
starting point is Eq. (19.10) which describes the combined action of a 
positive and a negative vortex; the numerator and also the denominator 
occurring there vanish respectively at the center of the positive and negative 
vortex. The generalization of this equation for our vortex street is simply 


iy oe @ alt 
@) ane 
a 


Tn fact, the numerator vanishes now for all points 


z2=2+kha=%, 
and the denominator for all points 


z= — (eo + ka) = 4% 


as required by (2). The periodicity of the sine makes each vortex act 
with the same strength. The factor A in (19.10) that characterizes the 
vortex strength has been changed in accordance with (19.8a) and the 
signs have been adjusted in such a way as to correspond to the orientation 
of the vortices in Fig. 56. ; 

By differentiation of f with respect to z one obtains as in the familiar 
relations (30.3) and (30.4) 


¥ =v, + t,, 
(4) if - —l 
v* =, — ty, . 


Here ¥ is the velocity of a fluid particle characterized by its complex co- 
ordinate z. If we wish to apply this formula to one of the vortex pointa, 
@.g., to the field vortex ¢ = % itself, then we must keep in mind that its 
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induction upon itself ig zero and has to be omitted in the expression for f. 
This can be done by adding to the right member of (8) 


+ = log (¢ — Zo). 


According to this, Eq. (4) yields, when we introduce u = «, + tu, to 
denote the velocity of the field vortex % , 


the differential quotient (4) is to be taken at 2 = z . We therefore intro- 
duce 


@-a)i = @ta)= = mi +6, 

and find in the limit « > 0 
0 So ss OB gy 2% 
(8) u 7 ctg rae 
This formula is valid not only for the vortex z = z , but, because of the 
periodicity of the street, also for any other vortex. The condition for the 


“additional velocity” u to point in the direction of the street is simply 
that (5) be real; consequently the expression 


otg Pea , or bocause of (2) tg = (d + ih) 


must be purely imaginary. This occurs only if d = O ord = a/2. In both 
cages we have from (5) 


h 


d=0, w=4u,= —f coth =z, 
az & 


(5a) 


d=§, a* =a, = — “tnd Ae. 
a a 


By means of the stability criterion stated in (1), the sccond line of (Sa) 
can be written in the form 


1 


w=y4=-— =, 

V2 
Thus the additional velocities constructed in Figs. 55 and 66 have been 
found. The principal velocity indicated in the same figures—it could be 


(5b) dm 
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denoted by ¢ as in the plate prohlem—has the value zero for the particular 
frame of reference we have chosen (center of the pair 0, 0). This can be 
seen from Eq. (3): If z is allowed to go to infinity along some specified 
path lying outside the vortex street, then the quotient of the sines tends 
to a constant limit; thus f is constant and ¢ = 0. 

In all other cases u is oblique relative to the vortex street. The angle 
of inclination y+ follows from (5) by an elementary calculation: 


! sin on 
) try = t= 
Ms sinh ant 


(6a) 


This formula is the generalization of u, in Kérmén’s result, which is our 
u, in Eq. (Ba). 

If we let the vortex street be generated by a flow past a plate, as at 
the beginning of this article, Eq. (6) must obviously be associated with 
the case of an oblique plate. This should not imply, however, that the angle 
y in (6) is equal to the angle y in Fig. 48 (the former is actually smaller 
than the latter). Unfortunately, the photograph 47b does not show clearly 
the obliquity of the street produced. 

We have still to discuss the central part of our problem, viz. the in- 
vestigation of stability. Following Maue, we choose a slightly modified 
approsch: instead of prescribing displacements 2, for the vortex points, 
we modify the sine functions oceurring in the complex potential (3) in the 
following way: 


() sing@-a)=-f@ ond sing -+a)=— n@. 

The perturbations ¢, , ¢; are supposed to be small. They are connected to 
the arbitrary variations Z, by the requirement that the zeros of the func- 
tions (7) should oceur at 2, + 2; and 2{ + 2, respectively. This is achieved 
by putting 


$ilgo + ha) = (IER, Salto + ha) = (- 1) EH. 


238 MECHANICS OF DBFORMABLE BODIES [V1.32] 


In this way the functions ¢ have been fixed except for a function of the 
period a. The velocity of the vortex points after perturbation ix now 
found as in Eq. (4) by differentiation of the modified function f. Upon 
expressing the same velocity by the time derivatives of the perturbations 
one obtains two simultaneous linear differential equations between {1 , f2, 
their first and second derivatives with respect to 2, and {1, {2. The dis- 
cussion of these equations which we omit here yields the stability criterion 


ey eer | 
(8) sinh 7 x = abe r. 


This is the direct generalization of Kérmdn’s criterion (1). Thus there exists 
also in the case of a vortex street that advances in oblique direction, a 
certain value A/a for any given value d < a@ such that the vortex street 
maintains its arrangement after perturbation except for small oscillations 
that do not increase. 

Fig. 57 illustrates this result and at the same time KArmfn’s special 


Fra, 57. Ilustrating the generalized stability criterion, 
ad The width A of the vortex street as a function of the 
Ae a rantual displacement of the two rows of vortiocs. 


case [Eiq. (1)]. It is an & versus d plot for all possible stable vortex strects, 
If the sinh in (8) were approximated by its tangent at the origin, the 4 
versus d-curve would become an ordinary sine curve. Since the hyperbolic 
sine increases monotonically with its argument, the actual h, d-dependence 
is a slight distortion of the sine curve appearing on the right side of (8). 
The maximum ordinate corresponds to Kérm4n’s case d = a/2. For d = 0 
one has kh = 0, just as in the geometrically identical case d = a. In both 
eases the two rows of vortex points coincide point by point and cancel 
each other: the end points of the stability curve have no physical sig- 
nificance. 

‘One can expect that an experimental investigation such as was carried 
out by Kérmén and Rubach for straight vortex streets (cf. footnote on 
p. 282) will also confirm the generalized stability criterion (8) for oblique 
vortex streets. 
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Appendix 
The Drag Problem 


Karmén’s real aim in his investigation of the vortex street was to 
establish an analytic drag formula. For this purpose he considers a body 
moving through the fluid in the rear of which a vortex street has developed 
that reaches to infinity. The calculation is performed in the z-plane of the 
strect, x being the direction of motion of the body. The body itself is 
considered as infinitely long in the direction normal to the z-plane. One 
delimits in the plane a sufficiently large rectangular region by a control 
surface, which includes the body and a sufficiently long stretch of the 
vortex street, and investigates the balance of momentum inside the control 
surface. The terms to be considered are: the pressure interaction between 
fluid and body, the increase of momentum inside the control surface due 
to the gencration of new vortices, and the flux of momentum through the 
control surface. The first of these three terms is to be taken negative; its 
real part represents the drag, its imaginary part the side force normal to 
the direction of motion. 

Iiven in the case where the direction of the vortex street coincides 
with the direction of motion of the body the calculation is rather involved. 
The more gencral case studied by Maue where the directions of the vortex 
street and that of the motion of the body form an angle with each other 
will probably always occur, unless there is a special relation of symmetry 
between the body and the direction of its motion. The drag formula is 
not given in Mauc’s paper quoted on p. 234 but has been kindly con- 
tributed by the author for use in the followimg discussion. It contains 
Karman’s formula ns a particular casc. 

The notations used here conform to those of 30 in the plate problem. 
The drag P corrosponds to the integral of the pressure over the width of 
the plate in 30.22). Tho offective width of the body normal to the direc- 
tion of motion in the x ++ <y-plane is now denoted by 2c, while previously 
2¢ was directly the width of the plate. In the present notation g is the 
velocity of the body relative to the fluid which is at rest at infinity; the 
previous q was the flow velocity at infinity while the plate was at rest. 
The dimensionless drag coefficient is denoted by > (previously, 0.88). The 
distance of two ncighbored vortices is a, h is the width of the street, and 
u its velocity of progression ag calculated in (5). 

According to Mauc, the drag formula that replaces (80.22) is 


©) soba 
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where X is given by 


(10) A= 24 An — Br? Al — Cn’ - ace. 
Here, A, B, C stand for 

4 = 2 geinn g, B = “sinh 6(@ cosh 6 — sinh 9), 
(11) 


= 5 (1 — sinh’ 9); 
the numbers @ and » are defined by 


h 
(12) por, leit 


The drag coefficient (10) thus depends on three ratios, viz. the two quanti- 
ties appearing in (12) and a/c that appears in (10). 
In Kérmén’s case d = a/2; hence, with sinh 6 = 1 by (8), (11) gives 


(13) A = 0.794, B=031, C=0. 
From (10) Karmén’s drag coefficient is now obtained in the form 
ee 
(14) = 4 (0.794 £_ 0314 (4) ), 
¢ g g. 
depending only on the ratios a/c and u/g. In the papers quoted on p. 232 


these ratios have been obtained from experiments carried out with a flat 
plate: 


(15) a/2e = 5.5, u/g = 0.20. 
With these numerical values (14) gives 
(16) d= 16, 


a considerably larger value than Kirchhoff’s coefficient 0.88 in (80.22). 
The latter value is too small as already mentioned in connection with the 
results of Prandtl and his coworkers. 

W. Heisenberg”® has made an attempt to determine the quantities (15) 
theoretically from certain conservation theorems that should hold in the 
gencration of vortices. He finds, in excellent agreement with K4érmién, 
a/2c = 5.5, u/g¢ = 0.23, which would yield, by (14), \ = 1.8. 


“Physik. Z, 28 (1922), 363 with an additional remark of Prandtl, 
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33. Prandil?’s Boundary Layer 


It seems unsatisfactory that in all examples of potential flows” dis- 
cussed in this chapter tho fluid was supposed to be inviscid. However, in 
the case of an incompressible fluid in two- or three-dimensional potential 
flow the disregard of viscosity has no bearing on the differential equations, 
although it is of decisive importance for the boundary conditions. 

This can be seen by a glance at the Navier-Stokes equations (16.1). 
If curl ¥ = O (potential flow) and div v¥ = 0 (incompressible fluid), the 
friction term 2V* v can be dropped entirely from Eqs. (16.1) because of 
the relation 


V°v = grad div v —- curl curl v. 


Hence irrotational solutions of the Euler equations are always solutions 
of the Navier-Stokes equations: the viscous forces have no dynamic effect in 
the interior of the fluid af the flow is trrotational. 

This is no longer true at the boundary between the fluid and a solid 
wall. While the boundary conditions for a perfect fluid are for this case 


(1a) v, = 0, v, arbitrary, 
they read for a viscous fluid according to (10.9) (condition of adherence), 
(1b) y=0, »v, =0. 


Ti is only in the proximity of the wall that the viscous forces become dynam- 
ically important as a consequence of the modified boundary condition (1b). 
For a flow with large Reynolds numbers we may assume, however, that 
the modification of the perfect fluid stream pattern due to viscosity does 
not extend very far into the interior of the fluid. 

The existence of the two different types of boundary conditions (1a) 
and (1b) has its mathematical basis in the occurrence of second (spatial) 
derivatives in the genoral Navicr-Stokes equations in contrast to the Euler 
equations, that contain only first order derivatives. In order to single out 
a solution one therefore needy feo vectorial boundary conditions in the 
first case and only one such condition in the second case. On the other 
hand, to reconcile physically the contradictory conditions (la) and (1b), 
a fluid layer is inserted between the presumable region of validity of the 
potential flow and the wall. In passing through this layer, the thickness 
of which becomes arbitrarily small with decreasing », the tangential 
velocity ». drops rapidly to zero. For small but finite » (air, water), the 


Kérmén's vortex strect ix of cours alsu a potential flow; its vorlicity is concen- 
trated in the vortex filaments, that is, in the aingularitics of the potential. Also the 
wave motiona in Chap. ¥ were treated ay potential flows (see p. 168). 
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layer will still be reasonably thin, provided the overall dimensions of tho 
wetted wall and the immersed bodies are large and the flow is sulliciently 
fast. The principal part of the flow lies then outside the layer und behaves 
like the potential flow, of a perfect fluid. This idea forms tho basis of the 
boundary layer theory first proposed by Prandtl in 1904. 

The actual calculations by Prandtl*' and his coworkers have the 
character of an approximate theory.” In the calculations which are mostly 
two-dimensional, inside the boundary layer the influence of the small 
velocity differences parallel to the layer on the friction terms is neglected, 
For small » the thickness of the boundary layer is proportional to /z. 
Expressed in terms of the overall Reynolds number of the flow, 2, it is 
proportional to 1/+/R. The pressure gradient normal do the boundary 
layer is neglected on account of its small width, and the pressure inside 
the layer therefore identified with the pressure of the adjacent potential 
flow which impresses, as it were, its own pressure on the whole boundary 
layer beneath. For the flow immediately adjacent to the boundary layer 
Bernoulli’s equation applies, thus we have for a line clement dy in the zone 
where the boundary layer passes over into the free stream 


di dy, 

as a 

Note that the fluid begins to flow against the prossure gradient if dr,/ds 
changes sign from plus to minus at some point. 

Further calculation shows that 0°v,/an? at n = 0 is negative in the 
region downstream from such a point. If tho pressure gradient: ia large 
enough (dv,/d%),<9 can also become negative, which means that the flow 
in the immediate neighborhood of the wall is reversed. ‘This leads to the 
generation of vortices so that downstream from this point the Inminur 
flow is replaced by flow processes of a different character. 

The accuracy of this theory is quite high in spite of its approximate 
character, because the Reynolds numbers that occur in practical cases are 
usually large. In a given case the theory serves to decide whether the 
flow will everywhere stick to the rigid boundary and thus essentially re- 
main & potential flow except for the thin boundary layer, or whether 
separation of the flow will occur, and, consequently, formation of eddies. 

For very large v, (corresponding to very largo R-value) the assumption 
of a laminar flow within the boundary layer is no longer correct; the flow 


“Verh. des ITI. Int. Math. Kongressea in Heidelberg, 1904, Leipzig, 1905. Detailed 
representation in Prandtl-Tictjons, Hydro- and Acrodynamies, New York, 1934, 
Vol. 1. and in Modern Developments in Fluid Dynamics, ed. 8, Goldstein, Oxford, 1988. 

“The digcussion in the text follows a report of Th. v. Karman in Vortriige aus dem 
Gebiet der Hydro- und Aerodynamik (Innsbruck 1922), Borlin 1924, Springer. 
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CHAPTER VII 


SUPPLEMENTARY NOTES ON SELECTED 
HYDRODYNAMIC PROBLEMS 


34. Lagrange’s Equations of Motion 


Lagrange’s equations’ have been referred to this supplement since they 
cannot compete with Euler’s equations in importance as far as the sctting 
up of hydrodynamic problems is concerned. Before we occupy ourselves 
with them, we wish to emphasize that Euler’s equations, rather than 
Lagrange’s, are the “unusual” equations. In ordinary mechanics we 
consider a mass point m, or some well defined part of 2 mechanical system, 
give it a certain tag g (coordinate) and determine the time rate of change 
of momentum y, corresponding to g, in accordance with the given forces 
and constraints. Now, in the case of Buler’s equations we consider a 
volume element dr and identify i rather than the mass clement pdr, by 
coordinates; we again determine the change of momenttm in accordance 
with the given forces and constraints, but we do this at the space-jiced 
element dr (note that the pressure plays the role of a constraint, ef. 12). 
The mass element that occupies dr at the given instant is lost sight of 
thereafter. 

On the other hand, when setting up Lagrange’s equations we follow 
the usual procedure and ascribe to the masa clement dm cortain tags 
a, b, ¢, &.g. ita coordinates wy , Yo , Z at the time ¢ = 0. We ask then for 
the location x, y, 2 of this element dm at the time t. Thus x, y, ¢ and the 
pressure p are the dependent variables, while a, 4, ¢ and tho time ¢ are 
the independent variables of Lagrange’s equations. 

No difference has now to be made between local acecleration av/at 
and material acceleration dv/dé. The material acceleration which is the 
decisive parameter in the momentum balance, is now directly given by* 


af? ne) 


‘The usual terminology is historically not correct, aa it xo often happens: “Lagrange’s 
equation” occurs actually in the papers of Euler quoted on p, 84. 


*This notation seems to be more consistent than the notation @c/di used by Kirch- 
hoff and sometimes found in text books. 
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The ed “Ations that determine the acceleration vector are: 


a’ au | dy dy , Heae 9 Utp 
(1) af da df 3a) aP ba 0G op 


and tw© Gorresponding equations to be formed with respect to b and ¢, 
insteacl ©f a. Eq. (1) follows from (11.2) if the component equations of 
(11.2) “re multiplied by 42/da, dy/da, 32/da, respectively and added, 
provided the fluid is incompressible (2 = const) and the external force 
has a POCtential U (F = —grad U). Equations (1) are non-linear, but so 
are Huler’s equations; if Lagrange’s equations were linear they would 
indeed PYesent a tremendous advantage. 

The derivative 4/8a means of course that b, ¢ and also the fourth 
variable @ are to be kept constant; we have e.g. 

aU _ aU ae | aU ay , aU ae 


da «dt da | «(Oy da «az Ga’ 


Note, that (1) containa no other differentiations than with respect to the 
four incl@pendent variables a, b, ¢, ¢ and that they apply only to the four 
dependent variables x, y, z, p (and to the given function U). 

The three equations (1) must be supplemented by the condition of 
incompressibility. Now the ratio of the instantaneous volume dr to the 
initial ~~ Olume dr, is (as in any point transformation) given by the functional 
determinant (Jacobian) 


a 
a Oo ; Bz 
(2) adr | oy oy 
at 7 I2Xy ; OY : a5 
Oz. Oz Be 
Oy’ By’ 82 
or, with, the usual abbreviation, by 
dr A(z, Y, 2) 


(2a) dro (ao Yo, 2) 

The wo . Mo, % can be expressed in terms of the tags a, 8, ¢; according to 
the multiplication theorem for determinants the right member of (2) then 
becomess the product of the two functional determinants 


Ax, y, 2) nt a(a, 5, ¢) 
aa, b, c) O(x0 + Yo; Zo) ° 
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The last determinant is evidently independent of the time t. The in- 
variability of (2) in course of time, i.e. the condition of incompressibility, 
can thus be written in the form: 


ot : a(a, b, ¢) © 


It contains only differentiations of the three dependent variables 2, y, z 
with respect to the four independent variables a, }, «, ¢. 

The set (1) and Eq. (3) are Lagrange’s equations for incompresstblo 
fluids. 

The corresponding relations for compressible fluids are obtained from 
(1), if one replaces 


2 - {@ U ys Vy 

@) 2 wy om fP md TF by Y, 
where V is the potential per unit of mass of the external force. In addition, 
(3) must be replaced by 


(3b) 2 (pD) = 0. 


Kircbhoff* used Lagrange’s equations in a rigorous proof of I[elm- 
holtz’s theorems on vortex conservation and was therefore able to avoid 
the use of formula (18.8), which we had to use, since our proof starts 
from Euler’s equations. 


35. Stokes’s Resistance Law 


On p. 78 we discussed the very slow (“erceping”’) motion of a viscous 
incompressible fluid as an example for a flow the dynamics of which is 
almost exclusively determined by viscous forces; the next step would be 
neglecting the inertia forces altogether. According to the value of the 
Reynolds number (16.8) 

Pie 


? 


yet, 


we decide when omission of the inertia terms is justifiable, the condition 
being 
(1) R<1, 


The problem which interests us here,—it is usually connected with the 
name of Stokes—is the steady motion of a sphere through a liquid. Let 


*Vorlesungen tiber Mechanik, Chap. XIV, 1. 
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a be the radius of the sphere and » its velocity which has become uniform 
after a short initial period. The motion proceeds under the influence of an 
external force such as the difference of gravity and buoyancy, possibly an 
electric field, ete. Condition (1) can not only be satisfied by a large value 
of the kinematic viscosity », but also by sufficiently small values of a or v. 
Instead of moving the sphere through the fluid one may as well keep the 
sphere at rest and have the fluid flow past the sphere (inverse flow); the 
resultant pressure force acting on the aphere is then equal to the resistance 
force encountered by the sphere in the direct flow. 

Stokes resistance law plays an important role in the evaluation of 
certain fundamental experiments in physics. Kinstein made use of it in 
his theory of the Brownian motion which leads to a determination of 
Loschmidt’s number (cf. p. 53). Later it has become important again in 
Millikan’s determination of the electronic charge. 

We consider the steady state of the motion. The weight of the sphere 
is then balanced by the resultant friction forces and cannot appear in 
the equations or boundary conditions. Adopting now the viewpoint of 
the inverse motion, we take as a starting point the equilibrium conditions 
for a viscous fluid (10.88, b), that is, the Navier-Stokes equations with 
omission of the inertia, terms. The body force F of gravity acting on the 
fluid can be disregarded. In other words, we have now a kinematic problem 
defined by a system of equations, which reads in Cartesian coordinates: 


3 
(2) eB = nV "x, a = pV, 2 = pV"w; 
it is to be supplemented by the condition of incompressibility 
du, w , dw 


and by the boundary conditions of the problem. Let the origin coincide 
with the center of the sphere, the z-axis pointing in. the direction opposite 
to the motion of the sphere (the fluid flows past the sphere in the direction 
of the positive z-axis). From (2) and (2a) we have directly 


(3) V'*p = 0. 


We now introduce spherical coordinates 7, #, » referring again to the center 
of the sphere, so that e.g. 


(4) cop? = : ; 
The spherically symmetric solution. of (3) is, according to (19.22), 


(5) p= 4, 
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but our problem is not spherically symmetric, the z-axis being the preferred 
direction in which the fluid moves toward the sphere. We consider there- 
fore the expression 


a1 
(5a) p= Az, 


which obviously is also a solution of (3). On carrying out the differentiation 
in (5a) and replacing A, by A, we obtain, because of (4), 


(6b) p = — 4 cond. 

A much more general solution of (3) is obtained in the form of the series 
= 1 

(5c) = a Ay de" r i 


the first two terms of which coincide with (5) and (5a) respectively. Eq. 
(5c) represents an expansion in terms of negative powers of r, the co- 
efficients being the spherical harmonics P, (cos 3). Without giving here 
the general definition of spherical harmonics, we note that the factors 1 
and cos 3 appearing in (5) and (5a) are spherical harmonics in the usual 
normalization: P, (cos #) = i, P, (coa #) = cos 3, and that the spherical 
harmonics with higher subscripts are polynomials in cos ¢ of higher order. 
(Legendre’s polynomials), Since in our boundary conditions [(12a, b), see 
below] only the first power of cos # appears, we conclude that in (5c) only 
the term with n = I lenda itaelf to our purpose; when we put dp = A, = 
A; = +++ = 0, the series (5c) reduces to our trial solution (5b). 

We fixst have to write equations (2) in their legitimate vectorial form. 
This is done by means of Eq. (3.10a) which supplies, because of div ¥ = 0, 


(6) » curl curl ¥ = —grad p 


instead of (2). It is now easy to pass over to spherical coordinates. We 
denote the components of the velocity vector v taken in direction r, 3, ¢ hy 
¥,, Ve, v,, and observe that the ycomponent must vanish because of the 
axial symmetry of the problem; also, all differential quotients with respect 
to y must vanish, in other words, 


(7) v, = 0, re 


The r-component of Eq. (6) is, according to the solution of problem 1.3, 
or, according to Appendix ITI and IV, 


@) 5 [2p + 2 (cin ®)] = 2 


r sin 3 dd od. or 


= 0. 
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Here wo assume the r and # dependence of v, in the form 
(8a) 1, = R cosd, 


where R denotes a function dependent on r alone. Substituting in (8) and 
expressing p according to (5a), we obtain, after dropping the factor cos 2, 
the ordinary differential equation for R 


which may also be written 


(9) PR! 4 OR! — OR = ae 


A particular integral of (9) is 2 = —A/p and the general integral of the 
associated homogeneous equation 


R= Br+S, 
hence the general integral of (9) is according to a well known theorem 
and the velocity component », is found 
A C 
(10) = (-44.3+$) cose. 
The component v3 may now be found from the condition of mcom- 


pressibility (sec solution of problem I.3) the form of which suggests a trial 
separation vy = 7, sind’, where again 2, depends on r alone. One finds easily 


A ¢ 
Rima,  Bt+as: 


hence 
A iy 
(11) vy = (4 —-B+ S) gin ¢. 


The constants of integration A, B, C must be determined go as to satisfy 
the boundary conditions of the problem. If ¢ denotes the undisturbed flow 
velocity at infinity, the boundary conditions are 


(12a) r=a:y, =v = 0 


{12b} reoiy m= good, vv = ~gsind. 
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Eg. (12b) is fulfilled if we put B = q; then Eqs. (12a) cun be solved for 
A and C and give 


hence we obtain finally 


3a 1g) 
o, = a(t ae +5 cos 3 


(13) ' 
1 
vem f-14 38+ 5S) amo 
and by (5b) 
3 
(18a) p= — 5490 cas . 


The result shows that the choice of the special solution (5b) in place of 
the more general one (5c) was in order. It is true that we have not proved 
that (13} and (13a) are the only possible solutions of our problem. On 
the other hand we are convinced that every problem of mathematical 
physics thit has been correctly formulated can have only one solution. 

We have yet to derive the formula for the resistance exporieneed by 
the moving sphere or, which is the same, for the pressure force acting on 
the sphere at rest; it is composed of the following two parts: the component 
of the hydrodynamic pressure force in the direction of the poxitive 2-axis 
and the contribution of the viscous pressure force in the same direction. 

The hydrodynamic pressure acts radially. According to (13a) its com- 
Nene in the positive z-direction is at the surface of the sphore, that is 
orr = a 


= ee 
p coed = Fue cos” . 

Integration over the sphere whose surface element is 2ra* sin 9d? gives 

r : . +L 
(14) Sruag | cos’ Dain 3 dd = Sruag | x" da = leroy. 

=1 
To calculate the viscous pressures, we start from Eq. (10.2) which corre- 
lates the tensors p,, and é, and is valid in any orthogonal cvordinate 
tales hence also in our polar coordinates. In the present notation we 
ve 


(15) Prr _ — Que, ? Pre 7 — Zrteg . 
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The displacements ¢ have been defined in curvilinear coordinates in Eqs. 

(4.26) and (4.28). The rates of displacement ¢ are obtained from these 

equations if the dg; , 6g. , 6g, are replaced by the components of the velocity 
Ue, Ve, Uy; (v, = 0) 


and the p, , Po, ps by 7, 3, vy. Since ds” = dr* + r'de” + 7° ain® ¢ dy’, one 
has g, = 1, g2 = r, 9. = 7 sin &. Hence (4.26) yields 


. ou, 
(16) t= 3 
and (4.28) 
ae) eee 
(17) 26,9 x at + ar r ve * 


When we substitute for the velocity components according to (13), only 
the middle term of (17) gives a non-vanishing contribution for r = a, 80 
that 


6,20, b¢ = —24eina, 
According to (15), the friction pressures are then 
(18) P+ =90, Pro= 3 Hf sin 3. 
The component of 7,» in the positive z-direction is 
Pre bint = 3 ED ain? 9 
which must be integrated over the sphere: 
(19) Srpuag [ sin*® 3 dé = Srnag a (1 — 2°) da = 4axpag. 


This together with the contribution (19) gives Stokes’s famous resistance 
formula 
(20) D = Gruag. . 


Analogous to the problem of the sphere in uniform translatory motion 
g is the problem of a sphere rotating uniformly, with angular velocity . 
In this case the opposing moment* (see problem VII.4) is 


(21) M = 8xua*w. 
‘Cf, Kirchhoff, Vorlesungex tiber Mechanik, Chap. XX VI, 3. 
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These resulta are valid for liquids and gases at ordinary pressures. For 
gases at low pressures one haa to add a correction term to Eq. (20) which 
is due to Cunningham. In the corrected formula the right member of (20) 
appears with the denominator 


(22) ltas, 


where Z is the mean free path of the gas molecules, which incroases with 
decreasing pressure; the physical interpretation of the numerical coefficient 
« is somewhat problematical.” Cunningham’s correction was of great im- 
portance in the determination of the electronic charge according to Milli- 
kan’s method. 

To introduce the concept of the mean free path means to leave hehind 
the framework of a continuum theory and enter the domain of statistical 
mechanics. The continuum theory which has Jed us to Stokes’ formula is 
only valid on a scale that is large in comparison with 2. In our case, the 
scale is set by the radius a. Cunni ’s correction term is subject to 
the same condition if it is to be considered a correction: this is no longer 
the case if ] ~ a, as one sees directly from (22), and a comprehensive treat- 
ment of the problem is then no longer feasible. 

Another limitation of our considerations is that they are only good for 
small Reynolds numbers [ef. inequality (1)]. When FR increases, the inertia 
terms that have been neglected so far gain in importance; the laminar char- 
acter of the flow, however, is atill maintained, disregarding some vortices in 
the wake. The resistance law, which was linear in ¢ for Stokes’s case 
now assumes by and by a quadratic character. Full turbulence is only 
reached at a certain Z = R,,,, at which, in addition to the wake, the cntiro 
fiow field in the neighborhood of the sphere becomes turbulent. At this 
point the resistance law changes its character suddenly. 

Let us now have a critical look at the omission of the inertia terms in 
the preceding analysis. According to (5b), we have the following asymptotic 
behavior at ro: 


pe hence grad p ~ 3. 


The terms V*u, Vv, V7w retained in Eq. (2) have the same order of 
magnitude as grad p. The inertia terms which we neglected vanish at 
ro partly with the third, but partly with a smaller power of 1/r. The 
latter happens in the case of those inertia terms which read in Cartesian 
components u, v, w 


*Th. Sexl, Zur gaskinetischon Begriindung der Stokes-Cunninghamschen Tormet 
Ann. Physik. 81 (1926) 855, : 
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aw 
a 
When these terms are calculated from (13) they are found to vanish only 
as 1/r*. It is true that the Navier-Stokes equations can be rewritten in 
such a way that the Reynolds number R = ga/v appears in these terms 
(introduce the dimensionless coordinates z/a, ete. and suitably rearrange 
the factors p, z, and a, cf. 16). But although 2 is supposed to be small, 
this cannot change the fact that the ratio of the neglected terms (23) to 
the terms retained becomes arbitrarily large if r 3. 

On account of this Oseen devised a treatment of the problem that 
retains the terms (23) in principle, but replaces them by their first order 
approximation’ 


ou dv 
(23) eee pos? pw 


ou av Our 
(23a) oo) ora 


The integration of the equations so augmented is by no means simple and 
forms one of the principal parts of Oseen’s book quoted on p. 210. In the 
light of his result our preceding formulas appear as the first term of a 
power series expansion in terms of the Reynolds number &. In particular, 
the resistance law (20) has the form 


(24) W = Grund 1 +2R), 


when the first order term is retained. 

Fortunately the validity of Stokes result which has found such wide 
wcceptance in experimental and theoretical physics is not perceptibly 
affected by this correction; this is due to condition (1), the fulfillment of 
which we have assumed throughout our discussion of laminar motion. On 
account of Tay. (24) one can now comprehend why the transition from the 
lincar to the quadratic resistance law mentioned before does not proceed 
suddenly but gradually. The onsct of full turbulence, however, at R = 
Ft... cannot be understood in this way. 


36. The Hydrodynamic Theory of Lubrication 


Lubrication today is essentially a problem of “creeping”? motion. In 
older text books of applied mechanics the friction between journal and 
hearing was treated as a problem of dry friction. The arguments put forth 
had nothing to do with hydrodynamics and are only mentioned here to 
point out the contrast to the later developments. 

°Thus an crror is introduced at r = a, where actually w = 0 and not = g, and the 


error for r -+ © is diminished but that should not imply that Oacen’s calculation leaves 
anything to be desired in the way of mthematical rigor, 
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In order to apply the ordinary concepts of friction theory developed 
in Vol. I, 14’ one must assume direct contact between journal and bearing. 
In Fig. 58 the journal pressure P, which is referred to the unit of length 
of the bearing, has been drawn vertically downward. This should not 
imply that it is actually vertical. In general it is composed of the gravity 
load, possible components of the driving force and inertia effects; it will 
therefore be inclined to the vertical. 

At the point of contact B the acting forces are the friction &, which 
is opposite to the sense of rotation, and the normal pressure NW’. The re- 


Fia. 58 (left). Relative position of jowmal and bearing according to the assumption 
of dry friction, 
Fra. 59 (right). Fluid friction in the case of the centered journal. 


sultant of the two, Q, forme the angle of friction a with N (a means here 
the kinetic angle of friction, defined by the coefficient of kinctic friction f 
according to f = tan a). The equilibrium condition requires that Q and 
P are antiparallel and equal. The remaining couple QP then represents 
the moment of friction about the centerline of the journal which is balanced 
by an opposite driving moment. If r denotes the radius of the journal and 
? sin @ the arm of the couple, we have 


(1) M = Prasin a. 


According to this the moment of friction should be independent of the 
circumferential velocity U and proportional to the journal pressure P; the 
point of contact B should be situated behind the vector of the journal 
pressure, in reference to the sense of rotation. 

The Russian engineer and officer N. Petroff was the first to look at 
this problem from the point of view of the viscosity of the lubricant.® In 


Seo e.g. Synge and Griffith, op. ctt., Bec. 3.2. 

*Cf. Petroff, N. Friction in Machines and the Effect of the Lubricant (in Ttussian), 
Eng. Jour., St. Petersb. 1883, a German translation in Ostwalds Klassikor, No. 218 
(Leipzig). In the samo volume also the following papers: Reynolds, On the Theory of 
Lubrication ete., Phil. Trans. Roy. Soc. Vol. 177 pt. I, 1886, or Papors, Cambridge 1901, 
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his conception the journal is exactly centered in the bearing so that the 
surrounding lubricant forms 4 layer of uniform thickness d (see Fig. 59). 
Throughout this layer the velocity drops from its value U at the journal 
to the value zero at the bearing in an approximately linear way. The 
tangential friction pressure at the bearing is then pU/d. By summation 
over the circumference one obtains the moment of friction per unit of 


length 
(2) M = au Zo 


This dependence ia inverse to that of (1), since we have now proportionality 
with U and independence of P; also, the factor » points to the lubricant 
and not to the materials of journal and bearing like sin ain (1). 

The equilibrium conditions of statics, however, are not satisfied by 
(2) since the journal pressure P can never be balanced by the friction 
forces. Roynolds came therefore to the conclusion that the actual position 
of the journal in the bearing is not the central one; it could only be central 
for infinitely large circumferential velocity U. In addition Reynolds showed 
that the point of smallest layer thickness h is not behind P but in front 
of it. Unfortunately, Reynolds formulas are difficult to understand, since 
his calculations refer to bearings with only partially encased journals, as 
of railroad cars. 

Fully encased journals with complete peripheral lubrication, the most 
desirable type for high speed electrical machinery, lend themselves to a 
comprehensive analysis, (cf. the third of the papers quoted in the foot- 
note. Only a little later and under the influence of this paper Mitchell 
catried out his construction of the particular type of step bearmg that 
has been named after him and has become important for heavy thrust 
bearings in turbines with vertical shafts.) 

The essential point is that the journal is displaced in the direction 
normal to the journal pressure while it runs (see Wig. 60). The foundation 
of the theory of the bearing is obtained by an approximate calculation of 
the flow pattern of the fluid wedge in Fig. 61, where we neglect the y 
component v of the velocity in comparison with the x-component u; w is 
exactly zero, since the problem is considered as two-dimensional. Ac- 
cording to the fundamental equations of “creeping” motion (35.2) and 
(35.2a) we then have 


Vol. Il; Sommerfeld, Zur hydrodyn. Theorie der Schmiermittelreibung, Z. Math. Phys., 
50, 1904. Mitchell, A, G. M. The Lubrication of Plano Surfaces, Z. Math. Phys., 52, 
1905; Sommerfeld, Zur Theorie der Schmiermitielreibung, Z. techn. Phys., 2, 1921.— 
More recont literature 6g. in Hersey, M. D., Theory of Lubrication, Now York 1938, 
Wiley. 


256 MECHANICS OF DEFORMABLE BODIES [VII.36] 


p=p(x), wu = uly), Bn SS, 


or 


_ 1 dp» 
oe On dx @ + ay + 5; 

this yields because of the boundary condition « = U for y = 0 Gournal) 

and u = O for y = h (bearing) 


~uii—2#)-12% (1 - ¥) 
(3) u=U(1 u) Ba de PM} ‘aE 
The flux through the cross-section is 


A h R° dp 
f udy = aU — i de’ 
Although A is variable in Fig. 61, the flux must be the same for all cross- 
sections (condition of incompressibility!). Thus, if h» denotes an assumed 
cross-section at which dp/dx = 0, we have 
Map _ gy — 
@) Be = h — AU. 
From (8) and (4) the friction pressure per unit of area of the boundary 
y = 0 is found 


du _—« 4h — Bhg 
(4a) Pos ad dy one Fd U, 


Now transfer these results from Fig. 61 to Fig. 60, introducing the 
following notations: O, r and O’, r’ are center and radius of journal and 
bearing, respectively, the excentricity e = distance O00’, d = 1’ — r is 


AY 9 Lob heh 
RQ 

\ WV; ; 
SS Zo Ve 
ll 


Fia. 60 (left}. The journal is shifted normal to the direction of the journal pressure. 
Fra. 61 (right). Simplified scheme of a lubricant film of variable thickness. 
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the play, A is o variable point at the bearing surface, characterized by 
the angle ¢ whose vertex is at 0. We have correspondingly 


OA m=r+th, OA =P, rth=ecosg+r’. 


The last (approximate) equation, obtained by projecting the 
segments 
00’ and 0’A on tho line OA, con be written in the form 


(8) h=d+ecosg. 


This meaning of A is now introduced into Eqs. (4) and (4a) in order to 
adapt” them to the conditions of Fig. 60: 


ldp _ 1 _ ho 
(6) r dip = aut} ia) 
_ rf & _ She 
(6o) pe = —p0(£ — Sh), 
By integration with respect to ¢ between the limits 0 and 2r one has 
(7) p(2mr) = p(0) = GurU(, — hod. 3), 
(72) M = —pP U(4S, — Shod2)- 


As hefore, Mf stands for the friction moment transferred to the journal 
per unit of length; the J’s serve as abbreviations for 


= ie ae _ ,ay—-1/2 
n= f ities Pas 
(8) J. = [ ayaa = 2nd( — °*)-™, 


em LO pty ME Hae) e 


If the value given for the integral J, is known, the values of /, and J; 
can be found according to 


ONY _ 192 
oe— aa Me™ — oe: 
Since » must have the period 2x, one concludes from (7) and (8) 
32 7%? 
(9) lo = BTiS: 


‘Tt would not have been difficult to dorive theso equations directly in polar coordi- 
navies instead of in coordinates z, y, 2 13 wo did it. 
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With this value of hk, the moment becomes 
Qaur' od’ + 20” 


(10) MS eae ete 
Putting in analogy to (5) 
(11) ho = & + € C08 yo, 


one obtains from (9) 


3. de 
(11a) C08 go = ~ oF the: 
If e = 0 (centered position of the bearing), we have 


_ 37 
COs yo = 0, w=5 8 Bi 


on the other hand, we obtain in the cage of the largest possible excentricity 


e=d 
COB ~o = —I, fo = T. 


Now, the definition of i, according to (6) has been 


2 = 0 for hah, 


therefore the two values ¢, belonging to hy determine the points of minimum 
and maximum pressure. In the centered position these points are dia- 
metrically opposite to each other. At maximum excentricity, that is to say, 
if contact ia made between journal and bearing, they coincide at the point 
of contact. 


Fie. 62. Equilibrium between the hydrodynamic pres- 
sures p, g, and the bearing pressure P, 


Our next task is to relate the pressure distribution to the direction of 
the vector of the journal pressure. 

We notice that the pressure gradient dp/dy depends only on h [see (6)], 
and is therefore an even function of 9, as A” is itself, when we count ¢ from 
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the zero line 00". The pressure itself is consequently an odd function of ¢, 
say p, , plus an integration constant, say po . In forming the sum total of 
the pressure forces, the contribution of the constant pressures p, obviously 
vanishes. Denoting by p. and p, the pressure values p, at two symmetri- 
cally situated points relative to g = 0, we find the resultant action on the 
journal indicated in the larger of the two force parallelograms in Fig. 62: 
it is normal to 00”. 

Applying the same reasoning to Eq. (6a), we see that the friction 
pressures (shear stresses) at the journal surface are even functions of ¢; 
they are indicated by q, , gz in the figure (note, however, their tangential — 
direction opposite to the sense of increasing ¢). By. construction of the 
corresponding parallelogram of forces at O we see that the friction pressures 
at A and A’ give also a resultant normal to OO’. Thus the overall resultant 
of the hydrodynamic forces acting on the journal is normal to 00’. Since 
this resultant balances the journal pressure P, it must be opposite to P, 
in other words, the displacement of the journal is normal to the journal 
pressure P, a result anticipated in Fig. 60. 

The vatue of the displacement e can now be determined, One has only 
to form the sum of the resultants of p and g and balance it against the 
prescribed value of P: 


(12) F=f psingde — [ ¢ cose de. 


The first term can be transformed by partial integration; one of the two 
resulting terms, [—p cos g]s", vanishes because of the periodicity. Alto- 
gether (12) becomes 


(12a) P= { (2-4) COs y dy. 


Here the term g may be omitted since dp/dy outweighs g = p,, by a full 
order of magnitude of r/h [ef. Eqs. (6) and (Ga))]. Hence we obtain the 
simpler relation 


(12) Z 


= Our CS, = Rod g) 


where 


n= [tts jem faprttey Cos ¢ dp 


¢ 
(d +e cong) ’ (d +e cosy)” 
From (8) we find easily 


toca ah aaf. Te =i, aw). 


260 MECHANICS OF DEFORMABLE BODIES [ViI.36) 


If this is substituted in (12b) and the value of h, taken from (9), an ele- 
mentary calculation gives the result 
a Veo ee + he 


The excentricity ¢ or rather the ratio e/d is here determined as a function 
of the left member of (13). This value of e¢, substituted in (10), leads to 
the determination of the moment M. In what follows we are only in- 
terested in the magnitude and not in the sign of the moment. Note, that 
& particularly simple expression for M is obtained, if (10) is divided by (13): 
M = ra +. 22" 
P 3 ~- 

In discussing this result, we first. consider two limiting cases: 
a) U -—, From (13) we have e¢ = 0, that is, the journal is centered; 
Eq. (10) yields immediately 


(13a) 


(14) M = Oru? &, 


which is Petroff’s equation. 

b) U — 0. In this case, (13) requires ¢ = d, that is, contact betwoen 
journal and bearing. Eq. (13a) gives accordingly M = Pd which we may 
also write in the form 


(18) M =p 2. 


This becomes identical with our formula (1) for dry friction if we define 

the angle of friction in the present case by sin a = d/r. 

c) We are also interested in the case where M is a minimum for given 

journal pressure P and given play d. When the differential quoticnt of 

the right member of (13a) with respect to ¢ is set equal to zero, one obtains 
a d 

a e — 2= 0, iy 


A 


With this value of ¢ Nq. (13a) gives for the moment of friction 
(16) M = aya Pd = 0.94 Pa. 


that is, only 6% less than the limit of M for UV - 0, which has been de- 
termined in (15). 

These results are collected in the diagram of Fig. 63. Here the dimen- 
sionless quantity y = M/Pd has been plotted as ordinate over the abscissa 
z, which is the reciprocal of the left side of (13), viz. 
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— Man 10 
(17) t= —“S" a. 


The solid curve represents the content of the two Eqs. (10) and (13), 
that is to say, the result of the elimination of the displacement e. It is 
best computed from the following parametric representation which is 
identical with (13a) and (13) or (10) and (18): 


2 
(18) yo it ® c= Vi-# ae =. 


Tn the same figure formulas (1) and (2) have been plotted as broken lines; 
in the present variables they simply read y = 1 and y = 2, the tangents 


y, , 


Tic. 63. Comparison botween theory 
and oxpcrimentin terms of the dimension- 
lean variables y =m AL/Pd and z = 
Papell /PH. 


z 


of the solid curve at 2 = 0 and z =. The fact that our curve depends 
solely on the dimensionless quantity z expresses a similarity law which is 
valid in the hydrodynamic theory of lubrication: No matter what particular 
values of the dimensions r and d, the lubricant u, the speed U, and the 
load P combine to give a certain 2, it will always lead to the same 8 = e/d 
and thus to the same value y = M/Pd by (18). 

When we now ask how well this theoretical result is confirmed by 
measurements on actual bearings, the answer is this: in the neighborhood 
of the minimum and to the right of it for not too large 2-values we have 
not only qualitative but numerical agreement between theoretical and 
experimental values. Onc would then conclude that in this range the phe- 
nomenon of lubrication is determined entirely by the coefficient of viscosity 
#, and that the laminar character of the motion, which we have assumed 
throughout this analysis, netaally occurs. But for large and for very small 
z-valucs deviations from the theoretical curve oceur, as indicated by the 


wThis expreasion is sometimes called the Sommorfeld variable in lubrication 
literature. 
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dotted branches in the figure. Since in these regions the similarity law is 
no longer valid, the proper representation should consist of a family of 
curves y vs. z depending on the variation of one of the parameters P, U ete. 

The empirical curve does not rise nearly so steeply for large 2-values 
as the theoretical curve, which has been interpreted to indicate that the 
motion of the lubricant is no longer laminar but turbulent. 

For very small z-values the actual rise is very much steeper than it 
should be according to our theory. Here, qualities of the lubricant other 
than its viscosity become prevalent; they have been given the name of 
oiliness and refer to the adhesion of the lubricant to the metallic boundaries 
of the bearing. It is highly probable that the strength of adhesion be 
connected with the formation of monomolecular layers as studied by Lang- 
rouir, which originate in the parallel orientation of the chain molecules 
along the surface of the oil. However, a discussion of the physical problema 
of “boundary lubrication” would lead us far beyond the limits of classical 
hydrodynamics. 

So far we have treated our problem as two-dimensional, assuming an 
infinitely long bearing. Introducing a finite bearing length means to impose 
new boundary conditions on pressure and velocity. For the designer the 
practical problem arises to regulate the inflow of the lubricant and its 
outflow at the ends of the bearing in such a way that the free bearing space 
is filled by the lubricant all along the bearing. There is also the difficulty 
of negative pressures. The variable part of p, denoted by 7, , is an odd 
function of the angle ¢, as we have seen. While p, rises in the narrowing 
sector between the journal and bearing wall, it must drop again to negative 
values when the point of proximity is passed. There is thus the danger 
that the layer breaks in the region of minimum », , unless the constant 
part of p, of the total pressure p is large enough to make p = po + Pi 
everywhere positive. The quantity », which depends on the inflow and 
outflow conditions of the lubricant is in our theory an arbitrary parameter; 
its proper choice is left to the skill of the designer. 

One cannot expect an idealizing theory to do better than to establish 
general rules in an eminently practical problem like ours. Yet these rules 
may be quite important for the practical design as is born out by the 
success of Mitchell’s segmental bearings. 


37. Riemann’s Shock Waves. General Integration of Euler’s Equa- 
tions for a Compressible Fluid in One-dimensional Flow 


We have so far successfully avoided dealing with the quadratic terms 
in the equations of hydrodynamics assuming either infinitesimal amplitudes 
{wave motion) or “creeping’’ flow, in which case those terms were dropped 
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as part of the effect of inertia. In the present article, however, we shall 
finally attack the quadratic terms directly. Riemann’ was the first to 
brave the challenge of this problem. Hugoniot, Hadamard and many 
others followed in his steps. 

Riemann’s method consista in transforming the non-linear hydro- 
dynamic equations by an interchange of the dependent and independent 
variables; this leads to Kimear equations in the case of one-dimensional 
states. Riemann then shows how to integrate the resulting linear differ- 
ential equations, and his method has become the model for the general 
integration problem of linear partial differential equations of second order 
of the corresponding (hyperbolic) type. This will be taken up in Vol, VI. 

We first present 1 preliminary review of the results of Riemann’s in- 
vestigation: two waves proceed in opposite directions from each point of 
the initial disturbance in a similar way as in d’Alembert’s solution of the 
corresponding problem for infinitesimal amplitudes (see Fig. 16, 13). Let 
the pressure be given as function of the density, p = (), for example 
in the polytropic form of (7.1); then we have according to Riemann: 
“The velocity of propagation of both waves relative to the gas is +/¢'(p), 
but in space it is increased by the velocity of the gas flow measured in 
the direction of the propagation of the wave. If it is supposed that ¢’(p) 
does not decrease with increasing p, an assumption that holds in reality, 
stronger compressions must advance with larger velocities; it follows that 
the waves of compression will diminish in breadth and must finally become 
compression shocks’. 

So much for an introduction. We start now with the transition from 
the non-linear to the linear equations. Disregarding gravity or other ex- 
ternal forces we choose the z-axis parallel to the direction of motion. If 
differentiations are indicated by the usual subscript notation the original 
hydrodynami¢ equations for a one-dimensional gas read: 


(1) Pi + Ups + pl, = 0, 

(2) ti + thy + op, = 0. 

In (2) p, can be expressed by p, since according to the assumption p = ¢(p) 
(3) Pr=Cbs, C= 2 = '(p). 


As in (13.5) ¢ is again the sound velocity; in the case of infinitesimal ampli- 
tude ¢ could be considered as » constant, but now ¢ is a functior of p. 
Uber dic Fortpflanzung ebener Luftwellon von endlicher Schwingungsweite. Abh. 


d. Gdtt. Ges. d. Wiss. 1880, Aleo Gos. Werke, p. 156. 
From Riemann’s abstract of bis paper in Gdttinger Nachr. 1859, No. 19. 
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Eq. (2) can be rewritten by the use of (3): 
7 
(4) tty + tte + = ps = 0. 


Eqs. (1) and (4) are linear and homogeneous in the differentials of the 
independent variables x and t, while these variables themselves do not 
occur In the equations. On the other hand, the quantities » and u and 
their differentials occur in non-linear form. We therefore introduce with 
Riemann the pair x, ¢ as dependent and the pair p, u as independent 
variables by putting 


x = 2x(p, u), t= t{p, u) 
dz = zt, dp + x, du, di = t,dp + t du. 


If these expressions for dz and dt are introduced in the differentials 
du = 4, dz + u, dt and dp = p, d& + p, di, 


the following identities result: 
(5) du = (ust, + ust.) dp + Ct. + ust) du 
(6) dp = (pt, + pit,) dp + (ot, + pity) du. 


Since dp and du are now independent we conclude from (5) 


Ut, + ut, = 0 , . 
(7) or wet, woe -e, 
Uty t+ ut, = 1 


where we assume that the functional determinant 


Xu by 
(7a) . A= 


t, ty 
does not vanish. In the same way we conclude from (6) 


Pot, + prt, =1 t, 
(8) or a © ic - * 
Paty + ot, = 0 
Eqs. (7) and (8) represent the formulas for uz, , %, , Pe, p: , to be used in 
transforming (1) and (4), Substituting in (1) and (4), we obtain the system 


a 
(9) Xu — ub, + pt, = 0, t, — ut, + & = 0. 
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The second equation can be transformed as follows: 


—c 2 Fig eV 
p tu) Op Ou’ 

where we have introduced a new dependent variable V = V(p, u). The 

variables x and ¢ are connected with V in the following way (c depends only 


On p): 


? 
dp (c — ui) = 


(10) s—ut= V., ta —§ a. 


so that the second equation (9) is identically fulfilled. The new variable V 
is now introduced ** in the first equation (9); this gives 


a ) = 
(11) Vm -2(&Y,) =0, 


which is a near parkial differential equation of second order for the single 
unknown VY. 
This equation is simplified if we introduce instead of p the new inde- 
pendent variable 
"en, oe 
(12) g [ p dp; d p ros p = 


Writing at the same time 7 instead of u, we have the following relations: 


aff y\_ cafe )- Cy dp _ ap 
2(4y,) =%2 Ve Vere Vee ar er 


We now assume the polytropic », p-relation as in (7.1), such that 


. a e c = 
p = ap’, ap = = na" * om Va po”, 


The relation between £ and p and the expression d(p/c)/dp is then 
2V NG cn—t90 dp_3-—nl 


(12a) :™ 


n-—l 7 dpe n-l1é’ 
and our differential equation (11) reads in the new variables 
(13) Ve si Vee +2 PV, = 0, 


Brom the firxt and second equation (10) one has respectively 2, — why — t = Viw 
and pt, +¢ = —-8/p(p°V,/c*). 
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where for brevity we have put 
3—n 
4) p= 32 
In the case & = 0, Eq. (13) reduces to the equation of the vibrating 
string, and we have d’Alembert’s solution (13.11) 
(15) V=V_ = FE + 9) + GE— 9), 


where F and G are arbitrary functions that have only to meet certain con- 
tinuity conditions. More generally, we have the following lemma due to 
Bechert:** If W is a solution of the equation 


(16) Wee — Wy + 3 We = 0 
then 
130W 
(16a) Ve Ea 
is a solution of the equation 
(16b) Vie ae + : ae 2 V; ed 0. 


This can be shown simply by differentiating (16) partially with respect to 
and putting W, = £V according to (16a). One obtains then 


a° a” 
ai GV) — 53 V) +10, = 0 


which becomes identical with (16b) on carrying out the differentiations 
and dropping the factor é. 

Since the general solution (15) of Eq. (13) is known in the case k = 0, 
we have the general solution in the cases k = 2, 4, 6 --- in the following form: 


G7) V,= 28M y, 21819 py 1alalem 


& OE’ EOEE d& > °° Eaee age ae? 


These elementary integrable cases may be written comprehensively by 
setting & in (14) equal to an arbitrary even integer 2h. The polytropic 
exponent (in the sense of p. 49) associated with h is found from (14) os 


_ 2 
(18) n=1+ori: 


“K. Bechort, Zur Theorie cbencr Stérungen in roibungsfrcien Gasen. Ann. d. 
Phys. $7 (1940) 89; 38 (1940) 1. 
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It is this rational form of » which makes Bechert’s result so interesting 
since it discloses a surprising thermodynamic side view. 
For an adiabatic change of state of a gas we have according to p. 50 


(18a) pale. 


where f is the number of degrees of freedom of the molecule. For diatomic 
gases (e.g. for air) f equals 5, as already mentioned on p. 50. For mona- 
tomic gases f equals 3. In this case there are only the three degrees of 
freedom of translation since those of rotation cannot be excited. In present 
day physics this follows directly from a quantum-theoretical argument, 
while Boltzmann had still to make the rather artificial assumption that 
the monatomic molecules were spheres and the diatomic molecules were 
ellipsoids of revolution, in order to understand the cases f = 3 and f = 5. 
In these two casas there is 


h=l for monatomic gases 


feth+ 
h= 2 for diatomic gases 


Thus it turns out that just the physically most interesting cases are dis- 
tinguished in that they can be integrated’® by the elementary expressions 
V, and V, of tq. (17). 

It is difficult not to be impressed by what appears to be a “pre-es- 
tablished harmony” betwecn mathematics and physics. An idea suggests 
itself that the performance of mathematics is adapted in some miraculous 
way to the exigencies of physics. Yet, the scope of the miracle is rather a 
limited one: For molecules consisting of three and more atoms such as 
H,O or NH, the wumher f = 6: three translatory degrees of freedom plus 
three of rotation. These gases do not belong to the integrable cases in this 
sense. On the other hand, the case f = 1, & = 0, which is the simplest 
integrable case, is not realized in nature; one would have to imagine a 
strictly “one-dimensional gus” whose atorns can only move in one direction 
and cannot rotate. 

It would be a mistake to think that the integration becomes impossible 
unless 7 is one of the rational numbers defined in (18). To show this we"* 
write the sequence of equations in (17) once more in general form: 

A 
(19) Vos = (2) Vo with t = 7 £ = af 2. 

“Mr. Bechert kindly informed mo that this peculiar behavior of the cages (18) had 
been noticed before by A. E. H. Love and F. B. Pidduck. Cf. Trans. R. Soc. London 222, 
167 (1922). 

ae ee es in Bechert’s second paper quoted on p. 266. 
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According to a well known extension of Cauchy’s integral formula in the 
theory of complex functions it is possible to express the /-fold differential 
quotient in (19) by a complex integral: 


A 

(20) Va = ae a § YAY a, 

Here A is supposed to be an integer number, and integration refers to a 
closed path in the w-plane, surrounding the point w = ¢. The argument 
of Vj, as it is written in (20) indicates that the original dependence on ¢ 
is to be replaced by that on +/2w while the dependence oh 7 remains 
unchanged. However, in the representation (20) the fact that A is an 
integer is unessential. One may replace 2/4 by the arbitrary quantity * the 
specialization of which led us to 2/, if one replaces at the same time 


h+i1 by ev, cL by oH) 
G+) 


In this way one has instead of (20)" 


oxe (F ) VV 20, 2) ay 


1 
(21) Lf ha Oni (h/2) +1 
k (w— 
r(3 + 1) 


Evidently (21) satisfies the differontial equation in the same way as (20); 
it represents the general solution since it contains two arbitrary functions 
F and G in the expression for V,. under the integral sign. Our statement 
that just the physically interesting cases of the monatomic and diatomic 
gases are integrable, should now be put more precizely: they are distin- 
guished from the other cases by the elementary form of their general 
integral. 

We have limited this discussion to Riemann’s case of one spatial co- 
ordinate. The generalization to two or three variables’® presents great 
difficulties. The differential equation which is the analogue of (13) in the 
general case has so far resisted all attempts at a general solution. 


‘The sign ¢ docs not mavan here a single loop about the point w = ¢, since this 
would not be a closed path because of the branch pointa of (w — 7) +1 at ¢ and at 
infinity; the path must now be a double loop about w = f and w =. Such paths 
occur in theory of functions at various occasions. 

*#K. Bechert, Ann. Phys. 39 (1941) 169 and 357, 40 (1941} 207. In the first of theao 
papers a class of cylindrical and spherical waves is treated, in the second friction and 
heat conduction is taken into account. 
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In the foregoing we have only dealt with the formal side of the 
problem. Although this presents enough interest, it is now time to turn to 
the physical aspect of the motion as it was deseribed above in Riemann’s 
summary. For this purpose we do not need the integral V in its com- 
pleteness, but go back to the definition of tho variables and [see Eq. 
(12) and after). We put with Ricmann 


(22) 


and note that the assumption of a polytropic p, p-relation is immaterial 
for what follows. The quantities r and s represent in our particular case 
the charactertstics of the differential equation (13) and play a decisive part 
in the general theory of differential equations of this type. (For further 
details see Vol. YI). 

From (22) we calculate the derivatives 


(23) r, = ; ¢ Pe +), r= I (e Pz + u,) , 


(differentiations with respect to the original variables z and ¢ are again 
represented by subscripts.) A glance at the expression 


24) rmtutor, = om {o + + ops + ue + (u + anu} 


shows that the right momber vanishes because of the equations of motion 
(1) and (4). If we compute in the same way s, and s, from (22) and form 
the expression #, -+- (% — e)s, we find again the right member zero as 
before. Both results may be indicated in the following way: 


(25) 2 ‘rt + (utc) = ir = 0. 


If we form tho total differentials dr and ds with respect to « and ¢ and — 
express the purtial derivatives r, and s, by r, and s. respectively according 
to (25), we obtain 


dr = r,dx - (u+ e)r, dt and ds = 3, dx — (u — e)s, dé. 


These are diffcrential identitics between the original independent variables 
x ond ¢ and the variables 7 and s, which are valid if x and p (of which ¢ is 
& known function) fulfill the differential equations (1) and (4). Consider 
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now the point x varying in course of time. The total derivatives of r and. 
a with respect to ¢, ifz = x(t}, are 


a al -u- ee, Ga (Bout ele. 


These relations can be interpreted as follows: at a point (not a particle) that 
travels in such a way that 


(27) either fue or une 

the quantities 7 or s keep their values. In other words, a certain value 
of r respectively s travels with the variable velocity u + c respectively 
u— c. As long as |u| < ¢, the first moves in the positive the second in 
the negative x-direction. 

As an example take the case of an initial pressure disturbance re— 
stricted to a short interval of the x-axis. Compression waves issue in both 
directions from the interval if we assume an initial disturbance in the forma 
of a pressure increase. However, the two wave profiles do not preserve 
their shape as in Fig. 16; the wave front becomes steeper since largex 
densities travel faster according to (27). Hence it is understood that the 
compression waves finally become compression shocks. At this point our 
calculation which disregards friction and heat conduction, ceases to be 
valid. The extensions of the theory that are necessary in the case of 
shocks have been investigated by Hugoniot and Hadamard.” 


[ew 


Fic. 64, The waves caused by an initial disturbanco progress in both directions ancl 
are deformed in this process. The notations V and W of the figurc havo the same meanin gz 
as the parameters of the characteristics, r and 3, as functions of s and 4. In comparings 
“Figs. 64 and 16, note that the central curve in the present figure ropresenta the dis— 
turbancos V and W individually, while the corresponding sum is represented in Fig. 163. 


This may suffice for an exposition of Riemann’s results which we 
quoted on p. 263. Fig. 64 has been taken from Bechert’s first paper quoteci 


Cf. the comprehensive representation by G. Zemplén in Enc. d. Math, Wiss: 
VoL IV.3, Art. 19, which is to be supplemented by a more recent paper of R. Becker, 
Z. Phys. 8 (1922) 321. 
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on p. 266. It refers to the simplest case of a strictly “one-dimensional” 
gas (see p. 267) which shows, as Bechert points out, the characteristic 
traits of wave propagation in spite of the extreme idealization. 


38. On Turbulence 


With tho present report which is divided in a number of sections we 
enter the most difficult part of hydrodynamics. Under (A) we have col- 
lected a series of half empirical, half theoretical statements about the prop~ 
erties of turbulent flow. Inasmuch as they are of a theoretical nature, they 
are based on the Stokes-Navier equations and the diffusion of momentum 
which these equations can be considered to express (see p. 76). 

Under (13) we approach the fundamental question whether it is at all 
possible to explain the observed facts on the basis of the Navier-Stokes 
equations. In particular, one asks whether these equations give account 
of the instability of the laminar motion that sets in at a certain Reynolds 
number. Marlier attempts to settle this question by the method of small 
oscillations failed; it had been impossible to find a critical limit, and the 
laminar motion appeared to be stable at any value of R. The method of 
small oscillations had been applied to the fully developed laminar flow, 
that is to the Tlagen-Poisouille flow and to the Couette flow with the 
aim of investigating the stability of a flow in o pipe and between plates, 
respectively. 

Considering these negative results, such experts in the field of turbu- 
lence as Th. v. Karman and Sir Geoffrey Taylor have occasionally in their 
papors favored the idea that turbulence like gas theory can. only be under- 
stood by statistical methods. The underlying physical fact is that a fluid 
is 1 system of very many (in principle infinitely many) degrees of freedom, 
all of which ¢ome into play at large Reynolds numbers. The motion be- 
comes then so complicated that one can expect simple answers only to 
those questions that concern the average behavior of the moving particles. 
This is especially true for the limiting case of the so-called isotropic 
turbulence; some preliminary remarks according to hitherto unpublished 
work of C, I. v. Weizsiicker and W. Heisenberg will be made on this topic 
under (D) where we are concerned with what one may call fully developed 
turbulent equilibrium. 

Previous to that we shall briefly discuss under (C) investigations of 
the process of generation of laminar flow in tts relation to turbulence: the 
processes at the inlet in pipe flow experiments and the formation of 
Prandtl’s boundary layer when the plate is set in motion. This was Prandtl’s 
own view of the problem, and was soon taken up successfully by Tollmien, 
Tietjens, Gértler, and Schlichting, all of whom belong to Prandtl’s school. 
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In these inveatigations the method of small oscillations is not applied to 
the velocity profile of the developed laminar flow, but to the intermediate 
profiles that occur while the laminar flow comes into existence. The sig- 
nificance of the velocity profile for the stability of the flow had been 
anticipated in much older investigations of Lord Rayleigh which, however, 
dealt only with inviscid fluids. The more recent investigations of Prandtl’s 
group start from the complete Navier-Stokes equations (ic. in their 
abbreviated form for small oscillations) and actually result in stability 
limits, which, to be sure, do not refer to the final laminar motion but to 
the way of its generation. 

Under (E) we shall bring a mathematical example of a system of 
differential equations that lead to phenomena similar to those of turbulence 
in fluids. It is a non-linear system that resembles the Navier-Stokes equa- 
tions in structure, but is much simpler than those. This example, which 
is due to I. M. Burgers, may strengthen our belief that turbulence does 
belong to classical hydrodynamics, although to a part of it that presents 
great difficulties to the mathematical attack. 


A. Some Properties of Turbulent Flow 


Empirical data on the turbulent state in pipes and channels are very 
extensive, having been compiled by hydraulic engineers over a long time. 
In organizing this material two principles have to be observed: The flow 
must be referred to equal Reynolds numbers and the wall roughness must 
be taken into account. As to the second requirement we shall restrict 
ourselves to smooth walls so that we do not have to digress too far into 
technological details. “Smooth” is, of course, meant in the senre of the 
limit: wall roughness —0. Under these conditions one obtains the general 
result: In the fully developed turbulent state the vclocity distribution in pipes 
with geometrically similar cross-sections is similar, or, the ratio of the 
velocity at a certain point to the velocity average over the entire cross- 
section is independent of the Reynolds number. 

Fig. 65 shows this velocity distribution for a circular cross-section in 


Fie. 65. The velocity profile in 9 circular pipe 
for the turbulent and laminar staics of flow 
{solid and dotted lines respectively). 


comparison with that of the Hagen-Poiseuille flow. In the Jatter carc we 
had @ parabolic velocity profile; the velocity at the center being equal to 
twice the average velocity. In the turbulent case the velocity at the axis 
of the tube is only a little larger than the average velocity, which has 
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been assumed the same for both cases in the diagram. Only in the proximity 
of the wall the velocity drops quickly to cra; a narrow wall zone develops 
in this region, where the flow is more or less laminar, and the viscosity the 
important quantity. 

The term velocity as it is used here with reference to the turbulent 
state is to be understood in the sense of the time average of the velocity. 
The individual particle velocity at a given point is by no means constant 
in time. The spectrum of its temporal and spatial variability covers a wide 
range; it has been possible to obtain more detailed information about it 
in a characteristic limiting case [see section (D)]. We denote the time 
average of the velocity by U, a velocity in the direction of the axis of the 
pipe (z-axis); the additional components of the individual velocities are 
denoted by u, #, w. Likewise, P stands for the time average of the pressure 
and p is the individual instantaneous pressure difference relative to P. 

In addition to the law of turbulent velocity distribution we have the 
law of the turbulent pressure drop. In the laminar case the pressure gradient 
was proportional to the velocity, in our case it is proportional to the 
square or in better approximation to the 7/4°* power of the velocity 
(Blasius Law, see p. [20). When this law is expressed according to (16.11) 
and (16.13) by means of the similarity invariants # and S, it reads 

2 
+ = oa S, S = RM*, 
where @ is the radius of the pipe and } a numerical coefficient. Written in 
our present notation, it tales the form 


_ OP d0U* pawn _ de (z)"" re 
(1) 7 ea ~ @ \a um”. 
This equation shows that the coefficient of viscosity is no longer of de- 
cisive importance for the state of the flow; ite influence expresses itself by 
the factor v'“* and is rather weak. Another kind of cnergy loss prevails 
which is connected with inertia effects and becomes evident in the factor 
p, or rather p*”* if the depondence of the kinematic viscosity » on p is also 
considered. 

Prandtl and Kdérmén were able to deduce the velocity distribution in 
the wall zone from (1), using certain additions! assumptions. Consider a 
fluid element of thickness dz extending over the pipe cross-section: The 
difference of the average pressures P acting on the two faces of the element 
must be balanced by the shear forces acting between fluid and pipe wall. 
Thus we have 


dP 


— 5 et" = r) dx 2a, 
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or, according to (1), 


a vpn = 2 22(2) yom 


Let now y = a — r be the distance between a point inside the wall zone 
and the wall. According to Prandtl and Kaérméan there is only one way to 
construct a dimensionally correct and physically meaningful expression 
that approximates” the shear stress 7 at the point y, viz. 


1/4 
(2a) r = const (2) oo 
From (2a) one obtains directly 
(3) U = const (zy"(2)" 
v/ \p 


Hence the velocity inside the wall zone increases from zcro at the wall 
with the 1/7™ power of the distance from the wall. This agrees well with 
experimental results. K4&rmdn was also able to develop from the same 
assumptions a formula for the heat conduction in the wall sone, which is 
in good agreement with the observations. 

We shall now discuss the original approach to the turbulence problem 
made by Reynolds” and, in connection with his work, by H. A. Lorentz.” 
We restrict ourselves to a steady main flow along the z-direction with a 
pressure gradient —dP/dx on which a non-steady quasiperiodic addi-~ 
tional motion is superimposed. Let the state be two-~limensional, i.e. de- 
pending only on x and y. The main flow depends then only on y, the turbu- 
lent additional motion has the components u and » that depend on i, x 
and y. We shall consider the time averages of the total velocity v and of 
the total pressure Q, that is of the quantities 


(4) %2= U+ 4, yy = 9, Q=P+p 
for which we stipulate 
(5) 5, = U,d, = 0, Q = P, hence% = 0,5 = 0,5 = 0. 


*Note that (2a) does not give (2) for y = 0, but booomes infinite. According to 
Kérmaén (Z. angew. Mathem. u. Mech. 1, 1921, p. 233) the reason is that (2a) is only 
asymptotically valid (i.c., for infinitely large Reynolds numbers). 

In the paper quoted in footnote 18 on p. 114 

®Akad. Amstordam, Zittingsvorlag, 6. p. 28, 1897 and Gos. ALhandlungen, Toubner 
1907, p. 43. 
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This implies 
WW, = U+Wt+ma = U4 


(5a) wy, = UI + w'= ww 
and 

nd O= ae é — 
(5b) Gq tate = By By tte = By 


Furthermore, in a quasiperiodic motion the averages of the time de- 
rivatives such as du/dt vanish: 


(Se) a 7 93 
and because of (4) and (5) 
(5d) at a 0, Vu = 0, V's = 0, 7 0. 


We now write the equation of motion in the abbreviated vectorial form 
(16.1) and set F = 0: 


© pS + ov gradyy = — grad Q + nV. 


As a consequence of the condition div ¥ = 0 we have the identity 


Oe, Oe O cl 
Ys on + Yy dy ay P= “+ By oe 


which permits us to write the z-component of (G6) in the form 
a igs, ete 
(6a) at + Pa, Ole + p oy VU, ie ox + nV bs « 
Forming the time average of this equation we obtain with the use of (4), 
(5), and (5a, b, ¢, d) 
Cae ee) ee 


The quantities on the left side are gradients of friction pressures which 
appear here alongside with the griavlient of the normal presmure P. To be 
in accordance with our system of notations (10.4) these quantities ought 
to be denoted as follows: 

i] om 


Ci] — 
(7a) oz Pez + ay Pry where Paz = PUL, Pay — puy. 
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Now it should be remembered that the term ».V*U to the right is also due 
to friction pressures; this was pointed out in Eqs. (10.6)-(10.8b). But 
the previous pj, originate in the molecular disorder of fluid particles on a 
microscopic scale, while the present p,, , p,, , in (7a) are caused by the 
molar disorder of fluid domains of macroscopic size engaged in turbulent 
motion. In either case the physical origin of the friction pressures is the 
tranafer of momentum. Take as an example the molar friction pressure ?,, : 
momentum is tranaferred from the motion in z-direction to the side motion 
v, & process that cannot remain without influence on the momentum balance 
of the main flow U. In this sense we should interpret the appearance of 
the terms (7a) on the left side of Eq. (7) of the main flow. But the average 
pressures (7a) do not lend themselves to the ordinary methods of differ- 
ential analysis; this is the reason why in this approach to the turbulence 
problem recourse is taken to statistical methods. 

Of the two friction pressures p,, and ,, the first is the important one, 
hence we shall indicate the contribution of the second only by --- . Let 
us also adopt in what follows the usual terminology in this branch of 
hydrodynamics and speak of frictional shear stress rather than of frictional 
pressure; we write accordingly 


(8) T= Oy = —Pay = — pv 
Instead of Eq. (7) we have then 

a —— ar 
(9) a EU 


For V*U we may also write d’U/dy’* since U is o function of y alone. 
Eq. (9) is the determinative equation of the main flow. 

We obtain the equation of the 2-component of the turbulent additional 
motion by introducing (4) into (6) and by subsequent reduction with the 
help of (9) and (5d): 

7 OU Ld Or) 1 Hos 
QQ) tute ay 1 (2 4 22) tg es 
Here the sign --- covers also the terms of second order in u and v. There 
is & corresponding equation for the y-component » of the turbulent motion 
and a second equation (9) for dP/ay. 

Quantitative information about the character of the turbulence can 
hardly be expected from these very involved equitions. We have men- 
tioned them here mainly for the purpose of later reference in section 4) 
and to point out the significance of the molar friction stress +. The latter 
concept leads to the idea of a length 7 characteristic for the turbulence, 
vig. the mixing length, introduced by Prandtl in 1926; it corresponds to 
the notion of the mean free path in gases: 
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t? 


Prandtl’s argument™ is this: Suppose a “fluid lump” of average ve- 
locity U(y) is shifted from y to y + 2; in terms of the additional motion, 
this means a fluctuation of approximately 


It is a reasonable assumption that the fluctuation of the side motion » in 
the mixing process will be of the same order of magnitude. This admitted, 
one obtains for r according to (8) an expression of the following form 


(11) r= ot | 20 ag 


If this is introduced in (9), the result is a differential equation that depends 
only on the quantities of the main flow and can be used for its analysis. 
However, the results obtainable in this way require continual experimental 
checking because of the hypothetical character of the relation (11), 


B. Older Attempts at a Mathematical Theory of Reynolds’ Turbu- 
lence Criterion 


Even before Reynolds started his theoretical investigations, Lord 
Kelvin™ had treated the problem of flow stability by the method of small 
oscillations, but did not obtain definite results. Twenty years later the 
problem was attacked aguin; the object at this time was to study the 
stability of the form of the Couctte flow’’ represented in Bq. (16.14), 
which is mathematically so very simple. If a small disturbance (x, v) with 
stream function ¥ is superimposed on the main flow U, which has a 
rectilinear velocity profile, the resulting differential equation of fourth 
order 


2 a 
ag VY, IVY EU. syigry 


that describes the problem in the general case, splits up, because of 
@U/dy* = 0, into 


(12a) (24 —+V hy =0, V*¥ 
One resolves now y¥ and x in Fourier components by putting 
(12b) y= S(ye"rr*, ~ = Frye" **-*, 


*Strdmungalehre, Vieweg 1942, p. 105. 

“Phil. Mag. 24, 188 and 272 (1887). 

aw. M. i. Orr, Proc, Irish Acad. 27 (1907). — 4. Sommorfeld, Internat. Mathem: 
Congress, Rome, 1908, Vol ITI, p. 116. 
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The resulting ordinary differential equations for f and F are of second 
order and can be solved by known functions over the whole range 0 < 
y < h (Bessel functions of order $ and #). The boundary conditions at 
y = 0 and y = h give a transcendental equation for 8 in the form of a 
certain second order determinant that must vanish if non trivial values 
of the integration constants are to be obtained. If for a given real o this 
equation has a solution with positive-imaginary part, then instabikty pre- 
vails in the sense that disturbances of the wave number a increase in time. 
The critical Reynolds number would thus be determined by that a-value - 
for which the imaginary part of 8 vanishes for the first time. 

However, Miaes"* was able to deduce from the nature of the tran- 
scendental equation that such a value of 8 cannot exist, or that the straight 
Couette flow is seemingly stable toward all disturbances a. This conclusion 
has been confirmed by Hopf*’ in a more direct way by 4 detailed discussion 
of the corresponding types of oscillations. Moreover, it seems that ac~ 
cording to Noether™ the stability proof can be extended to all flows 
between two plane parallel plates (unless special discontinuities occur in 
the initial velocity profile). 

Detailed calculations in the sense of Eqs. (12) and (12b) have been 
carried out by Sexl’* not only for the flow between plane plates but also 
for the Couette flow proper” between coaxial cylinders, and likewise for 
the Hagen-Poiseuille flow. In every case the transcendental equation 
associated with the problem leads to the conclusion that the flow is stable. 

Thus we have striking contradiction between theory and experiment. 
What conclusions should we draw? Should we suspect the method of amall 
oscillations that has proved reliable in all other domains of mechanics 
including astronomy? Should we rather assume that for such a proof of 
instability finite instead of (infinitely) small disturbances ought to be 
resorted to just because the object of investigation is the laminar motion? 

Or should we blame the Navier-Stokes equations as inadequate for 
our problem? This does not seem justifiable either, particularly since in 
the last analysis they form the foundation for all previous theoretical 
statements, including Reynolds’s laws of similarity. 


**R. v. Mises, Heinrich Weber-Festachrift, 1912, p. 112 (Teubnor), Jahresbericht 
ad. D, Mathem, Vereinigung 21 (1912) 241. 

*],, Hopf, Ann. d. Phys, 43 (1914) 1. 

“F, Noether, Z. angew. Mathem. u. Moch. 6 (1926) 282. 

Th. Sexl, Ann, d. Phys. 88 (1927) 835, 84 (1927) 807, 87 (1928) 570. 

“In the moro refined experiments on Couette flow porformed by Sir G. Taylor 
(ef. p. 121) the deviation from the laminar motion occurring beyond the stability limit 
turned out to be helical (hence three-dimengional) rather than axially-symmotric. 
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C. Reformulation of the Turbulence Problem; the Origin of the 
Turbulence 


It was possible to find a way out of these difficulties when investigators 
directed their attention, as Prandtl had done it, to the manner in which 
turbulence comes into being in a given flow arrangement (cf. also our dis- 
cussion of pipe flow experiments on p. 118). Here again the Couette flow, 
in which the flow field is bounded by a plane plate moving in x-direction, 
proved simpler than the pipe flow. At the beginning of the motion a 
boundary layer develops along the plate; the other plate bounding the 
flow field may be supposed at infinite distance, for the time being. The 
fluid that fills the space between the boundary layer and that plate is 
considered at rest or in laminar motion according to a preassigned law 
U(y). The decisive factor for the stability is the velocity profile of the 
boundary layer, as was first recognized by Tollmien.”* Tollmien’s stability 
eriterion (Gott. Nachr. 1935) states that velocity profiles with inflexion 
points, such as occur in a boundary layer with positive pressure gradient, 
are extremely likely to become unstable. To characterize the investiga- 
tions that aim in this direction (determination of the eigenvalues and 
approximate calculation of the eigenfunctions in the atrip between the 
plates) we quote a paper” of Schlichting: ‘The main flow is not assumed 
to have a fully developed linear velocity distribution; one rather in-« 
veatigates one by one the velocity profiles that oceur between two parallel 
plane walls when one wall is suddenly set in motion, changing from a state 
of rest to one of constant velocity. A boundary layer then forms along the 
moving wall, the thickness of which increases with time, and if the main 
flow stays laminar, its velocity profile approaches asymptotically a straight 
line. In contrast to this, the earliest among these transient profiles have 
finite critical Reynolds numbers whose magnitudes depend on the shape 
of the profile. The actual Reynolds number of the Couette flow is then 
obtained as the lowest stability limit during the initial period”. 

If the problem is formulated in this way, its solution is of course much 
more difficult than the problem contained in our Jiqs. (12). It can only 
be solved by the use of step by step approximations, carried out by 
numerical and graphical methods, which we can only mention here. They 
lead to a definite, practically meaningful value of the stability limit which 
depends, however, on how the turbulent state was produced. 


LW. Tollmion, Uber dio Entstchung der Turbulens, Gittinger Nachr. 1929, 
®H. Schlichting, Ann. Phys. 14 (1932) 905. Ho refers to previous work done by 
other authors in Prandtl’s group: O. Tictjens, 2. angew. Mathem. Mech. 5 (1925) 


200, W. Tollmicn, 1. o., of. also later papors of Schlichting in Gott, Nachr, 1932, 1933, 
1938. 
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To illustrate once more the changed view point we could perhaps say: 
Not the instability of the laminar flow as such is proved as it was tried 
under (B), but it is shown that the road toward it is blocked by unstable 
states. Thus the instability is not an inherent quality of the final state 
but of its history. 


D. The Limiting Case of Isotropic Turbulence 


In view of this complicated state of the problem one can ask whether 
there exist ideal flow conditions that are approached by the turbulent 
fluid in the limit of infinitely increasing Reynolds number; this final state 
could be called turbulent equilibrium. We suppose that no spatial direction 
is preferred and thus speak of csotropic turbulence. In the state of isotropic 
turbulence the space of the fluid is divided into turbulence elements or 
turbulence cells of ever changing size that are arranged in some statistical 
way. The eddies in the cells follow the Navier-Stokes equations, but are 
too complicated for complete mathematical treatment. Thus the equilib- 
mun between the different turbulence elements can only be described 
statistically. One asks for the probability that o certain size of the turbu- 
lence elements occurs. This brings us back to the search for the spectrum 
of the turbulence elements which was already mentioned on p. 271. 

The kinetic theory of gases may serve as an approximate model of 
this theory. Although the mathematically exact state of the gas (position 
and velocity of the gas molecules) is entirely determined by the history 
of the gas (i.e., the preceding states), one is only interested in the statisii- 
cally most probable distribution (sometimes also in the probability of a 
given deviation from that distribution) which is given by the Maxwell- 
Boltzmann jaw. Similarly in the turbulence problem, where ono is in- 
terested in the statistically most probable distribution of the vortices, which 
can be deseribed in the form of a statement about the frequency of vor- 
tices of a certain size and a certain rotational speed. 

Weizsicker obtains the velocity spectrum of the isotropic turbulence 
by a similarity consideration in which turbulence cells of different sizes 
are compared under the assumption of a quasisteady state (i.¢., its change 
in time is small compared with the time needed to establish statistical 
equilibrium). A further assumption is the random nature of the state, As 
a result the following spectral law is obtained: The mean velocity of a 
particle relative to its surrounding neighbors varies ag the third root of its 
diameter. As a consequence, the energy density in function of the wave 
number is proportional to the —5/3 power of the wave number. Iowever, 
these laws are only valid in the middle part of the spectrum, which part 
is very extended in the case of large Reynolds numbers. For small wave 
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numbers (large turbulence clements that are comparable in size with the 
container) the statistical treatment must be replaced by the consideration 
of the individual hydrodynamic boundary value problem; for very large 
wave numbers (small turbulence cells) the Navier-Stokes friction causes 
the spectral intensity to drop to zero very quickly. 

Tfcisenberg substantiates the same results by the use of Fourier 
analysis and supplements them by the calculation of the factors of pro- 
portionality, by a more exact investigation of the limiting cases of small 
and large wave numbers, and by the determination of the pressure fluctua- 
tions. 

For all details and in particular, for the comparison with the experiment 
we refer to the papers of the two authors.* 


E. A Mathematical Model to Illustrate the Turbulence Problem 


To J. M. Burgers who had been trying to explain the facts of turbulence 
on an statistical basis, we owe a mathematical model™ from which prop- 
erties analogous to those observed in actual turbulence can be deduced 
with mathematical rigor. The simplified system of equations which 
Burgers puts tentatively in place of preceding Eqs. (9) and (10), is 


Up yoy, 
(18) 
au _ 
aq 7 UM vis 


These equations are non-lincar like the actual equations of turbulence 
(u® occurs in the first and Uu in the second equation), each equation con- 
tains 2 dissipative friction term {yU in the first and vu in the second 
equation, corresponding to the terms »V7U in (9) and (u4/p)'V7u in (10)]. 
The constant P in (13) replaces the pressure gradient dP/dx in (9) and, 
like it, represents a driving force. The independent variables are U and 
% a8 before; U is the main motion, u the turbulent additional motion. 
Howover, Iqs. (9) and (10) refer to a domain of three independent vari- 
ables x, y, t, while there is only one independent variable £ in (13). 


*C. F. v. Weissiicker, Das Spektrum der Turbulenz bei grossen Roynoldaschen 
Zahlon; W. [Toinenberg, Zur statistischon Theorie der Turbulenz, %. f. Phys., 124, (1948) 
p. 608-057. Seo also W. Ivisonborg, On the theory of statistical and isotropic turbulenec, 
Pros. R. Soc., 195, (10-18) p. 402, and Th. v. Kérm4n and C., C. Lin, The statistical 
theory of turbulence, Advances in Applied Mochanies, II, Academic Press, New York, 
1950. 

*Mathomatical Examplos illustrating relations occurring in the theory of turbulent 
fluid motion, Akad. Amsterdam 17 (1039)1. 
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The non-linear terms in (13) have been chosen in such a way that 
they drop out when the expression for the “energy” is formed; for we 
require the permanence of the general rule, according to which two equa- 
tions of the form (13) should be added after multiplication with U and x 
respectively, and so would yield the energy expression. In our case one 
obtains 


(13a) ; hi d (y? +y} = PU —-oU’ +’. 
In the right member, the first term is the work per unit of time performed 
by the driving force P which, supposedly, acts only upon the main motion; 
the second term is the energy dissipated by friction. 

There extate a “laminar” soladion of (13), viz. 


(14) U=U,=*, u=0. 
It is stable as long as 
(14a) P<’. 


This can be seen directly if the method of small oscillations is applied. 
One puts 


U = U, + g, _ ? 
and neglects higher powers of £ and ». Then, by (13), one has 
qe 
at 


(14b) 
d 
n = (U, at vn. 


The first of these equations represents an exponentially decreasing dis- 
turbance; this is also true for the second equation but only if U) < v3 
hence by (4) we have condition (14a). For U, > » and, therefore, P > v’, 
Eq. (14) is still a solution of (13), but it is aac because of the second 
Eq. (14b). 

There exist, however, two solutions for P > v* which we characterize as 
turbulent, since they include a contribution of the additional motion. They are 


(15) U=» usu = +P 
Both solutions are stable for P > »’, for, if one puts 
Uoy-+ é, U = Uy + 4 


and again neglects higher powers of ¢ and 7 in accordance with the method 
of small oscillations, (13) becomes 
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= WHE — Quon, 
(18a) 

dy _ 

dt 
If one sets up a trial solution in the usual form 
(15b) $= Ae, 9 = Be”, 


one obtains the following conditions which determine + snd B/A: 
AA = —vA — 2B, 


AB = %A; 
they yield on elimination of B/A 
N+ vA = —2uG 
(15¢) 
gg Ie a sn pee 
A= 3% 4 Zip 3 = 4” 2P 
The roots A are negative real for 
2 9 4 
y <P<¢r 
and turn complex with negative real part when 
9 
P> 3» ‘ 


The disturbance (15b) thus attenuates exponentially for any P > »’, 
which means that the solution (15) is stable for these values of P. The 
atability limit lies at P = v* where one of the roota (15c) vanishes. The 
game value of P is the stability limit of the laminar solution and thus 
reflects Reynolds criterion of stability. It is true that, in contrast to the 
hydrodynamic reality, in our case both the laminar and the turbulent 
motion are steady, ie., independent of 4, but the example should be 
taken as a model and docs not attempt to explain the turbulence. (There 
is also this difference that in the model two forms of turbulent motion 
are equally possible [see (15)], while in reality the laws of turbulent 
motion appear to be wniquely determined by the Reynolds number.) 

Following Burgers, we give a graphic representation of the results by 
drawing in Figs. 66 and 67 a u, U-diagram of the two curves 


(16) CC «and See. 
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The equations are given by (13), viz. 
(16a) ue+vU=—P and (i6b) u=0, U = yr respectively 


Eq. (16a) is a parabola, Eq. (16b) a pair of lines consisting of the U-axis 
and a parallel line to the u-axis. Since we have got two steady solutions 
in (14) and (15), their representations in our diagram are the intersection 


u 


Urty 
liely 


Fria. 66 (left). Diagram of Burger’s turbulenec model in the “laminar” case P < #*. 
Fra. 67 (right). Diagram of Burger’s turbulence model in the “turbulent” case P > +. 


points of (16a) and (16b). In Fig. 66 the parabola lies entirely to the left 
of the line U7 = », hence there is only one intersection point; fi. belongs to 
the solution (14) and is unstable. There are three intersachion points in 
Fig. 67. One of them lies on the U-axis. It belongs to solution (t+) that is 
now unstable; the two others belong to the stable solution (15). 

Burgers’* extended his method of “mathematical modclsx” in several 
steps in the attempt to bring it closer to the actual behavior of a turbulent 
fluid. He considers a system of three simultaneous differential equations in 
which the main “flow” U is coupled with two additional motions, « and 
v, aod permits these motions to depend not only on time but also on a 
spatial coordinate. This we shall not discuss here since the simple model 
of Eq. (13) in our opinion illustrates the mathematical situation suffi- 
ciently: By the non-linear character of the equations the occurrence of (two) 
entirely different types of motion te made possible. These types, which we 
again distinguish by the terms ‘laminar’ and “turbulent” are in some 
ways analogous to those of the turbulence problem; they branch off from 
one another at a certain stability limit, which we can compare with 
Reynolds stability criterion. 


4Advances in Applied Mechanics, ed. R. v. Mises and Th. v. Karman, Vol. L, 
Academic Preas, New York, 1948. 


CHAPTER VIII 


SUPPLEMENTS TO THE THEORY OF ELASTICITY 


39, Elastic Limit, Proportional Limit, Yield Point, 
Plasticity, and Strength 


Up to this pomt we have assumed the solid body to be homogeneous 
and isotropic, and only permitted amall deformations. In the following 
discussion wo shall consider very briefly the principal deviations which 
appear under more general conditions. 

Let us consider a cylindrical steel bar which is clamped at one end 
and subject to a tensile foree P acting at the other end. We shall first 
refer the tensile stress ¢ to the unloaded cross section of the bar Fy , as 
is customary in engineering practice. Thus 


P 
(1) c= 
or the stress is proportional to the load P. 
If we plot the measured strains ¢ as abscissas to the tensile stresses 
« calculated according to (1) as ordinates, we obtain for loads that produce 
very small deformations ¢ a curve which is practically an exact straight - 


‘ 


-~ —m_et vw eee 


IN 


ee ee ee ee 


. é 


Fra, 68, Strese-strain diagram of « tensile test with a tough material (stool). 
285 
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line (see solid curve in Fig. 68). This is valid up to a point P that is called 
the proportional limit. 

The elastic limit designates a point on the diagram, below which a 
decrease or removal of the load produces a decrease or removal of strain. 
For steel, the elastic limit lies slightly below the proportional limit. 

Beyond the proportional limit, the stress-strain line becomes curved 
and reaches a maximum, which is called the upper yield point (also flow 
or plasticity limit) S, . The curve drops now to the lower yield point S; ; 
following the point S,; the curve remains in the mean parallel to the <- 
axis over a short distance, usually presenting a few small waves in this 
section, the behavior of a given sample depending upon the composition 
and previous treatment of the steel. 

This transition region is followed by the plastic or flow region in which 
permanent deformations occur. A small change of load causes a rapid 
change of strain, so that in this range the curve first rises slowly with little 
curvature only, turning its concave side towards the e-axis. The maximum 
ordinate B corresponds to the ultimate load or ultimate stress, but fracture 
occurs only at the point Z, where the stress-strain curve ends abruptly. 
Note in addition that 

1. the bar undergoes lateral contraction everywhere and that 

2. in the neighborhood of the place where fracture is to occur the re- 
duction of the cross-section is particularly large; the constriction or “neck” 
- formed there becomes quite noticeable once the point B in the diagram 
is passed. If we refer the load to the (variable) smallest cross-section F, 
that is, if we put 


P 
(2) c=F 
and plot the tensile stress so calculated against the measured strain, we 
obtain the dashed curve in the plastic region. Within the elastic region, 
the two curves obviously coincide. 

Steel is the most important example of tough materials, while cast iron 
is typical for bretéle materials. There is no plastic range in the latter case 
and no constriction either. Fracture follows almost immediately at the 
end of the sharply limited elastic range. According to earlier experiments, 
Hooke’s law did not seem to hold for cast iron altogether, but Griineisen’ 
has shown that for sufficiently small strains proportionality exists between 

stress and strain. 
. Materials that can be formed into oa, given shape like loam, clay, and 
lea show hardly any elastic properties, but exhibit plastic behavior 
throughout. 


1K. Griineisen, Ber. d. Deutech. Phys. Gos. 1906. 
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Similar results as in the tension test deseribed above are obtained in 
compression, bending, und torsion tests. 16 should be noted, however, that 
pure compression causes fracture only in brittle but not in tough materials. 
It is further assumed that in all these experiments the load is applied 
slowly, since the deformation depends not only upon the load, but also 
upon the duration of the application of the load. 

In connection with this last point we mention the elastic afiereffect. 
Even in the elastic range the deformation connected with a particular load 
assumes its final value only after a considerable time. We speak of the 
creep of the material in question. 

In analogy to the behavior of ferromagnetic bodies we find also an 
elastic hysteresis. As in the magnetic case, the area enclosed by the hy- 
steregis loop in the ¢, o-plane represents the input of deformation energy 
per cycle. 

In the previous discussion the load was assumed constant or slowly 
varying. Of more importance, especially in machine design, is the case of 
periodic loading, where the stress oscillates above and below a mean value. 
In such cases fracture occurs at a much lower loading than in the case of 
stationary load; one speaks of the fatigue of the material. 

When. we plot the number of load cycles until fracture, z, against the 
average stress c,, as ordinate, we obtain a monotonically decreasing curve 
(so-called Wohler diagram), which approaches a horizontal asymptote 
Toe 28 2 Increases. This indicates that the average stress must be kept 
smaller than the value of ¢., (fatigue limit) in order to prevent a fatigue 
failure with certainty. 

When the load that finally causes the fracture has been applied slowly, 
the cross section at the fracture will exhibit coarse grained structure; in 
the case of failure under oscillating load, however, a portion of the broken 
cross-section will ba fine grained, possibly showing the spread of an im- 
perfection (see below). The remaining portion of the section has the same 
appearance as in an ordinary fracture. We may conclude from this that 
the first part contributes only little to load bearing capacity, so that 
the remainder simply fails in a fracture by overload. Moreover, we know 
that the number of cycles z depends greatly upon the quality of the surface 
of the specimen. Small invisible cracks reduce z considerably. It may be 
mentioned in this connection that Voigt’s measurements of the breaking 
strength of sodium chloride crystals gave only 1/400 of the value cal- 
culated from the lattice theory. In this case, too, small cracks and surface 
irregularities are the cause of the discrepancy, since tests made under 
water, where the crystal surface is smoothed out in the process of dissolu- 
tion, gave 3/4 of the theoretical value of the breaking strength. 

Solid bodies used in engineering are mainly metals and metal alloys 
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composed of small crystal grains. Fine grained layers of foreign substances 
are interspersed between the crystals of the basic material. These inter- 
mediate layera can transfer considerable cohesive forces and give the 
solid body a certain degree of homogeneity. But in the same layers are 
alao found places of lesser strength, imperfections of the structure from 
which a fracture develops. Organic materials like wood and leather, are 
composed of chains of erystal-like cells, in which other materials are im~« 
bedded. Glass, on the other hand, is an example of an amorphous material. 

Concerning the crystalline structure of metals we know today that 
every crystal is a spatial lattice. The elementary units of the crystal lattice 
are the atoms of the metal, which are arranged in lattice planes and, 
within these planes, in lattice Ines. The lattice planes can be arranged in 
three families of parallel planes which are not necessarily orthogonal to 
each other. 

At small loads in the proportional range, the space lattice suffers a 
continuous deformation without essential changes in shapo; the deforma- 
tion disappears as the load is removed. Within the plastic range, the 
erystal deforms with a change of shape. The lattice planes of that family 
which contains the most densely occupied lattice lines, slide in the direction 
of these lattice lines. In this process the intermediate layers are also dis- 
torted. 


40. Crystal Elasticity 


The entire field of physical phenomena in anisotropic bodies has been 
expertly surveyed in “Lehrbuch der Kristallphysik” by Waldemar Voigt." 
In this work the most general relations are developed that are computible 
with the symmetry properties of the crystal and with the geometrical 
characteristic of the physical phenomenon under consideration, which may 
be a sealar field, a vector field or a tensor field of second or higher order 
(cf. p. 60). In crystal elasticity we are concerned with the relation be- 
tween stregs and strain tensor. Since both are symmetrical tensors of 
second order and have six components, the most gencral linear stress 
strain relation will depend upon 6 X 6 = 36 coefficients. 

This number will reduce, however, to 


6X5 _ 
ix? 


when the strain energy W is a function of state, as Green firat: postulated. 


(1) 6+ 21, 


*Teubner 1910, second impression 1928. Beside dielectric and conductive properties 
such phenomena as pyroelectricity and piezoelectricity are troated; the latter has 
gained special interest in the meantime. Crystal optics, howover, has heon considered 
beyond the scope of this work, 
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We have pointed out (p. 73) that this assumption is justified both 
in the cases of an isothermal process (problems of equilibrium) and of an 
adiabatic change (rapid oscillations). In these cases then, which alone will 
interest us in the following dW is a total differential. Replacing for the 
present our general notation ¢;, and ¢, by a single subscript notation we 
set 


fn = 7%; Cog = C2, Cas = %e >, Cee =H %e, Fr FFE, Fiz = F 
(2) 


1 = 6, 29 =, C59 = €y, Deg =, 2 Sey, Bes = &- 


Then the double sum of Idq. (9.24) becomes 


(3) aw = Syd 


jwl 


and the general stress-strain relation appears in the form 
* 

(4) 7 = p> Ses6; « 
=1 


where the s,, are now the moduli of elasticity.* If (3) is to be a total 
differcntial, we have 


Oey _, Ia: 
d¢; de, : 
which according to (4) means 
(5) Sei = Sey 


When we writo the coocflicients s in a quadratic array of 6 rows, it follows 
that they are symmetrical with respect to the diagonal s, , «++ Seq . This 
immediately loads us to the count in Inq. (1). The same is of course truc 
for the elasticity constants c. 

Let us insert here the remark that the older molecular theory of 
Navier, Cauchy, and Poisson hased on the idca of central forces betweon 
molecules led to a further reduction of that number to 15. We know, how- 
ever, that this theory is too narrow in the case of the isotropic body. It 
would assign the universal value } to the Poisson ratio v in equation (9.9) 
and in this way reduce the required number of 2 elastic constants for 


The strains « , « , « introduced in (2) arc defined in the samo way as Kirchhoff’s 
Ys; % , ty (of. the table on p. 000), At this point the omission of the factor } which 
was introdueed in our definition of the e5 with « view to tho goneral structure of tensor 
algebra proves advantaygcous, 

‘This notation is due to Voigt who uses it thronghout (cf. footnote on p, 64). The 
cooffictents in the slrain-atress relations obtained by solving Lys. (4) for the quantitics « 
are denotad by cy according to Voigt (constants of clasticity). 
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isotropic bodies to 1. Moreover, modern crystal lattice theory, which was 
already mentioned at the end of the previous article, has shown that the 
cause of this difficulty lay not so much in the molecular theory as such, 
as in its too natrow formulation: since the crystal in general consists of 
several superposed lattices which can move with respect to each other in 
the elastic deformation, the concept of pure central forces becomes in- 
adequate. 

The number 21 mentioned previously refers to a crystal without sym- 
moetry, that is to a triclinic crystal. The state of symmetry of a physical 
process acting on a crystal is determined according to the following prin- 
ciple (Voigt, L.d.K., 53): The symmetry of the physical process is super- 
imposed on the symmetry of the crystal. Now, the elastic deformation has a 
center of symmetry since the strain in any one direction is the same as in 
the opposite direction. On the other hand, there are two possible cases of 

relations in a triclinie crystal, one with, and one without center 
of symmetry. In the latter case, however, the missing center of symmetry 
is supplied, as one might say, by the center of symmetry of the strain. 
Both sub-groups of the triclinic system therefore behave in the same way 
as far as elasticity is concerned. 

There exists a total of 32 groups of symmetry“ which make up the 
7 crystal systems, viz. the triclinic, monoclinic, orthorhombic, tetragonal, 
irigonal, hexagonal, and cubic systems. The principle quoted before implies 
in our case that the first three systems and the last two are uniform in 
regard to their elastic constants while the tetragonal as well as the trigonal 
systems must be divided each into two subclasses with different schemes 
of elastic constants. We shall give a few examples below of these 5 + 2 X 
2 = 9 different schemes. 

The crystal axes are generally designated by a, 5, c. In the triclinic 
system the axes have different lengths and arbitrary directions. In the 
monoclinic system, one of the axes is perpendicular to the other two and 
represents an axis of symmetry for rotations through 180°. If we choose 
this axis as z-axis of an orthogonal coordinate system x, y, z, and call the 
elastic displacements £, 7, f, a rotation through 180° about the z-axis will 
cause the changes 


(a) t, Y, 2-4 2, — Y,; 2, &9f7-%- 0% 
the associated changes in the strains are according to (2) on the one hand 
(b) €1, €& , a, & —> €., &, 4%, & 


“As is well known, they aro distinguished from each other according to their sym- 
metry relative to a poini, Tho more basic classification according to the spatial symmetry 
character that Icads to 230 groups need not interest us here, 
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on the other hand 

(c) fy > — &, — 655 

One verifies easily that the expressions 


_ on , oF aE. OF 
w=gty, mt «eats 


change their signs in the operation (a), while for example the expression 
— % , on 
se ay t Ox 


keeps its sign. Since the stresses ¢ behave in the same way as the strains 
¢, they must follow the same commutation rules (b) and (¢). We now 
rewrite the stress-strain relations (4), marking the terms whose signs 
chenge in the operation (a) by + and indicating the remaining terms on 
the right side by --- . In this way we obtain for & = 1, 2, 3, 6 


(d) = tt TE Spat, HE Sents ore. 
but for & = 4, 5 
() Sik i et ae tea Pe et 


For fixed &, (d) represents two equations which, on subtraction, lead to 
the following relation: 


(f) Srste + Senes = 0 for k=l, 2,3, 6. 
Similarly, the pair (e) gives on addition 

(g) Sy€, + Beata + Serta + Sets = 0 for k= 4, 5. 
From (f) we conclude 

(6) O = 814 = Seq ™ Seq = Seg = Sip = Sep = Sg5 = Sez, 


and the same result follows from (g) because of the relation s, = si: - 

On the basis of (6) the behavior of the moduli of elasticity in the 
transition from the triclinic to the monoclinic system has now been 
established: 


Trichinic system 
no symmetry axis $1 = Se Sa3—_— ta as St 
21 constants $22 893 84 $25 Sag 
S35 &34 835 835 
8a4 S45 845 
355 840 
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M onochinic system 

one digonal axis ofsymmetry AP 4, %2 8s 
13 constants Seo Sea 


[VIII.40] 


Soa 


In the orthorhombic system where a, 6, and ¢ are mutually orthogonal 
another digonal axis of symmetry A; is added to A} ; the axis A} which 
is also present can be considered as a consequence of the two other axes 


and must not be taken into separate account. 


By repeating the argument that leads to equation (6) one obtains in 


the present case 


Orthorhombic system 
two digonal axes of asymmetry $43 819 Sig 
A? and A? , 9 constants | So St 


8a3 


Similarly, one has for the 

Cubic system 

three interchangeable tetragonal $4 Sie he 
axes of symmetry, 3 constants $2. = Sg 


a 


fees 


844 


eo oc & & 


Feo eo 9° 


F-Fo?fF fF 98 © 


From the last scheme we conclude that the cubic single crystal has an 
elastic behavior different from the tsotropic body. The former possesses only 
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two independent moduli of elasticity, for example, our previous » and X. 
In order to adapt the above scheme to that of equation (9.6), we would 
have to apecialize the three constants as follows: 


Si = 2e+A, Se =A, Sa = HY, 


that is, we should add the following condition which is not fulfilled in the 
cubic single crystal: 


8 = Sig + 28a. 


From « physical point of view this is connected with the fact that the 
so called isotropic solid body has no uniform structure, but is a poly- 
eryatal. The elastic behavior which we actually observe is simpler than 
that of the single crystal, but it is only the result of averaging the elastic 
reactions of a very large number of single crystals that are in random 
positions with respect to each other. For an example we refer to the metals 
discussed in the previous article. 

Quite different is the answer to the corresponding question in the field 
of optics. Cubic single crystals of fluorite or rock salt are frequently pre- 
ferred as lense materials for optical instruments in certain ranges of the 
spectrum, where they are superior in transmissivity to ordinary isotropic 
(amorphous) glass lenses. This is possible, because the cubic single crystal 
is optically isotropic. In the framework of Voigt’s general system the 
cause for this different behavior must be seen in the following distinction: 
in elasticity the basic relation is a tensor-tensor relation (stress-strain), in 
optics it is a vector-vector relation (clectric field- dielectric displacement). 

We cannot further pursuc the interesting details of crystal elasticity. 
Our principal aim was to characterize the elastic behavior of isotropic 
bodies as contrasted with that of the uniform anisotropic bodies. 


41. The Bending of Beams 


Loaded and bent beams are among the principal elements of all building 
constructions. In planning a new structure bending loads are calculated 
and must be legally approved. The theory employed for this purpose is 
simple and has been in use for 200 years; its origin dates back to Daniel 
Bernoulli. We shall discuss below how this theory can be substantially 
justified through more rigorous methods (St.-Venant), but we shall first 
follow the hiatorical development. 

We limit ourselves to tho simplest case of a straight beam subject to 
slight bending. Tho cross-section of the beam is arbitrary (one may think 
of a T or I section), but it is assumed as constant over the length of the 
beam. 
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Let us first disregard the weight of the beam. At one end the beam 
supports a vertical load, while the other end is clamped rigidly; thus the 
upper fibers of the beam are stretched and the lower ones compressed. 

Bernoulli assumes that each plane cross-section of the beam remains 
plane also after bending. Navier concludes from this that the normal 
stresses transmitted by a cross-section are distributed according to a linear 
law. We consider two neighboring sections originally separated by the 
distance dz (a is taken from right to left as indicated in Fig. 69a). The 


dard 


A __—_ _ 
_ : 
; i I t 

ae | Sl ea REED Pp p 

—)-__--—_ a 

Bo 
1 a 


a xedk x Db me 


Fre. 69. Illustrating the elementary bending theory. An clement of a beam (a) in 
the original state and (b) in the bent state. 


—— ow 
——— 


fibers running between the two cross-sections have the length dx + édzx 
after bending. Due to the assumed planeness of both cross sections, the 
extension of the fibers decreases linearly from the upper face of the beam 
downward and becomes zero at some particular layer VN; ddz now stays 
negative down to the lower face of the beam and represents the contraction 
of the fibers. The strains are distributed in the same linear way. 


=e, 


da ? 
and so are the stresses [ef. (9.8)]: 
(1) o = He, 
When on is the stress in the (upper or lower) boundary fiber and h 
its distance from NWN, (ef. Fig. 69b), the linear law states that 
Q «= ae y+: y = distance between fiber with stress o and NV 


In order to determine the maximum stress o,., , We shall investigate 
the equilibrium of forces acting on an isolated beam section of length x 
(ef. Fig. 70); in doing so we may disregard the deflection of the beam. We 
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are mainly concerned with the cguiibrixm of moments taken about an 
axis normal to the plane of Fig. 70 and containing the point N at the cross- 
section x, but we shall also consider the cguzlibriuen of force componcnis 
in the horizontal x-direction. Equilibrium of forces in the vertical y-direc- 
tion will be considered later. 


Fra, 70, Equilibrium between the bond- ™ p 


ing moment Jf and the moment of the ! 
normal stresses v. oe x— 


For the particular loading here assumed the moment of the external 
forces, usually designated as bending moment M, ia 


(3) M = Px. 
According to Eq. (2) the forces edf have the moment 
@) fucap= S21, r= f yay. 


The quantity 7 is called the moment of tnerita of the cross-section. In Vol. I 
the moment of inertia of a plane mass distribution has already been in- 
troduced and a distinction made between polar and equatorial moments 
of inertia. Here, however, we are dealing with u plane area and not with 
a plane mass distribution, hence the dimonsion of I is not gem* but rather 
em*, Since tho axis through N for which J is computed lies within the 
cross-section, J is to be considered as an equatorial moment of inertia, 
When the opposite direction of the moment arrows shown in Fig. 70 is 
considered, the moment equilibrium requires according to (3) and (4) 


(5) ones w= 


This relation together with (2) determines the stress ¢ for any other point 
of the cross-section. 

The engineer is particularly interested in ¢o.,, since it is his task to 
keep the maximum occurring stress below the legally admissible limit, cuim . 
He has to find the cross-section with the largest loading, that is, with the 
largest bending moment, and proportions the beam in such a way that in 
this cross-section the stress at the boundary face on,.. < ¢aam. For beam 
profiles used in engineering, the values of J and I/h are tabulated in tables 
of moments of inertia and section moduli. For 4 circular cross-section of 
radius @ we have’ (ef. Vol. I, Problem IV. 1) 


SOf. Synge and Griffith, op. ott., p. 220. 
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(6) t= 4 Fa = 2a’; 


for » rectangular cross-section of width 6 and depth 2/, 
(6a) I= 2 bh. 


In both cases we have aaticipated that the axis y = 0 passes through 
the centroid of the area of the circle or rectangle, being parallel to b in 
the latter case. 

To show this in general we have to use the equilibriwn condition for 
force components in x-direction. The external forces do not contribute 
anything to the equilibrium equation, neither in our particular case where 
the external force P is vertical, nor in general, since otherwise the problem 
would not be one of pure bending but of combined bending and tension 
or compression. The condition is then simply 


| say m0, 
or, because of (2), 


[vas =o. 


On the other hand, the centroid of the cross-sectional area is defined by 
the fact that the first moment’ of the area with respect to its centroid is 
zero, equivalent to f y df = 0. The fiber passing through the consecutive 
centroids of all cross-sections of the beam is called ity neutral fiber or 
neutral line. The horizontal plane containing the points y = 0, is known 
as the neutral plane. This has already been indicated by the notation NN. 

We now determine the shape of the neutral line in its deflected position. 
For this purpose we have to set up the differenital equation of the elastic 
line, which can be derived on the basis of Fig. 69b: Here the center of 
curvature C’ of the elastic line NN has been indicated as the intersection 
of the prolonged traces of the cross-sections at z and x -+ dz. The sides 
of the triangle CNN are p, p, and dx where p is the radius of curvature. If 
we draw through one of the points NV a parallel to the trace of the other 
cross-section we obtain a triangle similar to CNN the third side of which 
is the face of the beam. The sides of this triangle are h, hh, 5dt%ooe = Gnex GU. 
Hence the following proportion holds: 

dx a €max dx 


p h 


‘Sometimes the term static moment ia used which is not a very appropriate cxpres- 
sion. Likewise, second moment should be preferred to moment of inertia. 
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By the use of (1) and (5), it may also be written 


1 M 

(7) p EI° 

As to the choice of the sign in this equation we refer to Fig. 69b for the 
sake of brevity and omit the introduction of sign rules for p. The right 
hand side is a known function of # or, more generally, a known point 
function along line NN. (The second formulation refers to finite deflections 
where the abscissa must be replaced by the arc length s of the elastic 
line.) The left hand side of (7) is the curvature, a differential invariant 
of the eurve; thus equation (7) is the differential equation required. 

For sufficiently small deflections we know that approximately 


Pidy 
pdx? 
and consequently 
dy _ M(z) 
®) de’ EI ° 
Referring to the particular loading (3), we obtain 
a P 
(9) a = 777 
and after integration 
P Sz? 
(9a) y= Eff 4 ae +B, 


which is a cubic parabola. The integration constants A and B result from 
the conditions at the point of support: 


anaes ? 3 
(9b) for a=tidy _4 a i Bez. 
dx 
The maximum deffcction occurs at x = 0: 


(9¢) Yo" 3a 


We consider now a beam simply supported at cach end by a pair of 
uprights at distance I from each other, and loaded only by its own weight. 
The (constant) weight per unit length being p, the reactions at each 
support will be —pi/2, where the minus sign indicates the upward direc- 


298 MECHANICS OF DEFORMABLE BODIES [VIII.41} 


tion of these forces. The bending moment at any point is composed of 
the moment of the weight and the moment of one of the end reactions: 


(10) M(a) = Fate - ). 
Integration of (8) then gives 
. fe _ wt \ 
(108) a @ + Az +B, 
s parabola of the fourth order. 
Instead of the conditions (9b) we have now 
for z=0 ? 
y= O-- B = 0; A=: 
fr 2#=1 


The largest deflection occurs, of course, at the central cross-section and 
amounts to 


5 

(10b) Ym ™ 15> eae 

Of more interest for the following is the case where a couple acta at 
the end of the beam instead of a single force as in Fig. 70. This could be 
physically realized by two equal forces of opposite direction, acting in 
close proximity to each other and having such magnitude that their mo- 
ment has a finite value. Then M can be considered as constant and ac- 
cording to (8) 


2 7 
(11) y = AE + ae Bh 


If the beam is clamped at the other end (2 = 2} we have the same condi- 
tions as in (9b), and it follows that A = —i, B = 4P. The deficction at 
. 2 = Ois then 


(11a) y= oe r. 


Tn this cage the shape of the elastic axis can be more accurately deseribed 
than by the parabola (11): according to (7) it is a circular arc, since its 
curvature is constant. 

This last case is the only one in which we are led to a clear-cut result 
by our equilibrium conditions. The third equikkbrium condition which we 
have to stipulate, viz. 


(12) Sum of all vertical components = 0 


 [VIIL.41) ELASTICITY, SUPPLEMENTS 299 


is here satisfied, whercas this condition requires in general that at every 
cross-section 2 a vertical shear force opposes the external loads. This shear 
force results from the combined action of all shear stresses of the section 
under consideration. If we take the beam of Fig. 70 as an example, shear 
stresses o,, would have to occur in addition to the normal stresses o,, , 80 
that for every cross-section 


(18) [ ous df = P. 


This, however, would imply the occurrence of angular changes y,, , causing 
the originally plane cross-section to warp. In other words, Bernoulli’s 
hypothesis, in asserting the permanent planeness of the cross-sections, 
contradicts the general fundamentals of statics. Thus it would scem that 
Navier’s law of linear variation of the normal stress which és based on Bern~ 
oullz’s hypothesis, is also invalidated. 

Before we show a way to overcome this difficulty, we wish to determine 
the magnitude of the required shear stresses. The integral condition (13) 
is not suitable for this purpose, but we can make use of the differential 
relation (8.11). In the absence of external body forces and with ¢,. evi- 
dently vanishing if for instance a rectangular cross-section is assumed, 
this relation may be written 


dre 


ex 


Notwithstanding the previous critical remarks, the statements of equations 
(2), (5) and (3) may be considered as approximations. We have then 


Og. 
Cozy _ 
-- ay = 0. 


ay Set oy FU) = Ea v). 
The integration constant A in the last equation must equal fh’, so that 
o4 = Ofor y = th. This must be required since the value of ¢,, at the 
upper or lower edge of the cross-section determines the shear stress o,, 
acting within the face of the beam; the face, however, must be completely 
free of stress. It is not difficult to determine the warping of the rectangular 
cross-section that results from the ¢,, and the associated shear angle 7z, . 

We now wish to point out briefly how the bending theory can be freed 
from the internal contradiction revealed above. St.-Venant’ accomplished 
this in 1865. First of all, it must be emphasized that the relations between 
stress and external forces used so far are not sufficient to deseribe the 


7A complete representation is found in de Saint-Venant’s translation of Clebsch’s 
lectures: Théoric de l’olasticité des corpa aolides, trad. par Saint-Venant and Flamant, 
Paris, 1883. 
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elastic state completely. One must make recourse to the elastic 218 place 
ments #, , ¢, as they occur in the fundamental elastic equatioo (9.18). 
Then we note that nowhere in the preceding argument we have m@™ tioned 
the stresses 7,,, Or, Tye» In fact, they do not enter into the consideration 
of the equilibrium of a bent beam and can therefore be set equal to zero. 
If we express them in terms of £, 7, ¢, we obtain simple differential PGlations 
between these quantities by the use of which the equations (9.18) Czamn be 
greatly simplified and finally come out as:* 


Fs 2 3 4 oF = 
uo) ie-2-2-st-o 
From this we conclude first: the strain d£/a¢ of the x fibera ancl Conse- 
quently also their stress o = ¢,, is a linear function of the coordiX.2.tes in 
the cross-section y and z. The linear disiribution law for c., 18 thus a 
necessary consequence of the fundamental laws of elasticity and BeFRoulli’s 
hypothesis is not required for its derivation. 

Eq. (15) shows further that the extension of the z-fibers iS also a 
linear function of 2; this implies together with Eq. (5) that the Dending 
moment Jf should be a linear function of 2, which is actually thre case 
for one or several single loads or single moments (but not for tkxe con- 
tinuously distributed load of the weight of the beam itself). The following 
restriction should be noticed, however: the single load ought to be s1pplied 
in such a way that it can be balanced by the shear forces o,, Chiat act 
across the cross-section at which the load acts; in other words, tlac load 
should be distributed over the cross-section in the same way as pre: Viously 
computed for ¢,, . This is, of course, never fulfilled in reality; We may, 
however, take the following view: whether we have a lumped o1 «1 dis- 
tributed ioad can only make o difference in the neighborhood of thie: crass 
gection under consideration, provided, of course, the loads in botka causes 
are statically equivalent. This can be demonstrated by suitably «hosen 
experiments as well as by theoretical examples and is often formulerted as 
a general theorem under the name of Satnt-Venani’s principle. 

Thus the simple method of computing beams set forth at the bog irning 
of this article that has given satisfactory results in innumerable czrses has 
been vindicated from a more rigorous point of view. 


42, Torsion 


We first consider the simplest case of the torsion of a rod with edrcular 
erose-section, Which, in a way, is also the most important casio. We 


"Cf. for this calculation A. Iéppl, Vorl, tb. techn. Mochanik, 4th od. Leipziger, 1109, 
Vol. IU, 73. 
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think of the fact that every engine shaft is subject to torsional loading: a 
torque about the axis of the shaft is produced at one end by the driving 
mechanism, at the other end an vpposite forguc acts which originates in 
the mechanism that receives the power; in steady motion both torques 
have the same magnitude. This example shows the general characteristic 
of torsional loading. For a straight rod of arbitrary cross-section it consists 
in a torque that acts about the rod axis at one end; whether the other 
end is kept fixed or subject to the opposite moment makes no difference; 
an additional tensile loading, e.g., in the direction of the axis of the rod 
would mean that we deal no longer with pure torsion. 

It is easy to imagine the kind of deformation that is established by 
twisting a rod of circular cross-section whose one end is kept fixed, but 
we shall have to show that the deformation we think of is theoretically 
admissible. We assume (ef. Fig. 71} that every cross-section of the rod is 


Fig. 71. The torsion of a rod of circular cross-scction. The 
base ia rigidly clamped, a torsional moment Af acts on the 
free end. 


rotated through a certain angle ¢ which is proportional to the z-coordinate. 
This means 


(1) g = ax, a = Const. 


The originally straight gencratrices of the rod are transformed into cir- 
cular helices; the components of the displacement vector s are according 
to (1) in cylindrical polar coordinates r, 9, z 


(2) 3, = 0, $s =art, 8 = 0. 


In order to obtain the strains we have simply to introduce the quantities 
(2) in Eqs. (4.26) and (4.28) for 8g, , 8g2 , 8g, , putting, because of ds” = 
dr? + rde - dx”, 


I! 
_ 


gj, = 4, fa = 7, 9s 
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This leads to 


Grr = Egg = &, = 0 
(3) 


ere = 0, Qige = ar, tor = 0. 


The associated stresses o are now found according to Eqs. (9.7), which 
are relations between tensors and therefore valid in arbitrary orthogonal 
coordinates: 

Sor = Spe ™ Caz ™ Fee = Ory = 0 
(4) 


Sep = FT = por, 


In agreement with common engineering usage the notation r is here applied 
to the only shear stress that acts in the crosa-section + = const. 

In the state of stress described by (4) we have again a linear stress 
distribution law as we had it in bending; in fact, we can write (4) in the 
form 


(4a) T= c Trax where Tmax = pnd. 
In this simplest cage of torsion the planeness of the cross-sections is strictly 
preserved, as already anticipated in the assumption s, = 0 in (2). We 
have previously seen that this is not true in bending; in torsion it is only 
correct if the cross-section is circular, as we shall see, 

We now prove that our system of stresses is in agreement with the 
boundary conditions of the problem. ‘This is obviously true for the curved 
surface of the rod, r = a, which must be free of stress. There ought to be 


Tre = Ory = O,, = O, 


which, according to (4), is in fact fulfilled. Across the base the condition 
of vanishing stresa must be replaced by the condition of vanishing dis- 
placements. This is satisfied by (2), if x = 0. For the free end cross- 
section we should at least stipulate as a necessary condition that 


(5) M = | reas, 
where JM is the moment of the forces P that produce the torsion (cf. Fig. 
71). By (4a) this may be rewritten in the following form: 


(5a) M = Pdf === J, = pads, Jy= 5a, 


where J, stands for the polar moment of inertia of the cross-section which 
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in the case of a circular area is twice the equatorial moment of inertia 
given. in (41.6). 

Strictly speaking, this is not a sufficient condition. The external moment 
M should not only be equal to the total moment of the shear forces about 
the axis of the rod, but the distribution of 4 over the cross-section should 
be point by point identical with the distribution of rdf. The couple M@ = 
Pd as it appears in the figure obviously does not satisfy this condition. 
This difficulty is again taken care of by the Saint-Venant principle (see 
p. 300), according to which the local disturbance of equilibrium produced 
by the dissimilarity between the actual and the theoretical load is limited 
to the proximity of the end face and does not influence the elastic equilib- 
rium anywhere else in the rod. 

To be on the safe side we would have to show that the differential 
equations of elasticity, which the displacements must obey, are satisfied 
by our special solution (2). These relations written in Cartesian displace- 
ment components are given by Eqs. (9.18); in their place we should have 
to use LEgs. (9.20) which refer to general orthogonal coordinates. A glance 
at the quantities 6 and P; that appear in these equations shows that in 
our case 

6 = 0, P, = og, P, = 0, Ps = 2ax. 


This is easily checked with the aid of Eqs. (9.200), and it follows imme- 
diately that Eigs. (9.20) are satisfied (F is of course equal to zero). 

We have now to study in greater detail Eq. (5a) which determines the 
only remaining unknown in our problem, viz. the angular torsion per 
unit of rod length. We may as well determine the total torsion angie of 
the rod which becomes according to (1) 


gi ™ al, where 1 = length of rod. 
From (5a) we obtain 
MI 
(6) 


This equation is quite evident as regards the proportionality with the 
torsion moment Af and the length ? and also aa to the inverse propor- 
tionality with the torsion modulus u. More important is what Eq. (6) 
says about the dependence on the dimensions of the cross-section. This 
expresses itself in the factor J, of the denominator. Note, however, that 
the dependence on the polar moment J, that occurs here does not hold 
for arbitrary cross-sections, like the moment J in the bending problem; 
if the cross-section is not a circle this dependence is by no means expressible 
through the polar moment J, . This applies ¢.g. to the clliptic cross- 
gection as will be seen below. 
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For cross-sections of unspecified shape we have no preferred coordinate 
system, such as the cylindrical polar coordinates in the previous case, 
and we must take recourse to Cartesian coordinates and displacements 
z, ¥, #; =, 2, ¢, the equilibrium conditions now being given by Eq. (9.18) 
with F = 0 

In general we shall now have to admit the possibility of warping of 
the cross-section. Taking the axis of the rod as x-axis, there is then no 
longer = 0 [corresponding to the previous ¢, = 0 in (2)]. As a consequence 
of the prismatic shape of the rod we may, however, assume that the 
warping is independent of the location of the cross-section, that is to say, 
the warping function ¢ is independent of the x-coordinate: 


a 
@ f= %y,2), = 0. 


We further assume that the deformation, as in the case of the circular 
cross-section, is free of dilatation. This would mean 6 = 0; let us, however, 
introduce the more restricted conditions 


() =f =0 
and finally assume that, similarly to «,, = 0 in Hq. (3), 
fas es Se 
(9) 2 = at ay = 
These various assumptions will have to be justified in the course of our 


investigation. 
By (7) and (8), the differential equations (9.18) take the following 


simple form 
3° a 
it Gen 0 


2 


ao B+ G0 


ate, ee 
aa? + ay? = 9 
The first of these equations states that the warping function ¢ introduced 


in (7) satisfies the vo-dimensional potential equation. 


(11) V*dh = 0, 
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The two remaining equations (10) can be fulfilled together with (8) if 
9 and ¢ are taken as bilinear functions as follows: 


4 = by + bie + bz + dyaz, 
(12) 

f=) tee + cay + cory. 
According to (9), the following relation must hold for the constants b and 
¢ identically in x: 

be + bat + 2 + Ge = 0; 

or 
(18) be = Ca, by = Gy. 


As in Fig. 71, the base of the rod is kept fixed, in the sense that lateral 
displacements are excluded. For « = 0 we have therefore identically in y 
and z 


bo t+be=0, cotcy = 0, 
or 
(13a) by =% = dbs = fs = 0. 


If we finally wish to retain the right angle between x-axis and end face, 
we have for z = 0 


a ie 
(13b) 21 b, = 0, an = 0. 
Because of (13) and (13a, b) the Eqs. (12) take the form 
(14) ym or, ¢ = tary 


where a has been written instead of cs - 

The elastic dificrential equations and the boundary conditions at the 
end face are certainly satisfied by the assumptions about &, , ¢, expressed 
in (7), (11), and (14), but the question remains whether the boundary 
conditions for the curved surface of the rod can be satisfied in this way. If 
n denotes the normal at a point P of the curved surface and s the direc- 
tion tangential to the contour of the cross-section at P, the conditions are 


(15) Ce =0 and oo, = 0. 


The first of these equations can certainly be satisfied: We may draw the 
y-axis which so far has not been fixed parallel to n 80 that the z-axis 
becomes parallel to s and ¢,, coincides with ¢,, at the point P. But since 
éye = 0 by (9), it follows that o,, vanishes also at P. This argument can 
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obviously be applied to each point P of the curved surfucc., As to the 
second condition (15), we base our argument, on the general tensor relation 
(8.5) which becomes in our case 


(18) Cn = Pitys + Tits = 2ulBrtye + 164s) 


= ooseh + 58} + fa + 3) 


Here 8, and +, are the cosines of angles between the » direction and the 
y aud z directions respectively. If s is oriented in such a way that the 
sense of rotation s — 7 coincides with y — 4, we have 


B, = cos (m, 9) = — cos (s, 2) = -, 
(17) : 
v1 = cos (mn, 2) = + cos (g, ) = +2, 


Using (16), (17), (7), and (14) the second condition (15) can be written 
in the following form: 


(18) om — (28 — aa) de + (22 + a) dy. 


This equation must be satisfied at each point of the contour. It can be 
simplified by introducing the conjugate of the potential function © (corre~ 
sponding to the stream function in hydrodynamics), which is connccted 
with by the Cauchy-Riemann equations (19.5). In our present co- 
ordinates (y, z instead of x, y) we have therefore 


(188) ob oF 3 _ oF 


dy ae’ a day’ 


or 
dY = aly dy +2 dz) = Fay? + 2) 
or, integrated, 


(19) v= ace +2)+C.-- (boundary condition). 
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The conjugate potential Y satisfies also the differential Eq. (11): 
(19a) V*" = 0. 


By (19) and (19a) the potential function Y is uniquely determined being 
the (always existing) solution of a simple potential problem. We have 
therefore proved that our boundary condition (18) can be fulfilled. At the 
same time the special assumptions made in (8), (9), and (12) have been 
justified. 

Let us now consider once more the circular cross-section. The contour 
is given by y” ++ 2° = a”, the origin coinciding with the center of the circle. 
Eq. (19) becomes therefore 


VY = const, 


along the contour and, according to (19a), also in the interior. From 
(18a) we have then 


@= Const andby (7) = Const. 


which means: the cross-sections remain plane. Conversely, if, for a certain 
shape of the cross-section, vanishes along the rod, we have = 0 by 
(7) and therefore ¥ = const by (18a). From (19) the contour is obtained 
in the form y* + 2 = conat: The cross-section is circular. 

Take now as a less trivial example the elliptical cross-section, the 
contour of which may be given as 


(20) B41. 
Since the gencral solution of (19a) is 
w= Re fly tic), (Re = real part of) 
we shall assume f as the second power of the argument y + tz so that 
(21) T= Aly — 2”). 
Along the contour we have according to (19) 
Ay ~ 27) =F +27) +0. 


On substituting z* from (20), an identity in y results from which A follows 
as 


3 
a 
aa An oe Fe" 
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From (18a) and (21) we can now calculate 


and obtain the shear stresses according to (7) and (14): 


_ 23 

— ~ nol 2H b +1 1} = ~ 24 Ata 

(22) ‘s r 
ary | (2 —-y_ ) _ oe 
wm Pate = AE + He) = —uol Sp ty = Be Ap 

The shear stress r resulting from o¢,, and o., is at any point of the 
cross-section parallel to the tangent that passes through the intersection 
point of the contour with the prolonged radius vector. Along the radius 
vector, r follows a linear law. The moment of the shear stresses about 
the x-axis results from (22) in the form of the following formula which is 
a generalization of our previous formula (5): 


(3) M = |f (o,, — 204) dy de = ~ tity [for + ate ay ae. 


If the integration is carried out one obtains instead of the factor J, , 
which appears in (5a) as the coefficient of xa, the expression 

a®}* 
(24) T+ PF 
which is not equal to the polar moment of inertia of the area of an ellipse 
(ef. problem VITI.4). 

The simultaneous consideration of the potential function © and the 
stream. function Y suggests a hydrodynamic analogy which has proved 
useful in the approximate solution of more complicated problems such 
as the torsion of an J-beam. 


43. Torsion and Bending of a Helical Spring 


Imagine a coil consisting of a single layer of thin wire wound on a 
circular cylinder. On removing the mandrel, we obtain a helical spring 
which we fasten ot one end in some way, loading the other end with 
a disk, the weight of which is supposed to be small enough so that the 
resulting pitch of the spring is smal! compared to the radius of the cylinder. 
If we now put additional weight on the disk so as to have a small load 
acting along the axis of the spring, this will result in a slightly increased 
pitch and a corresponding lengthening of the spring. This kind of loading 
qa accompanied by a torsion of the wire. If, on the other hand, a couple 
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acts on the disk (e.g., when the disk is turned in its own plane) the piteh 
remains essentially unchanged and the spring yields to the torque by a 
slight diminution of the cylinder radius. In thts case the wire 18 bent. 

Both facts seem paradoxical at first, but can be easily clarified: In 
torsion the individual cross-sections of the wire are loaded by a torque 
about the polar axis while in bending the moment acts about an equatorial 
axis, that ia an axis in the plane of the cross-section. With this in mind 
let us examine in Figs, 72a and 72b what happens in the planes that pass 
in either case through the cylinder axis and the cross-sections marked in 
the respective figures. The load P acting along the cylinder axis in Fig. 
72a has the moment PR about the center of the cross-section; we call it 


«_ [hee C | 8 ga 


Fic. 72a, b. A helical spring subject (a) 
to torsion (foree P, vertical displacement 
y) and (6) to bending (momont QR, rota- 
tional displacemont z). 


See eae tia ae = 
—ewaemawrwae 


the torsional moment My aince its axial vector is normal to the cross- 
section. In Fig. 72b the couple Q# acts upon the disk whose diameter 
has been assumed as 27 so that the two single forces of the couple can be 
denoted by Q/2. This moment has the character of a bending moment Ms, 
since its axial vector coincides with the cylinder axis and can be trans- 
ferred parallel to itself to the center of the marked croga-section. We 
denote its position by NN indicating in this way that it coincides with 
the trace of the neutral layer in the bent cross-section. In the loading 
according to Fig. 72 there will be shear stresses in the plane of the cross- 
section; they increase proportionally to the distance from the wire axis 
and will be denoted by r as in the previous article. We have therefore 


(1) f Tr af m Mf rT. 

In the loading according to Fig. 72b normal stresses ¢ act upon the cross« 
section. They are proportional to the distance y from the equatorial axis 
NN. Again we have 


@) | vo df = My. 
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Eqs. (1) and (2) may be evaluated according to (42.48) and (42.58), or 
(41.5): 


(3) 75 J,=M, respectively = I=mM,. 


Apart from the maximum stresses Tuer ANd ox We Should like to know 
the displacement of the spring in vertical direction y and horizontal 
direction « for the two respective kinds of loading. For this purpose we 
should have to know the shape of the elastic line of an originally curved 
rod in torsion and bending. There is, however, a simpler way to answer 
our question when use is made of the energy principle: one calculates the 
work of deformation expended in the torsion or bending of the spring 
and compares it with the work of the external forces P or Q. This, by the 
way, is a welcome opportunity to come back to the topic of energy of 
deformation which is highly important in engineering applications.° 

So far we have only derived the general expression (9.26b) for the 
energy of deformation. In the case of pure shear, where 


T 
Fig = Onn = T; &i2 “= €) = 5S; 
2u 


or in the case of pure extension and compression (bending), where 


Tu = G; 63, = = ? 
(9.26b) reduces to 
@) W =} (ort + outa) = 5 
or to 
(5) W = 5 enti =i, 


respectively. These expressions refer to the unit volume and must be 
applied in the case of locally variable stresses to each single volume element 
df ds, where df is the area element of the cross section and de the length 
element of the axis of the rod. Thus we obtain from (4) in the cage of 
torsion, 


2 
©) aw =5i4 ds, + = ram from (42.40), 
‘In all statically indeterminaie systems, in particular in the theory of trusses, Casti- 


gliano’a theorems about the minimum of the energy of deformation play an important 
role, and so does Maxwell’: theorem of the reciprocity of the displacements 
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Integration over the cross-section yields 


ody — 2 — 
(60) faw =5 of = 52 J, ds, 
and, by (3), 
(6b) | aW = 22 - ds 


The entire torsional energy W, follows by integration over the length | 
of the rod (in our case the length of the spring): 


Mil _ PR 
@) Wee ay ons, 


Likewise one obtains in the case of bending from (5) 


® W=5 © af ds, o = Pom, according to (41.2), 

and by integration over the cross-section 

(Ba) fed fy af de = 22% I ds, 

The entire bending energy contained in the spring is obtained from (8a) 
and (3) as 

i ae — GR 

~ QEI ~ 2EI ’ 


Expressions (7) and (9) represent the energy intake of the spring in an 
elastic deformation in which the spring passes through a sequence of 
states of cquilibrium. It must be compared with the mechanical work 
performed along the paths y (or x) when the load P (or the couple QR) 
increases gradually from zero to its final value. The work is therefore 


(10) Wr= Py respectively Wy = 2 eee — & 


(9) Ws 


2 + 
Comparison with (7) and (9) givos 


Rl 


(11) oe, 


P, 2m =— ), 


Thus the use of the energy principle leads indeed to a very simple de- 
termination of the displacements x and y. Note that Eqs. (11) can also 
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be obtained from the first principle of Castigliano in the following way: 


aw aw 
(11a) WP,Q)=WrtWe, v= 3p == 50° 
From. these equations we can easily pass to the free oscillations of the 
spring when we replace P and Q by the inertia forces 


(12) p= mM, Q = Mm 3. 


Here the masses M and M,.., have to be given the appropriate physical 
meaning. M is essentially the mass M, of the disk that oscillates up and 
down, but since the mass m of the spring partakes also in the oscillution, 
(ita lower portion more strongly than its upper one) a fraction of this mass 
must be added as a correction to the mass of the disk. According to Lord 
Rayleigh this fraction is 4, hence M is to be interpreted as M, -+- m/3. 
On the other hand, the inertia force governing the oscillations about the 
cylinder axis is —9 d°o/di’?, where ¢ = 2/R is the angular displacement 
of the disk according to the meaning of z in Fig. 72b. Again 9 is essentially 
the moment of inertia 9, of the disk augmented by 4 of the moment of 
inertia of the coil mR’, Consequently M,., is to be defined as 


Mew? = 0 =O) +3 mk. 


The equations of the free torsional and bending oscillations are ac- 
cording to (12) and (11) 


? is os dx El _ 
(13) tue % Feta =? 


and the associated circular frequencies 


In general they are different from each other.” If they are equal, the two 


“The rule (11a) presupposes that y, z and P, Q are lincarly connected so that 
W(P, Q) is a quadratic axpression in P and @ aa in (7) and (9). In the gonoral case one 
would have to replace W by the “modified’’ expression for the energy U(P, Q) = yP + 
2) — We, y). Cf. about this transformation Vol. f. 42.7 and IE. LL. Ince, Ordinary . 
Differential Equations, Dover Publ, New York, 1944, Chapter 2.5 (Legondre’s trans- 
formation). 

UT his can be onforeed in an actual experiment by loading the spring with an addi- 
tional weight that acte along its axis and has a small memont of inertia about it (cf. 
Vol. I, Fig. 37). Thus the mass M that takes part in the torsional oscillation is in- 


ereased and the frequency wy reduced. Mra and wy remain casentially unchanged, 
however. 
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oscillations are in resonance and the behavior of the spring becomes very 
sensitive to small changes of the parameters involved. Then the present 
theory is no longer sufficient: we have to take into account that the two 
modes of oscillation are coupled through the finite pitch of the spring 
which so far has been neglected. 

For finite pitch A the slope « of the helix is given by 

sina = x 

rh ° 
This is also the angle of inclination that the cross-section of the wire 
forms with the vertical. The two loading moments PX and QR may then 
be decomposed as follows: 


normal to the cross-section parallel to the cross-section 


—~ gin a: PR 
cos a QR 


The contributions to the torsional moment are on the left side, those to 
the bending moment on the right side, therefore 


M, = cos aPR + sin aQR, M, = coseQR — sin aPR. 


The total bending energy becomes 


Mil 
(15a) 
2 fl (aa in + sin aQ)* {eos off = sin oF) 
2 hd, EI : 
and the displacements can be determined according to the rule (11a): 
7 Ril af, aP -+- ain a cos aQ) 
+2 EI ee sin « cos o@ + ein’ aP), 
(15b) 
_ WwW _ Rt 
<= 30 de Lg eres ee nid 


Rt 


+ Fy (cos* af? — sin w cos af). 
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These equations now replace Eqs. (11). Upon replacing the inertia forces 
(12) by P and Q, one obtains the following system of equations which 
describes the coupled oscillations of the spring: 


a 2 
(1) H+ uhy — a) = 0, GE + wile - by) = 0 


where wr , wp , k, and h are 


(16a) wt = Ze (1 + vein’ a), wh = ates (1 + ons" a), 


(16b) ie = 7 Sin 608 a _ Pp Bina cosa 


~ 1+ysin’ a’ ak ar 


and » is Poisson’s ratio. The coupling coefficients & and A vanish if a = 0 
so that the frequencies a; and wy reassume the previous values (14) and 
Eqs. (16) become identical with Eqs. (13).” 

The further discussion of Eq. (16) is no longer a problem of theory of 
elasticity. For the case of resonance, wr = ws , the behavior of the spring 
has already been described in Vol. I 20: the energy passes back and forth 
between the originally excited mode and the mode that is excited conse- 
quential to it, to the extent that the two modes are alternately extin- 
guished. The beat pertod N expressed in time units of single oscillations 
ean be very accurately determined by counting the number of oscillations 
in a beat. It becomes & maximum in the case of resonance. The large 
number W,,., and the amall angle a permit a precise determination” of 
Poisson’s ratio yp, as shown by the author. 

The resonance phenomens discussed here have first been described 
and explained by Wilberforce,‘ but his determination of Poiason’s ratio is 
founded on the relations (14) rather than on the more elegant resonance 
method. 


44. The Elastic Energy Content of a Rectangular Parallelepiped 


In 14 we have studied elastic waves in an injinztely extended isotropic 
solid; in the following two articles we shall discuss the elastic oscillations 
in fintte bodies, dealing first with a rectangular parallelepiped with sides 
a, b, c. Let us assume that the faces which are situated at x = 0, a; y = 0, b; 


“Jn comparing the valucs of wz in (16a) and (14), uge relation Jp = 22 for circular 
cross-sections and relation (9.11), # = 2u(1 + +»), which has already boen used in the 
transition from (15) to (16}. 

UW iillner-Festachrift, Teubner, Leipzig 1905, p. 162. 

“Phil, Mag. $8 (1894) 386. 
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z = 0, ¢, are free, in which case we must stipulate that the corresponding 
normal and shear stresses vanish. The oscillations possible under these con- 
ditions are called the preper oscillations of the body; they are executed 
without any exchange of energy with the surroundings. — 

The problem as it has just been outlined presents great mathematical 
difficulties."* A particular case of the general problem, the vibrations of 
a rectangular plate, has withstood all attempts at a rigorous solution 
although Chladni’s beautiful figures have been known for 150 years and 
are still a challenge for the best mathematicians. The most successful 
step so far was taken by Ritz;”° it does not, however, give a direct solution 
of the differential equations with their boundary conditions, but estab- 
lishes a minimum principle by which a stepwise approximation of the 
solution becomes feasible. 

It is, however, possible to prevent the exchange of energy with the 
surroundings by other sets of boundary conditions. Consider the work 
performed per unit of «-surface in the displacement with components 
& 9, ¢: 


(1) 6A = asst + osyt + Onsf- 

It is not only zero if 

(2) Sr = Sry = Foe = 0 (surface free of stress) 
or if 

(2a) =xy_gu f= } (surface kept immovable}, 
but also if for example _ 

(3) E= Q, Cry = Ose = 0 

or 

(3a) o¢,=0, w=5=0. 


The assumption of mixed boundary conditions as in (3) or (8a) makes an 
elementary treatment of our problem possible as C. Somigliana’’ showed 
in 1902 for the case of static loading; they are, on the other hand, equiva- 


UThe spocial cage of the cube which is usually studied in similar problems of electro- 
magnotic radiation is essentially not aimpler than the more general case considered here. 
One can sev that from the final result of Iq. (23), which refers only to the size of the 
body V, but not to ita shape. 

“UW. Ritz, Theorie dor Transveraalschwingungen cincr quadratischon Platte mit 
froion Riindorn, Ann. Physik 28 (1909) 787. The circular plate can be directly inte- 
grated, as was shown by Kirchhoff, 

Mee the comprehensive article of O. Tedone in Encykl. d. Mathem. Wise. Vol. IV, 
4, Art. 25, No. 2. 
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lent to the uniform conditions (2) or (2a) as regards the physical applica- 
tions which we have in mind. 

We therefore base our calculation on the boundary conditions (3) 
and the corresponding conditions for y and zsurfaces, obtained from (3) 
by rotating the letters. Since the first Eq. (3) implies 


OE _ OE _ on Of 
dy (Oz 0, Me ay Mor 
the boundary conditions can be written: 

& = 0 2 as ees for “= : 
. °F a 

a 

(4) =0 2eSen fr ye : 
7} 3 ay oy > 3 


¢t=0, Sa nh for | 
02 
) 


Our differential equations are the Eqs. (14.1b) which because of F = 0 
now read 


8 uve tty, 


3 
(5) pet eV t+ OtaNs, 


3” 
eau + ary. 
Tiqs. (4) can be satisfied by the following set of expressions for £, n, ¢: 


- Orz bory Ce 
& = Asin ~~ cos" = 


bo Be” 
= awa. bry .. SRE iw 
(6) n B cog ~~ sin 5 C8 es 


rt =C cos “4 cos “sin oo 
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where a, 5, ¢ are arbitrary integer numbers. A, B, C are constants whose 
ratios are to be determined; also the circular frequency w must be found. 

On introducing the expressions (6) in (5), there appear, in each of the 
three terms of the equations (5), the same trigonometrical factors as in 
é, 9, ¢. One has for instance 


2 
psa = — PA gin --+ cos --- cog-+- eo '", 
2 2 2 
Vita — (5+8+4 “gin --- cop --+ cos -++ e***, 


ao ae ab at) a. —tet 
og (4439 4 cle sin ++ COB e's COBee Ee”. 


On omission of these factors, the difforential equations (5) give the fol- 
lowing linear system of equations for A, B, C 


a(a + 3) + 3% 4 8 =, 


ae 


ba bb be 

(7) As poy Blech ao, 

ca ch cc} 

A#+ a+ e044) =0 

Here Q is defined by 

3 a 2 2 
eee a ~“©,%$ J¢ 
a A+ )m wo, em atat se: 


The linear equations (7) have solutions different from zero only, if the 
determinant 


aa ab ac 
OF? ab? a0 
ba bb be 
(8) A= int Q+ pa: b = 0 
ce 
at oa OR 


On expanding (8) in powers of Q, one sees enaily that the factors of 9 
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and 2 vanish while those of 2 and Q° are ¢ and 1. Eq. (8) can thus be 
rewritten in the form 


(9) O* + 3 = a0 + 8) = 0, 


an equation that has the double root 2, = 9, = 0 and the simple root 
== —g. From (7a) we obtain the corresponding frequency values 


(10) at = as = WE, y= 


The ratios A : B : C associated with these values of w are found from (7) 
80 that the set (6) has now been determined except for a conamon amplitude 
factor. Further arbitrary elements are the numbers a, 5, ¢. 

What is the physical meaning of this arbitrariness? By the numbers 
a, b, ¢ the sides a, 6, c are subdivided into segments which must be in- 
terpreted as wave lengths: 


a b _¢ 
(11) MeO? = 5 Ae Ss 
They just fit the boundaries of the parallelepiped. The associated wave num- 
bers are 


(11a) k, == = 2r- 
With a view to Eqs. (6) and to Eqs. (11) we can write 
(12) f= Asin Se n=t=0, 


if we consider a particular solution depending on « only. Eq. (12) repre- 
sents a standing wave which has the boundaries + = 0 and « = a = on, 
as nodal surfaces. Altogether, the Eqs. (6) represent the entirety of stand- 
ing waves that can be accommodated by the parallelepiped. Unlike the 
example (12), however, they are in general not plane waves but are com- 
posed of waves in the three directions of the edges according to the partic- 
ular rule set by Eqs. (6). 

The structure of Eqs. (10) teaches further that the waves are partly 
of transverse, partly of longitudinal nature. According to Eqs. (14.6) and 


(14.3) we have 
cones = aft Clas = =, 


where NOW ¢,,,2, aNd Cy... stand for the previous notations b and a for 
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the sound velocities. If we further introduce a wave number &, , resulting 
from the three wave numbers k, , k, , k, by 


k, = Sk + ke +, 


we obtain from (lia) and (7a) 


(13) k= of + 54 5 = oe Vi 


Eqs. (10) are then simply 


(14) O, = Gi, = 5 Cares k, ; a, = 5 Cos k, . 
The fact that the transverse waves are counted twice pointe to the physical 
possibility of polarization in two mutually orthogonal directions. 

We have thus found a system of infinitely many elastic waves which 
can be excited in an adiabatically insulated parallelepiped. The system is 
complete, that is, the only standing waves that obey our boundary condi- 
tions are those of the system (6). The proof of completeness consists in 
showing that an arbitrarily given initial state can be expanded in terms 
of the functions (6) for ¢ = 0.* 

Let us now determine the number < of all waves whose frequency is 
amaHler than a given y = w/2x, which can be done by geometrical reasoning. 
We first count the longitudinal wavea. 

Ly marking in the rectangular system &, , &, , &, all points that belong 
to integer values a, b, c, we obtain a three-dimensional orthorhombic 
lattice, whose elementary cell has according to (11a) the sides 


Qa aa 2a 


er Et “Ss 
Consider now the lattice points inside the spherical surface &, = const, 
which corresponds to the frequency v. According to (14) the radius of the 
sphere k, = 49v/ci.,. Because of a, b, ¢ & 0, we are only interested in 
the lattice points that lie in the positive octant, whose volume is 

4x ks — 4n (2av_ y 


3 8 8 \etons/ ~ 


’Of, for such a proof and for a goneralization to anisotropic bodies: R. Ortvay, 
Ann, Physik, 42 (1913), 745. A treatmont of the problem from the point of view of 
group theory was preaented by H. Wicrzvjowski in his Breslau thesia suggested by 
B. Fues: Hlastische Ligenschwingungen von Kristallen bei gomiachten Randbedingungen, 
Z. £. Kriatallographie, Vol, 101, 1939. 
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On dividing by the volume of the elementary cell 


(15) On 


we obtain the number of elementary cells or the number of lattice pointa 
in the spherical octant which, at the same time, is the number of longi- 
tudinal waves with frequencies below »: 


(16) glo = dn 


In exactly the same way one has for either atate of polarization of the 
transversal waves 


= 
(16a) jtvane = x obey 
thus the total number of vibrational states below » becomes 


2 _ 4 (52 J ) 
(16b) § = jlone + QWerans 3 aber ee + Clue i 


The number 3 just obtained is accurate except for an error which is due 
to the fact that the spherical surface and the boundaries of the enclosed 
elementary cells do not coincide. The error is of the order of magnitude 
1/abe [cf. (15)) and thus negligible for a large parallelepiped. By differ- 
entiating (16b) with respect to » we can now determine the number of 
vibrational states between » and » + dy: 


(17) é& a ee or 


where V is the volume abe of the parallelepiped. 

We are now ready to attack the problem which we formulated at 
the outset. We want to calculate the energy content of the adiabatically 
insulated solid body, which, according to the definition in the older literature, 
is identical with the wtbrational energy of tts molecules. It is preferable, 
however, to follow Debye’® who defines the energy content as that of 


uP, Debye, Ann. Physik., 39 (1912) 789. In this fundamental paper Debys caleu- 
lates the proper vibrations of a sufficiently large sphere, the surface of which is considered 
free of siresaes, that is, ho usee the boundary conditions corresponding to our equations 
(2), As the circular shapo is the only case in which the plate problem can be directly 
integrated (ci. footnote, p. 315), so the sphere is the only elastic three-dimensional 
problem whose integration leads in the case of “uniform boundary conditions” to 
known functions (Bessel functions). But even in this case the solution is very involved 
and becomes only possible by the uso of asymptotic approximations of Beasel functions 
for large argument and index that are due to Debye. The simplification that can be 
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the energy of the elastic vibrations of the body. The molecules are strongly 
coupled, hence it is impossible to excite oscillations of individual mole- 
cules; on the other hand, the waves considered in (6) are independent 
from each other and satisfy individually the differential equations of the 
elastic body. 

Each of these vibrational states may therefore be quantized indi- 
vidually according to the quantum rules first established by Planck in 
the discovery of his radiation law: 


n% = integer number 
(18) e, = nhy 


A. = Planck’s constant 


The quantum rules are here applied without further explanation; they will 
be diseusscd in Vol. V. Also the refinement of the rules due to modern 
quantum mechanies according to which the integer number » in (18) 
should be replaced by ~ + 4 is here disregarded as irrelevant for our 
purpose. 

In addition, we require for the following the Boltzmann factor which 
was introduced in (7.15¢), though without proof. In the present case the 
Boltzmann factor has this physical meaning: Given N oscillating syatems 
in thermodynamical equilibrium at the temperature 7', the number N, of 
those systems whose energy equals ¢, is then 


= a ee = _ fw). 

(19) Ny = A exp( tu) = Act, a = oxp ( », 

the constant A can be determined, when the total number JW of all oscil- 
lating systems is written as the sum of the N, : 


A 


l-—a’ 


(20) N= DNA tated) = 


In our caso, V is to be identified with the (large!) number dj from (17). 
We then obtain for A 


(20a) A = (1 — a)dj. 


achioved by “mixed boundary conditions” was first stated by the author in a sourse on 
quantum theory in 1912 and then left to Mr. Ortvay for further development and pub- 
lication (ef. tho preeeding footnote). It should be noticed that Debye had to take the 
radius of the sphere sufficiently large to enforce independance of the distribution of the 
sigonfunctions from the shapo of the body. For the same reason the dimensions of the 
parallelepiped in the prescut casc must be sufficiently large as was already asaumed in 
the text preceding Eq. (17) in order to make the “surface orror” negligibly small. 
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Let us denote by dU that fraction of the total energy U which is con- 
tained in these d3 oscillations. According to (19) and (208), one has 


(21) dU = Nets = Abo >, ne = (1 — aw Sine’. 

a=p 
The series occurring here can be summed easily (by differentiating the 
geometrical series in (20) with respect to «), and equals a/(1 — a)*. Eq. 
(21) yields together with the definition of a in (19) 


eee | eee 
(%) -1 
oP kT 


The denominator in this formula will reoccur in Planck’s radiation law 
and, in & more general way, in the discussion of the Bose statistics in 
Vol. V. 

We now substitute for d; according to (17) and integrate over ry from 
y = O up to an upper limit », : 


(22) dU = he & = dh. 


(23) on an Vi 42 -+ 31) [ PO = 


Our first task is the determination of the limit », , which we find according 
to Debye by identifying the total number 3, of oscillations with fre- 
quencies smaller than », with the number of degrees of freedom of the body. 
Since a single mass point has three degrees of freedom the number in 
question equals three times the number of molecules. If in particular the 
body is one mole of a uniform substance, the number of molecules, ac- 
cording to p. 53, is Loschmidt’s number LZ. The number 3, thus cquals 
3L. From Eq. (16b} we then obtain for the determination of the upper 
limit », the relation 


00 21 = raoi{g? + 4) 


where the molar volume V,.; has been written instead of abe. This equa- 
tion that defines vy, may also be used to simplify (23) which now takes 


a 


(25) Uo = i 
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With the abbreviations 


he _ ™® 2 . 
(26) ¥ Op? c= OT 7? Oo rs 
we obtain finally 
orn Tt ft ah dy 
(27) Une = OL Gf EE 


The quantity © here introduced is known as Debye’s characteristic tem- 
perature; for hard materiala such as diamond and quartz it is approxi- 
mately 100° K, for soft metals it amounts only to a few degrees. By and 
large, Eq. (27) is a good representation of the large number of data col- 
lected by Nernst and his co-workers. One can, of course, not expect that 
such details as depend on the specific structure of the crystal or the mole- 
cule should be covered by the general theory here developed. 

We examine now Eq. (27) in the case of T >> ©. This makes the upper 
limit + <1, and the same is true for the integration variable y. Expanding 


the denominator 
e’ — 1 =i +k...), 


we obtain for the integral in (27) with sufficient accuracy 


From this we infer 
(28) UF nol = 3kT, 


where the gas constant per mole, ®, has been written for kL according 
to Eq. (7.15b). 
Relation (28) contains the law of Dulong-Petit, since 


(29) omer = “Cast = 3R = 6 osl, 


where ¢,., denotes the specific heat per mole of the substance. Eq. (29) 
should be universally valid for all solids os an asymptotic law for high 
temperatures, provided one can disregurd the relative vibrations of the 
components of the individual molecule. This restriction is necessary, since 
in counting the degrees of frecdom we have assumed rigid molecules and. 
disregarded the possible internal degrees of freedom. In fact, the mule of 
Dulong and Petit is particularly well satisfied for monatomic metals where 
the restriction is irrelevant. (In this case, ¢.., ig the gram atomic heat 
capacity). 
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The converse case, 7’ < @, presents greater physical interest. The 
integral in (27) has now a very large upper limit (x > 1) and can be ap- 
proximated by 


(30) [ ee dy = [ ye" fe’ +e + +--+)? dy. 


Upon interchanging the order of summation and integration and intro- 
ducing z = ny in the n“ integral, one obtains instead of (30) 
~” 1 ® Po 2 oa 1 2 x 
(30a) Lal ge* dz at Da 3199 - 
(The summation formula }>%., n7* = x*/90 will be derived in Vol. VI in 
the chapter on Fourier series.) 
With the use of the results (80) and (80a), Eq. (27) can be rewritien as 


3e* RT* 
(31) Uacl * “eo? 
and differentiation with respect to 7 yields 
a 
(32) Cmol = R 3) ° 


This is Debye’s third power law for the molar specific heat of a solid body ait 
low temperature. 

Fig. 78 represents the general dependence of the specific heat on the 
temperature, as it is obtained by differentiation of Debye’s equation (27); 
it also shows the two asymptotic laws for large T, ie. the horizontal 


Cro 
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~ 
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~ 


Fre. 78. The specific heat per mole of a solid according to Debye, of. Eq. (26) for 
the meaning of @ 
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straight line of the Dulong-Petit law, and for small 7 the 7°-parabola of 
Debye. The latter law is « useful approximation only for extremely small 
values of J. Furthermore, there is a general deviation from this law in 
the proximity of absolute zero for metallic substances, which is caused by 
the degrees of freedom of the conduction electrons in this temperature 
region. 

We do not want to leave this topic without mentioning the results 
that are obtained in the corresponding electromagnetic problem. In that 
case we are concerned with the energy confined within a cavity con- 
taining electromagnetic radiation but entirely devoid of matter. The 
free oscillations of such a cavity can be described and counted in a fashion 
similar to the cuse of the elastic parallelepiped. (Actually, the electro- 
magnetic case is much simpler.) Methods to deal with this problem have 
been developed by Lord Rayleigh and Jeans, including the procedure of 
counting lattice points. These investigations have served as a pattern for 
the elastic theory developed in this article. In the electromagnetic case 
the result is equivalent to our Eq. (23) with the following simplifications: 

1. Longitudinal waves do not occur in the electromagnetic field, so 
that the term 1/c*1on, does not oceur. 

2. Transverse waves travel with the velocity of light ¢; hence the term 
2/c sana 18 Simply 2/c’. 

3. The number of degrees of freedom of the electromagnetic field is, 
as far as we know, unlimited (at least, it is not restricted by a molecular 
structure); x, becomes thus infinitely large. 

4. The cnergy content per unit of volume (energy density) is obtained, 
if V = 1 in (28). In this case, onc usually writes u instead of U and obtains 
from (23) 


Sah 


ae 
(33) en 


Using again the substitution (26), and the formulas (30) and (30a), one 
has 


Sah x’ (#2 y Sx” k* 
(84) =O NA) Ieee 


Thix ix the law for the black body or cavity radiation in the definitive 
form due to Planck, The T"-radialion law of Stefan and Boltzmann has the 
same physical origin as Debye’s T’-law for the energy content of a solid and 
Debye’s T-law for the specific heat of a solid near absolute zero. 
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45. The Surface Waves of the Elastic Half-Space. 


We consider s homogeneous elastic solid having a plane boundary 
y = 0 and extending to infinity throughout the half-space y > 0, and 
want to study the simplest types of waves that can be propagated in the 
half-space. Along the boundary plane it is assumed that 


(1) Oxy = Sye = oy: = 0; 


then y = 0 is a stress-free boundary, as it would be if vacuum (or air) 
were on the other side. 


A. Reflection of a Plane Transverse Spatial Wave 


In the discussion of three-dimensional waves in 14 we distinguished 
between transverse and longitudinal waves; in the first case, the dis- 
placement vector is solenoidal (free of sources and sinks) and in the second 
case irrotational (cf. 20). Also the terms torsional and compressional 
waves are in use (cf. 14). The present discussion is restricted to the simplest 
case, that is, to plane waves of either sort, 

Let us first consider a plane transverse wave whose direction of propa- 
gation forms the angle of incidence a with the positive y-axis and is 
“polarized” in the x, y-plane. This means that of the three displacements 
only € and » are different from zero. In complex notation such a wave is 
given in the following way: 


& COR & 
(2) -_ A exp [tk(z sin a — y¥ cos a)) 
Ny sm a 


where the time-dependent factor e~*** has been omitted for brevity [cf. 
the remarks to Eq. (13.15) and (13.15a)]; % is the wave number, and the 
subscript 7 characterizes the wave as incident. By Eq. (2) the condition 
of vanishing divergence is automatically fulfilled: 


— O8 4 9m _ 
he ty = 0. 
Also, the planes of constant phase 
(3) zs a — y cos a = Const, 


are normal to the direction of propagation defined by the angle «, as they 
have to be, and the displacement vector lies in this plane. The-signs of 
the trigonometric functions in (2) follow from Fig. 74 and appear in the 
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first section of the following table, which gives the cosines of direction of 
the propagation and of the displacoment vector relative to the positive 
xz and ¥ axes. 


Fra. 74, A longitudinal wavo is created in 
the reflexion of a transvene: wave polarized 
in the plano of incidenae. 


x v x a 2 v 
dir, of prop, sin & — C08 o¢ sin « 008 @ sin «2 608 a; 
dir. of displ. COB oe sin « cos « —asin « sin a; G08 az 


incid. transv. refl. transy. tefl. longit. 


The differential equations of elasticity, which in the case of a transverse 
wave (because of 6 = 0) have the simple form 

a 3° 
(4) pSe= uv, pS tauv's, 
are likewise satisfied by the set (2) provided that & for a given w is de- 
termined from the woll known equation 


b 3 
(5) a = ; = Cas = ° 
(0 is the notation waed for ean, in 14). 
The set (2) an it stands docs not, of course, satisfy the boundary 
conditions (1). One might think that this can be achieved by superim- 
posing a reflected transversal wave &, , 2, 


&, COB & 
(6) ox B exp [thx sin « -+ y cos a)]. 


%y —sin a 


(the signs of the trigonomctric functions now chosen as in the second 
section of the preceding table). This, however, cannot be done as we shall 
see Now, 

The quantities & and @ in (8) must be identical with the corresponding 
quantities in (2). This follows for % from the differential equations (4), 
and for a as in clementary yptics from the boundary conditions. For, the 
combination of un incident and a reflected wave 


(7) & =m & + &, 2 = 1% + %, 
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is subject to the boundary conditions 


0= ty = Qyeyy = 2p on = —2ytk(A + B) sin a COS a gitsvine 


dy 
(8) 
O = Oxy = Zee = (3 + 22) = —pik(A — B)(cos* a — gin® ae *e* 


The third condition ¢,, = 0 is automatically fulfilled. But the two pre- 
ceding conditions contradict each other, since the one requires A = —B and 
the other A = B. Choosing another angle of reflexion (a, * a,) would 
make the contradiction even worse, since it would introduce an infinity 
of contradictory conditions instead of two, viz. a different one for every 
single z-value. 

There is only one way to ayoid the dilemma: assume that in the process 
of reflexion of a transverse wave there is generated a longitudinal wave 
in addition to the reflected transverse wave, so as to make available a 
further amplitude constant C. With a view to the third section of the 
table we put 


§ sin a, 
(9) oe been 


Hh COS a; 


where k&, is now different from the previous &. The elastic differential 
equations (14.1b) require in the present case, because of the term with 
grad 6, that 


ke P 


= Clune = 2, 


where @ = Cin, is the notation already used in 14; the prescribed w is of 
course the same as in (5). From (5) and (10) we have 


Lo 
(11) k = f, 
where we have put 
- b a . ~1/2 - 
(11a) n=2=(2+3) 


But the angle of reflexion a, is now different from the previous angle of 
incidence a. In fact, the reflected longitudinal wave obeys a law of the same 
structure as the refracted transversal wave in elementary optics, namely 


(12) sna =n sin a: . 
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Let us call this the refraction formula, although it refers in the present case 
to a reflexion rather than to a refraction, and designate the coefficient 7 
as an index of refraction in the same sense. 

In order to prove (12), we first calculate from (9) 


= 0&; On: ar thycaloae 
e ee + ra tk,Ce 
for y = 0. In sctting up the new boundary conditions the right member 
of the first equation (8) must be augmented by 


(12a) 2 A +O = tk:(2u cos’ a, + A)Ce, 
and the second Iiq. (8) by 
(12b) (se + on) = tk 2p gin a: COB a; Cettiteinat : 


The modified Eqs. (8) should now establish conditions for the A, B, C 
that are independent of x. This is possible only in the case that the same 
exponential function of 2 occurs in (8) and (12). The law of refraction (12) 
must therefore be valid. 

Eqs. (8) modified according to (12) yield now the linear homogeneous 
system 


—- Quk gin a cos a (A + B) + k,(2pu cos’ a; + AC = 0 
(13) 
— pk(cos’ a — sin? a)(A — B) + &,2pein a: cosa; C = 0 


which determines in 4 unique way the ratios B/A and C/A, that is, the 
reflected fractions of the incident amplitude A; the latter may, of course, 
be arbitrarily prescribed. One obtains from (13) 


C_ nsin 4a 
A cos’ 2a + 17 Bin 2a sin 2a; ’ 
B 


(14) 


This solves the problem of the reflexion of a transverse wave polarized 
in the plane of incidonce. If the incident transverse wave is polarized 
normal to the plane of incidence, no longitudinal component occurs in 
addition to the regularly reflected wave. When, on the other hand, an 
incident longitudinal wave is reflected there appears beside the regularly 
reflected longitudinal wave a transverse wave which is polarized in the 
plane of incidence, This will be taken up in problem VIIT.5. 
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In the present discussion we are not so much interested in the elastic 
but in the optical interpretation of the mathematical formalism. As is 
well known, the central idea of 19th century optics is an elastic ether that 
carries the optical phenomena; this is true for the period of development 
that leads from Fresnel and Fraunhofer to F. Neumann and ends with 
H. Hertz. We shall now briefly indicate why the endeavors of these men 
to build an elastic theory of light resulted in insurmountable contradictions. 

Once the polarizability of light had been recognized, the only waves 
admissible in optics had to be transverse. It is true that Réntgen, under 
the influence of one of Helmholtz’s last papers, was considering the possi- 
bility that his newly discovered X-rays might be longitudinal waves. 
However, experiments on polarization of X-rays, first carried out by 
Barkla, precluded this possibility. 

Now we have seen that even the simplest process of reflexion is 
elastically impossible without the occurrence of longitudinal waves. 
Starting with purely tranaverse waves, we have found that longitudinal 
waves—essentially foreign to optics—are generated in the process of 
reflexion. 

The root of this dilemma is in the last analysis an arithmetical one. 
To see that, let us consider the more general case of reflexion and re- 
fraction that occurs in the transition of a wave from a medium 1 into a 
medium 2. Here we have altogether siz elastic boundary conditions: three 
equations for the stresses and three equations that express the continuity 
of the displacements £, 7, ¢. For an incident transverse light wave, how- 
ever, we have only four unknowns at our disposal, viz. two pairs of ampli- 
tude ratios for the two modes of polarization in the reflected and the 
refracted wave. This is a contradiction that can not be resolved. 

When we now replace the elastic ether by the quasi-elastic ether of 
15, a different set of conditions appears. The stress is no longer a sym-~ 
metric but an antisymmetric tensor which can be represented by a vector. 
The quantities ¢,, are zero and the number of stress conditions to be 
fulfilled is reduced from 3 to 2; the same is true for the displacement 
conditions. We then arrive at boundary conditions that are identical with 
those of the electromagnetic theory of light, and the intrinsic difficulties of 
the elastic theory of light are most beautifully resolved. 


B. Elastic Surface Waves 


Tn dealing with this problem we follow closely the treatment of the 
analogous hydrodynamic problem in Chapter V. We therefore consider 
plane waves that progress in the positive x-direction with prescribed 
circular frequency w; the wave number & is to be determined. When speak- 
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ing of plane waves, we mean that the excitation is independent of the 
third coordinate z. The wave is composed of a longitudinal and a trans- 
versal component. 


The longitudinal component is again zrrotational as in hydrodynamics, 
and can be derived from a potential S. Accordingly we put 


(15) si =< 


f= — ar y= oy ’ 


but in the present case $ does not satisfy the condition of incompressibility 
V*@ = 0 as in hydrodynamics; # obeys, however, the relation 


ae , 
(16) pa = (2h + VS, 
which follows from the elastic differential equations for ¢ and 7. We try 
(17) b= ef Bey) 
and obtain from (16) for the unknown function wu the equation 
~ phe Oe +04 4) 
or 
9 
? —- Pha 1 “t ; 
(18) a =p, whore 


_, eth 
faa os 


a? 


Let us assume that p is real and take the positive sign of the square root 
in the determination of p. Of the two particular integrals of (18) 


u=e” and “=e 


the second must be excluded because of its behavior at y = ©. Thus (17) 
becomes (if the time-dependent term is omitted as usual) 


® = Ae”, 
which yields by (15): 


t= —ikAe™™, 


(19) 
a = +pAe™™. 
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The transverse component of the wave to which we now turn is free 
of divergence. We may therefore introduce a function ¥ in analogy to the 
hydrodynamic stream function and put 


or ay 
(20) = — oy? aaa 
The function & satisfies the same differential equations as & and 7, , viz: 
(21) p OE am Vv. 
Again we try 
(22) v= Be’ **-* fy) 
and obtain from (21) the following differential equation for v: 
g = k* — ra ’ 
d’y 
(28) apo 
bam E 
2 


With the only admissible solution 
vee” 
(where g is supposed to be real and positive) we have from (20) and (22) 


b= oBe™"™, 
(24) 
m = tkBe™™-, 


where again the time-dependent term has been omitted. By superposition 
of (19) and (24) we obtain for the total displacement, £ and 7, expressions 
in which two constants are to be determined: the wave number k and 
the amplitude ratio A/B. They are to be found from the two boundary 
conditions (1) o,, = o,. = 9; the third condition (1) is automatically 
fulfilled because of the planeness of the wave. If one calculates the strains 
4» , sy 22d © from the displacements ¢, 7, and the stresses ¢,, , oy. from 
the strains, the first two boundary conditions (1) can be written in the 
form 


— Qip'A + tkgB) + - pA = 0 
2ikpA — (q+ PB = 0. 
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If one substitutes for p and ¢ by (18) and (23) and expresses the elastic 
constants \ and » by the wave velovities @ and b, one obtains 


2 3 

(2a: = ae + Qik afk - a = 0, 
E 7 

2k {12 -5 A= (2x* - 4 )p = 0, 


The determinant of this homogencous system must vanish, hence 


which is a cubic equation for k* {tho term containing &* cancels if (26) is 
squared]. The ratio A/B follows from (25), once (26) has been solved. 

We wish to discuss (26) in some detail only in the limiting case a > ~, 
that is, in the case of an ulmost incompressible medium. Eig. (26) is then 
transformed into 


(25) 


2 


(27) (l— x) = +/1 — 22, t= 5p - 


Here we are interested in the root close to = 4. Putting = $ — 3, 
we obtain by expansion of (27) 


1 i 1,4 
(28) gt é = 2%, Tt $c 


Hence the rvot + of (27) is approximately 


v= 4 (1-75) @ (1 - 3) 
(29) t=moee=5\l—- jsp 5 = AL op 


where w/f is the velocity of propagation of the surface waves. It is slightly 
smaller than the velocity 6 of the transversal three-dimensional waves. 
According to our assumption, the velocity a of the longitudinal three- 
dimensional waves is much larger. 

We finally ask for the depth at which the disturbance due to the 
surface waves is no longer noticeable. This question is answered by the 
exponential factors ec in (24) and e in (19). Characterizing the at- 
tenuation in y-direction by the depth at which the amplitude decreases 
to 1/e of its surface value, we obtain the depths y = 1/g¢ resp. y = 1/p. 
From (23) and (29) we find for the first of these quantities 


2k aD -V¥2_ YR, 
Qq k/l— 2x k 2a 


(30) 
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where / is the wave length; for the second we have from (18) with a 


206 iA 4 


The depth of penetration is in either case only a fraction of the wave 
length 7 with which the wave progresses along the z-axis; / is, of course, 
the aame for the two components of the wave since the boundary condi- 
tions require the same coordination of the two components everywhere 
along the surface. The penetrations of the two components are never- 
theless different. 

The results (80) and (30a) show that we deal here with an elastic 
process that is restricted to the proximity of the surface and is made 
possible only by the discontinuity of the elasticity constants at the surface. 
The particular value of the velocity of the surface waves should be in- 
terpreted in the same sense: The elastic reaction at the surface is milder, 
since yielding is easier than in the interior, whence the smaller velocity 
of the surface waves in comparison with the spatial waves. (The smaller 
velocity of the spatial transverse waves as compared with the spatial 
longitudinal waves can be understood along similar lines; in the second 
case the material is subject to compressive loading which raisea stronger 
reactive forces than the shear loading that permits yielding in the trans- 
verse direction.) 

In 1886, when the problem of elastic surface waves was first treated, 
Lord Rayleigh voiced the belief that they might play an important part 
in earthquakes. In the subsequent development of seismology, which is 
due in a large measure to the theoretical and experimental efforta of E. 
Wiechert, Lord Rayleigh’s conjecture was fully confirmed. The relative 
importance of the two-dimensional waves that spread along the surface 
of the earth increases with increasing distance from the eenter of the 
disturbance in comparison with the spatial waves, the energy of which 
disperses in three dimensions through the interior of the carth. Hence the 
surface waves form the principal part of the observable seiamic effect. 
Furthermore they are also temporally separate from the spatial waves, 
since they arrive at the point of observation somewhat later than the 
transverse spatial waves, partly because of their smaller velocity, partly 
because of their longer path (arc versus cord). The longitudinal spatial 
waves arrive at the seigmograph still earlier than the transverse spatial 
waves, and form the first part of the primary wave, 

The seismic signals bring us information not only about the average 
elastic behavior of the interior of the earth but also about its possible 
discontinuities. One knows that the analysis of these signals together with 
other geophysical and astronomical data led Wiechert to the idea of a 
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PROBLEMS 


Chapter I 


1.1. The definition of curl A by a linear vector function compared with 
ats definition by a differential operator. Show that the two definitions of the 
curl 

B=curlA in (2.6) 
and 


2(A — Ac) =BXr in (2.7a) 


are equivalent, provided that r is considered infinitesimally small as in 
1.—It will be noticed that the field vector A of Eq. (2.7a) of the text 
vanishes forr = 0 since it corresponds to the rotatory part ¥, of the general 
motion in 1. To avoid this restriction, we have written A — A, instead 
of A, so that A, is the value of the new field vector at r = 0. Of course, 
Ay corresponds to a velocity ¥, associated by s = vAt with the translatory 
part S of the general motion. 

I.2. The vector character of curl A. Investigate the vector character of 
the curl by applying the transformation formulas (2.2) to the differential 
definition 

B= curlA 


(Note that the components of A and the “differential operators” 3/d-2, 
must be transformed.) 

1.3. A table of the most important vector analytic operations in polar 
coordinates. Set up the expression for grad, div, curl, V7 and D in ey- 
lindrical and spherical coordinates. 

L4. The symbol VA. Calculate the expression 


grad div A — curl curl A 


in cylindrical coordinates and compare the result with what is obtained 
when the VY’ operator calculated in I.3 is formally applied to the com- 
ponents A, , A, , A, . The two results are identical only in the case of 
the “Cartesian” component A, [cf. the remarks following Eq. (3.10).] 

1.5. Concerning the so-called second boundary value problem of potential 
theory. Show that a potential problem in which 8U/dn instead of U is 


prescribed along the boundary of the region has a unique solution except 
for an additional constant. 


836 
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1.6. The geometrical meaning of the tensor invariants. Truc geometrical 
properties of a geometrical object are those that do not change in an 
orthogonal transformation; conversely, an orthogonal invariant must 
always allow 2 geometrical interpretation. The geometrical correlative 
associated with the tensor concept is the tensor quadric which, for con- 
venience, may be assumed as an ellipsoid; hence it must be possible to 
interpret the three tensor invariants (4.10) as geometrical quantities 
connected with that ellipsoid. 

Interpret the three tensor invariants as geometrical properties of the 
tensor ellipsoid. 

L7. Condttion that a given patiern of field lines belongs to a potential field. 
If the field vector F is everywhere given, the condition for the existence 
of @ potential U is curl F = 0 according to Eq. (3.7), but if the field lines 
are given, we know only the ratios F, : F, : #, , and a scalar multiplier 
is left undetermined. Is it possible to choose % in such a way that F has 
a potential? Show that this can not be done unless 


F, tL curl F, ’ 


which is therefore a necessary condition. Here F, is any vector that 
satisfies the given ratio condition, ¢.g. 9 unit vector that is everywhere 
parallel to the field lines. 


Chapter I 


IL.1, The altttude of the polytropic atmosphere. a) Determine the altitude 
i, of the polytropic atmosphere for the following values of the polytropic 
exponent: n = 1.4 (adiabatic casc), n = 1. 2, and n = 1 Gsothermal case). 
b) Find the pressure as a function of the distance from the surface of 
the earth, the surface being considered spherical rather than plane as in 7. 
Show that under this condition the pressure in the isothormal atmosphere 
does not vanish at any finite distance from the curth nor, contrary to 
what one might expect, at infinity. 

IL.2. Separation of a gas mixture in a centrifugal ficki. Determine the 
speed of revolution required to produce a pressure difference equivalent 
to a water column of 40em height between the axis and the circumference 
of a rotating drum that has a diameter of 60cm and contains normal air 
at O°C (21% O. and 79% N, hy volume), and find the composition of the 
air at the circumference of the drum. 

II.3. a) The two-dimensional analogue to the flow in a capillary tube. A 
fluid flows between two parallel plates at u distance 2h from cach other, 
the straight streamlines being parallel to the z-axis as in Fig. 19. Deter- 
mine the velocity profile in the z,y-plane and the pressure loss I between 
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two cross-sections in the distance /. Determine also the force required to 
keep the plates at rest against the reactive forces of the flow. 

b) River tn laminar flow (cf. Fig. 19a and the remarks on p. 120 about 
the experimental realization}. Show that the velocity profile is identical 
with the lower half of the velocity profile in part (a) of this problem. 
(Assume both river depth and angle of inclination a of the bottem con- 
stant, and consider the boundary condition at y = 0.) Here the external 
force of gravity replaces the driving pressure of case (a). 

I1.4. Straight and cylindrical Couette-flow. According to (16.14) the 
so-called Couette-flow in straight streamlines (cf. Fig. 19b) is characterized 
by the velocity law 


(1) u=fu, yv=w=0. 


The equilibrium conditions (10.8a, b) are fulfilled if p = const; no driving 
pressure is required since the upper plate is kept in motion by the force 
ul /h, 

Likewise in the case of the Couctte flow proper, which takes place 
between two coaxial cylinders of radii r, and r; , no driving pressure, but 
only the moments M, and M; are required, the one to maintain the motion 
of the external cylinder and the other to keep the internal.cylinder at 
rest. Set up and integrate the differential equations of the flow and com- 
pare the result with Eq. (1) in the limiting case r; +, Caleulate also 
the moments M/, and M, and note that they are not equal. 

IL.5. The problem of Boussinesg. An elastic body bounded by a hori- 
zontal plane, but otherwise infinite, is subject to a vertical force P applied 
at a single point this plane, all other poimts of which are free of stress. 
Calculate the state of stress in the body, and in particular the hoop stresses, 
that is to say, the principal stresses which are tangential to the circles 
about the direction of P. 


Chapter III 


TiL.1, The convective terms of the hydrodynamic equations in polar co- 
ordinaes. Show that there is a difference between the correct calculation 
of the convective terms according to (11.6) and the result obtained from 
the “misinterpreted” symbol (v grad). Take cylindrical coordinates as an 
exemple, where one might be tempted to give the following meaning to 
the symbol (¥ grad) 

Ce] 


3 
at ray 


# |e 
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Verify that such a difference occurs in the r and ¢-component but not in 
the z-component. Relate the missing terms to the ceniripetal and the 
Coriolis accelerations. 

II].2. Similarity considerations in pipe flow. Let the connection be- 


tween the pressure gradient per unit of length 11// and the average velocity 
» be given by 


(1) 


Sal e=| 


= Cr", 


For the laminar state we have » = 1, for the turbulent state n = 1.722 
according to Reynolds, and » = 1.75 according to Hagen (cf. the schematic 
representation in Fig. 18). 

The quantity C can depend on the density, the kinematic viscosity », 
and the radtus of the pipe a. 
a) Following K4rmaén [Physik. 2.12, (1911) 283], assume C’ proportional 
to a product of powers of these quantities and find the exponents by 
dimensional reasoning. 
b) It must also be possible to represent the relation (1) by the dimen- 
sionless quantities & and S§ and the quotient //a in the general form 


(2) S = {,R). 


In particular, if the function f is again assumed as a product of powers 
and the exponent of i/a is taken as 1, one obtains instead of (2) 


(3) S=r- eR, 


where ) is a dimensionless constant; & can be easily expressed by the ex- 
ponent 2 occurring in (1). 

¢) Show finally that the relation S = A\#7™* in (16.13) is in accordance 
with Hagen’s value » = 1.76. 

TIL3. The free surface of a fiuid in the presence of external forces. Using 
the principle of virtual work, find the differential equation that determines 
the shape of the free aurface of a liquid subject to capillary forces and 
external (body) forecs that have a potential. The fact that the total 
volume of the liquid mass does not change in the displacement will have 
to be used. 

T1N.4. Rise of a Hquid in a capillary tube. The result of the foregoing 
problem ean be applicd to find the elevation (or depression) of a wetting 
(or non wetting) liquid in a narrow capillary tube. Consider for this 
purpose the surface of the liquid inside the tube as spherical; outside the 
tube the surface may be considered everywhere as plane with sufficient 
accuracy. 
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Chapter IV 


IV.1. Calculations in bipolar coordinates. The bipolar coordinates p and 
y have been defined by Figs. (19.10a, b). Show that the line element in 
these coordinates has the form 


2 2 _— ee ee 
(1) dst = Gd + de), 9 = ES: 
Set up the expression for V* and the equation of the vibrating membrane 
(17.8) in these coordinates. Note that the latter is not separable in p and 
yg, that is, there is no solution of the form 


(2) u = f;(o)fe(y). 


IV.2. The field of flow about two vortices of equal strength and opposite 
orientation. EXq. (19.10), which is equivalent to Eg. (19.11), yields the 
velocity field 


y=-—-gadd= Agrady, +4 = 0, =o 


where the value of g is to be taken from Eq. (1) of the foregoing problem. 
Show by a geometrical argument that this representation of ¥ is equivalent 
to Eq. (19.14). 

IV.3. Calculations in elliptic coordinates. Set up the line element ds and 
the operator V’* in elliptic coordinates £, 7. The equation of the vibrating 
membrane becomes separable in these coordinates, that is, a trial solution 
of the form (2) in problem IV.1 


uw = fi(E)fo(n) 
paakes the integration possible. 

IV.4. Transition from bipolar to toroidal and “spindle” coordinates. By 
rotating the plane of the bipolar coordinates p and » about the axis p = 0 
(cf. Fig. 26) one obtains a system of toroidal coordinates; by rotation 
about the axis ¢ = 0 another spatial coordinate system results for which 
the name “spindle” coordinates seems appropriate. Find the line element 
in these coordinates, set up the operator V7", and discuss the question of 
separability. 


Chapters V and VI 


V1. The kinetic energy of water waves. As a supplement to the topic 
of 26, p. 189, compute for gravity waves in deep water the kinetic energy 
contained in a column of cross-section Ar-Ay = 4.1, bounded by the 
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bottom and the free surface; compare this with the amount of potential 
energy contained in the same column. 

Carry out the computations of p. 189 and p. 190 for moderately deep 
water and show that the value of S/H agrees with the value of U/N in 
Eq. (26.18). 

VII. The drift current. Winds blowing along the surface of the ocean 
generate water currents known as drift currents. The surface layer which 
is exposed to the immediate action of the wind imparts its motion to the 
adjacent layers by the friction pressures. Consider the ocean infinitely 
extended and its density and viscosity everywhere constant; introduce a 
coordinate system £, 9, ¢ mgidly connected with a surface point of the 
earth, the ¢ and » axes being tangential to the meridian and the parallel, 
respectively, and the ¢ axis coinciding with the outward surface normal, 
so that ¢, 7, ¢ form a right hand system and the ¢ axis points south (ef. 
Fig. 49, Vol. I). The Navier-Stokes equations must now be augmented by 
the Coriolis terms of Vol. I. 30.2 or 30.5.’ For an unlimited and homo- 
geneous ocean the components »; and v, as well as p are independent of 
£ and »; the component »; can be neglected. 

Investigate the steady state that results if one assumes the wind 
velocity vector constant in. the £, »-system. 

V1.2. Instability of a plane discontinuity surface separating two flow 
fields with different velocities. In 30 and 32, pp. 216, 282, it was pointed out 
that discontinuity surfaces are unstable since they curl into vortices under 
the influence of friction. However, this instability is also present without 
friction; this is to be shown for the simplest case of a plane discontinuity 
surface y = 0, the fluid being the same on both sides. 

Assume the fluid flows in x-direction with the constant velocities U, 
and U, for y > 0 and for y < 0 respectively. The problem is thus re- 
stricted to two-dimensions and remains so if a disturbance of the surface 
is introduced in form of a sinusoidal cylinder with generatrices parallel 
to the z-axis. External forces may be neglected. 


Use the velocity potentials 
$= ~Uyx % = ~U,2 (principal motion) 
y> 0 y <0 
¢1 4 (disturbance) 


and apply Bernoulli’s theorem in the form (11.15) valid for non-steady 
flow. The discussion of the equations of motion so obtained shows that 
the principal motion is unstable for all wave lengths of the disturbance, 
and, since every disturbance can be compounded from sinusoidal com- 


1Cf. Synge and Griffith, op. cié., Seo. 12.3. 
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ponents according to the Fourier integral theorem, the flow ts unstable for 
any disturbance. 

According to Helmholtz (Uber atmosphdrische Bewegungen, Akad. 
Ber. Berlin, 1898 and 1899) the formation of high cirrocumulus clouds is 
connected with the unstability of the boundary between two air currents 
of equal directions but different velocities. The clouds are generated by 
the condensation of water vapor in form of droplets or ice crystals in 
regions of diminished pressure.—The instability of the discontinuity sur- 
face to be shown here for incompressible fluids occurs doubtlessly in com- 
pressible fluids, too, as long as all velocities are small compared to the 
sound velocity (cf. appendix to 13). 

VI3. Stability of a horizontal water surface for varying wind velocities. 
Proceeding as in the foregoing problem, investigate the stability of a 
water sutface at rest under the influence of an air current moving parallel 
to it. The density of the air must not be neglected as was done in Chap. 
Y., although it is small relative to water (0.00129:1). Gravity must be 
considered in this problem. 


Chapter VII 


VIL.1. The shape of the free surface of a rotating iquid derived according 
to Lagrange’s equations. The free surface of an incompressible fluid rotating 
with constant angular velocity was determined in 6 p. 44 by the methods 
of statics and is now to be found by the use of Lagrange’s equations. The 
axis of the drum is vertical as before. 

VII.2. Transition from Euler’s to Lagrange’s equations in the one- 
dimensional compressible case. For the special case of a one-dimensional 
flow of a compreasible fluid in the absence of external forces, derive La- 
grange’s form of the hydrodynamic equations directly from Euler’s equa- 
tions and the Jaw of conservation of mass. 

VIL3. Simplified determination of the linear differential equations for 
Riemann’s shock wave problem according to Hadamard. The one-dimensional 
Lagrange equation derived in the preceding problem permits us, according 
to J. Hadamard (Legons sur la propagation des ondes, Paris, 1903), to 
shorten the transition to the linear differential equation of second order 
in 37. Assume that the compressible fluid has initially constant density 
and use the Legendre transformation of Vol. I. Eq. (42.8), ef. also footnote 
10 on p. 312. 

VIL4. Stokes’ formula for a rotating sphere. In analogy to the translatory 
motion of a sphere analyzed in 35, investigate the uniform rotation of a 
sphere of radius a. Assume again laminar motion and an incompressible 
fluid, and show that the moment M = 8xpa*w is required to maintain 
uniform rotation with angular velocity. 
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Chapter VIII 


VIIL.1. The bending of a beam on two supports under a single load. A 
beam of length ? = a + 6 rests with its ends A and B freely on two sup- 
ports of equal height; a vertical force P acts at a distance a from A. Make 
a diagram of the shear force and the bending moment along the beam and 
determine the elastic line. 

VIIL.2. The vibrations of a rod. a) A vertically suspended prismatic rod 
ia rigidly clamped at the upper end and carries at the lower end a mass 
M that is large compared with the mags of the rod m. The system is free to 
oscillate in the direction of the axis of the rod. Determine the circular 
frequency of the longitudinal oscillations neglecting m as small relative to 
M, and the elasticity of the body M as unimportant relative to that of 
the rod. 

b) The system a) is now allowed to oscillate about the axis of the 
rod. In calculating the frequency of the torsional oscillations the woight 
of M that acts in the axis of the rod may he disregarded, since it is bal- 
anced by tensile stresses that are constant in time. The appropriate 
assumption is now that the moment of inertia 6 corresponding to the 
mass Mf is large compared to that of the rod. 

c) We finally consider a horizontal rod that is either rigidly clamped at 
one end and loaded at the other end by a mass M, or supported at both 
ends A and B as in prob, VIIL1 and loaded at o distance a from A (re- 
spectively 6 from B) lxy a mass Af. The equilibrium of the rod is disturbed 
by 4 vertical impulse. Determine the circular frequency of the oscillations 
normal to the axis of the rod (bending oscillations), if again M >> m. 

VIIL3. Rod subject to an impulsive load. Assume that the mass M of 
the rod of prob. VIII. 2a is not a steady load, but was put in contact 
with the rod at ¢ = 0, and that at that instant the velocity of M was v» . 
Calculate the maximum displacement ¢,... of the mass M and the maximum 
StYeSS Ga, at the end cross-section of the rod in general and show in 
particular: 

a) for vy) = 0, omex is twice its static value. 

bh) for large values of % , omax Increases with the kinetic energy of M 
at the mstant of contact, and depends on the individual dimensions of the 
rod only through its volume. 

VIII.4. A supplement to the torsion problem for an elliptic rod. Detor- 
mine the torsional moment Af and the angle of torsion ¢, for a rod with 
elliptic cross-section by earrying out the integrations in (42.23), and com- 
pave the factor that expresses the influence of the geometry of the rod 
with the polar moment of inertia of the arca of the ellipse. 

VIIL.5. The reflexion of a plane transverse and plane longitudinal wave 
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ANSWERS AND COMMENTS 


I.1. a) Differentiate the z-component of 
2(A— A) = BxXr 


partially with respect to y, the ycomponent partially with respect to z 
and subtract the results. On disregarding all terms that vanish simul- 
taneously with r, the usual expression for the component of 


B=curlA 


is obtained. 
b) Note that the omitted terms have the form 


(r grad)B, — x div B. 
This points to the connection with the general formula 
curl (a & b) = (b grad) a — (a grad) b + a div b — b diva, 


valid for arbitrary vectors a, b but restricted to Cartesian components. 
I.2. From (2.2) one has 


= Ze eine i = pis as , Aj = 2a av, 
Fi 


and finds by differentiation 


O oO => x2 GA} — 0A, 
w ax! at, ** Oe > aah 


The difference of the derivatives dAi,/axi — 0At/dx}, gives the 1, 2, 3 
components of curl’ A’, when the pair (7, m) takes the values (2,3), (3, » , 
(1,2). Each derivative consists of 9 terms. When the difference is formed, 
G of the 18 terms cancel. The remaining 12 terms can be arranged in 6 
pairs according to the 6 different 304,/dx, and finally rearranged in 3 
terms containing the three differences 04,/dx; — 9A,/dx, . Hence cach 
component of the transformed curl is a linear function of the components 
of the original curl; the cvefficients are the cofactors of the elements of 
the transformation determinant as in (2.5). This points again to the axial 
vector character of the curl. 

The treatment of this problem in Eqs. (2.10)-(2.15) of the text deserves 
prefercnce. 

1.3. It is, of course, possible to obtain the required expressions from 
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their definitions in Cartesian coordinates by applying the corresponding 
orthogonal transformations of coordinates, but this is a highly cumber- 
some procedure. A more efficient way is to specialize the general formulas 
(2.24), (2.25), (2.28), (3.98), (8.9b) for the required type of coordinates. 
The results of this computation are collected for later use in the following 
table, which contains also the answers to probleme I.4 and III.1 for 
cylindrical and spherical coordinates. As for the correct meaning of the 
symbols V7"A and (A grad)A, the reader is again referred to Eqs. (3.10a) 
and (11.6). 

It should be noticed that the sign of the curl depends on the orientation 
of the coordinate system. We have here assumed that the three coordinates 
in the sequence r, ¢, 2 (and in the sequence r, 3, g)} form dexteral systems. 
Only under this condition the use of formula (2.26) is legitimate. In the 
case of spherical coordinates the usual definition of # is such that & in- 
creases from north to south. If this is adopted, » runs contrary to the 
geographical longitude coordinate. If, however, y ia required to coincide 
with the geographical longitude, then the sign of the curl components 
would be reversed in accordance with Eq. (2.16), since the curl is an axial 
vector. The same thing happens when the order 7, 3, ¢ is changed into 
r, 9, v. 

Cylindrical coordinates: 


*, P, @, ds* = dr* +r dy’ + de’ 


aie=l, G2 = 7, go =1 


div A= FSA) + 7 oes + 
eee, ae OA, 


curl, A = 2 2¢As) _ Lode 
r oF r dp 


yw {2 (a0) 4 2 (120) a (20h 
ier ae + oe r dp + ae Ge 


(Agrad)A = 1A-grad A, + S4# 


A-grad A, 
2, _Ae 290A 
VAS TP as: 
V°A = CY oo A 2 oA, 
VA, — + Shp 
WA, 
Spherical coordinates: 


ro,g, ds =dr +r dv + rain’ 2 de’ 


gf: = 1, fe = 7, fs = Tsind 
aU 1 
grad U = rom i. 


_1 @ 
ryin? de 


eee Oein SA,) _ 24.) 
ame aril ao de 


(sin $Ay) + 


mule A = te Ae _ 1a As) 
curls A= rsind a9 47 ar 


curl, A *( ar ae 


1 @ 
rsgin 
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y= eh {2 (sino 22) 4 (sin 9 20) 2 (2 .20)) 
ve rag th (Fone H + 55 \8E% 59) + 55 \gin d de 


= 42 (n@) 4 A (sino 2) 4 5 4 58 
par\ ar/ ' Pang da d0/ ‘sin’ d dy" 


= 2faa,_ _ Ae 2s | 
(A grad)A = vids +3] 24: Jain’ 3 —— oo 


2 2 Ez dAr _ __ Ay ] 
via, t+ tamd a Ser de 2sind 


1.4. The ~component of curl curl A is according to the preceding table 


carl, curt A = £2 om, A — 2 curl, A 
r de oz 


24, 


_1a =i _ FA, 
Par ap or ag a? Or dz? 


and, likewise, 
‘ a 
grad, div A = oor ar’ 
We obtain therefore for the difference 
ie _...-4: 2d, 
grad, div A — curl, curl A = 7 oP a 
The terms fully written on the right hand side are those that are missed 
if the expression V/A, is calculated by a schematical application of the 
V?-expression in cylindrical coordinates. One finds in the same way 


grad, div A — curl, curl A = --- ~4245°% ri , 
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15. For the difference 7 = U, — U, of two solutions U, and U, 
the Laplacian VU vanishes in the interior, and the normal derivative 
aU /an vanishes on the boundary. From Green’s theorem (3.16a) it follows 
that U = const as in the first boundary value problem so that UJ, = 
U, + const. To conclude that U, = 0, is, of course, no longer possible. 

1.6. Let the strain ellipsoid with the semi-axes a, b, ¢ be given by the 
equation 


(1) Dy att = 1, 


referred to a system 2, , t%2 , % which is connected with the system of 
principal axes by some rotation. 

a) @ = @&: Fora, = 2, = 0 we obtain «, = 1/Z, where [ 2, | is the 
radius vector from 0 to the point at which the z,-axis cuts the ellipsoid. 
The lengths | Z, | and | %, | being correspondingly defined, we obtain for 6 


] 1 1 
a= tS 
™ ate TR 
The invariance of 6 permits the following geometric interpretation. Jf an 
ellipsoid ts cut by an orthogonal triad whose apex coincides with the center 
of the ellipsoid, the sum of the reciprocal squares of the intercepts is inde- 
pendent of the position of the triad; in particular, it is equal to 
ae eee ae 
9’ aol is + i’ + e . 
b) A = A’: The plane x3 = 0 intersects the ellipsoid (1) in the ellipse 
ént1 + 2e:2% Xe + eet = 1, 


whose principal semi-axes are 1/ n/m, and 1/+/r,, Ar and A, being the 
roots of the equation 


€, — A, 1g 


(3) 


31, €a2 “ N 
The area of the ellipse is 


(4) ew, 


Trrom (3) and (4) we conclude 


2 rT 
Ardy = C¢. fe: ~ fs = F > 
a 
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and, therefore, (/, , #; are defined correspondingly) 
ee oer tees x) 
©) a~vet at 


Hence, if an ellipsoid ts cut by an orthogonal trihedron whose apex coincides 
with the center of the ellipsoid, the sum of the reciprocal squares of the areas 
cul out by the trihedron is independent of tts position; in particular it is 
equal to 


1 1 1 
Se dat ao 


c) D = D’: The volume of an ellipsoid with the semi-axea a, b, ¢ is 
given by 
(6) Ve & abe. 


When the determinant (4.7) is set up in principal coordinates, it reduces 
to the product of the terms 1/a’, 1/8’, 1/c? in the main diagonal so that 


yt. ler 
(2) D' = ays = O73 


On the other hand, by an orthogonal transformation D’ is transformed 
into D [cf. (4.7)]. We have therefore once more 
16x” 
(8) D-= OV: 
The invariance of D has its geometrical equivalent in the independence of the 
volume V from the coontinate system. 
I.7. The relation F = AF, implies 


curl F = \} curl F, + grad a X F, . 
By scalar multiplication with F, and application of the vector formula 
A-(B X C) = B-(C x A), 


one obtains an equation from which one concludes that F, 1 curl F, , 
provided curl F = 0. 

If U is a potential function that belongs to the pattern of field lines 
given by F, so that AF, = grad U, then any function V of U is also a 
potential and the associated multiplier ’ = AdV/dU. Thus the problem 
under consideration has an infinity of solutions, if it has a solution at all. 

IJ.1. a) With the values of p, and po of p. 99 one obtains from (7.9b) 
the values of h for = 1.4, 1.2 and 1, given on p. 52. The last value is in 
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accordance with the fact that the exponential function in (7.14) vanishes 
only forz =m. 

In the adiabatic caso (8 = 1.4) the lapse rate of the temperature can 
be determined from Iéq. (7.11). If we assume a ground temperature of 
0°C = 278°K, the lapse rate is just about 1°C per 100m. This same adia- 
batic lapse rate for dry air is also found in the descending air current of 
a foehn’ between two points of the same stream line, while in vertical 
direction, that is, in the transition to a different streamline, only half this 
value is found (corresponding to the average temperature gradient in the 
atmosphere). 

b) We substitute in the second equation (7.7) 


V=- ee 
where G = constant of Newton’s law of gravitation, 4’ = mass of the 
earth, r = distance from the center of the earth. The constant in (7.7) is 
determined by the condition: » = », forr = R, R being the radius of the 
earth. In this way one obtains from (Ga) and (7) 


o Z nol bo (2 - pe 
() p pl ~~ B GMl eg - 
At the surface of the enrth we have 

(2) oH = 9. 


The limit of the atmosphere ts obtained if wa Iet » = 0; with r = BER 
we obtain from (1) 


ae Mote, Rh 
@) PR po RFR? 
in accordance with (7.9b), provided & «K # and x > 1. 


Yor the isothermal case, 2 = 1, the two results no longer agree. If we 
substitute G = /2g/Af in (1) and pass to the limit #—> 1 wo obtain 


(4) p = —%, xp | - 2s, atl | ~ #1, r> i. 

To r 
In this case there is no upper limit of the atmosphere that would be de- 
finable by » = 0: for ro we have the puradosical result of a small but 


finite pressure valuc 


This is a nob uncommon mekorological phonomonen in the Kuropean Alps, ils 
charactcristic feature being the sliding down of air maxsen along mountain sloper. 
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(5) p = po exp (— # gk). 
Po 
IL.2. The partial pressures of NV, and O, are originally (o = 0) 
21 79 
(1) Pa = Po 400? Po = Po 700? with Po = 1033 x 981 ot 
From, (7.18) we have the partial pressures at the circumference r 
Pi = Poi Xp (1 rw) .. * py = 32, 
(2) 
Be Pea” 
ps = om ox (BF) m= 8 
The preasure difference (p, + #2) — Po is prescribed as 40 X 981 gr om™ 
sec™* and equals by (1) and (2) 
3 2 
Pi t+ Ds — Po = = pul exp (# usr) = ) =a] + Pu exp mre) = 1]. 
The arguments of the exponentials being small, we obtain a good approxi- 
mation by expanding the exponentials and retaining the linear terms. 
With R = 8.31 X 10” erg/grad and T = 273° K, this leads to 
30°" 
2X 8.31 x 10" X 273’ 


whence w = 260 sec”? and » = 30 w/w = 2480 rpm. The pressure (or 
density) ratio at the circumference is found as 


40 = 10.33(21 * 382 + 79 X 28) 


4 2 
A my 2 RF _ 21 1.083 
Po Pe = Pos 1p eee 79 1.088’ 
2 RT 


or only 0.5% larger than at the center, hence the centrifuge is not an 
efficient means to separate mixtures of gases or isotopes. Even the ultra- 
centrifuge mentioned on p. 55 separates only aggregates of colloids or, 
at best, the giant molecules of protein mixtures. 

IL.3. a) In close analogy with Egqa. (10. 2 to (10.17) one obtains 


(1) um SG y’) te = 2 = AE = Al = 3ul 3, 


that is, a parabolic velocity profile as in ae 14 and a pressure loas pro- 
portional to the first power of the average velocity and to the minus 
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second power of the half width h, which corresponds to the radius in 
Eq. (10.17). The reactive force acting on the upper or lower plate in the 
direction of the flow is 3uu,./h per unit of area. 

b) The component of gravity in the direction of the »axis of Fig. 19a 
equals 


(2) F, = pg sin a; 


the component directed toward the bottom y = —/ need not concern us 
here. At the free surface the pressure equals the atmospheric pressure 
(p = 0); no pressure gradient in x-direction is required since its role is 
taken over by the body force (2). The differential equation (10.88) reads 
under these conditions 


OM in 
* aye = 9 a. 


The boundary conditions at y = 0 require both p = 0 and p,, = 
—ydu/dy = 0, but these conditions are satisfied in (a) because of the 
symmetry of the flow relative to the plane y = 0. The velocity profile in 
the present case is therefore identical with the lower half of the profile in 
a), the constant 4A being modified as required. 

11.4. We refer to the formulas for cylindrical coordinates developed in 
the answer to problem 1.3 and put 


v= %,, v, =v, = 0. 


The condition of incompressibility 


requires that » be independent of y, so that » = v(r). The same is true 
for the pressure p. 
Tho expression for Vv, which wo find again in the table 1.3, yields 

the differential equation 

do , ldv_ vp | 

de tp dp pt = 
The gencral solution is a linear combination of the particular integrals 
v= randy = 1/r; the cooflicionts follow from the boundary conditions 


yv=Q for r=7,, v= U for r=. 
In this way wo oblain the solution 


ces nr rT 


rmon 
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which becomes identical with the solution (16.14) for the straight Couctte 
flow if we pass to the limit infinity with 7, and use the notations r, = 
% t+handr =r; + y. 
The reactive moments (per unit of length of the cylinder axis) are 
given by 
2 2 
M,= 2rpUr, poo 


or 
ps Mi = ale: 


Their difference per unit of circumferential length of the external cylinder 
equals »U; the dimension of this quantity is that of a torque per unit of 
area, It is in fact equal to the torque per unit of area which acts in the 
case of the straight Couette flow upon the two boundary plates (stress 
pU/h X arm h). 

IL.5. This problem shows in a typical way how the fundamental 
equations of elasticity are applied. The solution requires a somewhat 
lengthy calculation, the single phases of which we shall clearly indicate. 
It is left to the reader to supply the connecting steps. 

Let the direction of the force P coincide with the z-axis and its point 
of application be the origin of a system of cylindrical coordinates r, ¢, 2. 
On denoting the components of the displacement vector by 


p= ft + 7,9, ¢, 


the dilatation © is obtained according to the table I.3 in the form 
13 oF 
(1) Oe Th ta 


since the problem is symmetrical about the z-axis. 

a) The differential equation for 6 is found from (9.18) similarly as in 
(14.2): 
(2) V’e = 0. 
Solutions that have the required symmetry are to be chosen from tho 
following (cf. p. 248): 


(3) e pees Rompe, 


wai @i @1 

R’oR' ae R 
We select the second solution and put therefore 

3 

(4) §= Ax 


b) The differential equation for the Cartesian component ¢ is ac- 
cording to (9.18) and the table 1.3 
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de lar oe etd a ~ ©) 
(5) or + - ; ar + oz" as it A 3 R* . 
A particular solution of this equation is 
— pz = —#tAA 
(6) fc = B k* ? B i ft 9° 


to which we may add solutions of the form (3). Choosing the first solution 
(3), we assume ¢ in the more general form 


Cc A 2" 
(7) Hee. 
¢) The differential equation for p follows easily from Eq. (1), viz. 
1 er ae | 2, eta (1-34) 
(8) , re) = 9 a ~ Agt Cpt F A pa t 3 ht)" 
This may be transformed into 


a 2u +> x 1 


and can be integrated to give 


where f(z) is the integration constant. For r = 0 and all positive values 
of ¢ we must require re = 0; since then 2 = z, we have 


ja = c+ ths 
i 
and Eq. (10) yields 


ap pm (c+ Btds)2— (cp Mtr sls ete ee 


d) The boundary conditions at the surface z = 0 are for r > 0 
(12) t%, =0, Go = 9, oF = 0. 
The first condition requires that 


(18) af 4 22 29 


The second condition is automatically fulfilled for reasons of symmetry, 
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not only at the surface z = 0, but everywhere inside the elastic body (sec 
below under f). The third condition is equivalent to 


oF 


a | 


oz 


since @ = 0 for z = Oandr > 0; according to (7) it is also automatically 
fulfilled. We now substitute in (13) according to (7) and (11) fore = 0 


ge __¢ e . —( 2u +d )4 
a rr? as C+ yp A} 7 
and obtain 


(14) Cn- — eb AA 


e) The state of deformation can thus be described by the following 
Telations 


z _ _Afme+rAlL , ptra?e 
OndAm, (fs 4( ‘ook Gp 2) 
(15) 
_A Mere pera? 
p= Ali rr RT i 5). 
Tt follows that 
(16) cw = Ere = AG +) E. 


Only the integration constant A remains to be determined; this must 
be done by relating it to the external force P. If the body is cut in two 
at an arbitrary depth z along the plane z = 2 , the following condition 
of equilibrium must hold: 


a7) Pa-%f osdr when 2=%. 


On substituting for ¢,, according to (16) and observing that 


[et - ae 


mits 
rug 32°? 


one obtains 
(18) P= —2rA(pu + d). 


f) Of the three shear stresses o,, , oy, , os, the first two obviously 
vanish everywhere within the elastic body. This implies that the normal 
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stress o,, belonging to any point of the surface » = const is a principal 
stress usually called the hoop stress. The associated stress trajectories are 
circles about the axis given by the forces P. In every torus or hoop of 
infinitesimal cross-section whose axis is a circular stress trajectory, there 
acts a definite streas o,, that is characteristic of the hoop. The same hoop 
stresses occur in pipes and boilers subject to internal pressure, and their 
magnitude is the determining factor for the safety of the construction. 
In the present case the action of the external force P on the “hoops”, of 
which the semi infinite body can be thought to consist, may be com- 
pared with that of an internal pressure. Since p denotes the increment of 
the hoop radius, the change of its length is 2p and its extension 2rp/2a7 = 
p/r. It follows therefore that 


(19) éyp = &, Coe = Littoy + dO = WE + dA Fe, 
or, because of (15), 
A z g z 
Te = FG we-Q+HNE+ e+ zs +A 
This may be rewritten in the following form 


(20) one = 4 (1-284 8). 


The expression stays finite for r = 0 aince the factor in parentheses 
vanishes. 

The justification for the use of the particular solutions (4) and (7) 
must be seen in the fact that they can be made to fit all continuity re- 
quirements and boundary conditions of the problem. The vanishing of 
the displacements and streases at infinity should also be counted among 
the boundary conditions. Jt can be verified diroctly from Imqs. (15), (16), 
and (20). 

The assumption of a load concentrated at one point is physically not 
justifiable, but greatly simplifies the mathematics of the problem. The 
general case of a preseribed Joad distribution along the surface z = 0 can 
be casily constructed from the foregoing formulas by integration. 

Boussinesq published his solution in 1879 and gave a complete repre- 
sentation. of it in his book “Applications des potenticls directes, inverses, 
logarithmiques” Paris 1885. 

IIL1. The misinterpretation of the operator (v grad) would lead to 
the following expression for the r component 


= tr Ve OM, au, 
(1) (v graclje, = 2, ae 4 ae +, ae 
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Instead of this one obtains by (11.6) 
qt rs Ey, Se 4», —v, curl, » + 0, curl, v. 


With the values for curl, A and curl, A according to table [.3, the lust 
equation yields after cancellation of two pairs of terms 


(2) 0, Be 4 Me Be 4 9, Be —%, 


The last term is the centripetal acceleration [missing in (1)]. The corre- 
sponding computation for the g-component of (v grad) ¥ gives the sldi- 
tional term 
vv ”) 
3 =i0, ws es ; 
When we here interpret as the amount of the axial vector w parallel to 
the z-axis that represents the angular velocity associated with the linear 
velocity v, , then the term ¥,w = (@ X ¥), becomes one half of a Corioks 
acceleration [ef. Vol. I Hq. (29.4a)]. One finds, however, that the two results 
are identical in the case of the z-component. The formulas have already 
been tabulated in I.3 for cylindrical and spherical coordinates. 
TII.2 a) We put in Bq. (1) of the problem 


C = Ap*y*a’ 
where the a, 8, 7 are to be dotermined and A is dimensionlass. On sub- 
stituting the dimensions of », p, /t and », the following dimensional 
identity is obtained 
gr em? see? ‘on er* em? +38 +n sec?” 
which yields a = 1,8 = 2 — n, andy = n — 8, whence 
c= Apy 2-2 no 


b) On substituting in Eg. (8) of the problom the expressions (16,9) 
and (16.8) for S and B, one obtains 


pos). 


v must occur here in the n™ power since this relation should be equivalent 
to Eg. (1) of the problem. It follows that 6 = n — 2 and therefore 


, 


t= det oR, 
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c) On using Hagen’s value n = 1.75 in this equation, one obtains 
Tl = Xp Lon, 
a 


which agreea with the first form of Eq. (16.13), the exponent « having 
Blasius’s value of 4. 

ITi.3. Let the virtual displacement of the liquid be a motion of the 
surface elements dF in the direction of their normals by én. Since the 
volume is conserved both positive and negative displacements én (out- 
ward and inward displacements) must occur. The virtual work is com- 
posed of the work of the capillary forces and that of the external forces; 
the first contribution follows from (17.11) by multiplication with én and 
integration over the surface, and the second contribution equals f Uin dF 
where U is the potential energy per unit of volume. 

The constancy of the volume + as a whole requires that the variation 
ér vanish: 


(1) ir = [| ndF = 0. 


This restriction on 6x can be taken care of by a Lagrangian multiplier 4, 
that is, by adding the term ddr to the left side of the virtual work and 
setting the total equal to zero. 

The displacements én being now arbitrary, one obtains 


(2) n+p) +utr=0. 


If the mean curvature is here replaced by the appropriate expressions from 
differential geometry, one hag in (2) a partial differential equation for the 
determination of the shape of the surface. The hitherto unknown multi- 
plier d is fixed by requiring the surface to pass through a given point with 
given mean curvature (cf. the next problem). 

ITN.4. Let the z-uxis coincide with the axis of the vertical capillary 
tube and count z positive upward from the external liquid level. Then 


(1) U = pgz. 


For a wetting liquid the radius of tho concave spherical surface is negative. 
Eq. (2) of the preceding problem then gives 


(2) -T2 4+ pg tr =0. 


Since for the external surface z = 0 and the radius R ==, the multiplier 
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» must be set equal to zero. The radius of the sphere & can be expressed 
by the radius of the tube r if the angle of contact is known: 


(3) R = r/cosv. 


Defining the elevation h by a suitably chosen mean value of the z-ordinates 
of the meniscus, one obtains from (2) and (8) 


27" 
(4) h= a cos 3 
where the value of cos # for wetting liquids is nearly 1. For non-wetting 
liquids & is positive and the right member in Hq. (4) takes therefore a 
minus sign; h denotes now the capillary depression. 

IV.1. From (19.108, b) one calculates 2 = + + cy asa function of p + tp 
and obtaina by differentiation the differential da + zdy in terms of dp + 
tidy. The square of the line element ds’ is found as the absolute value of 
dx + tdy which leads directly to relation (1). 

The fact that the factors of dp” and dy” [denoted by gi and g; in (2.22)] 
are here equal means that the network of the two families of curves p = 
const, and ¢ = const consists of infinitesimal squares (provided the in- 
crements dp and dy are equal). In other words, the bipolar coordinates 
are isometric in the sense of p. 139. Note that the same can be achieved 
with polar coordinates in the plane if one replaces 2 = re‘? by z = ef*** 
where p = log r. 

In setting up the operator V? the three dimensional scheme (3.9b) 
must be specialized for two coordinates p, = p, p2 = » which amounts 
to putting 


? 


re] 

Gi = 92 = 9; gj, = 1, oe, "* 
In the case of the potential equation V°U = 0 the additional factor 1/g" 
is immaterial, but its presence destroys the separability in the case of 
the wave equation. With the assumption of a periodic time dependence 
U = wi ** the wave equation V7U + k°U = 0 reads 

2 F 
Se + So + fu = 0, k=. 


On substituting here the trial solution (2) and dividing by Jif, , one is led 
to a contradiction if one differentiates once more with respect to p or ¢. 
IV.2. We start from Eq. (19.11) which yields 


v= A grad ¢, 
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For an arbitrary function of the bipolar coordinates f(p, ¢) we have 
_idf , _ Laf 
erod, f = oy? grad, fo as° 


If in particular f = y, then », = 0 and v, = 1/g, as already mentioned 
in the text of the problem. With A = u/w os in Eq. (19.88) we have there- 
fore 


(1) |v] =, = = (cosh » — cos 4). 


This should be compared with the value of | ¥| that follows from 
(19.14) 


& _ b 


r, bey 


The vector 9/1; (¢2/r2) has the amount I/r, (1/r,) and is perpendicular 
to the radius vector from ¢ = + ¢ (¢ = —c) to the field point. The angle 
subtended by the two radius vectors rm, , fy is therefore g = y, — . 
Vectorial addition then yiclds 


iA 12 = [2 i t) 
nts tl a rir, VQ Re ne 
[2 
= ane cosh » COs Y. 


Relations (1) and (2) are cquivalent when 


1 feosh —- ts = 2. 
c p - Ty,’ 


which is in fact the case, as one sees by applying the law of coxincs to 
tho triangle whose cornora are 2 = =tc and the field point. 

IV.3. From tho definition of elliptic coordinates in (19.15) we derive 
sinoilarly as in problem [V.1 


(2) [v[=® 


rT 


aa 


dé = g(dv + dy’), = —“. a}oosh 2¢ — cna 2p. 


The equation of the vibrating membrane has the sume form og in TV.1, 
but the moaning of g is diferent: 


au 8*u 4 
(1) get agi t Rou = 0. 
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Substitution of the trial solution and division by J,f, leads to 


(2) ays oF ooh 2¢ = — LE 4 cos 29 = 2. 

1 
Now the quantity “separation parameter”) is independent of £ and 
n; to show this differentiate (2) with respect to 7 or £ (In other words, 
is a function of ¢ alone according to the first, and of » alone according to 
the second member of Eg. (2) and is therefore constant.) The partial 
differential equation (2) then yields two ordinary differential equations 


(3) = v= (r — TE cosh 28) f, , a (—r 42H cos 2m). 


The solutions of (3) are called Mathieu’s functions. 

IV.4a. Toroidal coordinates first occur in # posthumous paper of 
Riemann ‘“‘About the potential of a torus’, Ges. Werke XCKTY, p. 431. 
We introduce the notations p, », ¥ and restrict the ranges as follows: 


{1) OS p<, QOS8¢< 27, OS < 2x. 


The geometrical meaning of p and ¢ follows from Fig. 26, the right half 
of which need only be considered (p positive). The angle y¥ is the angle 
of rotation about the axis p = 0 (azimuth); the surfaces ¥ = const are 
half planes containing this axis. In the rotation the circles p = const yield 
a system of coaxial tori about the axis p = 0, and the circular arcs y = 
const yield spherical segments. 

Let us now change the notation of the complex variable z of Eq. 
(19.10a) into 7 = % + @y; then by (19,10a, b) 


—  ___¢sinh p es csin g 
(2) =o cosh p — cope’ ¥ = cosh p — cose” 
If we introduce a spatial Cartesian system x, y, 2 such that the z-axis 
coincides with p = 0, the origin with the center of Fig. 26, and the positive 
z-axis has the azimuth ¥ = 0, the following relations hold between the 
coordinates x, y, 2 and the coordinates Z, ¥, ¥ of the same point: 
(8) «= E cos y, ye Bsny, 2= y. 


The square of the line element follows now by differentiation (ef. prob. 
TYV:1); 


(4) ds’ = dx* + dy? + de? = g°(dp" + de’) + 95 dy’, 
where 
(5) 9= 9 = g = ————__ = Zz = —Oenh p _ 


cosh p — cosy’ cosh p — co6g" 
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The Laplacian operator follows by (3.9h): 


| ty =~ 2 (, au) 2/ av) papa 
©) VU = Fn ‘f W295) + ap \" agi * g, avs: 
One assumes U/ in the form 
(7) "  U = vVeosh p — cosy V(p, ge"”*, 


and obtains the following form of V"U after several steps 
ev'U = (cosh p — cosy)” 
Vv av (2 __ } tod 
EE + cath 8 + 4 sinh” p/ ' f° « 


When we are interested in the potential equation V?U = 0, the resulting 
differential equation for V can be separated by setting 


(9) V = f(p)e™*. 
The ordinary differential equation that results for f is 


(8) 


2 
(10) f" + coth pf’ + € — 1 - aa = 0, 


the solutions of which are generalized spherical harmonics. 


In the case of the wave equation, however, the differential oquation 
for V, obtained from (7), is 


oat coth p oy oy 


1 m ae k*c” 
* (j os sinh” p + Ceosh p— coK eo? VY = {). 


(14) 


It is not scparablo in the coordinates p and ¢. 

IV.4b. If the diagram in Tig, 26 is mude to rotate about the axis 
¢ = O rather than p = 0, tho circlos p = const generate spheres and the 
circular ares ¢ = const generate “xpindles” (the latter name is appropriate 
only for the surfaces » < 2/2). ‘The third coordinate is the angle of rote- 
tion ¥ about the axis, hence the surfaces y = const aro half-planes as 
before, The ranges for the coordinates arc now 


(1’) —o Cpc<to, OS¢e<r, OSH <A. 


Introduce again Cartesian coordinates 2, y, 2, so that the zuaxis co- 
incides with the axiy of rotation and the origin with the center of Vig. 26. 
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With = and 7 having the same meaning as before, we have now instead 
of (3) 


(3’) z=yeosy, yruysny, 2=%. 


By differentiation, a line element of the same form and also with the same 
value of g a8 in (4) is obtained, but the value of g, is now 


_ = ¢ sil ¢ 
(5’) nd ah = oe” 


The expression (6) for V°U, which is still correct, yields when the form 
(7) of U and the present value of g, are used 


&V?U = (cosh p — cosy)” 


(3) ey ay atv Ot. om Nl, 
Ae eee) eras pe, rd 
ee cote as tag (14 Vr}, 


‘When we are interested in the potential equation V"U = 0, the resulting 
differential equation for V becomes separable if one puts 


(9") V = f(eje™. 
The equation for f is 
(10’) f’ + cot gf’ — € — + a) = 0, 


which can be solved by generalized spherical harmonics like (10). 
The wave equation V°U + kU = 0, however, is also not separable 
in these coordinates. 


¥.1. The kinetic energy to be computed is given by 
» a g a 
able Lae 
(1) Buin rao 2 : dx f dy {( oz - oy + dz ° 
On substituting for @ according to (26.6) one obtains without difficulty 
(2) Busy = phe A? [om ™ dy = 2 rA¥e™, 
i 


This agrees with the expression (26.7a) for E,,, , since the amplitude A, 
which occurs in the expression for  [ef. Eq. (26.6)], is considered as a 
first order infinitesimal, and e~*” may therefore be replaced by 1. Since 
Ey, is zero if the fluid is at rest, the expression (2) is at the same time 


the difference in kinetic energy between states of motion and rest for the 
spatial domain in question. 
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In the second part of the problem 
& = C' cos (ke — of} cosh k(h — y), 
and one has by (24.3) and (24,8) 


r= 7m (ka — wt) cosh kh; 
this yields 


S = FxC%inh 2kh + 2kb), — Bue = Byoy = FC" sinh 2th. 


VJ.1. The Navier-Stokes equations (10.8a, b) augmented by the 
Coriolis term read 


(1) 2vXoteV’v ~— gradpt+ F = 0. 


With the simplification indicated in the problem text the & and » com- 
ponents of Eq. (1) yield for a point on the northern hemisphere 


2w sin yt), + Se = 0, 
(2) 


ae 
—2w sin gy; + ie == (), 
where g is the geographical latitude, (Note that the gravity vector F is 
perpendicular to € aud y.) Since x, = 0 and the vertical component of the 
Coriolis acceleration is negligibly small in comparison with g, the t- 


component of Ky. (1) gives simply the hydrostatic pressure gradient in 
¢ direction 


_ dp 
ade a 


With the simplifications introduced, the condition of incvompressibility is 
automatically fulfilled. Phe two Eqs. (2) can be conveniently written as 
one complex equation, similarly as in the theory of Foucault's pendulum 
(ef. Vol. J. 31.5). We put 


V =o + tv, 
and obtain inateul of (2) 


ey est on 2 W.. 
(3) Pye 2" V = 0, i" = = Hin @. 
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The integration yields 
(4) Vv = Ae iror, 


if due regard is given to the orientation of ¢. The constant A must be de- 
termined from the excitation due to the wind pressure, whose components 
have to balance the friction pressures p,; and p,, everywhere on the surface 
¢ = 0. If one introduces a complex friction pressure P by 


P = Pre + iPr. = ~4(% +% i) —» 


where v; has again been neglected, one obtains from (4) for ¢ = 0 
(5) —P, = pAX(l + 7). 


This is the value of the wind pressure on the surface ¢ = 0 in complex 
notation; it must be considered as a known vector. We introduce the 
notations 


Py =| Pole", wa ~ ie, c= 2, 


_ and obtain the velocities »; and v, when we take A from (5), substitute it 
in (4), and separate real and imaginary parts: 


ty = te" 008 (nz +5 — i) 
(6) 
v, = —ve" main (ne + 2 i) 


This result permits the following interpretation: The drift current on the 
surface makes an angle of —45° with the wind direction. The velocity of the 
current |» | attenuates with increasing depth and changes its direction in 
such a way that at the depth 


T 
(7) =) = 


= pica ts opposite to the surface current. At that depth | »| is equal to 
* (Ekman’s friction-depth). 

hee & justification of our simplifying assumptions and for further 

discussion see: V. W. Ekman, “Dynamische Gesetze der Meereastré- 

Toungen”’ in the Innsbruck lectures quoted on p. 242. The fact that the 

actual motion is properly a turbulent one can be accounted for by giving 
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wo larger value than usual; this takes care of the increased internal friction 
due to turbulence. 

VI.2. When higher powers of ¢, and g, are neglected and the constant 
terms U7/2 and U2/2 of Bernoulli’s equation are absorbed in the constants 
C, and C, , the following equations are obtained from (11.15) for the dis- 
turbance potentials 9, and ¢. 


A= SA 4 yy, Se Cissy > 0, 


7 “4, ¢,... <0. 


Since the pressure on both sides of the discontinuity surface (y = 0) 
must be the same, one obtains 


oe. Op, _ Ses = 
(1) a + AS, it Us tory =O, 


and the constant c = C,; — C, must be zero because of the assumed 
periodicity of y, and ¢e . 

We write the sinusoidal disturbance of the surface in the convenient 
complex form 


@ nec, k= 


=e A = function of ¢ 


The y-velocity —dy,/dy of a particle close to the discontinuity surface is, 
except for second order terms, given by 


Mo 24 yy S, 
We obtain therefore 
@) 2 U, Sim ~ 
and, correspondingly, 
(4) B+ sgt = — Oe. 


Since the problem is two-dimensional, we put 


A, 
(5) 9 a Ae oe AyetO™ = functions of ¢ 
Ag 
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Note that (5) fulfills the condition of incompressibility and ¢, (y,) stays 
finite for y = +o (y = —). The problem has a solution only if the 
wave number & in (5) has the same value as in (2). 

Upon substituting (2) and (5) in Eqs. (1), (8), and (4) the amplitudes 
A, A, , A, are found to obey the following linear system of differential 
equations 


(6) a + kU, A, = a + tkU, Ay 
(7) 32 + ikUA = kA, 
®) oA + ikU,A = —hAy. 


The solution can be set up in the form 
(9) A=ae"', A, =ae™, <A, = ae’. 


If one substitutes for A, and A, according to (9), one can compute a, 
and a, from (7) and (8), and obtains a quadratic equation for a by intro- 
ducing these values into (6). The two roots are 


(10) a = E[a(Y, - VU) ~ (Us + UA). 


Unless U, equals U, , one of the two roots has a positive real part which 
implies a continual increase of the amplitudes A, A, , A, . At any wave 
number * there are thus sinuscidal initial disturbances that wil] grow in 
the course of time. 

V1.3. In the first pair of equations of VI.2, replace U, by U (wind 
velocity) and set U, = 0 (water at rest), add the action of gravity —gy 
(4 positive upward), and introduce the two densities p, and p, instead of 
p. With s = p,/p, and c = 0 as before, these equations yield 


9g, _ Ber) Oe 
(1 {2 go FU) = ay 9 


Iiqs. (2) and (8) of V1.2 remain unchanged, and so do (8) and (4) except 
for the specified values of U,; and U7, . One then has the same form of a 
solution as (9) for the differential equations that correspond to Eqs. (6), 
(7), (8) in VI.2, and expresses again a, and a, by a. In this way one obtains 
for a the quadratic equation 


(10’) e(a + tk)’ + a" = ~—gk(1 — 3). 
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One of the two roots has a positive real part if 


, 24 gl-s 
(11’) a 


Now, </¢/k is, according to (23.16), the phase velocity V of the deep 
water waves if the inertia of the air is neglected (the value of V is only 
insignificantly smaller if the inertia of the air is considered, as can be 
shown by suitably expanding the calculations of 23); hence the condition 
of instability (11") can be written as 


U > y jae, 
8 


In order to excite disturbances of wave length 4, the wind velocity U 
must be considerably larger than the phase velocity V associated with 
this wave length. The plane water surface is therefore stable with regard 
to this wave length for all wind velocities 


V 
U < — == = 27. 
+/ 0.0018 


If in addition to gravity capillarity is considered, the stabilizing tendency 
of gravity is strengthoned and the plane water surface is seen to be abso~ 
lutely stable for all wave lengths as long as 


U < 28 Vints ; Faia m 20.2 em/sec, 


The phase velocity Vai. belongs to the wave length Agu = 1.73 cm as 
calculated on p. 184. A wind velocity smaller than 28 X 23.2 em/sec ~ 
6.5m /see (wind strength 2-3 Beaufort) would not be able to disturb the plane 
surface of the water. This result assumes perfect homogeneity of the wind, 
which in reality is always turbulent. 

VIL1. Let a, b, ¢ be the coordinates of a fluid eloment at the time ¢ = 0; 
in cylindrical coordinates 7, ¢, z 


a= % ST COBY, 
(1) b= % = r sin ?, 


GC = 2p 


Because of the uniform rotation the coordinates of the same element at 
the time # ure obtained if we replace » by ¢ + of, where » = angular 
velocity. Hence 
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= a cosvt — bsin wi, 
(2) = b cos wt + asin wi, 
z= 6. 
It is easy to verify that the condition of mcompressibility (84.3) is fulfilled. 
Lagrange’s equations (84.1) give in the present case (gravity being the 


only external force, and the z-axis being counted positive downward as 
in Fig. 7) 


aa 1 dp _ 
£5 cosut + SYoin ut + 222 = 0, 
3) — Fein ut + FY cost + 2B =o, 
az = Ldap _ 
ap g Toa 


If the accelerations in (8) are computed according to (2), one obtains for 
p the system of differential equations 


I 2 1 2 1 
(4) «2 = we, te mob, oP = 4. 

The value of » obtained by integration of the system (4) is identical 
with Eq. (6.10) if (2) is taken into account. 

To carry out the same calculation for a compressible gas is quite in- 
structive; the continuity equation gives in this case dp/dt = 0 and the 
equation of motion becomes @ = gz + 1r°w’/2, which becomes identical 
with Eq. (7.19) by applying (7.18) (the orientation of the z-axis is now 
different). 

VII.2. One starts from the one-dimensional Euler equation (13.1) (no 
external force) 


du _ _ lap 
(1) at p ax 


and introduces é and @ as independent variables, where a = 2, is the initial 
coordinate of a volume element whose coordinate at any later time is 
x(t). The mass contained in this volume element equals 


fort = 0: poda, for i> 0: pde = pS da, 
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Conservation of mass demands 
ox 
(2) p55 = po: 
It follows that 
a Ox 
69) ry (p 22) = 0, 


which ig identical with Eq. (84.3b). 
According to the remarks preceding iq. (34.1), we can cxpress the 
material acceleration in (1) by 


_ oe du ax 
) wat S ae OF? 
the pressure gradicnt may be written 


ae «48n202 8 aa/ da- 
Substitution of these derivatives in (1) yields 


He on _ lap 
6) at? oa p aa.” 
This agrees with (34.1) if and only if ono takes into account the modi- 
fication of Lagrange’s equations for compressible fluids stated in (34.34). 
VIL3. If the compressible fluid has initially the constant density po one 
concludes from Hy. (2) of answer VE.2 by differentiation with respect to 
the independent variable a 


a ox 
Q) 2 (p 8) =o, 
or 
lap _ _ 1s%x 
2) poaSst—ié 


where we have used Hadamard’s abbreviation 


ax 
(3) nae 
If now wu p,p-relation p = y(o) is assumed] one obtains, using (2), 
mn Lap _ (0) 9p _ _ (ed) Fa 
o'da 04/80 o da 
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Eq. (6) of the preceding answer then takes the form 


a Fe t 
(5) ap 25a, a= 2) | 


The quantity Q is a function of » alone since, by Eq. (2) of the preceding 
answer, p is inversely proportional to w. This suggests the introduction 
of «w as an independent variable. A second independent variable, suited for 
our purpose, is 


(6) gue. 


By (3) and (6), one finds 
(7) dx = wda+ u dt. 


If one introduces in accordance with the rule of Legendze’s transformation 
the dependent variable 


(8) z(u, o) = ut + wa — aft, a) 
and forms its total differential, then one finds 
(9) dz = tdu + a du. 
From (8) and (9) one has 
2 2 
(10) oa mo Sat 
+3 2 
(11) vz OZ 


and from (5) and (10) follows 


(12) “i = Qu, . 
Using a well known transformation rule we conclude from (12) 
(13) a, = Ob. 


Because of (11) this is a tinear differential equation of second order for z 
since the coefficient 2 depends only on the independent variable w. Writing 
(13) in the variable z, we have 


az a2 
(14) re a ou’ 


which is the basis of Hadamard’s discussion of Riemann’s shock waves. 
The fact that Eq. (14) is not identical with (87.11) is of course due to 
the different meanings of the new dependent and independent variables. 
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VII4. Introduce spherical coordinates r, 8, ¢, so that r = 0 coincides 
with the center of the sphere and & = 0 with the axis of rotation; lot the 
constant angular velocity bed = w. Assume that the fluid moves in circular 
streamlinos about the axis in the sense of increasing ¢, and show that this 
very simple assumption is permissible.—The first two of the velocity 


components #, , ¥ , % = t vanish and, because of the assumed incom- 
pressibility, 


du 
io 


while 40/3 and 6v/dr are different from zero. Eq. (35.6) is again our 


starting point; developing the expressions for curl curl with the aid of 
answer 1.3 we obtain 


(4) cur), curl ¥ = curl, curl ¥ = 0 

; _ Laer) 14 _1_ alsin oy) 
(2) curl, curl ¥ ol perce a oats 
From (35.6) and (1) we conclude first 

grad, p = grad, p = 0, 
and sinea for reasons of symmetry grad, p = 0, we have altogother 
(3) p = vonst. 
From (2), the differential equation for v is obtained: 
ay | 2 ap 4, (2%, dv v ) 

(4) ort ty op te age t colds, Bin 3 =. 
On substituting 9 = (-f(r)gG), one obtains the two equations 


vt 2 1 me ® = gre Fi _ 
): Pe 8, + cat d 9’ +(- =¥5)0 0, 


’ being the parameter of separation. A solution? of this equation that 
vanishes at infinity and remains finite for all valites 0 < 3 < x is 


(6) res, g=sind, d= 2, 


3A mors goncral i im 


f= “i > g =PXcaed), A= nbs + 1) 
where #4, is Legendre’s associated fiction of the first kind, ef. Vol. VI, Chap. LV. 
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The velocity law is obtained as 
a. 
(7) v= oy ain 3 


where the factor C was chosen so as to make » = wa sin on the surface 
of the sphere. Thus, since we can fulfill the boundary conditions, the 
special choice X = 2 in (6) ia justified, and it is aeen that the more general 
solutions mentioned in the footnote would be unsuited for our problem. 

In order to pass from (7) to the friction pressures, one calculates gimi- 
larly as on p. 36 from (4.26) and (4.28) with 6g, = 3g, = 0, 6g, =» = 
@ ain da*/s*: 


yp = €99 = Evo = Cap = Ge =O 


sm wd ome, (- ¢-%\.-8 ain 3% 
~e 29, or Ong. or gene 23 ry} 3° r 
Hence ail friction pressures vanish except 
: a. 
(8) Pre = — Query = Suc “3 8in 3. 


The moment can now be computed: 
(9) -M = 2nat f p,, sin? 0.d8 = Grusa | sin? 9 dd = Srpwd! 
% 


in agreement with (35.21). The moment required for the maintenance of 
uniform rotation is opposite to the moment of the friction pressures and 
acts therefore in the positive ¢g-direction as expected. 

Kirchhoff treats the same problem in a more elegant though less concise 
manner using Cartesian coordinates, cf. footnote on p. 251. 


VIILi. We denote the reactions at the points A and B by these same 
letters and have 


These reactions determine the shear force introduced in the context of 
Eq. (41.12) in the regions I (between A and P) and II (between P and B) as 


(1) Ss; = A, Sry om —B, respectively 


Note that the positive z-direction is from A to B and that both shears 
Sr and &, refer to positive 2-surfaces in the sense of Fig. 6. The shear 
force is constant throughout either one of the regions I and II, but jumps 
at the load point by the amount P; this discontinuity is, of course, due 
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to the unrealistic assumption of a concentrated load. In a cross-section at 
a distance « from A (region I) the bending moment equals 
(2) M, = Az = PP a, 


For the region II, in a cross-section at a distance ¢ from B, the bending 
moment is 


(3) My = Be = PFE. 


My, refers to a positive surface which evidently is equivalent to a 
negative v-surface. A graph of Mf consists therefore of two straight lines 
that intersect at + = a (or ¢ = b). At this point, M = M,.,. = Pab/l 
according to both (2) and (3). 

The deflection of y, is found for the region I from 


@ a ag 


and for the region IT from 


yn _, Pia 


The constants occurring in the solutions of (4) and (5) must be deter- 
mined from the following boundary and continuity conditions: 
a) The deflection y; must vanish at A, and y,, at B. 
b) At the point of application of the load both curves must join con 
tinuously and with common tangent. These conditions yield 
ee OP (4; 9f— z| 
We Bd Ob Nb” “a bP 
6) Bice 
PR es ee i) 
un = HF Oh (5 a mY i 


The deflection at. the load point is found from both equations as 
P ab? 
(7) ¥ = Yau = Hp ay 
The shear forces (1) and the bending moments (2) and (3) are always 
interconnectad hy the relation 
aM 


(8) ae 
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If the beam is loaded by several vertical forces at given points, shear 
force, bending moment, and deflection can be easily obtained by super- 
position of the corresponding expressions for single loads. 

VIII.2. 2) Let F be the cross-section of the rod, and count the dis- 
placement ¢ of M (which is also that of the lower end cross-ecction) positive 
downward. M is subject to the downward action of gravity and tha clastic 
force of the rod o-F = FE-£/t that acts upward. The equation for the 
displacement ¢ reads 


& FE 

(1) Mi=Mg-k, k=, 
and gives, when integrated, | 
(2) g= 4+ A cosunt + Bein uf, 


where 


(3) om afb ow EE; 


the constants A and B are to be found from the given initial conclitions. 
One sees that £ oscillates about the constant value & = g/w) which is 
nothing else but the static extension obtained from (1) for — = 0. 

b) With the notations J, = polar moment of inertia of the cross-section 
of the rod (assumed as circular), » = torsion modulus, ¢ = angle of torsten 
of the mass M about the axis of the rod, we have by (42.6) 


—ypd, 


(5) = ?; 
and 

J 
(6) Oo = re 


c) The motion of M can be described in good approximation us a vertical 
displacement (it is exactly that for a rod on two supports if a = b = t/2), 


hence Eq. (1) may be used again, but € means now the transverve dis- 
placement of M. 


The “spring constant” & is 
for the rod clamped at one end: k = 3 EI/? 
for the rod supported at both ends: k = 3 H7t/a*b* 


where I is the equatorial moment of inertia of the cross-section. This leads 
to the frequencies 
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I ‘ : 
(7) ae = \ a » 3) w= ans respoctively. 


In a, more accurate theory of extensional, torsional, and bending oscilla- 
tions the mass of the rod itself would have to be considered; this would 
lead to partial differential equations of second order in place of the ordinary 
equations (1) and (5). In addition to the fundamental oscillation of fre- 
quency w, which was determined in the foregoing, one would obtain an 
infinite sequence of harmonic oscillations according to the infinitely many 
degrees of froedom of the elastic rod that are now active. 

VIIL.3. For ¢ = 0, onc has ¢ = 0, £ = v ; thon, according to Eq. (2) 
of the preceding anawer, onc obtains 


(1) f= 4 (1 — cos wot) + in wnt, 
heneo 
@ tan = Bt (ty 4 (2). 


The maximum tension is found according to ILooke’s law as 
Ha 


@) Cane Ea 
Assume now 
a) % = 0), 
then 
gM 1M. 


os ff. = = = aN 
Snax 2 we HR? Onmax 2 ee? 
b) for large a, 


San Bm ae a= | ents 
naa wy HR max RL 


Both resulls verify the statements a) and b)} ovule in the text of the 
problem. 
VHL-A The equations 


yoann, 22 bsinw 0 <u < 2; 


constitute a parametric representation of the elliptic circumference of the 
cross-section; a family of similar concentric ellipses is given by 


y¥ = wd cos 4, z= bX sin yw, O<A <l. 
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The parameters \ and u occurring here are suitable coordinates for the 
calculation of the integral (42.23). The Jacobian of the transformation 
Y,2—>r, u iB 


oy = 
on ou 
D= = aby. 
oe oe 
OA ou 
One obtains therefore 
$33 Mi 2 pb? 
Meme Fpp wean De 


On the other hand, the polar moment of inertia J, of the arca of the 
ellipse is conveniently calculated by adding the two equatorial moments 
of inertia Z, and I, , which, in turn, can be obtained from the equatorial 
moment of inertia of a circular area of radius a, J = a°x/4, by “homo- 
geneous compression”. This means that I, and J, take up the factors B*/a* 
and 6/a respectively. The resulting polar moment of inertia is 


Y 2) = abla! 
J, ™= (S+2 = 4 wa + 0b’). 
It is different from the geometrical factor occurring in Af and y; , Viz. 


ma'b* 
a _ pt? 
the two factors being identical only for a circular cross-section where a = b, 
VIII.5. Let the plane of incidence be the #,y-plane as in 45. Polurizu- 
tion perpendicular to this plane means that of the threo displacements 
£, n, ¢, only ¢ is excited. According to the table on p. 327 a transverse wave 
incident at the angle a, and reflected at the angle «, , is given by 


ft, = A exp [tk(@ sin «, —~ y cos a,)], 


t = B exp [sk(a sin a, + y cos a)]. 


Since the frequency w of both waves is the same this is also true for the 
wave number k, cf. (45.5). The three conditions (45.1) (boundary y = 0 
free of forces) reduce to one condition 


ee ee (at at.) ” 
Ty Lut, BB by Ke ay + ay 0, 
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which can be fulfilled, without assuming an additional longitudinal wave, 
simply by setting 
(1) a = ae and B= A, 

This is a regular reflexion with constant amplitude. 
If on the other hand, a longitudinal wave strikes at the angle a, and 


is reflected ut the angle a, , we have to deal with the two components 
&, » given by 


&; sin oO, 

(2) = A exp [tk(@ sin a, — y cos @,)], 
Ne — COB a, 
é, SIN a, 

(3) = B exp [tk(e sin ag + Yy COB o)]. 
Wr COs ay 


Since w is again the same for both waves [it is given by (45.10)J, the wave 
number is the same too. 

Of the three conditions (45.1) only c,. = 0 is now identically fulfilled. 
The two others 


(4) Ty = OQ, oy = 0 


call again for regular reflexion, that is, a, = «, = a, but they cannot be 
satisfied by adjusting the one available constant B/A. Again a reflected 
transverse wave polarized parallel to the plane of incidence must be added; 
this wave can be written according to the central column of the table on 
p. 327 in the following form 


&, COS Oy 
(5) = C oxp [tk (a sin a, + y cos «,)], 
Ns — Ril a, 


The two angles a, and « are connected by the “law of refraction” (45.12) 


ky 1/2 
silk a = HIN @, , na tee (24 | : 


One computes from (2), (3), and (5) the total displacements, 
Fri +e +k, m9; + a + te 


and finds from the two equations (4) favo conditions for the two ratios 
A:8:C (ef. the similar equations (45.13) and (45.14)]. 
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THE COMPONENTS OF THE THREE-DIMENSIONAL 
STRAIN TENSOR IN ORTHOGONAL CURVILINEAR 
COORDINATES 


The formulas (4.26) and (4.28) for the strains ¢;, and ¢, simplify con- 
siderably if instead of the displacements 4g, which have the dimensions 
of a length, the associated variations of the coordinates §p are introduced; 
the latter do not, in general, have uniform dimensions; e.g. in the case 
of polar coordinates, the quantities éy are (in part) angular changes. 
On substituting in (4.26) and (4.28) for the ép, according to Eq. (4.19) 
6g, = gdp, and carrying out the differentiations d3¢,/dp, one obtains 
directly 


28: , Se 99: 
(1) ei; dp, + g: OD.’ 
2 Qe, = 2428 5 Yo D5pe 
@) = gn Ope ge ap 
The second term in the right member of Eq. (1) symbolizes the sum 
of the terms that are obtained by putting « = 1, 2, --+ , m, in accordance 


with the following summation convention introduced by Einstein: a Greek* 
character that occurs twice in one term is to be considered as a summation 
index. Since we operate in three-dimensional space, the second term on the 
right side of Eq. (1) stands for 


3 
Spe 99: 
p> gi Wa ‘ 
To simplify the notation further we shall denote the variation of the co- 
ordinate, dp, , by &'. This we do in accordance with the general conventions 
of tensor calculus, where superscripts indicate contravariant and sub- 


acripts covariant components of a vector. With these changes Eq. (1) 
reads 


ww OE EG: = yt 
(1a) €i5 ap, 9: We =f. 


IBy restricting the indices of summation or dummy indices to Grock lottora one 
avoids confusing ¢:; or the later occurring #. with the firat scalar or spur of the corre- 
aponding tensors. Without thia or a similar restriction the notations of tensor calculus 
are likely to mislead the student, however concise or convenient they may be. 
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The subserip? that occurs here in the symbol &!,; is used to denote the 
covariant derivative of the contravariant vector ¢* with respect to the co- 
ordinate p, (note that the position of the subscript indicating the differ 
entiation is shifted to the right; in this way a definite order of the indices 
is established). Vector components are called contravariant’ if thoy trang 
form in the same way as the coordinate differentials dp; ; covariant vector 
components transform conversely to the differentials in the sense that 
the matrix of the transformation £{ — &, is the inverse of the matrix of 
the transformation dp; — dpi . The differential quotients of a sealar 
point function with respect to the coordinates form examples of covariant 
vector components (gradient of a sealar), The samo is not true for the 
differential quotients of a veetor like df/ap; . Tho latter quantity must 
be augmented by the sum over « that appears in (1a) in order to become 
a covariant derivative. 

We shall first verify that the factor thit goes with &" in (La) is 4 special 
case of what is generally called a Christoffel symbol® (of the second kind). 

The general definition of this symbol (for arbitrary coorclinatos 1; ter,) is 


_t (2m Often _ 2) 
(3) fav, of 37 au, 7 dx, ax, 7? 


where g are the covariant components of the metric tensor, In the Gnas 
of orthogonal coordinates to which we restriet ourselves in the following, 
wo have 


Gen = GinGiffe ; gf == 


(for the definition of 6, ef p. 10). It is now casy to verify that in this 
case 


(Ba) tek, f] mw ME 
- G1 OP 

"The (arma contravariant and covariant were inédvoduecd by Winslein lo replace 
the larma eagrediond and contragrediené (respectively) which bad been wal before. Ht 
will be netieed that for reasons of consistency the coordinaiws and their differentials 
should also be written with supeeeripia, that is, ps and dpe should be replaced by pt 
sud dp? respeotively; thik notation has aclually been adoptek by some authors--‘The 
differential operation &4; is covariaat in dhe senna defined before, ru. we shall not prove 
that here, nor shall we prove formula (4) ov the rule concerning the raising or lowering 
of indices, For these matlers the reader is referred to the very careful although eon- 
densed representation diy A. 8. Mddington in his Mathematical ‘Theary of Itelativity, 
Cambridge, 1923 and to The wbsoluke clifferential Cabeulus by ‘T. Lavi-Civita, Cong. 


transl, Londen, 1927). Our lps, (3b) anel CH ave derived in 20, Me. C1) of Daldinygton'’s 
book, 


; : Pa 
Anatond of fue, ¢} one often finds 2 \ node alka Minatein’s syimbsol Pay 
¢ 
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which permits us to write instead of (1a) 
(8b) By = So + fas, te". 
‘ 
We supplement this by the gencral expression for the covariant derivative 
i, OF yee 
@ a= Se + fab, He 


In the present case {ak, 7} is only different from zero for a = ¢ and @ = &, 
therefore 

5 OE 1 ge ge I te 
f= ap, + gaps! — gf pt 
One might think that the last expression representa the strain ec |B. (2)], 
bué this cannot be correct, since it ia not symmetrical in the indices ¢ and 
k. To satisfy the symmetry condition we have to consider the covariant 
vector ¢; and its contravariant derivative &;*. The latter is obtained by 
lowering the superscript ¢ and raising the subscript & in &, . In the care 
of an orthogonal line clement these operations require only a multiplication 
by g3 and division by gf . In this way we obtain from (5) 


- ge a 4 9 90 _ Lom 
a Ops e fe OM, ze 
We finally interchange ¢ dn . which is entirely 4 matler of notation, and 
obtain, 
G = & © 2 Se Ge 2s 1 9; ot 
(6) gi" gap. t gt oy ie re 


The last two terms in (6) are opposite in sign to the corresponding terms 
in (5), hence we obtain by adding we and (6) 


i 9 ff, OF 
Ete + & = an, a i ap, 
or, after multiplication with 9./q, , 
9 cet pty He OE te OEE 
(7) Os iy + &) ts. OP, a gi Op” 


The right member of this equation agrees with the right member of (2) 
if one returns to the original notation 8p; = £°, 6p, = $. In the notation 
of tensor caleulus the strains are thus given by the representation 


(3) Qe, = “ e+ 8, 
Fa 
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which includes the representation (1a) when ¢ = k: 


(8a) ¢:; = i, 


Note that the last two equations are in complete analogy with the original 
representation (1.11) in rectangular coordinates. This is in accordance with 
the general aim of tensor calculus in which one tries to introduce symbols 
and operational rules of such nature that the equations written in curvi- 


linear coordinates correspond as closely as possible to those written in 
Cartesian coordinates. 


APPENDIX I 


THE CONVECTIVE TERMS OF THE ACCELERATION 
VECTOR IN TENSOR NOTATION 


From the contravariant displacement vector dp, = £* (Appendix I) we 
pass now to the contravariant velocity vector gp; = v'; the general form 
of the contravariant vector of the material acceleration is 


dy oe as 
(1) di op TY a 


where the Greck index again indicates the summation with respect to a. 
This formula corresponds to the elementary vector equation 


adv dav 
(2) dea + (¥ grad)v; 


but (2) is only eorreet in Cartesian coordinates, while (1) is correct for 
any form of the line clement and yields automatically the additional 
inertix terms that were computed in Problem IIT.1 in an indirect way 
for the cuse of cylindrical coordinates. 

Let ws take up this example once more to examine the structure of the 
convective terms v“v!, for? = 1, 2,3. With p, = +, p. = ¢, ps = z and 
fi = I, gy = 7, go = 1 we have 


(3) atone, ae Bate, PS ssy 


According to Eqs. @a, b) of Appendix I we calculate the first lime and 
according to Hy. (5) the second and the third lines of the following table: 
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ov ev v, 3 ov, 

‘<_— ee ae i Saag 
Pay or ? Vy dy ¢ r } Vag az 3 

00, é v t on 
(4) al were ss, as, 
,=— a eee oe we Os 

V.g FY ? Dis 4 r 3 v 2 p 


Multiplication of the terms of the 1"(2*, 3°) column with those terms of 
(3) that have the same index a, and summation over « yield the 1"*(3", 8°) 
component of the convective acceleration: 


do, , Be 1 me th 
Ue oe Te rag Te r 

at _ 1( av av» ay tte) 

(5) Ue = 45 Or ae + Ye pay + ae te 


In the second line the common denominator of ail terms, 1/r, has been 
factored out in preparation for the final equation of motion in Appondix IV. 

Note again the “inertia terms” that have been placed in the fourth 
column: 


2 
ts Ube *. 
y ? r ? ? 


they are identical with these of Prob. TII.1. 

While only the first three terms are correctly obtained by applying the 
pseudo-vectorial operation (¥ grad)v (cf. also the table on p. 3-7 where 
these terms have been indicated in the form A. grad A, , ete.), the present 
computation yields all four terms at once without discrimination. The 
correspondence between the “additional” terms on the onc hand, the 
centripetal and half of the Coriolis acceleration on the other hand, was 
already pointed out. 

if the same calculation is made in spherical coordinates r, 3, @ where 
? = 1,9 =7, 9: = 7 sind, one obtains instead of (3), (4), (5) 


dr ad vy» dip v 
+ — — © ee oe 5 = 
(8a) v qe v ; ar v i Sane? 
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he ete, heat t+ 
(4a) = 96, vey = Bee vs ret 
ola = SE — win 8D, , ie ea a te 
v-grad , — “ = J 
ee = reed 


{ { 2,0 COS YY git a 
~—-—- Vy pra p ae —— 
raing UF . ae resin? 


With 1/r and 1/r sin 3 factored out (in the second and third line), the 
result shows the presence of the terms corresponding to the clementary 
vector formula ¥ (grad ¥). Let us again consider the additional “inertia 
terms”: in the firet line we find the ordinary centripetal accelerations 
—v/r and —v,/r. The full value of the latter term that corresponds to 
the motion along the parallel of radius + sin & is —v2/r sin 8, but the 
component in r-<direction is obtained by multiplying with sin & so that 
this factor esncels. In the second line we find the other component, which 
has the factor cox & We further recognize in the middle term of the second 
line and also in the last two terms of the third line one half of a Coriolis 
acceleration, We need not attempt to visualize these terms in a direct 
kinematic way, nor do we need the geometrical arguments that single out 
the components, since we trust the validity of the general formulations of 
tensor ealeulus.--It is, of course, possible to obtain the same result by 
vector analytic methods (ef. the table on p. 3-18) 


APPENDIX LL 


THE TENSOR OF FRICTION PRESSURES 
AND ITS DIVERGENCE 


The connection between the tensor of the frietion pressure and the 
rate of strain is given by Ey. (10.2), my = Qué. , when we restrict our 
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argument to incompressible fluids. To obtain ¢,, , we differentiate Hq. (8) 
of Appendix I with respect to ¢ and obtain 


(1) * = ~p fs (, + v;'). 
9x 


This equation expresses the friction pressure in terms of geueral tensor 
analysis (Eqs. (4) and (4a) of Appendix II can again be used for the 
particular cases of cyl. and sph. coordinates). In the equations of motion, 
however, the friction pressures do not oceur individually, but as argu- 
ments of the “vector divergence” (cf. Eq. (10.5)]. In Cartesian coordinates, 
the latter could be transformed into the pscudo-vector —y Viv of Ky. 
(10.8) (see problem IJ.4 for the correct form of Vv in cylindrical ¢o- 
ordinates), In order to carry out the corresponding computation in terms 
of general tensor caleulus, we have to replace V*v hy the differentiation 
and subsequent contraction of the tensor v!, + v;' of Hq. (1), in other 
words, we have to carry out the operation 


(2) vn” + 0."* 


The dummy index « indicates here the summation us well as contra- 
variant differentiation. The second term in (2) vanishes, however, when 
the summation is carried out as a consequence of the assumed incom- 
pressibility. The 7** component of the vector so obtained (we denote it in 
the following simply by Div’ 7) is therefore 


(3) Diy’ p = —p's*. 
This calculation requires the contravariant differentiation of a tensor* 
rather than a vector, which is dealt with in Eddington’s book, loc. cit. 830. 


In the case of cylindrical coordinates one obtains on the basis of Eq. (4) 
Appendix IT 


eel Gs oe) 1 av, _ 8, av. 
4) oe +a5its ae ~ ~ 250° 
The first three terms of the right member represent the ordinary La- 
placian of Prob. 1.3, p. 346f applied to v, and may he denotuxl by Yn, ; 

*Tho formula in question is 

Dui, — dvi 
va = ee a {Kl, Bho’, + {8i, a}et, , 

and, of course, *)? ae go vin ; 
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the last two terms are due to the fact that », is not a scalar but a vector 
component. These terms and the corresponding terms in v2.“ agree with 
those of Prob. 1.4 as expected. In the “Cartesian” component ven” no such 
terms occur. Applying the sume V"-operator to the other components we can 
write the result as 


ee eee te i(ys ee) 
yi” = VP, 2 2 ae! Ve = OLV Oy — it 2a 
(5) 
ve” = V%,. 


Note that in the second equation 1/r has been factored out as in Ap- 
pendix IT. 

In the case of spherical coordinates one obtains in the same way instead 
of (4) 


BEC) rab leet) +r 
Va = G5; r oe zi55 3 0 sin # = } + Faint d Og = 
— 2 1 oo 

- (, eras £ (sim oe) + and ee) 
The first line is again the Laplacian V*», in the form valid for the present 
coordinates. The additional terms in the second line can be reduced if the 
condition of incomprossibility is used. Giving V*vs amd Vv, the ap- 


propriate meaning and factoring out 1/r and 1/r sin # as in Appendix IL, 
Eq. (52), we obtain 


a 2 8 
v! = Vv, + ~ a (rv,), 


(5a) ot,% = ~ [7 + 5 (2 
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APPENDIX IV 


THE EQUATIONS OF MOTION OF A VISCOUS 
INCOMPRESSIBLE FLUID IN CYLINDRICAL 
AND SPHERICAL COORDINATES 


The general form of the Navier-Stokes equations for arbitrary co- 
ordinates is: 


7 
(1) 2% 4 v8.) ~ whet + @ + 17 =0. 


The individual terms correspond exactly to the vector equation (16.1), 
provided we write the external force F as the negative grulient of the 
potential energy V and collect the latter together with the pressure in 
one term. The notation (p + V)‘ in (1) means contravariant differentintion 
with respect to the 7 coordinate. 

Eq. (1) presents an opportunity to point out a homogeneity law of 
tensor calculus that refers to the degree in which the individual indices 
occur. One sees that all terms of Eq. (1) are of degree +1 in the index ¢ 
and of degree 0 in the index «, provided we count the occurrence of a 
certain index positive, if it is a superscript and negative if it is a subseript. 
It is this circumstance that requires the last term in (1) to be a ¢ontra- 
variant differentiation, and is responsible for the factor 1/y, that will 
occur later, when we pass over to the ordinary gradient operation. (Remem- 
ber here that the derivative of a scalar with respect to 2; is In itself 1 
covariant vector, as pointed out in Appendix I.) It should be kept in 
mind that v* is the rate of change of the 7" coordinate, but not of the 
corresponding component of the path; likewise év°/at is the local accelera- 
tion of the coordinate which differs from the corresponding acecleration 
along the path by the factor 1/g; . The condition of incompressibility, 
div ¥ = 0, appears now in the form vw", = 0; it has already been used in 
setting up the friction term in (1), of. the simplification of My. (2) in 
Appendix IIT. 

Eig. (1) is perfectly general and does not presume an orthogonal system 
of coordinates; the simplicity is lost, however, when Eq. (1) is spelled out 
for any particular system of non-Cartesian coordinates. Even if we assume 
an orthogonal line element, we should have to introduce the quantitics 
g; on which the Christoffel symbols depend that are implicitly prosent in 
(1). Thus it ie hardly worthwhile to develop Inq. (1) in terms of general 
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orthogonal coordinates, and we shall give only the results for our two 
special cages; 


Cylindrical coordinates. 


We substitute expressions (5) of Appendix II for the convective terms 
and expressions (4) of Appendix ILI for the friction terms, and multiply 
the second component of Hq. (1) with the factor r that appears in the 
denominators of the second line of IIL.4 ond II.5. The firet and third 
terms in. the second component of Kiq. (1), viz. 


a _ Oty ap + V) 
mar md += ae 


ate then transformed into the ordinary acceleration and the ordinary ¢ 
component of the gradient 


CAP and op + V)- 


at r dp 


Using again the appropriate (sevlar) V7" operating on the components of ¥ 
and the notation ¥-grad »,; we obtain 


dv, _ ve) 
Asi + vende, - 


a 2 Us _ 9 Ov a son 


(2) {oe + v-grad oe, + te) 


ss (vr, -" = a +2 —e) fs ap + _V) _ 0, 


o( + ¥egriud ») — pV, + at 2 te = (), 


This must be supplemented by the condition of incompressibilily of, = 0, 
viz. 

My, , @, 
” de eae az 


(3) D rn t+ 0. 


The corresponding calculation in spherical coontinates wes (15a) and 
(I1I.4a). Wo again have to multiply with the denominators faclored out 
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in the second and third lines of these equations and obtain with the 
symbols V* and v-grad v; , the meaning of which is now different, the 
following relation: 


av. -% _%) 


T 
| V 
- Av, ra 32 m)) + @t" <0, 


7 + V-grad vs +— 


Vy cos? 42) 
t r sin & 


av, _ _de — £95 9 de I) dp + V) _ 
Vive + " Sun’d anéd an|/)+ roe =O 


ts S089 HPs 


a dv, , COBH OY  —_Yy ) Hp + V) _ 
pe 2 sin 3 + isin 0 dg a 


We add the condition of ncompressibility v*, = 0, viz. 


Ov, 
— ay 


Ge) BS or) + Sh Sino) + hg Be = 0. 


The appearance of these equations is rather unsymmetric, although we 
have tried to write the inertia terme that accompany the V’ expressions 
as uniformly as possible. The only perfectly symmetric form that can 
compete with the form of the Stokes-Navier equations in Cartesian co- 
ordinates is Eq. (1) itself—-It cannot be denied that the calculation of 
the foregoing results by tensor methods is rather involved; the elementary , 
vector methods of Prob. I.4 and ITI.1 yield the same results more quickly. 
In more general cases, however, such as the oblique four-dimensional co- 


ordinates indispensable in the general theory of relativity, there is no 
other method available but that of tensor calculus. 
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PREFACE 


Heinrich Uertz’s great paper on the “Fundamental Equations of Electro- 
dynamics for Bodies at Rest’’ has served as model for my lectures on elec- 
trodynamics ever since my student days (see §1). Following this example 
I proceed in Part I from Maxweli’s equations as an axiomatic basis, ex- 
pressed not as with Hertz, in the coordinates and in differential form, but 
in vectorial integral form. In Part II the several classes of phenomena, in 
static, stationary, quasistationary, and rapidly variable fields, are derived 
from these equations, as in Hertz’s paper. Aiter i had heard Hermann 
Minkowski’s lecture on “Space and Time” in 1909 in Cologne, I carefully 
developed the four-dimensicnal form of electrodynamics as an apotheosis 
of Maxweil’s theory and at the same time as the simplest introduction to 
the theory of relativity; in return, this has always met with an enthuzi- 
astic reception on the part of my audience. This four-dimensional electro- 
dynamics is presented in Part III. Its title “Theory of Relativity and 
Electron Theory” requires the comment that it is limited to the special 
theory of relativity on the one hand and to the theory of the individual 
electron on the other. The statistics of electrons m metals and electrons in 

- insulators belong in Vols. IV* and V* of the Lectures. Schwarzschild’s prin- 
ciple of action, which establishes the fundamental relationship between 
Maxwell’s theory and the dynamics of the individual electron (or individual 
electrons), is presented at the end of Part III with certain modifications 
which appear necessary from our point of view. In Part IV is developed 
the electrodynamics of moving media, again following Minkowski rather 
closely. As the most important application the fields of unipolar induction 
are discussed and are calculated as an exercise for a particularly simple 
example. 

Part II constitutes the main portion of the Lectures. I distinguish be- 
tween summatior and boundary-value problems in electrostatics and mag- 
netostaties. The computation of the electric potential for given charge 
distribution and the calculation of the magnetic potential for given magneti- 
zation are examples of the first; the theory of the permanent magnet, 
insofar as it falls within the competence of Maxwell’s theory rather than 
atomic theory, becomes simple and clear from this standpoint. On the other 
hand, the solution of the electric and magnetic boundary-vaiue problema 
properly belongs in Vol. VI; only the most important cases are treated in 
the present volume. The calculation of stationary fields for a given distri- 
bution of the current density, either by the method of the vector potential 
in §15 or that of the magnetic shell in §16, is also a simple summation prob- 


* See p. xii for list of Lectures on Theoretical Physics. 
iil 


iV PREFACE 


lem. Among the rapidly variable fields those of the wire-wave type are 
treated with some completeness. The principal wave on a single wire in §22 
(symmetric electrical type) serves as primary example; however, because 
of their recent practical applications (theory of wave guides in §24) and 
their utilization in the theory of the Lecher system, the magnetic type and 
the asymmetric secondary waves as well as wire waves on nonconductors 
are also dealt with in §23. As conclusion of Part II the Lecher system is 
treated fully for arbitrary separation and dimensions of the two parallel 
wires, employing bipolar coordinates for the exterior of the wires and 
ordinary polar coordinates for their interior. it is only assumed that the 
two wires are rather good conductors. 

The dimensional character of the field entities is taken seriously through- 
out. We do not accept Planck's position, according to which the question 
of the real dimension of a physical entity is meaningless; Planck states in 
$7 of his Lectures on Electrodynamics that this question has no more mean- 
ing that that of the “real” name of an object. Instead, we derive from the 
basic: Maxwell equations the fundamental distinction between entities of 
intensity and entities of guanitiy, which has heretofore been applied con- 
sistently in the excellent textbooks of G. Mie. The Faraday-Maxwell induc- 
tign equation shows that the magnetic induction B is an entity of intensity 
along with the electric field strength E; B, rather than H, deserves the 
name magnetic field strength. H, like D, is best designated as “excitation.” 
div H represents the magnetic density, just as div D represents the electric 
charge density. Hertz’s distinction between “true” and “free” electricity 
becomes pointiess, since div E is, dimensionally, not a charge, but a diver- 
gence of lines of force. The same applies to the distinction between “true” 
and “free” magnetism, particularly since div B is everywhere zero. The 
current density J, the electric polarization P, and the magnetization M, 
are entities of quantity like H and D. Energy quantities always take the 
form of products of an entity of quantity and an entity of intensity, e.g. 
D-E, 4H-B, J-£, E X H. The fact that B and E, and H and D, belong 
together follows unambiguously from the theory of relativity, in which 
the quantities cB and —?E, and H and —7cD, respectively, are coupled 
together in a six-vector (antisymmetric tensor). We call the first the field 
tensor F, the second, the excitation tensor f. 

The introduction of a fourth electric unti, independent of the mechanical 
units, is decisive for the fruitfulness of these dimensional considerations. 
We choose for this the unit of charge Q, which, as a matter of convenience 
we may identify with the coulomb if we wish. In this manner we avoid the 
“bed of Procrustes” of the cgs-unite, in which the electromagnetic quanti-~ 
ties are forced to take on the well known unnatural dimensions. Since we 
must definitely give up the hope of a mechanical interpretation of electrical] 
quantities, we must regard the charge as 2 basic, irreducible entity which 
can claim a dimension of its own. We shall refer to the “electrostatically” 
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or ‘‘electromagnetically’’ measured charge only in passing, and exclusively 
for historical reasons. With the particular unit of charge Q = 1 coulomb 
the electric current has the customary unit amperes = Q/sec. 

As mechanical units, following the suggestion of G. Giorgi, we shall em- 
ploy the units meter M, kilogram (mass) K, and second 8. The unit of 
energy then becomes 1 joule (without a power of ten as factor!) and that 
of power 1 joule 8S’ = 1 watt. Furthermore, the powers of ten disappear 
also for the electric units volt, ohm, farad, and henry; we have 1 volt = 
i joule/Q, 1 ohm = 1 joule $/Q?, 1 farad = 1 Q?/joule and 1 henry = 
! joule 8*/Q*. 

On the other hand powers of ten must appear as factors when the units 
of the magnetic field strength B and the magnetic excitation Hi are expressed 
in terms of the gauss and the oersted, respectively, which a8 we shall see in 
§8, have been adapted to the cgs-system. As expected, the unit Q auto- 
matically dropa out of the energy densities #D- FE, 4H-B, and J- & referred 
to above; their dimension becomes joule/M? directly, whereas that of the 
energy Hux E X H is joule/(M’S). 

With our dimensional differentiation between entities of intensity and 
entities of quantity the dielectric constant and the permeability evidently 
_ become dtmenstonal quantities and therefore cannot be set equal to 1 in 
vacuum. Their choice, in which we accept electrical engineering practice, 
happily permits us to meet the demand for ‘rational units” without diffi- 
culty. It is only necessary to set, 

oS 
tg = 4n- 17 v1 
in accord with international conventions, and to derive & from the relation 
fato = 1/c*, verified by Hertz’s experiments. With this choice the 4's 
disappear wherever they do not belong, as in Poisson’s equation and the 
energy expressions in Poynting’s theorem, and appear where they belong, 
as in Coulomb’s law and for the spherical condenser. We thus avoid the 
desperate expedient by which Lorentz achieves rationalization in his articles 
in the Enzyklopsedie, namely the introduction of the factor 1/4 in the 
definition of the charge and of magnetism, 

At the same time, with this choice of ¢9 and yo, the square root of the 
ratio of uo and & evidently becomes a resistance, namely the so-called 
“wave resistance of vacuum,” This quantity occurs in Part II as a factor 
wherever the wave fields E and H enter into formulas of the same dimen- 
sions. Jt occurs again in the theory of relativity in the relation between the 
excitation tensor f and the field tensor F, which in vacuum assumes the 
simple form for all six components 
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These questions of units, dimensions, and rationalization, often discussed 
to excess in recent years, are disposed of as briefly as possible in the lectures; 
however, the reader is repeatedly urged in them to convince himself of the 
dimensional logic of formulas. In numerica! computations our MKSQ ays- 
tem of units is faund convenient throughout since it is adapted to the 
practical and iegal unita, volt, ampere, etc. We leave the question open as 
to whether it is also appropriate for atomic physics. So as to permit an 
effortless transition to the Gaussian system (¢, = wo = 1), which is custo- 
mary in this case, we explain Cohn’s system in §9, which in our interpreta- 
tion is based on the five units MKSQP (P. = magnetic unit pole). 

The wonderful simplicity and beauty of the Maxwell equations, which 

is most striking in their relativistic formulation for vacuum, lead to the 
conviction that these equations, along with the equations of gravitation 
(838), are the demonstration of an all-inclusive world geometry. Approaches 
to this by no means resolved problem are summarily discussed in $37. The 
aihazingly simple representation of the general theory of relativity in §38 
is based on a derivation of Sehwarzschild’s line element kindly made avail- 
able to me by W. Lenz. In this nianner the three tests of the theory open 
to astronomical observation may be treated without tensor calculus. 
+ This volume is based on lecture notes prepared by H. Welker in the 
Winter semester of 1933/34, at which time I first abandoned the cgs system 
and passed over io the more general system of the four units, In the final 
‘formulation of Parts I and II I have had the benefit of the constant advice 
of Professor J. Jaumann, whose electrotechnical experience and point of 
view have been of great advantage to this volume. I am grateful to Messrs. 
P. Mann and E. Gora and to my colleague F. Bopp for critical remarks and 
suggestions for improvements, Dr. W. Becker has kindly assisted me in 
reading the proof of this, as of preceding volumes. 


Munich, April 1948 
Arnold Sommerfeld 
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A minimum number of changes has been made in this translation of 
Sommerfeld’s “Elektrodynamik” (the third volume of the Lectures on 
Theoretical Physics) to adapt it for use in English-speaking countries. As 
far as possible, the samé conventions regarding notation are employed as 
in G. Kuerti’s translation of Volume II, “Mechanica of Deformable Bodies.”’ 

us vectors are represented by bold-face letters, vector components and 
scalars {as well as tensors and their components) by italics; this in spite of 
the fact that the Gothic letters employed in the original text for both vec- 
tors and vector components were used even in Maxwell's Treatise. To avoid 
confusion 2 few additional changes of symbols were required in consequence 
of this major change. 

E.G. R. 
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Part I 


FUNDAMENTALS AND BASIC PRINCIPLES OF MAXWELL’S 
ELECTRODYNAMICS 


81. Historical Review. Action at a Distance and Action by a Field 


I can best give you an idea of the sweeping changes in viewpoint brought 
about by the theory of Faraday and Maxwell by telling you of the time I 
spent as a student, 1887-1891. 

My native city, Kénigsberg, was the earliest fountainhead of mathe- 
matical physics in Germany, thanks to the activity of the revered Franz 
Neumann, 1798-1894. At the University of Kénigsberg he taught, in addi- 
tion to crystallography, theoretical physics which was not at the time 
given elsewhere in Germany. His students, of whom Gustav Kirchhoff 
of Kénigsberg was the most prominent, spread the teachings of the master 
to. the other German universities. Through the seminar in mathematical 
physics, founded by him and C. G. J. Jacobi, he also eaw to it that the 
East Prussian secondary-school teachers received a particularly thorough 
preparation, This may bear some relation to the fact that the Gymnasium 
‘in the Altstadt graduated the mathematician Hermann Minkowski and the 
physicists Max and Willy Wien shortly before my final examination, 
while at the same time the only slightly older David Hilbert and Emil 
Wiechert were attending other Kénigsherg schoole. Neumann's greatest 
successes in research were achieved in the elastic theory of tight and in the 
physics of crystals; his mathematical formulation of the induction cur- 
rents discovered by Faraday will be discussed in §15. Simultaneously 
with Neumann and Jacobi, and almost outshining them, F. W. Bessel 
taught in Koénigsberg. 

My time of study coincided with the period of Hertz’s experiments. 
At first, however, electrodynamics was still presented to us in the old 
manner—in addition to Coulomb and Biot-Savart, Ampére’s law of the 
mutual action of two elements of current and its competitors, the laws of 
Grassmann, Gauss, Riemann, and Clausius, and as a culmination the law 
of Wilhelm Weber, all of which were based on the Newtonian concept of 
action at a distance. The total picture of electrodynamics thus presented 
to us was awkward, incoherent, and by no means self-contained. Teachers 
and students made a great effort to familiarize themselves with Hertz’s 
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experiments step by step as they became known and to explain them with 
the aid of the difficult original presentation’ in Maxwell’s Treatise. 

It was as though scales fell from my eyes when I read Hertz’s great 
paper’ “Uber die Grundgleichungen der Elektrodynamik fiir ruhende 
]sérper.” Here Maxwell’s equations, purified by Heaviside and Hertz, 
were made the axioms and the starting point of the theory. The totality 
of electromagnetic phenomena is derived from them systematically by 
deduction. Coulomb’s law, which formerly provided the basis, now appears 
as & necessary consequence of the all-inclusive theory. Electric currents 
are always closed. Current elements arise only as mathematical inere- 
ments of line integrals. All effects are transmitted by the electromagnetic 
field, which may be represented by force-line models. Action at a distance 
gives way to field action,’ the “constructable representation” of a space- 
time propagation postulated already by Gauss.* 

J have held to the order of Hertz’s paper in all my lectures on Maxvwell’s 
theory. In this presentation, too, we shall not begin with electrostatics, 
as is done so commonly and also in Maxwell’s Treatise, but treat it merely 
as an extreme simplification of the general field theory. We shall deviate 
from Hertz only insofar as we shall start not from Maxwell’s equations 
in differentiql form, but in integral form. It goes without saying that we 
‘shall replace the rather extensive coordinate calculations of Herts by vector 
algebra, which is perfectly suited to the electromagnetic field. We shall 
see that this algebra, extended to four dimensions, leads directly to the 
special theory of relativity. The latter will provide an approach to the 
electrodynamics of moving bodies, which Hertz unsuccessfully sought to 
master in the second paper cited. In agreement with Hertz we see in Max- 
well’s equations the essence of his theory. We need not discuss the mechan- 
wal pictures, which guided Maxwell in the setting up of his equations. We 
have discussed one such picture in Vol. II, §15 of these lectures. 


1 The great student of electrolysis, Wilhelm Hittorf, who had heard much of the 
new theory of electricity, in advanced years attempted to atudy the Treatise, but 
was unable to find his way through the unfamiliar masa of equations and concerts. 
He was thus led into a state of deep depreasion. Hie colleagues in Milnater persuaded 
him to take a vacation trip to the Harz Mountains. However when just before 
his departure they checked his luggage they found in it-—the two volumes of the 
Treatise on Electricity and Magnetiam by James Clerk Maxwell. (As told by A. 
Heidweiller.) 

* Géttinger Nachr. March 1890 and Ann. Physik, Voi. 40; continued in Ann. 
Physik, Vol. 41; “Uber die Grundgleichungen der Elektrodynamik far bewegte 
Kérper.” 

“3 We avoid the alternative term ‘‘near action” which signifiea merely action at a 
small distance, and by our notation direct attention to the medium transmitting the 
effect, namely the field. ; 

4 Jn a letter to Wilhelm Weber, of 1845. See Collected Works, Vol. V, p. 627. 
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Biographical Notes 
MicuarL Farapar, 1791-1867 


He was born as son of a blacksmith in impecunious circumstances. The 
family belonged to the pious sect of the Sandemanians, to which Faraday 
remained faithful to his death. His high ethical concept of life and human 
kindness derived from the religious spirit of his family. He was first news- 
paper carrier, then bookbinder. In science and letters he was entirely 
self-taught. The lectures of Sir Humphry Davy at the Royal Institution 
were decisive for his career; he wrote them up carefully and found an 
opportunity to present them to the great chemist. He became his labora- 
tory assistant in the Royal Institution. His first important work was “the 
rotation of a current about a magnet and the rotation of 2 magnet about a 
curreat,” and also the liquefaction of chlorine. This work brought about 
his election as Fellow of the Royal Society and later the indirect sueces- 
sion to Davy at the Royal Institution. In 1832 he began the publication 
of the “Experimental Researches.” His discoveries recorded in these ex- 
tend to the most diverse fields of physics, electrochemistry, and the study 
of materials. We mention as most significant for us: The discoveries of the 
law of electromagnetic induction in 1831, the dielectric constant, para- 
and diamagnetic behavior, and the picture of electric and magnetic lines 
of force. His’ magneto-optical discoveries are discussed in Vol. IV. The 
failing of his memory forced many pauses in his work, as well as the repeti- 
tion of experiments made at an earlier date. It is uncertain whether this is 
to be attributed to mental overexertion or, as is commonly assumed 
today, to mercury poisoning in the poorly ventilated basement rooms of 
the Royal Institution. Certainly his purely intuitive method of working, 
devoid of any mathematical aid, required tremendous mental concen- 
tration. In his last years a restful summer retreat in the royal palace, 
Hampton Court, was made available to him at the suggestion of the Prince 
Consort, Albert. At his death there were found ninety-five honorary 
diplomas of learned societies, bound with his own hand. 


James Clerk MaxweEtu, 1831-1879 


He came from a prominent Scottish family (the father’s name was Clerk, 
the added name Maxwell being derived from his mother) and was given 
the best in education that his time offered, both in the field of letters and 
that of science and mathematics. Thus, at an early date, he could translate 
Faraday’s pictures of lines of force into a mathematical form which could 
be, generally understood. See his paper of 1855 “On Faraday’s Lines of 
Force” (translated into German by Boltzmann in Ostwald’s Klassiker 
Nr. 69}. In the preface to his Treatise he states: “Faraday, im his mind's 
eye, saw lines of force traversing all space where the mathematicians 


4 FUNDAMENTALS OF MAXWELL’S ELECTRODYNAMICS 1 


(from the preceding discussion it is apparent that he refers particularly 
to Gauss, Wilhelm Weber, Riemann, Franz and Carl Neumann) saw 
centres of force attracting at a distance: Faraday saw a medium where 
they saw nothing but distance: Faraday sought the seat of the phenomena 
in real actions going on in the medium, they were satisfied that they had 
found it in a power of action at a distance impressed on the electric fluids. 
When I had translated what I considered to be Faraday’s ideas into a 
mathematical form, I found that in general the results of the two methods 
coincided, ... but that... several of the most fertile methods of research 
discovered by the mathematicians could be expressed much better in terms 
of ideas derived from Faraday than in their original form.” 

The Treatise appeared in 1873. Its greatest achievement is the unifica- 
tion of optics and electrodynamics. The simplified form of the Maxwell 
equations, later rediscovered by Heaviside and Hertz, is to be found al- 
ready in Part Ili of his paper for the Royal Society of 1864. Almost as 
important as his electromagnetic papers are those on the kinetic theory of 
gases (Maxwellian velocity distribution) and on general statistics, to 
which belongs also his theory of the rings of Saturn. He is also the author 
of purely mathematical papers (on cycloidal surfaces, the theory of the 
top, and the,determination of magnitudes in Helmholtz’s color triangle) 
dnd of an important paper on lattice structures (see Vol. IT of these Lec- 
tures, p. 310}. 

After a brief teaching engagement in Aberdeen he became the first 
director of the newly founded Cavendish Laboratory in Cambridge; he 
died there at an early age. 


Arpré Manis Amupkre, 1775-1836 


We shall add a biographical note on Ampére not on account of the fun- 
damental law already mentioned, nor because of the classical experiments, 
which enabled him to derive it with the simplest possible means, but for 
his discovery of the general relationship between the magnetic field and 
electric currents. 

Born in Lyon, as a precocious boy he occupied himself with philological 
and mathematical studies. His father was a victim of the Revolution. 
Because of his mathematical papers he was named professor at the Ecole 
Polytechnique in Paris in 1804. Here he soon directed his attention to 
chemistry, where he was able to compete with Avogadro in the field of 
atomism. There follow five years in which he is concerned primarily with 
psychology and metaphysics, though accepted as a mathematician into 
the Academy of Sciences of Paris. His interest in physics is not awakened 
until 1820, when he hears of Oersted’s discovery. In a few weeks he verifies 
his belief that electricity in motion, and not electricity at reat, has a mag- 
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netic effect. The years 1820-1826 he spent elaborating his concept of the 
connection between the magnetic field and the electric current, which is 
equivalent to half of Maxwell’s equations provided that the concept of the 
electric current is extended by the addition of Maxwell’s displacement cur- 
rent. We shall hence denote this portion of the Maxwell equations (in 
integra! form) in §3 directly as Ampére’s law. From this point of departure 
Ampere recognized the equivalence of a solenoid traversed by current to 4 
permanent magnet. The strengthening of the magnetic field by a soft-iron 
core placed in the solenoid is also to be attributed to him. Ampére may thus 
be regarded as the father of the “electromagnet.” We may mention in 
addition Ampére’s molecular currents and the elegant method of the mag- 
netic sheet. 

When, in 1826, however, Ampére obtained s professorship in physics 
at the Collége de France his interests changed once more: he returned to 
philosophy and logie and devoted himself finally to biology and com- 
parative anatomy. Altogether a scientific career of extraordinary breadth 
and depth, of intensity and versatility! (This material has been taken from 
an essay by Louis de Broglie in his book Continu et Discontinu, Paris, 
1941.) 


Hernnicn Hertz, 1857-1894 


He was born in Hamburg the son of a respected merchant family; his 
father was in later years Senator of the Free City. Initially his great 
modesty prevented Heinrich Hertz from entering upon the career of a 
scholar; instead, he turned to engineering at the Technische Hochschule 
in Munich, Soon, however, he begged his father to permit him to transfer 
to pure physics. He studied first in Munich, then in Berlin, and became the 
favorite student and assistant of Helmholtz. The relationship between 
teacher and student was the closest imaginable and finds touching ex- 
pression in the memorial addressed to him by Helmholtz (reprinted in 
Vol. I of Hertz’s Collected Works). A prize problem set up by Helmholtz 
directed him to the testing of Maxwell’s theory. After a short term as 
Privatdozent in Kiel he was called to the Technische Hochschule in Karls- 
Tube, 

Even the earliest papers of Hertz show his mastery in relating theory 
and experiment. Several of them received the warm recognition of his 
colleagues, as his quantitative determination of hardness among engineers, 
and his description of the condensation processes in rising sir currents 
among meteorologists. His years in Karlsruhe, from 1885 to 1889, repre- 
sent the high point in his creative activity. We mention in particular his 
paper of 1888: “Forces of electrical oscillations treated by Maxwell’s 
theory.” It provides the characteristic solution now generally designated 
as the Hertzian vector and shows the familiar force-line pictures of the 
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Hertzian dipole. It is amazing how much of the later development of 
radic telegraphy has been anticipated in this paper. We should also point 
out the great paper on “Rays of electric force.”” The theoretical papers 
{basic equations of electrodynamics) have already been discussed. 

The discovery of the photoelectric effect also falls into this period. With 
his last experimental paper of 1891 “On the passage of cathode rays through 
thin meta! films” he reached beyond the problems set by Maxwell’s theory 
and without knowing it, blazed the path to the electron theory. The very 
thin metal films later designated as ‘Lenard windows” are described al- 
ready in this paper. 

In 1889 he was called to Bonn. Here he prepared his last work, ‘‘Prin- 
ciples of Mechanics,” which we have discussed in Vol. I, §39. The imtro- 
duction of non-holonomic auxiliary conditions, the polydimensional treat- 
ment of mechanical systems of many degrees of freedom, the principle of 
the straightest path attest the keen logic and the geometric intuition of 
their author. Increasing illness prevented experimental work. He died on 
January 1, 1894, 37 years of age. 


§2. Introduction to the Basic Concepts of the Electromagnetic Field 


We regard the existence of electric charges as an established fact, whether 
we produce them by rubbing a piece of amber, the godparent of electricity, 
or recognize them from the spark when connecting the poles of a battery. 
We interpret the observed attraction, repulsion, and heat generation as 
the result of charges which have been produced. We take care not to define 
the charge verbally or to ascribe a derived dimension to it by some ar- 
bitrary procedure. Instead we regard it as having its own dimension, as 
an entity beyond the range of mechanics. We call this quantity Q. We 
could choose as unit of charge, whether negative or positive, the familiar 
universal charge of the electron. We prefer however to let Q stand for the 
coulomb, the accepted unit in the practical system, in terms of which the 
eleetron charge is expressed by e = 1.60-10~” coulomb. We assume that 
electrometer apparatus is available with which we can compare different 
charges with each other and with the coulomb as unit of charge. The 
atomistic nature of charge is disregarded in the Maxwell theory proper. 
The charge of the atoms and elementary particles is to a much higher 
degree an absolute constant than the mass (see §27J). 

In addition to the electric unit Q we normally employ as mechanical 
units of length, mass, and time the Giorgi units M (meter), K (kilogram 
mass), and 8 (second), which have been established internationally by the 
decision of the appropriate commissions. As already pointed out in Vol. 
I, p. 8, there is the advantage that in this system the units of energy and 
power correspond exactly (without multiplying powers of ten) to the joule 
and watt introduced previously in the cgs system. We designate them as 
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Ljoule = 1 M’KS® = 10° em’-g-sec™” = 10’ erg 
1 joule/S = 1 M*KS~* = 10’ om’-g-sec™ = 10’ erg/sec = 1 watt 
and define correspondingly 
i newton = | MKS” = 10° em-g-sec™ = 10° dynes 


This unit of force ‘‘newton” is seen to be conveniently comparable in size 
with the practical unit of force, the “kilogram” = 9.81-10° dynes. 

We will show presently that the annoying powers of ten vanish also for 
the practical units of the volt and ohm when the MKSQ system is em- 
ployed. 

We now proceed to examine in sequence the basic electromagnetic con- 
cepts. In most cases we shali be concerned with a dimensional description 
rather than with a complete definition; the latter will be derived from their 
interrelation through the basic equations of the theory, which can be 
tested by experiment. In the succeeding section we will follow directly the 
present day enumeration of the basic concepts. 

We begin with the electric fieldstrength, for which a true definition is 
possible and is generally conventional. Let this quantity be denoted by 
E.' We define it as the mechanical force exerted in an electric field on an 
(infinitesimally small) test body, divided by the charge of the test body. 
E is therefore a vector with the dimension’ 


. Force _ newton_ (1) 
Charge Q ’ 


within the field it varies from point to point in direction and magnitude. 
In following everywhere the direction of E we describe an electric line of 
force. 

We now consider the fine integral 


[Beas = [Bas (2) 


between two points A and B. E#, is the perpendicular projection of E on the 
direction of the line element ds and ds is the line elemert regarded as 
vector; E-de denotes, as usual, the scalar product. We cal! this lire in- 


? Maxwell employed gothic letters (rather than bold-face letters) for the vectors 
of the electromagnetic field (see Vol. II of the Treatise, art. 618): Except for this 
distinction we use the symbols here given. J will denote the electric current density, 
i the total current in a wire. 

? Herd, and at many other points, we use the equality sign to indicate equality 
of dimension. Where, as in Eq, 2a, we wish to distinguish between actual numerical 
equality and mere dimensional equality, we write = ..., i.e., “equal except for a 
numerical factor.” 
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tegral the “voltage” V: 


V = [ Beds — .,, newton-M _ | 7 dyne-cm 
4 Q Q 
(2a) 
me ee 19° &E 
Q 


The c conversion of the dimension from the MKSQ- to the i ais shows 
that our unit of voltage is identical with 


1 volt = 10° cgs units (2b) 


if, as decided above, we fix Q at 
1 coulomb = 7; egs unit. (2c) 


For the definition of the voltage it is necessary that in addition to the 
terminal points A, B, the path between them be prescribed. On!y in lamellar 
fields (see Vol. I, Eq. 6.16, and Vol. II, p. 137) is the independence of the 
line integral with respect to the path guaranteed by Stokes’ law (see 
Vol. Ii, Eq. 3.6). In place of voltage we may then speak of difference of 
potential between the two points A and B, designated by Vs. 

We introduce as companion to the fieldstrength E a second electric 
vector D. We shall call this preferably electric “excitation,” but shall also 
frequently employ, particularly in the first part of these Lectures, the 
customary term “dzelectric displacement” (Maxwell’s designation). 

We make the introduction of D comprehensible by the following con- 
sideration: Charge, in its historical origin, is a concept based on the notion 
of action at a distance. To adapt it to the viewpoint of action by a field 
it is necessary to imagine an excitation of the surrounding medium pro- 
ceeding from the charge centers, which excitation will be described by the 
vector D. For a single point charge ¢ we imagine “D lines” leaving e uni- 
formly in all directions, with such density that the “‘D-flux” becomes 


$ D. do = @. (3) 


dg is an element of an arbitrary surface surrounding e. If, in particular, 
we choose a spherical surface of radius r, we find 


4urD = e. (3a) 


For. arbitrarily, including continuously, distributed charges, Eq. (3) 5 i8 
replaced by 


$ Dade =f, é= de (3b) 
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where é indicates the total charge within o, the algebraic sum of positive 
and negative charges. We will see in §4 that this description of D, for an. 
arbitrary choice of 2, is selfconsistent, but does not suffice for a unique defi- 
nition of D. We will also see there that in the simplest case (isotropic 
medium, linear relation between D and E) the “D-lines” are identical with 
the lines of force defined by the E vector. 

From the preceding equations the dimension of D is seen to be 


‘a: charge Q 
D = = | (4) 


This dimengion is entirely different from the dimension of the fieldstrength 
E, given by Eq. (1). With regard to Maxwell’s designation “dielectric 
displacement,” we note that it fits strictly not the vector D itself, but only 
that fraction of D which arises from the presence of ponderable matter 
and which will later (see §11C) be designated as the polarization P. Thus 
this portion P vanishes for vacuum, the medium which is of greatest im- 
portance to us. Nevertheless the “displacement” D retains its individual 
meaning, distinct from E, in this case also. 

We compare Eq. (4) with the dimension of the electric current density 
J. One knows that this is to be defined as the quantity of electricity trav- 
ersing unit area in unit time in a conductor. Its dimension is therefore 


charge _  Q 
~ grea-time MS’ (4a) 
Depending on whether the unit area is placed perpendicular to the direc- 
tion of the current or at an angle thereto, the absolute magnitude of J 
or a component of it is obtained. J is thus a vector similar in character to 
D. Dimensionally, however, not D, but the time rate of change of D, the 
socalled displacement current B, corresponds to J. 

We have here assumed a sharp distinction between conductor and non- 
conductor (dielectric medium). Actually, no perfect insulator exists since 
even the best nonconductor conducts to some extent, e.g. under the influ- 
ence of cosmic radiation. Maxwell therefore supplements the displacement 
current to form the total current 


C=D+J; (5) 


the designation C (current) was introduced by Maxwell. This notion of the 
equivalence of D and J is a basically new idea of Maxwell, which is a pre- 
requisite for the unified representation of electromagnetic phenomena. 
Similarly, he supplements in the metallic conductor the conduction cur- 
rent J by the addition of a hypothetical displacement current D, although 
here the first term completely outweighs the second. 

We now pass to the magnetic field. This quantity exerts a mechanical 
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force on a magnetic pole P, which, to begin with, may be thought of as 

isolated. With the same letter P we designate also the strength of the mag- 

netic pole and with P the as yet undetermined dimension “pole strength.” 

The mechanical force divided by P we should most properly call the mag- 

netic field strength. We will however, at least in the beginning, adhere to 

custom and call this quantity the magnetic induction B: 
force _ newton 


pole strength § P ‘6) 


We shall even go a step further in our adherence to customary notions 
and utilize the relation between current and magnetism elaborated by 
Ampére, whose systematic description must however be postponed until 
§17. Thus, for example, the magnetic field of a plane circulating current J 
about the area F is, at a great distance from I, equal to the field of a bar 
magnet placed normal to F at J, with the moment 


m= IF, (6a) 


This relation, which in the conventional cgs system serves to measure the 
current [ “magnetically,” we shall here employ to define the pole strength 
P in terms of our electric unit of charge Q. We set 


m = pole strength - pole separation = Pl (6b) 
and obtain from Eq. (6a) 


P= I- 


F 
= (7) 


Our dimensional equation (6) thus becomes 


newton S 

B= QM (8) 
A complete description of the magnetic field also requires in addition to 
B a second vector which we shall designate with H. We cannot however 
adhere to the customary notation “magnetic field strength,” which, as 
we have seen, rightfully belongs to the vector B, but will! call H the mag- 
netic excitation. We follow here the carefully thought-out representation of 
electrodynamics of Mie.’ With the name magnetic excitation we place 
H in parallel with the “electric excitation” D. Corresponding to Eq. 4) 

we therefore define H dimensionaliy by 


H = pole ene _ (9) 


‘Gustav Mie, Lehrbuch der Elektrizitét und des Magnetismus, 2nd &d., Enke, 
Stuttgart, 1941, and Handbuch der Experimental!physik Vol. XI, Part 1, Elektrod y- 
namik. 
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which, in view of Eq. (7), we may write 


_ & 
H = rc (Ga) 
This representation also justifies a designation which is commonly employed 
in engineering and which, though rather awkward, is more appropriate 
than: the unfortunate name ‘magnetic field strength,” namely, the desig- 
nation “ampere turns per unit length.” For further detuils see the end 
of §4. 

The direction of the field vector B, varying from point to point, is repre- 
sented by the form of the magnetic lines of force. As is well known, these 
are made evident by the automatic alignment of iron filings which are 
brought into the neighborhood of the magnet and were known long before 
the corresponding electric lines of force. Their expressive appearance still 
contributes greatly to the understanding of the field concept. Because of 
the equality of direction of H and B in air or any other isotropic medium 
the line patterns corresponding to the H vector are identical with the lines 
of force of the B vector. 

We may indicate finally a subdivision of physical entities into entities of 
intensity and entities of quantity. Z and B belong to the first class, D 
and H, to the second. The entities of the first class are answers to the ques- 
tion “how strong,” those of the second class, to the question “how much.” 
In the theory of elasticity, for example, the streas is an entity of intensity, 
the corresponding strain, one of quantity; in the theory of gases pressure 
and volume form a corresponding pair of entities. In D the quantity 
character is clearly evident as the quantity of electricity that has passed 
through; in H the situation is slightly obscured by the fact that there are 
no isolated magnetic poles (see §3). We are in general inclined to regard the 
entities of intensity as cause, the corresponding entities of quantity as their 
effect. 


§3. Mazxwell’s Equations in Integral Form 


After this very incomplete preparation we pass to the exiomatic founda- 
tion of Mazxwell’s theary. The axioms of electrodynamics, just as the New- 
tonian axioms of mechanics, rest on experience—more exactly on the 
ordering of the totality of experience into a simplified and idealized form. 
Thus the law of inertia of mechanics appears very different from what is 
observed in a particular case for terrestrial bodies. Similarly, our electro- 
magnetic axioms are much more abstract and mathematically generalized 
than what is measured with coils, wires, and pointer instruments. Never- 
theless like the mechanical axioms, they ere simply 2 summary of divers: 
observations. 

To begin with we set up two principal axioms which we sha}! then supple- 
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ment by secondary axioms. One of these we shall call Faraday’s law of 
indubtion. We shall state it, as far as practicable, in Faraday’s own line- 
df-force language. The other axiom we shall name after Ampére, since he 
was the first to formulate the relationship between current and magnetic 
fields. The fact that Ampére’s law also rests on experience has been em- 
phasized by its author.’ We shall, however, state both axioms in the uni- 
versal form whose possibility was first realized by Maxwell. 

For this purpose we consider an arbitrary surface ¢ with the boundary 
curve s. We provide the latter with a pointer indicating sense of travel 
and shail define that direction of the normal to the surface as positive 
which forms a right-handed screw with the s-pointer. We compute the sur- 
face integrals 


| Bide and il C,de (1) 


extended over o and shall call them magnetic flux and electric current flux. 
Number of lines of force and number of lines of current is another common 
designation. This notation is of course audacious since these bundles of 
lines are not countable. It is first necessary to group them in “tubes,” 
just as in Vol. II (p. 136) the lines of turbulence were grouped in tubes 
of turbulence. The tubes must be constructed so that their cross section 
becomes inversely proportional to the magnitude of B and C, respectively, 
at the point in question. The counting of the tubes of force or current 
traversing our surface then amounts to the same as the evaluation of the 
integrals (1). 

Next we compute the following line integrals extended over the boundary 
curve 8: 


p E-ds and $ Has. (2) 


We call these the electric and magnetic loop tension. The first has also for a 
long time been called E.M.F. or electromotive force; included in this 
designation, it is true, are also other “electromotive” causes, such as differ- 
ences in temperature and chemical effects. The word “force” is here used 
in its antiquated meaning of energy. 

The remarkable thing in Maxwell’s point of view is that the E.M.F., 
which to the experimenter had had meaning only for closed metallic cr- 
cuits, is here defined for arbitrary loops, whether they pass through con- 
ductors, nonconductors, or through parts of both. The same geometric 
freedom then exists also for the magnetic loop tension or magnetomotive 
force. ‘We now write down the two principal axioms which relate the 


? In the title of his comprehensive paper: Ia théorie analytique des phénoménea 
électrodynamiques, tniquement dédutle de Verpérience. 
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quantities defined in Eqs. (t) and (2) in this completely general sense. 


They are: 
d 
77 / B, do = -$ E-ds, (3) 


[ Cade = fds a) 


In words: Hvery change in the number of magnetic lines of force which traverse 
a given surface « produces in its boundary 8 an electric loop tension which is 
numerically equal to the raie of change, but opposite in sign (Faraday’s 
law of induction) and 

The number of electric current lines, which traverse an arbitrary surface o 
1s accompanied by a magnetic loop tension in the bounding curve ¢ of o which 
is equal to it in both magnitude and direction (Ampére’s law relating mag- 
netic field and electric current). 

Let us convince ourselves first that this equating of electric and mag 
netic quantities is dimensionally proper. The two surface integrals defined 
in (1) Qn spite of their dimensionally incorrect designation as numbers 
of force lines ar current lines) have, according to (2.8) and 2.4a), the 
dimensions 


_ - _ and 3 , respectively. 


According to (2.9a) the latter dimension agrees with the dimension of the 
line integral in (4). The time rate of change of the first expression yields 
joule/Q, i.e. the dimension of an electric tension (expressible in volts), 
in agreement with the right side of Eq. (3). From this dimensional check 
our fundamentally different conception of B and H becomes apparent, 
and it is clear that our special introduction of the symbol! Q for the dimen- 
sion of charge is unavoidable. 

Next we concern ourselves with the signa in Eqs. (3) and (4). They 
correspond to the rules of Lenz and Ampére. Ampére’s rule is simply 
the right-handed screw rule, by which we correlated the positive normal 
of the surface o with the sense of travel along the boundary s. The various 
rules of thumb commonly given in textbooks are merely specializations of 
our nghthanded screw convention. To check Lenz’s rule we imagine in 
Eq. (3) the boundary curve s to be realized by a wire loop, and the magnetic 
flux traversing the surface ¢ in the direction n as lines of force proceeding 
from the positive pole P of a bar magnet, the negative pole being assumed 
to be sufficiently far away. We bring (see Fig. 1) the bar magnet near to the 
wire loop and thus increase the magnetic flux, so that the left side of (3) 
becomes positive. Then, as shown by the equation, the line integral on the 
right side must become negative. The E.M.F. and the corresponding cur- 
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rent induced in the wire loop then form a left-handed screw with the direc- 
tion of motion of the bar magnet. The magnetic field corresponding to the 
induced current is, on the other hand, represented, according to our right- 
hand serew rule, by the arrow P’ in Fig. 1. The positive pole of this mag- 
netic field thus points in the direction from which the positive pole P 
of the magnet approaches the loop: The two poles repel each other or the 
induced current inhibits the motion of the inducing magnet. This is the 
meaning of Lenz’s rule: The appearance of the induced current opposes 
the disturbance of equilibrium produced by the motion of the bar magnet. 

We emphasized above that the bounding curve s may be fixed quite 
arbitrarily; the same remark applies also for fixed boundary to the surface 
o. If two different surfaces o; and oz are passed through the same curve 3, 
the left sides of Eqa. (3) and (4) computed for o, and oz, must turn out to 


EMF 
Fia. 1. Lenz’s rule. 


be equal. This is equivalent to stating that they must vanish for the elosed 
surface formed by , and o; if the positive normal (n always pomting out- 
ward) is defined in a uniform manner. We realize this fact also from the 
following: We consider a closed surface « with a boundary curve which 
has contracted to a point. This does not contribute to the line mtegrals 
in Eqs. (3) and (4). If we indicate the integration over the now unbounded 


surface with § , we thus obtain 


qf Bade = 0 and $C. de = 0, (5) 
by Eq. (2.5) the second equation may also be written 
f Indo +4 ee eee (Ba) 


More particularly, if the surface ¢ lies entirely in nonconducting material 
and is hence traversed by no conduction currents, 


— 


d — 
%; $ D, do = 0. (5b) 
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The first equation (5) and Eq. (5b) state, in integrated form, 
$ B, de = const., $ D, de = const., (8) 


while the second Eq. (5) and Eq. (5a) show that the total electric current 
is always closed in Maxwell’s theory: the quantities entenng and leaving 
just: compensate each other; the current lines traversing our surface ¢ 
form closed loops somewhere outside of it. Furthermore, the magnetic lines 
of force also are always closed. If a magnet (or electromagnet) is subdivided, 
north poles and south poles, which compensate each other as far as the 
total magnetic flux is concerned, are formed anew on every part. It follows 
that the constant in the first Eq. (6) must be zero, while im the second 
equation this constant is the algebraic sum @ of the charges ¢ enveloped 
by the surface o. According to the above this must be a constant in time 
for a nonconductor: . 


f Budo = 0, § D. do = 6 E= dle = const. (6a) 


The first Eq. (6a) is a supplementary axiom, an addition to our principal 
axioms required by experience. The sec nd Eq. (6a) agrees with our earlier 
Eq. (2.3b) and states the constancy in time of the charge in nonconductors. 
The D-lines and the E-lines coinciding with them geometrically originate 
at points of positive charge and end at points of negative charge. Eq. 
(5a) generalising the second Eq. (6a), may be designated in hydrodynamic 
terminology as the continutty equation of electricity. If the definition of é 
in Eq. (6a) is employed it takes on the form 


#4 f 1d =0 (6b) 


This expresses the fact that the electricity within s surface ¢ may decreaze 
as the result of flowing off through metallically conducting portions of ¢. 

The frst Eq. (6a) may be expressed, with Hertz, in the form: There 
is no true magnetism. In this statement one proceeds from the assumption, 
formerly regarded as obvious, that B is the magnetic analogue of D. From 
our standpomt, however, this analogue is H, and not B. We shall hence 
have to relate the definition of “magnetism,” in particular of the pole 
strength P (see §7), not to B but to H. 

We now apply the first Eq. (6a) to the neighborhood of the boundary 
surface between iwo bodies of different magnetic properties such as iron and 
air. Get the closed surface + be the surface of a very flat prism (Fig. 2), 
whose height Ah is very small compared to the base Af, and let this base 
lie for example in iron, while the parallel top side is in air. Eq. (6a) then 
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demands, with arbitrary accuracy in view of the arbitrary smallness of 
Ah, 


(By + By) af = 0. (7) 


Let B’ refer, for example, to iron, B, to air. The normal (x’ in iron, n in 
air) points outward on both surfaces Af. Then, in view of Eq. (7), 


By = — B, and hence also B, = B,, 


provided that now n denotes the same direction in both media. We have 
thus obtained a firat boundary condition for the magnetic field: At the tran- 
sition between two magnetically different media the normal component of 
the induction 13 continuous. 


Fro. 2. Derivation of the continuity of 
B, at the boundary between two media 


from the relation 8, da = 0. 


‘We will show that the same applies to the tangential component of the 
excitation H. For this purpose we consider a very small rectangular loop s 
(Fig. 3), with the height Ak normal] to the boundary surface and the 
side length As parallel to it. Here we assume that Ah < As so that in the 
limit Sk — 0 the area Ac = AhAs vanishes. With the assumption that the 
current density parallel to the boundary surface, referred to in Eq. (4), 
does not become infinitely large’ we obtain from Eq. (4): 


0 = (H', + H,) As (8) 
so that 


HH, = -H, and hence also H, = H’, (8a) 


where again s denotes the same direction in the two media. 

From exactly the same figure and the same consideration for two elec- 
trically different media we are led from Faraday’s law of induction to the 
conclusion that the dangential components of the electric field strength E are 
continuous along the boundary of the two media: 


E’, = E,. (9) 


‘ This limiting case is the normal one for good conductors at high frequencies. — 
Then #, becomes discontinuous and 8, vanishingly small. 
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Nothing has been said regarding the nermal component of E. Further- 
more, the continuity of the normal component of D (unlike that of B) 
is not required by Eq. (6a). For, if D, has a discontinuity at the boundary 
of two electrically different media (e.g. glass and air) or at any other sur- 
face, we say that a surface charge is present on the surface. If we call this 
surface charge w (dimension Q/M”’), the charge present in the prism in 
Fig. 2 for the transition to the limit Ah — 0 is, 


é = w Af, (10) 


thus by the consideration leading to Eqs. (7) and (7a), the second Eq. 
(6a) demands 


(Diy + Dy) Af = w Af, (10a) 
or, employing the same direction of the normal n: 
D, — D’, = w. (11) 


Discontinuous behavior of the normal component of D signifies that the bound- 
ary surface considered carries a surface charge; the magnitude of the discon- 
_ tinuity indicates the surface charge direetly. 


Fic. 3. Derivation of the continuity of 
H, at the boundary between two media 


from the relation H-ds = 0. 


Finally, we obtain from Eq. (6b) for the boundary surface between a 
conductor and a nonconductor by utilizing Fig. 2 and Eq. (10), 


dw 


that is, a loss of surface charge if electric current is possible in the conduc- 
tor. In electrostatics, where the interior of conductors is fieldfree (D = 
0, J = 0), Eq. (12) is fulfilled identically and Eq. (11) takes on the special 
form 

w = Dy. (12a) 


In ihe slatic field conductors bear a surface charge varying from point to point 
and given by the normal component of D. 
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$4. The Maxwell Equotions in Differential Form and the Material Constants 
of the Theory 
We pass from the integral to the differential form by aliowing the loops 


@ in the integral form, and hence also the surfaces ¢ passed through them, 
to become arbitrarily small. If we call the latter Ac we can write in the limit: 


[ Budo = AoB., [ C.do = Ao6,. () 


Furthermore we recall the definition of the vector operation “curl” by the 
transition to the limit of a loop integral (Vol. II, Eq. 2.21). For our in- 
finitesimal loops this leads to 


$ E,ds = de curl, E, § H, ds = Ao curl, H. (2) 


We must form the time derivative of the first Bq. (1). We will here imagine 
the surface Ac to remain fixed, which obvivusly applies to media ai rest, 
to which we shall confine ourselves initially. We then obtain 


a : - @B 
«| Bs de = Aa Ba, =>. (3a) 
At the same time, using Eq. (2.5), we write Eq. (1) in the form 
| Cs do = Aol, + D,), D = -. (3b) 


With Eqs. (2) and (8a, b), cancelling the factor de which is common to 
all terms, as well as omitting the common index x, the principal axioms 
(3.3) and (3.4) lead to the two vectorial differential equations: 


B = — cutllE 
; (4) 
D+J= curl. 


The universal importance and impressive beauty of these equations lec. 
Boltzmann’ to quote: “Was it a god who wrote these lines...” 


1 Our second equation (4) is usually called the first set of Maxwell's equations, ou 
first Eq. (4), the second set. We prefer the scquence of the text since jin our presen- 
tation the intensity entities E and B were introduced first as being more readily 
interpreted. We can also point to §7, where electrostatics will reault from the spe 
cialization of the first, magnetostatics, from the specialization of the second Eq. 
(4), in support of our order. Since it would be improper to treat magnetostatics ahead 
of the simpler electrostatics the numbering of the Maxwell equations which differs 
from, ours appears vnsuitable. 

? Motto of the second volume of his “Vorlesungen ther Maxwelis Theorie der 
Elektrizitit und des Lichtes,’’ Miinchen 1893. Our formulation, which deviates 
slightly from Boltzmann’s (vector in place of coordinate notation), clearly only 
serves to enhance the beauty and simplicity of the equations. 
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We complete them by the supplementary axiom (3.6a) jor B, and the 
relation between D and the charge, contained in the same equation. We 
shall now regard the latter as contiauously distributed in accord with our 
differential point of view. Thus, we shail not speak of poini. charges e, 
but of finite densities im space ¢, so that the infinitesimal charge 


Ae + p Ar 


is contained in an element of volume Az which approaches zero in magni- 
tude. At the same time we recall the vector operation “divergence” and 
its representation (in Vol. II, Eq. 2.20) by the limit of a volume integral.’ 
For our present purposes we write this representation 


lim f Bode die B. lim 2 Da de savy 
Ar Ar 


and obtain for Eqs. (3.6a, b), omitting the factor Ar, their differential form: 


div B = 0, (4a) 
div D = », (4b) 
oP 4+ div J = 0. (4c) 


Our Eqs, (4) and (4a, bs c) set up the framework into which the phe- 
nomena of electrodynamics must be fitted. But this framework is still 
too wide. Five vectors E, D, J, B, and H occur in our equations, or alto- 
gether 15 unknown functions of time and space. (The scalar p is referred 
back to the vectors D and J by the Eqs. (4b) and (4c) respectively.) For 
their determination we have two vector equations (4), i.e., altogether only 
six differential equations. We must narrow down the framework to be able 
to fill it out with a unified electrodynamic model. The electromagnetic 


1 We contrast the volume divergence here introduced with the term surface diver- 
gence. Referring to Fig. 2 and the integration there carried out over a prism with 4 
base Af and vanishing height, we understand by thie the result of the integration 
divided by 4f. According to Eq. 3.7 and with the meaning of the normals n and n‘ 
there given, the surface divergence of an arbitrary vector A ig: 


Ay + A,; (4d) 


Eqs. 3.7a and 3.10a then state simply: The surface divergence of B vanishes, that of 
D equals the surface charge. 

Similarly, we can contrast the volume curl with the surface curt. Referring te Fig. 
3 and the integration over a rectangle of base As and vanishing height carried out in 
Eq. 3.8, we understand by the surface cur) the result of the integration divided by 
As. The turface curl of an arbitrary vector A is hence, according te Eq. 3.8, 


-_ 


A,e i A, (4e) 
it representa the discontinuity of A at the aurface in question. 
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materral constants serve this purpose. We shall discuss them in the sequence 
conductivity, dielectric constant, permeability. 


I. Conductivity and Ohm's Law 


The electric current density J depends on the electric field strength E 
within the conductor. We assume a linear dependence 


J =o (5) 


and call the real positive constant ¢ the electric conductivity. Eq. (5) ex” 
presses Ohm’s law for unit length of a wire carrying a stationary current. 
To recognize this, we replace J by the total current J = g/ (¢ = cross 
section of the wire) and multiply Eq. (5) with the length of the wire. We 
obtain 


n= 3 
RI = V4 7 (5a) 
lv = es | idem voltaxe 
1] 


The concept of voltage had been created already by Valta, while the con 
cept of resigtance was first introduced by Georg Simon Ohm in 1827° 
"For us Ohm’s Jaw signifies the introduction of the material constant c. 
According to Eq. (5) its dimension is: 


_ FF _~ | 
” ~ MES newton MS joule oe) 
According to Eq. (5a) may also be designated as the reciprocal of the 
specific electric resistance, i.e. the resistance of a prism of the length ? = 
I M and of the cross section ¢g = | M*. The dimension of the resistance is 

by Eqs. (5a, b): 

joule § 
R= 2. 

Q 


The unit of resistance in the practical system of units is the 2 (pronounced 
“ohm’”’) = 10° egs units. It is identical with the unit in our MKSQ system 
provided that we choose, according to our convention, Q equal to | cou- 
lomb = yy cgs unit We then obtain 


(be) 


joule § : 
1% “Gi = 19° a = 10° cgs units = 12. (5a) 
Ohm’s law applies only to macrophysical events, not to Ampére’s moleeu- 
lar currents, electron paths in atoms, Larmor precessions; cathode rays 


in vacuum tubes are also resistance-free electric currents. 
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2. Drelectric Constant 


The displacement D depends on the electric field strength E at the point 
in question. We assume the dependence to he linear: 


D = eE (6) 


and call the real positive constant e the dielectric constant. Ite dimension 
‘is, by Eqs. (2.4) and (2.1), 


ee, ae 
M joule 
We denote the dielectric constant of vacuum by &. It also is a definite 
quantity of the dimension (6a). The relation 
D = gE, (6b) 
valid for vacuum, was pointed out already in §2. Invariably e > e. 


$. Permeability 


A relation also exists between the two magnetic vectors H and B, which, 
as & first approximation, we shal! also assume to be linear. We would like 
to write it in the form 


(6a) 


H = ,‘B, 
since we regard H as analogue of D and B as analogue of E. However, we 
are mene? obliged to follow general usage and choose the form 
B = yi. (7) 
The material constant » is called permeability and has, according to Eqs. 
(2.8) and (2.9a), the dimension 
_ joule $" 
Q M 
This introduction of », which is illogical in view of Eq. (6), leads to the 


obvious consequence that in later formulas, such as Coulomb’s law, not u, 
but its reciprocal x’ will take the place of c. For vacuum we write 


B = wH; (7b) 


#o also obviously has the dimension given in Eq. (7a). For paramagnetic 
bodies 4 > suo, for diamagnetic bodies, w < uo, Our formulas (5), (6), and 
(7) do not have the same degree of certainty and general validity as Max- 
well’s equations (4). This has long been known for the ferromagnetic mate- 
rials, where a general functional relationship 


B= B(H,T),  T = abeolute temperature 


(7a) 
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takes the place of the linear relation (7). Rochelle salts’ show 2» dielectric 
behavior similar to that of the ferromagnetic materials, exhibiting, like 
the latter, both saturation and hysteresis phenomena. 

For paramagnetic materials deviations from linearity oceur only at ex- 
tremely high field strengths or extremely low temperatures. Deviations 
from the linearity of Ohm’s law have been expected at very high field 
strengths; the failure of this law for superconductors is obvious. Further- 
more the simple proportionality between corresponding vectors expressed 
by Eqs. (5), (6), and (7) is true only for isotropic bodies. In crystals the 
dependence is expressed instead quite generally by a linear vector function 
(see Vol. II, Eq. 1.10). The varied and interesting phenomena of crystal 
optics, which we shall treat in Vol. IV, rest on this fact. 

On the other hand, the general field equations (4) apply also for aniso- 
tropic bodies. Beyond this, they appear to hold true even in the face of all 
new proposals of a generalized electrodynamics, proposals which are con- 
cerned with extremely strong fields (such as must oceur, for example, 
close to an electron), but intrinsically amount merely to a replacement of 
the linear relation (6) by a generalized variation of D with E (see the final 
section of this volume). The deeper reason for the remarkable vitality of 
the form of equation discovered by Maxwell will be found to rest in its 
invariance properties, which will not, however, be taken up until Part III. 

We.can now undertake the required contraction of our electrodynamic 
framework. If, in particular, we employ for this purpose our simple linear 
relations and treat o, ¢, and » as quantities independent of ¢ (restriction 
to media ai rest), we obtain by substituting Eqs. (5), (6), and (7) in 
Eq. (4): 

is = = — curl E, 
(8) 
(2+ c)z = curl H, 


i.e., six simultaneous differential equations of the first order for six un- 
knowns, the 2 - 3 components of E and H. Thus we find ourselves pre- 
sented with a well-defined mathematical problem.* 


1 Also known as Seignette salts. Seignette was the name of a pharmacist in the 
French fortreas La Rochelle. We are here concerned with hydrated sodium potassium 
tartrate: 


Na0OC -CHOH-CHOH -COOK + 24 H,0. 
" © We could of course also have written Eqs. (8) as relations between EB and B, or 


also between D and H. However, the form in the text is the customary one and, in 
general, also the most convenient one. 


49a MAXWELL EQUATIONS IN DIFFERENTIAL FORM 23 


At the same time the conditions (4a, b, c) take on the form 
div(uH) = 0, div(eE) = p, (88, b) 


div ((e3 a -) z} = 0. (8c) 


Eq. (8a) is to be regarded as a restrictive supplementary condition on Max- 
well’s equations, Eq. (8b), as defining equation for p. Eq. (8c) is obtained 
by forming the divergence of the second equation (8). Its simplest solution 
results from setting the parenthesis {} equal to zero; it is represented by 
the exponential function 


E = Eexp (- <1), E, = arbitrary function of space. (9) 
We set : 
<= T, (a) 
r 


and eall T the relaxation time of the conductor. Its dimension is the second 
by Eq. (5a) and (6a), as must be the case, its magnitude for good con- 
ductors a very small fraction of a second. The field decays within the con- 
“ductor everywhere in accord with this relaxation tiroe and is known, pro- 
vided that E, is given. 

We might continue with the already discussed conditions at the bound- 
ary between two electromagnetically different media. To use the differen- 
tial form of the Maxwell equations, however, it would be necessary to 

- regard the transition between the two media as continuous, ie., to speak 
of a “boundary layer” rather than a “boundary surface.” We will carry 
out this procedure in problem I.1, where we shall find that the derivation 
becomes less straightforward than in the Eqs. 3.7 to 3.12, which followed 
from the integral form of Maxwell’s equations. 

The same conclusion is reached in other problems distinguished by a 
particular symmetry: The general development of Maxwell's theory must pro- 
ceed from its differential form; for special problems the integral form may, 
however, be more advantageous. 

The following two fundamental problems, which will be treated also by 
the differentia! method in problem I.2 and 1.3, are examples of this: 

1. An infinitely long wire in the form of a circular cylinder is traversed 
by current distributed uniformly over its cross section. The return of the 
current may take place through a similarly traversed hollow cylinder 
which is coaxial with the wire. The magnetic excitation is to be determined 
within the wire, within the bollow cylinder, and in the region between 
them. 
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2. An infinitely long, tightly wound coil is traversed similarly by sta- 
tionary current. The magnetic excitation is to be determined at any point 
within the coil. 

Regarding 1: Let « be the radius of the wire, > and c, the inner and outer 
radius of the cylindrical return conductor. We introduce a right-handed 
coordinate system about the center line of the wire as z-axis. Let the cur- 
rent density have the direction of the positive z-axis in the wire, that of the 
negative z-axis in the return conductor. Let the total current be J and 
—TI respectively: 


fered, -—T=2x(-b) J, 


The symmetry of the problem indicates that H is independent of ¢ and 
has the direction of increasing yg. We write H, = H and carry out the line 


Fia. 4. A atraight wire carrying a stationary cur- 
rent and a hollow cylinder surrounding it as return 
conductor. The magnetic excitation H, = H within 
the wire, in the air space between the two conduc- 
tors, and in the return conductor. 


integral of H about any circle r = const in any cross-section plane of the 
wire. Since the displacement current vanishes everywhere in view of the 
assumed stationary condition, we obtain 


2 r r I 

O<r<a: QarH = wd, = a, H = | 5a,’ (10) 
o<r <b: eH =1, He se (11) 

z 

b<er<ce: eH = 1+ x6! VJ = 1(1- G4), 

i ¢-¥ a) 

” Ser — dF 
ec<r : IerH = 1-1, H =O. (13) 


The boundary conditions for H at the surface of the wire r = a and at the 
cylinder surfaces r = 6, ¢ are satisfied automatically by Eqs. 10 to 13. The 
variation of H is plotted in Fig. 4. 


-_ 
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Regarding 2: We use a right-handed system r, », z which has the center 
line of the coil aa z-axis. For sufficient length of the coil and sufficiently 
close winding no magnetic lines of force penetrate to the exterior of the 
coil; the current J has the direction of increasing ¢, the excitation H that 
of increasing 2. We shail show that H, ~ H is constant within the coil. 

For this purpose we consider the rectangular loop, of length { in the z- 
direction, shown in Fig. 5. Its plane intersects the coil in Ni! points, where 
N, is the number of turns per unit length of the coil. Since H, = 0 both 


Fia. 5. The magnetic excitation H within an in- 
finitely long coil. 


within and outside of the coil and H, = 0 outside of the coil, only one side 
of the loop contributes to the line integral. We find 


Hi=NU, H = Ni. (14) 


The magnetic excitation within the coil is given by the “number of ampere 
turns per unit length” Ni/. This explains the designation of H customary 
in engineering practice which was introduced on p. 12. The value of H 
given by Eq. 14 is independent of r, i.e. the same throughout the interior 


of the coil. 
§5. Law of Conservation of Energy and Poynting Vector 


Starting from Eqs. (4.4) we carry out a scalar multiplication of the first 
with H, a scalar multiplication of the second with BE. We obtain aa the 
sum of the two: 


H-B+E-D +8-J = E-curlH — H-eurl E. (1) 

On the right-hand side we apply the transformation, valid for arbitrary 
vectors U, V: 

V-curl U — U-eurl V = div(U X V). 


We prove this relation most readily by utilizing the 
operator” 


1] 
yo mies 
Oa 


glo 


fd 
bz’ 
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(see Vol. II, footnote 1 on p. 23) and interpreting the divergence as scalar 
multiplication, the curl as yeotor multiplication with this vector: 


div(U X V) = V-(U XY) = Vo-(U0 X V) + ‘Vy-(U XV), (2a) 

curl U = V x JU, curl ¥V = V xX Vz. (2b) 

In Eq. (2a) the subscripts U, V indicate that the V-differentiations are to 
be carried out only on the vectors U and V, respectively. Since the se- 


quence of the vectors may be cyclically interchanged in. the double prod- 
ucts, Eq. (2a) may also-be written 


a V-(VxU+0-(V x 9) 
= V-(¥ X U) — U-(V X VY). 

Here the right side,.in view of Eq. (2b), is the same as the left side of Eq. 
(2), so that Eqs. (2c) and (2) become identical. This proof of Eq. (2) is 
only an abbreviated form for the direct, but much more involved, calcula- 
tion with rectangular coordinates x, y, z. 

Let us now set V = E and U = in Eq. (2) and introduce the abbre- 
Viation 


(2c) 


S = Ex H, (3) 
Then Eq. (1) becomes 
H-B+E-D+E-J+divS = 0. (4) 


Eq. (4) is Poynting’s theorem, 8, the Poynting vector. We shall show that 
S is the energy flux vector. 

We consider firat the dimension of the individual terms of Eq. (4: 
The first two terms have, according to Eqs. (2.9a) and (2.8), and (2.1) 
and (2.4), reapectively, the dimension 


newton _ joule _ 
“MS Mis 


The third term has, as must be the case, the same dimension (see Eqs. 
(2.1) and (2.4a)). The dimension of Eq. (3) is, by Eqs. (2.1) and (2.92), 


joule 

MS 

The operation div, which indicates a differentiation with respect to the 

space coordinates, yields for the dimension of the fourth term in Eq. (4) 
the same result. 

We see that our electrical unit Q does not occur in (4a, b). If has dis- 

creelly withdrawn from the company of the mechanical units MKS, The 

same will be noted in many later dimensional considerations in which 


= energy per unit volume and unit time. (4a) 


= energy per unit area and unit time. {4b) 
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we are dealing with purely mechanical quantities, which are independent 
of the choice of the electrical unit. 

We pass to the physical interpretation of the individual terms in Eq. 
(4). It is simplest for the third term: this signifies the work done by the 
electric field on moving electric charge per unit volume and per unit time. 
It is generally converted into heat and is known as Joule heat. We desig- 
nate it W,, transferring the symbol W (work), which Maxwell generally 
employs for total energy, to energy density. Thus we obtain 


WwW; = E-J. (5) 
We shall see right away that the two first terms of (4) are the time rate 


of change of the magnetic and electric energy densities; the latter are defined, 
in accord with Maxwell, by 


W.=3H-B, W, = 4E-D. (6) 


By this definition the energy is localized in the field; a definite electric 
and magnetic energy content W,dr and W,, dr is ascribed to every element 
of volume dr. This constitutes a first step in the adaptation of the energy 
concept to the ideas of field theory. 

The factor I /2 in the two defining equation (6) evidently points to a con- 
tinuous genetation of energy, comparable with the stretching of a spring. 
In accord with the pattern force X increase in path length = intensity 
entity < change in quantity entity, we obtain 


W, = i] E-eD, 
which, for a linear relationship between E and D, reverts, in fact, to (6). 


The situation is slightly different for the magnetic energy. Here Poynting’s 
theorem (4) directa us to start from 


Wn = faba re fue. (6s) 


From the point of view of our general system (B = intensity entity, H = 
quantity entity) it would have seemed more reasonable to represent the 
energy density not by (6a), but by 


W, = f B dH. (6b) 


For a linear relationship between H and B this of course leads again to 
Eq. (6); for a nonlinear variation, on the other hand, it leads to 4 result 
which differs from / H-dB, and is therefore incorrect by Poynting’s theo- 


tem. From this we learn that work need not be expressible in the form 
intensity entity < change in quantity entity. 
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G. Mie, who takes the same standpoint throughout in respect to the 
meaning of B and H as we do, on p. 467 of his excellent textbook cited 
in §2, points to the following mechanical analogue: a moving body carries 
with it, in unit volume, the momentum (intensity entity) p. For its ac- 
celeration the force per unit volume dp/di is required, and hence the work 


ap 


7 ds = dp-v = v-dp; 


This is a product of the type H-dB, i.e. quantity entity < change in an in- 
tensity entity.! 

In this representation the magnetic energy parallels the kinetic energy of 
mechanics. We shall meet the same correspondence in electron theory. 
Also in Helmholtz’s analogy between vortices in fluids and electric cur- 
rents the magnetie energy corresponds to the kinetic energy of the fluid. 
The same applies for our semielastic ether model in Vol. II, $15. 

If we should refer to Maxwell in connection with Eqs. (6), we would 
find that in Maxwell’s work the factor 1/2 is replaced by 1/(8*), which 
from Maxwell has passed over into the major portion of the literature. 
it evidently lacks the simple logical basis of the factor 1/2 and has only 
historical justification. 

We must how belatedly give the proof that the quantities H-B and E-D 
occurTing in (4) are identical with the time rates of change of the energy 
densities given by (6). For this purpose we deduce from (6) 


W.=4E-D+3E-D. (6c) 
The two terms on the right are equal, to begin with, in an isofrepic me- 


dium, where D = eE. They are also equal in an anisotropic crystal, where 
a “linear vector function” replaces the simple proportionality (see p. 22): 


D; = > fi, Ey. 
From this we calculate for the two expressions on the right side of (6) 
LED= LE Lew, LBD = Lhd wk 
= > E, > ea: Ey’ 


1 For the elementary relationship between p and v, i.e. p = My, and for constant 
mase we have again dp-v = p-dv. However, for a mass varying with time, in partic- 
ular, the velocity-dependent mags of relativity theory, this is not the case. Then 
the form dp-v of the text expresses the energy change uniquely. 
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The two expressions are equal to each other since, irrespective of the crys- 
tal symmetry" 


Ek = Cas (6d) 
It follows from (6c) that for the anisotropic case, aa for the isotropic case, 
W, = E-D. (6e) 


The 1 same applies for the magnetic energy density both for the ponents 
medium (proportionality between H and B) and for the magnetic crystal 
(linear vector function with na = gsi). Here also 


W. = 3H-B + 4H-B = H-B. (6f) 
In view of (6) and (6e, f), (4) yields 
W + divS = -W, W=W.+ We. (7) 


In this form Poynting’s theorem expresses the energy balance in the elec- 
tromagnetic field. The Joule heat is recorded as a loss on the right side of 
the equation. The left side corresponds to the energy exchange between the 
volume element dr in question and neighboring elements. This becomes 
even clearer if Eq. (7) is integrated over a given volume; then the cars 
‘ tion of Gaust’s theorem leads to 


S [Wart [ 8.do = - [War (7a) 


The significance of S as energy flux through the surface of the volume con- 
sidered is now evident. 

With the introduction of this concept Poynting passes beyond Maxwell’s 
localization of the energy. We now learn not merely how much energy 
exists at any place, but also where it will go or (for the opposite sign of S) 
from where it has come. 


' This restriction on the otherwise arbitrary coefficients c:, 18 necessary in order 
that the work done on an element of yolume, E-dD, may be a complete differential. 
Otherwise the electric energy density would not be a characteristic function of the 
state, as we postulate for ideal solid bodies. (It is true that for certain known crystals 
hysteresis phenomena occur which make the notion of a quantity characteriatic of 
this state illusory). Compare the quite analogous situation in the case of the elastic 
body, Vol. II, p. 72 and p. 288. 

In the crystal W, io a general positive form of the second order in the EZ; , not a 
simple sum of squares aa for the isotropic case. The notation in the text as scalar 
product is in any case conceptually preferable, particularly since it becomes necesaary 
for W., where B and BD need not have the same direction even in the isotropic case. 

In contrast with W, and W, Wis not a state function. The condition ox = a4 
should hence apply, in the crystalline conductor, only for a particular crystal aym- 
metry. 
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In the ideal nonconductor the right side of (7) vanishes, so that (7) 
takes on the form of the hydrodynamic equation of continuity (gee Vol. 
Ii, Eq. (5.4)): W replaces the hydrodynamic density », S replaces pv. 
Continuing with this hydrodynamic analogy, we may say that even in the 
insulator the energy flows not like an incompressible but like a compressible 
fluid. In 3 conductor it is absorbed furthermore, in the measure in which 
heat is generated in any element of volume. 

In optics S plays a dominant role as ray vector; the emission and irradia- 
tion of a given surface element do is distinguished by the positive and the 
negative sign of S. 

We know from mechanics that the law of conservation of energy is not 
only of fundamental importance physically, but is aleo highly useful mathe- 
matically as a first integral of the equations of motion. Something similar 
applies for our electrodynamic law of conservation of energy: From it may 
be derived the uniqueness of the integration of the Maxwell equations for 
given initial condition and suitably prescribed boundary conditions on the 
Boundaries of the region considered. 

' As usual, the proof is indirect: We assume the existence of two solutions, 
form their difference, and deduce therefrom a contradiction. 

Let the two solutions be E,, H, and Es, H; {by §4 the corresponding vec- 
tors D, B are then also known). 

We put 


E=E,-E H-=H, — H. (8) 


In view of the linearity of Maxwell’s Eqs. (4.8), E and H are solutions as 
well as E,, H, and E;, Hy. Hence Poynting’s theorem, e.g. in the form 
(7a), applies formally also for them. However, the quantities W,S, W., 
because of their quadratic character, are composed not merely of the cor- 
responding quantities of the individual fields 1 and 2, but also of mtxed 
terms involving 1 and 2. We show this for the quantity W, as example, 
assuming isotropy for the sake of brevity. 


W. = 4E-D = 5 B= 5 (i — By’, (9) 
or expanded 
¥, = 5 Hit; Hi- eE,-E,. (9a) 


The last expression on the right ia the mixed term mentioned above, 
while, the first two terms denote the electric energy of the individual fields 
1 and 2, However, we shall not need this expanded form and shall refer 
below to the representation in (9). Now, including the quantity W., and 
the case of anisotropic media in our consideration, we can say: The quan- 
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tity W in (7a) represents a definitely positive quadratic form, formed with 
the components of the difference field E, H. The same applies for the quan- 
tity W.. Finally the quantity S is (irrespective of the difference terms 
arising in its calculation) the vector product E X H formed by the differ- 
ence fields. 

Let the domain over which (7a) is integrated be composed of partial 
domains a, b,... j,... with, in general, different: material constants ¢, 
p, o. We indicate ‘this by replacing W and W, by ).;W and >_,W,, which, 
according to the preceding, can, just like the individual W, never become 
negative. Consider now the term 


» / S, do; (10) 


which arises from (7a) in the same manner. Pairs of terms which refer to 
the same inner boundary surface cancel here because for them the S, 
are equal and opposite--opposiie because of the opposite direction of the 
normal #, equal because of the boundary conditions for the tangential 
‘components of the fields E,, E; and Hi, H:, from which follows the equality 
of the tangential components of the difference fields E, H and of the com- 
_ponent of S:normal to the boundary surface. The sum (10) becomes, there- 
“fore, simply équal to the surface integral over the outer boundary of the 


region of integration 
[ 8. 4e. (10a) 


Let the boundary condition to be preacribed for this outer boundary 
simply consist in the tangential component of either the electric or the 
magnetic field being given everywhere on it. For the difference field (8) 
this signifies that the tangential components of either E or of H vanish. 
In either case the vector product S formed with them and, hence, the in- 
tegral (i0a) vanish also. 

Now (7a) applied to our case takes on the form 


re) 
gh] Wen=- Lf Widn, qu) 
or, integrated with respect to 2: 
t t 
> f war, = — i at fw, ars. (11a) 
3 6 3 


Here the right side is less than or at most equal to zero. The left side van- 
ishies at the lower limit ¢ = 0, since for prescribed initial values of the fields 
l and 2E = 0 and H = 0 in every one of the domains j, so-that W = 0 
also. At the upper limit ¢, on the other hand, the left side of (11a) is, in 
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view of the meaning of W, certainly not negative; its least value is zero. 
Only then the inconsistency with the right side is resolved. For this value 
we must have for all { > 0 


E=0, H<0, 
so that, by (8), 
E, = E,, H, = H.. 


This proof of uniqueness satisfies any demand for rigor. An unrigorous 
proof may be deduced directly from the form of Eqs. (4.8). For these equa- 
tions permit the determination of the change with ime of E and H if 
their distribution in space is known at any one moment. This means in a 
sense: the values of E and H at the time ¢ + dé can be calculated from 
their values at the time ¢. This calculation is unigue since the Maxwell 
equations are linear in E and H. 

In the preceding we have confined ourselves to a finite closed domain. 
Physically the unlimited domain is of course of greater interest. The unique- 
ness of the integration problem can be proved here for the static case as 
in §10D. We will consider the significance of the Poynting vector for the 
unique forntulation of the problem of waves along wires in §22. 


$6. The Role of the Velocity of Light in Electrodynamics 
It appears reasonable to eliminate H from Eqs. (4.8) and to obtain in 
this manner,a single vector equation for E. For this purpose the operation 
curl is applied to the first Eq. (4.8), the operation 4@/dt, to the second. 
Adding the two equations yields 


’ oF aE 
ar + op a curl curl E, (i) 


i.e., a linear differential equation of the second order in four coordinates of 
space and time. 

We will convert this expression to a form which is more familiar to the 
mathematician. For this we utilize the general transformation (3.10) of 
Vol. II: 


eur! curl E = grad div E — AE. (2) 


As indicated there, this equation is to be applied with caution, since the 
Laplace operator A can, by its definition as div grad, only be applied to 
scalar, quantities. Incidentally, (2) may also be derived from the well- 
known vector formula 


A x (BX C) = B(A-C) — C(A-B) (2a) 
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by symbolic calculation with the nabla operator (see the beginning of 
§5), where it takes the form 


¥ xX (¥ X E) = V(V-E) — (¥-V)E. (2b) 


This is identical with Eq. (2), term for term. We consider similar vector 
formulas in Problem I.4. 

Equation (1) is valid in any coordinates, curvilinear as well as Cartesian. 
On the other hand, Eq. (2), according to the above, is restricted to the 
Cartesian coordinates z, y, z and the components E,, E,, E,, since only 
these may be treated as scalar quantities. With this restriction we find 
from (2) and (2) - 


en OE + oy OE oe AR ~ grad div B (3) 


This can be further simplified if we specify that E represents a solution 
for a medium of uniform dielectric constant and free of charge. Then Eq. 
(4.4b), with © = const and p = 0, becomes div D = e div E = 0. Thus the 
last term on the righthand side of Eq. (3) vanishes and Eg. (3) assumes 
the form of the wave equation: 


vE dE 
cu FY + oa m= AF. (4) 


The same equation evidently applies, under similar restricting conditions, 
also for K (as well as for D and B). 
The first coefficient in (4) is, as can be read directly out of Eq. (4), the 


reciprocal square of a velocity. Correspondingly, we find from Eqs. (4.6a) 
and (4.7a): 


Y _ joule 3’ a (Hy (5) 
M joule QM S/ - 

What is the meaning of this velocity? Maxwell’s anawer is: [£ ts the velocity 
of propagation of electromagnetic waves, which in vacuum is identical with 
that of light: 


eu = 


(coy)! = ¢ = (2.9978 + 0.0002) 10°F ~ 3-105. (6) 
Even at an early date the velocity of light c, then denoted as “critical 
velocity,” maintained an elusive existence in electrodynamics, as in the 
theorem of Wilhelm Weber and the numerous measurements of the ratio 
of an “electromagnetically” and “electrostatically” determined charge ona 
condenser (§16D). However the role of ¢ in electrodynamics was first 
clarified by Maxwell’s theory of light and Hertz’s experiments. 
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If we pass from vacuum to an arbitrary electromagnetic medium, the 
yelotity (eu)? appearing in (5) signifies, according to Maxwell, the velocity 
of light (more precisely, the ‘“‘phase velocity of the light’’) in a ponderable 
body characterized by © and yg 


(ey)? = », 5 =n = refractive index. (7) 


It ig true that the statement (7) has by no means the same certainty as 
statement (6). For it does not account for dispersion phenomena and 
hence cannot even explain the prismatic colors. We will learn in Vol. IY 
how these are to be fitted into electromagnetic optics. 

Eq. (6) is evidently a supplementation of Maxwell’s theory derived from 
experiment, which establishes a relationship between the two material 
constants &, uy of vacuum. In the following section we will discuss how 
the constants are to be determined individually. 

We now turn to the integration of Eq. (4) specialized for vacuum 


1aE 
with the auxiliary condition already made use of 
div E = 0. (8a) 


We seek, in particular, solutions of (8) which are independent of y and z. 
For purely periodic time dependence these represent monochromatic plane 
waves which advance along the z-axis. We shali show that they are neces- 
sarily transverse. In view of the assumed independence of y and z of the 
function Eq. (8a) reduces to 


Equation (8) yields accordingly: 

oF, 

OF 
E, would thus be a linear function of ¢, which is inconsistent with the 
periodic dependence on ¢. Hence £, = 0. Thus we already note a decided 
advantage of electromagnetic optica over the old elastic optics. Aa we saw 
in Vol. II, §45, the latter could never get rid of the longitudinal com- 
.ponent of the plane wave: Even if it was originally absent, a reflection or 
refraction would cause its appearance along with the transverse component. 
In eontraat to this we have proved that the plane wave of the electremag- 
netic theory of light is necessarily transverse. We can designate Eq. (8a) 
as the condition of transversality. 


0. (8b) 
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If the wave has a single electrical component or, in the usual terminol- 
ogy, is plane polarized, we can take its direction of vibration’ as the y-axis, 
so that, in addition to Z, = 0, also Z, = 0. Eq. (8) then becomes 


san = aT (9) 


The solution which is purely periodic in time is 
EB, = a cos (kt — wt + a). (10) 


Aecording to (9) the wave number & introduced here and the angular 
frequency w are related by 


7% (10a) 


in terms of the wave length 4 and the period r we have 
Omitting the sign Re, denoting “real part of,’’ we shall write (10) in a 
form which will prove more convenient for what follows: 

E, = Ae™"*' A = ae", (11) 


This is permissible as long as we are dealing with linear relations, such as 
the Maxwell differential equations; in dealing with energetic quantities 
which are quadratic in the field components we must obviously return to 
real expressions such as (10). 

We next investigate the magnetic component of the plane wave. It 
may be derived from the first vector equation (4.8), specialized for vacuum: 


Since E, = E, = Oand & =~ = 0, this leads to 
oy dz 


H, == H, = 0} 
and furnishes the following equation for H,;: 


oH, mae ok, ee the—iat 7 
fie Te mrs tkAe + (12) 


1 It should be noted that we are here dealing with the direction of vibration of the 
electric field, not with the direction of any material displacemant. 
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For purely periodic time dependence its integration with respect to ¢ 
is carried out simply by dividing the right side by —1tw. Accordingly, 
Home K 4 piteiet - Y ggite tet 

7) ¢ 


and, in view of (6), 


H, = 4/2 Act. (13) 
Ho 


The dimension of the coefficient (€0/ 0)" is that of a reciprocal resistance, 
i.e. 2". For, by (4.6a), (4.7a), and (4.5c), 


f= te a - (oka) <a (19) 
» = Jule M “QM joule § o?° 


(uo/€0)* is designated as “wave resistance of vacuum.” We shall see in 
§18D that this quantity actually assumes the role of a resistance (voltage/ 
current) in the telegraph equation. 


¥ 


Fic. 6. The relative orientation of BE, H, and S for a plane wave progressing in the 
z-direction. 


Fig. 6 shows the orientation of E and Hi relative to each other and rela- 
tive to the Poynting vector S at a given instant. In this sequence they form 
a right-handed system. With increasing ¢ the figure is displaced with the 
velocity of light in the direction of the positive z-axis. It may not be super- 
fluous to point out that E and H become zero at the same point and attain 
their maxima at the same point. The situation differs from that of pendu- 
lum vibrations in mechanics, where the energy appears in turn in its kinetic 
and in its potential form. 

For the experiments of Hertz and many optical experiments air and our 
vacuum are equivalent. A distinction between air and vacuum need only 
be made in high-precision wave-length determinations. 

We have continually employed the term vacuum in preference io the 
term “ether” (“light ether”), which is frequently used elsewhere. This 
negative term appears to have more significance than the latter scholastic 
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word, which gives rise to false notions that cannot be reconciled with the 
theory of relativity. 

We can indicate the material constants of ponderable bodies by their 
relative values referred to vacuum instead of by e, », setting 


f= Ereiks, Mo rel. (15) 


€re) aNd #rei then are pure numbers, which in general do not differ greatly 
from 1. In a ponderable nonconductor Eq. (10a) must of course be replaced 


by 
(16) 


H, = if Ac* (17) 


Plane transverse waves are possible also in an absorbing medium (¢ # 0). 
The general wave equation (4) is satisfied by the form (11), for given «, 
by i k to the condition generalizing Eq. (16): 


sla 


and Eq. (13) by 


KP = ene’ + iow, k= Venue, e’ =et~, (18) 


e’ is the “complex dieleetric constant” frequently employed in the optics 
of absorbing media. If the relaxation time introduced in (4.98) is employed, 
we obtain 


e’ ig 

seit. -l+z7. (18a) 
If T, > r the added imaginary term of k is merely a correction term; 
if 7, « 7 the real and imaginary parts of k become equal (because ¥/7 = 
(1 + 1)/+/2). In both cases the wave is damped exponentially a8 it pro- 
gresses along the positive x-axis. 


§7. The Coulomb Field and the Fundamental Constants of Vacuum. Rational 
and Conventional Units 
On the basis of their time dependence we classify fields as static, station- 


ary, quasteationary, and rapidly varying fields. 
In static fields not only field and density variations, but also currents of 
electricity and energy are to be zero. Hence we demand 


B=0, D=0, s=0, J=0, S=O. 


According to Eqs. (4.4) and the succeeding equations these conditions are 
fulfilled if we set: 
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A, Plectrostatics 
curl E = 0, div D = p in nonconductors, 
D = E = 0 in conductors, (1) 
H = 0 in all cases, 


B. Magnetostatics 
culH=0, div B = Oalways, but eventually div H = pe, (2) 


E = 0 in all cases. 


An explanation of the “magnetic density” p. here introduced will be given 
in connection with Eq. (9a) below 

In stationary fields we retain tLe conditions B = 0, D = 0, p = 0, but 
prescribe current fields J in the conductors, which according to Eq. (4.4c} 
must be free of sources. The electric field must still satisfy, both within 
and outside the currents, curl E = 0; on the other hand, curl H = 0 only 
outside the currents. 

In quasistationary fields we shall determine the fields as in the stationary 
case, but take account of their time dependence in the first approximation. 

, The system of the Maxwell equations ia fully utilized only for rapidly 
varying fields. 
A. Electrostatics 

We defer all problems requiring the use of the theory of functions. These 
are the boundary-value problems with conductors or nonconductors of dif- 
ferent dielectric constant present in the field, We shall therefore deal first 
of all only with a uniform dielectric, so that ws may set ¢ = const. In this 
case we are faced with a simple summation problem instead of a boundary- 


value problem. 
Eqs. (1) then take the simpler form 


curl E = 0, (3) divE = e. (3a) 


£q. (3) states that B may be treated as gradient of a scalar potential 


E = — grad ¥, (4) 


which evidently brings about a substantial simplification of the problem 
of integration. 
According to (3a) this potential must satisfy the Poisson equation 


? 
Ay= —-=. (4a) 
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Lamellar field (curl E = 0) and potential field (E = — grad ¥) have the 
game meaning; the surfaces ’ = const. divide the field into layers (lamel- 
lae), to which the lines of force are orthogonal. The line integra] of the 
field strength 


& 
[ E,ds =¥,— > (4b) 


is independent of the path; carried out over any closed path (B = A) it 
vanishes. The voltage Vy, is identical with the potenteal difference 


Vv, — ¥ rp. 


The summation problem mentioned above consists in the integration of 
Eq. (4a) and can be carried out directly with the aid of Green’s theorem, 
for which we refer to Vol. IT, §20, Nr. 1a. We obtain 


anew = [ ° ar, ore (5) 


P is the point at which © is to be calculated, Q is the point of integration. 
The left side results from the integration over a smail sphere surrounding 
‘the point r =,0,Q = P; the integral over the sphere bounding the region 
of integration externally vanishes provided that the total charge enclosed 
by this sphere is finite. 

If the charge is not distributed in space, but concentrated on a surface 
or on a line, the mathematical method employed in (5) leads to 


rcv = | de, (5a) 


4nceY = [ * ds; (5b) 


w is the surface density, \ the line density (charge per unit length). A final 
step in this series leads us to the charge ¢ concentrated in a point: 


— (6a) 


: € 
drev = -, (6) B= k= —-— = te 


This is the Coulomb field. We could also have read it off directly from Eq. 
(3a), which, using Gausa’s theorem, we could integrate over a sphere of 
radius r described about the charge e. We obtain then directly 

€ 


$ Endo = [Pdr =! (6h). 


€ 


_ In view of the spherical symmetry we must put E, = E, = const. on the 
left, whereupon (6b) becomes in fact identical with (6a). 
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The Coulomb force ¥, with which.two equal charges ¢ at the distance 
r repel each other, follows from (6) according to our definition of field 


strength: 


e 
f= ft, = hy = 7 (7) 


It has been customary in the past to write instead, for vacuum conditions, 
b 
FefS with fel. | (8) 


Here F is supposed to be measured in dynes, r in centimeters. However, 
in this manner the whole structure of our syatem of dimensions is cast 
aside; we pass from our former system of dimensions to the socalled elec- 
trostatic' system of cogs units. The charge ¢ would then, according to (8), 
take on the unnatural and ungainly dimensions 


e=m4 /dyn cm — em? g* sec. (8a) 


Furthermore the charge e would be | if two equal charges ¢ at a distance 
of t em would repel each other in air with a force of 1 dyne. 

. We must teject, on dimensional grounds, Herts’s distinction between 
“true charge density” expressed by div D and “free charge density” ex 
pressed by div E. We shal! designate the latter quantity correctly as “diver- 
gence of the lines of force”; in the preceding we have avoided it by writing 
o/e for it. 


B. Magnetostatics 


Although in most treatments the analogy between electrostatics and 
magnetostatics is emphasized, our approach compels us to point out 
clearly the differences as well. 

As we saw in (2), it is not the intensity B, but the quanitty H that is 
lamellar. We again denote the corresponding scalar potential by V, dis- 
tinguishing where necessary between ¥. and Y., and find 


We shall call the quantity pm defined above in Eq. (2) simply “magnetic 
density’: in view of the correspondence of H and D we can regard it as the 
direct analog of the electric density p. 

How can we reconcile its existence, i.e. the Eq. div H = 0 with the uni- 
versally valid Eq. div B = 0? This is only possible at points of local varia- 


1The term electrical system seems to us to be preferable in principle to the cus- 
tomery term electrostatic system, since ite application ia not limited to equilibrium 
conallices: but may also be extended to electrodynamic processes. See $16D. 
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tion of permeability, as is shown by the following lines: 
div B = zy div H + H-grad uy = 0 


pe = Giv A = H-grad log {s45/x). 


We will give a physical interpretation of this rather formal explanation 
of the concept of magnetic quantity and density by introducing the “mag- 
netization’” M in §12, We have no reason for a distinction between “true” 
and “free” magnetism, such as was also given by Hertz. For, since we 
have already interpreted div H as magnetic density, the differently dimen- 
sioned quantity div B is not a magnetic density. Furthermore it is every- 
where equal to zero. 

We now return to (9) and form the divergence of the vectors on the left 
and the right. We then obtain the Poieson equation of magnetostatic, i.e. 


AY = — pa (9b) 
If px is given throughout this is integrated, in analogy to (5), by 


(9a) 


4r = | * dr, (10) 
or, in analogy. to (5a), for given surface charge ow», by 
Ary = / o* do. (10a) 
If the density is concentrated on a point pole and if we call 
p= | Pa dr 


the pole strength (an opfiosite pole is imagined to lie at infinity), (10) 
leads to 


trl = 2 (10b) 


nk a 
| H =H, an (10¢) 
This is the Coulomb field of the isolated magnetic pole. The Coulomb force, 
with which two poles of equal magnitude and the same sign repel each other, 
is, however, not pH, but, according to our definition of the intensity B 


2 
F = F, = pB, = pull, = T*. (1B 


The fact that » appears here in the numerator. although ¢, in (7) appears 
in the denominator. resulis evidently from the inconsistency, pointed out 
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in connection with Eq. (4.7), in the introduction of « as compared with 
that of ¢. (We would have liked to define the reciprocal of u as the magnetic 
constant at that point.) In (11) » evidently signifies the permeability of 
the surroundings of the magnetic pole p; for air (vacuum) we put w = po. 

Just as in connection with (8) we took cognizance of an electrostatic 
system of units and a unit of charge corresponding to this system, so we can 
introduce, on the basis of (11), a magnetic system of units and a corre- 
sponding unit of pole strength. To this end (11) is reptaced, for vacuum 
in particular, (we follow the pattern of Eq. (7) and what follows literally) 
by: 


F= 5B (12) 


and f is put equal to 1; F is supposed to be measured in dynes, r in centi- 
meters. Our former.system of units is once more cast aside, and we pass 
over to the Gaussian magnetic cgs system.’ In this system the pole strength 
p has, according to (12), the same unsatisfactory dimension as the charge ¢ 
in the electrical system (8a). Unity pole strength would correspond to a 
repulsion with a force of 1 dyne of two poles of equal sign and magnitude 
separated by I em (in air as surrounding medium). 


C. Rational and Conventional Unis 


We must now deal with the factor 4x in Coulomb’s law. It is true that 
this is much less fundamental than the question of dimensions and bears 
to the latter only a historical relationship Historically the forms (8) and 
(12) of Coulemb’s law result from an effort to approach as closely as pos- 
sible the customary form of Newton’s law. We shall denote the suppression 
of the numerical factor 4x in Coulomb’s law as conventional, our retention 
of it as rational. It is in fact evident that in a problem with spherical sym- 
metry, such as the. Coulomb problem, the factor 4x is appropiate (this 
follows in particular from our argument in (6b)). If we wish to avoid this 
factor, we must rewrite Poisson’s equation (4a) as well as the second of 
Eqs. (1) as follows: 


AY = —4x : | divD = 4p. (13) 


The factor 4x would thus be improperly introduced into the fundamental 
equations of the Maxwell theory. Furthermore, the transparent expression 
(5.8) for the energy density would be distorted into 

J 
Sr 


t The fact that Gausa employed mm instead of em ag unit of length is a superficial 
distinction. 


W, = —E-D. {14) 
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Heaviside fought a life-long battle for the rational units. In this con- 
nection he pointed also to the expression for the capacity of a condenser 
(for details see §10, where the relationship with the expression for the energy 
density is also indicated): The plate condenser (area F, plate separation a) 
has, in rational and conventional unite respectively, the capacity 

wet ana 2, 
a 47a | 
the spherical condenser (radius of sphere r, outer sphere imagined at in- 
finity), the capacity 


(15) 


K = 4rer and er. (15a) 


We see that, with rational units, the factor 47 appears for the sphere, 
where it belongs; with conventional units it is miasing for the sphere and 
appears for the plane condenser, where it does not belong. ; 

Heaviside makes the following striking comparison: In passing from the 
measurement of distance to the measurement of area one might define as 
unit of area the area of a circle of radius 1. This would be logically possible. 
It would however lead to the strange result that a square with the side 1] 
would have the area 1/x. Everyone would then say that + was at the wrong 
‘place. We said the same of the factor 4x in the formulas to the right in 
(15) and (15a). 


D. Pinal Determination of the Fundamental Constants &, ue, in the MKSQ 
System 
The viewpoint of the rational units together with the requirement of 
meaningful dimensions and adaptation to the legal units leads to a quite 
definite choice of the fundamental constant yo of vacuum. For we can ob- 
tain agreement between Eq. (11), which is dimensionally correct in our 
sense, and Eq. (12) by requiring 


. 2 
B ie = {f] cgs. (16) 


[f] is the numerical value of f in the egs-system, which we wished to set 
equal to 1. The brackets on the left are the numerical value of the quan- 
tity yo/(4x) in our MKSQ-system; its dimension (see e.g. (4.7a)) is indi- 
cated. The conversion of these dimensions into the cgs-system follows 
from 


Q = 1 Coulomb = 4; cgs, = M = 10° cm, joule = 10” erg. 
Accordingly 


. 2 
1 a = 10° egs. 
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With [f] = 1 we thus obtain, after cancelling the dimensional factor egs 
on both sides of (16) 
Ho} aq 
[i] = 1 


We obtain hence, entering the dimensions: 


-7 Joule $? -7 OS 
po = 4x10 OM = 4riQ M 
Regarding the unit of resistance, 2 = “ohm,” here employed, see Eq. 
{4.5d). 

We have thus determined one of the two fundamental constants of 
vacuum in such a manner that the demands stated above are satisfied. 
The numerical value of y» so obtained, which is accurate to an arbitrary 
number of digits, shows clearly that our determination is not established 
by direct measurements, but by our choice of the unit of Q and is equiv- 
alent to the latter. The other fundamental constant t of vacuum follows then 
from the relation (6.6) which is supported by the sum total of the Hertzian 
experiments: 


(16a) 


.~1_1M 
oo ott Set OS" 
If we substitute for c the approximate value ¢ = 3-10° M/S we find 


(17) 


in’ § 
“0 367 QM" (18) 
We can also write {17) in the form 
4mnc't) = 10° st (18a) 


Division of (16a) by (18) and taking the square root leads to the following 
value for the “wave resistance of vacuum,” introduced with (6.14), in 
terms of the unit 0: 


4/" = 12002 = 3772. (19) 
In the preceding we have disregarded the small differences between the 
velocity of light ¢ and its approximate value 3-10° M/S, as well as the 
difference between the “international” and the ‘‘absolute,” i.e., the ideal, 
ohm. These differences, which concern only the higher decimals, are of 
vourge of great importance in precision measurements and have called 
forth, in the determination of the @ in relation to the old Siemens unit,’ 


‘ Resistance of a mereury thread | m long and | mm? in cross section at 0° C = 
0.937 2. 
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the competitive efforts of the best experimenters (Kirchhoff, Lord Ray- 
leigh, F. Kohlrausch ete.). They play no role, however, in the general 
theory. 

In summary: Our form of the Maxwell equations is adapted to the ra- 
tional choice of the units MKSQ, with the value (16a) for po taken over from 
the conventional Gaussian magnetic units. Below we shall use the numerical 
values (16a), (18), (19} only in specific numerical computations and not. 
introduce them, as often happens in engineering literature, into the general 
theory. Instead we shall always take account of the dimensions of all quan- 
tities, also those of &, uo, and thus make ourselves independent of the 
particular choice of Q = 1 Coulomb. 


§8. Four, Five, or Three Fundamental Units? 


A. Supplementary Note on Our System of Four Units 


Our four units MKSQ are simply intended to translate Giorgi’s idea 
(introduction of a separate electrical unit) into a form which is particularly 
convenient for the theory. It is basically indifferent whether the unit of 
charge Q is employed or a standard resistance R, as Giorgi has occasionally 
advocated, for reasons of convenience of measurement. In view of the re- 
lationship Q = ampere-second we would of course also be content with 
the ampere as fourth unit. We take less kindly to the designation of Giorgi’s 
system by the units MKSVA. In view of 


VA = watt = joule/sec 


these units are not independent of each other. We can well understand 
that the long-employed quantities V and A appear more convenient in use 
than our unit of charge Q. Nevertheless, of the two dimensions 


_ newton Volt 
E= —Q and E \ a 


the first appears to be the more natura! one. Kalantaroff’s system of the 
four units MSQO (magnetic fiux) is selfconsistent, but seems, by the 
elimination of the unit of mass, somewhat too artificial for general use in 
physics, 

It is to be welcomed, from our point of view, that, by international 
agreement, separate designations gauss and oersted have been introduced 
for the two magnetic vectors B and H. Historically, the name gauss also 
seems proper for B, since Gauss’ methods of détermining magnetic mo- 
ment rest on measurements of force and hence refer to B and not to H. 
The unhappy term “magnetic field” for H should be avoided as far as pos- 
sible. It seems to us that this term has led into error none less than Maxwell 
himself, who, in art. 625 of the Treatise puts the force exerted by the field 
on & magnetic pole m equal to mH. 
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We have repeatedly stressed as an advantage of our system that it 
avoids the annoying powers of ten of the cgs-aystem. This applies to the 
electrical as well as to the mechanical quantities. The converse is true, 
however, for the magnetic quantities. The unit gauss of the magnetic 
induction B in the cgs-system is, by definition, equal to the unit in the cgs- 
system. Hence, transferred to our system of units, it acquires a power of 
ten. We determine the latter as follows: 

Let {B] be the numerical magnitude of a given field in our system of units, 
so that 


newton S = {B] joule 8 (1) 


We substitute again 
joule = 10° erg, M=10'cm, Q= a ogs-units. 


Hf, in particular, we set [B] = 1, we find from (1) as corresponding value 
of this quantity B in cgs-units: 


7 
B = 17% cgp-unite = 10' gauss, (2) 


and conversely 


joule S ~ V8 
OM ~ 10 vee (3) 
It may be mentioned in favor of this choice of unit that the gauss is in- 
conveniently small for practical purposes, so that not only in engineering, 
but even in pure physics (except for terrestrial magnetism) the kilogauss 
must generally be employed (e.g. in the Zeeman effect). Hence our 10,000 
times greater unit is to be preferred in practice. 
In order to express the oersted in our system of units as well, we proceed 
from the relationship between H and B: 


1 gauss = 10~* 


a5. (4) 
We now set H = | oerated, B = 1 gauss, so that by (3) 
- B= 10 ee 
and by (7.16a) 
a decion joule 8* 


QM ” 
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We then obtain from (4) 


‘ + 2 
1 oersted = 107 nr - 4n-1077 re (5) 
so that 
1 Q_ i amp 
Hanya = 4x: 10°F serated: (5b) 


B. The Five Units MESQP 


It may be stated generally: A dimensional analysis will be more suc- 

ceasful' in the degree in which more independent units are at ite disposal. 
Our four units are hence more informative than the three unite of the “ab- 
solute” system, in which the dimensional character of the fundamentai 
electromagnetic vectors is obscured. The five independent units consid- 
ered below are of even greater value from a general theoretical point of 
view. 
_ We introduced the magnetic pole strength P as a dimension in §2, but 
expreased it immediately in (2.7) in terms of the charge Q, in accord with 
Ampere’s hypothesis. Is this hypothesis binding even today, after the dis- 
covery of the neutron, a nuclear particle as basic and universal as the pro- 
ton? The neutron has a magnetic moment which is not aasociated with 
any charge, unlike the electron and proton which, though endowed with 
equal charge of opposite sign, have magnetic moments of entirely dzfferent 
magnitude. Certainly an attempt to abandon Ampére’s hypothesis and to 
introduce P as independent fifth dimension is justified and instructive. We 
shall, for the present, refrain from fixing the magnitude of P. 

We write down the following seta of dimensional relations, which now 
show a complete correspondence: 


ae newton B newton 
Q P 
2 " ye ® 
D Mi H Mm ms 
E joule M x» B jouleM 
=n _ newton _ joule _ newton _ joule 
E-D = Mi Mi B-H = me 7 Me 


‘ E. Fues, Z. Phys. £07, 662, 1937, indieates an upper limit to the useful number of 
dimensions. 
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The entries for E, D, B, and Hare identical with the original formulas in 
(2.1) to (2.9.) In accord with the note accompanying Eq. (4.7) we have 
entered the reciprocal of » as analog of ¢ in our table. 

The last line, which is independent of Q and P. has the dimension of 
energy density. On the other hand the (scalar or vector) product of E and 
H has a dimension which depends on P and Q: 


EH = P newton ” F 8 joule (7) 


The last factor of the last expression has the dimension of energy flux 
(radiation vector). Let the factor multiplying it be 1/T. We thus put 


T= Pe (8) 
and write (7) in thé form 
TEH = sa (8a) 


This dimensional equation suggests that the energy flux S is now to be 
defined as TE X H. We furthermore compute the product ex from (6) and 


«find . - 
a= Z-r (8). (9) 


We suspect from this that the velocity of light ¢ is no longer given by 
(eqjto)*, but by P(eopo)*. 

The same factor I occurs now also in Maxwell’s equations. We assert 
that these should be written: 


B=-—lrerlE, D+J= fcurl GB. (10) 
If, as in §5, we proceed to Poynting’s theorem (scalar multiplication of the 
first equation with H, of the second equation with E), we obtain 

HB+ED+EJ+PrdivE XH =0; 


with the former definitions of the energy densities and of the Joule heat in 
(5.6) and (5.5) and with the definition of the energy flux suggested by 
(8a) this expresses the law of conservation of energy: 


Wat W.+ W. + divS = 0. (11) 


If, on the other hand, just as in §6, we integrate Eq. (10) for the case of 
the plane wave in vacuum propagated in the z-direction, we obtain the 
wave equation in the form 


ete = —T’ curl cur! E = F* AE. (12) 
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Since this is supposed to represent a process with the velocity ot propaga- 
tion c, our expectation suggested by (9) is confirmed: 


r ses: se 
/ & po = ¢, V 0 uo as (12a) 

The general form (10) of the Maxwell equations is not new. It was in- 
troduced by Emil Cohn, the friend and fellow student of Heinrich Herts, 
and forms the basis of his important book’ “Das elektromagnetische Feld.” 
We have avoided Cohn’s notation V, taking the place of our I’, since we 
have otherwise disposed of V. It is true that Cohn does not work out the 
relationship of this constant with our unit P of pole strength, nor does he 
place dimensional considerations in the foreground as has been done here. 
Students of Cohn, in, particular J. Zenneck, have used Cohn’s system by 
preference. 

H. A. Lorentz clearly recognized the advantages of Cohn’s standpoint 
when, in 1902, he wrate his two great articles on Maxwell’s theory and 
electron theory for the Enzyklopadie der mathematischen Wissenschaften. 
He wrote:’ “Cohn’s system has the advantage of easy transition to other 
systems, by specific choice of the values of V, e, and wo. Eventual later 
advances in ‘the understanding of the phenomena could be utilized for the 
ultimate determination of the units. On the other hand we could not 
bring ourselves to introduce indeterminate quantities into the formulas 
which are complex to begin with.” 

The “eventual later advances in the understanding of the phenomena” 
contemplated by Lorentz can only be expected when we have a theory of 
the elementary particles which now constitutes the greatest problem on the 
program of atomic physics; this would have to explain not only the mag- 
netic moments, but also the possible masses and charges of the elemen- 
tary particles. However, we can even now benefit by the flexibility of 
Cohn’s system. 


C. The Gaussian System of Only Three Units 


We evidently return to our system with the four unite MKSQ and our 
former form (4.4) of Maxwell’s equations if we set 


-T = i, (13) 
Then P has, according to (8), the dimension 
P = Q X velocity, (13a) 


‘ First Edition, Leipsig 1900, Second Edition, 1927. 
*Vol. ¥V, second part, p. 87. 
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in agreement with Ampére’s hypothesis in (2.7). Furthermore, our spe- 
cific choice of uo and & in (7.16a) and (7.17) is evidently consistent with 
Eq. (12a) for these values of I’ and P. 

We obtain another, also very simpie, form of Maxwell’s equations if we 
set 


T = 6. (14) 


Then, by (12a), the product eo) must be a pure number. It is tempting 
to make e and ye separately pure numbers and to set 


wo = 1, % = 1. (14a) 


In this manner we pass over to the Gaussian system of units. In view of 
(14) the Maxwell equations then become (we confine ourselves first to 
nonconductors) : 


1B = ~ eu E, 2D = curl H. (15) 


In view of (8) P and Q have now the same dimension. Hence, by Table 
(6), the dimensions of E and B, as well as those of D and H, also become 
anutually idéntical. (The same follows also from the form of Eqs. (15).) 
Furthermore the dimensions of the two pairs become the same, since now 
£ and x, just as & and je in (14a), become pure numbers, equal to the pure 
numbers €y) and pre introduced in (6.15). The Gaussian system obscures 
the dimensional character of the four fundamental vectors E, D, B, H com- 
pletely, while Cohn’s system expresses it most clearly. 

The two Coulomb laws (7.8) and (7.12) were written in the conventional 
form (with the factor 4x suppressed). This has the result that the 4 do 
not oceur in the Maxwell Eqs. (15) for nonconductors but arise once more 
in their integration. For, taking the divergence and integrating Eqs. 
{15) with respect to ¢ leads to: 


div B = const., div D = const. 


The first constant is, of course, equal to zero; the second must now not 
be set equal to p, but equal to 4p: 


div D = 4x, (15a) 


in order that the factors 4x eancel each other on the two sides of the equa- 
tion if it is applied to a point charge e = fp dr and is integrated over a 
sphere about e. Only in this manner is the field strength £, = ¢/(et’), 
obtained corresponding to the conventional form of the Coulomb force 
F. From this follows also as the expression for the corresponding electro- 
static potential ¥ = e/(er), unlike Eq. (7.6), where the appropriate factor 
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ix appears on the left. Hence also (7.5) and (7.4a) must now be replaced 
oy the less appropriate expressions 


eV = A t dr, AW = — 4xp/e. (15b) 


The same follows from the form (7.12) of Coulomb’s law for the magnetic 
iensity pm and the magnetic potential ¥,,: 


divH= 4s, a= [oa av, = —deom,. — (15e) 


We now extend Eq. (15) to the case of a conductor. Here we must tem- 
yorarily multiply the conduction current J, which is to be added to D, 
vith a numerical factor y which we shail determine in a moment. Hence 
ve write in place of (15) 


‘B= — curl E, : (D + yJ) = curl H. (16) 


Taking the divergence of the second of these equations, as in (152), and 
itilising the definition of p given there leads to 


4x + ydivJ = 0. (16a) 


We must set y = 4x in order that this equation may express the conserva- 
‘ion of charge, or in other words, the absence of sources of the total current 
C; only then does (16a) become the analogue (4.4c) or (3.6b) of the hydro- 
lynamic equation of continuity. 

Having entered this value of y in (16), we seek the expression for the 
Poynting theorem by the procedure followed at the beginning of §5. Mul- 
tiplying the two equations (16) scalarly with H and E respectively, and 
utilizing the transformation (5.2) we obtain 


7HB+ (ED +85 +divEXH = 0. (17) 


We compare this with the earlier form (5.7) of the same theorem: 
W, + W.+ divS = — Wy. (17) 


Since we cannot disturb Ohm’s law W, is still given by the product E-J. 
We must hence divide (17) by 4x/c in order that (17) may correspond 
with (i7a). Then a comparison of the terms of (17) and (17a) leads to 


_ 4 ee | 
W.= HB, W.=7E-D, (17h) 
s = © EXH, and Ws = E-J = oF* as before. (17) 


4x 
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Integration of (17b) with respect to ¢, ag on p. 27, yields (for isotropic 
and anisotropic media): 


1 1 

Wa = g, HB, W.= 5 E-D; (17d) 
They express the localization of energy in conventional units. Already in 
connection with Eq. (7.14) we pointed out the unsuitable form of the 
denominator 8x, as compared with the denominator 2 in our rational 
notation (5.6). The same applies for the factor c/(4x) in the present ex- 
pression {17c) for the energy fiux. Even in the Maxwell equations (16) 
the suppression of 4x, carried out at the wrong place, avenges iteelf: These 
equations, in the form appropriate for both conductors and nonconductors, 
become: 


1B = ~ cul E, 7D +3 = cul (18) 


with the supplementary conditions, applying specifically for isotropic 
media 


'D = eE, B=yH, Jj = cE. (18a) 


We hope that by this summary we have facilitated for the reader the 
laborious transition between our two systems of unite 


MKSQ (rational) = cgs (Gauss, conventional) 


as far as possible. We have discussed the historical source of this annoy- 
ance at the end of §7. It is unavoidable in view of the present status of 
the question of units in electrical engineering, experimental physics, and 
theoretical physics. The oes remarks may serve to clarify the situa- 
tion. 

H. A. Lorentz, when jiitide his articles for the Enzyklepddie in 1902, 
like Hertz, utilized the Gaussian system, postulating: Electrical quan- 
tities (including the electric current) are measured electrically (electrostat- 
ically), magnelic quanitties, magnetically. Contrary to his original inten- 
tion he decided, in the course of composing the articles, to convert the 
Gaussian system (unlike Gauss and Hertz) into rational unite. In this 
manner the theoretical relationships became clearer and the 42’s were 
eliminated from the Maxwell equations. Lorentz set for vacuum & = 
uo = 1, as in our Eqs. (14a). In order to retain the rational form of the 
Coulemb force law he then had te introduce the 4x’s appearing in it into 
the definition of the unit charge and the unit pole strength, respectively. 
This somewhat artificial conversion of units' has not found wide accept- 
ance, in spite of the authority of Lorentz. 


| See table on p. 87 of Vol. 5, part 2, of the Enzyklopddie. 
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We have here—also against our original intention—arrived at the de- 
cision to write the Gaussian system, insofar as we shall use it, in conven- 
tionol units. The reason is the following: Since the year 1902 atemte physics 
has come to be the most important branch of our science. It deals always 
with conventional units, e.g. with the electron charge e = 4.80-10-" 
(electrostatic cgs-units) and with the electric potential, e.g. in the hydro- 
gen atom, ¥ = e/r (not ¥ = e/(4xr)). We consider it inadvisable to over- 
turn this whole formalism anew by passing over to the rational form of the 
Gaussian system or even to our system of four units. 

On the other hand Giorgi’s system of the units MKSQ, freed of 42's, 
js most suitable for the macrophysical problems of this lecture. We are 
here in agreement with the international conventions, with the practice 
of engineering, and, in particular, with the textbooks of Mie (quoted on 
p. 10) and Pohl.’ We regard the dogma of the scientific superiority of the 
three purely mechanical unite cm, g, sec, which for example is supported © 
in Kohlrausch, Praktische Physik, as outmoded. 


D. Supplement Regarding Other Systems of Units 


In the restriction to these two systems of units, the Gaussian system in 
conventiona} form and the MKSQ system, we follow the practice of the 
excellent textbook of Joos.’ The Gaussian system (whether in rational or 
conventional form) is a mized system, consisting of electrical (electro- 
static) and magnetic cgs-units. There are however, as is well known, 
also a purely electrical and a purely magnetic system of units, of which the 
latter is particularly important, since the legal units volt, ampere, ohm, 
etc. are based on it. 

The reason for setting up a separate electrical system of units rests on & 
certain quantitative difference between electrostatics and electrokinetics: 
Electrostatics deals with large voltages and small quantities of electricity, 
electrokinetics, with moderate voltages and large quantities of electricity. 
To give a comparison from hydrodynamics, the electric spark of @ con- 
denser discharge corresponds to a waterfall (great height, small quantity), 
the electric current, to a river (small grade, great flow), as is indicated in 
Fig. 7. Thus, for electrostatics, a small unit of charge and a large unit of 
field strength are suitable. The electrostatic system based on the electrical 
Coulomb jaw provides such units. In terms of this small unit of charge 
the charge of the electron (see above) has the relatively large value 4.80- 
10-” cga-unit. The unit of charge in the electromagnetic system (equal to 
10 coulombs), 6n the other hand, is larger by the factor c; in terms of it, 
the charge of the electron appears smaller by a factor ¢, i.e. equal to 1.60- 
10™ cgs = 1.60-107' coulomb (see p. 43). On the other hand, the unit 
of field strength in the electromagnetic system, according to the definition 

tR. W. Pohl, Elektrisitatslehre, Springer. 8th and 9th Edicion, 1943. 

1G. Joos, Theoretical Physics, 2nd Ed, G. E. Stechert and Co. New York, 1950. 
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of the volt, is 10~* volta/em; that im the electrostatic system is ¢ times as 
large, or 300 volts/cm. We shall return to this in §16D. 

We have frightened generations of students with these two sets of 
values for charge and field strength (their number would be increased 
to 4 if, in addition to the usual conventional units, rational units would 
also be considered). It is, in our opinion, a special advantage of the intro- 
duction of our fourth unit of charge, Q, which is independent of all other 
units, that we need deal only with quite definite charges, expressed as 
multiples of Q. ' 


Volt Voltage 
— Le 
Small voltage Muncat 
Small current 


River, stationary current Waterfall, condenser discharge 
Fra. 7. The hydrodynamic representation of a stationary electric current and of 
‘ condenser diacharge. 


We quote finally an informative analog to the double (electrostatic 
and electromagnetic) measure of charge which, like 80 many other clari- 
fications in the question of units, we owe to J. Wallot:’ Suppose that some- 
one had decided to describe rieohaniical processes in terms of only fro 
independent units, em and sec. He eliminates the gram as unit by setting 
either the density 6 or the modulus of elasticity # of aome standard mate- 
rial such as copper arbitrarily equal to 1. He can then express the masa m 
of a given copper rod in two ways, either by a measurement of volume 
according to the formula 


which, because of § = 1, leadato: m = m = V 


F,) =z 

ud 
or by a vibration experiment with longitudinal waves according to the 
formula 


c= = = SY , which, because of F = 1, leads to: m = m = V/e’. 


If he now yeni one of the two values of m ao found by the other he ob- 
taine—perhaps to his surprise—the square of the velocity of propagation 
¢ of elastic waves in copper. The analogy to electrodynamics is striking 
and requires no further explanation. 

tJ, Wallot, Elektrotechn. Z., Vol. 48, Nr. 44 (1922), section 28 of the paper “Phys- 


ical and Engineering Units.” The latest relevan$ publication ie Phys, Z. 44, p. 17, 
1943. 


Part IJ 


DERIVATION OF THE PHENOMENA FROM THE 
MAXWELL EQUATIONS 


$9. The Simplest Boundary-Value Problems of Electrostatics 


We have eet up the fundamental equations of electrostatics in the begin- 
ning of §7 and have dealt with the resulting summation problem for a uni- 
form médium in Eq. (7.5). We now tum to the boundary-value problems 
arising from the presence of conductors or nonconductors of different dielectric 
constant. 

We think of the simplest electrostatic experiments: Let a metallic 
conductor of arbitrary shape, originally insulated, A, be connected to 
a source of potential V (with respect to ground) or B, be given a known 
charge (e.g. by a piezoquartsz, see p. 78). We wish to know the field out- 
side of the conductor. We describe this field by the potential ¥ associated 
with the field strength E = —grad ¥. Let © be set equal to zero at infinity 
in both cases; A and B. In both eases AY = 0 outside of the conductor; 
on the surface, as well as in the interior of the conductor, we have 
v= ¥, = const. 


A. Charging Problems 
In case A, ¥, = V is given, in case B, ¥, must be found. According to 


(8.128) the surface charge density at any point de of the surface of L is 
given by 
oy 


o = D, = cE, = —e (#). (2) 


£ is the dielectric constant outside of the conductor, n the outward normal 
to the surface of Z. According to (1) the total charge on L is 
oY 
q= fods= -2f & ay. (2) 


in case A, q is sought: in case B, where q is given, (2) determines ¥, . 

For the case of a sphere, of radius a, the appropriate solution of the 
differential equation AY = 0 may be written down immediately, in the 
form + 


a 
y r Wz . (3) 
55 
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This yields for A, since ¥, = V, © 
v= *Y. (a) 


In case B, (2) and (8) lead to 


q= dra tu, = oh trey =f. (3b) 
The charge g, uniformly distributed over the spherical surface, thus acts 
at a distance like a point charge concentrated at the center. 

It is also possible to guess the field of a conductor of the shape of a 
prolate spheroid (ellipsoid of revolution with long axis as axis of sym- 
metry). For this it is merely necessary to stretch, so to speak, the center of 
the sphere, which appears in the last Eq. (3b) as locus of the total charge, 
into the connecting line of the two focal points of the generating ellipse 
and to distribute the charge g uniformly over this line. If we cali the 
distance of the two focal points from the center of the ellipsoid ¢, the 
linearly distributed charge density becomes g/(2c) and its potential be- 
comes, by Eq. (7.5b): 


tev = 2 EEO 


opt tect Vet y+ @ + 0 
x z-et+ V2 + oy? + (2 — c}? 


In i. volem I.1 we will show that this expression assumes a constant 
value ¥ = Y, on each of the confocal ellipsoids pertaining to the given 
separation of foci and that therefore it solves our potential problem for 
each one of these ellipsoids. Since only the separation ¢ of the focal points 
occurs in (4), ‘is formula applies for all confocal ellipsoids of the family, 
in the sense that all of the equipotential surfaces of the confocal ellipsoids 
with the semiaxes a, > a), be > 6, are included among: the equipotential 
surfaces of the ellipsoid with the semiaxes a,, b,. The ellipsod a = e, 
b = 0, which degenerates to a straight line of length 2c, also belongs to 
this family. Jn [1.2 the limiting case of a paraboloid of revolution, and its 
degeneration, the field of a semi-infinite glass rod uniformly charged by 
friction, are studied from this point of view. 


B. Induction Problems and Method of Reciprocal Radi 


The ‘“nduction problem,” which we shall specialize to an inducing point 
charge, is more complex than the “charging problem” treated thus far” 
Here also we can distinguish between two cases: A. The (otherwise arbi- 
trarily shaped) conductor is grounded and B., it is insulated. The generally 


= 
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accepted meaning of “grounding” is a conducting connection with an 
infinitely distant surface at the potential ¥ = 0. “Insulation” signifies, 
for an originally uncharged conductor, that even after induction the total 
charge g continues to be zero. 

Problem A is solved by Green’s function G(P, Q)—more exactly, “Green’s 
function of the potential equation for the exterior of the conductor L.” 
Q is the “souree point,” which will be assumed to represent a “unit source,” 
P, the “reference point.” G ig defined by the following conditions: 


AG = 0 for all P ¥ Q outside of LZ, 
G — 1/(4aree) for P > Q (definition of unit source), (5) 
G = 0 on the surface of L, 
G— 0 for P- ~. 


Green’s function plays a central role not only in potential theory, but 
generally in the theory of linear differential equations, to be treated in Vol. 
VI. Here we shall merely point out its significance for our special problem. 
if Q represents the position of the inducing charge e¢, the solution of problem 
A is given by 


WP, Q) = = GP, @ (6) 
and that of B by 
¥(P,Q) =< G(P,Q) + av; (6s) 


here ¥ is the solution of our “charging problem” A for the same conductor 
L, a, a parameter which, according to Eq. (2), is determined by the con- 


dition 
av(P,Q, _ 
/ ——*“ de = 0. (6b) 


As special case we consider once more a sphere of radius a. [ts Green’s 
function can be written down in closed form by the ingenious method of 
the young William Thomson, later Lord Kelvin, which will be treated in 
detail in Vol. VI, §23. With Q as souree point and Q’ as “electrical image 
of Q with reference to the sphere of radius a” this solution is: 

4rG(P,Q) = — - 2, ”) 
Trg Pp TPQ’ 
pe = OQ is the separation of the source point Q from the center of the 
sphere, p = OQ’, that of its image point Q’. They are related by the con- 
tion of “reciprocal radii”: 


pp’ = a, (8) 


58 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONS 9.8a 


from which Thomson’s procedure has been given the name “method of 
reciprocal radii.” It is immediately evident that our formula (7) satisfies 
the first, second, and last condition (5); the fulfilment of the third condi- 
tion (5) can be demonstrated by elementary geometry. 

According to (6), Eq. (7) yields for induction on the grounded sphere: 


aneU(P,Q) =~ — Hye = Fe (a) 
rq TPQ? p ; 
and for the insulated sphere, by (6a, b) and (3b): 
4ecU(P,Q) = © — HH ie ere. (8b) 
Trg pg’ TPO p 


The last term in this formula corresponds to the added term o¥ in (6a). 
It has the effect of raising the potential of our insulated sphere to the 


Q(-,0,0) 


plays) 


Fig. 8. Two charges +e moving toward infinity anc their slectrie images at a 
conducting sphere of radius a produce a uniform electric field and an electric dipole 
at the center of the sphere. 


value V = e’/(4rea) and of making the total charge on its surface g = 0, 
as it should be. 


C. Conducting Sphere in a Uniform Field 


For the practically unlimited possibilities of application of spherical 
images in potential theory we refer to the portion of Vol. VI cited above. 
Here we shall treat only the simple case of the sphere in a wnsform field, 
whose lines of foree may, for example, be parallel to the z-axis. In the 
absence of the conducting sphere the uniform field is given by 


¥= —Fe, E, = - = FE, ~ BE, =0. 49) 


We imagine this field as resulting from the superposition of two fields, 
originating in the infinitely distant souree points Q, Q (see Fig. 8) on the 
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¢-axis, with the charges +e; their coordinates are =+tp(p 7) yor = 0. 
The superposition leads to the potential 
e e 


4ne¥ = ——- — =el(p— 2) + y¥ 4277 
pe Ferg 


—~e@teytytaytaeetety +7} a) 
(14-2 -14+—4— ) ad 
( top TEE) e 
We have thus in fact a uniform field of the same form as (9) provided that 
we let ¢ become infinite as p’. To obtain quantitative agreement with 
(9) we must put 


: ey rs (9b) 


In Fig. 8 we have also shown the sphere of radius a and the appropriate 
spherical images of the source points Q, Q constructed for it: 

Q = 9',0,0and Y = —9’, 0,0. 
They approach each other as the charges -+-e move apart and form in the 
limit an electric dipole with the moment 

M = 2p'e’. (10) 

Here we substitute from Eq. (8) »’ = a*/p and from Eq. (8a, b) e’ = ea/p. 
In view of (9b), Eq. (10) then states that the moment M sasumes in the 
limit for p — © the finite value 


z 
M = 2— = = —4xeFa’. (10a) 


We conclude therefore that the boundary value problem for the homo- 
geneous field is solved by placing a virtual electric dipole of the finite 
moment M at the center of the sphere. The homogeneous field (9) is then 
replaced by the inhomogeneous field’ 


¥ = —Fe+——-, (11) 
which contains the distortion created by the dipole. Since, now, 7 represents 


the distance from the center of the sphere, 
= t+y+2) 2 
ree (e+ y + 2’)', so that = — 4° 
Eq. (11) hence becomes 
M1 
y= -Ps(1 + 4). 


1 ‘The denominator 4c is to be added here for the same reason as the factor 4s¢ 
on the left side of (9a). 


(11a) 
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If we substitute here the value of M from (10a), we obtam 


a 
v= —Fr ( - ‘). (11b) 
On the surface of the sphere, r = a, ¥ assumes the constant value ¥, = 0. 


The value of M found in (10a) by the method of reciprocal radii is thus 
confirmed for the conducting sphere. 


D. Dielectric Sphere in a Uniform Field | 


We shall now show that the formula (11), with the value of M undeter- 
mined, has a much greater range of validity, i.e. will also fulfill the boundary 
conditions for a non-conducting sphere of arbitrary dteleciric constant. 
If we distinguish the exterior and the interior of the sphere by the indices 
1 and 2 (see Fig. 9), these conditions require that 


¥, = ¥;, go! = &¢ oe for r = a. (12) 
on on 
The first of these guarantees the continuity of the tangential components 
of E; the second indicates the continuity of the normal component of D, 
which, for an originally uncharged, nonconducting sphere, is equivalent 
‘to the absence of surface charge, w = 0 (Eq. (3.11)). We assert that both 
equations may be satisfied if for ¥, (exterior of sphere, r > @) we use 
formula (11a) and for ¥ (interior of sphere, r < a) we assume a homo- 
geneous field, in the same direction as, but differing in strength from, the 
exterior primary field. 
With z = rcos 6 (@ = geographic latitude on the sphere, measured from 
the field direction) we write tentatively 
1) eo 6, ¥, = —F,r cos é (13) 


M 
Y= -F(r + tnaaFr 


and, according to (12), we must demand that for r = @ (cos 6 cancels in 
both Eqs. (12)): 


ae | 
r(1 + 4,4)- F, 


ae 4 (18a) 
r(1 4aenF 5) £4 Fs. 
From this we find, with ¢ = ¢/¢, as relative dielectric constant: 
PF; 3 M  e-i1, 
Fo e42’49F  e€+2°° (14) 


Thus our assumption of a homogeneous field within the sphere has proved 
adequate. This field F, is weaker than the primary external field F if 
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e > 1, as, for example, if the sphere is in air. The lines of force penetrate the 
interior of the sphere (see Fig. 9); although they are curved outside by the 
action of the (virtual) dipole moment they are straight and parallel to the 
z-sxis within the sphere. 

To understand this figure properly it should be noted that it does not 
represent the lints of force E, but the tines of induction D. The two systems 
of lines have the same direction but different density both inside and out- 
side of the sphere (see the remarks on magnetic lines of force or better 
tubes of force on p. 11), and hence behave differently at the surface. 
The D-lines are source-free not only within and outside of the sphere 
but also at ita surface, because of the vanishing surface divergence (D, is 
continuous); this does not apply to the E-lines (£, is discontinuous). 
The fact that Fig. 9 represents the D-lines is evident from the fact that 
just one line passes through every point of the spherical surface. In the 


Fig. 9, A dielectric aphere in a uniform electric field. The excitation lines within 
and outside of the sphere. 


case Of the E-lines, more lines would arrive at the surface on the outside 
than leave it on the inside. 

We consider two limiting cases, « —> © and e — 0. The first proves to 
be identical with that of the conducting sphere. Eqs. (14) yields then 


M= —4re,Fa, F, = 0, (14a) 


in agreement with Eq. (10a) and with the fact that the interior of the sphere 
is field-free. This appears to contradict Fig. 9a, which shows a finite field 
aside of the sphere. We must note again, however, that this figure, as 
limiting case of Fig. 9, represents the D-field and that “D = cE = finite”’ 
is consistent with passing to the limit e-+ ©, E — 0, 
The limiting case ¢ —> 0 cannot be realized electrostatically,' but only 
? Or only by ausuming €; << & , i.e. considering « spherical cavity in a medium:of 


very high dielectric conatant. Then indeed the interior of the sphere is relatively 
free of D-lines, sa ia shown in Fig. 9b. 
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by placing a nonconductor in the stationary current field of a conductor. 
The magnetic analog would be a superconductor; hydrodynamically it 
vepresents the case of a rigid sphere immersed in liquid whose flow is 
nonturbulent, incompressible and in parallel lines at infinity. In contrast 
with. (Ida) we have now 


M = 2re,Fa’, F: = 5 F. (14b) 


In spite of the finite value of F, the magnetic induction lines in the case of 
the superconductor and the hydrodynamic flow lines do not penetrate into 


Fic. 9a. A conducting sphere in a 
uniform electric field. Representation 
of the excitation lines. 


Fic. 9b. Stream lines about a rigid 
sphere. At the same time, magnetic 
lines of force about a superconducting 
sphere. 


hi 


the interior of the sphere, as shown in Fig. 9b; they are pushed out of the 
interior since they must run tangential to the surface. 

In the other limiting case, ¢ —> », the lines of force are perpendicular 
to the surface,! as for a conductor. In Problem I1.3 we shall indicate the 
close relationship between Figs. 9 and 9a. We shall return to these im- 
portant formulas and figures in §11. 


- 1 The force lines at the upper and lower pole of the ephere (in three dimensions at 
the diametral plane passing through the polea) form an exception. They make an 
angle of 45° with the surface of the sphere (see figure), an angle of 90° with each ether. 
This may for example be seen from the fact that the Taylor expansion of ¥ (Eq. 
(11b)} begina with a term of the second order. Maxwell calla such « point a “‘point of 
equilibrium” (gee art. 112 of the Treatise). 


- 
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E. Reflection and Refraction of Lines of Force at the Boundary of a Semt- 
infinite Dielectric 

For the sake of completeness a rather trivial problem will be dealt 
with here, namely induction in a dielectric bounded by a plane (see Fig. 
10): Let a unit electric charge Q be at the point z = a in the right half- 
space, + > 0; it brings about a state of induction in the left halfspace, 
a < 0; € is the relative dielectric constant of the left halfspace referred to 
the right halfspace. As in (12), the boundary conditions are 


w= %e,— =e—— for z= 0. (15) 
°F x 


A solution may be obtained with the aid of the simple reflection method 
familiar from optics: g virtual charge Q’ of opposite sign is imagined at the 
point z = —a, which has an effect in medium 1, but has no effect in medium 


Fie. 10. In the right-hand halfspace 
{air) at point Q is a point charge producing 
induction in the left halfapace (dielectric). 
Representation, of the excitation lines. In 
the right. halfspace they are curved; their 
continuations (dotted in the figure) pass 
through the image point Q’ of Q. In the left 
halfspace they are straight lines whose 
(dotted) continuations pass through @. 


2, in view of the finiteness of the field throughout this medium; here all 
effects appear to proceed from the primary charge. Introducing the two 
disposable parameters e’/e and e”/e we write tentatively: 


¢ 
Ants Fy = “a a 4rfy V2 = a (16) 
r rT r 


In the boundary plane = 0,7 = req andr’ = frg are identical; at the 
same time 


él _#%-4 ol. +4 
=e SN oF ri 
are equal and opposite, that is, are respectively equal to +ta/r’. Hence 
conditions (15) require 
f a aff 
a i ,_l-e is 2 


? = é. 16a 
e—e' = ee” ife’ oS Te! vey 
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Employing optical terminology, e”’ might be called the “refracted” charge; 
the “reflected” charge e’ of course becomes zero for ¢ = 1 (uniform dielec- 
tric, no discontinuity at = 0). In the limiting case e — © (conductor) 
e = —e, e” = 0, 80 that ¥, = 0; this corresponds to the requirement of a 
constant potential for z < 0. For « -» 0 the second condition (15) becomes 
o¥,/dx = 0 and leads to e’ = +e, See in this connection Fig. 10 (arbitrary 
€ > 1), Fig. 10a (¢ — ©), and Fig. 10b (¢ — 0, i.e. erignt > E1ett). 


Fic. 10a, Limiting case ¢ -* ~: the left 
halfapace is a conductor. 


Fig. 10b. Limiting case ¢ — 0; dialec- 
tric constant of the right halfspace very 
large compared with that of the left half- 


810. Capacity and iis Connection with Field Energy 


We consider two conductors of arbitrary shape Z, and Z, and give them 
charges +g and --g respectively. Such a system is called a condenser 
because the field between them is concentrated and limited to their neigh- 
borhood. The lines of foree pass from ZL, to L, without diverging to infinity. 
Let the potential ¥ have the constant values ¥, and W, on L, and Ly. 
The potential difference between them is then 


Le 
Vv -u-w= | E.ds. (1) 
i 


In this line integral we are permitted to leave the shape of the path in- 
definite; every path from ZL, to LZ, (it need by no means be a line of force) 
yields, as we know, the same value of the potential difference for a lamellar 
electrostatic field. 
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The ratio ¢/¥ is called the capacity, i.e. the ability of the system to take 
up charge. We employ for it the letter K (instead of the often-employed 
symbol C, which we use s0 often with the meaning ‘“‘constant”’): 


E 
| K baad ia (2) 
The unit of capacity is the “farad’’: 
coulomb V 
Harad = 1 oe | joute! Si 


Fic. 11. The pair of conductors ZL, , Ly 
with the charges +¢ and the potentials ¥, , 
¥; form an electric condenser. 


which is thus defined in our system without the eppearance of inconvenient 
powers of ten. On the other hand, in electromagnetic cgs-units, according 
‘to (3), 


~1 
1 farad = me cgs = 10°” cga; (3a) 


thus the socalled absolute cgs-unit of capacity would be =10 farad. 
The microfarad (=10~* farad) is employed more often than the farad. 

Aceording to (3) and (4.63) the dielectric constant of vacuum has the 
dimension farad/M and, according to (7.18), it has the magnitude 

gy = 107 fared _ 10 microfard 
362 M 36" M ; 

However, if one chooses to give the capacity in “absolute electrostatic 
units” not only is the numerical value of the capacity different but also 
its dimensions (here cm!) are changed and a very confusing state of affairs 
results. 

We shall consider, as simplest example, 


A, The Plate Condenser 


This condenser is to consist of two conducting plates with (large) area 
F, which are placed parallel and facing each other with (small) separation 


(3b) 
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a. We imagine their charges -tg to be distributed over F with uniform 
surface density w. Hence we have for z = +a/2 


o= 4,  andalsow = D, (Eq, 3.12a)). (4) 


We regard the field between the plates as homogeneous, neglecting as we 
already have in (4), the perturbation at the edge zones. The lines of force 
are then normal to the plates throughout, and we find, with the value of D 
given by (4) 


ay ee 
E. e Fe (4a) 
It follows hence that 
+a/2 
ro [ona g e 
and thus, from (2) 
wee (5) 
a 


This is the “rational” value of our capacity, previously given in (7.15). 


Fie. 12. The plate condenser with 
the field E, D between plates consid- 
ered as uniform. 


If, for example, we consider F = 20-20 cm’, a = 1 mm, and ¢ = 20 
(paraffin filling) we find, with the value (3b) of eo in our system of units, 


K = 2. 107 forad = 2 10 farad = 2-10 microfarad. (5a) 
Thus, to obtain a capacity comparable with a microfarad, a very large 
number of condensers of the type considered have to be added together. 

The neglected edge correction and the resulting inhomogeneity of the 
field will be treated in Problem IT.4. 


B. Spherecal Condenser 
This is to consist of an inner sphere of radius r, and an outer sphere 
‘of fadius r;. The spheres need not be conductors throughout; it suffices 
if the outer surface of the inner sphere, and the inner surface of the-outer 
sphere are “coated with tin foil.” (The same remark applies for the plate 
condenser.) Let the inner sphere have the charge +g, the outer sphere, 
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the charge —q. The field is spherically symmetrical—E and D depend only 
on r and are directed radially. Hence for every r between r; and rz 


[ D.de = 4ar°D = qs 


2.8 (6) 
eerie = 
From £, we obtain 
Ve "Bde = Gh (2 2) ae Ean, (7) 
This leads to 
K = 4 = dre", (8) 
V fe— 1 


Fig. 13. The apherical condenser with ita ra- 
dial field E, D and a voltage V = ¥, — ¥;. 


If we allow ry to become infinite we obtain. 
K = 4rer, ’ (8a) 


i.e. the value for the capacity for this limiting form of spherical condenser 
which was designated as “rational” in Eq. (7.15a). Hf, on the other hand, 
both radii in (8) are permitted to approach infinity while yet their difference 
; — 7, = a remains finite, and if only a finite segment F of the two spherical 
surfaces 4xri and 4ar} is considered, the capacity of this segment becomes 
according to (8) 


Fe = 
K= a (8b) 


i.e., identical, as it should be, with that of the plate condenser in Eq. (5). 
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The cylindrical condenser (Leyden jar’) will be treated in Problem 
II.8. 


C. Capacity of an Ellipsoid of Revolution and of a Straight Piece of Wire 


In Eq. (9.4) we have given the potential ¥ of an ellipsoid with the 
charge g. If we substitute for z, y, z the coordinates of any point of its 
surface, e.g. one of the two endpoints of its major axist = y = 0,z = a, ¥ 
assumes the value V, where V is its potential relative to an infinitely 
distant ground (¥ = 0). If, at the same time, we introduce the minor 
axis 6 in place of half the focal separation c, we obtain c = +/a? — 8°. 
Eq. (9.4) thus becomes” 


q° K  8rerV/e —-8 a ~ Ya? — BR 
1 a+ va’ — 8 
ei EF 
drev/a? — bt re 6 @) 


For 5 —+ a, in the limit, the capacity (8a) of the sphere is obtained. In a 
similar manner the capacity of the axially symmetric ellipsoidal condenser, 
consisting of an inner and an outer ellipsoid of the confocal family, may be 
derived. 

On the other hand, if we let b — 0, our ellipsoid degenerates into a 
straight segment of length | = 2c (focal separation). This may be thought 
of as representing a straight wire* of radius 6 — 0. lis capacity becomes, 
according to (9) 


K = 2rei/log :. (9a) 


We will obtain a similar logarithmic formula for the selfinduetion of a 
straight piece of wire (see §15). 


D. Energetic Definition of Capacity 


The usual elementary definition (2) of capacity may appear rather 
atbitrary and formal. We attain a physically more significant understand- 
ing of it by considering the energy of the electrostatic field. 


1 Also known as “Kleist jar,’”’ since it was built by the pastor of Kleist in Cammin 
(Pomerania) and first demonstrated at the Danzig Scientific Society in December 
_ 1745. At the beginning of the next year it was demonstrated in Leyden and has hence 
become internationally famous. In this manner it acquired its present customary 
name, which is thua purely accidental in origin. 

* Compare Kohlrausch, Praktische Physik, 12th Ed., p. 631. The factor 4s is missing 

here (conventional system of unita). Obviously the last formula in Eq. (9) results 
' from the preceding one by rationalization of the denominator. 

+ Not, it is true, a cylindrical wire, but one getting thinner toward the ends. 
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We utilize Green’s theorem in the form (3.16) of Vol. II: 
ov 
f rd U-grad V dr + f vavdr = f uX ae, (10) 


UY and V are two arbitrary continuous functions. The integration on the 

left side is extended over an arbitrary region of space, the integration 

on the right, over its surface; n is the normal to the surface of the space, 

pointing outward. We put U = V = ¥© and obtain, because of AV = 0, 
=. —grad Y, from (10) 


[ead v-gredy dr = [Bar = fx Xe av (10a) 
Let the volume integration on the left be carried out through the region 
exterior to the two conductors J, and Z; in Fig. 11, the surface integration 
on the right, over the two conductor surfaces and a sphere K with the 
very large radius r = R, The integral over K vanishes.! (10a) then leads to 
[Baawuf Baru f av, (40b) 
Et on L: on 
After multiplication with ¢/2 we can write instead 


Dpe ce. ot -%(%,-%)<! 
5 | B-Ddr = A(ai f Dede + ¥, Dado) = £(% Y) = 50V. 


At the left end of this multiple equation we have the total energy of the 
volume considered, which we shall call W: 


We {| Wear. 
We then find, with the definition (2) of K, 
ely ikypi 


‘We have, by Gauss’s theorem, for an arbitrary system of m conductors , 
L:,+-> L, , since div D = 0, 


o- f Dede + Dado too + f Dy de = f Dyde - Zz a. 
K i. K ia 


Ly 
If ¥ on K is put equal to ¥,, , it fallowe that 


[ve a = 2 f Dede = ee. 
c on € Je £ 


In the present case this vanishes because of @ = 9, ge = —g. In general, with 
Za v 0, it is only necessary to put ¥,, = 0, i.e. to refer the potentials ¥; to the sero 
level at infinity, to make it possible to carry over the following formulas also to 
unneutral systems. This is to be remembered for section BE. 
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This fundamental relation is reminiscent of the expression for the kinetic 
energy of a particle in rectilinear motion in terms of ite velocity v and its 
momentum p = mp: 


W=5pa tase. (La) 


In both cases the energy is factored (see p. 11) into the product of an 
entity of quantity and one of intensity or expressed by the square of one 
of these two quantities. The quantity is in one case q, in the other, », 
the intensity, V and p, respectively. Comparison of (11} and {lla} shows 
that the capacity K corresponds to the reciprocal mass 1/m, which we 
right call “compliance,” in contrast with the “inertia” m. However, the 
analogy is not very profound and will have to be modified in §33. 

We can call (11) an energetic definition of capacity, just as (lla) may 
serve as energetic definition of inertia. 


E. The Capacities of an Arbitrary System of Conductors 


If we pass from two conductors L, , LD, with charges -tg to an arbitrary 
number of ‘conductors L,, Lz, --- DL, with charges g:, 2, --- Qa, Where 
once more the total charge 2719; is assumed to be zero, Green’s theorem 
(10a, b) shows directly that the total energy W of the system is the sum of 
n terms, according to the formula 


W = ; > ¥: %. (12) 


Here ¥,; denotes the constant value of the potential on the conductor Z; . 
Now, however, ©; depends not only on g; , but depends linearly on all the 
g+ a8 well. Thia follows from the genera! representation (7.5) of the po- 
tential. 

In order to perceive this, we rewrite (7.5) in terms of the surface charge 
w;, Whose distribution on every conductor L; we can assume as known, 
in place of the volume charge p, and put w; = ¢so;, where w; is the dis- 
tribution of unit charge on ZL; (in the presence of the remaining con- 
ductors!)}. Then (7.5) becomes 


¥, = 2. qj; Hy. (13) 
The coefficients which appear here, 
ae | «5 


are purely geometrical quantities, which depend only on the location 
of the Z; relative to each other and relative to L,; ; they are independent 
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of the choice of the origin r;; = 0 on L;, since ¥,; has the same value for 
every choice of this point. Eqs. (13) and (13a) thus confirm the linear rela- 
tion between the ¥, and q; . 

The solution of the system (13) of n equations for the n charges q; yields 


q) = > Ky: with Ky = Diy (14) 
vl A 


Ai; is the sub-determinant of the n-n row determinant A of the H,; as- 
sociated with the term :, 7. Maxwell calls the H,; “potential coefficients” 
of the system in art. 87 of his Treatise and the K.; , “capacity coefficients.” 
Substituting the relations (13) and (14) in (12) yields the mulétple 

equation 
W = 42¥ 59; = $2254 53959; = $2TK is ¥5¥; . (15) 


which generalizes our earlier Eq. (11). Since W is a quantity determined by 
the state of the system (the work done in charging the system must be in- 
dependent of the “path,” i.e. the sequence of the individual processes), 
the K and H fulfill the reciprocity relations 


Ki; = Ky, Ay = Ay. (15a) 


Capacity and potential coefficients play a role in communications, where 
complicated systems of interacting conductors are of frequent occurrence. 
Their theoretical calculation is difficult since it presupposes the solution of 
the potential problem of the multiconductor system in question. As we 
have seen, even for two conductors the solution is possible only for partic- 
ularly simple shapes of the conductors (plane, sphere, ellipsoid). In general 
approximations are required. 

In Problem I1.6 we shall discuss the (somewhat complicated) relation 
between these coefficients and the elementary definition of capacity in 


Eq. (2). 
§11. General Considerations on the Electric Field 
The following statements and concepts apply not only to electrostatic, 
but also to arbitrarily varying fields. : 
A. The Law of Refraction for the Lines of Force 


The boundary conditions applying at the interface between two insulators 
of different dielectric constant, 


Erang Continuous and Drom continuous (1) 


(the latter in the absence of surface charge, Eq. (3.11)) show directly that 
the “angle of incidence” «; and the “angle of refraction” a; , both measured 
with respect to the normal to the interface and given by 
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7) (5) 
tan a, = ( tan = | = 
: | oe :’ = a 3’ 


are related by 
a1 és 


This “law of refraction of the electric lines of force’ deviates from the 
optical law of refraction not only in the appearance of the tangent instead 
of the sine, but also in the direction of refraction: In entering into the elec- 
trically denser medium a line of force is refracted away from the normal to the 
interface. We here describe the medium with the higher dielectric constant 
as “electrically denser.” If this is medium 2, then it follows from Eq. (2) 
that 


tan a, > tan a. 


Examples of this phenomenon are shown in Figs. 10 (refraction at a plane) 
and 9 (refraction at a sphere). The conductor (limiting case ¢:/e; = ©) 
satisfies this law of refraction inasmuch as here generally a, = 0 (lines of 
force normal to surface of conductor). 


B. On the Definition of the Vectors E and D 


Now we do not accept the “positivistic” standpoint, accordmg to 
which only observables may be employed in theoretical physics, but instead 
are of the opinion that the introduction of not directly observable quantities 
is justified whenever the resulting conclusions agree with experiment (as 
in the kinetic theory of gases). Nevertheless we demand that the concepts 
introduced in a hypothesis may be based at least on an imaginary experi- 
ment, i.e. an observational method, even if it cannot be carried out in 
practice. 

In §2 we defined the electric field strength dynamically as the foree on 8 
unit teat charge. This force can, however, only be measured in air (more 
generally, in a fluid) by the motion produced by it. Thus the definition 
fails in the solid body. 

In order to define the component of E at a given point in a given direc- 
tion s within the solid body we proceed as follows: We drill a tube with the 
direction s in the body at the point in question. The tube is sc narrow and 
so short that it does not appreciably disturb the field elsewhere; it remains 
empty or is filled with air. Acrording to the boundary condition (1) the 
field-strength component #, is the same within it as in the surrounding 
solid body and as it was originally in the tube. Thus E, can be measured 
within the tube on a test body which has been introduced, and by varying 
the direction of the tube all three components of the vector E can be ob- 
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tained. If the field is not stationary, but variable, we must measure more 
rapidly than the field changes. 

Our definition of D in §2 requires supplementation in even greater degree. 
We described, in Eq. (4), D as the quantity of electricity which, at a given 
point, has passed through an area F during the excitation of the field, 
divided by the magnitude of F. More precisely, we obtain in this manner 
the component D, of D in the direction of the normal x to F. This explana- 
tion is unsatisfying since it does not contain specific directions for measure- 
ment. We can, however, obtain such directions by the following imaginary 
experiment: 

We place at the point in question a plate condenser,’ whose surfaces F 
are made normal to the n-direction; the space between the plates is to be 
filled with the surrounding dielectric (if we are dealing with a solid body a 
slit must be cut into it into which the condenser fits exactly). In view of 
the boundary condition (1) the value of D, in the condenser is equal to 
that in its surroundings and hence also equal to the value of D, which 
prevailed before the introduction of the condenser at the point in question. 
We can now measure D, on our condenser directly as the surface charge 
w on that coating toward which the prescribed direction n points. 

- In this manner the displacement D also becomes, in a sense, an “observ- 
able quantity.” 


C. The Concept of Electric Polarization; the Clausius-Mossotti Formula 


We give up temporarily the purely phenomenological point of view of 
Maxwell’s theory and attempt to construct a molecular model of the 
dielectric. A molecule consists of positive and negative charges (protons 
and electrons), but acts as a neutral entity in the absence of a field. With 
the application of the field the charges are separated and form a dipole.* 
The induced moment m is proportional to the external field and is a char- 
acteristic of the molecule. 

Such a moment has the dimension charge-lever arm ~ QM. If we pass 
from the single molecule to the sum of the molecular moments “per unit 
volume” the dimension 


‘If the deld is inhomogeneous the condenser must be made adequately small. 
its metallic coatings diatort the field. but do not disturb the measurement of D, 
between ihe plates. 

* Wethink here of nonpolar molecules. The polar molecules, which have been atudied 
With great success, both experimentally and theoretically, by Debye, have a dipole 
even in the absence of a field. The formulas of the text would have to be altered for 
polar molecules and would show a dependence on temperature. For details aee Debye: 
Polar Molecules, Dover, New York, 1945. In angJogy to paramagnetiem, polar mole- 
cules may be called paraelectric. 
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is obtained. It corresponds to the dimension (2.4) of D. We shall designate 
this sum 2m divided by the volume with P and call it the polarization.’ 

We shall divide D into one part which is present even in the absence of 
the molecules, and another part which is produced by the molecules. The 
first corresponds to the case of vacuum and is Dy) = BE, where E is the 
applied, macroscopically measurable field; the second is our polarization 
P. Hence we write 


D=Do+ P = a& + P. (3) 


D is the macroscopically measurable excitation and is hence equal to cE. 
Accordingly (3) leads to 


P = (e — eg)E. (4) 


We also wish to determine P from the behavior of the molecules in the 
electric field. In agreement with the notation of Eqs. (9.9)ff. we call this 
field F and indicate by this that it differs from the macroscopic field E. 
The difference between them results from the effect of the polarized mole- 
cules according to the formula 


ge E+i2. (5) 
3 £0 


In order not to interrupt our train of thought we defer proof of this expres- 
sion to section D. The moment m acquired by the individual molecule is 
proportional to this F. We put 
Mm = aeyF, (6) 

where « is s constant characteristic of the molecule. Here the molecule is 
assumed to be isotropic; otherwise m and F would not have to have the 
game direction. 

If N is the number of molecules per unit volumte, we obtain from (6) 
and (5): 


i 
P= Im = NaF ~ Na(oB +5P), (7) 


If we substitute here expression (4) for P and cancel the common fector 
E, we find 


e— = Na(ert £59) = Mele + 20) 


or, if we pass to the relative dielectric constant ¢/e¢: 
1 Every individual moment has the direction of its lever arm as axis. Hence the 


direction of P ie obtained by the geometric addition of al! the m in tha volume con- 
sidered and passing to the limit of s sufficiently small volume. 
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ee ee & 
fre + 2 3 @) 


This is the Clausius-Mossotti formula. In optics, where ¢,.1 is the square of 
the refractive index, it is known as the Lorenz-Lorentz formula. 

To clarify the physical content of Eq. (8), we multiply numerator and 
denominator with m, the mass of the individual molecule. Thus we obtain, 
in the product Nm, the mass of unit volume of the dielectric or its density 
and, at the same time, in the quotient a/m, a new constant characteristic 
of the molecule. Then in Eq. (8) the left side is proportional to the density. 
This assertion can be tested directly on compressed gases for which érei 
differs appreciably from 1. For highly diluted gases, where é.1 ~ 1, 
Ent + 2 ~ 3, Eq. (8) leads to 


fal - 1 = Nampa. (8a) 
m 


Historically it may be mentioned that Mossotti, in his paper dating 
as far back as 1850, treated the molecules as conducting spheres, which were 
assumed to be distributed in some fashion in the imponderable “ether.” 
We know frbm §9 that an external field F induces a moment M in such a 
sphere whose magnitude is given by (Eq. (9.102)) 


M = 4re,a'F. 


Our molecular constant oa has then, according to the definition (6), the 
value 


a = 4a’. ($} 
If this expression is substituted in (8) the right side becomes 
2 *N. (9a) 


This is simply the ratio of the volume of the spheres contained in unit 
volume to unit volume (dimensionless, as it should be). 

We summarize what we have learned about the concept of dielectric 
displacement which was inadequately explained in §2. D is composed of 
two parts, a vacuum portion Dp = eoE and a portion arising from matter P: 


D=D,+ P. (10) 


We call P the polarization of the matter; it is also the electric moment per 
unit volume of the dielectric. Similarly, the dielectric constant is made up 
of two parts, its vacuum component ¢ and its component arising from 
matter fon: 


€ = &(1 + 4). (11) 
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The material constant », which is defined as a pure number, is called the 
electrio susceptibility. It is pleasant to note that in both Eqs. (10) and (11) 
the factor 4x, which otherwise occurs in P and 2, is absent as the result 
of the rational character of our MKSQ-system. In determining P and 4 
we had to differentiate between the field strength F acting on the molecule 
and the macroscopically defined field strength E; the difference between 
them arises from the field of the neighboring molecules. 

As already noted on p. 9, the designation “dielectric displacement” 
for D realty fits only ita polarization component P. In vacuum there is no 
charge which can be displaced and D is nevertheless by no means equal 
to zero. This is the reason why we have preferred (see p. 8) the term 
“excitation” for D. 


D. Supplement to the Calculation of the Polarization 


We are here concerned with the proof of Eq. (5). We consider an arbitrary 
molecule, surround it with a small sphere whose radius } is nevertheless 
very great compared to the molecular radius, and remove from the sphere 
all matter except the one molecule at the center; this molecule is therefore 
in vacuum. It is thus acted upon by the field strength E, corresponding to 
the first term on the right side of (5). The removal of the molecules from 
the interior of the sphere does not result in a change of the field resulting 
from the matter present, provided that the molecules were distributed 
randomly, i.e. that they were not oriented in any way by the molecule 
under consideration. If we limit ourselves to isotropic dielectrics we can 
assume this.’ 

After exclusion of this sphere we can treat the remaining dielectric as a 
continuous medium, i.e. neglect its molecular structure and proceed 
according to Maxwell’s phenomenological theory. Hence we shall replace 
the action of the residual dielectric by charge densities w on the elements 
de of the inner bounding sphere of the cavity of radius 6; here we shall have 
to determine w not from the complete D, but only from its molecular com- 
ponent P in Eq. (3). Since P differs from zero only for r > 6 (in vacuum, 
for r <b, P = 0), w is not given by the difference of two P-values (as in 
(3.11) by that of two D-values), but directly by w = P,. In view of the 
fact that P has the same direction as the primary field E, which shall have 
the x-direction, we find 


wo = P, = P, cos @ with @ = angle of n with respect tox. (12) 


According to Coulomb’s law (7.7) the contribution of «do to the field 
strength acting on our molecule at r = 0 in the direction of the radjus 
vector is 


1H. A. Lorentz has pioved this also for crystals of cubic structure; for other 
symmetries, as well as for associating liquids, the assumption in the text is unproved. 
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wde — P,cosé 
4xeob? — 4ereqb? te (18) 


and its z-component, with which alone we are concerned, 


dF = 


P, cos’ @ 
dF > “deed? de. (13a) 
Integration over the whole sphere, with dx = 6° sin @d0 dy leads to 
F, = Ps Oe [ eee Pee (14) 
4req Be o 


This corresponds to the second.term of the right side of Eq. (5), whieh is 
proved herewith. 


£. Permanent Polarization 


We have assumed so far that the polarization is caused by an external 
field and vanishes with it. That is not the case in general. We have already 
noted (p. 73, footnote 2) that permanent electric moments exist on a 
molecular scale, It ia true that they compensate each other, particularly 
in the liquid pr gaseous state, because of the thermal disorder in any Jinile 
volume, so that here also the resulting polarization vanishes with the 
external field E. However, if a substance made up of such polar molecules 
(a wax or resin) 18 liquefied by heating and exposed to a strong electric 
field, the latter forces the molecular moments largely into its direction. 
After solidification the substance retains its polarization for a time even 
if the field is subsequently removed. If the environment could .be made 
completely insulating a substance would be obtained with a macroscopically 
permanent eleciric field. 

Heaviside has christened a substance treated in this manner with the 
rather forced name “electret,” in view of its analogy to the permanent 
iInagnet. 

The assumption of a completely insulating environment is, however, 
never satisfied. Even pure, highly diluted air is, because of radioactive 
emanation and, in particular, because of cosmic radiation, always some- 
what ionized and hence conducting. An electret hence tends to lose its 
effectiveness to the outside in the course of houra or days. 

There are however also natural substances with similar properties. We 
find these among erystais which are asymmetric in structure (crystals 
with @ polar axis). The most familiar example is fourmalin. A crystal is 
in genéral made up of positively and negatively charged ions which, if 
there is an imperfect symmetry of structure, have an electric moment in 
any élementary domain. Depending on the lattice of the crystal, the 
elementary moments may combine to form a macroscopic moment, which 
then produces an electric field in its neighborhood. 
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Such a field can in fact be detected on fresh fragments of tourmalin. 
Since the environment, as noted above, never insulates perfectly, the field 
decays in the course of a few hours. Surface charges are built up by the 
conduction currents at the entrance and exit points of the lines of force 
which then compensate the external field of the interior electric moment. 
The difference between the electric and magnetic permanent moment 
consists merely in the fact that there are no such conduction currents in 
the magnetic field. Hence a steel magnet shows no appreciable change in 
its field in the course of decades. This difference between electret and 
magnet is not fundamental, but only quantitative. 

The polar asymmetry existing in tourmalin may be produced artificially 
in other, leas asymmetric’ crystals by subjecting them to a deformation. 
This distorts the crystal lattice and impreases an electric moment pro- 
portional to the deformation. The crystal thus becomes piezoelectric. 
Quartz is the typical representative of this class of substances. It was 
used by Pierre Curie, as “piezo-quarts,” to produce well-defined quantities 
of electric charge. It is true that here also, because of imperfect insulation, 
the electric charge decays with a certain finite relaxation time. Of even 
greater inlportance in more recent times has been the role of the quarts 
erystal when vibrating with its characteristic frequency and producing a 
corresponding oscillatory electric field. Inversely, by applying an alter- 
nating field of this frequency it is possible to maintain the characteristic 
vibration of the quarts at a constant amplitude. In this manner one obtains 
(Cady) an ideal microscale of time, which plays its well known role in 
present-day radio engineering. 

In all these cases (electret, tourmalin, piezoquarts) the external electric 
field may be calculated from the inner moment which is assumed to be 
known. We will omit this, however, since the calculation is quite similar 
to that of the external field of a permanent magnet, which is carried out 
below, 


$12. The Field of the Permanent Bar Magnet 


The forces which emanate from certain forme of iron have excited the 
popular imagination since the earliest timea. The Greeks called the carriers 
of such effects magnefs.2 The Chinese were the first to utilize their inter- 
action with the great magnet “Earth” for geographic orientation on the 
: 1 The degree of the required asymmetry may be predicted exactly by means of the 

general rules of Voigt. See Vol. II, $40. 

* Apart from siee! the metals cobeli and nickel, which are related to iron, show 
permanent magnetiam, similarly the Heusler alloys, containing manganege, which 
adjoins iron in the periodic ayatemy The iron ore FeyO,-FeO which, crystallizes ia 
a cubic lattice, is known as magnetite, the hexagonal FeS (with admixture of Fe,8), 
aa pyrrhotin or magnetic gravel; both are characterized by permanent magnetism 
and magnetic anisotropy. 
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broad expanses of their country. In the 18th Century it was fashionable 
to attribute all mysterious processes in the human body to “animal magnet- 
em” (Mesmer). Today the importance of the natural or permanent magnets 
is outdistanced by that of the electromagnets. In spite of this we shall begin 
with some consideration of permanent magnets; we shall then be in a 
position to cover briefly the general properties of the magnetostatic field, 
in analogy to those of the electrostatic field in §13. 

It is true that the nature of the permanent magnets lies outside the range 
of the Maxwell theory and can be understood only with the aid of atomic 
physics. It is based on the spin of the electron and its magnetic moment, 
of which the Maxwell theory is, of course, ignorant. The same remark 
applies eventually to the electromagnet: the electric currents which produce 
the electromagnet, urless they are generated electrodynamically by induc- 
tion, have their origin in electrochemical processes, which are foreign to 
the Maxwell theory; only the magnetic fields proceeding from the electro- 
magnet are described by the latter. In similar manner, the fields proceeding 
from permanent magnets fit into the framework of the Maxwell theory. 

We commence with the magnetization, which we shali call M or, to begin 
with, M*, as counterpart to the electric polarization P; the analog of our 

eeniaenn of definition (11.3) for P, 


D=anE + P. (1) 


would be, from our point of view, 
H=i B+ Mm. (1a) 
Ma 


(Here H and M* are “quantities” like D and P, B is an “intensity” like E; 
1/4 corresponds to €, 96 emphasized in Eq. (4.7)). Solved for B, Eq. 
(la) yields 


B = wo(H — M*). (1b) 


The customary definition of magnetization is, on the other hand, contained 
in the equation 


B = »(H + M), (2) 


which we shall utilize from here on. We shall return to Eq. (Ib) in §13D, 
in discussing diamagnetism. As defined by (2), M signifies the part of the 
excitation derived from matter and is at the same time the sum, referred to 
unit volume, of the moments of elementary magnets, just as P was a corre- 
sponding sum of electrical elementary moments. In the following we shall 
imagine the distribution of M within the magnet to be given arbitranly 
and shall calculate from the Maxwell equations the corresponding fields of 
the vectors B and H. 
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We know from §7 that is throughout lamellar, B throughout solenoidal 
(free of sources). In view of the absence of sources of B Eq. (2) leads to 
the condition 


div H = —div M. (3) 

At a surface of discontinuity of M the Eq. div B = 0, which presupposes 

that B is continuous and differentiable, is replaced by the condition that the 
“surface divergence” of B vanishes; i.e. 

B, + By = 0, (3a) 

where 7 and n‘, as in (3.7), denote the normals of the surface of discontinuity 

pointing toward opposite sides. Applied to the surface of a magnet, at 


which M jumps from the external value M = 0 to a value of M which, in 
general, differs from zero, (3a) yields in view af (2) 


Hi +H, = —M,. (3b) 


If, now, H = —grad ¥ is substituted in Eqs. (3) and (3b), the differential 
equation of the problem 


AY = div M, (4) 
and the. surface coridition 
ay oF 
sa taf = Me (4a) 


are obtained. We add, as boundary condition at infinity 
¥ = 0. (4b) 


Since, in the two Eqs. (4) and (4a), the right sides can be assumed to 
be known, we are dealing here not with a boundary value problem, but, in 
the sense of $7, Eqs. (10) and (10a), with a simple summation problem. 


The solution is 
div M M, 
4n¥ = ~{ , dr — [> de. (5) 


The first term sums all magnetic volume densities p, in the interior of the 
magnet, the second all surface densities w,, on its boundary. The negative 
signs result from the fact that, according to (4) and (4a) 


: r Pa = —div M, On = —M,. 
Gf we had continued to employ M* = —M in our calculation, the signs 
would have been positive, as in electrostatics.) We consider two special 


cases: a, homogeneous magnetization parailel to the bar axis, 6. magnetiza- 
tion increasing from zero toward the center, also parallel to the bar axis. 
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For a the first integral on the right in Eq. (5) vanishes because of 
div M = 0, for b, the second one because of M, = 0. 

a. Only the two end surfaces contribute to the surface integral in (5) 
gince the normal component of M vanishes, by assumption, on the sides. 
The pole strengths of the magnet are thus, in a sense, uniformly distributed 
over the end surfaces; if the cross-section area is F the two total pole 
strengths are +P = +FM. 

Approximate integration of (5) for large distance of the reference point 
from the magnet (see Fig. 14: p, ri, 7; distance of reference point from bar 
axis and from the centers of the end surfaces, respectively, z, coordinate 


Fig. 14. Bar magnet, magnetized, longitudi- 
nally, Point of reference on the outside, 


of the reference point paraliel to the bar axis, measured from its center, 
2i, length of bar) leads to 


V4 ae — D4 4 
:) eu ee (6) 


4x = ~mr (1-2 ‘ : a 
ra = + D+ p 


* 
. 


Series expansion yields 


With ry ="4/z? + p* = distance of reference point from center of bar. Hence;~ 
according to (6), 


4nt = —21P = 2iP : = (6a) 
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As was to be expected, the external action of the magnet for distances 
>> 21 is that of a dipole with the lever arm 2! and pole strength P = MF. 
The same representation by the surface integral in Eq. (5) applies for 
the interior of the bar, but thie requires a more careful evaluation. For 
the sake of brevity we limit ourselves to the center line of the bar and 


Fig. 15. Demagnetization of 8 uniformly magnetized bar. In the drawing it is 
assumed that a= 1/4, 


aasume the croes section to be circular (2 = radius, p = distance of the 
point of integration from the center of the end surfaces). We then find 


ee 


r= (@— 2) +5 ro = (i+ 2)’ +e. 
The evaluation yields, since 0 $ |2| 3 ?: 
v= Maar tay ea to + 2d Ce) 
oy oM i—z i+2 
Ee —_—— eS -~— yr ey yy | _ 

# de 2 ke at ayt (eta +a} 2| 7) 
Since J is in any case many times larger than a, we obtain 
oH 


H ~0, elses for z= 0 
M oH M1 ; 
H=—5 ao oe for z= 1; 


as shown in Fig. 15, there is a sharp decrease of —H. at the two ends of the 
bar and a vanishing of a high order at the center of the bar. The sign of H 
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ig opposite to that of M; H has what is commonly expressed as a “de- 
magnetizing action.” This is seen also in the pattern of B. Though B attains 
almost the full magnitude 4M at the center of the bar, it is only half as 
large at the ends, the same of course, inside and outside of the bar. 

b. Let M be constant in every cross section of the bar, but be dependent 
on 2 in such fashion that M vanishes at the ends z = +/ and increases 
parabolically toward the center: 

C 2 : Cz 
As already mentioned, the surface integral in (5) vanishes here, and only 
the volume integral remains to be calculated. 

With ¢, p, ¥ for the coordinates of the point of integration, and z, p, ¢ 
for the coordinates of the reference point Hq. (5) yields: 


me 5 Lf Eat ae, 19) 


=(2-f+p' +0 — Ippecos—¥), do = pdpdy. 
The field at a distance here, just as in case a, is that of a dipole. If the 
average magnetization M is computed for the length of the bar and if 
as in a, we put MF = P, the moment of the dipole field becomes, as in 
(6a), 2IP. 
Within the bar, in particular on the bar axis p = 0, we obtain from 
(9), by carrying out the integrations with respect to p and ¥ 


+4 
v= Sf tatte-o +o —le—71) 
(10) 


Cy" j C fla 2 
al. fdatt2 —s' +0} - §(}- - 2) 
and 


oy 
er 


~2 fra 2ie-vser+ Se- 
yop L, fa ae le N+ a} + x — B 
—_ 
= arc -~P+a}it(e+y*+ayit a] (11) 
~£f"\e-p eet 
oa, (@— OP +a? |bae. 
The symbol || in the last integral indicates that the sign of this square- 
root, just as that of the preceding ones, is to be positive. 


We will show that, just aa in the case of uniform magnetization, H is 
nearly zero (of the order a/l) everywhere except at the ends of the bar. Ex- 
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clusion of the bar ends signifies‘a «<i — |z|. We may then neglect a@ in 
(11) and obtain 


(11a) 


ae 2—f mad 
H= Sli etitet i — i ; 


i.e. zero (more exactly, vanishing to the order Ca/l}. For z = +1, i.e. at 
the bar ends, H is small to the same order of magnitude. This does not 
apply, however, to dH/dz. This is given by’ 

dH _C | 

= am aye } 

Eo 5 (1 +-->) (12) 
Thus H has positive values, appreciably differing from zero, only in a 
small region near the two ends of the bar. This is illustrated by Fig. 16. 


\ B= Bins 
AN: a 


gel 


Fra. 16. Demagnetization of a bar magnetized according to the formula M = 


Cc z ies 
7 ¢ —Bh Aa in Fig. 15,@ = 2/4. 
Aleo here H has a, “demagnetizing action,” i.e. is opposite to the m- | 
pressed moment M. B/u approximates the full value ot M in thewhole 
middle portion of the bar and deviates from it slightly only at the ends. 
The fact that H always acts in the direction of demagnetization (for 
arbitrary distribution of the magnetization and for any shape of the magnet) 
may be recognized from the following: The lines of force (B-lines) are closed 
' Differentiation of (11) leads to the exact elementary formula 
dH {Boats a{z + ) +a +23} 
de "2\/G-h+a VJVe+ht+oe 
from which (12) is readily derived. The dota in (12) indicate terms of the order a/t. 
The upper positive sign in (12) refers to z = +1 and positive dz; the gradient of H - 


toward the interior of the bar (negative dz) is thus negative, just as at the other end 
of the bar. 
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because of div B = 0 and part of their path lies in the interior, and part 
lies in the region outside of the magnet. We carry out a line integral of H 
over such a closed line of force in the positive B-direction. Then we obtain, 
because of the lamellar character of H, as for any closed path, 


$ H. de = 0. (128) 


The part of the integral over the path oulstde of the magnet, where the 
directions of H and B coincide, is positive; hence the part of the integral 
over the path within the magnet must be negative: 


{ H,ds <0 (12b) 
inside 


On the other hand, the integral of B over the same part is, by assumption, 
positive. Eq. (2) shows that this applies even more to the integral of M: 


Mids=-[  Bds-{  Hede>0. (120) 
inside 40 + inside inside 
The two inequalities (12b, c) for H and M show together that H has within 
‘the magnet,’ along any line of force, on the average the oppostte di- 
rection of M. 

We have dealt with the preceding rather arbitrarily selected problem 
in such detail because most textbooks contain little of a quantitative 
nature regarding the vectors B, H, and M in the interior of a magnet. We 
have seen that if M ie known H may in principle be evaluated, in accord 
with the rules of potential theory, by a simple summation, whereupon B 
is also known. It is true that the assumption of a known distribution of M 
is not fulfilled in practice. Bar magnets are therefore unsuited for a practical 
study of ferromagnetism: we shall return to this later. 

Although our calculation was limited to the center line of the bar magnet, 
Figs. 17 and 18 give quantitative information’ regarding the shape of the 
lines of force and lines of excitation throughout the interior of a uniformly 
magnetized bar magnet: The B-lines are drawn into the interior, the H-lines 
pushed out of it. On the outside the two seta of lines coincide, of course, 
since B = yw H. 

The ring magnet, provided with a narrow gap, is both simpler and of 
greater practical importance than the bar magnet. Because of the equiva- 
lence of all cross sections the magnetization may here be regarded as uni- 
form, so that div M = 0, and M is everywhere parallel to the center line. 


* These figures were kindly prepared by Prof. J. Jaursann, by a graphical method 
which was developed by Maxwell for the numerous line-of-force patterns at the end 
of his Treatise and which is widely employed by electrical engineers; aee also art. 
123 of the Treatise. 
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A “magnetic coating” exiats only on the gap faces; between them a mag- 
netic field is formed which is similar in geometry to the electric field in a 
plate condenser. This applies not only to a permanent ring magnet, but 
almost identically to the ring-shaped electromagnet with an iron core. 
Referring once more to Eq. (12a), we consider the line integral of the ex- 
citation H carried out over the center line of the ring. It may be divided 
into two parts, the short section through the air gap of thickness a, which 
we shall traverse in the positive direction of the magnetic condenser field 


/—-\\ 
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Fie. 17. Lines of force of a uniformly magnetized bar magnet; they are drawn 
into the intetior. 
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Fio. 18. Lines of excitation of a uniformly magnetised bar magnet; they are 
pushed out of the interior. 


which exists there, and the long part through the ring-shaped iron core of 
length 7, on which the integration is to be carried out im the same sense. 
We put H = H, in the gap and H = H, in the iron core, respectively. 
Eq. (12a) yields 
. l- Hr =—— a-He. 

Thus a “demagnetization” of the iron core goes with the magnetifation. 
of the sir gap. We have here the same state of affaira as in Figs. 15 and 16, 
only in a much simpler and more obvious form. 
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We return once more to the bar magnet and to the definition of its pole 
atrength P. From our point of view it ia a quantity of magnitude 


Pw $ H, do, a) 


where the closed surface o envelops, starting from the center of the bar, 
the one or the other half of the bar in arbitrary manner. This definition 
of P corresponds to the definition (7.2) of the magnetic volume density 
p=» = div H and states that P is equal to the sum of all magnetic quantities 
padr which are present in the half of the bar in question. 

In contrast to this the pole strength is often defined as intensity in the 
literature and described in terms of the magnetic flux. We shall call the 
pole atrength so defined P and write 


Pa / B, do (14) 


The surface o cannot now be closed since otherwise, in view of div B = 0, 
P = 0. Rather, the cross section ¢ passing through the center of the bar 
must be excluded from the integration; or, as an alternative, the integra- 
_ tion is carried out only over this crogs section with reversed sign of the 
normal x: 


P = i B, dq. (14a) 


It may readily be shown with the aid of (13) and (14) that then, very 
nearly, 


P = wP (15) 


where yo is the permeability of the surroundings.’ In fact, we convinced 
ourselves above that H very nearly vanishes in the central cross section, 
so that the closed integration in (13) may be replaced by the open integra- 
tion in (14), where we may put H, = B,/y. The definitions (13) and (14) 
would thus be practically equivalent in the presence of a plane of symmetry 
(which, incidentally, exists also for the horseshoe magnet). However, for 
asymmetric shape or asymmetric magnetization relation (14) fails and 
only definition (13) remains meaningful. It is also recommended by the 
fact that it exactly corresponds to the definition of charge: 


e= f Dede, 


‘ While P, according to (13), may be regarded as an internal property of the mag- 
nat, also deneniis, according to (15), on its surroundings. This evidently sripés 
from the fact that an environment differing from vacuum contains itself magnetic 
moments which, quite understandably, are included in P. See in this respect Phys. 
g. 1985, p. 424. 
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$13. General Considerations on Magnetostatics and Its Boundary-Value 
Problems 

While, in $12, we have considered only the proper field of permanent 
magnets, we shall now approach the behavior of arbitrary bodtes in an 
oulside field, arising from either permanent magnets or electromagnet. 
The laws which apply here closely parallel those of electrostatics; however, 
contrary to our classification of the field vectors into entities of quantity 
and intensity, H here corresponda to E, B to D. This follows from the 
familiar fundamental equations, e.g. (7.2), (7.9), and (7.9a) 


curl H = 0, H =~ gad¥, (1) 
divB = 0, div H = pa (2) 

and the boundary conditions at an interface: 
continuity of the tang. comp. of H and the normal comp. of B. (3) 


The line integral of the magnetic excitation, which, by (1), is independent 
of the path, i.e. depends only on the endpoints A, B, we shall call magneto- 
motive force and designate by Us, in analogy to Vue in §2, Usa beara 
following relation to the magnetic potential: 


B 
Us = f Heds=V.— Ye. (4) 
A 
The “loop magnetomotive foree” is given by 
Use = p Heds = 0, (5) 
irrespective of the manner in which the closed path is traversed, whether 
it passes through magnetized materia] or through air. 
We designate the “induction” or the “flux” through an arbitrarily shaped 
surface ¢ by the usual symbol $: 
a= | Bade. (6) 
In view of (2), @ depends only on the boundary curve of the surface o, i.e. 
ia identical for all surfaces passing through the same boundary curve. For 
a closed surface it vanishes, of course: 
a= $ Bade = 0. (6a) 


We shall now discuss briefly the magnetic analogs of the topics dealt . 
with in §§11, 10, and 9. 


13.9 MAGNETOSTATIO8 AND ITS BOUNDARY-VALUE PROBLEMS 89 


A, The Law of Refraction of the Lines of Magnetic Excitation 
The law of refraction (11.2) of the magnetic lines of force may be carried 
over to the lines of magnetic excitation, but applies also to the magnetic 
lines of force because of the identical direction of H and B. If the angles 
a, and a have the same meaning as before, 


Yan cy _ tan ay, | (7) 
a #2 
We prefer to speak here of the lines of force because they, unlike the lines 
of excitation, are individually continued into the second medium. We may 
therefore say: Every individual B-line is refracted away from the normal 
in entering the more permeable medium (e.g. us > 4). 


B. Definstion of the Vectors H and B, Particularly in Solid Bodies 
To measure the component of H in a given direction at a given point by 
means of an imaginary experiment a short narrow tube must be drilled, 
to measure B, a thin slit must be cut. Within the cavity (vacuum or filled 
with air) 80 prepared a deflection experiment can be carried out and B or 
‘EH = B/w , respectively, be determined from the force, so measured, acting 
on a test body.’ 
C. The Magnetization M in Any Non-Ferromagnetic Substance 
As in Eq. (12.2) we define M by 
B = »(H + M) (8) 
and set 
M = cH. (8a) 
x is a material constant, the magnetic susceptibility of the substance. Physi- 
cally more significant is the molar susceptibility 
x = «M/p, (ab) 
where Af is the mass of a mole, the so-called molecular weight of the sub- 
stance, and p is ita density. (As we know, the proportionality between M 


and H does not in general apply for ferromagnetic materials). B = .H 
and Eqs. (8) and (8a) lead to 


Pelt, «x47, (9) 
Ho Ho 


1A magnet needle, a wire traversed by current, or, eventually, a bismuth spirst? 
from our atandpoint euch an experiment yields the intensity B directly; from it is 


determined, in the tube experiment, the proportional quantity H. For details see 
also $115. 
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The conventiona! form of Eqs. (8) and (9) is marred by the appearance 
of 44 4s factor of M and « (see our cofresponding remark regarding P 
and in connection with Eq. (11.3)). We must hence note that in the use 
of experimental data employing conventional notation the factor 4x must 
be added. That is indicated i in the small table in the following section D. 


D. Ree | eR 


Diamagneiiem corresponds to dielectricity; like the latter it is a general 
property of ponderable matter and independent of temperature. Both owe 
their origin to the electronic (and nuclear) structure of matter. Paramag- 
netiem occurs only for magnetically polar molecules, i.e. molecules which 
have a magnetic moment of their own. (Electrically polar molecules were 
discussed on p. 73 ) Paramagnetism is temperature-dependent and hence 
has  atatistical origin. This phenomenon, like ferromagnetiam, lies outside 
of Maxwell’s theory. The paramagnetic susceptibility obeys the law of 
Curie and Langevin: 

C = Curie constant 


Dis ; (10) 
T = absolute temperature 
This dependence on the temperature indicates that increasing thermal 
agitation interferes with the alignment of the magnetic moments in the 
field direction, decreasmg thermal agitation favors it. 
In the diamagnetic case we have 


u< Me, c <0 (13) 
This apparent difference from the dielectric case 
t > &, 7 >0 (11a) 


is explained in the manner already indicated following Eq. (4.7): the true 
analog of ¢ is not u, but 1/n. The magnetic parallel of the statement ¢ > 2% 
is thus 


: > 2 ' Be fos c <0 

Be” He 

corresponding to (11). The negative sign of M* in Eq. (12.1b) is also re- 
lated to this. For, if we put M* = x* H, the susceptibility «* so defined 
becomes, in view of M* = - M = — cH, 


w= —«x« > 
in the diamagnetic case corresponding to 7 > 0 in (lia). The introduetion 
of M*, which was suggested previously but immediately given up above, 


thus corresponds in fact to the inner relationship of dielectricity and dia- 
magnetism. 
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For paramagnetism, we have, in contrast with (11), 
u>p, «>O. (11b) 


The numerical value of « is very small for both paramagnetic and diamag- 
netic materials. The following represent extreme values: 


Paramagnetism Diamagnetism 
«= + 49-18-10 for Os x = — 4¥-0.007-107* for N: 
x = + 4x-782-107° for Pd x = — 4n-160-10°° for Bi 


The paramagnetic values refer here to 18°C. 
The Clausius-Mossotti law, Eq. (11.8), with & replaced by », gives the 
dependence on density. 


E. Soft Iron as Analog to the Electric Conductor 


With certain restrictions soft iron may be classified with the paramag- 
netic substances. The initial value of the permeability (referred to the 
value for vacuum) is several thousandfold, according to the variety of 
iron; for increasing H, B approaches a saturation value in the neighborhood 
of 21,000 gauss. The equation B = »H must hence be replaced by the 
functional relationship B = B(H), as was mentioned already on p. 21. 

Just as we noted on p. 61, that the electric conductor corresponds, with 
respect to the electrostatic boundary conditions and boundary-value 
problems, to the limiting ease e — of a dielectric, so we may regard soft 
iron (u — ©) as the magnetostatic analog of the electric conductor. Eq. 
(7) shows, in fact, that the magnetic lines of force are perpendicular to 
the surface of soft iron (a, — 0 follows from yp; > ~). If two such pieces 
of soft iron Fe, and Fe, are placed at different magnetic potentials (e.g. if 
they are placed on the poles of a horseshoe magnet), the H-lines be- 
tween them are similar to the E-lines in Fig. 11. Thus, in a sense, a mag- 
netic condenser is obtained. 

In engineering applications it is also convenient to introduce the con- 
cept of “magnetic resistance” and to employ a “magnetic Ohm’s law.” 


F. Specific Boundary-Value Problems 


The methods of solution developed in §9 may be taken over directly 
into magnetostaties; an example is the imaging at « plane, where it makes 
no difference whether the induction in halfspace 2 in Fig. 10 is produced 
by a single pole or a dipole in halfspace 1. The same remark applies for 
the method of reciprocal radii as applied to # sphere (previously regarded 
as a conductor, here as consisting of soft iron). = 

We refer in particular to the sphere in a uniform magnetic field. Within 
there is a uniform ficld F,, while outside the field becomes nonuniform, 
through the superposition on the original field F of the field of a virtual 
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magnetic moment M at the center of the sphere, with its axis in the field 
direction. (“Field” here denotes “excitation field”.) The values of F; and 
M are, by (9.14), 


ee ceed 
or a a ae 
Here @ = radius of sphere, » = 2/49 = relative permeability of the sphere 
referred to its surroundings (air). Fy is stronger than F for diamagnetic 
substances, weaker for paramagnetic materials. In the interior of soft iron 
H = 0, just as in the electric conductor. 


G. The Uniform Field within an Ellipsoid of Revolution 


The solution (9. 13) for the sphere, translated into magnetic terms, be- 
comes, after substitution of the values (12) 


a. Anus F. (12) 


-—le 3 
41 r(- eras sak Vv, = a ee (13) 
This solution satisfied the boundary conditions 
oy i 
v= ¥Y;, aca emg (13a) 


because the factor cos @, which varies over the sphere, factors out of these 
equations. We will show that a solution of the same form is valid for the 
ellipsoid. 

In passing irom the sphere to the ellipsoid we must first replace the 
spherical polar coordinates r, 9 by corresponding elliptical coordinates, 
which we shall call u, ». We proceed here from the well-known parametric 
representation of the ellipse (instructions for Problem II.1), in which we 
write for the principal axes a and 6 


a = ¢ cosh 4, b = ec sinh wu, 
c = Va? — b* = independent of wu. 


Rotation about the long axis (z-axis, angle of rotation ¢) produces a family 
of elongated confocal ellipsoids of revolution, corresponding to Eq. (19.17) 
in Vol. II: 


(14) 


z o+y 
¢ cosh? u + sink? 2 sinh? u a (4a) 
Let the ellipsoid considered by us be one of these, namely that with the 
parameter u = ue. The relation between x, y, z and the elliptical coordi- 
nates u, v, ¢ is the following: 
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2 = ¢ cosh u cos », 
2 = cainh usin v cos 9, (15) 
y = csinh u sin ¢ sin ¢. 
The expression for the line element ds consequently is given by 
ds* 


>” (cosh’ u — cos’ v)(du® + de®) + sinh® x in’ udp. (15a) 


According to the rule (3.9b) in Vol. II the potential equation in these 
coordinates, becomes: 


ou ou 


if the potential independent of the cyclic coordinate ¢. 
One solution is the uniform field, parallel to the major axis, 


af... a\.a ow 
— (sian u sin 0») + 2 (sinh u sin v %) = 0 (16) 


¥ = = = cosh u cos ». (17) 


' We seek a second solution of such form that the factor cos » which varies 
over the surface of the ellipsoid corresponding to the factor cos @ giving 
geographic latitude on the sphere, is cancelled out in the boundary condi- 
tions. We write for this second solution 


WW = flu) cose (17a) 
and obtain from (16) for the differential equation 


$ (sinh u f’(u)) — 2 sinh u f(u) = 0 (17b) 


which is evidently satisfied by the uniform field f = cosh u. Following a 
general rule,’ we place the desired second solution equal to the product 
of the known first solution and an unknown function U(x): 


f(u) = cosh u U(u). (18) 
The resulting differential equation for U(u) 


3 sinh* u + 1 
sinh uw cosh u 


can be integrated directly and yields, with A and B as integration constants, 
t It corresponds te the mathed of solving an algebraic equation with one known 
root. : 


UY + U' =Q@ 
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pp os A f cosh u — A 
UG) sinh u cosh? wu’ WW) = log eee +t 8 
ot cosh u — I 


In the last formula we have omitted cs term multiplied with B, since this 
corresponds to our known solution representing a uniform field. 

We now complete our expression (17) for the external field by the addi- 
tion of (18a) and retain the uniform-field expression (17) for the internal 
field: 
cosh u 


i = F cosh uo y+ A(1 + 2% log SB =F) coo (19) 


YY, = F. 3 cosh u COs B. 
We regard the constant F of the external field, which has been added, as 
known; the two constants A and F; are to be determined from the boundary 


conditions. These are identical with (13a), with dr replaced by du (more 
exactly, by ds, the line element in the direction of the normal to the 


ellipsoid, 

: ds, = cv/ cosh? u — cos* vy du, 
where, however, the square root cancels out in the second Eq. (18a)). 
The boundary conditions demand hence for u = to 


1 l cook ww — *) 

P+ A(t + Slog ete es Os 
cosh uw , 1 cosh te = 7) 0 

r+a(s ia, 1 5 Scohuael te + 1 uF. (19b) 


Subtraction yields the somewhat simpler relation 
A = cosh t% sinh’ tw(u — 1)Fs 
and substitution thereof in (19a) 


er i cosh ts — 
The field strength F; inside is thus expressed in terms of the known strength 
of the original external, homogeneous field. 
If we utilize Eqs. (14) and denote by a, b, c the principal axes and focal 
distance from the center of our ellipsoid u = %, we may write instead 
of (20) 


refi W— v8 (14 5S tog 25 7 ar (20a) 
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or, in terms of the numerical eccentricity e = c/a and the magnetic sus- 
ceptibility «x = 2» — 1: 


rel +e S® (J tog tS e)h= F, (21) 


¢* l—e 


We note here that: 
a. for x = 0 we have of course 


F, = F; . (22a) 
b. for 2 — 0 series expansion of (22) leads to 


F, = F/( 4 ‘). (2tb) 


The field inside is weaker than outside for paramagnetic bodies, stronger 
for diamagnetic bodies. 
c. The same applies for e > 1. If we put y = 1 — e, (21) yields 


F, = r/{ A or (log = 2)}. (216) 


In the limiting case 5 the ellipsoid becomes nearly spherical; in fact, (21b) 
is identical with Eq. (12) for the sphere. In the limiting case c the ellipsoid 
degenerates to a thin rod. 

The problem treated here is usually related to a famous formula of Di- 
richlet for the gravitational potential of a triaxial ellipsoid uniformly filled 
with matter. This procedure is mathematically more elegant than ours, 
but is rather indirect. We have preferred the direct method of the mag- 
netic boundary-value problem because it appears to give us more profound 
insight into the physical conditions. 

Our solution of the magnetic problem is of course transferable without 
change to the corresponding electrostatic problem. 


H. The So-Called Demagnetization Factor 


The ellipsoid and its limiting forms (sphere, rod) is the standard shape 
of the magnetic test body because it alone possesses a uniform and easily 
calculable internal field when introduced into an originally uniform external 
field. For other shapes the determination of the internal field leads to a 
practically insoluble boundary-value problem; the internal field is by no 
means uniform, but varies from point to point. 

It is clear, however, that all questions cortcerned with the magnetic 
properties of the material depend on the internal field F; . This field inter- 
acts with the molecular components of the material directly, while the 
external field F has no direct effect on them. Accordingly we may express 
our Eq. (8a) more precisely by 


M = KF. (22) 
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Such questions become particularly important with ferromagnetic mate- 
rials, where the differences between the external and the internal field 
(F and F; in our present notation) are extremely large; for para- and dia- 
magnetic materials they are negligible because of the smallness of «. Since 
for ferromagnetic, as for paramagnetic, materials F; < F, we write, with 
P denoting a numerical factor, 


F, =F -— PM | (22a) 
or, in view of (22), 

F, = F — «PF,, (22b) 

Fl + «P) = F. (22c) 


The numerical factor P is a measure for the attenuation of the external 
field by the presence of the magnetizable material and is hence called the 
demagnetization factor. A comparison of (22c) and (21) yields for its value 
_t-e&f/l, te ) 
P= i (Flog i+ ‘ (23) 
dt is purely ggometric in character. For the two limiting cases of (21b) and 
(21c) we have’ 


P = 1/3 for ¢ — 0, sphere, 
P = »{(log > ~2)-+0 for 9 —> 0, rod. 


Intermediate values are readily calculated from (23) (log always signifies 
in this book the natural logarithm) and are tabulated for example, by 
Kohlrausch.’ 

It is clear that this factor P has a legitimate meaning only for the ellip- 
soid and its degenerate forms, since only here we are dealing with the ratio 
of one uniform field to another. Clearly the boundary-value problem for 
other body-shapes cannot be circumvented by the employment of a nu- 
merical factor which is gueased in some manner. In practice the procedure 
consists of measuring the value of B experimentally with an induction coil 
at some characteristic points (e.g. the center of the test body). 


§14. Some Remarks on Ferromagnetiam 
This section does not pretend to be an introduction to the broad field of 
ferromagnetism, but merely intends to mention certain important features 


tF. Kohlrausch, Praktische Physik, 12th Ed., p. 540. It ahould be noted that the 
factor 4x, by which Kohfrauach’s Eq. (4} differs from our Eq. (23), is, with ua, in- 
cluded in the definition of x. 8ea the remark at Eq. (9) above. 
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which, since they lie outside our subject, will be indicated rather than 
logically derived. As has already been noted at the beginning of $12, ferro- 
magnetism is not based on Maxwell’s phenomenological theory, but on 
the more profound laws of atomic physics and on the statistical behavior 
of electrons. 


A. The Weiss Domains 


The sign of the ferromagnetic susceptibility and its temperature de- 
pendence indicate that it, like the paramagnetic susceptibility, results 
from the alignment of elementary magnets in a magnetic field. The fact 
that it differs from the paramagnetic susceptibility in order of magnitude 
shows, however, that we are here dealing not with individual, freely mobile, 
magnets, but with whole groups of them which, perfectly aligned within 
the group, have diffefent preferential directions. The individual group is 
“saturated” internally even in the absence of an external field, while in a 
macroscopic block of ferromagnetic material saturation occurs only at a 
field excitation of 10 to 1000 cersted. 

This concept of the ferromagnetic state is illustrated by a model con- 
structed by Ewing. Magnet needles are arranged in a lattice on a board. 
With the earth’s field compensated by a current loop, they arrange them- 
selves in groups or rows in which they are parallel. This state is stable 
against external disturbances, such as shaking of the board. A weak ex- 
ternal field produces only a slight deflection from the equilibrium position 
since the internal aligning field is much stronger than the external field. 
Complete alignment in the direction of the external field, i.e. saturation of 
the entire system, takes place only at a very much higher field strength. 

Pierre Weiss has elaborated this interpretation of ferromagnetism in all 
directions, both experimentally and theoretically, and has, together with 
Langevin, given it a thermodynamic basis. The individual groups are 
known as Weiss domains. Their size is estimated at about 10~ cm in linear 
dimension, corresponding to 5-10° Fe-atoms. The smallest ferromagneti- 
cally active domains are however certainly very much smaller and contain 
fewer than 100 Fe-atoms.' It is tempting to identify them with the single 
crystals of which a polyerystal of the material is composed on a Microscopic 
scale. However, it is necessary to assume such a subdivision into Weiss 
domains even for the macroscopic single crystal, since its behavior is quali- 
tatively similar to that of the polyerystal. (It is true thet quantitatively 
the shape of the hysteresis loop, discussed below, differs from that for the 
polycrystal; it has a rectangular shape.) 


‘See H. Kinig, Naturwiss. 1946, p. 1. 
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B. The Electron Spin as Elementary Magnet 


All ferromagnetic materials are conductors of electricity, ie. contain free 
electrons.’ We have very definite reasons for regarding these electrons as 
the elements whose alignment causes ferromagnetism. These are the so- 
called “gyromagnetic effects”: magnetization by rotation of a bar of a mate- 
rial of the iron group (J. 8. Barnett 1914) and rotation by magnetization 
of a small ferromagnetic rod suspended on a torsion fiber (Einstein and de 
Haas 1915). In both cases measurements gave as ratio of the mechanical 
to the magnetic moment half the value to be expected if the effects resulted 
from the electron orbits in the atom. It must therefore be concluded that 
it is not the charge of the revolving electron and the magnetic field produced 
by it that are responsible, but the inner structure of the electron iteelf. 
The electron possesses, apart from its charge, an inner mechanical moment, 
a “spin,” and a magnetic moment which is twice as large as the magnetic 
moment which would be assigned classically to its spin. This magnetic 
anomaly of the electron is the general result which may be deduced from 
the total observed data on the anomalous Zeeman effects (Goudamit and 
Ublenbeck 1925). It explains directly the observed results of the two gyro- 
magnetic effects and proves at the same time that the electron spin plays 
the role of the magnetic needles in Ewing’s model. 

On the basis of this discovery Heisenberg, in 1928, with the aid of modern 
electron statistics, was able to proceed toward a true physical understanding 
of ferromagnetiem and to calculate qualitatively the extraordinary magni- 
tude of the inner magnetic field in a Weiss domain, We see from this how 
long the road is from the Maxwell theory to the actual theory of ferro- 
magnetism and it becomes evident that we cannot travel this road. 


C. Hysteresis Loop and Reversible Magnetization 


The figure which represents the magnetization M of a ferromagnetic 
material as function of the excitation H with increasing and decreasing H 
is well known. If the material is originally unmagnetiszed, the “virginal 
curve” is first traversed, beginning in the origin H = 0, M = 0 and passing 
over into the horizontal asymptote M = M, of saturation for sufficiently 
large H. Hf, from this point, H is permitted to decrease, the characteristic 
liege above the virginal curve and cuts the ordinate axis in a point H = 0, 
M = Mz, which indicates the remanent magnetization. If H is permitted 
to decrease still further, i.e. is reversed in direction, a region is entered in 
which B and H have opposite directions. The iron specimen has then be- 

-come 8 “permanent magnet”. With further decrease of H the hysteresis 
loop cuts the axis of abscissas in 2 point H = — He, M = 0, where the 


' Atomic theory has not demonstrated fully why just the atoms of the iron group 
are ferromagnetically active. 
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remanent magnetization is just nullified. 1, is called the “coercive force’’. 
li H is decreased further, the negative saturation M = — Mz, is approached. 
If, now, Hf is once more increased, the gradually rising characteristic remains 
below the descending branch and below the virginal curve. [t does not pass 
through the origin, but cuts the axis of abscissas in a point H = + He, 
M = 0. The ascending branch is symmetrical through the origin to the 
descending branch and approaches finally once more the positive saturation 
M = +M g. ‘ 

As a rule M, is approximately 4M, . In order that the magnet may retain 
its remanence for all opposing fields which occur it is important that H- 
may be as large as possible. This is the case for hard steel (tungsten steel 
has He ~ 70 oersteds). 

The ascending and descending branches form together the hysteresis 


loop; its area is the magnetic work § H-dB, which is performed on the ma- 


terial in a complete cycle. If the increase of H is stopped, in traversing the 
vitginal curve, before reaching saturation, e.g. for #, < H, , and # is then 
permitted to decrease to H = —H,, then to increase to H = +H, a 
smaller hysteresis loop is obtained, which lies inside of the one previously 
described. an apesd smalt H, = 6H the loop degenerates into a twice tra- 
versed Jine; its area becomes zero and the process is reversible. The ratio 
6M /8H defines the inttial susceptibility xp. It is possible to carry out such 
a reversible process not only at the origin, but at any arbitrary point of the 
cycle and to define for every such point a reversible susceptibility tev . 

With reversible magnetization the elementary magnets are deflecied 
only slightly out of their original position in the direction of the external 
field. With irreversible magnetization some reorieniations take place as 
well. In both cases changes occur in the boundaries of the Weiss domains, 
which are described as wall displacements; they are small for reversible, 
large for irreversible processes. In an induction coil with telephone connec- 
tion they become acoustically noticeable by noises (clicks) and can be made 
visible on an oscilloscope as Barkhausen jumps. In fact, for sufficient oscillo- 
scopic magnification, the apparently continuous course of the hysteresis 
loop resolves itself, particularly in the deacending branch, into a sequence 
of small steps. 

The individual processes which go to make up the magnetization curves 
are thus of varied nature. They depend on the composition of the iron speci- 
men and on its microcrystalline structure; even for the single crystal they 
depend on the orientation relative to the magnetic field. It is the problem 
of the metallurgist to find the alloy (permalloy, perminvar, cobalt steel) 
suited for each purpose (transformer Iaminations, communications engi- 
neering). 
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D. Thermodynamics 


Ferromagnetism is even more dependent on temperature than para- 
magnetism. Above a certain critical temperature ferromagnetism ceases 
and passes over into ordinary paramagnetism. This eritical temperature is 
designated with @ and is called the Curie point. On the centigrade scale 
(@ = Orne + 273) we have: 


for iron cobalt nickel 
Soont = 770 1120 358 


For T > 6 we have in place of Curie’s law (13.10) the Curie-Weiss law 
eee ae (1) 


This suggests that there may be no difference in principle between para- 
magnetism and ferromagnetism, that, in other words, the Curie point, in 
the former case, lies close to absolute zero. With this assumption a region — 
of ferromagnetic behavior near 7’ = 0 is to be expected also for ordinary 
paramagnetic materials. It then seems reasonable to transfer Langevin’s 
statistical and thermodynamic theory of paramagnetic materials to the 
conditions of ferromagnetism. 

In fact Weiss in this manner arrived at a representation of the whole 
complex of ferromagnetic phenomena which, in its main features, is satis- 
factory. However, this representation utilizes concepts with which we will 
only be able to deal in Volume V. Also detailed questions of atomic physics 
play here a role, such as the question of the atomic unit of magnetic moment 
(Bohr’s magneton as compared with the Weiss magneton, which is smaller 
by a factor of five) and the question to what extent, in addition to the spin 
moment of the free electrons, the orbital moment of the electrons bound 
in the atom, which is twice as large, must be considered. The standard 
textbook' of R. Becker and W. Déring gives complete information on all 
relevant questions. 


§15. Stationary Currents and Their Magnetic Field. Method 
of the Vector Potential 


Since the assumption of stationary fields demands 0/dt = 0 throughout, 
the Maxwell equations (4.4) reduce to 


curl E = Q, J = curl H. (1) 


1 Ferromagnetismus, Springer, Berlin 1939. For a lesa detailed treatment, see F. 
Bitter, Introduction to Ferromagnetism, McGraw-Hill, New York, 1937. 
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The second of these leads to 


divJ =0. (2) 
For the surface of a conductor carrying current we have therefore 
J, = 0. (2a) 


(2) states that the electricity within a conductor behaves ike an incom- 
pressible fluid (increase and decrease of current density for a narrowing 
and broadening of the conductor, respectively). Also Kirchheff’s branching 
laws for linear conduciors, which Kirchhoff worked out as solution to a 
seminar problem given by F. Neumann (see p. 1), rest in the final analysis 
on (2) and the existence of the electrical potential (see below). 

Eqs. (1) state that E has everywhere a potential, E = ~ grad ¥, , while 
H has a scalar potential, H =~ —grad ¥,, , only ouéside of the current-carry- 
ing conductors. We will deal with this scalar potential in §16. Here we shall 
give & representation of B (and hence also one of H) which is valid both 
inside and outside of the conductors. We recall here Helmholtz’s representa- 
tion of the velocity field v for given distribution of turbulence w in Vol. 
II, Eq. (20. 13). In Helmholtz’s analogy the electric current density J 
corresponded’ ,to the second, the magnetic excitation H, to the neat Just 
ag there, we introduce a vector potential A, by setting: 


B = curl A. (3) 
The second Eq. (1) then becomes 


curl : curt A = J. (4) 


For constant » we can write instead 
eurl curl A = pJ. (4a) 


’ But fora factor 4 whose suppression was justified in Vol. I, p. 15 by the require- 
ments of electrodynamics. 

7 It is customary to write instead H ~ curl A, which, however, aasumes the com- 
plete absence of sources of H, a condition which is not fulfilled in regions of non- 
vanishing magnetic density pn. Our formula (3) is more satisfactory, since div B ~ 0 
throughout; in addition, it will generally simplify our formulas, particularly in 
Part III. Incidentally, both formulas amount to much the same thing if the assump- 
tion is made that y is constant everywhere, which occurs already in Eq. (4) of the 
text. For nonconstant » the summation problem to be solved in (7) would have to 
be aupplemented by a magnetostatic boundary-vatue problem (determination of the 
discontinuity of Bune at the boundary between media of different permeability for 
our expression for A and determination of the magnetic surface densities appearing 
there for the usual expression for A, respectively). 
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We here employ the general transformation (6.2) with the restriction 
to Cartesian coordinates which is there emphasized and obtain instead of 
(4a) the form which is more convenient for integration: 


AA — grad div A = — yJ. (4b) 


This may be simplified by the supplementary condition 
div A = 0, . (5) 


which transforms (4b) into 
SA = — yj. (6) 


The condition (5) may be added since A, for given B, is determined by 
Eq. (3) with the exception of the gradient of a scalar function. The latter 
may be utilized to satisfy (5). For, if A: is any solution of (3), 


A = A, + grad f (6a) 
is similarly a solution; if we now write 
div grad f = Af = — div Ai, (6b) 


which, according to the well-known integration procedure of Poisson’s 
equation is always possible, we find diy A = 0. 
This method of integration yields at the same time as the solution of (6): 


4rhr = [ Metre (7) 


Here the point of integration Q = £, , ¢ traverses the entire interior of the 
conductors; P = 2, y, 2 is the reference point for which the Cartesian com- 
ponents A, , A,, A, are to be calculated. It was shown in Vol. HH, §20, Nr. 
2a that this representation satisfies (5) provided that J is solenoidal, in 
accord with (2), and that x is constant. The integration in Eq. 7 is te be 
extended over the closed current field J (just as in Vol. If over the closed 
vortex rings). 

The current denaity J appearing in (7) may be obtained as solution of a 
potential problem. Since J = cE the potential equation applies, for constant 
go, just as much for J as for E: 


AJ = 0. (8) 


For varying o Eq. (8) takes on a somewhat more complicated form. The 
total current I is obtained from J by integration over any cross section 
of the conductor: 


lx i (a (9) 
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The familiar fact that I has a fixed value independent of position and 
shape of the cross section follows from integration of Eq. (2) over a seg- 
ment of the conductor bounded by two arbitrary cross sections as for the 
analogous spatial iaw of conservation of vortex theory (see Vol. IT, p. 136, 
Fig. 24). 

We shall now give some ariplindlics of our representation (7). 


A, The Law of Biot-Savart 


We subdivide the three-dimensional conductor into current tubes with 
the cross section dg , normal to the tube axis, and the element of length ds; 
the current J, dg in such a tube element, which has the same dimension 
as the total current 7, we shall also call J, for the present. We then can set 


Fia. 19. The law of Biot-Savart, derived from the vector 
potential of an element of current. 


Jdr = Ids, where the direction of the current flow J is indicated by the 
vectorial character of ds. By (7) the contribution of our tube element to A 
then becomes 


4nd = HS 
and, by (3), the corresponding contribution to B is, 
4e dB = curl SS, (10) 
We shorten the remaining calculation by employing the symbolic vector V: 
curt ES = y x AO - (grad 1) al ds (11) 


For J ds is dependent on x, y, z in direction, but not in magnitude; 1/r 
depends on 2, y, z in magnitude, but not in direction (being a scalar). We 
see furthermore from Fig. 19 that 

i r € 
where r denotes the radius vector from the current element to the reference 
point and ¢ the corresponding unit vector. Substitution of (11) and (11a) 
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in (10) yields 


trdB=—Mexds 4e/dBj=% Heine. — (12) 
d signifies the angle between the vectors e and ds; the direction of dB, 
in view of the negative sign in (12) and the meaning of the vector product, 
is that of a left-hand screw for the direction of rotation e —> ds. Let us 
imagine a magnetic unit pole at the reference point and let the vector dB 
act on it; dB then represents the Biot-Savart force exerted on the unit pole 
by the current element J ds. The corresponding line of force then surrounds 
the current element, in a righi-hand screw direction, as shown in the figure 
and as expected. Evidently the first Eq. (12) is the more complete one, 
since it expresses the <lependence on direction which is characteristic of 
the magnetic field in the simplest and most appropriate manner; we have 
added the second form merely because it is the historically more familiar 
one. 


B. The Magnetic Energy of the Field of Two Conductors 


If we denate the energy integrated over space by W we obtain, for the 
Thagnetic energy density W, irom Eq. (5.6) 


OW = fue a [ H-curt A dr. ~ (13) 


For the evaluation we utilize the vector formula (5.2), previously derived 
in connection with the Poynting theorem, which we rewrite in terms of 
our present symbols (A, H in place of U, V) as follows: 


H-curl A = A-curl H + div A X H. (14) 


We assert that the second term on the right vanishes in the integration 
over infinite space. According to Gauss’s theorem this term yields 


[diva x Hae = [ (AX Bade, (14a) 


where the integration on the right is to be carried out over a surface bound- 
ing the region at a great distance, e.g. a sphere of radius &. Let the two 
conductors, whose total magnetic energy is to be determined, be entirely 
confined to a finite region. The distance of all their points from the infinitely 
distant element of area do of the bounding sphere may then be set equal to 
the constant value R. By Eq. (7) A approaches zero on de as 1/FR and, by 
the law of Biot-Savart, H approaches zero as 1/ R’. Since do = R’ dO(da = 
eye angle intercepted by dc), the right side of (14a) approaches zero as 
/R’. 
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In view of (1), (14) and (13) lead to 
2W = [ A-curt ids = fas de. (15) 


The integration is now to be carried out only over the conductors | and 2, 
since J is sero everywhere outside of them. If we designate the point of 
integration in (15) by P (dp instead of dr) and if we substitute A = Ap 
from (7), the simple volume integral is replaced by a double volume in- 


tegral: 
Web ff toot, a6) 


In evaluating this integral we have to mon four cases, depending 
on the position of P and Q on conductors I and 2: 


a. Pand Q oni, b. P and Q on 2, 
e. Pon 1, Q on 2, d. P on 2, Q on I; 


the cases ¢ and d are however alike in view of the symmetry of (16) with 
respect to P and se We can write the result in the form 


= (Ly Ii + La Ti + 2Ln Th, 1), (17) 
4 a) = ff - sf drs drs 
5 ia > ba =H ff init TE, (17a) 
. . adr dry 
Li rer # ff ji‘ jz Fa, {17b) 


The factor 2 in the product term in (17) results from the equality of cases 
c and d, which causes the coefficient Lz, also to be given by (17b), i.e. In = 
Lie. 2, 22 are the total currents in conductors 1 and 2, which, as noted 
at (9), are independent of the place in the conductor. 1, 1’ are two points 
on the conductor 1; 2, .' two pomts on conductor 2. Division of the cur- 
rent densities J,, Jz by /:, J, leads to the purely geometrically defined 
“current-line density vectors’ 


. = Jt _ os 
a I; ? ae Pe (17¢) 
The L’s are called induction coefficients: Lu, Le are the coefficients of 
self-induction, In: is the coefficient of mutual induction. Maxwell uses the 
letter M in place of Lu. 
The unit of the coefficients L (or M) is the henry.’ In accord with (177 
* Joseph Henry, 1792-1878, American physicist, discovered almost simultancously 


with Faraday the appearance of an electromotive force in a coil when the magnetic 
field in its interior is changed. 
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this unit is fixed in value and dimension by the statement 


‘ ‘ 3 
themy = 125" = 1 OES (18) 


Converted into electromagnetic cgs-units we find, since 

Q = 107em'g!, —.1 joule = 10’ om’g sec”, (188) 
l henry = 10° cm = 1 quadrant of the earth. 

From our standpoint we can, however, attach no significance to this appar- 

ently so simple dimension and this relationship to the earth’s cireumference, 

sinee it rests on the arbitrary assumptions of the electro etic system 


between the henry and the permeability in vacuum given by (7.16a): 


up = 4g tor oule-S* gy. port henry 
| po = 4-10 OM 49-10 (18b) 
Compare with this the analogous relation between the dielectric constant 
of vacuum and the farad as given by Eq. (10.3b)}. 


C. Meumann’s Potential as the Coefficient of Muiual Induction 
In (17b) it is possible to pass to the limiting condition of linear con- 
ductors, i.e. infinitely thin wires. In (17a) this is not permitted since ris 
(or riz) would vanish as the two integration pointe approach each other 
and the convergence of the integrals would be destroyed. 
We write in (17b) 


dr, = dq. da;, dry ™ dg, da, (19) 


and combine dq, and j,, dg: and j, . The products ji dg, and jz dg, then have, 
by (17c), unit magnitude and their sealar product is equal to the cosine 
of the angle @: between the two directions of flow ds, and ds. Hence: 


Lye = fn f do, 088 = ff Suet, (20) 
i Ti Fiz 

This amazingly simple and beautiful representation was discovered’ by 
Franz Neumann as early as 1845. It is known as Neumann’s potential; 
according to (17) it represents that portion of the magnetic energy which 
results from the interaction of the two circuits. A relative displacement 
‘or rotation of the two circuits with the currents J; and J, left unaltered 
hence is accompanied by a change in energy 6W in the amount -—- 


aW = Il, bLy. (20a) 
' Abhandl. Preuss. Akad., reprinted in Ostwaid's Klaseiker, Nr. 10. 
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The work which must be done in a displacement or rotation, as well as the 
force or torque which one circuit exerts on the other, are related to this. 
In spite of the simplicity of expression (20) the actual calculation of the 
mutual induction coefficient is rather inconvenient. To begin with we work 
out a formal mathematical example, i.e. two straight parallel wires of length 
1 separated by distance a. The condition of closed circuita stated in Eq. 
(7) is temporarily not fulfilled here. We shall take due account of it only 


Fig. 20. The coefficient of mutual induction of two 
straight, parallel segments of wire of length I. The finite 
croes section of the wirea in indicated at the bottom of 


the figure. 


when we reach Eq. (24). Referring to Fig. 20, we have (dy; dy: in place 
of ds, d%, coe 64 = 1): 


: ? d 
phe Tera | 

The formulas of integration already employed in (9.4) yields for the second 
integral 
ears, 

0 Va + — ni) (22) 

= log} — n+ Va + OR yi) — log(-1: + Va + ¥). 

A further formuls, which may readily be checked by differentiation, 


[ r08¢ + Vat +9) dg = zlog(z + Va + 24) — Va? + 2? + const 
yields for the integration of the first term on the right of (22) 
[ eligi Va + T= w)) 

= tlogi+ Ve + —- Ve +P +a 
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and for the integration of the second term 
i 
~ f dys tog -n + Var 


= Hog 1+. VFB - VEE +e 


A simple transformation under the logarithm. sign yields for the sum of 
the two 


—_ oe 
© typ = atlog TL VEEE 9 VrFP + 20 (23) 

We assume / > a, and obtain as a first approximation 
; * Dy = 2} (108 —_ 1), (24) 


{t is worth noting in this result that we have not obtained simple propor- 
tionality to 7, since the parenthesis depends on / logarithmically. Accord- 
ingly we can not speak of a mutual induction coefficient per unit length 
of our wires. 

> The reasot for this is the following: Our derivation assumes, as has been 
stressed .repeatedly, two closed circuits, while our example deals with two 
circuit segments. Our result (24) is nevertheless meaningful. For example, 
it is possible to determine with its aid the mutual inductance of two par- 
allel rectangles such as occur in Ampere’s basic experiments. For such 
a pair of rectangles (the second rectangle is supposed to be obtained from 
the first by a parallel displacement perpendicular to its plane) only par- 
allel pairs of sides contribute; for mutually perpendicular sides the product 
ds,-dS, occurring in Eq. (20) is equal to zero. The mutual inductance of 
two such rectangles becomes equa! to the sum of four terms of the form 
of (24). 


D. The Coefficient of Selfinduction 


As already noted we cannot in this case pass to the limit of the linear 
conductor, but must return to the double volume integrals in (17a). We 
can readily convince ourselves, however, that then any convergence diffi- 
culty is avoided. For if, for an arbitrary position of 1, we employ polar 
eoordinates r, 3, y with this point as origin to locate the point I’, dr,’ = 
? dr sin 3 dd dy and the denominator ry’ = 7 cancels one of the factors 
rin dr;’. However the carrying out of the integrations becomes now, in 
general, even more awkward than in C. 

We therefore limit ourselves to a simple mathematica] example, namely 
a straight wire of the (great) length / and the (small, but finite) cross sec- 
tion g. We consider two current filaments parallel to the axis of the wire 
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(y-axis) and employ once again Fig. 20, where now the two linear currents 
are assumed to refer to the same wire of cross section g. Let dq, , dg: be the 
cross sections of the two current filaments; their separation, formerly 
denoted by a, will now be called p since it is variable, depending on the 
position of the two current filaments within g. The volume elements are 
once again given by (19), with ds, = dy,, dg, = dy,, and the vectors 
defined in (i7c) become 


a=}: q 
The defining equation (17a) for the selfinductance then takes the form 


a1 = ff mse fe, (25) 


The second double integral has exactly the same form as (21). We can 
utilize the approximate evaluation (24) here also and obtain 


4x, _ 2 2i 


= 24 ff ade (log 2t — 1) — ff dq: dqs log ‘ 


In the first term on the right the integration with respect to dg, and dg: 
oan be carried out easily; the second term requires more detailed discussion 
because of the variability of p = px = separation of our two current fila- 
ments. We note the preliminary result 


dn a _i 
tL, = 2iflog 2 ~ 1 ~ log a}, log af de f dee tog on. (28) 


Maxwell calls the quantity 3 here introduced the mean geometric separation 
of the elements dq, , dq; within the cross section g.’ It can be determined 
more elegantly by an electrostatic consideration than by direct calculation. 

In terms of polar coordinates the two-dimensional potential equation 


so aw PP OL de 
ax? * ay =p dp’ dp | pag 
1 Treatise, art. 891 ff. In explanation of the notation we remark: The integral to 
be evaluated in (26) is the arithmetic mean of all values of log» occurring on our aur- 
face g. Ip view of the relation 


0. (27) 


Z log w = log Dp; 


this arithmetic mean of the logarithms is at the same time the logarithm of the 
geometric mean of all the p;. 
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Apart from a multiplying and an additive constant the solution which is 
independent of » is known to be the “logarithmic potential” 

® = log p. 


This signifies, in two dimensions, a negative charge concentrated at the 
point p = 0, If the charge is distributed over the area q with a positive 
surface density f, and with the surface element of ¢ being designated with 
dq, , Green’s theorem yields for its potential at the reference point 1. 


Int = — [see ons dgn. (28) 


This is the two-dimensional analog to the familiar Eq. (7.5). Hf, in (28), 
we put f = —2s, we obtain the inner integral in (26), 


& = | log ms de (282) 
2 
and our desired mean geometric separation may be written 
1 
logo = 5 [ edn. (28b) 


The integral (28b) can be readily evaluated in the case that g is a circle, 
e.g. of radius 6, and the point I coincides with the center of the circle. We 
then have ps = p, i.e. equal to the polar coordinate employed previously, 
and dg, = pdpdy. We denote by &, the corresponding specific value of 4, . 
Eq. (28a) then takes the form 


b= [ae {toe pp dp (29) 


The integral with respect to p can readily be evaluated by integration by 
parte; thus 


$ ? + * b* 
[ log p pde = F loge! — [ 5 0 = 5 (log b — 4). 


Hence (29) leads to 
bd = xb*(log b — 4). (29a) 


Furthermore &, , a8 the potentia) for a known surface distribution, can 
be calculated for arbitrary location of pomt 1 directly from Poisson’s 
equation, which, in analogy to (7.48), in two dimensions takes the form 


Ad, = —f, 
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where f is the surface density. In our special case (f = —2y, circle ¢ of 
radius b, , a function of p only) it becomes 
Ld 4d, 


bate (30) 


Integrated twice this yields 
bd . 
p—=re tA, &= > + Alogp +B. 


In order that this expression for #, may pass over, for » = 0, into the expres- 
sion (29a) for &, we must set 


- 1 = x3 eieigece e 
A = B=, hence 4 = rb (tog stap . 8b 
If we substitute this expression for 4 in (28b) we obtain 


1 1 Ps 
log p= = f dailogd— 9) +5. f dak 7 
& 
mlogh- 445 | edp = logb — 3. 


For p itself we obtain from this the peculiar value 


p= b/We. (32s) 


Here the proportionality with b is rather obvious in view of the definition 
of the geometric mean (see last footnote); however the numerical factor is 
to be found only by detailed analysis, which following Maxwell, we have 
here based on potential theory. It may be mentioned that Maxwell carried 
out these considerations even for cross sections of arbitrary shape. 

To pursue our real goal, the calculation of the selfinductance L, we return 
to (26). We then find, utilising (32) 


$e 3 ai 3 
#1, = 21{ 0g 2 tog 6 — 3h = 21/106 2 . (33) 


This formula confirms our original expectation that the transition to 
the linear conductor (b — 0) is not permissible for the selfinductance. 
_ Regarding the dependence on ! we must make the same remark as at the 
end of section C: We cannot, by division of I, obtain the selfinductance per 
unit length of an infinitely long wire; however, we can, as for the mutual 
inductance, piece together the selfinductance of any closed circuit, made 
up of straight wires, by adding up terms of the form of (33). 

We shall further answer a rather obvious objection which may be raised 
against the somewhat indirect derivation of (33). The magnetic field of an 
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infinitely long wire is known from Fig. 4 and the corresponding equations 
(10) to (13) on p. 24. Cannot the energy and selfinduction of the straight 
wire be calculated much more directly from them? 

With f as current we found (writing now 6, ¢ in place of the earlier a, 5) 


r§ I 
r<bH =? =; i eae = 


Hence the contribution of the interior of the wire to the energy per unit 
length is 


m al? : 
Hon f Hrar= AE r dr az (33a) 
and the contribution of the exterior: 
ed pig ee [ee ¢ 
Kor [ Hr dr P| <= £ Slog é. (33) 


From this we find for the selfinductance per unit !ength, from the energetic 
formula of definition (17), 


uw fl € 
ox ¢ + log 4} (33¢) 


This expression becomes logarithmically infinite if we let c > @, i.e. pass 
over to the single wire without return conductor. Our intended simplified 
derivation hence fails—quite understandably—as the resuit of the un-- 
physical assumptions of the problem, which must lead to an infinite energy 
content of space for any unit length of the wire as we pass to the limit 


Cm, 
BE. Selfinduciance of the Two-Wire Line 


The system of two straight parallel wires traveraed by current in op- 
posite directions plays an important role in electric power transmission 
and is known, in Hertz’s experiments with high frequency waves, as a 
Lecher system. We shail determine the selfinductance per unit length of 
such a system (with appropriate restriction to the direct-current case). 

So as to be able to utilize Fig. 20, we shall call the {very great) length 
of the wires 1, their separation a, and their radius 6. We proceed from the 
energetic formula (17), where we put 


hel, hoe-l, mn=le=L. 
We then obtain 
W=3LF*, Ly = UL — Ly). {34} 
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We can designate Lp, introduced here, as inductance of the line, regarded 
as a uniform system.’ Substitution from (33) and (24) yields: 


- #3 _ et 

Lo * 1(os Z i log = + 1). 

In evaluating the logarithmic terms the two terms ++ log 27 drop out and 
the following siraple formula remaind: 


oP ~ 2 (oe § +3): 8 
L»/t is the desired selfinductance per unit length of the two-wire line, 
which evidently is independent of J. Hence the transition to 1 — , which, 
according to (33) and (24), was inappropriate in the expressions for L/t 
and Ly/t because of the term jog 2l, is now feasible. This is obviously re- 
lated to the fact that the field of a two-wire line traversed by oppositely 
directed currents corresponds to that of a circuit closed at infinity. On the 
other hand the transition to the linear two-wire hine (6 — 0), which was 
possible in the expression for the mutual inductance, cannot be carried 
out even now. 


F. General Theorem Regarding Energy Transmission by Stationary Currents 

We consider the section of an arbitrarily shaped wire between two cross 
sections F, and F,. Let it contain a “load” in which electrical energy is 
translated into work or some other form of energy, e.g. 4 light bulb. We ask 
what power is supplied to the load (the Joule heat generated in our section 
of wire to be counted as part of the load). 

We extend the crogs sections F,, F; to a closed surface F and calculate 
the power NV as the inward-directed energy flux through this surface. Ac- 
cording to Poynting’s thecrem (5.7a) and the meaning of Joule heat (5.5) 
we obtain under stationary conditions 


N= [ s.ar= [B-Jav. (36) 
V is the volume enclosed by F. Under stationary conditions we have every- 
where within V 
enE=0, E= —grad¥, hence E-J = —grad ¥-J. 
We transform this with the aid of the obvious and universally valid identity 
; div(¥J) = grad ¥-J + Ydiv J a 
1 A similar definition is employed in electrical engineering for multiple conductor 


#yatems with the designation ‘operating selfinductance,”’ if under the conditions of 
operation all circuit currents are determined by one of them. 
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where J is any vector, ¥, any scalar. For our meaning of J the last term 
vanishes. We hence deduce from (36) 


i | div(¥}) aV (37) 
and, by application of Gauss’a theorem 
Nie E WJ, dP. | (38) 


This integral need only be carried out over the surfaces of entry and exit, 
FP, and F,, of the current, since only here J, differs from sero. It is moat 
eonvenient to choose F, and F, as the equipotential surfaces ¥ = ¥, and 
¥ = ¥,. We then obtain from (38) 


New| Laht+h | J.aPs. (39) 
; Py Ps 
With the convention regarding the direction of n established above 


[ J.aF, ‘ - [a.aP, =I 
and henee, by (39), 
N = (&, — %)2 = VI. (40) 


V iz the voltage drop between F; and F; (in volts) and J, the current en- 
tering and leaving (in amperes). 

This fundamental formula, which expresses the power directly in watts 
(joules/S), has here been derived for stationary conditions; in $18 it wiil 
be found applicable also to “quasistationary” states. To avoid misunder- 
standings it should be noted that Eq. (40) makes no statement regarding 
the brightness of the light bulb or the emergy radiated by it. This phe- 
nomenon lies outside of the domain of Maxwell’s theory and rests on atomic 
processes which are made possible by the Joule heat supplied to the fila- 
ment, but whose energy balance has nothing to do with Eq. (40). Our Eq. 
(40) follows the energy conversion only up to the generation of the Joule 
heat, not beyond it. 


$16. Ampére’s Method of the Magnetic Double Layer 


In the last paragraph we had to introduce the concept of the vector po- 
tential ‘in order to arrive at a representation of the magnetic field without 
and within the current-carrying conductor. If we content ourselves witlt a 
representation which applies only outside of the conductor we can get along 
with the ordinary scalar magnetic potential ¥. 
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Outside of the conductors we have, by (15.1), 
0 = curl H, H = —grad ¥. (1) 


If we add the condition div B = 0 and assume uniform permeability, e.g. 
us = yo, Outside, we have furthermore 


div grad ¥ = AW = 0. (2) 


This potential ¥ is not, however, a unzque function of position, as in the 
magnetostatic case. For every closed loop about a conductor carrying 
I it changes by the amount /, independently of the shape and length of 
the path: 


i= t= p Hede = £1 (3) 


Here ¥, and ¥; are the values of ¥ at the starting point 1 and the coinciding 
endpoint 2 of the loop. The upper or lower sign of J applies depending on 
whether the loop forms a right or left screw with the direction of the current. 
, On the other hand, for every closed path which does not link such a con- 
ductor: 


Wow = f Hd =0. (3a) 


The proof of both Eqs. (3) and (3a) follows again from (15.1). An arbitrary 
surface « bounded by the path of integration cuts the conductor in question 
in the first instance; in the second it can always be placed so that it cute 
no conductor. If the component of Eq. (15.1) normal to every surface ele- 
ment de is formed and integrated over all ds, we obtain 


[ Idea [ curl, H do. 


By (15.9) the left side is the total current traversing the surface ¢, i.e. 
I for Eq. (3) and 0 for (3a). The right side may be transformed by Stokes’s 
theorem into the line integral over s. 

For multiple loops about the conductors in one or the other direction 
a change in ¥ is obtained which is equal to the sum of the changes corre- 
sponding to individual circuits: 


es -%~ = Dorel hs - 


Here n, denotes the number of circuits about the kth conductor. Thus ¥ 
is infinitely muitiplevalued. Any two “branches” of ¥ differ by a constant 
which is a sum of the currents J, multiplied by integer coefficients n, . 
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A. The Magnetic Shell for Linear Conductors 


To give a prescription for the computation of ¥ which is unique in spite 
of this multiplicity we must confine ourselves to the limiting case of linear 
conductors (cross section — 0); furthermore, it will suffice for the present 
to consider a single conductor. Let it be A. Through A as boundary we 
place an otherwise arbitrarily shaped “branch cut” surface S and forbid 
passage through S. In this manner we select, from the infinitely many- 
valued potential, a “function branch.” Carrying over the already somewhat 
daring language of the Riemannian surfaces into three dimensions, we 
could also say: Of the ‘Riemannian space,” whose infinite number of 
“leaves” have the branch line A in common and are joined in the branch 
cut S, we separate out one leaf as alone physically significant. This leaf has 
become “singly connected.” 

The calculation of ” may now be carried out by simple application of 
Green’s theorem: 


dv Ou 
f (usw — vd) drm f (u% ~ 0%) ae (4) 
Here we put, 
u=¥, om, Yr = Ipg {4a} 


and carry out the volume integral on the left over al! points P of our physical 
leaf, excluding 2 sphere of radius p —> 0 about the source point Q and 4 
sphere of radius R — ce cutting off the infinite; the latter sphere may 
have an arbitrary point O as center, which may for example be situated on 
S. Correspondingly, the surface integral on the right is to be carried out 
over the two spherical surfaces K, and Kz, as well as the two “sides” of 
the branch cut S. Since on the sphere K, , 


integration over da here yields evidently 
4a¥g. (5) 
The sphere Kx, contributes 
i Il f av 
~ Fe i; v de a7 Re on de, 


a 


Accoraing to the law of Biot-Savart H decreases with increasing & as 
1/R’. Hence the second of the above integrals is finite and, with its factor, 
vanishes as I[/R. The first integral becomes infinite only in proportion to 
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R and yields similarly a vanishing contribution when ‘multiplied with 
1/R°. Thus the contribution of Ks is zero. We could confirm this result 
which is here based on the law of Biot-Savart, ie. the method of the vector 
potential, also by the method of this paragraph. 

Finally, we must consider the two sides 1 and 2 of the branch cut. In 
view of the opposite direction of x on the two sides we have 


(#) = ~(#). | (6) 


ou -—soa 


= =H, 


on on 


is a physical quantity which has nothing to do with the mathematical fic- 
tion of our branch cut we have, in addition to (6), 


(2) = -(#). (6a) 


‘The sum of the contributions of the two sides of the branch cut to the 
right side of (4) may hence be written 


ov ou 
f {(u — ta) (2) — (v, — v9} (#) | do. (6b) 


Here », — »; vanishes because uf the meaning of v = 1/r, but, by Eqs. (3) 
and (4a), % — t% = +/. Hence (6b) takes the form 


Since 


at 
+f 12 lav. (7) 


To fix the sign, consider Fig. 21. Here 1 is to denote that side of S on 
which the normal n, directed toward S forms a right screw with the direction 
of current flow. The loop from 1 to 2 shown in the figure then forms a left 
screw with the direction of the current. Hence by prescription (3) we must 
choose the negative sign in formula (7). If we now write n for n, and place 
the factor Z, which is a constant for all pairs of points 1, 2, ahead of the 
integral sign, this becomes 


al 
-1 [ota (7a) 


—— 


Together with (5) we then obtain as the value of the right side of (4): 
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Since the left side of (4) vanishes because Au = Av = 0, we obtain as the 
final representation of ¥: 


deve =f 2 odo. (8) 


The integral on the right has a very simple geometrical significance: 
It is the solid angle 2 intercepted by the circuit A at the point Q. In fact the 
integrand in Eq. (8) 


a1 I dan 

rtd = =; 008 (n, 1) de = = 5 
is the surface element df of the unit snhere about Q cut out by the radii 
directed toward thé boundary of dc; dco, is the corresponding surface ele- 
ment of a sphere of radius 7. Hence 


a= f af (8a) 


is the total area cut ont on the unit sphere by the cone of radii directed 
toward the boundary of S, i.e. the above mentioned solid angie. 


Fia. 21. The magnetic line integral about the conductor A, ex 
tended from side 1 to side 2 of the branch cut S. 


The potential jump at the branch cut, ¥, — V2, now also acquires a cer- 
tain simple meaning. For if we place our point Q on side 1 of S the cone 
of radii degenerates into a flat fan and the solid angle @ to 27; on the other 
hand, if we place it on side 2, the solid angle becomes 2 = — 2x. If we form 
the difference of Eq. (8) for the two cases we find 


4n(¥; = Ws) = I(2Qe = [—2z]), 


ie. the potential jump demanded by (3). 

We will supplement this geomeirical interpretation of the expression 
(8) by a magnetic interpretation: We speak of a double layer on the branch 
cat § with the magnetic eurface densities + we, which we think of as dis- 
tributed parallel to S at a distance dn from each other. We regard the cur-. 

rent J as the moment per unit area of this magnetic double layer: 


I = wp dn. (9) 
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Eq. (8) may then be written 

tet = [ ondn 2 = do, (9a) 
If we designate by rs the distances of the point Q from the positive and 
the negative layer respectively we have 


Oi pd, a. Gee a - {2% (op) 


onr tf TT. 


Accordingly Eq. (8) is in fact the potential of a magnetic double layer whose 
moment haa the constant value J over its entire surface. Following Amp re 
we call the carrier of this double layer a magnetic shell; the linear con- 
ductor A forms the boundary of this shell. 

In this connection we state a generally valid law of potential theory for 
simple and double layers: A simple layer of the type (7.5a) 


tee = [Pde 


‘leaves the potential Y continuous in passing through the carrier surface o, 
but leads to a discontinuous normal component of the potential gradient, 


since 
(Fz). - Ge) 
on on : 

on the other hand, a double layer of the type (8) 


trv = [IS 2 de 


makes the potential discontinuous, but leaves its gradtent continuous. We 
have here 
. %—-%=IJ1, but HB, — A, = 0. 
B. Magnetic Energy and Magnetic Flux 


The calculation of the magnetic energy of a linear conductor in a medium 
of uniform permeability, i.e. the carrying out of the integration in the 
expression defining this energy: 


Wa5/HBar = 4 f Har, (10) 


becomes particularly simple by the above method. We utilize here the 
so-called “second form of Green’s theorem” (Vol. IT, Eq. 3.16) which 
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becomes, 
fuowar + f grad wgrad ude = f uS* de (11) 


if the two functions « and v occurring there are set, equal to each other. 
We ret u = VY and extend the integration on the left over the entire exterior 
of our jinear conductor, having made the potential Y unique with the 
aid of the branch cut S. The integral on the right is then to be carried out 
over the two sides 1 and 2 of S. We can omit the integration over the sur- 
face bounding the space considered at infinity in view of our knowledge 
regarding the behavior of ¥ at infinity. 

The first term on the left of (11) vanishes since A¥ = 0; the second is 
identical with 2 W/z sinee grad ¥ = —H. Summing over sides 1 and 2 
with due regard of the obposite signs of 3¥/dn, the right side of (11) becomes 


[@ 3 gh OE eee rf H, a (11a) 
on 


where the established rule regarding the correlation of the sign of the 
normal n and the direction of the current is to be observed. We thus obtain 
frpm (11) 


_? — +r. 
W Hr Hade 518; (12) 


Here @ is ‘he flux of the magnetic induction through our conductor A. 

A particularly simple definition of the coefficient of selfinduction L may 
be deduced from (12). For, if we compare (12) with the equation of defini- 
tion (15.17) specialized for a single conductor, 


W=4Lr (13) 
we find direetly 
@=LI, L= i. (14) 


We now pass from the single linear conductor considered so far to two 
linear conductors A, and A,. We must then make space “singly connected” 
by means of two branch cuts S; and S;, which are bounded by the cur- 
rents J, and I,. We shall call the normals correlated to J; and J; by the 
right screw rule n, and ”,. By superposition the magnetic fields of 7, and 
I, form the total field H = H, + H,. In the integration over S, and Ss, 
to be carried out as in (11a), there appear the expressions 


rf (Hy, + Hs) at do, and 1 | (Hi + Be) as doz. 
8 & 
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Thus (12) is replaced by an energy expression of four terms, which we 
shall write, as in (15.17), 


W = Lull + (ae + Lalit, + Leel?), (15) 

by = an Ai, dor, Le = 7, i Hin, dor, (15a) 
my aoe wi : 

iy = 5 f Hyde, In = % f Hing don. (15b) 


If H is expressed by ¥, and © by (8), it will be recognized that also with 
this definition 

Ey = In. 
We then obtain. 


+ | 
re ae y dei [ | ae (18) 
1 2 


Om Ones’ 
where 7; is the distance between any one point on S; and any second point 
on S; . Since the right side of (16) is symmetrical with respect to the indices 
1 and 2 it representa also Ly, . ; 

By the representation in (15a, b) the magnetic fluxes 4, and 4, through 
S, and 3; may be written 


a, ~uf (Hi + His, doy = Ly I; + Lula, 
(47) 
, = »f (Hy + Hy)s, do; = in], + Lu hh. 


The magnetic flux is thus now expressed by two elements (for n linear con- 
ductors by n elements) in terms of the two (or n) currents. 


C. Application to the Selfinductance of a Two-Wire Line 


As in §15E we regard conductor and return conductor as one closed 
circuit and designate, just as there, the separation of the wires with a, the 
radius with b. Since we cannot proceed to the limit ) > 0 our method of the 
scalar potential, which is restricted to linear conductors, is strictly inap- 
plicable. However, we may regard Eq. (14), quite apart from its origin in 
this method, as the definition of the selfinductance L, or, more exactly, of 
that part of L which has its origin in the exterior of the wires (see Fig. 22). 

The portion of the branch cut S which is of importance to us has here 
been shaded. It extends in the zy-plane (the plane containing the two axes 
of the wires) from the periphery of one wire to that of the other and is to 
have the length 1 in the y-direction. The magnetic field H results, in gen- 
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eral, from the vectorial superposition of the magnetic fields H, and H, of 
the two wires. On the plane area 8, H, and H; have, however, the same 
direction, since J; = —J;, and are perpendicular to S. With xz and a — z, 


¥ . 


Fig. 22. Selfinductance of a Swouwite line, com- 
puted from the magnetic ftux through the branch 
cut §. 


respectively, indicating the distance of the reference point on S from the 
conductor and the return conductor we obtain 


2x \z a —% 
hence we find from (14) for unity length of the two-wire line 


a—b 
_ # 1 1 
Le-£f (2+ +.) an (18) 


The subscript a of L indicates “external selfinductance”. The evaluation of 
(18) yields: 


a- bd 


coe = 
Le 5 (log 7 log 


ey) = fies Gi Fees. a9 
the last since b << a. If we compare this with (15.35), we see that the first 
part of the earlier formula corresponds to our “external” selfinductance and 
conclude from this that the second part will signify the “inner’’ selfin- 
ductance L; . 

We confirm this in the following manner: Employing the energetic defint- 
tion of selfinductance in (15.17) we put 


W; = 4L7’. (20) 
W; is the magnetic energy within a unit segment of our two-wire line. 
Within the individual wire the magnetic field is given, as in (15.33a}, by 


er i 
a 
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if we neglect the magnetic field of the other single wire, which is weak in 
comparison. Hence the energy content of unit length of the individual wire 
becomes as in (15.33a) 


b te $ 
s per ee rd wT _ Hl 
aA, i ds of (E55) ra dab! Bae iéx 
This is one half of the energy W; in (20). It hence follows from (20) that 


Li= 7 (20a) 


Together with (19) this confirms our earlier result (15.35). 


D. Application to the Electromagnetic Current Measurement of Wilhelm Weber 


We proceed from Eq. (8) and assume to begin with that the surface S 
bounded by the current J is plane; the reference point for which ¥ is to be 
computed is supposed to be at a great distance from S. Then the direction 
of dn and the magnitude of 1/r become the same for al} elemente de of S. 
The integration over de may be carried out directly and yields 


a1 


At the same time we recall Eq. (7.10b) for the potential of a single mag- 
netic pole p. From it we obtain for the potential of a dipole of the very small 
separation | between poles and the direction n of the axia: 


= M = , M = pl = moment of the dipole. (22) 

Comparison of (21) and (22) indicates: The magnetic field of a current I 
bounding a surface S is, at large distance, equal to that of a dipole, we might 
also say a short bar magnet, which is placed perpendicular to the surface S 
and has the moment M = IS. 

A non-plane current path may be projected on three mutually perpen- 
dicular planes and the equivalent bar magnets may be arranged perpendicu- 
larly to the resulting plane current paths. Vectorial addition of their 
moments yields an obliquely oriented dipole, which at large distance again 
produces the same magnetic field as the original current path. 

This equivalence of current and magnetigm is the basis of the famous 
“electrodynamic determination of units” of Wilhelm Weber. Furthermore 
the electromagnetic system of units, which hails back to Weber, is based 
on it, i.e. on putting equal 


I-S = M. (28) 
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The eleciric quantity J thus becomes a magneii. quantity. Or rather: For 
the electric quantity J a quantity M/S, which appears different in char- 
acter, ia substituted. This is possible only if a definite relation is established 
between the dimension of the magnetic pole, which as before we shall 
designate as P, and the dimension Q of charge. By (23) this relation is 


a «= P-length 


or 


P= Q. eet = ()- velocity. 

We thus arrive at Ampére’s hypothesis according to which magnetism is 
merely electricity in motion. However, we mentioned already on p. 47 that 
this hypothesis is today, after the discovery of the neutron as a basic ele- 
ment of all nuclear matter, no longer as binding as a hundred years ago; 
we also saw in §8B that Cohn’s system of units is independent of this hy- 
pothesis and is recommended particularly by that fact. 

_ Our system of the four units MKSQ bears a peculiar relation to the elec- 
tromagnetic cga-system introduced by Weber. As we know, our unit Q = } 
coulomb = 1] ampere-second is defined as 1/10 of the electromagnetic unit 
of charge. The fundamental constants of vacuum, with due regard for the 
experimental fact toe = l/c’, were therefore found to be 


. 2. 
jn = de 107 ae = 4x-107 ene , Eq. (45.18b) (24) 


_ £ _ 10 QM __107 farad 
a = ue = re joule St 36y ™M ’ Figs. (7.17) and (10.3b) (25) 


Q*M 
However, we know that, apart from the electromagnetic (more briefly 
magnetic) system, also an electrostatic (more briefly electric) system is in 
use. Here the arbitrary, and only historically justifiable, convention (7.8) 
is made: 


+ 2 
if = 4ecl0™ joule 3 12070, Eqs. (7.19) and (4.5). (26) 


f= 49% =1 (27) 


and from this an electrostatic unit of charge e, is defined. We ask how Q is 
to be expressed in this unit, i.e. what value Q/e. may have, having fixed 
the value of Q measured in terms of the electromagnetic unit of charge 


Cregn DY 
ieee, (28) 
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From Eqs, (25) and (27): 


_ 10" (Q/ea)?- 10° cm 
is ata ‘@ 10’ erg sec? 


From this and (28) it follows that 


16 cm : (29) 


|= 4 (Omagn/@el) > = = ¢ & 3-10 
The unit of charge in the magnetic system is 3-10'° times larger than the unil 
of charge in the electric system. This corresponds to our metaphor of river 
and waterfall on p. 58. The numerical values of a given physical charge 
behave of course in inverse fashion. Thus the coulomb has, in the electric 
cgs-system, the numerical value 


1 
Q = 59 6 = 310" 


see also our data on the charge of the electron in §8D: 
4.80-10°" electric and 1.60-10™ magnetic units. 


The conversion rule for the numerical value ¢ of an arbitrary charge in 
and MKSQ system to the corresponding numerical values émagn abd €1 is 


é : ’ 
10” Go a CCwsgs = Cal’ (30) 


Since the quotient D/e on the one hand and the product Ze on the other 
are independent of our fourth unit, the conversion of D and # may readily 
be derived from Eq. (30); for the conversion of E (30) yields. 


10 (ree Bsexsa = 5 Baan! = Eat (1) 
Rules (30) and (31) replace the rule given by H. A. Lorentz on p. 87 of Vol. 
V; of the Mathematische Enzyklopddie. 
With this the unpleasant business of the electrical units may be regarded 
as definitely disposed of. 


$17. Detailed Treatment of the Field of a Straight Wire and a Coil 


We consider the apparently trivial case of an infinitely Jong straight wire 
carrying a stationary current with a return path in = coaxial hollow cylinder 
surrounding it, Let the radius of the wire be a, the inner radius of the 
hollow cylinder b, and the outer radius ¢ + «©, For reasons of symmetry 
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the magnetic field is known directly, and similarly the current density. As 
in §4, Eqs. (10) to (13), we have 


r I I 
Se Eee Se 
a<r< b, H = a, J =O, (1) 
2ar 
ber<o, Ax t J = 0. 
2ar 


The direction of H is everywhere azimuthal: H = H,. 
In the interior the electric field is ern axial in direction and has 
by Ohm’s law the value . 


J I 
a alte a r= a. (2) 


Simitarly by Ohm’s law we have within the hollow cylinder (conductivity 
#1) 


Eu’ =Q, ber< o, (3) 
v1 


In the region between wire and hollow cylinder the field is yet to be deter- 
mined, from the differential equations 


E=-grad¥, A¥=0 (4) 
and the boundary conditions 
? 
= —E, = 4 ato ee (5) 
. 0 for or =. 


Since these conditions are independent of ¢ and » we can write for the 
solution of A¥ = 0 


¥ = ¥,(r)z. (6) 


We can omit an additive term %(r) independent of z since we can satisfy 
all the conditions of the problem with formula (6). We then obtain from (5) 


I 
. ¥,(4) = — yao? ¥,(b) = 0, (7) 
The differential Eq. (4) demands 


7 ae ae ¥, = A logr + B, 
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which yields, with (7) 
ee = a a 
V(r) = are log ; Ve log * (8) 


Now the field E is known also in the intermediate apace a <r < 6. Accord- 
ing to (6) and (8) it is represented by 


= — = he r / pd 
E, ¥, = - log 5 logs, (9) 
av Te a@ 
E, = Mg = FE tog? (9a) 


Thus the field is here by no means axial in direction, as in the interior of 
the wire; rather, its radial component is of the same order of magnitude 
as its axial component. 

In passing from the interior to the exterior of the wire there occurs a — 
jump in E, and hence also in the corresponding component of the excitation 
D, which indicates the existence of a surface charge: 


elz a 
w= D, = eB = SE / tog? (10) 


This surface charge decreases linearly along the wire, from positive to nega- 
tive values, in formal language from + to — ©, It depends only slightly, 
i.e. logarithmically, on the radius } of the outer return conductor. The sero 
point of the charge remains undetermined since the point z = 0 can be 
fixed arbitrarily. We may eventually identify it with the “center’’ of the 
wire, which, for infinite length, also remains indefinite. 

We can obtain an idea as to the magnitude of this charge in the following 
manner: The dielectric constant in (10), which refers to the exterior of 
the wire, does not differ materially from that in the interior of the wire 
(though for metals it is rather hypothetical). Hence the quotient ¢/c does 
not differ materially from the relaxation time T, defined in (4.9a), for the 
material of the wire; this is of the order of microseconds. The product 
eI/o occurring in (10), which represents a charge, is thus not of the order 
of an ampere-second = Q, but of the order of a microampere-second = 10°* 
Q. The peripheral charge of the wire and the radial field strength corre- 
sponding to it are hence very small. This is the reason why they generally 
remain unnoticed both in theory and in experiment although, as we shall 
see, they are essential for an understanding of the current transport. 

Implicit in the existence of a radial electric field is the appearance of a 
potential difference between wire and return conductor. According~to 
(9a) it ia given by 

Iz 


4 
a eee ee il 
Vv [ez of. (11) 
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We compare it with the charge on unit length of the wire, ¢ = 2raw, or 
the equal and opposite charge on unit length of the return conductor. We 
find 


pd 
y b. (11a) 


This is the capacity per unit length of the cylind:ical condenser formed 
by the wire and the return conductor (see Problem II.5). We speak here 
and in similar cases of a “distributed capacity.” 

Fig. 23 shows the shape of the eguipotential lines ¥ = const. in the z, r- 
plane, given according to Eqs. (6) and (8) by 


z log » = ¢. (12) 


For C = 0,2 = 0 and r = 6b, corresponding to the broken lines ABC and 
ABD of the figure. The equipotential lines for C > 0 accommodate them- 
selves within the area bounded by them. The angles under which they meet 

‘the surface of the wire deviate increasingly from a right angle with in- 
éreasing distance from A. The orthogonal trajectories to the equipotential 
lines represent the isnes of force; the arrows on them indicate the direction 
from positive to negative surface charge w. Two bounding curves passing 
through the “equilibrium point” B (see footnote 2 after Eq. (9.14b))} 
belong to this family of curves. According to (12) the equipotential lines 
satisfy the differential equation 


b dr 
log ~ dz ‘—_* Q; 


on the other hand, the lines of force, which are orthogonal thereto, (re- 
placement of dz/dr by — dr/dz) are given by 


2 de +r log? dr = 0. 


In the neighborhood of B we find, with p = b — r, 
zdz— pdp = 0. 


Thus éwo limes of force, with tangent directions z = +p, pass through the 
point B forming a right angle with each other. At a greater distance from 
these bounding curves, above and below them, the lines of force pass more 
or less radially from the wire surface to the outer conductor. 
The equipotential lines represent at the same time the paths of the 
energy flux §; the arrows marked on them indicate the direction of S. From 
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the formula S = E X H, S is perpendicular to H and hence lies in the 
plane of the drawing, since H is everywhere perpendicular thereto; in addi- 
tion S is perpendicular to B and hence has everywhere the direction of the 
family of curves ¥ = const. An application of the right-screw rule for the 
three vectors E, H, § shows that the arrows are properly oriented. 


Fra. 23. Energy flux about a straight wire carrying stationary current with co- 
axial return conductor. Equipotential Sines = stream. lines of the energy drawn out 
fuil, elestricat lines of force = excitation lines drawn dotted. They form tubes of 
constant charge starting and ending on the surface of the wire and the return con- 
ductor, respectively. Their number per unit length of the wire indicatea the surface 
charge on the latter and its linear increase with distance from A, positive for z < 0, 
negative for 2 > 0. 


Since E = J/o the lines of force within the wire (not drawn in the figure) 
are axial in direction; hence the vector S is directed inward, perpendicular 
to the surface of the wire; here also it lies in the equipotential surfaces 
¥ = conat. The energy flux is dissipated in the interior of the wire since it 
becomes sero for r = 0, in view of H = 0. This is indicated in the figure by 
the terminated arrows at A. Such arrows should be imagined along the 
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entire surface r = a. The energy entering from the surface is converted into 
Joule ‘heat in the interior of the wire. 
According to (9) and (1) the magnitude of the energy flux for r = a is 
I 
| IS| ~ Bae = 5 Bra? 
the energy supply to unit length of the wire from all sides hence becomes 
1 
2sa|S|= IPR, ee a q= 0. (13) 


R, is the ohmic resistance of unit length of the wire; (13) thus yields, in 
fact, the Joule heat claimed by this unit length. 

Accordingly we obtain the following total picture of the behavior of the 
energy: Outside of the wire the energy flows from the electrodes z = +0 
from all sides ioward the surface of the wire. After entering tt tt flows radially 
toward the axis of the wire, being converted at the same time into heat. There ts 
no energy flux parallel to the wire axis within the wire. 

This picture is materially different from the popular concept of the 
energy transfer in a wire carrying current. From the Maxwellian standpoint 
there is no doubt, however, about the inner consistency and unique validity 
of our picture. It indicates the fundamental change which Maxwell's theory 
has brought in the concepts conductor and nonconductor: The conductors 
are nonconductors of energy. Electromagnetic energy is transported without 
loss only in nonconductors; in conductors it is destroyed, or rather trans- 
formed. The notation “conductor” and “nonconductor” refera only to the 
behavior with respect to charge; it is misleading if applied to behavior with 
regard to energy. 

We thus come to the conclusion that our simple example is after all not 
as trivial as it appeared. 

The next-simplest case of the circular conductor is already beyond ele- 
mentary treatment. Even in the limiting case of the linear conductor the 
geometrical formula for the solid angie involves an elliptic integral. In fact, 
if we use the polar coordinates 7, ¢, z for the reference point and 
p,a+o— x, 0 for the point of integration we find from Eq. (16.8), denoting 
the distance between point of integration and reference point by &, 


ai -f 7 e323 2 as 
[ope ode | da = (r +p + 2rp cos a + 2) 


wa! ° p dp ie dp 
dle V+ tele VI — sin? B 
8 = a/2 
he Arp 


~ Fe +A 
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The preceding integral with respect to 8 is a ‘“‘complete elliptical integral 
of the first kind in the Legendre standard form,” and & is the “modulus” 
thereof. We cannot of course here delve further into the treatment of this 
formula. 

The exact treatment of a coil of wire of finite thickness with finite pitch 
would be even more complex. We hence pass directly to the limiting case 
of very smali thickness and pitch, i.e. Ampére’s solenoid, whose magnetic 
field was already discussed in Eq. (4.14), though only superficially. We now 
wish to compare it with the field of a permanent uniformly magnetized bar 
magnet of the same dimensions as the coil. We shall here assume the interior 
of the coil and the coil wire to be unmagnetic (u = jus). 

We shali show that the H-jfield of the coil corresponds to the B-feld of 
such @ bar magnet. As proof we write down the boundary conditions and 
differential equations for the two cases side by side: 


Coil Bar Magnet 
(H,—H).= Nu, (Ba — B,), = w(H. — Hi — M). = —mM, 
(H. os Hi). = 0, (B. re B.)a = Q, 

AY = 0, div B = wdiv H = —pwdAt = 0. 


The first line relates to the mantel surface. Its left half states simply, in the 
terminology introduced at Eq. (4.4e), that the surface curl on the mantei 
surface of the coil is equal to Ny, where N, is the number of turns per unit 
length. The right half of the first line follows from our equation 
B = yo(H; + M) for the interior of the bar magnet, which for the exterior 
becomes B = iH, . It states that the surface curl of B on the mantel sur- 
face of the bar is equal to —joM. A comparison of the two halves of the 
first line shows that, in the bar magnet, the quantity ~—uMf/N; corre- 
sponds to the current 7 in the coil. 

We apply the second line in particular to the two end surfaces. Here 
both B and H are of course continuous for the solenoid, for the bar magnet 
only B. Since we have assumed « = yw the same equations apply also for 
the mantel surface. 

The third line applies in the two cases both for the interior and for the 
exterior; here we must recall our assumption regarding the bar magnet that 
its magnetization was supposed to be uniform, since otherwise the term 
wo div M would have to be added to the term uo div H and this would spoil 
the comparison of the two cases. 

We see therefore that our earlier Fig. 17, which represented the B-field 
of the bar magnet, reproduces simultaneously the H-field of the solenoid. 
Accordingly the earlier Eq. (4.14), which applies only for an infinitely long 
coil, is rounded out graphically by Fig. 17. This provides us now with a 
complete picture of the spreading of the lines of excitation at the ends of 
the coi! and of their exit through the convex surface. 
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With respect to the representation of the coil field by the potential ¥ we 
wish td point out expressly its familiar multivalued character; the branch 
cut S, which makes it single valued, is a helical surface of infinitely small 
piteh which follows the turns of the wire. It follows that the equation 


$ H-ds = 0 


which is universally valid for the bar magnet loses its validity for the 
co if the path of integration links one or several turns. Hence aiso the 
conclusion with regard to the demagnetizing character of the H-field of the 
bar magnet is not applicable to the coil. For to reach this conclusion, we 
employed (see p. 85) a path which inside was along the axis of the bar and 
on the outside led back to the bar axis. This same path, for the coil, inter- 
sects the above-mentioned helical surface and therefore is not a permissible 
path of integration. 

We can also make the following statement: The H-field of the bar magnet 
is lamellar throughout, that of the coil is not; instead it has the curl I cen- 
centrated at the turns of wire. The H-field of the coil is solenoidal through- 
_ out, since everywhere B = yoH, that of the bar magnet is not. For the uni- 
‘ formly magnbtized bar the bar ends have a surface distribution of divergence. 
In view of the proportionality of B and H for the coil, Fig. 17 evidently also 
represents the B-field of the coil. The H-field of the bar magnet, Fig. 18, is 
materially different from Fig. 17. 

The near-uniformity of the internal field evident in Fig. 17 suggests the 
computation of the magnetic energy W of the coil by the formula 


We Hv, (14) 
where V = xa’l is the volume of the interior of the coil. In view of the 
relation Hl = NI (Eq. (4.14)), where N is the number of turns along the 
full tength of the coil, (14) takes the form 

z 
W = + uN? Hs (ida) 


A comparison with our energetic definition of selfinductance in (15.17) 
leads to the following value of the latter: 


ia 7 AN (15) 


This forroula applies, of course, as may also be seen from Fig. 17, only for 
a very long coil and hence ean scarcely be used for forms encountered in 
practice. On the other hand, it retains its validity if the straight coil is bent 
into a ring electromagnet, because of the close approach to field uniformity 
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within the latter. Here the factor » in (15) also becomes significant if the 
ring is provided with a soft-iron core. Eq. (15) shows that this arrangement, 
first suggested by Ampére, has a much greater selfinductance and hence 
realizes a much greater concentration of energy than the electromagnet 
without iron for equal coil current. 

This increase in energy concentration applies qualitatively also to the 
straight coil with soft-iron core. The quantitative computation of field and 
energy would, however, be much more complex, since a boundary-value 
problem, corresponding to the passage of the magnetic lines of force from 
iron into air, would be added to the summation problem which we have 
treated. 

$18. Quasi-Stationary Currents 

Most of the problems of electrical engineering and of laboratory physics 
lie within the domain: of the slowly variable fields. It is true that there is no 
one-word answer to the question “slow compared with what?”. For vibra- 
tions which are periodic in time or exhibit a damped periodicity the answer 
may be identified with the demand that the light path corresponding to the 
period 7 of the vibration be large compared to the dimensions J of the 
apparatus: 

er > (1) 


It is then permissible to neglect the “retardation of the fields” to be intro- 
duced in §19. At the end of this paragraph we shall, however, treat success- 
fully also very long lines, which do not obey this condition, on a quasi- 
stationary basis, by subdivision into differential segments. 

In general terms the quasi-stattonary approximation consists in calcu- 
lating all fields as for stationary processes. In this manner it becomes pos- 
sible to establish a dinear relation between the expressions occurring in the 
integral form of the Maxwell equations. We refer to the magnetic flux 
@ through a closed curve, the current Z through a cross section, and 
the electromotive forces Va along segments of the path of integration, 
which add up to the loop emf. V for this path: 


b= [ Bade, I= [ Indo, Va = [ Bas, 


V=DVa= $ Bide 


We know that, under stationary conditions, the following relations exist 
hetween them: 


d = Lyf, + Lisis + Enels + --- (magn. flux through circuit 1) 


te z (Ohm’s law), I = VK (condenser charge). 
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The inductances L, resistances R, and capacities K depend, apart from 
the material constants, only on the geometry of the field and are the result 
of an integration over the space coordinates. Hence only an integration with 
respect to the ¢éme remains to be carried out. The mathematical sinaplifica- 
tion achieved in this manner is considerable: While the exact treatment 
of rapidly variable fields demands the integration of the Maxwell partial 
differential equations, the integration of ordinary differential equations 
with constant coefficients suffices for slowly varying fields; for periodic 
processes these reduce even to algebratc equations. 

This method was developed by Gustav Kirchhoff (see beginning of §15) 
and was applied to metal wire loops and networks composed of them. It is 
jn general appropriate to choose the closed path of integration along the 
metal wires; an interruption of the metallic path by nonconducting gaps 
(condensers) does not interfere with the method, however. The case of 
thin wires is particularly convenient, since here the field within the wire is 
practically uniform. 

The first Maxwell equation in integral form then yields for the chosen 
closed path of integration 


—$ = V = joopemf. (2) 


The second Maxwell equation finds expression in the computation of the 
coefficients of induction insofar as it represents the production of magnetic 
fields by currents and in the computation of the resistances and capacities 
insofar as it represents the origin of these currents from the electric field. 

For a simple current loop without branching the two sides of (2) may be 
expressed in terms of the current J which is the same for all cross sections: 


-IXQL=1DR+ {Ia Ler. @) 


It is seen that here the selfinductance coefficients of all the magnetic fields 
ean be combined in a single expression, which may be represented by an 
imaginary coil at an arbitrary point of the circuit. The same applies for the 
resistances and the capacitances. F is the presumably known e.m.f. between 
the terminals by which the current enters and leaves, i.e. the socalled ter- 
minal emf. The introduction of this e.m.f. Z conveniently avoids carrying 
the path of integration through apparatus whose action is not covered by 
the Maxwell theory (galvanic or thermoelements, photoelectric cells, elec- 
tron tubes) or through “machines” which, though they function fully 
within the framework of the theory, would unduly complicate the problem. 

If several loops are joined in a network, the latter may be regarded as 
made up of elements connecting the “junction points”. Let the nth element 
carry s current J, from one junction point to another. Since we do not 
as yet know its sign, we place a marker arrow on the element which is to 
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indicate in what direction we shall reckon the current as positive. In view of 
the absence of current sources we have for the junction points 


v= 0 (4) 


and for every circuit made up of arb:frary elements Eq. (2) applies again 
in the form 


DiRet Van = —b (= emf). (5) 


(4) and (5) are known as the “first” and “second” Kirchhoff equations 
They date from the time preceding Maxwell’s theory. Hence Kirchhoff 
places on the right side of (5) not —#, but the older concept of the eleciro- 
motive force (e.m.f.) of all ‘‘current sources” which are inserted in the 
closed circuit. If we are dealing with currents which result from Faraday 
induction, e.g. in coils of machines, this e.m.f. becomes exactly identical 
with —# and its concept is superfluous. It has, however, the advantage of 
covering also the effect of other current sources (batteries etc.) without re- 
quirmg an examination of the physical processes taking place therein. 


A. Energetic Interpretation of the Wave Equation 
,We consider in particular an unbranched circuit with selfinductance, 
capacitance, and ohmic resistance, which we imagine connected in series 
and, as in Eq. (3), concentratec! at certain points of the circuit. Thus we 
insert a resistance box in place of the resistance which is distributed over 
the wire; a coil in place of the distributed selfinductance with which we 
became familiar in connection with the two-wire line in §15E; and we shall 
not consider distributed capacities in the circuit but assume instead the 
presence of an electric plate condenser. 
The law of conservation of energy offers a particularly convenient ap- 
proach to the treatment of such a system, just as to the treatment of ma- 
terial vibrations in mechanics. We write it in the form of Eq. (5.72): 


Wat Wt O= $ Sido, (6) 


W. is the magnetic energy concentrated in the coil, given according to 
Eq. (17.148) by 


W. = a (6a) 


W, is the electric energy within the plate condenser, according to Eq. 
(10.11) given by 


W, aad 3K é. (6b) 
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Here -te are the varying charges on the two condenser plates and 
de 


Is a . (6c) 
Q is the Joule heat generated within the resistance box: 
Q = RF’. (6d) 


The energy flux S refers to the current source. By Eq. (15.40) we write for 
the energy supplied by it in unit time 


§ S. dc = El(volt-ampere = watt). (6e) 


& is the terminal e.m.f. of the current source mentioned above. 
From (6a, b) follows 


Wa= Lil Wi= pee= pel. (6f) 
Substitution of (6d, e, f) in (6) leads to, after canceling of a factor I: 
Ll+ Ri +pe=F§, @) 
‘and, after a second differentiation with respect to ¢, to the wave equation 
LI+RD+21= 28 | (7a) 


In the terminology of point mechanies there corresponds thus 
E to the exciting force, 
L to the inertia, more particularly the mass of the vibrating particle, 
& to the damping, and 
K to the coefficient of the restoring force. 
As in mechanics, we distinguish between free and forced vibrations. 


a. Pree Vibrations 
We set E = 0 and ask for the solution of the homogeneous equation 
LI+RI + eI =0. (8) 


We can assume a trigonometric form for Z, but know from point mechanics 
that it is definitely preferable to use instead the exponential form at the 
start and to pass to the real part of J only after the tegration. We there- 


fore’ set. 
I = Jye** (Sa} 


* Temporarily we adhere to custom in employing the usual positive sign of é ia 
the exponent, although we generally prefer the negative sign. See e.g. §6, Eq. (11). 
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and obtain for the circular frequency w, = 2x/ro of the free vibration the 
quadratic equation 


oe ee z a0 (8b) 
For no damping we find 
re mp lar Se a/R (9) 


This is the Kirchhoff-Thomeon formula. If it is necessary to take account 
of damping the solution of (8b) yields 


_ tR l R 
= 4 a - oe (92) 
The process is aperiodic or periodic, depending on whether 


& > ke or x < = 
2L° SKE 2b ° -/KL 
In the aperiodic case uw is purely imaginary and the current (8a) decreases 
monotonically.,In the periodic case usually found with condenser discharges 


tie angular frequency is 
1 FR 
/ KL — =: (9e) 


Since the ohmic damping occurs here only as a correction of the second order 
as compared with the first term on the right of (9a), (9c) ean usually be 
replaced by (9)—in analogy with the mathematical pendulum, where 
the formula r = 2x4/I/g is not affected appreciably by air resistance etc; 
hence it is generally permissible to write in place of (8a): 


I am DP aaa) abel s (9d) 


where 7) now represents the value (9) with no damping. The double sign in 
(9d) evidently becomes unimportant when finally passing to the real part, 
but permits taking account of the phase of the oscillation which, like the 
amplitude, may be prescribed arbitrarily, through superposition of the 
two solutions. 


(9d) 


b, Forced Vibrations 
Here we proceed preferably from Eq. (7) and set 
E= E.e™'; 


w is the angular frequency of the alternating current source: The circuit 
oscillates with the same rhythm as soon as its characteristie vibtations, 
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which are determined by an arbitrary initial state, have decayed. We have 
therefore 


Tate", t=iol, emt (ee (60). 
ia 
We thus obtain from (7) 
(iat +R + oe) l=, 
wk}. 
for which we shall write more briefly 


RI = E. (10) 


(10) is Ohm’s law for aliernating currents; the real ohmic resistance # is 
here replaced by the, complex impedance 


R= R+i(ot- 2). (10a) 
If we put 
R=|R|e*, (i0b) 
"awe evidently have 
IRi = B+ (ol - Ze)» tan a = SE MOR) (10¢) 


We introduce the following designations: 


RR = resistance 
wl — 1/(eK) = reactance 
wh = inductive reactance 
1/{wK) = capacitative reactance 
| R| = impedance.’ 


We give an interpretation of Eq. (10) in the complex Gaussian plane of Fig. 
24. The two-dimensional “vector” J lags by the constant angle « behind 
the two-dimensional “vector” EF. Of course only the real parta of EF and I 
have physical meaning. 

The engineer calls this representation a rotating vector diagram; The 
figure should in fact be thought of as rotating with the angular velocity « 
as time progresses. The projections of the two-dimensional vectors E and 
on. the real axis give the instantaneous values of these quantities. 

We shall establish furthermore how the energy flowing into the system 


1 In electrical engineering this term, incidentally, is used not only for } R |, but 
aleo for our impadance operator R iteelf. 


48.12 QUASI-STATIONARY CURRENTS 139 
is used up. To this end we multiply Eq. (7) with J, where now 7 and E are 
to represent their real parts. We find 

L a 2 4 3 

x di at + RI tance = IE. (11) 


If we average over a period 7 = 27/w of the vibration, we obtain: 
-{ RP at =< [ IE dt, 
T T 

so that 


= JE. (lla) 


The contributions derived from E and K vanish since they are given by 
differentials. The average power TE introduced into the system is thus dis- 


Fro. 24. Representation of the complex # and J in 
the Gaussian plane. Lag of J with respect to E by the 
angle a. 


sipated entirely in the ohmic resistance 2. The imaginary part of our 
impedance operator R has a purely wattless effect on the e.m_-f., i.e. it does 
not consume energy on a time average. We can calculate directly 


F=f Iy} 008? (ot — a) dt = 51; (1b) 
l i 
La; = /2 Ip and correspondingly Eu, = /2 Eo; (ile) 


Is, is cailed the “effective current”, £,,, the “effective voltage”. For the 
average power we find 


m-* Eel cos ot cos (wi — a) dt 


=} Ba f cost at cos acd + f cos at sin wfsinadt (12) 


= Ely COS Qa = Loss Eazy COS a. 


fl 


Analog: Work = Path: Projection of the force on the path, where the pro- 
jection must be carried out in the complex plane im the present example. 
This analogy applies however only for the time average, in which the second 
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integral of the middle line of (12) vanishes. The latter signifies an oacillation 
of the energy between storage (K, L) and the current source (Z), 


B. The Wheatstone Bridge 


We distinguish between the four bridge arms a, b, c, d and the arms 
e and f, containing the current source and the galvanometer, respectively. 
The disappearance of the current in the galyanometer arm is attained by 
adjustment of the slide-wire contact S$ (or eventually the two sliding con- 
tacts S and Pf). Thus a null method, viewed with such favor in physical 


Fre. 25. Wheatstone bridge: a, 5, c, @ branches of 
bridge with resistance boxes and induction coils con- 
nected in series and, eventually, capacitances con- 
nected in parallel; f and e, branches containing galvan- 
ometer and voltage source; S and T slide contacts. 


measurements, is realized. The geometrical structure of the bridge is best 
represented by a tetrahedron (Fig. 26), the six arms being transformed into 
the six sidds without altering their relationship, as in analysis situs. The two 
arms ¢ and f then become opposite sides, similarly the arms a, d and b, 
¢, while the arms a, b etc. become “adjoining sides”’, 


Fic. 26. Space representation of Wheatstone bridge as 
tetrahedron; adjoining and opposite branches. 


From the great range of applications of the Wheatstone bridge we select 
two characteristic special cases; the trivial case of the comparison of two 
ohmic d.c. resistances will be a by-product: 


a. Comparison of two selfinductances 
b. Comparison of a selfinductance and a capacitance 


a. Let the two selfinductances L, and J, be inserted in the adjoining arms 
a and b, in series with the ohmic resistances a and b, as shown in Fig. 25. 
In opdet that there may be no current in the arm /, we adjust the sliding 
contacts S and 7 so that there is no difference of potential between there. 
Sta:ting from A we.have, from (10) and (10a), 


(a + toLe)l, = els (13) 
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and starting from B: 
(b + twle), = diy, (13a) 
so that 
(a + toh.) d = (b + twle)e. (14) 


If this equation is to be satisfied, the equality must exist individually for 
the real and for the imaginary parts. Thus: 


ad=be, Lad = lye. 
a_c_ Ia (14a) 


bd 
The first half of this double equation applies also for the equilibrium of an 
inductance-free bridge, irrespective of whether it is traversed by direct 
or by alternating current. 

b. Let the selfinductance and the capacitance lie in two opposite arms of 
the bridge, e.g. a and d, in such fashion that the selfinductance L and the 
ohmic resistance @ are connected in series, the capacitance K and the 
‘ohmic resistance d, in parallel. According to Kirchhoff (see p. 101) the 
potential drop‘across two parallel ohmic resistances R’ and R” with the 
currenta J’ and I” is given by 


1 


RI with T=P+!", i y a 
The corresponding voltage drop for alternating current is evidently 
RI with r= +12", 4 = a + a (15) 


For our bridge arm d the total current at its end points is J; (see Fig. 25); 
we therefore set 


? fia l 1 1 * 
I = 7s, R = 4d, R " jek? R~qgt wk 
and obtain in place of Eq. (13a) 
a ee (15a) 
d 


In combination with the unchanged Eq. (13) this ieads to: 


Ty 


@, « b&b ys 
fps ae 
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which yielus, separating real and imaginary parts, 


L 
Tn the notation of p. 138 the last term of this double equation is the product 
of inductive and capacitative reactance. Eq. (16) shows that the deter- 
mination of a capacity from bridge equilibrium rests, apart from ohmic 
resistances, on a known selfinductance (or vice versa). 

In our examples we have restricted ourselves to cases in which the equi- 
librium conditions, Eqs. (148) and (16), do not depend on w. In such cases 
the bridge equilibrium exists not only for the purely periodic alternating 
current here assumed, but for an arbitrary time variation, e.g. excitation by 
an interrupter. There are other cases in which the equilibrium conditions 
depend on w; bridge equilibrium then exista only for sinusoidal alternating 
current. 


C. Coupled Circuits 


The law of conservation of energy sufficed to set up the oscillatory equa- 
tion for one degree of freedom. For a system of two circuits (two degrees 
of freedom 7, and 7,) the energy theorem no longer is adequate for setting 
up the differential equations, just as in mechanics. On the other hand, 
Kirchhoff’s law (5) yields directly 


bul, + Lisl, + Aili + a = Ki, 
1 
(17) 
Lal: + Lali + Rts + z = By. 


The generalization for more than two circuits is obvious. 

From (17) we can calculate, on the one hand, the free vibrations of our 
coupled system, on the other, the forced vibrations produced by an e.mf. 
In the first case we set #, = E, = 0 and reduce the resulting homogeneous 
system of equations, with the assumption 


taayt tee 
= Ae . ; fy = Ase ef 


to a biquadratic equation for ow after elimination of the ratio A;/A,. We 
can be brief in discussing the conclusions derived therefrom since the same 
problem has been treated in detail in Vol. I, §20 and the results are repre- 
sented there in Figs. 34 and 36. The characteristic beat phenomena of the 
‘coupled pendulums in the case of resonance occur, in terms of ovr present 
notation, when the periods of the uncoupled circuits are equal, which leads 
to Kilu = Kil», and when in addition the two “coupling coefficients” 
Lus/Zy and De)/ Ze are equal, which leads, in view of the universal equality 
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of Ln and Ly, to Ly = Ley. These beat phenomena become particularly 
impressive if we assume, as for the coupled pendulums, that damping is 
slight, in our case Ry 2 0, 2, = 0. 

Also for forced vibrations the treatment in Vol. I, §19 may serve asa 
model. If the free and forced frequencies are identical, w = o, damping 
becomes essential and the amplitude maximum and phase lag represented 
in Fig. 33 of Vol. I occur. 

At the beginning of the §20 mentioned above it was pointed out that in 
the early stages of wireless telegraphy coupled mechanical oscillations com- 
monly served as model for the coupled electrical oscillations which occurred 
in the open primary antenna circuit and the tuned secondary circuit intro- 
duced by Ferdinand Braun. It is true that for these rapid oscillations the 
quasistationary treatment is only a crude approximation; only the com- 
plete integration of the Maxwell equations in §19 can yield a satisfactory 
representation. 


D. The Telegraph Equation 

Quasistationary calculations may also be applied to short sections of a 
long two-wire line, for which condition (1) is not fulfilled. If the length of 
these sectiois is permitted to approach zero the total differential equations 
of the system become a partial differential equation. This was set up by W. 
Thomson even before Maxwell in the treatment of the propagation of tele- 
graph signals in marine cables. Between two oppositely located and oppo- 
sitely charged points of the double line there is a charging current with a 
change in voltage; Hence, in addition to the voltage V(x), aleo the current 
I(x) varies continuously along the length of the line. According to Kircb- 
hoff’s second law these two variables are related by 


al ave 
Lo + RI + = = 0; (18) 


L and R relate to unit length of the doubie line. Furthermore, it follows 
from the absence of current sources, i.e. Kirchhoff's first law (4), that 


al av 
ag (Ky + GV =O. (18a) 


For the sake of completeness a conduction current GV through the even- 
tually semiconducting dielectric has been added to the charging current 
KaV/at. This term may also account for hysteresis losses in the dielectric. 
G is known as the “leakage” per unit length of the double line; K also 
refers to this unit length. 2 
Elimination of V from (18) and (188) leads to the partial differential 
equation 
a a 3 
LK 5, + (RK + LG) 5 + RG -S GH = 0, (19) 


dx* 
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which applies also for ¥. If, in particular, the dissipative coefficients R 
and G are set equal to zero, it assumes the simple form of the differential 
equation of the vibrating string: 


oF az? 
and is integrated, for a phenomenon advancing in the positive x-direction, 
by 
iat tec ay ee 
I=afx#-— cc), ¢ / de: (20) 


According to (18) and (18a) the corresponding value of V is in this special 
case 


V = Leafle ~ ct) = 4/21. (21) 
The ratio of voltage V and current J is thus the quantity (L/K)', which 
is independent of + and ¢ and represents a resistance. It is known as the 
wave resislance. 

The following practical conclusion may be drawn from (21): If a finite 
double line is terminated by an ohmic resistance of the magnitude (L/KY*, 
no discontinuity occurs in the current and voltage variation at the end, 
henee also no reflection. 

Eq. (20) states that the current and hence aiso the voltage propagate 
themselves along the line without distortion and without damping. We may 
also ask for the condition for undistorted damped propagation along the 
line, t.e. that 


I= é “f(t — ct) (22) 
represents a solution of the differential equation (19). By substituting (22) 


in (19) and setting the resulting factors of f’, f’, and f equal to zero we- 
find 


1 12K + LG —_ 
¢ = TK? a= 3 / DK = / RG. (23) 


The velocity of propagation ¢ is the same as in (20). The double equation 
for a leads to 


; RK LG 
RK + L¢ 24 REKELG, 1.4, ff + RK 2; 


and hence 


?- 


RK K L 
fh = or also G "Ek (23a) 
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This signifies equal decay time for the pure displacement current KV + 
GV = 0 (Eq. (18a) with aJ/ar = 0) and of the pure conduction current 
LI + RI = 0 (Eq. (18) with 8V/ar = 0). By (23) and(23a) our damping 
coefficient a then becomes equal to Rx/K/L. 

In the general case the current variation changes with progress along 
the line. It is then proper to analyze the process into component waves of 
the form exp i(kx — wt) with complex, frequency-dependent k which are 
periodic in time and damped spatially. The total phenomenon is now no 
longer disioriton-free. 

The ideal case of undamped plane waves is approached if the two wires 
are imagined flattened into wide bands, the intermediate space being vac- 
uum and the band material a perfect conductor. Then, apart from the 
marginal portions, the electric field in the intermediate space is uniform, 
similarly the magnetic field. E is perpendicular to the bands in direction, 
H, parallel thereto. The current becomes I = | H |b (b = band width), 
the voltage V = | E |d (d = separation of the hands). The charge per unit 
length is e = e9 | E [band the capacity K = e/V = e9b/d. The magnetic 
flux per unit length, ie. through a rectangle with the sides 1 and d, becomes 
® = yo| H |d, so that the selfinductance L = 6/I = jod/b. From K and 
LE we compute, by (20) and(2t), 


1 1 
wave velocity ¢ = VEL = ven 


Herewith we have again come upon the quantity (yo/eo)', which in §6 we 
had described as the wave resistance of vacuum for the propagation of a 
plane wave. (To obtain agreement we must refer it now to a quadratic 
section of the wave surface, i.e. set b = d.) 

We have inserted this sketchy note on the telegraph equation partly to 
refer the concept of the wave resistance (more generally wave impedance 
or surge impedance) to its historical origin, partly to prepare the way for 
the transition to rapidly variable fields in the next section. 


$79. Rapidly Variable Fields. The Electrodynamic Potentials 

Only in this paragraph do we make full use of the unabbreviated Max- 
well equations, We indicate a general method of integration, which how- 
ever is limited to the case of a uniform medium, e.g. vacuum. Hence 
throughout space we put € = &, # = yo and in addition imagine the charge 
density p and the current density J to be given in all of space and for all 
times ¢ < %& (% = instant of observation). In this formulation of the prob- 
lem we already take cognizance of the electron theory, which, however, we 
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shall take up only in the third part. We start fram the Maxwell equations 
in the form (4.4) with the auxiliary conditions (4.4a, b, c). In view of our 
assumptions € = g = const, u = wy) = const we can write instead 


= —eurl E, (1) 
aE + mJ = curt, | (2) 
: bal 
div E = a (3) 
div B = G, (4) 
‘ op _ 
div J + i (5) 
We satisfy Eq. (4) by our earlier formulation (15.3) 
- B = curl A. (6) 
Substituting this in (1) we obtain 
| curl (E + A) = 0. 


This has the necessary consequence that the vector after the cur sign is a 
gradient. Thus 
. E = —grad¥ — A. (7) 
We call ¥ scalar potential, A vector potential. 
We substitute expressions (6) and (7) in (2) and obtain 
= 5A + grad ¥) + uo J = curl curlA = ~AA + grad div A. (8) 


We have here utilized the transformation of curl curl which has been 
repeatedly employed before (e.g. in Eq. (6.2)), but applies only for Car- 
tesian components of the vector A. We shall simplify Eq. (8) by splitting 
it up into two vector equations, namely into 


(9) 
and 
grad (<iv A+ 1%) =0. (9) 


If we refrain from the inappropriate addition of a function depending on ? 
only, ie. of a kind of “integration constant”, the second of these becomes 


divA+5¥=0. (10) 
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Our initial equations (1), (2), and (4) are thus satisfied; there remains, 
apart from Eq. (5), Eq. (3). In view of (7) this takes the form 


AW + divA = -= 


or, taking account of (10), 
Ae = 2 oe ee | (11) 


Our two potentials A and © thus satisfy two differential equations of the 
same form. We call them “wave equations”. As noted above, their right 
sides are given functions of x, y, z and of “past time,” ¢ < %. The desired 
solutions are related by condition (10). 

We recognize that this condition is appropriate from the following: If 
we call its left side X and if we form 


div (9) + coxe * (11), 


we obtain 
~ Lea dp 
(aiv J + 4) (42) 


The right side of this equation vanishes however because of our Eq. (5), 
which here at last is drawn into the consideration. Thus X also satisfies 
the homogeneous wave equation, which represents a wave process without 
external excitation, i.e. not a foreed, but a free vibration. It can be fore- 
seen from this that a suitable integration of the differential equations for 
A and ¥, which excludes the appearance of free vibrations, not only leads 
to Eq. (12) for X being satisfied, but also to X = 0, ie. the satisfying of 
Eq. (10). Nevertheless this equation is neither superfluous nor obvious, 
since the splitting up of Eq. (8), i.e. the transition from (8) to (9) and (11), 
rests expressly on condition (10). 


A. The Retarded Potentials 


With respect to the integration of our wave equations (9) and (11) we 
shall be brief, since the next section will indicate the rational procedure. 
We write down directly the result of the integration: 


ria = { U} dr (13b) 
Me r 
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¥ and A refer to the reference point 2, y, z and the “reference time” ¢, for 
which we wish to calculate the values of ¥ and A. é, 2, { is the point of 
integration and dr is equivalent to dt dy dt. The integration is carried out 
over all of infinite space and we have 


P= (e—th ty t+ @-— 9% 


[p] and [J] are, however, not the values of charge and current density at 
the time of observation £, but at the earlzer time 


Y=t—rfe. (13¢) 


r/c is the time required by the “light” te travel from the pomt of integra- 
tion to the reference point. Hence the expressions (13) are called refarded 
potentials. They are calculated from charge and current density at a time 
which is set back by r/e relative to the time of observation. 

The method of integration (13) is mathematically unique if, for physical 
reasons, the addition of advanced potentials, which correspond to the later 
- time 
i” = ¢ + r/e, (13d) 


is excluded. It should be noted, however, that such advanced potentials 
have tentatively been introduced by Dirac into the theory of the electron 
and play an important role in more recent, investigations (see $37). 

If we apply the same method of calculation (13) to our quantity X we 
find directly 


xX =0 


since the right side of (12) was equal to zero. This result is also mathe- 
matically unique with the exclusion of “advanced” solutions, which alone, 
in combination with the retarded solutions, could give rise to free vibra- 
tions. This may be taken as confirmation of our earlier statement that 
condition (10) is satisfied automatically in the integration of the differential 
equations for A and ¥. We note finally that a full understanding of the 
structure of the above formalism including the significance of our retarded 
and advanced potentials can be obtained only on the basis of the theory 
of relativity. What up to now may have appeared arbitrary and asym- 
metric will there assume an astonishingly unique and symmetrical form. 


B. The Herizian Dipole 
We will explain our method of integration (13) for a particular case, 
the case of the Hertzian dipole. This is obtained if we combine a moving 
charge +e with a neighboring stationary charge —e to form a moment 
p(t} = ef varying with time, where | signifies the separation of the two 
charges. 
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We substitute J = pv in (13b), denoting the space density of the moving 
charge by p and ita velocity by v, and obtain on carrying out the integra- 
tion, where r and v may be me 8s constant in space, 


jae. fe dr au ~ 12] = [2]. 


We hence obtain from (18b), if we take due account of the meaning of 
the bracket symbol aa given by (13c) 


ae ee eon 
da wo: ). (14) 


c 

It is historicaliy customary and convenient to introduce, in place of the 

vector potential A, the naa vector Il by writing 
on 1 r 
A=, an = }p(+—2). (15) 

With this notation we follow the great paper of Hertz, already discussed 
in §1, p. 5:' “The Forces of Electrical Oscillations, Treated by Maxwell’s 
Theory.” 
' In allt of space except at the origin of the coordinate system II satisfies, 
by (9), the diffetential equation 


4r~— = = 49, (16) 


which can also readily be verified from the explicit representation of IE 
given in (15). By (10) the corresponding value of © becomes 


ev = — div H. (16a) 


From (6) and (7) we obtain then as the representation of the electro- 
magnetic field 
H = curl WB = gad divin — 352. (17) 
’ ce af 
As an example we assume that the wah of the mobile charge e¢ is recti- 
linear and make its direction, which is also that of the vector If, the axis 
of a spherical coordinate system r, 3, ¢. We then have" 


TL, = cos 3-0, ly = ~ sin’ 0, O, = Q, 


' Ann, d. Physik $6, p. 1, 1888; Gesammelte Werke, Vol. II, p. 147. 

* The positive r-direction forms the angle ¢@ with the direction of II, the positive - 
0-direction, the angle 3 + +/2; hence the factors cos ¢ at I, and cos (8 + 2/2) = 
~ sin 3 at Ie. 
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where, according te (15), M1 depends only on ¢ and r, i.e. is independent of 
9 and ¢. In these coordinates we obtain, by Problem I.3 of Vol. I, 


—sin 3 /a(rIl) ) ‘ on 
Ee... _ il ae —— Fr — => 
curl, : ( 3 sin 3 -? curl, 1 = curl 0 = 0 


cos oO 


fe, all 
div Il “a 5 FM) 


ae cee 

Fain J 9p Gin’? M1) cos & >, 
2 + 

grad, div = cose ot grad, div = ant grad, div I = 0. 


. Hence, by (17): 
H,= Hy = E, =0 (18) 
and by (15) 


1 
p+ 5p), (19) 


drank, = — a2 (185-1 p- 9). 
We‘conchide from (18): The magnetic lines of force are circles about the 
direction of p, while the electric linea of force lie in the meridional planes 
through this direction. 

Because of the argument ¢{ — r/c of p it is possible, in Eqs. (19), to 
transform the differentiation with respect to r into one with respect to é. 
We have 


ae api 
xr rao wry aa B. (194) 


Then the term with 2 cancels that with § in the equation for &, in (19). 


At the same time we will limit ourselves to the “distant zone” (large dis- 
tances from the origin, i.e. set r —> ©. We will indicate the more precise 
meaning of this in a moment, in discussing the periodically oscillating 
dipole. Accordingly we neglect all terms in (19) which contain higher 
powers of 1/r than the first: We then obtain 


ind r 
4z e = ain? p(: = ‘), 


4re, Ek, = an? a(t _ ‘). 
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The vectors H and E are perpendicular to each other and to the radius vector 

r from the origin. Both H and E vanish on the axis ? = 0 and 3 = wx; the 

H- and E-fields have their maxima in the equatorial plane & = 2/2. 
From (20) we calculate 


Es I 4/s 
oe ee Oe, 2 
Hy, &€¢ & (21) 


This is the same ratio as that which was obtained from Eqs. (6.11) and 
(6.13) for the ratio #,/H,. The structure of the radiated electromagnetic field 
28 thus that of a plane light wave. It is customary to say instead, im both 
cases, that E and H are equal, which however is dimensionally meaning- 
less. 

The amount of energy radiated per unit area and per unit time be- 
comes , 
re See sin’ 3 p 
l6tec rt °° 
The total energy radiated in unit time ia obtained by integration over the 
spherical surface of radius r: 


S=EXH=£5,H,= (22) 


, = _— | i — 4 Pe 
$ [ Sao Zar’ | S sin 3 dd Swen’ (23) 

Since p = el (i = separation of the mobile and the stationary charge) 
p = ev, p = ev, where, of course, in accord with the meaning of #, 7 denotes 
the value of the acceleration at the earlier time ¢ — r/c. We thus obtain 
from (23) 

e e 
Grey 

In atomic physics it is customary to write, in electric or magnetic cgs- 
units, 


S= (24) 


28 
soar es case) 
or 
2 
gin oe (24b) 
36e¢ 


which, according to (16.30), corresponds to (24). J. J. Larmor’ firet gave 
this fundamental law of radiation in the form (24b). 
Fig. 27 shows the radiation density S as function of . It is simply thé 


1 Phil. Mag. 1897, p. 512. Larmor points out the relationship to Hertz’s paper of 
1888 in hia book Aether and Matter, Cambridge, 1900, p. 225. 
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polat diagram of ain® &. In the theory of wireless telegraphy (see Vol. VI, 
Chapter VI) it finds extensive application in the treatment of a linear 
antenna radiating freely into space. In fact such an antenna does not 
radiate energy in its own direction; the maximum of the radiation is 
directed tranaversally. 

In place of a single dipole p we may, of course, also consider a discrete 
or continuous sequence of dipoles. In the latter case we write in place of 
(15): 


4aTl = | ee. : (25) 


Here the integration is to be extended over a given curve ( and the dif- 
ference in direction of the vectors dp must be considered. 


sin*@ Fic. 27, Radiation of an electron acceier- 
(1-£cosh* ated longitudinally in the direction d = 0. 
Lower pair of curvea: Hertz’s formula (22), 
2 < c. Upper pair of curves: corrected relativi- 
atically, » comparable with c. 


A comparison of the preceding with Hertz’s calculation in Cartesian 
coordinates, which is found in most textbooks, demonstratea the superiority 
of our vector representation of the problem or eventually, of our spherical 
polar coordinates, which fit the symmetry of the problem. It seems even 
more important that our presentation clearly indicates the dimensions of 
all field quantities, while the Gaussian system of units employed by Herts 
obecures them. 


C. Specialization for Periodic Processes 
We obtain the simplest model for a light source by assuming that the 
electric moment p oscillates monochromatically with a certain circular 
frequency ». For example we set 
pt) = Acosut = ARee™, 
p(t — r/c) = A Re exp {—iaw(t — r/e)}. 
If, as in (6.10a, b), we introduce the wave number k = w/e and omit the 


sign indicating the real part, which is permissible for all field quantities 
except the quadratic ones S, S, we find 


(27) 


1 e™ —twt 
= pb — r/c) ~A—e : (27a) 
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We have thus arrived at the representation of the spherical wave in Vol. 
II, Eq. (13.18) if we also suppress the time factor in (27a). This may and 
will be done in the following. We then obtain from Eqs. {20) the following 
representation of the electromagnetic field: 
Ak. .¢™ Ako . ,e 

E By = —p tnd, H =H, = -=— nd—-. (28) 
This applies, as already noted above (20), for the “distant sone’; we are 
now however in a position to define this term exactly. For, if we let the 
wave-length 


r= Fe 
r-) 


correspond to the angular frequency w, the distant sone includes all dis- 
tances for which. - 


rr, (29) 


ie. excludes only the immediate neighborhood of the light source. For 
aperiodic processes (29) is replaced by the inequalities 


1 | P| ! loi lal 
<1 Bi > as 31? 2S a. (29a) 


These statements justify precisely the approximations made in passing 
from (19) to (20). 

As compared with a natural light souree our model is specialized both 
with regard to its monochromatism and its intensity distribution. It radi- 
ates no energy in the directions 9 = 0 and 3 = wg; for also now Fig. 27 
and Eq. (22) apply to the radiation vector S. In (22) both the time factor 
and the phase factor e"” drop out in the time average. In fact, by (27), 


: % 
Pe A” oe (ir = wid 
r r 


and the time average of the square thereof is 
A’e’ (27) = A®etk'/ (2r°). (29b) 
Since k = 2x/) this is inversely proportional to the fourth power of the wave- 


If (29b) is substituted in (22) or (23) we obtain the famous law of Lord 
Rayleigh, explaining the blue sky, The sun rays falling on the particles of 
the air*generate in them electric moments which vibrate in harmony and 
radiate light in turn. Their radiation is much stronger at the blue end of 
the spectrum than at the red end. Since Area SE Zbine their ratio is about 2*. 
The same law explains also the red color of the sun and moon when rising 
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and setting. In its path through the atmosphere, which is here particularly 
long, the blue light is scattered much more strongly out of its direct path 
than the red light; primarily red sun- or moonlight reaches our eyes. We 
shall not inquire whether a certain selectivity of water vapor in the atmos- 
phere plays an added role. 


D. The Characteristic Vibrations of a Metallic Spherical Oscillator 

The problem of electromagnetic characteristic vibrations became sig- 
nificant as a result of Herts’a experiments. A metallic body consisting of 
two oppositely charged halves (Hertzian oscillator) discharges with the 
formation of a spark and radiates exponentially damped vibrations toward 
infinity. How do we calculate their frequency and damping? In the ease of 
the sphere, which we imagine as subdivided into two closely adjoining 
oppositely charged haives, the question is answered directly by formulas 
which are already familiar to us. It is true that we must not start here 
from Eq. (20) for the distant zone, but must employ the more general 
formulas (19), since the wave length of the characteristic vibration gen- 
erated will understandably be of the order of magnitude of the radius of 
the sphere; the surface of the sphere thus belongs to the near zone. If the 
sphere is asgumed to be perfectly conducting we have on the surface, i.e. 
for r = a = radius of sphere, Ey = 0 for ail &. Hence, by (19), we have as 


boundary condition 
2 
(:2-3-12)p mo (30) 


We let p take the same form as in (27), treating & not as a real number 
#8 up to now, but as an unknown complex number. The same applies then 
aleo for w = ck. To determine & (80) yields 

tk 61 2 

rae +k 0. (31) 
The solution of this equation, which is quadratic in ka, is 


iq = —— ; (31a) 


The imaginary part is negative, as we must demand, since we are dealin; 
with s vibration which decreases with time. In the real part the positive 
sign is to be chosen in order that wave-length and requensy be positive 
We thus obtain 


2ra V3 Ae 4 


i.e. in fact d of the order of magnitude of the radius of the sphere. Damp- 


- 
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ing is very great; as follows from (3la), the amplitude decreases by 4 
factor 

ete) gE 
in the course of a single vibration. 

Herewith the nature of the fundamental vibration of our spherical oseil- 
lator is described. There is however also an infinite number of harmonics 
for which the sphere is not divided into two oppositely charged halves, 
but into 4, 6, --- alternately charged zones. While the fundamental vibra- 
tion corresponds to the Hertzian dipole, these harmonics cannot be derived 
from the Hertzian vector II. For them we must refer to Vol. VI and more 
particularly to Appendix II of Chapter V of that vclume. 

The case of the prolate spheroid, which comes closer to the Hertz oscil- 
lator than the spherical shape, was treated by Max Abraham,’ after the 
problem of the spherical oscillator had been solved generally by J. J. 
Thomson as early as 1884. 


E, Application to the Theory of X-Rays 


The primary x-rays are produced by the incidence of cathode rays on 
the anticathede. Classically the initial velocity v of the incident electrons 
is reduced to & low value; the electrons experience a retardation —v. From 
Fig. 27 we expect that no radiation occurs in the direction of the cathode 
rays, insofar as this coincides with the direction of v. The proof of this is 
possible with extremely thin anticathodes (films a few microns in thick- 
ness), if the transmitted x-rays are observed; this has been shown by 
Kulenkampff and his students. For solid metal anticathodes the retarda- 
tion takes place along a zigzag path; hence the variation with direction is 
smoothed out. We will show relativistically in §30, at Eq. (11), that the 
maximum of the radiation does not lie, as indicated by the pair of curves 
in Fig. 27, at # = 2/2, but that it advances, instead, with increasing hard- 
ness of the cathode rays (increasing magnitude of ») more and more toward 
0 = 0. The fact that the continuous or “brems’’-spectrum discussed here 
has a short-wave limit is a consequence of the quantum theory, with which 
we shall not deal here. The same applies for the regular increase in hard- 
ness and intensity of the x-rays with the hardness of the cathode rays. 

Here we shall only discuss the proof of the éransvereal nature of x-rays, 
which was given by Barkla in 1905, ten years after Réntgen’s discovery. 
in planning his experiment Barkla assumed this transversality, drew the 
consequences of this assumption, and confirmed them by the experiment. 

We consider, in Fig. 28, a broken line consisting of three mutually per- 
pendicular segments, the “primary”, “secondary”, and “tertiary” segment. 
The primary z-rays, regarding whose polarization we shall make no assump- 


1 See Ensykl. d. mathem. Wiss., Vol. Vs, section 18, p. 498. 
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tion, travel along the first segment (for a very thin anticathode even these 
would be partly polarized). We imagine their electric field strength to be 
analyzed into its ecmponents along the directions 2 and 3 of the two other 
segments. They fall on a first scatterer Z,, whose electrons they set into 
vibrations. Those parallel to 2 have no effect along the secondary segment, 
while those parallel to 3 produce on it secondary x-rays, which vibrate 
parallel to 3 and are tolally polarized. They fall on a scatterer Z, and set 
its electrons into vibrations in direction 3. In this fashion tertiary x-raya 
are produced which, however, bave the inéenstty zero along the tertiary 
segment. They have maximum intensity in the direction of the primary 
segment. This behavior of the tertiary x-rays proves both the transversal 
nature of the primary and the total polarization of the secondary x-rays. 


i 

i 

i 

Fic. 28. Barkla’s arrangement for demon- 

{ strating the transversal nature of x-rays. 2; , 
@)} Secondary 4, scatterers (epheres of paraffin). 

{ 

i 


The seatterers Z, and Z; were spheres of paraffine; for heavier materials 
the “characteristic radiation” might have falsified the result. 


§@0. General Considerations on the Struciure of Wave Fields of Cylindrical 
Symmetry. Applications to Alternating Current Impedance and Skin Effect 


In the following section we will concern ourselves almost exclusively 
with surface waves which are guided along bodies of cylindrical shape. Let 
the excitation be such that the process is periodic in time with the circular 
frequency w. The calculation of the propagation and damping of the waves 
as they progress in the direction of the cylinder axis, which we shail choose 
as the direction of the x-coordinate axis, then becomes of primary interest. 
We leave the cross section of the cylindrical conductor (or also noncon- 
ductor) temporarily indeterminate. We express propagation and damping 
by a single complex wave number h, which differs from the real wave num- 
ber k = w/c in vacuum. We consider thus a wave type with the dependence 
on z and ¢ 

exp {i(ha — wt}; 
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for the assumed cylindrical structure of the wave field, A has necessarily 
the same value outside of and inside of the guiding surfaces; the same 
applies of course to w. 

We define, in the plane perpendicular to the x-axis, an orthogonal 
coordinate system u,v; dx, du, dv, in this order, are to forra a right-handed 
coordinate system. For the line element in space we write, in accord with 
(2.22) of Vol. II: 

ds? = dx’ +g." du’ + g,* dv’, (1) 
gu and g, are here given functions of u and v. The cross section (which is 
constant, i.e. independent of z, for every conductor) may differ for different 
conductors. ‘The coordinates u, » are to be fitted, in each particular case, 
to the shape of the cross section: polar coordinates for the single wire, 
bipolar coordinates for the two-wire line, Cartesian coordinates for semi- 
infinite apace (limiting case of the single wire of infinitely great radius). 

We set ourselves the problem of computing the transversal components 
E,, £.,H.,H, from the longitudinal components Z. , H, . This is possible 
without making any special assumptions regarding the cross sections of 
the cylindrical conductors guiding the wave, without discussing the corre- 
sponding boundary conditions, and also without assuming that the wave 
equation is separable in the coordinates u, v. The general structure of the 
wave field so obtained applies not only for the exterior of the conductors, 
but also, with altered choice of the material constants, to their interior. 


A. Longitudinal and Transversal Components 


The longitudinal components FE, and H,, which we shall designate by 
the single symbol X, satisfy, as Cartesian componente, the simple wave 
equation 


. ‘) 
( — Bon Hs, X = 0, (2) 
It has been written in this form for the interior of the conductors, but 
applies also to the exterior, where o = 0, © = &, 1 = wo. We put 


Fa 
A= 34 t Aw, 


where A,, is the two-dimensional Laplace operator transformed to the 
curvilinear coordinates u, v. In view of the dependence of the phase factor 
on 2 aiid ¢ we can write in place of (2) ~ 


(Ave + B—ADX = 0, Bm ope’ + tuow. (3) 
In the exterior of the conductors & ia real (= +/egu90= w/e), in the interior 
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it is complex. However, by introducing the complex dielectric constant e’ 
from Eq. (6.18) we can employ the same formula 


k= VV epw (3a) 
in both cases, if we set 
& = &, i = ite in the exterior, 
; (3b) 
e= e’, g=y in the interior. 
Actually to integrate Eq. (2) it would of course be necessary to pass to 
specific coordinates u,v, which are adapted to the shape of the conductor; 
we shall avoid this for the present, however. Nevertheless we may regard, 
for what follows, the longitudinal components F, and H, as known func- 
tions of space. . 
To ealculate from .them the transversal components we utilize the 


definition of the curl of an arbitrary vector A in any curvilinear coordinates 
Pi, De, Da contained in Eq. (2.26) of Vol. iI: 


curl, A = 1 (24) _ on.42)) (4} 
929s \ Ope Ops 


and set in accord with (1), 
hM=2 Rh=t B= Awl Psu, G9 ™ I- 


By cyclic interchange of the indices 1, 2, 3 and the coordinates 2, u, » we 
obtain from (4) all the components of the curl occurring in the Maxwell 
equations. 

We thus calculate from the first and second group of three Maxwell 
equations, taking account at the same time of the x, ¢ dependence of the 
phase factor, 


top, = curl, E = thE, 1 3B. 
gu OU 
—wek, ad curl, H = —ihH, + 1 oH, 
Go Ov 


On the basis of our convention (3a, b) we substitute on the left « = k/+/en 
and obtain ° 
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From these equations £, and H, are obtained by simple elimination: 
i(k — )B = — h OE. _ ik fee 


ik? — h’) bn, = — 2 2B _b 4/2 See 
et : 


Thus our objective regarding the two transversal components #, and H, 


(5) 


‘has been attained, since on the right there occur only the longitudinal 


componente which are assumed to be known. 
The calculation for Z, and H, is carried out similarly. Here the Max- 


well annations 


top, = —thE, pe ORs 
GJ» Ov 

ten whe, = 2 
gu OU 


are employed, and w substituted in them once more in accord with the 
convention (3a, b). After eliminating one of the two unknowns H, or £, 


i(k’ — W)E, = — : sly += 4f BH, 


ite — wh) 4/E He = k dE, _h | /p dlls 
€ Jv Ov Ju € du 


we obtain 


(6) 


We will be able to make good use of these rather brief and abstract 
considerations in the following §21-25, where we shall replace our general 
coordinates u, » partly by polar, partly by bipolar coordinates. Thus, they 
show directly, e.g., that for polar coordinates r, ¢ and non-dependence of 
the field on ¢, the pairs of equations (5) and (6), which in general are 
coupled, separate inty one pair which contains only Z,, E,, H, and another 
which contains only H., H,, E,. This simplification corresponds to the 
symmetry of the single wire. In the present paragraph we shall deal with 
the still simpler case of rectangular coordinates u = y, » = z for noa- 
dependence of the field on z. This corresponds to the transition to the 
limit: radius of wire ~+ in Fig. 30. In all these special cases the pre- 
ceding general relations take on @ readily understood form and may, as 
we shall see, be verified directly. 

Independently of the choice of wu and v 4 further conclusion may be 
drawn which applies for all cylindrical perfect conductors: The veloctty j of 
propagation on them is always equal to the velocity of light. We note first 
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that the electric lines of force must be perpendicular to the surface of the 
conductor and conclude hence EZ, = 0. Since, furthermore, the energy flux 
can have no component in a direction toward the conductor, we must also 
have H, = 0. To begin with this applies only to the surface of the con- 
ductors. We shall assume however that both longitudinal components 
vanish everywhere in the nonconductor without coming into conflict with 
the Maxwell equations. It then follows from (5) and (6) (excluding the 
trivial solution #, = HE, = H. = H, = 0), that we musthave A = &. 
The wave equation (3) which applies for every Cartesian component of 
the electric and magnetic field then passes over into the potential equation. 
We shall make use of this conclusion in a specific example (§25A). 


B. The Wave Field of. Semitnfinite Space and its Shin Effect 
Let the metallic semiinfinite space be bounded by the plan y = 0. Let 
the positive y-axis point upwards into the empty space (eventually filled 
with air) y > 0 and the wave progress toward the right (paitive z-axis). 
_Of the two possible solutions (5) and (6) we choose the first, since it corre- 
sponds to the wire traversed by alternating current. We hence make the 
reasonable assumption 


E, = hal E, 
E, = P(y) ( exp {ithe — wt)}; H,> = 0 (7) 
H. a= Gty)) H, 
The differential equation (3) for Z, then takes the form 
a +(R—-WE=0, with b= equa" + im. (8) 
Tts solution is 
Ety) = AetvtXaty + Beiv katy, (8a) 


For y < 0 # is complex, for y > 0 it is real. However, weiall, for the 
present, assume a very small « > 0 even for y > 0 and pasover to the 
limit o —> 0 at a later stage.’ 
We shall choose the sign of +/k? — A? once and for all sohat it has a 
positwe imaginary part. . 
Since the stete must remain finite for y — + © we must # in (8a) 
for y>O:B = 0, 
for ¥<0:A4=0. 


‘jn this manner we circumvent some basic questions regarding he exterior of 
the wire which will be deferred until §22. 


20.106 WAVE FIELDS OF CYLINDRICAL SYMMETRY 161 


Furthermore, since #, must be continuous at y = 0, B must be set equal 
to A in the two resulting expressions. 

In the following we shall reserve the letter & for the real wave number 
for y > 0 in the limiting case ¢ — 0. For the sake of distinction the value 
of & within the conductor will be denoted by ky. Then (8a) assumes the 
final form: 


AgivVitriy y > 0, 


E(y) = att 9 
(y) ae oe. i (9) 


Withu=yv=249, = 9, = 1, and £ = 0 we obtain from (5) 


hA 
‘| pope >, 


P=} oy (9a) 
Vig eee 9 <0 
L 
Ho Pies ase. et et nt y y > 0, 
co Ggyey (9b) 
Pa iad kA 
e Vig- noe <0 


The factors of G, on the left, denote “reciprocal wave impedances”, the 
upper one the real reciprocal impedance of vacuum as on p. 36, the lower 
one the correspondingly defined complex quantity for our conductor. There 
we learned already that the dimensions of H and E must differ by a fac- 
tor with this dimension. 

We now take account of the continuity of H, at y = 0. In view of (3a, b) 
this demands 


je Mo ht _ BV ky — }? (10) 
ar an 
From this we derive 
he” a s E 
1 FE k,? 
BO tk SPR ue 


This value depends in a symmetrical fashion on the constants jo ; k and p, &, 
of the two media air and metal. We find, in particular, for z = pe Z 


oe oe 
gm? pti (10b) 
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For a well conducting metal the conduction current (the o-term in kz) 
exceeds the displacement current (the e-term). We may thus assume 


kp SV ipow = 4/21 GF 7+ ie fa Oe. (11) 


We have then simultaneously 
c>>k, ie by (0b) AZ (13a) 
In this case one obtains as phase velocity simply: 
or 
as has already been pointed out at the end of section A. 
From (9) and (9a) there follows with assumption (11a) 


in the exterior of the conductor: | E| << | F |, 
in the interior of the conductor: | #| > | F |. 


' The electric Jines of force thus have essentially the direction of the y-axis 
outside of the'conductor, that of the z-axis inside of the conductor. 

We will now determine that value of the y-coordinate within the metal 
for which EF, and hence also J, have decreased to a fraction 1/¢ of the 
value at the surface. We cal! this value of y, ~d. According to our assump- 
tions (11) and (lla): 

I 
k ’ 


Since k = 2x/X thie is small compared to the wave-length \ corresponding 
to the frequency w. The current is confined io a thin skin at the periphery of 
the conductor, while the whole interior 18 practically free of current. We speak 
of a skin effect which is known to play an important role in alternating cur- 
rent practice. The thickness of the skin ia smaller in the degree that the 
frequency is higher (by (11) « increases in proportion to ~/w). The follow- 
ing table gives some values of d for Cu (¢ = 57.5-10°0'M™, w = pa = 
4x-107'0M~'S). 


eam, d=i« (12) 


Altermatiog Current Telephone Wireless Telegraphy | Hertzian Oxcilletions 
1000/sec 3-10*/see 10*/sec ~~ 
300 km 1 km 30 em 
4.7-10° m7! 8.15-104 m7! 4.7-10§ m-“* 


2.1 mm 0.18 mm 2.1-10°* mm 
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We illustrate this by Fig. 29, which, however, does not indicate the cir- 
cumstances of a semiinfinite space, but the practically more interesting 
ones for 8 wire of circular cross section. The straight line 00 for direct 
current or commercial alternating current (60/sec) passes over into the 
slightly concave curve 11 for telephone frequencies {1000/sec); curve 22 
applies for high frequencies proper (e.g. 1 km wave-length) and shows a 


Fig. 29. Variation of alternating-current ampli- 
tude in cross section of wire: 00, direct current; 11, 
telephone current; 22 high-frequency current. 


aed Fig. 30. Transition to the limit from the circular cross 
tees section of the wire (coordinates +, r, ¢) to semi-infinite 


2a - space (coordinates z, y, 2). 


pronounced akin effect. The three curves 00, 11, 22 have been drawn for 
the same total current J. 
We also illustrate, by Fig. 30, the transition from the coordinates x, r, ¢ 
of the wire to the coordinates +, y, z of the semiinfinite space. 


C. The Alternating-Current Impedance of a Semtinjinite Space 


We cut out of the metallic semiinfinite space a rectangular parallelepiped 
which is infinitely long in the y-direction and whose upper end surface lies 
in the plane y = 0. Let the length of the side parallel to the z-direction be 
unity, that parallel to the z-direction be equal to the wave-length of the 
wave propagating itself in this direction. If, in the following, we neglect 
the imaginary part of A (the slight damping of the wave in the z-direction) 
we have \ = 2x/h. The total current flowing through the parallelepiped is: 


ee [ [sede dy (18) 


We define the resistance of the parallelepiped energetically with the aid of 
the heat generated within it, which is given by the Joule heat Q integrated 
over the parallelepiped and averaged over the time. By Poynting’s theorem 
we have for the parallelepiped: & 


W.+ W.+Q= ~ [ 8, de (13a) 


Here the first two terms on the left drop out on taking the time average 
because of the periodicity of the process. The Poynting vector on the right 
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is only that across the zz-surface (shaded in Fig. 31); the contributions of 
the zy-surfaces are sero since H. = H, = 0 and the contributions of the 
yt-surfaces cancel because of the periodicity with respect to z. Hence 


[ Sede = [af S.de = [ Bema. 


If, for E, and H,, we use the values within the meta! (which, as we know, 
agree with those in air at y = 0 and may be simplified because | 4 | < | k: |), 
we find from (9) and (9b), utilising the representation (7) 


» ay eee 
[ S.do = at | Rele "| Re{ 4/2 aaa dz. 


If, a8 & sufficient approximation, we substitute here ic/w for e’ and write 
for +/f its value (1 + 1}/+/2, we can place the factor (¢/ (2u))* ahead of 


ae 
4 
a ange Fia. 31. A block ia cut out of the metallic semi- 
“ “Ws a9 infinite apace y < 0 by the two pairs of planes x = 0, 
i \\ " 2 d;2=0,z = 1. Computation uf ita resistance for 
bf } H a surface wave progressing in the z-direction. 
‘ ' : 
' 
| t 
‘ 


the integral sign, while the factor 1 + ¢ remains in the argument of Re. If 
we make the further substitution 


t= Ahr — at, dz = Mt Ne to = —wh, 
h Qe 


the preceding equation passes over into 


Je fe : A”? fo 
[S.a0 = xf cos u(cos u — sin u) du os 7 rg clad 


Since this value has become independent of {, it represents at the same 
time the time average of Q, which we require for the definition of the 
resistance. Taking a time average of the energetic definition of R in (18.6d) 
and thus extending it for alternating current we write 


? 
RE = Q=* 4/55. (14) 


In order to compute the value of J* which occurs here we make use of 
the loop integral of H about the parallelepiped, e.g. in the plane z = 0 
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(indicated in Fig. 31 by heavy arrows). In view of the direction of H 
only the edge y = 0,0 < z < 1 of the parallelepiped yields a contribution. 
We thus obtain 


1 
— l H, dz = H, = G(0)e** 


; (148) 
ee yf Ae = j/ = A(l + se! 
is ope 
Before taking the mean square of this we must pass to the real part: 
I = 4/ xf A(cos wt + sin wt). 
2yscw 
We then obtain 
ft = ~. 4? (14b) 
2p 
Substitution in (14) yields 
R= 4/2 he Selordn tai). (15) 
2¢ g 


The meaning of this formula becomes clear if we substitute the skin 
thickness d from Eq. (12). It then becomes 
=i. (15a) 
A is the “tength” of our conductor segment measured in the direction of 
propagation of the waves. If we compare (15a) with the elementary formula 
for direct current 
R=, (15b) 
ga 
we see that the cross section ¢ becomes, in our alternating-current case, 
the rectangle 


d-1 (d in the y-direction, 1 in the z-direction). (15¢) 


In place of the infinite cross section (the yz-surface of our parallelepiped) 
available to it the alternating current utilizes, in a sense, only the rectangle 
(15¢); expressed differently: the alternating current, which drops off ex- 
ponentially within the conductor, behaves, with respect to its resistance, 
just ag a direct current which is distributed uniformly over the skin thick- 
hess d, 
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D. The Rayleigh Resistance of a Wire 


We now pass from the resistance formula (15) for a conductor with 
plane boundary to that for a circularly cylindrical wire of radius a. We 
assume here 


a> d, 


so that the skin effect may develop freely at the surface of the wire and 
its interior remains free of current. We must now, however, consider a 
width 2a of the parallelepiped, rather than the width 1, and imagine its 
current-carrying layer to be bent into the current-carrying surface layer 


Fia. 32, Resistance and inner inductive reac- 
tance for alternating current as function of fre- 
quency. The abscissa is proportional to the square 
root of the frequency. OA = bisector of the angle 
between the two axes. The inductive reactance curve 
approaches it asymptotically, whereas the resistance 
curve runa parallel to it in the limit. 


of the wire. Herewith we have changed the cross section g = d-1 defined 
in (15¢) to g = d:2ra and the reaistance R found in (15a) to Re: 


R r 
R, ona = oxas a" (16) 
If, furthermore, we introduce the direct current resistance of the wire 
DN 
Ry Fe (16a) 


which, like H,, we refer to the same length A and the same conductivity « 
as our R, we obtain simply: 
Re 1la_a 
E3473" om 
This is Rayleigh's resistance formula for high-frequency alternating 
current. Fig. 32 indicates its limits of validity. For small » (stationary and 
quasistationary currents) R, = R., in contradiction with (17): Our plotted 
curve at w = 0 is tangent to the horizontal at a distance I from the axis 
of abscissas (to a higher order of tangency). The approximate represents- 
tio (17) applies only for sufficiently large w. Because of our choice of the 
seale of abscissas the direction of the curve for increasing w follows the 
asymptote OA, which is inclined by 45° to the axes. The intermediate 
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region between small and large w requires a more detailed analytical 
treatment (see end of this section). 


&. The Alternating Current Inductance 


The method given so far could yield only the resistance. To obtain in 
similar manner the reactance we would have to compute the magnetic 
energy W as a function of the current I: 


L 
Waoxl 


and this not only for the conductor (inner selfinductance L;, see p. 122), 
but also for the surrounding air space (outer selfinductance L,). On the 
other hand our analysis of the external field, as carried out up to this 
point, would not be adequate for application to the wire, so that in the 
following we shall confine ourselves to the interior field and the inner 
selfinductance L; . 

For this however, we have a more general and also simpler method 
available, namely that of the impedance operator of Eq. (18.10): 


RI = £, R = R — tol, .' 


“We put F equal to the field strength EZ, (voltage per unit length of our 
conductor) at its surface y = 0, so that, suppressing the phase factor, we 
have by Eq. (9) Z = A, where now both & and L have to be referred to 
unit length. We obtain J from (14a), where we again suppress the time 
factor: 


a - 
I= A+) =F Ad + 9. 


We find as the ratio of the two 
E K 
ig = (1 Se 1) Pa 
so that, by (18), 
Re toss. Rear (19) 
I a o 


With respect to # this agrees with (15) if \ is replaced by our present unit 
of length, and shows at the same time that the inner inductive reactance 


1 We have changed the sign of the imaginary unit as compared with $18 in order 
to be able to employ the preceding formulas for f and F directly. In them the time 
factor was written in the form exp(—ic), while in $18 exp(+¢tut) occurred in the 
corresponding formulas. 
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wi, is equal to the reszstance R. ‘This applies generally for a conductor 
bounded by a plane, but applies also to the circularly cylindrical wire in 
Rayleigh’s limiting case of sufficiently hagh frequency. 


PF, Further Treatment of the Alternating Current Field of a 
Circularly Cylindrical Wire 


In order to close the subject of this section it is necessary to utilize 
some formulas which will not be derived systematically until §22. We are 
concerned first of all with the longitudinal alternating current field in a 
wire of radius a: 


E, =, CJo{kr). (20) 


J» denotes the Bessel function of order 0 which is continuous at r = 0. 
(Just as previously, the phase factor should be imagined to be added.) In 
the following & is to signify the complex wave number in the interior of the 
wire, not, as before, the wave number in air. The coefficient C in (20) is 
determined from the current density J = o#, in the wire and the total 
current 7 by the later Eq. (22.3d): 


kI 1 


~~ dxae Jatka) 3 note 
From (20) and (20a) we obtain for the current density J 
J _ a dablr) 
Jo 2 Tielke)’ wie 


Jo = I/(xa*) is the direct-current value of J 

Eq. (21) may serve to check our Fig. 29. For low frequencies the argu- 
ments kr and ka are small in absolute value. Then the expansion (22.3¢) 
and its derivative may be employed: 


jimi (ty +4(2) - A (ey - 
Joe) = aC -3(2) +3 (6) + ) 


substituted in (21) this leads, with due regard of (11), to 


(21a) 


kr? 1 (kr ft 2 1 ‘ 
Jo ifka\’ | 1 fka\ Per ee Geer 
1~3(8) +5) - a i ae 


t We employ here and in the following (unlike Vol. VI) the symbol J, in accétd 
with the practice followed in Vol. If of these lectures and in American physics and 
engineering literature generally. 
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From this follows 


—— (216) 
1+ 48 (xa) 


As compared to the direct-current straight line 00 in Fig. 29 there occurs 
thus a dip, which on the axis of the wire (r = 0) has the-depth (xa)‘/48, 
and a rise at the periphery of the wire (r = a) to a height which is five 
times as great. 

At high frequencies we obtain asymptotically, according to (22.7) and 
(22.62): 


Jo(kr) = (rkr/2)7 cos (kr — 2/4) (22) 


J — kafa\'cos (kr ~ 3/4) 5 Ka 2) —s(e-+) 
7 () sete) la yaQ)o 
In view of the sharp decrease for r < a the whole interior of the wire is 
practically free of current; the magnitude at the edge is «a/+/2 times as 
great as in the direct-current case. 

» The same formulas also yield a closed expression for the operator R in 
Eq. (18).- By (20) and (20a) we have 


Baie OO) 8 SO 
1 ~ ~ Qwac Seka) ~ ~ 2 Ji{ka) *? 


where Ry is once more the direct-eurrent resistance per unit length, i.e. 
1/({xa’e). Hence we have for low frequencies (by (21a), expanding in powers 
of xa): 


R= (23) 


i ¢ 41 ‘ 
RB” Bw 71-7 + (xa). 


The separation of the real and imaginary parts yields: 


R I 4 wl = i 2 

R 1+ 48 (xa) ' ka m1 {xa)’. (23a) 
On the other hand, we obtain, from (22) and (22a), for very Aigh frequencies 
simply: 


R toL . ka xa 
— = — = —{— = (1 — i)— 
2 2 a 
= ee (23) 
R wl 
Ro Re 2° 
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This agrees with our earlier results (17) and (19), obtained for the con- 
ductor with the plane boundary. 

Our approximations (23a, b} permit us to check also Fig. 32 and to 
interpolate for the intermediate region between low and high frequencies. 
At low frequencies, by (23a), the resistance curve approaches the straight 
line R = Ry as a parabola of the fourth order and at high frequencies it 
approaches the straight line OA in Fig. 32 from above. The curve for the 
inner inductive reactance starta at low frequencies as a parabola of the 
second order’ and approaches™ at high frequencies the same straight line 
from below. 


$21. The Coil Carrying Alternating Current 


Inasmuch as in §17 we had to defer the treatment of the direct-current 
field of the circular wire as mathematically too complicated, the rigorous 
treatment of the alternating-current field of a long coil appears to be out 
of the question. We hence make the same approximation as on p. 25, 
i.e. replace the coil, which we assume to consist of a single closely-wound 
layer, by an infinitely long hollow cylinder of uniform metal. Let its axis 
(z-axis) be vertical and let it be traversed by horizontal circular currents 
‘whose intensity distribution we shall determine. Let the inner radius of 
the hollow cylinder be a, the outer radius a + d. 


A. The Field of the Coil 
As in the direct-current case we assume that the magnetic excitation is 
zero outside of the coil, uniform? within it and parallel to the coil axis, so 
that we may write 
H-=Oforrze+¢d H=H,= He forr Sa. (1) 
We must then assume the H-field to be parallel to the cylinder axis also 
in the metallic conductor, i.e. 
H=H,= Hirke“' foracr<atd. 


1 This statement applies to the product wZ plotted in the figure; L itself has for 
’ w= 0, in accord with the meaning of «* = pee/2, the non-vanishing value 


La eee ow 
4 2 Sr’ 


in agreement with §16C. ; 

1 This approach is a true tangency for w — ©; on the other hand, the curve for 
the resiatance remains even for w — © a finite cmount R,/4 above the atraight line 
OA, as would be shown by « more precise formulation of the approximation (23b). 

* This customary and practically unavoidable assumption for infinite length of 
the coil is, strictly epeaking, not permissible in Maxwell's theory. It contradicts the 
equation, applying for the nonconducting interior space, D = curl H and ia, in view 
of curl H = 0 equivalent to the neglect of the displacement current D. 
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H, must satisfy the general wave equation (20.2), which yields, for H(r), 
the differential equation 


AH(r) + H(t) = 0, = enw? + pow. (2) 


Transformed to polar coordinates 2, r, ¢ it is integrated in terms of Bessel 
functions. We do not require here, however, the particular solution Ja(kr) 
as in (20.20), but the general solution containing two constants, which 
we write preferably in the form 


C\Hkr) + CoH kr). | (2a) 


H', H* are the two Hankel cylinder functions, about which we shall give 
some information in the next section. In particular we shall familiarize 
ourselves there with their asymptotic behavior for large values of the 
argument p = kr — ©: 


Hig) 4/26, Hi y/Zewr, ab 
=p rp 


Since for high-frequency alternating current invariably | k | @ > 1, we ean 
limit ourselves in the integration of (2) to these asymptotic values and 
_ can write 


H(r) = / 3: (Cre + Ce), (3) 
¥. 


From Eqs. (1) we have the boundary conditions 
Hia+d)}=0 and H(a)= 
They are satisfied if, by special choice of C,, C2 , expression (3) is trans- 


formed into 
H(r) = (/2 4, ee al} (4) 


Having found in this manner H, as function of r (we may also say as a 
function of the polar coordinates 2, r, g) we can now utilize §20 A. It is true 
that now we are not dealing, as there, with a wave advancing along the 
x-axis, but with ordinary (stationary) alternating current, for which the 
wave number A given there vanishes. In fact our present Eq. (2) passes over 
into the earlier (20.3) for X = H, , hk = 0. Furthermore we must not employ, 
as in the preceding paragraph, Eq. (20.5) (electric type), but Eq. (20.6) 
(magnetic type). This yields the transversal components H,, E, expressed 
in terms of the longitudinal component H,. We are particularly interested 
in EZ, “With g, = 1,9, = r, H = 0, (20.6) yields: 


gp aH (r) é J 
: 5 a e* a (5) 


E, = — 


172 DERIVATION GF PHENOMENA FROM MAXWELL EQUATIONS 21.6 


If we carry out the differentiation with respect to r only in the factor 
sin{kta + d — r)} (the square-root factor is “slowly variable”) and if 
we denote the value of J on the inner surface of the coil by J,, we ob- 
tain 


- acos {k(a+d—r)} on Bz, 008 (kd) ~is 
J y/o lke tan ol ; oF ios/ 2 H, ah (kd) ake (6) 


Passing to the discussion of the field, we distinguish two cases: 


a.[|kj|d>1 and b.|kld<1; 


we of course continue to adhere to the original assumption | & | a >> 1. 
a. High-Frequency Alternating Current with not too Small Coil Thickness. 
Since we take the imaginary part of k to be positive we have then 


[e™ | >> e™| 
and, more particularly near the inner coi! boundary also: 
Senshi © wach 
Hence (4) yields, for r = a, 
H(r) = Hae*™, (7) 


which signifies a steep exponential failing off at the inner boundary of the 
coil. By (6) the currerit density shows 4 similar steep exponential decline: 


fase, (7a) 


Fee Ge VE Hee (7b) 


We thus have a pronounced skin effect at the inner surface of the coil. 

b. Small Coil Thickness and Relatively Low-Frequency Alternating Current. 
We may then expand Eqs. (4) and (6) in powers of kd and, particularly 
in the neighborhood of r = a, alao in powers of k(a + d@ ~ r). We indicate 
only the first term of these expansions: 


Ho) HS tear, Jade. (8) 


Fig. 33 illustrates this graphically: At the left is shown the behavior of 
H(r), at the right that of J. The curves 0 correspond to the limiting case 5, 
the curves 2 to case a, and the curves 1 to an intermediate case. All three 
pairs of curves refer to the same H within the coil and hence also to the 
same totai current J in the coil. 
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B. Resistance and Inner Inductive Reactance of the Coil 


We wish to compute these quantities per unit length of the coi} and must 
first know the total current passing through this unit length. It is obtained 
by integration of (5) with respect to r: 


[re x C{H(a +d) — Hla)je! = —CH,e~™. 


in view of the meaning of k and e’ we have 


-C = t 5 1, (9) 
Siry 


a otd 


. FiG, 38. etic field and current distribution in a single-layer soil: At the 
left, magnetic field H(r) = H, , at the right current density J(r) = J « - The curves 
0 and 2 correspond to the limiting casea of direct current and high-frequency alter- 
nating current, curves 1 to intermediate frequenciea with the same total current as 
in the two limiting eases. 


To refer this total current to the current J flowing in a single wire of the 
coil we set it equal to NJ, where N is the number of turns per unit length: 


1 —twt 
With this value of J we write the equation 
(R — toh) = E, 


where we must set the voltage F equal to the field strength on the inner 
surface of the coil, i.e. equal to J./o. We thus obtain from (6) and (9) 


; Nk cosa (kd) — .Nke'* + o™ 
For a discussion of this expression we write, as in (20.11), k = (1 + i)x. 
The denominator of (10) then becomes tas 


gbtind at 
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We multiply numerator and denominator with the complex conjugate of 
this quantity, whereupon they can be expressed in terms of the trigono- 
metric and hyperbolic functions of 2<d. We obtain 


Nx sinh (2nd) + ¢ sin (2nd) 
“a cosh (2nd) — cos (nd) 


so that, separating real and imaginary parts, 
Nx sinh (2xd) ++ sin (2xd) 


R- tol = (1-7 (41) 


Fe =~ Soth Gad) — con Cad)’ ue 
N« sinh (Qed) — sin (2xd) 
eles posh (had) — eon Gat) (11b) 
For direct current (xd — 0) (Ia) yields 
N 


corresponding to the direct-current resistance per unit length of a wire of 
rectangular cross section with the width d of the coil (not to be confused 
with the layer thickness d of p. 162) and the height 1/N. We have therefore 


R sinh (2xd) + sin (2xd) 


Rt ~ " cosh (ad) — cos (Oud) ” aa 
wl sinh (2«d) — sin (2xd) 
bE adk@adcaGe) (12b) 


. More particularly we consider the two limiting cases a and 6 of p. 172: 
a. xd > 1. Then sinh(2ad) = cosh(2«d) — ©, 60 that 


(13a) 


b. «d < 1. By expansion in powers of 2«d, and retaining only the first 
nonvanishing term we find from (12a, b) 


R + ‘ wh 2 2 
Bt t gg FH 7-5 (13b) 


These results (13a, b) are represented qualitatively once more by Fig. 
82. Also now the direct-current straight line 2/Ry = 1 is approximated at 
- low frequencies to the fourth order and the axis of abscissas is parabolically 
tangent to the curve wl/R, at the origin. At high frequencies both curves 
again approach the 45° line asymptotically. Only the scale of abscissas, 
now given by «d, differs from that given before since the skin effect occurs 
here unilaterally, on the inner surface of the coil. 
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However much more important than the inner selfinductance, to which 
we have limited ourselves, is of course the external selfinductance of the coil 
In the discussion of the coil traversed by direct current (§17, Eq. (15)) 
we were exclusively interested in the latter. With the limitation mentioned 
in footnote 3, p. 170 (neglect of the displacement current) we can transfer 
the value found there directly to the alternating-current case. 

With our idealization of the problem (closed ring currents in horizontal 
planes) we could circumvent the determination of the electric field within 
the coil and leave the boundary conditions for this field out of consideration. 
Actually the currents are, in view of the finite pitch of the coil, not exactly 
horizontal and there exists, from turn to turn, an external electric field of 
complex character which is predominantly axial in direction. Our elemen- 
tary treatment evidently does not suffice to determine this field. 


C. The Multilayer Coil 


We imagine the several layers, n in number, to be placed one over the 
other without intervening space, idealized as hollow cylinders of thickness 
d/n, and traversed in series by alternating current I of uniform magnitude. 
Let the insulation of the successive layera be perfect, though by assumption 
‘infinitely thin ;\the same is to apply for the insulation of successive turns in 
any single layer. 

In view of the magnitude of the loop integral of H about a single layer, 
i.e. over a rectangle of height i and width d/n, the magnetic field decreases 
by NI for each layer (N = number of turns per unit length along the axis 
of the coil), Hence we find at the boundaries of successive layers, from the 
inside outward: 


H,=H, H,=H-NI, H:=H~ 2NI,---,H.= 
H ~nNI = 0. 


The factor exp(—iwt) must be thought of as added here, and in the follow- 
ing. In the »th layer the magnetic field satisfies the differential equation 
and the boundary conditions: 


(14) 


Hs reate—v§, 
S4H+RPH=0, H= (15) 
H rate q 
ui 
The differential equation is again integrated by the superposition of the two 
Hankel functions, for which we can substitute their asymptotic values from 
Eq. (2b) since kr is very large; furthermore we can treat the denominator 
4/kr as slowly variable in comparison with the exponential functions and 
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include it along with the remaining constants (exp{—ix/4} and +/2/n) 
in the amplitudes C, , Cy. Eq. (3) is then simplified to 


H = Ce + Ce ™, 


The following expression, which at the same time satisfies the boundary 
conditions (15) and hence represents the magnetic field in the »th layer, 
is of this form: 


cos {k (r — a - o-» 2) 
H = H,4 
on (+2) 


— NI 


cin (+ ern cee 2) we 


sin (: f) 
n 


In particular we obtain for the first layer, a <r <@+d/n,x= 1 


d 
con {k(r - a - 2)h : Say 
fw ag ee) 
d ‘ a 
cos (i Z) sin ¢ ‘) 
2n n 
We need consider only this formula if now we wish to determine the elec. 
tric field Z, at the inner surface of the coil and from this theimpedance 
operator R = R — ww of the multilayer coil. 
To begin with we obtain for the current density /,, for which we shall 
consider right away the value for r = a, from (5) (see also (9)): 


ya=c(#) — - ue a ae 
; (a), cos( & £) - 2) 


We here set H = nNI (see last of Eqs. (14)) and obtain after simple trigo- 
nometric transformation, 


n coo(k 2) - (n ~ 1) 


= NIk— 
gin (: 4) 
n 
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Hence we obtain 
i E 
E E, sve and R=7 = 


which, for n = 1, is identical with Eq. (10). | 
We divide R by the direct-current value Re of R, obtained by passing 
to the limit w —» 0, ie. k — 0: 


=<, 
and find 
a ,gemlts) ~~) 
ag pee SE: Sere, (47) 


R 
: a (« ‘) 
n 


. The separation of (17) into real and complex parts is rather complicated. 
If+as before weiset k = (1 + #)x, it yields 


sinh (2 £) + ain (2 ‘) -2 (1 - *) 
waa (eal om Sanaa) 


- os (ud) -om(ad 
w% Rr 


Thus, thanks to our extensive (possibly excessive) idealization of the prob- 
lem, we have obtained a quite simple final formula. The frequency band 
for which our formula is valid has an upper limit determined by the char- 
acteristic frequency of the coil; as we approach the latter our notion of 
equal current in al) turns obviously becomes invalid. It should also be 
emphasized that our formula presumes the regular superposition of the 
layers and does not cover the spiral interweaving of the turns (Dolezalek, 
lits wire) which is preferred for practical reasons (suppression of the skin 
effect). 


: §22. The Problem of Waves on Wires 


As is well known, the experiments of Heinrich Hertz dealt with “surface _ 
waves” progressing along wires as well as with ‘‘space waves” propagated 
freely through the air. Hertz expected their velocity also to be equal to c, 
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but could confirm this result neither experimentally nor theoretically. The 
reason for his experimental failure was the influence of the walls of the 
laboratory; the reason for his theoretical failure, an excessive idealization 
of the problem. He treated the wire as infinitely thin and hence could not 
set up electromagnetic boundary conditions. This was first accomplished 
in.a paper by the author’ which yielded for the velocity of propagation a 
value nearly equal to—more precisely, slightly less than—c. It was here 
essential that a phase velocity exceeding c could be excluded by a condition 
at infinity. The experimental difficulties were overcome by E. Lecher 
(see §25) by using a two-wire line. In the present section we shall confine 
ourselves to Hertz’s problem of the single wire. 


A. The Field within and outside of the Wire 
While in the preceding section the Maxwell equations were utilized 
only in part, ‘inasmuch as not only was the displacement current within 
the conductor neglected, but to some extent also that in free space, we must 
‘now adhere strictly to these equations. The problem is symmetrical about 
the axis of the wire. We make it the x-axis of a cylindrical coordinate system 
_a, r, ge Then for all components 3/dp = 0 and only the components 


£,,H,, Hy, (1) 


differ from zero. As in §20 we set them equal to products of the common 
factor 


aes We ( ] a) 


with a function of r only. Let the time variation be purely periodic, i.e. w be 
real, and the phase propagation take place along the positive z-axis; 
must then have a positive real part. 

We dea} first with the Cartesian Jongitudinal component Z. . It satisfies 
the wave equation (20.3), in which we put u = r,» = ¢. If, in place of r, 
we introduce the dimensionless variable 


pz /B — hir (ib) 
and set 
E, = P(p)e™, (2) 
we obtain for F the differential equation 
ld aF 
rigid (ri F = 
pdp\? ) - (3) 


‘Ann. d. Physik, Vol. 67, pp. 233-200, 1899. 
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or, with the differentiation carried out, 
dF 


ata tr no. (3a) 
This, as well as the more general equation 
a@F , idF +( %) 
1--=]F = 
wtsetl-S)roo (3b) 


is known as Bessel’s differential equation. We have dealt with it already 
in Vol. II, §27. The solution which is continuous for p = 0 was represented 
there, in (27.7), by the series 


1 p\" ~ 4 o\ 1 Ps has 
1.0) = 3 (8) - pt () + saan (§) rors Ae 


For all that follows n may be assumed to be an integer. For n = 0 we obtain 
the representation (21a) for Jo(p) employed in §20, from which we see 
directly 


iia é Je, | wdolo) dp = wile) (3d) 


Within the wire, r < a (a = radius of wire), where #, must nowhere 
become infinite, our function F is thus determined but for a constant by 
its differential equation (3): 


F=wCJip) for O<r<a. (4) 


Outside of the wire (in air) o = 0, ¢ = e9, w = uo, 80 that k = w/c is 
real. For the sake of differentiation we shall denote the complex value of k, 
which applies within the wire, by k, as in §20. Since the condition of con- 
tinuity at r = 0 plays no role outside of the wire, Eq. (3) has to be integrated 
generally. This is done by the two “‘Hankel functions of order 0”’, already 
mentioned on p. 171: 


Hip) and Hiip). 


We shall deal in detail with these and the general Hankel functions of 
order n in Vol. VI, §19. It must here suffice to enumerate some of their 
principal properties: 

a. The functions Hj and Hi become logarithmically infinite for p = 0. 
since we have, for small p: 


ad 


Hyp) = 1 = tog 2 + vse mm ot 7 hog 28... (5) 
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y is related, to the Euler-Mascheroni constant 
1 i 1 
Lim (1 +5 tat 78s Be a log ») = 0.5772 er 


For | 
log y = 0.5772 +--+, y = L.781--- (5a) 


(log here denotes, as always, the natural logarithm.) 

b. The Hankel functions are branched in the complex p-plane, just as 
the logarithm. To make them single-valued we must provide a branch cut 
in the p-plane, e.g. along the negative imaginary axis. If we set » = | p le, 
we thus limit the angle 3 to the values —2/2 < 3 < 3x/2. In this sense we 
speak of the principal branch of the Hankel functions, just as we speak of 
the principal branch-of the logarithm. 

c. The Hankel functions ’,(p) and H*() of order n are defined as solu- 
tions of Eq. (3b) in such fashion that also their representation contains a 
logarithmic term for p — 0, i.e. that the branching mentioned in b applies 
also to them. However, the determining factor for their singularity is not 
this logarithmic term, but the term which becomes most strongly infinite: 


mo Sety, mo-S?). © 


The logarithmic singularity and the branching disappear for the sum of 
the two functions H, . The regular solution of the differential equation 
(3b) ig obtained in the form 


Jaleo) = HAs) + Hi(p)). (6a) 


d. For p— © we have as asymptotic representation of the two principal 
branches: 


H'( p) = 2 efetotie/2) | H*(9) po 2 eo iertotelty | (7) 
7p =p 


Thus H’, vanishes for large p in the positively-imaginary p-halfplane, 7 
in the negatively imaginary p-halfplane. The two together vanish for 
large p only on the real axis. J, becomes, by (6a), infinite everywhere at 
infinity except on the real axiz. In view of (Ga) and (7) we have at infinity 
in the positively imaginary p-halfplane 

Jn{p) 

la +i. ve) 

After these insertions, which unfortunately were necessary for what 

follows, we return to our actual problem. We make the convention that the 
sign of the square root in (Ib) is always to be chosen ao that its imaginary 
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part is postiive. This covers the case that the root is itself complex, We 
must however also take into account the possibility that the root is reai 
and that hk < k. 

In the first case the only possible formula for the exterior of the wire is 


F(p) = AHele), a<r<m, A = const, (8) 
since, by (7), H3(p) becomes infinitely great for r+ «0. 
In the second case : 
F(p) = AHole) + BH), a<r< o@, (9) 


is a possible formula since now, for real p, both H vanish, by (7), as p7 
A and B are for the present arbitrarily disposable constants. 

What is the meaning of this case? Since according to (2) the phase 
velocity of the wave is equal to w/h and since w/k ig equal to ¢, it implies 


phase velocity > velocity of light. 


We supplement our representation of FE, by that of the transversal com- 
ponents H, and H, , which is obtained most readily with the aid of the gen- 
eral rule (20.5) (where however the terms with H, are of course omitted). 
dé for the pregent we designate the functions of p appearing in #, and H, 
with G(p) and \¥(p) this yields 


th <aF(p) th ; 
ak * 
4/* Boo) =F: ra = ae Po. (11) 


B. The Boundary Condition at Infinity 


As for the surface wave in $20 we are also now dealing with a process 
which draws its energy from the end of the wire at x = — «©, We hence ahall 
demand that the total energy flux through a cylindrical surface r = R coaxial 
with the wire vanishes: 


S = 2r{rS,}u2 = 0. (12) 


If as an abbreviation we designate the phase hr — ut by # we obtain 
om @ & — tk dF (p) *} 
S; = EH, Re{F (pe } Re{ mn /e— B dp 2 
We consider the second case, in which h, 4/ — h?, and p were real. Eq. (9) 
then applies for F(p) and we obtain, indicating all immaterial constant fac-_ 
tora by ... and utilizing the asymptotic expressions (7) with n = 0: 


8 = 12 {A coe @ + p ~ 4/4) — B’ cos’ (@ ~ p + 4/4)}. (12a) 
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It is significant here that the factor r/p remains finite for arbitrarily large 
r = Rand that the phase ® may take on any real values. Our requirement 
(12) can then be satisfied only by 


A= B= 9%. 


This signifies: In the second case wire waves cannot occur; they would have 
to be fed by an artificial arrangement of energy sources at infinity, which 
contradicts the physical meaning of the process. 

Conditions are different in the first case, where p has a positive imaginary 
part. According to Eqs. (8) and (7) the field outside of the wire decreases 
here exponentially as r —+ © ; the energy flux S vanishes in similar manner. 
Only this case is relevant for us. By Eqs. (2), (4), (8), (10), and (11) we 
ealeulate the corresponding field within and outside of the wire, and dis- 
tinguiah the complex k, within from the real & outside, as well as the com- 
plex e’/z within from the real ¢%/po outside as in (20.9a, b). Furthermore 
it is convenient to redefine the constants C and A so that all components 
are multiplied with ¥*4—" inside and with VE — outside of the 
wire, We thus obtain the following tabulation: 


O<r<a. p= Vki— hr | a<r<0, pu VY7h—Air 


B, = VERE cri) g, = VER" anu) 
; (13) 
E, = OF) E, = AH) 


k k 
o/b, = CK) 4/2 Hy = EAR 
Hy is identical with H}; the prime at Jy) and Hy indicates differentiation 
with respect to the argument p. 
C. The Boundary Condition at the Surface of the Wire 
E, and H, must be continuous for r = a. Hence we must require 


pile) = ola), 4/, buCSilon) = 4/2 bAHG) a 


p= ViL—- Ra p= VR — ha 
By eliminating the amplitude factors A and C we obtain the tranacendental 
=% , ptf o(p} te & prJd o(ox) 
Hilo) ~ V euak, Jalon) * oe. 
We regard this as the determining equation for the as yet unknown wave 
number h. However, Eq. (14a) can be greatly simplified by taking account 
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of the fact that if the material of the wire is a good conductor p, is a large 
complex number with positive imaginary part so that Eq. (7a) is applicable. 
With its aid the right side of (14a) may be transformed into 


; Eu Kk ow gg / Coe 
ig/ Ep, a i/ 2 i (14b) 


Since | ©’ | >> & its absolute value is small compared with 1. Furthermore 
the left side may also be simplified. Since it must be small we may use 
Eq. (5). We then obtain for the left side of (14a) 


2% 24 


Comparison with (14b) then yields as the final form of our transcendental 
equation : 


2 
p log 2 = -5 ulogu with u = 3 , (14e) 


_ 2 
ulogu =v with v= — % 4/S be (15) 

2 ©’ uo 
For its solution it is possible to employ a peculiar method reminiscent of 
‘the continued fraction. This rests on the fact that log « varies slowly in 


comparison with u. Hence if an nth approximation u, has been found, an 
n -+- 1** approximation may be obtained from 


Unss 1OG tin = 2. (15a) 
We may begin, for example with u = v and put, in accord with (15a), 


h =; (15b) 
log v 
the exact initial value is of little importance since it is corrected step by 
step in the subsequent approximations. Furthermore, by (15a): 
<s = : : us = ——"—_ ete. (15¢) 
a op log 
cg t log —— 
log 
Consider, for example, a copper wire with radius a = 1 mm and the fre- 
quency given farthest to the right on the table on p. 162, which corresponds 
to a wave-length of 30 em and a value ka = 2.1-107*. For the corresponding 


value of x taken from the same table, (15) yields 


y= —(i + 1)-7.2-107". 
We begin with 
t, = (1 + )-3.6-107, (16) 
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where log v, occurring in (15b), has been approximated by —20. We then 
find from (15a) 

te = (4.14 4.54)-10%, uy = (4.2 + 4.60)-107: (16a) 


We thus have already arrived at the limit of convergence of our “continued 
fraction.” 
From this value of we find by (14¢) 


ot = -5 u = ~(63 + 581)-107; (16b) 
and by (1b) 
n= + = (53 + 58i)-10°, h = k{1 + 6.0 + 668-107}. (17) 
We form | 


F == at — (6.0 + 6.6:)-107} (17a) 
, and conclude from this, since w/k = ¢, that the phase propagation lags behind 
‘ by only 6-10;* c. On the other hand we see from our field factor exp(shz) 
that the amplitude is reduced by a factor 1/e only after traversal of a dis- 
tance x given by 

k-6.6-10°2 = 1, x= 720m. (17b) 
This corresponds completely to what is expected: Nearly undamped propaga- 
tion with c as phase velocity. 

There are however also conditions for which this expectation proves to 
be erroneous, Consider, for example, a Wollaston wire of platinum with a 
radius a = 2-10‘ cm; the conductivity of platinum is 8 times tess than 
that of copper. Let the wave-length in air be 1 meter. Then 


x = 92-10? om™, il Zr. = (1 —2)-034-10% p, = (1 + 2)-02. 


The argument of Js in (14) is then no longer large, so that we must use 
Eq. (3c) in place of (7a). It yields 


Jo(pr) 
Fo.) = —({1 — 1)-5.0 


and for the right s side of (15), with the meaning of u unchanged, the value 
v = —i-7.0-10. Our transcendental equation thus becomes 


ulogu=sv, v0 = —t-7.0-10° 
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If, once again, we put 4 = ~—v/20, we obtain by (i5e), 
tt = (~0.29 + 3.54)-10°% & u, 


and 


gen ~Su = (0.36 — 444-10, 
a value of the same order of magnitude as that found before in (16b). 
However the further calculation becomes quite different because of the 
smallness of a = 2-10~ cm. In place of (17) we find in om™ 


h® = k* — 0.0009 + 0.011 ¢. 


It is now no longer adequate to retain 4 first term in a binomial expansion, 
since here ? = (2x/X)* = 0.0039. Instead we obtain 


h = 0.085 + 0.0651. 


From this follows for the length of wire along which the wave amplitude has 
been reduced by a factor 1/e: 


1 
| 0.065 = 15 em 
and for the phase velocity w/0.085. Division by the velocity of light w/k 
yields 


k 
0.085 
as the ratio of the velocity of wave propagation and the velocity of light. 
The former lags behind the latter by 26 per cent. 

The reason for this abnormal behavior evidently lies in the extreme thin- 
ness of the wire, which increases the alternating current impedance and 
prevents the development of a normal skin effect. The interior of the wire 
is then no longer free of current; the current distribution no longer has the 
character of curve 22 of Fig. 29, but that of curve 11. The field is then no 
longer “immunized” against Joule heat loss. Damping and propagation 
become anomalous. 


$23. General Solution of the Wire-Wave Problem 


In the preceding section we have derived that particular solution which 
is related to Herts’s original problem of wire waves. The question arises 
as to whether there is a more general solution. This question was proposed 
to D. Hondros as subject for his Munich thesis.’ At the time it seemed of 


' Ano. d. Phys. $0, p. 905, 1909. 


= 0.74 
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purely theoretical interest, remote from any practical application. It 
has been found since that it possesses close analogies with the theory of 
cavity conductors ($24), at present a favored field of communications en- 
gineering. Furthermore, it may be utilized advantageously for the theory 
of the Lecher two-wire line which first converted Hertz’s single wire into a 
functioning system. Also the “wire waves in nonconductors” which fit 
into Hondros’s formulation of the problem have found practical application 


A. Primary Wave and Electrical Secondary Waves 


We call the solution in §22 the principal wave; for it | p | was emall and 
hence | p:{ large. In the converse case that |p| is large we speak of a 
secondary wave. Then, by (22.7), the left side of (22.14a) becomes equal 
to —{p, i.e. also large,in absolute value. The denominator on the right side 
of (22.14a) must then become very small. p, must hence approximate one 
of the infinitely many and frequently tabulated roots of 


Jo(p) = 0, p=, Wey, (1) 
generally w, , where we shall note in particular 
wh = 3.83. (la) 


By Eq..(22.3d) these w, are identical with the roots of Ji(p) = 0. (We want 
to reserve the symbol w, for the roots of Jo(p) = 0.) In view of the meaning 
of pz given by Eq. (22.14) we have then approximately 
f\2 
nice kt =) (2) 


For a well-conducting wire 4, is thus approximately equal to kz and we can 
write, for all moderate values of » (see (20.11)): 


h, = (1 + tx. (2a) 


From the formula for phase and damping exp(—tw! + thx), which is to be 
interpreted as before, we find: All secondary waves are exceedingly strongly 
damped in their progress along the wire; their amplitude decreases by the 
factor 1/e in the short distance 1/«. Their phase velocity w/x te small com- 
pared to the velocity of light c = w/k, the ratio of the two being equal to k/«. 
The secondary waves also behave oppositely to the principal wave with 
respect to the character of the field. By (2s) we have outside of the wire 


_— pa VB — hr & (-1 + ter 

and by (22.7) | ~ 
Mp we tr for ar < @. 

By (22.8) thig signifies a skin effect outside of the wire. In its interior, on 
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the other hand, the argument of Jo{p) is real since 
p= V/ki— Rr = wo, ~ (w, real) 


and hence Jo(p) is of the order of magnitude | for0 Sr S a. 

Phe entire interior is filled by current, Considerable Joule heat is generated 
here, which explains the rapid damping of the wave in its progress along 
the wire and makes any observation of the secondary waves ilusory. 


B. Magnetic Waves 


While we derived the electrical principal and secondary waves from 
the general Eq. (20.5), we obtain the magnetic waves from (20,6). We 
here set Z, = 0, H. equal but for a constant to the Bessel function Jo 
ingide, and equal to the first Hankel function Hy outside of the wire. If 
we take the corresponding transversal components from (20.6) we obtain, 
withhu =rv=9,g.= 1,9, =r: 


O<r<a, p= +/ki — hir @a<cr< @, p= VYR—hr 
4/2 — Ve — 
fH = MEH B ayy) 4/2 H, = YEXE pay) 


4/'" H, = DJ ilo) ,/* H, = BH.) @) 


— B, = * DI) —E, = 5 BEY). 


From the requirement of continuity of H, and E, we now obtain the bound- 
ary conditions 


pr DJo(e:) = / of pBHolp), ke DJ olor) = kBHo(p). (4) 


Here we have put p = ~/k? — ha, p, = +~/k? — #? a, asin (22.14). The 
reader may prove to his own satisfaction that the second of these condi- 
tions assures at the same time the continuity of B,, taking account of the 
relation k* = eougo’, which we shall also use in the following. 
Elimination of B and D in (4) leads to the transcendental equation 


Holo) _ , /e’ue & pr Jo(os) 
He) V eon be Selnn) ” 


whose right side differs materially, even in order of magnitude, from that 
of (22.14a). We ask whether (5) has a solution of the type of the principat 
wave h = k, i.e. p <1, Then the left side would, by (22.5), be of the order 
of p’ log p, ie. in absolute value < 1, while the right side, by (22.78) and 
since p, & k,a, would be approximately equal to { e’y9/(eqs)*ka, ie. in ab- 
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solute value >> 1 since | e’ | >> &. This applies even for soft iron where 
wis much larger than uo. The assumption 4 = & thus leads to a contradic- 
tion. There ig no magnetic principal wave; the magnetic waves all have the 
character of secondary waves: 


\s 
jp |> 1, Jolor) > 0, Wek (=) 


4s in (1). The earlier comments on the electric secondary waves may be 
transferred without change to the magnetic secondary waves. Their field 
also shows s skin effect outside of the wire and is rapidly damped in the 
interior by Joule heat. 


C. Asymmetric Waves of the Electromagnetic Type 
We now consider processes without rotational symmetry about the axis 
of the wire and employ for the representation of Z, the more general solu- 
tions of the Bessel differential equation 


Jae) cos (np) or H,{p) cos (ne) (6) 


in place of the functions Jo(p) and Ho{p). We readily convince ourselves 
then that the former three-component solutions Z, , Z,,H,and H,,H,,E, 
are no longer aufficient, but that all six components of E and H must occur 
in the solution. We must now combine with the formuia (6) for Z, the 
formula 

J a(p) 


H,, (p) 


for H,, so as to give all termes in (20.5) the common factor cos (ny), all 
terms in (20.6) the common factor sin (ng). We thus obtain from (20.5, 6) 
for the interior of the wire, with p = ~/k? — A? r 


B, = YE 64.60) cos (ne) 


sin (np) (6a) 


E, = fost + fn Diato} ates) 


i ‘* oF) + & Ds'.)} an Ge) 
4/5 H, = VE —® Hi ® DJ (0) sin (ng) 


4/5 = {2H cry) + DI} sin ng) 


fs H, = {te CS's(p) + : DJ so} cos (ny). 


(7) 
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The phase factor exp(—tot + thz) is again to be thought as included. 
The constant coefficients in #, and H, have been so chosen that (7) passes 
over into (22.13) for D = O and n = 0 and (after the permissible inter- 
change of cos and sin) into (3) for C = O andn = 0. 
Proceeding likewise for the exterior of the wire we obtain, with 
pa Vi — hr 
B, = YE AH) cos (ng) 


E, = {Artal + = Bio} cos (ny) 


a - * BH.) siete) 


eh. - H, VE —¥ py iy) sin (ng) 
/™ H, = (et, 5 AHa(o) + ios ain (ng) 
WV? H, -(} AH’) += ” Bi) cos (ny). 


We now tarn to the boundary conditions between interior and exterior 
atr = a, With p = 1/2 — RPaand a» = ki — h? a we obtain from the 
continuity of #, and H; 


prCIa(p,) = pAH,(p), (9) 


pr DJ (or) = goBH(p), 9 = on , (9a) 


and from the continuity of EZ, and H, the two conditions 
OE Salon) + DE Talon) = AP Halo) + BEHO, — (10 


(8) 


 F's(o2) + D~ - Fa(or) = AL E Ho) +BE E Ha(o). (108) 


The constants A, B, ¢, a D are to be pee fea these four equa- 
tions (9), (Qa), (10), and (10a), most simply in the form of a four-row 
determinant. We divide their columns immediately by H, and J, and find: 


e 0 PL 0 

0 gp 0 Pt 

n Hy n kis] mo ai) 
p AH, PL h Ja 


tH, ge ked, om 
7hH. op oRde pi 
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This transcendental equation is to be regarded as the equation delermining 
the wave number h, which occurs not only explicitly, but also implicitly in 
p, pc, H’/H, and J’/J. The electric and magnetic components of the 
wave are coupled by it. An uncoupling occurs only in the symmetrical case 
n = 0, for which (11) may be separated: 


Jo _ A { He od 
{obs J, pr gk a pik Hi, pak: j, 0. (11a} 
When set individually equal to zero the two parentheses correspond ex- 
actly with the transcendental equations for the symmetric magnetic and the 
symmetric electrical case, i.e. with the earlier Eqs. (5) and (22.14a). 

We utilize (11) below only to answer the question whether in the unsym- 
metrical case a state of the character of the principal wave is possible. 
We thus assume ~ 

_ J's . By 
hk, 9=0, lex| > 1, : i, ao 
the last two statements follow from Eqs. (22.6) and (22.72). We then can 
neglect, in the first two rows of (11), not only gp, but also p in comparison 
with p, . Then the determinant (11) breaks up into the product of the two 
eubdeterminants 


p;, 0 


0 pr 


{xe 
t h 
=p, and (2) q = -=.. (12) 
“; 1 
The product of the two yields 
2 
W - KH) S 


Set equal to sero this leads, forn = 0, toh = -+:k,, which contradicts our 
requirement h & k. There is hence no asymmetric principal wave. We must 
refer to Hondros’s thesis for the rather complicated solution of the tran- 
scendental equation for the secondary waves. 


D. Wire Waves on a Nonconductor 


The dissipation of the secondary waves on the metallic wire by Joule heat 
raises the question as to whether secondary waves on a dielectric wire 
might be observable. According to Hondros and Debye this question ja to 
be answered in the affirmative.’ 


1D. Hondros and P. Debye, Ann. d. Phys. 3%, p. 465, 1910. 
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We shall consider a “water wire” (which may be imagined surrounded 
by an infinitely thin-walled giass cylinder). In view of the absence of ab- 
sorption A is real, so that +/k? — }? is either real or purely imaginary. The 
first possibility (A < k, propagation with a velocity exceeding that of light) 
is excluded by the prohibition of radiation, in accord with §22B. Hence 
1/2 — 2? and our former p = +/k? — h? a become purely imaginary. On 
the other hand, p, = +/k% — h? a is real. For we have now, since « = 0 

ki = eye =~ ee ‘ Eo pow = vk’, 
Eo fo 
where n is now to denote the refractive index, in accord with Maxwell’s law 
in Eq. (6.7) (not, as up to now, the order of the Bessel functions!). For 
water we have in the high-frequency range (decimeter waves} n & 9. 
We introduce the two real quantities 


t=V/h—-Bea 21= We - ha, (13) 


which will serve as rectangular coordinates for a graphical representation. 

All our earlier formulas, in particular those for symmetrical waves, 
remain valid for our present case of real £, » insofar as they do not contain 
approximations. Eq. (22.14a) now takes the form 


., Holt) — 9 Joly) 


8 He) Tala) (14) 
For § — 0 and t — © its left side varies, according to (22.5) and (22.7) as 
E 
it log ; 
2 = 2 +f = i 
Te P log = and as == respectively. 


It thus becomes equal to zero and infinity along with £. Hence the right 
side of (14) must also vanish for § = 0; this is not the case when 7 = 0 
(since J4(0) = 0), but only when 


Joly) = 9. (15) 
On the other hand, the right side of (14) becomes infinite for 
Jo(n) = —Jila) = 0. (15a) 


We shall represent the variation given by (14) graphically in the &- 
plane. On the ordinate axis we mark the roots of (15) and (15a), which al- 
ternate with each other. As on p. 186 we call the sequence of points 


f é ? 
Wy, We, We, °°" and W,, We, Wa, '? 


and nots in particular 
w, = 2.40. (15b) 
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We draw lines parallel to the axis of abscissas through the points 7 = Ws, 
¢ = 0. The points » = w,, & = O are initial points of curve branches of 
the desired representation, which must approach the horizontal straight 
lines » = w;, asymptotically for — = ©. 

There exists however, according to (13), also the relation 


2 
P+ ag = (ne? — Ika’ = (n’' - 1) (2) (16) 
between = and y. This means that the desired solutions of (14) must also 
lie on circles about the origin of the &-plane with radius 


nh = e/a] 5. (16a) 


where } is the “wave-length in air” corresponding to our state of vibration. 
Hence we muat let the curve branches intersect with the circles (16). 


Fie. 34. Wire wavea on a nonconductor. Plane of 
the real coordinates ¢ = +/A? — Ka,y = V/ntkt — ht 
a. Construction of the roota of Eq. (14) with the aid 
of the roota wm , w:, -:: of Eq. (15), Jo(y) = 0, and 
the roote w, , w,, °°: of Eq. (15a), Ji(y) = 0. 


Depending on the magnitude of A there are zero, one, two, or even more 
intersections. Our figure shows directly: 


For r, < w, there is no intersection. 

For w, < 1, < ws there is one intersection. 

For vw, <n < w, there are two intersections etc. 
According to (15b) the first root of Jo(y) = 0 is wi = 2.40. The mazimum 
permissible value of ) which corresponds to this least value of r, for which 
a wire wave is just still possible is, according to (16a): 

an aT 
Amex = 545 Vr—Ta 

For our “water wire” with radius a = 1 cm this is 


2nr/80 _ 
) 540 23.4 cm. 


Longer wave-lengtha than this cannot be propagated along it. Thus we find 
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ourselyes in the range of the “decimeter waves” which is of such great 
interest at present. 

As > is reduced there is one possibility of propagation, represented by 
the first intersection S, in the figure; as \ is reduced still further, corre- 
sponding to rn, > 5.52 being increased, there are two possibilities, given by 
the two intersections S, , S, in the figure. The first, at small ¢, yields h = & 
(velocity along the wire nearly equal to ¢c), the second at larger é (Ah mate- 
rially larger than k, velocity of propagation appreciably less than ¢) cerre- 
sponds to an » which is nearly equal to the first root of J/:(7) = 0, which 
according to Eq. (23.1a) is w, = 3.83. In the first of these two cases the 
electric lines of force are nearly perpendicular to the surface of the wire and 
the decrease of the field outward is slow (the asymptotic decrease ¢ 
is attained only for jarge r). In the second case, where £ is quite large, we 
have a shin effect outwards, as for our auxtitary waves for the metallic wire. 
The first case has the character of the principal wave on the outside, with 
the difference that the interior of the dielectric is filled by current (» real 
and of moderate magnitude). Similarly, for still smaller \, the large number 
of vibration states then possible are arranged between the limiting cases of 
principal ahd auxiliary waves. At the same time the phase velocity of the 
wave varies between the velocity ¢ in vacuum and that “in water.” 

The above results predicted by Hondros and Debye were verified most 
succesafully by G. Southworth in the Bell Laboratories. Also in Germany 
such dielectric wire waves have been profitably applied in communications. 


§24. On the Theory of Wave Guides 


In the preceding section we have seen that electromagnetic fields may be 
held together and guided by the surface of a non-conducting rod and that 
they protect themselves against outward radiation by a skin effect. This pro- 
tection will be complete if we embed the non-conductor in a metallic tube, 
whereupon the condition of a sufficiently high dielectric constant may be 
omitted and the dielectric within the tube may also be air. We thus arrive 
at the configuration of the wave guides, which have become important in 
high frequency practice. 

We consider in particular the cylindrical wave guide, since its treatment 
may be deduced directly from the preceding formulas. Let a be the radius 
of the metallic envelope, which for the present will be assumed to be a 
perfect conductor, and & the wave number of the propagation. It is real 
since the wave is damped neither by Joule heat nor by radiation. There are 
electric and magnetic waves of symmetric type and also of asymmetric type. 

We write for the symmeiric electric waves, ag in (22.13), omitting the ampli- 
tude coefficient C and the phase factor exp(—tat + tha): 


B= VEE), Bea Se), 4/8He =F. 
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For known E, these formulas also follow directly from the relationship of 
transversal and longitudinal components in (20.5). The boundary conditions 
reduce to the single equation E, = Oforr = a, since for H, the required 
condition of continuity is satisfied by a surface current induced in tho 
envelope. Thus, with p = +/k* — h? a we have 


Joloe) = 0, p= tr, te, = @, +> with w, = 2.40. (2) 
From the definition of p it follows that 
3 
er ON Bid Fe 
h; k (2) 3 h, < k, h, > k c, (2a) 


The phase velocity w/h, along the tube thus exceeds the velocity of light. 
As for our dielectric wire there is a lower limit for the wave number k, 
i.e. an upper limit for the corresponding “primary” wave-length” \ = 2x/k. 
It corresponds to h = fh; = 0 (phase velocity infinite) and yields by (2a) 
: Wy = 2x - 2r - 2 

kmin = Ts a a a 540° (3) 
Since a@ is of the order of magnitude of centimeters all the following con- 
siderations apply to the centimeter-vave region. The number of possible 
states (or “modes”) of type (1) depends on the frequency w or, what is 
the same, on the primary wave number k = w/c. According to (2a) this 
number ia equal to the number of roots w, which are less than ka. 

The magnetic symmetrical waves are represented, according to (23.3), 


Jf — Bt ; k 
4/2 = EF nin, 4/ BH = Td, By IO), 
corresponding to the general scheme of Iq. (20.6). The single boundary con- 
dition which must here be fulfilled is Z, = 0 for p = +</}8 — fia. It demands 

Jip) = 0, p= Wi, We, °°, With w, = 3.83 (5) 
and yields, as in (2a), values of hk, which are < k. The upper limit for the 
primary wave-length lies somewhat lower than for the electric type. It is 


2 2x 
Amex = 7 @ = 395 o (5a) 


To pass over to the asymmetric types we start from Eqs. (23.7). In view 
of the reduced number of boundary conditions we may now however set 


1 By the “primary” wave-length we understand that of the exciting oscillation, 
which of course bas the same frequency w as the wave guide oscillation excited by it. 
This'‘primary wave-length is actually simply a measure of the frequency « which is 
familiar to the engineer and convenient in dimension. The wave-length in the wave- 
guide can be determined uniquely only in the axial direction and is = 2x/h, whereas 
the primary wave-length is 2x/k = 2xc/w. For prim = Amex, Max ™ © since h = 0. 
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one of the two amplitudes C and D equal to zero, the other equal to 1. This 
simplifies the formulas considerably and leads to an asymmetric electric 
(D = 0) and an asymmetric magnetic case (C = 0). 

For the asymmetric electric type we obtain: 


E. = = Vibes: Hat 
E, = J'x(o) cos (ny), “#H, = 5 Jule) sin (ng) (6) 
By = ~" Iolo) sin (ne), VE: H, =F F'l9) c08 (ng) 


and for the asymmetric magnetic case, if, for convenience, ng is exchanged 
for np + #/2, 


E, = 0, yf 2n.~ © — * Jalp) cos (ng) 


B= —FP slp) cin (ne), 4/® Hy = Jl) 008 (ne) ” 
p £9 


. Be ey Yo = —* J.(p) gi 
Fyn —] Elo) c08 (ne), 4H, = —2 lo) sin (ng) 


For n = 0 (6) and (7) pass over into (1) and (4). 
The boundary conditions for r = a, p = ~/® — ht a require 


for (6): E, = E, = 0, ie. Ja(p) = 0, 
for (7) E,=0, ie. Jn(p) = 0. 


As in (2) and (5) we call the roots of these two equations again w, and w, 
and distinguish them when necessary from the former by the addition of 
the argument », writing thus w,(n) in place of w,(0), w,(n) in place of w,(0). 

The following table indicates the relative position of the smallest roots 
in the doubly-indexed twofold system w, 1’: 


Jy = {) Jo = Js = J = Q 
w(1) = 1.84 w(0) = 2.40 101 (0) = 3.83 = w,(1), 
we(l) = 5.33 u(0) = 5.52 w2(0) = 7.02 = w,(1). 


It shows, contrary to expectation, that the magnetic asymmetric wave with 
n = 1, and not the electric symmetric wave with n = 0, possesses the smallest 
root. Ajso for the second root » = 2, in the second row of the table, the 
sequence of these two waves is the same as for the root » = 1. The thifd 
column shows finally that the electric symmetric wave is succeeded by the 
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magnetic symmetric wave with n = 0, which yields the same root as the 
electric asymmetric wave for n = 1 since Jy = —J;. 

In view of this the wave-length Awex given by (3) is not the absolute 
upper limit for all waves that can be propagated in the guide, but rather 
the wave-length 


(8) 


tn 


Fig. 35. Transversal fielda of cylindrical-guide waves, ordered according to the 
limiting wave-length Muss/a2. Full lines, electric; broken lines, magnetic lines of force, 
both represented in the croaa section of their antinodes. Open beginnings or ends of 
the lines of force indicate their being bent out of or into the direction of the axis. 
Customary engineering notation: TM magnetic, TE electric typo; first subscript, 
azimuthal number of nodal lines; second subscript, radial number of nodal lines 
within the guide. 


Thus, if the frequency is increased continuously (continuous reduction of 
the primary wave-length) and if the exciting elements are suitably disposed 
in space, the electric syrametric wave is not the firat to appear, but instead 
the magnetic asymmetric wave with n = 1. The electric symmetric wave 
follows and, after it, the magnetic symmetric wave simultaneously with 
the first asymmetric electric wave 7 = I, as illustrated in the series of pic- 
turea in Fig. 35. a 

So far we have discussed only exactly circularly cylindrical tubes. Every 
deviation from circular symmetry occurring along the tube is equivalent 
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to a disturbance in the symmetry of the excitation and hence occasions 
the appearance of new secondary waves of different symmetry, which leads 
to difficulties in the practical application of the desired modes of oscillation. 

Also a tube of elliptical cross section may be treated directly by the general 
method of §20A, since the wave equation is separable in the elliptical 
coordinates u, v (see Vol. II, Problem IV 3). It is only necessary to put 
E,, H, equal to a Mathieu function (function of the elliptical cylinder) 
F(iu) or equal to the product of two such functions F(tu)-F(v); the trans- 
versal components #, , H, ;H, , E, may then be written down immediately 
with the aid of Eqs. (20.5) and (20.6). 

We shall still glance briefly at tubes with rectangular cross section. Since 
there can be no question of a symmetrical wave in view of the shape of the 
rectangle (sides b and c in the y- and 2-directions) we give right away the 
general formulas (n apd m arbitrary integers) corresponding to Eqs. (6) 
and (7); the amplitudes of E, in (9) and H, in (10) have, just as in (6) and 
(7), been chosen in a manner convenient for what follows. As before, the 
phase ee exp i(ha — ae must be imagined as included. 


¢ 
— — a ~ —* 
2 = am ae a id we e., 0 
E, = ih— sin (ne 2) con (ma), 4/24. ~ J... 
¢c b ¢ £p h 

iio n y 2 
4/2 He 1 +} con (ne ») cos (me), E, = 0, 

mH, = — th sin (ne ¥ . = * ,/M 
[BH as sin (ne » cos (me?), Ey JH, (10) 
4/* H, ad ~ih ™ 008 (ne #) sin ( me2), E, = ~*y/#H,. 

£0 ¢ b ¢ A £ 


The wave number h is determined in both cases by the differential equation 
AX + k*X = 0, which must be satisfied for every one of the Cartesian 
components of E and H. Substitution of either (9) or (10) readily leads to 


% | 
+x ( af =") =; = (2) , = primary wave-length. 


The maximum value of \ for given n and m, below which the tube is capable 
of oscillations, occurs for h = 0 and is 
2 


_ Fos 
m** 
ai Pan 
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If, as we may assume, b > c the-absolute maximum is attained for n = 1, 
m = 0 and is 


Amex = 2b. 


As Leon Brillon has noted, these and similar oscillations in guides can 
be constructed elegantly and instructively by the superposition of ordinary 
plane space waves which interfere at the tube walls. 

The same idea leads also directly from the progressive waves derived 
above to characteristic standing waves in e.g. a rectangular parallelepiped 
or a circular cylinder of finite length. Essentially, the wave number h must 
simply be replaced by an integer multiple of +/a where a is the length of the 
third side of the parallelepiped or the length of the cylinder, respectively. 
We will discuss this in greater detail in Problems II 7 and II 8 and treat, in 
Problem II 9, the radially symmetric characteristic vibrations of the sphere 
as well. The characteristic vibrations of the rectangular parallelepiped, in 
particular, find a useful application in microwave practice for the deter- 
mination of the frequency of the primary excitation by the resonance 
principle. 

More difficult questions arise in the practical application of wave guides, 
where, instead of perfectly conducting walls, the finite conductivity of real 
‘ «metals and the heat loss in them must be considered; the latter has, up to 
the present, prevented the propagation of waves in guides over great 
distances. Also the shaping of the ends of the guides into conical or horn- 
shaped openings raises questions upon which we shall not enter here.’ 


826. The Lecher Two-Wire Line 


Mathematically this is the generalization for high-frequency alternating 
currents of the quasistationary two-wire line treated in §18. Its advantage, 
compared with the single wire traversed by alternating current, rests in the 
fact that the field outside of the wires decreases more rapidly than for the 
single wire, so that the disturbances by the surroundings discussed on p. 178 
are avoided. _ 

The phase of the alternating current in the two wires advances in the 
same direction, say in the positive z-direction; the direction of the current 
itself, on the other hand, as in §15E, is oppostie in the two wires. We might 
say: For the same <x positive charge flows in one wire through a given cross 
section, negative charge in the other. Also the charge accumulated on the 
surface has at any moment, for equal z, the opposite sign in the two wires. 


1 We refer to the comprehensive textbook of S. A. Schelkunoff, ‘Electromagnetic 
Waves,’ Van Nostrand, New York, 1943, which was published az a Bell Monograph 
and is widely employed in the United States, as well as to the lectures of L. de Broglie, 
‘*Problémes de propagation guidée des ondes électromagnetioues.” Paris. Gauthier- 
Villars, 1941. 
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We call this 9 push-pull excitation. However, the mode in which charge of 
equal sign flows in both wires (and is accumulated at their surface) may also 
be realized. We then speak of parallel excitation. The conditions of excitation 
determine which of the two states occurs. Any asymmetry of excitation 
results in the appearance of both wave types. However, we only call the 
push-pull arrangement a “Lecher system.” For parallel excitation the situa- 
tion is quite similar to that for the single wire (§22) and is fraught with the 
same experimental drawbacks. 

G. Mie’ succeeded in giving a complete theoretical treatment of the 
Lecher problem as early as 1900. The following representation,’ which is 
both simplified and rounded out to some extent, deviates from that of Mie 
more in form than in substance. Like Mie, we introduce a system of bt- 
polar coordinates, to which the circumferences of the two cross sections, 
sssumed circular, belong. These coordinates would be the ideal mathemati- 
cal medium if the wave equation were separable in them. Unfortunately 
this is not the case (see Vol. II, Problem IV.1). We hence must employ 
methods of approximation which rest on the replacement of the wave equa- 
tion by the potential equation in the yz-plane. However, this approximation 
is valid only for sufficiently good conductivity of the material of the wire 
,and in the exterior of the wires. Inside we must caleulate with ordinary 
" eylindrical polar coordinates. The comparison of the two formulas at the 
surface of the wires leads to a clear-cut equation for the determination of h, 
the wave number, which in the push-pull case becomes even simpler than 
for the single wire, being algebraic in place of transcendental. In the parallel 
case it is practically identical with that for the single wire. 

G. Gentile Jr. has proposed a procedure which differs from ours and from 
Mie’s.* In accord with the general methods of perturbation theory he super- 
poses on the symmetric wave propagated along the first wire the totality 
of asymmetric Hondros waves from §23, each multiplied by a disposable 
coefficient. He seeks to fit these coefficients to the boundary conditions 
on the first and second wires, in which process he has to utilize the gen- 
eralized addition theorems of the Bessel and Hankel functions. This leads 
him to an infinite system of simultaneous linear equations for the co- 
efficients. However he and his collaborator T. Magri failed to obtain an 
- approximate solution of it. On the other hand, our procedure leads to a 
direct and explicit determination of the infinite number of coefficients 
which must be introduced. 


1 Ann. d. Phys. 2, 201, 1900, 

‘ It reste on a detailed study of the problem by Mr. J. Jaumann; he also has made 
available to me the elegant treatment of the limiting case ¢ — © given in the aus- 
ceeding section A, which we owe hie late father, the wellknown physicist G. Jau- 
mann of Briinn. 

* Nuovo Cimento, Vol. I, pp. i61 and 190, 1943. 
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A. The Limiting Case of Infintie Conductivity 


For « —> © the waves propagate themselves with the velocity of light ¢, 
50 that A = k, as has already been pointed out at the end of §20A and 
follows directly for the single wire from Eq. (22.15). Then the three-dimen- 
sional wave equation for each Cartesian field component becomes the 
two-dimensional potential equation, in accord with Eq. (20.3). This may 
be solved by the method of conformal mapping for arbitrary cross-section 
peripheries (which need not be circular, nor even the same for the two 
wires). The method can also be applied when the excitation is not purely 
periodic and monochromatic, i.e, when our phase factor exp{i(hz — of)} 
is replaced by an arbitrary function f(a — ct). 

It is true that the longitudinal components #,, H., which were con- 
sidered first in Eq. (20.3), vanish in the limit 4 ~ &, sinee for infinite con- 
ductivity the electric lines of force are perpendicular to the surface of the 
two conductors, and the magnetic lines of force also lie in the planes x = 
const. Hence we have for the longitudinal components, in 4 first ap- 
proximation 

E,=0, HH, =0. (2) 
On the other hand, the Cartesian transversal components F,, E,,H,, Hs 
may be determined almost directly from the fact that as solutions of the 
two-dimensional potential equation they form an electrostatic and 9 corre- 
sponding magnetostatic field. They are most simply combined in the vector 
formula 


E+ i4/#H = gradu, w= ut io, (2a) 


w = w(t) is a function of the complex variable { = y + iz, which may be 
constructed by conformal mapping; the transversal E- and H-componenta 
are obtained as gradients of the real and imaginary parts, u and ¥, of this 
complex function. 

The conformal mapping for our two identical circular cross sections is 
known to us from §19 of Vol. II. Fig. 26 given there is reproduced in the 
following figure with the notation to be employed here. Both systems of 
lines of force are circles. The electrical tines of force » = const. proceed from 
the fixed points @: , Q: of the family of circles; the magnetic lines u = const. 
have their centers on the real axis of the ¢-plane, on which Q, and Qh also lie. 
Let the center of the system M be the origin { = 0. Our function w is given 
by Eq. (19.10) of Vol. IT which in the present notation (2, v, ¢, tf: in place 
of g, 9, z, ¢-) and with a convenient choice of the constant A takes the form 
f — fo o . 
rr te sa 
1 As before, the factor (uo/es)!/* must be applied to H for dimensional reasons. 


w = log —— 
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+ ft are the (real) values of { corresponding to Q: and Q,, respectively. 
u and 9, as real and imaginary parts of w, have the same meaning as the 
parameters p and ¢ of the bipolar coordinate system defined in Eq.(19.10b) 
of Vol. IE. Of the magnetic lines of force, those have been drawn heavy in 
Fig. 36 which are supposed to correspond to the cross sections of the wires 
(radius a). Their centers 0, , 0; do not coincide with the pointe Q,, Q:. 
We call the latter, as sources of the electric lines of force, source potnts 
(three-dimensionally they are source lines parallel to the axes of the wires). 


‘ 


Fra. 36. The families of circlea of the bipolar coordinates u = const, » = const 
with the fixed points (source points) Q , Q.. The peripheries of the two wire croas 
sections u = -it are indicated by heavier lines; O, , O, are their centera, a their 
radius. The center M of the figure is the origin of the complex variable ¢ = 2 + sy. 


In the sense of Eq. (9.8) Q, and Q, are their mutual elecirical images with 
reference to the #wo circular cross sections, i.e. are transformed into each 
other by the “transformation of reciprocal radii.” With the designations 


0.0:=002:=f, O@=OQ=F, OM =0.M => 
we have hence 

7 Ped, ftP=B F-f= 2%. (Ba) 
Solution of a simple quadratic equation then leads to 
Febivi—a, f=xb—-vViR—a@ f= vi —at (Bb) 
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B, The Exterior of the Wires 


According to Problem [V.1 of Vol. II the line element of the bipolar co- 
ordinates may be written 
2 5,2 2 1 _ cosh u — cose 
ds (du’ + dv’), ; (Fo (4) 
As compared with the general orthogonal line element in Eq. (20.1) we 
thus have here the special (isometric) case g. = g, = g.- 
The electric lines of force, represented in Fig. 36 by the family of circles 
» = const, have the direction of increasing u, the magnetic lines of force, 
represented by the orthogonal family of circles u = const, have the direction 
of increasing v. For the particular line elements ds, , ds, of the two systems 
of lines of force we obtain from (4) 


we Oe og, (42) 
We white Eq. (2a) separately for the u- and v-directions: 
Ho dwdu 1 
Ey +t et " 35 ds. 9” 
5 / MH, = We det 
E+? a av d& g 
Separation of real and imaginary parts leads to 
to 1 cosh u — cose 
Ey = Ho , = - = = 4/8 He 0. 5 
eu g (Fi f)/2 * . & 2 


The last is obvious since the electric lines of force have the w-direction, the 
magnetic, the v-direction. Furthermore, in spite of the vanishing of the 
longitudinal components Z, and H, noted in Eq. (2), we wish to obtain a 
somewhat closer approximation for them as solutions of the two-limen- 
sional potential equation. This is, in terms of u and », 

> & 
= ia + apt = 


it is integrated by particular solutions of the form 


ce Ce 


Here n is a positive integer. For z = 6 these functions are replaced by the 
linear function 


Aus 0. 


au. (5b) 
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The addition of a term bv is not permissible since #, and H, must be unique 
functions of space, whereas the coordinate » changes by +27 after revolv- 
ing once about one of the wires, i.e. is multivalent. Furthermore, the 
addition of a constant ¢ to (5b) i is excluded since E, and H, must vanish 
at infinity (u = v = 0). In view of the symmetry of our problem we write 
E,, s8-an odd function of uv and as an even function of », 7, , vice versa, as 
en even function of u and an odd function of v: 


E, = Evi + E, sinh u cos v + F; sinh (2u) cos (Qe) + --- 
iy (6) 
/ 2H = H, cosh u sin » + H, cosh (2u) sin (2v) + --- 


In justification we consider two symmetrically placed points u, v and 
—u, v to the right and to the left in the figure. In the push-pull case, 
which alone interests‘usa to begin with, the currents flow in opposite direc- 
tions in the two wires; the same applies to the z-components of the dis- 
placement currents outside of the wires. Hence £, is, in our two points, 
equal and opposite. On the other hand H, has the same sign in the two 
points in view of their position to the left and to the nght of the two wires. 
_ Consider now two points u, vy and u, —v in the figure, above and below 
the straight line vy = {°1. In them F, has the same sign and H, opposite 
signs. The formulation (6) is hence justified. 

We already know of the coefficients F,, Hi, ---, H,,---, from (2), 
that they vanish in the first order for h — k. To obtain more detailed 
information we best turn back to the general relations (20.5) and (20.6) 
which: before served for the calculation of the transversal components 
from the longitudinal ones, and which we shall now employ to determine 
the longitudinal components to the first order from the transversal com- 
ponents known to the zero order of approximation. Since g, = g, = g, sub- 
stitution of (5) and (6) in (20.5) and (20.6) leads to 


i(k* — h®) = —hAEy — (hE, + kH,) cosh u cos 2 - 


i(k’ — WY) = —kE, — (kB, + 4H) cosh u cose --- from (20.5) 
ies (hE, + kH;) sinh usin v --- 
0= — (kE, + AH) sinh using --. "om (20.6) 
We conclude therefore: 
o= i -K) "7 K’) => es oe & 2i(h — k), (7) 
k ; 
Hy - 7B — FS — Bh. ~  (g) 


The sign = signifies here “equal but for higher terms in k — k’’. it is 
readily seen that the same applies for H,, H;,°-- as for H,. We have 


7. 
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thus determined &, and H,, H#:, Hs, sane H,. The #,, E:, ome E,, remain 
indefinite from this point on and are disposable for what follows. 

To conclude the consideration of the exterior of the wires we write down 
the expression for H, on the periphery of the first wire as we approach 
the latter from the outside: Since this periphery is a magnetic line of 
force, we have here u = const, say = +2. We utilize the abbreviation 


p=e~ (9) 
and obtain from (5) 


4/2 He gh (p +3 - 2000) for u= +t. (9a) 
C. The Interior of the Wires 
Since, as in the preveding sections, we have within the wire 
ky = Vepat + tuew = Ve'n w 

in place of k and since | k, | > hk, we do not attain our goal with solutions 
of the potential equation in bipolar coordinates, but must employ actual 
solutions of the wave equation in ordinary cylindrical coordinates, Hence 
we introduce at the center e.g. of the first wire a new complex variable 
“n = re’® with'the origin O, and we must deal with the mutual transforma- 
tion of our two systems, polar and bipolar coordinates, particularly at the 
periphery of the wires, This is furnished by Eq. (3) if there we express ¢ 
in terms of the new variable 7. Referring to Fig. 36 and Eqs. (3a, b) we set 


-F 


Phben $Fhaa- be Via a (tT! 


and obtain from (3) 


© utiv { fo y — F 
ore t+h a»-—f (10) 
inversion leads to 
uric 
nore? = ee (10a) 


eve — | 


The coordinates r, 9 are thus expressed in terms of the coordinates tu, v 
and vice versa. 

Thus by forming the absolute value of (10) and squaring it we find for 
the periphery of the first wire, where we should have u = -+-tu andr = a, 


tm pa eras ef _ ats — tf cwy 
PT Oe —F a*—-F @+ FP — WF cosy 
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Since p is independent of ¢ this equation is satisfied only if, after multiply- 
ing through with the denominator, the factors of cos ¢ on the two sides 
are equal, i.e. 


—2op'F = —2af, p= 4/S. 


or, in greater detail, in view of the reciprocity relation in Eq. (3a), 


Piaf 
p= pn pel. | me 


From the same Eq. A we find for r = @ since p < 1: 


iv — F/a i _o-# —te 2 — tig St te 
é eae me (p—e "(1+ pe *+pe°%+->-) 


= pt (p' — Ie + (pi — pet +... (11a) 
and hence | 
cosy = p + (p’ — 1) cosy + p(p’ — 1) cos (2p) 
+ pi(p’ — 1) cos (8g) + - 
On the other hand we find from (10a) for r = a, making use of (11): 


(12) 


(He po, ea (p—e )"(t—pe“) —(18) 
The real part of this equation is, for n = 1, 2, 3, 
cos = p — (1 — p’) cosy — (p — p’) cos (20) 
~(p* — p') cos (39) + ++: 
cos (2g) = p” — 2(p — p’) coav + (1 — 4p” + 3p*) cos (20) + -- 
cos (8¢) = p’ — 3(p — p*‘) cos» + (3p — 9p’ + 6p") cos (20) + -- 


As the general expression for the field inside of the first wire we use the 
superposition of the system of partial waves in (23.7), where however we 
need write down only the expressions for E, and H,: 


z, = VHL=® Da CaJa(p) 08 (ng), 


4/58. = o{® CuFsl9) +® Da Sao) c00 (ne). 


By supérposing here all possible asymmetric Hondros waves we implicitly. 
and in the most general fashion take account of the unilateral effect. of the 
“second wire” on the interior of the “first”. 


(14) 


(15) 
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D. The Boundary Condition H, = H, 


Previously the amplitudes C, D could be chosen arbitrarily for the 
individual partial wave. Here we do not consider the individual partial 
wave, but the superposition of all of them, and must fix the amplitudes 
C,, D, of each partial wave by the requirement of continuity in passing 
over to the exterior field. 

To this end we compare the expression (9a) for H, , after having replaced 
in it cos »v with the series (12), with the representation of H, in (15). Tak- 
ing account also of (11) we obtain as factor of cos (ng) in (9a) 


& 2p" Se a & 2p" 


We write for the corresponding factor in (15): 


if © o: Feat + Betas Dads . (16a) 


Here J,/J', has the order of magnitude unity, as was noted at (22.7a). Of 
the multiplying factors the first two are very small quantities; the same 
applies for D,/C, , a8 we shall confirm later on. A comparison of (16) and 
(16a) thus yields directly 


ne set 2p" 
Ci e’ we ke al (p)" {17) 


The case n = 0 requires special consideration because of the constant 
term appearing in the expression (12) for cos v. We here obtain in place of 
(16) and (16a) 


tf gy No Jel ex 2 ay 
2 ( P + *) = we and /= h Cod o(p), respectively 


and hence 
hil 
= —4/ @h— —. 
Co —W/ Gua ks oF 00) (17a) 


With these expressions for C,, and Cy the continuity condition H, = H, 
is satisfied. 
E. The Boundary Condition for E, and the Law of Phase Propagation 
Substitution of (17) and (17a) in (15) leads to the expression for #, 


a VEE =T (df $2 E42» ), ag 


Ja a We) F{9) ? 28 Ge) 
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which, in view of | k:, | >> | h| and J,/J’, & ¢, may be simplified to 


~4/S* (1423 xP cos (ne)). (18a) 


Here we imagine the Fourier series (14) substituted for cos (nv) and com- 
pare then (18a) with the representation (6) for the exterior of the wires, 
where we put % = +% : 


Evo + E; sinh us cos v -- Fy sinh (2%) cos (2x) + +--+ (18b) 
Equating of the factors of cos v, cos (2v), cos (3x) on the two sides yields 
E ! sinh Uo 


= 2 Ves {1 — p+ 2p'1 ~ p) +31 —-p)t---}, 
(19) 


Ey sinh (Que) =: oP 4 /% 8 Hoy — pt — (1 — 4p t Bp) +--+}, 


Bs sinh (Buy) = 7 4/24 (1 _ p + reed, 


‘Thus the copfficients HZ, of the exterior field, left indefinite up to this 
point, are determined for n > 0; their values may be further simplified by 
utilizing: 

sinh we = 5 (1 — 2) sinh (2%) = pal — BY 
What, however, is the status of the coefficient Ey , which was fixed already 
by Eq. (7) and hence is not disposable for satisfying the boundary condi- 
tion? Fortunately it contains the as yet undetermined quantity h. The 
remaining condition, containing Ey , thus serves for the final determination 
of the propagation constant h, which here as for the single wire is of primary 
interest. The equation in question is obtained by comparison of the terms 
jn (18a, b} which are independent of v and is 


—Eyto = /Behire 5). 
ren] 


If here we substitute values from (7) and (9) for Ep and tw and carry out 
the summation on the nee we obtain: 


hokt+: we LEE /tog3. (20) 


We see that ie given directly and by an elementary expression, not, as for 
the single wire, by a transcendental equation. Furtherraore for a perfectly 
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conducting material, ee/e’ -» 0, k = k, a8 should be the case. For finite 
conductivity e’ is essentially positive imaginary, ~/e’ hence of the type 
exp(im/4) and (e/e’)* of the type 


ert }-? 

/2 . 
Hence the correction term in (20) is of the type 1 + 4. The real part of A 
thus becomes greater than k; this signifies a propagation velocity less than c. 
At the same time the real part of 1h becomes negative. For our form 
exp{t(he — wt)} this means damping for propagation along the positive 
x-axis. The correction term thus indicates a reasonable physical behavior 

in both ite real and its imaginary parts. 

Finally, to test the dependence of the correction term on the geometrical 
data of the Lecher system, i.e. the wire radius a and the wire separation 
2b, we may, for 2b >> a, replace F by 2b. We then find from formula (11) 


3 1+ F /rog! 2 
ae log 5 & Ilog =. (20a) 


The correction term then has only a logarithmic dependence on the sep- 
aration of the wires and is inversely proportional to the wire radius. 

‘+ If, conversely, 5 is only slightly greater than a, i.e. 6 = a(1 + a) with 
a «1, we obtain from (3b) and (11) 


Paa(l+ Via), pai- Via logs = V%, 
and hence 


ll+ 1 1 1 I 1 

LIEB opt = = (Fa - 1) / Vm a SH OOD? 

We have carried out this short calculation to show that our final formula 
(20) also covers the case of slightly separated wires, where the mutual 
influence of the wires is very great and their skin effect must be enhanced 
unilaterally. We thus make it clear that our treatment is quite general 
with respect to the geometric circumstances. On the other hand, the limi- 
tation to wires of high conductivity already introduced in section A applies 
throughout. 


F, Supplement Regarding the Remaining Boundary Conditions 


To demonstrate the completeness of our solution and its freedom from 
contradiction we shall survey briefly the remaining boundary conditions. 
These are the continuity conditions for H, on the one hand, for E, = 2, 
on the other. 

The representation of the interior field to be obtained from (23.7) by 
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summation over 7 contained, in H, , the coefficients D, which till now we 
have suppressed. The boundary condition relates them to the constants 
H, of the external field which occur in (6) and which, according to (8), are 
equal and opposite to the already known constants E,. The boundary 
condition for H, thus serves the determination of the constanis D, of the in- 
ternal field, Without entering into the caloulation, we find 


[D.j«K[C., 


which we have already used in (17). Finally, no disposable coefficients are 
left over for the fulfilment of the boundary condition 


E, (inside) = FE, (outside). 


On the other hand we,know from our approximate calculation that every- 
where outside, and in-particular at the surfaces of the wires, H, = 0. It is 
thus necessary to show that according to our representation (23.7) also 
the sum of all the Z, (inside) is much smaller than that of the other field 
components. This is in fact so, by several orders of magnitude. The proof 
must however be omitted here. 


G. Parallel and Push-Pull Operation 


The approach already described is entirely adapted to push-pull excita- 
tion. In the parallel case the transversal components must be derived not 
from the potential (3), but from 


w = log (¢ — fo) + log + $0), (21) 


and this only for sufficiently thin wires (a « b; otherwise the equipotential 
lines of (21) are not approximated by cireles!). The bipolar coordinates 
then lose their usefulness, since they no longer coincide with the system 
of equipotentials of (21). In particular the electric lines of force no longer 
pass, as in Fig. 36, from Q; to Q:, but repel each other and pass from Q, 
and @: separately to infinity. We hence are now obliged to use ordinary 
cylindrical coordinates at the centers of the first and second wires, ',¢ 
and #, @, respectively, for the exterior of the wires as well. The field is now 
to be constructed by the superposition of the contributions of the two 
wires with equal sign. Furthermore, it is now necessary’ to formulate these 
representations directly as solutions of the wave equation, which formerly, 
because of the limited range of the field, could be avoided. We thus return 
also for the exterior to Hondros’ formulation (23.8) where, restricting our- 
selves to thin wires, we can limit our attention to the sero-order terms. Irr- 


‘ For the radiation condition for r+ «, which now becomes essential, see the 
discussion for the single wire in §22. 
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the representation of Z, we then obtain for the superposition of the two 
wires the sum: 


VE By i? — fir) + Ho(/P — ae (22) 


On the periphery of the first wire r = a, * = 2b we obtain by (22.5), be- 
cause of the smallnese of «/k? — i? (we of course continue to assume high 


conductivity), 
VELES (10g wea —* oh + log (1 vE-* 20). (22a) 


This much about the exterior of the wires. Inside it is necessary to use the 
earlier perfectly general formulation (15) for Z, . The coefficient Cy appear- 
ing here is determined with the aid of the continuity condition for H,. 
Herewith the longitudinal field EZ, inside of the wire, more particularly its 
zero-order partial wave, is also determined. This must agree with the 
term (22) of the external field for r = a. We thus obtain an equation of 
the form 


(ef ) (toe wee a + log (ve? 26) = const, 


whose right side is known. It must be fulfilled by proper choice of h and is 
transcendental in character, as with the single wire. (It evidently can be 
made to correspond to the single-wire equation (22.15) by combining the 
two logarithms.) We now see the reason why the corresponding equation 
for kh becomes elementary instead of transcendental in the Lecher case: 
The two logarithms are here superposed with the — sign in place of the 
+ sign; in combining them the factor y«/k* — A*/(2t) under the log-sign 
cancels and only log {a/(2b)} remains, as in Eq. (20a). We alao see that 
the calculation here outlined, without bipolar coordinates, would have 
been successful also in the Lecher case, but that it would have been much 
more involved than the earlier method, particularly without restriction to 
extremely thin wires. 

Not only in mathematical formulation but also in physical structure the 
parallel wave resembles the single-wire wave. It decreases much more 
slowly outwards than the push-pull wave and is hence much more dis- 
turbed by the surroundings. It is obvious that at large distance the two 
similarly directed currents of the parallel wave must produce the same 
field as the alternating current of the single wire. 

’ Experimentally a pure excitation of the push-pull wave is always desir- 
able to avoid disturbances from the surroundings. However if the arrange- 
ment is not quite symmetrical parallel waves are also occasionally excited, 
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which make the position of the nodal points, on which the wave-length 
determination rests, unsharp. 

Hence even from a purely experimental standpoint it is important to 
keep in mind the possibility of the parallel processes and to take account 
of the theory of the single wire, which we have treated before the rest in 
§22, although as compared with the theory of the Lecher system it is of 
secondary practical importance. 


Parr [It 


THEORY OF RELATIVITY AND ELECTRON THEORY 


$26. The Invariance of the Maxwell Equations in the 
Four-Dimensional W orld 


The path taken by Einstein in 1905 in the discovery of the special 
theory of relativity was steep and difficult. It led through the analysis of 
the concepts of time and space and some ingenious imaginary experi- 
ments. The path which we shall take is wide and effortless. Jt proceeds 
from the universal valfdity of the Maxwell equations and the tremendous 
accumulation of experimental material on which they are based. It ends 
almost inadvertently at the Lorentz transformation and all its relativistic 
consequences, 


A. The Four-Poiential 


_ We refer tp the electrodynamic potentials in §19, which at that point 
till remained ‘in the fog of an unsatisfactory formalism. I wish to create 
the impression in my readers that the true mathematical structure of 
these entities will appear only now, as in a mountain jandscape when the 
fog lifts. 

In the two differential equations (19.9) and (19.11), satisfied by A and 
¥, we had on the left the operator 


1 3 


= 1 
A Be 2 

We now introduce in place of z, y, z, i the new coordinates 
ty = 2, 2 = ¥; %3 = 2Z, tq = ict, (2) 


where the proper remarks regarding the imaginary unit in 2, will be made 
later. We call these x; world coordinates since all events m the world are 
determined in space-time. The operator (1) then becomes the four-dimen- 
sional generalization of the Laplace operator and may be designated by" 

4 


oO = (3) 


inl ax; 
t Certain more advanced theories of Einstein and Kaluza employ also the five- 
gt —_ 


dimensional symbol “) = Y.-—-. 
imensional symbo YY & oat 
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Like the independent coordinates x; we combine the potentials A, Y in 
a four-dimensional entity, the four-potentialQ@. Let its four components be 


Gad, aks eed. = ty, (4) 


The factor ¢ in 2, is reasonable in view of the definition of 2, ; the factor 1/c 
gives the four components of @ the same dimension and will be justified 
below (7). The differential equations (19.9) and (19.11) then take the form 


OQ = — wl. (5) 


The quantity I here introduced may be called the four-current density. It 
follows from (4), (19.9), and (19.11) that its four components are 


MY = Je,’ rr = Jy, y= Je, Ty = tcp; (6) 


they all have the dimension Q/M'S of a current density. 
We now turn to the Eq. (19.10) relating the potentials A and ¥. The 
second term on its left is, in view of (4), 


Eq. (19.10) thus becomes 


a, , O, , As , AY 
te One On ae - 


We write this more briefly 
4 
Div Q = 0, a (7) 
t=1 OF; 
We shall call the operator Div the four-dimensional divergence. Its four- 
dimensional symmetry indicates teotropy in space and time of world 
events. Our operator 0) shows the same isotropy. 

Thus we see the reason that we may regard our four-potential Q and our 
four-current density I" as vectors in four-dimensional space, more briefly, 
as four-vectors. This notation contains a statement regarding the behavior 
of the quantities @ and © when the coordinates x; are changed. As was 
shown in Vol. IJ, §2, an ordinary ‘‘three-vector” is a quantity which, for 
orthogonal transformation of the z, y, z, behaves just as the radius vector 
r = (x, y, z). Thus the four-vector attains a meaning in the four~dimen- 
sional world which is independent of the choice of the coordinate system. 
At the same point in Vol. II we defined a scalar as a quantity which is 
invariant with respect to orthogonal transformations; in particular, we 
showed by a simple calculation that the divergence of a three-vector 
posaseses this property. This calculation may be transferred directly to 


8 
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four dimensions and shows that the divergence defined in (7), applied to 
any four-vector, yields a scalar, i.e. a four-dimensional invariant. 

By reducing the Maxwell equations to the four-vector Q and the invariant- 
operators 1, Div we have demonstrated at the same time their general 
validity, independent of the coordinate system. The isotropy of three- 
dimensional space found adequate expression in the vector calculus of 
parts I and II. It is now replaced, in view of the world isotropy, by the 
four-dimensional vector calculus. Thia states that, for a transition to 4 
“primed” coordinate system x;, the Maxwell equations remain invariant, 
i.e. have the same form in the primed field components and coordinates as 
in the original “unprimed” ones. This invariance ts simply the principle of 
relativity in its electrodynamic formudation. The Maxwell equations satisfy 
the relativity postulate from the very beginning. They need not be sub- 
sequently adapted to it, like the equations of mechanics (see §32). 


'B. The Siz-Vectors of Field and Excitation 


.We now turn to thé representation of the field component E. By Eq. 
(19.7) we have e.g. 


g, = — 9 _ AAs 


ant 
According to Eqs: (2) and (4) this is equivalent to 


E, = de (2 2 a0). (8) 
This relation suggests the introduction of the four-dimensionat curl 


ape’ (9) 


Lis 
Curlin & any oe 


As a two-indices quantity it has six components (according to Vol. II, 
Eq. (2,17) it waa preferable to give the three-dimensional curl as well two 
indices instead of one index). Evidently 

Curls = 0, Curlin = —Curlan. (9a) 
CurlQ is called a six-vector or, preferably, in view of the symmetry proper- 
ties indicated by (9a), an antisymmetric siz-tensiy. The term “surface 
tensor” is also applied to it. The six components which differ from zero 


and from each other may bé divided into three space-time and three space- 
space forms, corresponding to the arrangement of the indices 


14,24,34 and 23,31,12. 9b) 


According to (8) the first three belong to the electric vector, the last three 
to the magnetic vector. However, we must not couple the entity of quan- 
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tity H with the entity of intensity E to form a four-dimensional unit, but 
must employ for this the entity of intensity B or rather the quantity cB, 
which has the same dimension as E. We therefore write for example, 


e = (0% _ aM 
cB, = c curl, A = c (2 oy. (10) 


Combining (8) and (10) and extending them cyclically to the remaining 
field components we obtain the following representation of the siz-com- 
ponent field vector, where ( )} is to indicate merely the combination of the 
tivo three-dimensional vectors into one four-dimensional quantity: 


F = (cB, —7E) = c Curla. (11) 


This field vector F is to be given two indices in accord with the sequence 
(9b), like the six-vector Curl Q. 

We next ask about the excitation vector, which we shall denote by f. We 
form it from the two equally dimensioned quantities H and cD. To pass 
from H and D to B and E we employ the constants for vacuum jp and & , 
since our part ITI will be limited throughout to space free from matter 
(e.g. & vacuum tube). Since 


3 
H=2~4/2e and D = cE = 4/2R 
2 te Bo He 


we obtain from (11) simply 


fe (H, - iD) = 4/2 ¢ Cus a. (12) 


j= 4/2 F. (13) 


To our satisfaction the geometric mean of the two three-dimensional con- 
stants of vacuum & and uv’ = 1/u» appears here. Already at the introduc- 
tion of the permeability in §4, p. 21 we emphasized that the true magnetic 
analog of the dielectric constant © is not yu, but its reciprocal y’. In any 
case, Eq. (13) combines the three-dimensional relations between excita- 
tions and fields symmetrically, with a single constant of vacuum. At the 
same time our formulation (11) and (12) translates the earlier, highly 
heterogeneous representations (19.7) and (19.6) of E and H into an entirely 
symmetric and harmonious form. 

To create a clear visual image of the structure of the antisymmetric~ 
tensor we write down the array of all the components of f in matrix form; 
the arrangement of the components of F is obtained herefrom by multipli- 
cation with ~/no/e and simultaneous exchange of H with cB and of cD 


Hence 
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with E, We distinguish the components of KH and D in the customary 
three-dimensional fashion by the indices x, y, z; from our present stand- 
point it would be preferable to designate them by the double indices (9b), 
as in the matrix at the left. We point out specifically the order 12, 13, 14 
in the first row, 21, 23, 24 in the second row, etc. as well as the change in 
sign for the converse order: 


0 fe fa Su 0 H, ~H, ~w«bD, 

f= Sar 0 Sn Sun _ —H, 0 H, —tD, (14) 
tu ts 0 tu Hy —H, 0 —icD, 
Sa te ta 0 icD, «cD, *cD, 0 


C. The Marwell Equations in Four-Dimensional Form 
We also want to write the original Maxwell equations with double 
indices. Proceeding from the equation 
_ OH, | oH, 
oy a 
we obtain from the firat row of the array (14), making use of the definition 
of T in (6), 


D 


ax «Jy 


Ofte Os Hn = ~P, 


G%y OX, G2 
and corresponding equations for the second and third of this triplet of 
Maxwell equations. We hence have in general form for m = 1, 2,3 


4 
Le =T,,. (15) 


If we extend this form to m = 4, we obtain by (14) and (6) 
.{9D. , 2D, , ADV _ 
ie(2 oy + Pe = wp Ty. 


Our original definition of the charge density p in (4.4b) thus proves to be the 
four-dimensional completion of the second Maxwell triplet (4.4). 


The operation >, aa carried out in (15) bears the name “reduction” or 


“divergence” in general] tensor analysia (see Vol. IT, p. 60); it reduces: a 
four-dimensional tensor to a four-vector. We symbolize it by Div, placing 
it parallel te the operation Div defined in (7), which reduces a four-vector 
to a scalar. We thus write in place of (15) 


Div, f = pee = (16) 
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Generally for any antisymmetric tensor T 
Div Div Tam = 0, (16a) 
which follows directly from 7... = —T aa. We conclude therefore that the 
divergence of the four-current vanishes: 
Div r = 0; (16b) 
pa is simply the continuity equation (4.4c) in a refined, four-dimensional! 
orm. 


What of the first triplet of the Maxwell equations (4.4)? Its x-com- 
ponent is 


a OE, ok, _ 
Be + ay ae 0. 
In view of the meaning of our field tensor F, which is analogous to (14): 
0 Fs Fu Pu 0 cB, —cB, —iE, 
Fa O Fu Ful [cB 0 cB, ~i8y) oy 
Fu Fu 0 Fu cB, -cB, 0 —4iE, 
Po Fo Fa 0 1E, ik, i&, 0 
it,may be rewritten in the form 
p(w ge tem OES) ig (17a) 


Om ° Ot, | Oxy 


This somewhat confusing distribution of subscripts becomes quite plain if 
we introduce the “dual” six-vector of F, 


F* = (—:E, cB), (17b) 


which is obtained from F by an exchange of the real and the imaginary 
constituents. The determination of the individual components of F* is 
fixed by the rule 


Frag = Py: (7) 
with the prescription that the sequence of subscripts 
kimn arisesfrom 1234 (17d) 
by an even number of exchanges. By this requirement we have uniquely 
Fa= Py, Fu= Pen, Fo = F*y, (17e) 
so that Hq. (17a) becomes a 
OF*, , OF*y + OF *y 0. (178) 


Ox: OL, 0% 
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It has thus become the firat component of 
Div F* = 0. (18) 


The other two components of the Maxwell triplet in question take on 
similar forms. 
But what is the meaning of the fourth component of (18)? It is 
OF*%, , OF *s , oF * - 
Ox, Ot: OL 
and, by (I7b) and (17) may be transformed into 


_, {Be , ab, 2B) = 
c ( as + ay + be 0. 
It is thus identical with the familiar absence of sources of the magnetic field 
intensity B. This appears now, from the four-dimensional relativistic stand- 
point, as a formally necessary completion of our first Maxwell triplet, while 
originally, in Eq. (4.48), it had to be postulated separately as an empirical 
fact. 

We have thus a complete representation of Maxwell’s theory for vacuum 
in the statements 


0 


Divf=F, DivF*=0, F= 8s (19) 


which parallel and are equivalent to the potential relations 
OQO=-wF, Divh = 0, F=cCurlQ, wf = CuriQ. (2) 


All quantities and operations appearing in both formulations have proper 
citizenship in the four-dimensional world and hence satisfy the principle 
of relativity. 

It should be emphasised on this occasion that the theory of relativity 
leaves no doubt that the vectors E and B on the one hand, and D and H 
on the other, belong together, as parts of the higher entities F and f. This 
seemed clear to us from the beginning, partly for dimensional reasons, 
partly because of their different significance as entities of intensity and 
quantity. In particular, the theory of relativity leaves no doubt that this 
distinction is as necessary in vacuum as in any ponderable medium, i.e. 
that here also both six-vectora F and f (the four three-vectors E, B, D, H) 
have to be employed side by side. 


*D. On the Geometric Character of the Six-Vector and tts Invariants 


The four-vector is represented, as a matter of course, by a straight line - 
segment in four-dimensional space (by an A, with sense of direction). It 
might appear appropriate to represent the atz-vecior by a two-dimensional © 
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segment of a plane, i.e. by its magnitude and position in four-dimensional 
space (an A, one of whose sides is designated as positive). However, this 
representation is too specialized. Such a segment of area has only 5 inde- 
pendent parameters, not 6, as a six-vector, iv. one parameter indicating 
its size (shape is to be indifferent) and four’ indicating its orientation 
(parallel displacements do not count). To obtain a geometrical interpreta- 
tion of the general six-vector we note that every R: in four-dimensional 
space has uniquely correlated with it a second R, perpendicular’ to it. If a 
segment of area is also prescribed in the second, a single further parameter 
is obtained (since the orientation in space is already determined by the 
onentation of the first segment of area), leading to the desired total num- 
ber of six independent parameters. The geometric picture of the six-vector 
is thus not one segment of area, but two mutually perpendicular segments of 
area of arbitrary size.”The components of the six-vector are equal to the 
sums of the projections of the two segments of area on the six coordinate 
planes (z,, 2m). If the sizes of the two segments are interchanged, the 
original six-vector F passes over into the dual six-vector F*; this confirms 
the relation (17c) between the components of F and F*, 
The four-vector has only one invariant, the square of its length, equal to 
‘the sum of the squares of its four components (the fourth of them taken, 
éf course, with negative sign, in view of its imaginary character). On the 
other hand, every six-vector F has two invariants 


F-F and = F.F* 


both given, in accord with the rule for the scalar product, by summation 
over the six components with equal indices. We carry this out for the 
electrodynamic case. By (17) and (17a) 


FOP = Py) + Pe? + Ba? + Fie + Fad + Fy? = BY — EB’ 


(21) 

FR* = PuFy + Poly + Fuku + +++ = —2icB-E. 
Here --- signifies repetition of the three preceding products with reversal 
of the sequence of the factors, i.e. simply the doubling of the eum. For the 
vacuum light wave both invariants (21) are zero. In fact, by §6, B L E 
and ¢|B| = |Ej. In view of our statement regarding invariance the 


‘If its orientation is thought of as defined by two four-vectors proceeding from 
the same point and lying in Ry , these are given by 3 quantities, e.g. the ratioa of their 
four components. Both may however be rotated arbitrarily within R; , so that the 
number 2-3 ig reduced to 2-3 — 2 = 4, 

7 One R: may be designated as the “‘axia”’ of the other, since one can be rotated 
about the other arbitrarily within itself. The relation of the two is of course mutual 
or “dual”. The axis of an R, in R, is thus a two-dimensional, not as in R; a one-di- 
mensional manifold. 
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light wave retains this property in all reference systems of the four-dimen- 
sional world. 
The excitation vector has of course the corresponding invariants 


jf =H - D’, 
| f-f* = —2uH-D. 
The following mixed invariants differ from (21) and (21a) only by « factor: 
f-F = foFu t+ fal + faFu + fuPu + fuFu + ful 


(21a) 


22 
= cH-B — cD-#, = 
f F* = ful" + faF*a + fal*a + ful 1 + ful*s + fuF*u (23) 
= —iH-E — ic D-B = —2E-H. 
We define 
i ] 1 
Aw > fF =5H-B-5D-E (24) 


as the Lagrange density (Lagrange function of the moving electron perunit 
volume of the field). On the other hand the energy density W, given by 
}H-B + 4D-E, will prove to be a component of a world tensor; By itself 
it has no meaning independent of the frame of reference. 

Our invariants may be expressed as follows in terms of the areas a and 
b which are correlated in the six-vector: 


PeFe@+0) F-P*=2%b, A= 5 +b*). (25) 


It follows from this that a particular six-vector (b = 0) is distinguished 
from the genera! one by the condition F-F* = C. 


E. Relativistically Invariant Three-V ectors 


We now ask what properties 2 three-vector must have in order that it 
may exist legitimately in the four-dimensional world. For this purpose we 
consider a siz-vector which is dual to itself. We may write it in the form 


P= Pan + P*an = Pan + Fe (26) 


This six-vector has in fact only three independent components. We can 
define them by 


a, = Fy = Fa = Fu + Fu, 
ay = Fy = Py = Fu t+ Fn, (26a) 
a = Fy = Py = Fut Fu, 

and obtain as specific tensor arrangement for the three-vector a by (17): 
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0. @ -—@y a 
—4a, 0 Gz: @ 
P= : (26b) 
ay — fh: 0 as 
—d: ~~ ay “ty 0 


In the special case of the electrodynamic tensor F we obtain as correspond- 
ing three-vector 


a, = —i(E, + %B,), a, = —t(E, + icB,), = —i(E, + 1cB,). 
Thus the complex three-vector 
E + iB = ia . (27) 


may be regarded as a, four-dimensional tensor of the form (26), which is 
dual to itself. . 
On the other hand, we may also write, in place of (26), 


Poe Pag — Fan = Fan — Fas. 
This six-vector is oppositely dual to itself and leads to the three-vector 
E — wB = —%b. (27a) 


Even before the theory of relativity it was often noted that the complex 
combinations E + icB and the analogous H + icD have certain character- 
istic advantages for the integration of the Maxwell equations. 

We can now also give the Hertzian vector II its proper place in the 
four-dimensional world. It appeared in $19 as a three-vector, but it is in 
fact a disguised stx-vector, with the structure of an electrostatic field vector 
Frye. - For it Buss = 0, Eqs, equals a three-vector which, temporarily, we 
will denote by P., P,, P,. By (17) we then have 


o oO O -4é,, 
PF. stot * 0 0 0 ~4P, * (28) 
tP, tP, iP, 0 
Reduction of this tensor leads to a four-vector which for the present will 
be denoted by &, like our four-potential: 
Q = Div Fu. (28a) 
It has the components > 


Oa = teh Hp og, = idivP. 
Ox ¢ 
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lf, by Eq. (4), we pass from this 2,23, to the electrodynamic potential A 
and ¥, we find 


=--B,  =cdivP. (28b) 


If, finally, we set P = —yocll, our Eqs. (28b) pass over exactly into Eqs. 
{19.15} and (19.16a}, by which we had originally defined the Hertzian 
vector. Thus, like P, the three-vector If has been reduced to the six-vector 
(28). This six-vector is here referred tc a coordinate system in which the 
Hertzian dipole rests. The transition from this “system at rest” to an arbi- 
trary reference system can be carried out by the rules of the next section. 


$27. The Group of the Lorentz Transformations and the Kinematics of the 
Theory of Relativity 


In his “Erlangen Program” Felix Klein’ has classified the several geo- 
metric disciplines on the basis of the group of transformations permitted 
in them. Projective geometry regards all figures as the same, which pass 
over into each other by central projections in three-limensional space. 
Affine geomeiry keeps the infinitely distant plane fixed, and hence permits 
only parallel projections. For elementary geometry also the shapes of figures, 
their angles and ratios of linear dimensions, are of importance. Its group 
is that of the orthogonal transformations in three-dimensional space, ex- 
tended by the similarity transformations. Here the imaginary sphere circle 
contained in the infinitely distant plane is kept fixed in addition to this 
plane iteelf. The geometry of the general point transformations can trans- 
form any surface into any other, but subjects any small region of space 
only to linear (projective) changes. The group of the contact iransforma- 
tions dissolves even the content of surfaces in space and leaves only the 
combined position of surface point and tangential plane untouched. 

The fact that we have spoken here not of individual transformations, 
but only of transformation groups evidently derives from the necessity of 
regarding transformations resulting from a sequence or combination of 
transformations as equally valid. If attention is focused on the unaltered 
properties, rather than the changes of geometric structures, we speak of 
the theory of invariants belonging to the transformation group in question. 

The transformation group of classical mechanics is that of the Galslet 
transformations (see Vol. I, p. 10). It may be divided into the group of 
the orthogonal transformations of space and the displacemente of the 
time scale, corresponding to Newton’s idea of absolute space and absolute 
time: Its invariants are the square of the separation in space and the time 
difference. The group of Maxwell’s electrodynamics is, as we saw in the last 


1 Comparative Study of More Recent Researches in Geometry, Erlangen, 1872. 
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section, that of the orthogonal transformations in space-time. In honor of 
the great Dutch physicist Hendrick Antoon Lorentz, Poincaré has called 
them the Lorentz transformations. Just as the nature of the several geome- 
tries is characterized by their particular group, the essence of Maxwell’s 
theory rests in its tnvartance within the Loreniz group. Its fundamental 
invanant is the separation of two world poinis, in particular the four-dimen- 
sional line element, i.e. the separation of two neighboring points in space- 
time. 


A. The General and the Special Loreniz Traneformation 


We have recorded the general pattern of the Lorentz transformation 
already in (2.10) of Vol. I. It is contained in the formulas 


x; = Do ants, yy = dD anti, :|- 1, 2, 3, 4, (1) 


‘ 4 ae 
Daya = Daan > da = a (2) 
j=1 j=l lk =1 


The orthogonal transformations of three-dimensional space, or its rotations 
‘ within itself; form a subgroup. Correspondingly the general Lorentz trans- 
formation may be designated as a rotation in space-time, We have also 
already derived, in Vol. 1, Eq. (2.14), the special Lorentz transformation in 
which two coordinates remain unchanged. If we choose for the latter the 
y- and z-coordinates, the transformation matrix reduces to 


# Ta ce XM 
2s Or 0 0 nar 
xs 0 1 0 0 (2a) 
oa 0 0 H 0 
x4 oun 0 0 Osa 
According to conditions (2) we must have 
on + ak = at) + ak = an + a = on + om = 1, (3) 
so that 
ah = au, we = an. (4) 
we pub 
1 = a =~ a (5) 


and find from (2) 
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Cnc “bey = alan + an) = 0. (6) 
We thus may write, introducing a new constant 8: 
ou = —an = tap. (7) 
The added factor i is necessary because of the imaginary character of 1% 
and 2, if real valuea are to be obtained for 2; and x in the equations of 
our system : 
tom bow and = % = at + ants. 
Substitution of (5) and (7) in (3) finally leads to 


el — 6) = 1, a= ert (8) 
Thus our system (2a) becomes 
“= WF (zy + 8m), th ae, Ee 


i (9) 
a = aR (— ton + 20 


‘or, in real terme, 
1 
fast pl), =n 8% 
= 
Vice , ; (10) 
= erplt- 24): 
If, in (10), we carry out the transition to the limit 
c—«o, B-»0, but fe =v = finite, 
we obtain : 
e=z—x#t, yuy, 2 =2, ’ = ¢. (10a) 


We follow Ph. Frank in calling these equations the Galilet transformation. 
From the standpoint of this transformation group time and space have 
become “absolute”. It takes the place of the Lorentz group only when 


v<e, i.e. p<. (10b} 


The universally accepted notation 9 = v/c may recall the 8-rays, which 
have a velocity comparable with ¢, so that the Galilei group is not appli- 
cable to, them. 

Eqs. (10) signify that the two systems (x, ?) and (z’, #) move with 
respect to each other with the velocity » = fc. If we consider a particular 
point 2’ = const, we find for it from (10) 


ae ~ Bet = z — vt = const. 
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The primed system thus progresses along the positive z-axis, which coin- 
cides with the x’-axis, with the velocity v. The two other axes y' and 2’ 
displace themselves, in space, with the same velocity v, remaining parallel 
to the axes y and z. For ¢ = 0 the “moving system” and the “system at 
rest” coincide.’ 

Problem ITI.1 will treat the somewhat more general case that the rela- 
tive motion of the two systems will not be along the z-axis, but for exam- 
ple in some other direction lying in the xy-plane. 


B. The Relate Nature of Time 


From Egg. (10) and (10a) we see that the course of time is absolute only 
in the limit ¢ —> o, whereas for finite c it depends on the frame of reference 
of the observer: The “primed” observer measures a different time than the 
“unprimed”’ observer.” 

This becomes obvious if we return from the real representation (10) to 
the complex representation (9), but nevertheless plot the entities occurring 


. Fia. 37. The, aystem 2, % is transformed into the 
‘system 2; , 2; by the imaginary angle of rotation +. The 
two events &, Q which are simultaneous in ¢ then re- 
ceive different coordinates 2, , just aa the two events 
P, Q with the eame z-coordinatebave different coor- 
dinates z; 


there as real quantities (Fig. 37). We may then write, as in plane analytic 
geometry, 

a = 2, con y + % sin y, m = ~2,siny + 4% cosy (11) 
with 


i 
cos y = Vi- # SS a tan y = #8. (31a) 
The first Eq. (14), as is well known, signifies the projection of the broken 
line OPQ on the z}-axis, the second that on the x-axis. However, the rela- 
tive angle of rotation of the systems is here imaginary and similarly also 
sin y and tan y; cos y is actually a hyperbolic cosine and hence >1, since 
B< 1. 4 

Fig. 37 also shows directly that two “events” (points in space-time) Q. 
1 It is of course equally permissible to regard the primed system as ‘‘aystem at 


reat,” relative to which the unprimed system moves with the velocity » in the direc- 
tion of the negative z-axis. This will occur occasionally in §§28 and 33. 
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and R, which are simultaneous in the unprimed system, are no longer 
simultaneous in the primed system. Thia removal of the sameness in time 
(simultaneity) now surprises us no more than the removal of the sameness 
of the z-value of the events Q and P. 

Our pseudo-real representation in Fig. 37 will also prove useful in the 
future and can acarcely lead to misunderstandings. It ie true that we 
deviate herein from the great example of Hermann Minkowski. In his 
classic lecture “Space and Time” before the Kélner Naturforscher-Gesell- 
schaft in 1908 he talculates throughout with real quantities. What we 
would call the unit circle x? + 22 = 1 is for him the hyperbola * — cf = 1; 
two straight lines which, to us, are perpendicular to each other, then be- 
come conjugate diameters of this hyperbola. It need scarcely be emphasized 
that, in spite of thia (only superficial) difference, we have stood on Min- 
kowski’s shoulders even in the preceding paragraph and will continue to 
follow his conception of the theory of relativity. 


C. The Lorentz Contraction 


This was proposed by H. A. Lorentz even before the theory of relativity 

as an ad hoe hypothesis te explain the negative result of the Michelson 

* experiment. Deferring discussion of this experiment to Vol. IV, we state 

Lorentz’s hypothesis in the following manner: T'o an observer at rest a rod 

of “intrinsic length” l appears, if moving with uniform velocity v in the 
direction of ita length, shortened tol = s/t — #. 

Let the rod rest in the moving system x’, 7’ and let its endpoints in this 
system have the coordinates t,, 2» ; their difference is the intrinsic length 
ly = 24 — z,. We are here not concerned with the times é, , ts of the meas- 
urements. The situation is different for the observer at rest. He must ar- 
range the measurements of the two ends of the rod so that, from his stand- 
point, they occur simultaneously, i.e. at the same instant f, = 4. He thus 
finds the points x, and x and regards their difference, ~% — x,, a8 the 
length of the rod ?. From the first equation (10) it follows that 


mo ee (ea Bet), th = Gm — fe, 


A) 


and hence, since f, = &,% —t% =lu—2 = h, 
; eee 
b= AF b= hv/i — #. (12) 


The hypothetical Lorents contraction is thus a direct consequence of the 
Lorents transformation. 

It.is not superftuous to interpret this result. graphigally. The location of 
the rod in the moving system is represented in Fig. 38 by the strip which 
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is shaded parallel to the x,-axis. The observer at rest makes a cut of this 
strip parallel to the z-axis. From the figure its length is 


H az cosy 
In our pseudo-real representation it appears longer than the intrinsic 
length lp , although in fact it is shorter since cosy = (1 — 6)! 

As a result of this contraction a moving sphere of radius a is flattened 
into an oblate spheroid with the small axis 6 = a+/1 — 6* and with the 
large axis a. Lorentz based on this his hypothesis of the deformable electron, 
first stated in 1903 as final result of his great paper on electron theory. 

The frequently raised question whether the Lorentz contraction is “real” 
or “apparent” is of course just as idle as the question whether a body 
“actually” moves, The distinction between 8 moving system and a syatem 

- . Xa 


Fia. 38. A rod at rest in the primed 
system, moving with respect to the un- 
primed system,’ is represented by the 
shaded strip. Ite: length I in the un- 
primed aystem appears longer than its 
intrinsic length i in the figure, but ia in 
fact shorter, in view of the fact that + 
ia imaginary: Lorentz contraction. 


at rest, which we permitted in the preceding for the sake of simplicity of 
expression, is equally meaningless and arbitrary. 


D. The Einstein Dilatation of Time 


Let a clock’ rest in the primed system and mark, by its pendulum swings, 
the times and successive time differences 


de tee orth, hele een te) 
They project themselves in the unprimed system into 

A Se Se ee ee a 
In Fig. 39 + seems shortened as compared with +’, but is actually ex- 
panded in view of sik 


1 Enzyklopaedie der Math. Wiss., Vol. V_; . Pages 277-279 of this article are fore- 
runnera of the theory of relativity. 

* Instead of speaking, with Einstein, of a clock we may adhere to electromagnetic 
patterns by thinking of a tuned circuit and its natural period. 
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Pod 


Ee (13) 


This is realized most simply analytically if Eq. (10) 1s inverted, in which 
v ea changes sign, as may be verified by calculation. Thus 


year ! =e pon eee ee 


Furthermore, since x’ = const, the second of these equations yields for 
the successive differences f — 4, b—b,-osh—-&, 


a 


T= /1- # = pt 
Such a clock is réalized in a rapidly moving atom which emits 2 mono- 
chromatic spectral line, e.g. a hydrogen canal ray. Einstein regarded the 
expected red shift of the spectral line as the crucial experiment of the 


Fig. 39. The period of oscillation of the 
moving clock r’ appears shortened in the 
figure for an observer at rest in the z, , t1- 
system to r, is however actually lengthened 
in view of the imaginary character of 7: 
Kinstein's time dilatation. 


theory of relativity and spoke of a “transversal Doppler effect,” consider- 
ing observation at 90° relative to the canal rays. Ives has shown, however, 
that the observation may as well be carried out at an arbitrary angle, 
preferably a small angle, where the primary light of the canal rays can be 
compared with light reflected by a mirror from the (oppositely directed) 
canal rays. We then observe, e.g. for the H, line of the hydrogen canal 
rays, in addition to the primary light, which is shifted toward the blue, 
the reflected light, which is shifted toward the red. The arithmetic mean 
of the two wave-lengths does not, however, coincide with the spectral line 
H, of the atom at rest, but is displaced from it by the relativistic red shift 
independently of the direction of viewing. The experiment! fully confirms 
Einstein’s expectation. a 
‘H. E. ives and G. R. Stillwell, J. Optical Soc. Am. #8, 215, 1988; H. E. Ives, J. 
Optical Soc. Am. #9, 183 and 294, 1989. G. Otting, Munich thesis, Phys. Z. 40, 681, 


1039. There is a difference in the theoretical interpretation of the American papers 
and the simultaneous German thesis which is notable in view of the times (1939!): 
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A radioactive sample also has an intrinsic time +r’ in the form of its mean 
life. Hence, observed in the canal ray, it should have a longer life than at 
rest. This experiment is realized under the most favorable circumstance: 
(8 nearly equal to 1) in the meson disintegration of cosmic rays. Rasetti 
found for the life of mesons which had become trapped in an absorber 
and hence were practically at rest the value +r’ 2 1.5-10~ sec, determining 
the time difference between the incidence of the meson and the appearance 
of the secondary electron produced in the disintegration. On the other 
hand, absorption measurements on the mesons of cosmic rays lead to a 
most probable range of the order of 20 km. In the (unprimed) time measure 
of the terrestrial observer this corresponds to a mean life + = 20 km/c & 
7-10 ° sec. The time expansion thus has here the enormous value’ 


t 710° a 


We hence find for the velocity of the mesons, by (13), 


1 
Vi- we yme(i- x). 
This consideration is confirmed by the experimental determination of the 
ehergy of the mesons; for the moét commonly occurring mesons approxi- 
mately 50 times the rest energy is found, which fully agrees with the 
dependence of the kinetic energy on the velocity (see §32). 


E. The Addition Theorem for the Velocity 


Two velocities »; and vy having the same direction do not combine rela- 
tivistically according to the rule 
v= + ve. 
We have instead . 
_ + £2 
[+ ne : (15) 
¢ 
Here 2, is the velocity with which a point 2 moves relative to a body 1, 
which itself moves in the same direction with the velocity » . When Ein- 
stein in 1905 proposed this formula, it naturally aroused surprise. It be- 
comes entirely reasonable, however, when we note that we are here dealing 
with the composition of two Lorentz transformations, and that each of 
them, according to Fig. 37, denotes a rotation.’ Let yz be the angle of rota- 
tt hc yg yyy = SA yeeros nee ns, ol” 


the American papers seek to retain the concept of the absolute ether, while the 
German paper assumes the relativistic standpoint from the very beginning. 

1W. Heisenberg, Vortrige Gber kosmische Strahlen, Springer, 1943, pp. 78 ff. 

* The two rotations y, and 2 as well as their resultant 7 take place about thesame 
‘‘axis’’, ie. the Re perpendicular to the z,2.-plane (see p. 219, footnote 2). 
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tion which, by Eq. (11a), pertains to v2 , and 7, that pertaining to v,. The 
result of the composition of the two rotations is a rotation through the 
angle 

y=nty- (15a) 
Thus the angles of rotation are added, not their tangenis. For the latter we 
have instead 

— a0 y+ tan 7 
= 1 — tan y; tan 7: 
By (11a) this leads to 
Bi + Bs 
; 1+ BiBe’ 
which agrees with (15). The addition theorem for the velocities is hence 
in essence merely the addition formula for the tangent function. 

The same formula may be obtained quite readily, though more in- 

directly, by superposing the two Lorentz transformations. They may be 
written, e.g., in the form of Eqs. (14): 


VW) — Be = a+ Ach, V1 — Bit = + Bech, 
Vi=Bta=nt+n, VI=fih = at 2m, (15b) 


Elimination of x, , 4, then yields for the direct transition from 2, ¢ to 22, te: 


= (15b) 


Vi- avi — 6, _ Bi + Bs 
1+ 88s tat Tihs F Babs? (15¢) 
1 + BiB: T+ Bib: 81 Be ct. 


This is again a Lorentz transformation of the form (14) if we put 


— Ait fr _ Vi - svi — 6 V1 — g? 
itae’ VIR [theo 


The first of these formulas agrees with (15a); the second follows from it, 
as may be verified by a simple calculation. 

For small velocities (x, <«< ¢ and v, < c) (15) of course passes over into 
the elementary superposition formula. 


F, cas Upper Limit for Ail Velocitees 


' Tf by repeated superposition of velocities the resultant approaches the 
velocity of light, the further addition of any arbitrary velocity is without 
efféct. In fact we have, by (15b}, for 8; S¥ 1: 


l+ fh 
t+ 82 


p= 
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The velocity of light ¢ can only be approached, never exceeded. Even a cyclo- 
tron or betatron, which operates with continuous increases in velocity, 
cannot yield velocities greater than that of light. 

We shall define our statement more precisely. To begin with, we obviously 
mean by “velocity” “relative velocity”’. But that does not suffice. Consider 
a sample of radium. It emits electrons with almost the velocity of light. Two 
electrons which fly off simultaneously in opposite directions have very 
nearly the relative velocity 2c, viewed from the laboratory in which the 
sample of radium is at rest. However, in order to properly define relative 
velocity as used in our statement we must view one electron from the 
other. Then and then only the seemmgly paradoxical equation c + ¢ = ¢ 
applies. We are thus concerned, in our statement, with the relative velocity 
of a@ moving point with respect to a reference sysiem which is transformed to a 
state of reat. 

The moving point need not be a material point; it may also be a process 
resulting in material changes. Such a process is called a signal and we then 
speak of the signal velocity. If this should ever exceed c, the whole time 
sequence would be disturbed (see below). In wireless telegraphy and radar 
& bundle of electromagnetic waves serves as signal; a monochromatic wave, 
on the other hand, constitutes no signal, since a purely periodic wave has 
neither beginning nor end. Its velocity of propagation is hence not governed 
by our statement. In fact, we found for wave guides, in §24, phase velocities 
w/h which were greater than c. Similarly, we will see in Vol. IV that phase 
velocities greater than ¢ may occur in the anomalous dispersion of light 
waves. There sre also quite trivial processes with velocities exceeding that 
of light, which, then, obviously cannot serve as signals. An example is the 
intersection of the edge of a ruler with a straight line with a very acute 
angle. If we displace the ruler at right angles to itself even with only moder- 
ate velocity, the intersection will move along the straight line with a velocity 
exceeding that of light, provided only that the angle has been chosen small 
enough. 

A formal indication of the prohibition of » > ¢ is evidently given already 
by the Lorentz transformation i in the form (10), since here +/1 — #7 and 
consequently also x’ and ¢’ would become imaginary. 


G. Laght Cone; Space-Like Vectors and Time-Like Vectors; Inirinsic Time 
The four-dimensional form 
4 
° 2a! = 0, in real terms r’ — cf? = 0, (16+ 


is characteristic for the metric of the Lorentz transformations. It repre- 
sents, in three dimensions, a sphere expanding with the velocity of light, 
in four dimensions, a conic &, with rotational symmetry about the ¢-axis. 
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We call it, with Minkowski, the ight cone. The interior is called the forecone 
and the aftercone, depending on whether ¢ < 0 or ¢ > 0. 

All four-vectors leaving the origin which lie outside of the light cone 
are called space-like, those which lie inside of it, t#me-like. Thus the vector r 
in the equatorial plane of the light cone is apace-like, whereas all permitted 
velocities leaving the origin are time-like. 

The sequence of all four-dimensional positions assumed by a moving 
material point is called its world line. The world line of s point at rest is 
paraltel to the é-axis. All world lines passing through the origin lie in the 
aftercone for f > 0, in the forecone for f < 0. 

We consider the element of a world line 


4 
> dz}. 
1 


As the distance between two neighboring world points, it ia Lorentz-in- 
variant (see p. 213), The same applies to Minkowekt’s tntrinsic time 


dg 


1 


a (/ yP im 
= at 1-3 = avi s 


We will now define the four-vector of the velocity slong a world line. The 
form 


(17) 


dx dy dz _ 
ar’ di’ a’ = (vy, tc) 
would not be a permissible definition, since dé has no invariant meaning. 
This does not apply, however, to 


_dze dy dz . dt dt. 
V= ae’ a a? am 7, ™ tc). (18) 
The square of its length is 
3 2 _ 2 2 
V-V = dz’ + dy +e — dt | ef, (18a) 


dr* 


ie. in fact an invariant which, furthermore, has the same value for all 
velocity‘vectors V. The four-vector of the acceleration should be defined corre- 
spondingly by 


qV ids dy dz . dt 


Wea’ a a - a (18b) 
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It is, in the four-dimensional sense, perpendicular to the four-vector of the 
velocity; differentiation of (18a) with respect to 7 leads to: 


H. The Addition Theorem for Velocities of Different Directions 


Velocities of the same direction were to be combined in such fashion that 

their angles were added. Since in their elementary meaning angles denote 
arcs on the unit circle, their addition is equivalent to the joining of arcs 
on a cirele which in our case, it is true, has the radius 7 instead of 1. The 
formulas of plane trigonometry could be applied to the joining of these 
ares. 
In order to combine velocities with different directions it is necessary 
to pass from the circle.to the sphere, i.e. from the formulas of plane to those 
of spherical trigonometry, and for a sphere of radius ¢, not of radius 1. 
Combination of the velocities »; and #. to form the resultant v is therefore 
equivalent to the combination of the angles 7, and 7; to the resultant angle 
y, i.e. the construction of a spherical triangle with the sides 7; , 7: , and y. 
If « is the angle of inclination of » relative to v,, then a appears as the 
‘external anglé between the sides 7, and +; in the spherical triangle. We then 
have by the codine law (see Problem 1.4): 


COS Y = COS 7; COB 73 — SiN 7; SIN 72 COS a. (19) 


This is the desired generalized addition theorem. For a = 0 we obtain cos y 
= coe(y: + ¥2);7 = v1 + 72, ie. the earlier Eq. (15a). In view of the rela- 
tion cosy = (1 — 6°)‘ ete. (19) is equivalent with the rather untransparent 
formula 


gt = GL + Bi + 2818s 008 @ ~ Bi 8s sin! a (198) 
(1 + £182 cos «)* 
which was given already by Einstein. In Problem ITI.2 it will be proved 
analytically by application of the Lorentz transformation. 

The introduction of our sphere of radius 7 may seem an arbitrary trick; 
actually, it is merely an expression of the fact that the ares 71, v2 which 
we must combine are imaginary, according to (11a). 

We shail mention one more interesting result, which may be read off 
directly on Fig. 40: In the theory of relativity the sequence of differently 
oriented velocities is nof exchangeable; the result of the combination of 
%, and uw differs from that of the combination of », and v,. Though the 
magnitude of the resultant is the same, the direction differs. The difference” 
in the two directions increases as the velocities increase; in fact, as we 
shall know, it is equal to the spherical excess of the spherical triangle formed 
in uur construction. 

In Fig. 40 the angle « between v, and * has been chosen equal to +/2 


234 THEORY OF RELATIVITY AND ELECTRON THEORY 27.20 


to simplify the drawing and the arc y, corresponding to », has been placed 
on the equator of the sphere. The extension of the arc y: then passes through 
the northpole N. If, on the other hand, starting from the same point A, 

we first record y, (denoted by 72 on the figure), perpendicular to the equator 
and with its extension also passing through V, we must draw through the 
endpoint B’ of +2 a great circle perpendicular to the meridian AB’ and 
measure off on it yi = v1: = AB. The point A’ located in this manner does 
not coincide with C; instead, the connecting arca AC and C’A’ enclose a 
certain angle e. In view of the equality of the two triangles ABC and A’B’C’ 
we have here 4 BAC = X B’A’C’ and x ACB = X.A’C’B’, If we call 


Fic. 40. Combination of two differently 
directed velocities » and »; to form the re- 
sultant v, corresponding to the circular arcs 
‘v1; ¥2, and y on a sphere of radius ¢, For 
convenience in representation the angle be- 
tween » and vz has been set equal to +/2. 
The figure showa the non-commutative 
eharacter of the components: » , #9: = ABC 
¥ 0:,% = C’B’A; the angle e between AC 
and C’A’ is equal to the spherical excess 
of the triangls ABC (and that of the tri- 
angle A’B’C’ which is congruent to it). 


these two angles » and 3, we see that the right angle at A is formed by 
7, 3, and ¢ in the following manner: 


rt 
ce a a 
Hence 
e=9td — 2/2 = 7+ 0+ 4/2 — 2. (20) 


¢ thus is in fact the spherical excess of our right spherical triangle ABC 
and the congruent triangle A’B’C’. (The same applies for a general spherical 
triangle.) 

The limiting case y1 = y:; = w/2, where the two trianglea ABC and 
A'‘B'C’ become equal to the same spherical octant, is particularly simple. 
Here the resultants are evidently perpendicular to each other and, in view 
of y = 3 = 4/2, the spherical excess is also +/2. 


J. The Principles of the Constancy of the Velocity of Light and of Charge 
Einstein in 1905 expressly added the first of these principles to the 
principle of relativity as an empirical postulate. It states that the velocity 
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of propagation of light is independent of the state of rest or motion of the 
emitting body. This principle is already included in the original formulation 
of our world geometry insofar as we have demanded the universal validity 
of the Maxwell equations. Like the velocity, the oe emer of 
the light is invariant in the transition from 2, +++ 2 to 24° . The 
Lorentz transformation does not change the light sphere into a Tight el- 
lipsoid, but leaves it a light sphere. (This does not apply to the wave-length 
of the light, which is not invariant but is known to depend on the frame of 
reference of the observer: Doppler effect.) 

In the earlier but long since discarded theory of the universal ether, the 
independence of the light wave from the state of motion of the emitting 
body was readily understood: once transferred to the ether, it propagates 
itself in accord with, the (elastic or electromagnetic) properties of this 
medium. Constancy of the velocity of light was here equivalent with field 
action. The same does not apply for a mechanical emission theory such as 
that surmised by Newton. Here a transfer of the velocity of the emitting 

body to the emitted light particles seems almost unavoidable.’ We may say: 
The constancy of the velocity of light is today the only valid remnant of 
the ether concept. If at present we should speak of an ether, we would have 
to assign & separate ether to every frame of reference, i.e. speak e.g. of a 
primed and an unprimed ether. We now regard Lenard’s “absolute ether 
(Urather)” merely as a freak and the Aristotelian and scholastic ‘“quintes- 
sence” (the fifth element, added to fire, water, air, and earth) as an historical 
curiosity. Thus in parts I and IT, we have almost never spoken of the 
“ether”, but used instead the not readily misinterpreted word “vacuum”. 

The principle of constant charge is as important as that of the constancy 
of the velocity of light. The charge is the same for every frame of reference. 
This is not obvious, but follows from the Maxwell equations if we can claim 
their universal validity for all frames of reference. On the other hand the 
principle of the constancy of mass with change of the system of reference, 
formerly regarded as obvious, cannot be upheld, as we shall see presently. 
The charge ig an absolute invariant with respect to Lorentz transformations; 
mass and, as we shall also see, energy, are not. 

Summarising the content of this and the preceding section we may say: 
From the standpoint of the Maxwell equations the theory of relativity is 
obvious. A mathematician whose eyes had been trained by Klein’s Erlangen 
program could have read from the form of the Maxwell equations its trans- 
formation group along with all its kinematic and optical consequences. 


1 The fact that Newton’s emission theory could in a sense, experience a resurrec- 
tion in the present theory of the light quanta rests solely on the addition theorem of 
the theory of relativity according to which effectively c+» = ¢ {ec = velocity of light 
quanta, v = velocity of the emitting body). 


236 THEORY OF RELATIVITY AND ELECTRON THEORY 28 


§28, Preparation for the Electron Theory 


Maxwell had directed attention away from the charges and toward the 
lines of force. Since the discovery of the electron and Helmholtz’s earlier 
remarks’ on the atomism of electricity, interest has once more returned 
to the sources of the lines of force, the electrons and ions. H. A. Lorentz’ 
has created the secure mathematical basis for this new electrodynamics 
(which might be called electron dynamics). The judgment exhibited by him 
here is remarkable; he introduced only concepts which retained their 
substance in the jater theory of relativity. We will abbreviate our treat- 
ment by inverting the historical development and basing the electron 
theory on the theory of relativity. 

Unlike Maxwell, Lorentz does not recognize a host of media differing 
electrically and magnetically; all events take place in a single uniform 
medium, the vacuum. The different properties of matter arise simply from 
the varied binding and state of motion of the electrons and ions. In di- 
electrics the electrons are bound to ions, in conductors they are more or 
less freely mobile, and in magnetic materials we are dealing with electrons 
which, as the result of their spin, are aligned in the magnetic field. 

In this explanation of the electromagnetic properties of matter we have 
the simultaneous action of great numbers of electrons, i.e. a statistics of 
electrons. We shall treat this subject in greater detail in Vol. V. In the 
present volume we must limit ourselves to the theory of the individual 
electron. It is true that the basic question regarding the nature of the electron 
will remain unclarified. The electron is a siranger in electrodynamics, as 
Einstein has said on occasion. We cannot comprehend, from the electro- 
dynamic standpoint, how the finite electron charge e, concentrated in a 
point or in a very small volume, can cohere stably in spite of the Coulomb 
forces between parts of the charge. For a solution of this problem we must 
look to a general theory of the elementary particles, the electron, proton, 
neutron, neutrino, positron, meson (and other elementary particles which 
are yet to be discovered). It is clear, however, that such a theory is at the 
moment still remote. 


1 In his Faraday Lecture in 1881: “If we accept atoms for the chemical elements 
we cannot avoid concluding that aleo both positive and negative electricity is sub- 
divided into certain elementary quanta which behave like atoms of electricity.”’ 

1In his book ‘Versuch einer Theorie der elektrischen und optischen Erschein- 
ungen in bewegten Kérpern,’’ Leyden, 1895; unaltered reprinting, Teubner, 1906. 
See also the later “Theory of Electrons,’ Teubner, 1909. Emil Wiechert reached the 
same conclusions and formulas independently of Lorentz at almost the same time in 
‘The Theory of Electrodynamics and Réntgen’s Discovery,” Abh. der Physikalisch- 
konomischen Gesellschaft zu Konigaberg. 
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A. The Transformation of the Electric Field. Introduction to The Lorentz Force 


In order to calculate in the most elementary fashion, i.e. only with four- 
vectors, we return to the four-potential Q, which transforms itself like the 
coordinate vector. We employ Eqs. (27.11) which, applied to Q, take the 
form ~ 


% = cosy +sny®, M=h, WM=m, 
Q% = — siny% + cosy Hh. (E) 
The same equations (27.11), solved for z, yield 


ZH = COeyY2: —SINY%s, WAT, t=, (e) 
m= sin 7 271 + COBY 24. 
We concern ourselves first with Z, and corresponding to (26.9), form 
_ am _ os 
Curl’ Q’ bz, ~ Ba (3) 
From (1} and (2) we obtain 
am an 2 a2, 
aero sin 1 as cos yy —— aa (3a) 
30; dQ, Ox, oQ, Ox hoi Oo, dk, 
mo ae ee sin y 5 + cos y 5 (3b) 


and as the difference of the right sides of (3a, b) 


By IY inf Oe _. OH 
ene (=: Ox — ( ON (4) 
= cos ¥ Curly Q + sin > Curl, &. 


This is at the same time the right side of (3). We hence have 


Curly, Q = cos y Curly & + ain y Curly Q. (5) 
By Eq. (26.11) we conclude therefore 
—iEy = cos y (—tK,) + sin y (cB,). (6) 
In view of (27.1la} we may write instead 
Ey ™ scB, 
A corresponding calculation yields 
Ei BE. + beBy (6b) 


~ 4/1 — a’ 
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The calculation for the z-component is somewhat more complicated insofar 
as it leads first to 8 terms, of which 4 are multiplied with sin y cos y, and 
two each with sin’ y and cos* y, respectively. The first cancel each other, 
whereas the remaining ones may be reduced to 


a __ a 
Ox4 2; 
and yield simply 
E; _ E, . (7) 


So as to remove the distinctive treatment df the z-axis we indicate 
by the subscripts || and 1 the direction parallel and perpendicular to the 
relative motion of the two systems. The Eqs. (7) and (6a, b) then become 


‘_ met E+vxXB 
Bink Bea (ee) si 


Since (v & B),;; = 0 we may wnite instead 


so E+vxXB 
Ej, =(E+vXB), B= Gams Ns (8a) 


The quantity E + v X B, which appears here automatically, when multi- 
plied with e, has the dimension “newton” and is called the Lorentz force 


K = eE+v xX B). (9) 


Through its formulation (more precisely, the formulation of the force 
density k to be introduced presently) Lorentz put an end to the fruitless 
discussions of the older theory with regard-to the ponderomotive forces on 
moving charges. In spite of its amazing simplicity Eq. (9) represents the 
sum total of the forces acting in arbitrary electromagnetic fields. An ex- 
periment of W. Wien on hydrogen canal rays confirms thia directly.’ After 
J. Stark had demonstrated the splitting of the Balmer lines in an electric 
field, Wien could produce qualitatively the same effect by letting a mag- 
netic field corresponding to the electric field act on the rays. He thus 
replaced E by the ¥ X B which is equivalent to it. 

It may incidentally be noted that ¥ X HI is commonly written in place 
of v X B in (9); from our dimensional standpoint this is an absurdity. 


B. The Magnetic Analog to the Lorentz Force 


‘We, must now calculate B’, i.e. the space-space components of the curl 
of 2’, instead of the preceding space-time components. Thisbecomes very 


1 Preuss. Akad., January 1914. 
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simple for the component in the direction of motion. In view of (1) and (2) 
it becomes 


a0, 90; 8% a 
f id 5S - 1 qa. 
Curl’s; Q dah anh ae Curlss 


By Eq. (26.11) this leads directly to . 
B: = B, . (10) 
For Bi we proceed as before for EH, , noting that 
, ¢ 
Curl’ 00” = OB _ 30 


= TT Gat — ag, (ome + sin) — 
anh, a 
Be, {008 7 32 + sin 9 32 \ a, so that 
; 2 a o 
Curl’y; Q = cos (20 — 208 + (2 - &) 


= coe y Curly & + sin y Curly Q. 
From this we obtain by Eqs. (26.11) and (27.11a): 


Be PS as 
Similarly we find 
py, = Bex ble A) 


These formulas (10) may be generalized vectorially to 


; j B-—vx E/¢e 
By, = B-vXE/e)i, Bs = a). Bee, 
The quantity B — v X E/c’ appearing in (11) is at the same time the 
ponderomotive force on a magnetic pole of strength I, ie. the magnetec 
analog of the Lorentz force exerted by the field on the charge 1. 


C. The Intrinsic Fteld of an Electron in Uniform Motion 


In a frame of reference z, y, 2 which moves with the electron 
the infrinsic field of the electron is electrostatic in character. Thus, 


forr = Yat + + 2: 
€ 


I 
= ——. _ B = 0. 12) 
E rer grad ; and ( 


240 THEORY OF RELATIVITY AND ELECTRON THEORY 28.120 


For an observer at rest, with respect to whom the electron moves in the 
direction of the negative z-axis (see footnote at the end of §27A), we then 
have in view of (6a, b), (7), (10), and (10a, b) 


I 
(© Reese, = Re 
Bee Re oe Vi-# 


’ , v fe on 
B,=0, B= Se pag R Be B, PO a Ri Ee 
We express these primed fields in terms of the primed coordinates 2’, y’, 2’ 
of the point of the field considered, which, like the z, y, x, we shall measure 
from the momentary position of the electron and consider the Lorentz 
contraction along the x-coordinate: 


g=eVYl—-fey, yuy #4. (13) 


Simultaneously we set a(x’, y', 2’) = r(x, y, 2) or 


anf ater te (13a) 


We then ebtain from (12) and (12a) 


ee € x’, y', 2’ 
E;, Ey; Ey — 4rer/1 — # F , (14) 
f ? t ev 0, £ yy! 


Thus our primed observer, unlike one moving with the electron, is aware 
of a magnetic field in addition to the electric field. By (14a) its lines of 
force are circles about the direction of motion; its intensity is, if we re- 
place coc’ in the denominator of (i4a) by 4 in the numerator and pass 
over from the field strength B to the excitation H = B/jw, 


ev sin 3 wg  Vyt + 27 
rey ear a sin ae (14b) 
This expression should be compared with the expression (15.12) for the 
Biot-Savart force, from which (14b) differs only by relativistic corrections 
of the second order in 8. Thus in a sense a moving electron in a cathode 
ray realizes the commonly mentioned, but unreal, current element of the 
earlier theory; ev here takes the place of 7 ds. 

The electric lines of force, on the other hand, are according to (44) 
straight lines diverging from the instantaneous position of the electron in 
the primed system (in view of the proportionality of the components of E’ 
in (14) with x’, y’, z’) as well as in the unprimed system; however, they do 


|H} = 


28.16 PREPARATION FOR THE ELECTRON THEORY 241 


not have the same density in all directions in the former as in the latter 
case. Rather, they are squeezed together in the equatorial plane x’ = 0. 
Because of the meaning of ¢ in (13a), ¢ > © and E’ + 0 for 8 > 1 unless 
x’ = 0. In this limiting case the electrit field would be concentrated entirely 
in the equatorial plane. Thus the electron is flatiened in the limit » + ¢ not 
only in respect to its shape (with which we are not concerned here), but 
also in respect to its field. | 

In the preceding we have convinced ourselves that the determination of 
the field for uniform motion is merely a matter of algebraic transformation, 
while in the older electrodynamics it involved at least some integration.' 
$30 will deal with the field of accelerated motion. 

We emphasize in general: The electric and magnetic fields form a single 
unit and can be distinguished only with reference to the particular refer- 
ence system employed. Together they form a six-vector. In changing the 
frame of reference its electric components contribute to the magnetic ones 
and vice-versa. We are here dealing with an effect of perspective in four 
dimensions, The aspect of a cube furnishes the three-dimensional analog: 
For a particular choice of the viewing direction we see only the (“electric”) 

‘front face, for other, oblique, directions the (“magnetic”) lateral faces 
As well, ‘ 
D, An Invariant Approach to the Lorentz Force; the Four-Vector of the 
Force Density 

From the four-vector x, --» 24 we obtain as the difference in position of 

two neighboring world points the four-vector 


dx, , dt, , dx; , ic dt, (15) 
Furthermore the four-dimensional volume element 
dx, dx, dx,-ic dt (i5a) 


is also independent of the choice of coordinates, just like the volume ele- 
ment dx,drdz, in three dimensions. Since the corresponding charge Ae 
(the number of electrons contained in the element of volume), just 
like e itself, is also énveriqni, division of Ae by (15a) leads to another in- 
variant scalar and multiplication of this sealar by (15) to another four-vector. 
As in (26.6) we call it the four-current density Fr: 


ra He (# dx, dx; i) = (4S) (16) 


dx, dx,dz, dt’ at’ di’ “ 


p is the usual three-dimensional charge density. A comparison of the pre- 
ceding definition of I with that in (26.6) shows that the current density J 


' See Oliver Heaviside, Phil. Mag. 1889. The surface s = const (Eq. (13a)) is known 
as the Heaviside ellipsoid; see Problem IIL3. 
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of electrodynamics passes over into the convection current density pv in the 
electron theory and, furthermore, that the four-vector Y has the same 
direction as the velocity four-vector V defined in (27.18), in view of the 
relation 


r= pfVv= = pV/1 — BV. (16a) 


We now multiply the four-vector ° with the six-vector F of the field. 
This results, by the process of “reduction”, again in a four-vector, just as 
for the operation Div in (26.16). After having divided it by c, for dimen- 
sional reasons, we call it force density and denote it by k, its nth component 
by k, : 


Ed 4 
k =: ~1-F, tke DTaP, n= 1284 (17) 


Written term by term this becomes 


ck, = TFe + Fa + Pu, 
ck, = MF + Tifa + TiPu, 

(17a) 
cha = Tin + TF 2 + TiFu , 


che = TWF + TP + TF 
or, in three-dimensional coordinates, 
k, = ke = plv,B. — 1B, + Es) 
ke = ky = p(v.B, — v.B, + E,)) = ofE + ¥ X B). (I7b) 
ky = ky = plv,By ~ 1B: + £,) 


in his original theory Lorentz operates primarily with the three-dimen- 
sional vector on the right. 

We are of course also interested in the fourth component. It is, by 
(17a), 


ck, = ip(v.H, + v,E, + 0,E,) = tpv-E = ipL. (17c) 


L is here the power expended by the electric field strength on a unit charge 
moving with velocity v. 

It may be shown readily from the representation (17a) that the four- 
vector*k is perpendicular to the world line of the charge. In view of the 
proportionality of F and V in (16a) and the antisymmetric character of F 
we obtain for the scalar product of k and V: 


V-k=0. (17d) 
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We pass from the force density to the force itself. It is not permissible 
here, however, to simply change p into the electronic charge e by integra- 
tion over space, since the three-dimensional volume element is not a 
relativistic invariant, but an arbitrary section through the “world tube” 
described hy the electron (perpendicular to the also arbitrarily chogen time 
axis). {t is much more appropriate to place the section perpendicular to 
the world line of the electron, which is independent of the orientation of 
the ¢-axis, or, what is the same thing, perpendicular to the generatrices of 
the mantel surface of the world tube. If we denote the angle between the 
world line and f-axis by 7, the three-dimensional dx dy dz projects itself into 
the “world tube cross section” 


dx dy d 
Ais dy de 008 ¥ = Fe (18) 


with the general meaning of 7 given by Eq. (27.11a). By integration over 
this cross section we obtain 


| 9 dz dy dz cos y = Fi (18a) 

‘ From the representation ae for the force density we thus find directly 
k dx dy dz 

oe = PSR YXB = K/VI-R Ui) 


K is the Lorentz force of Eq. (9). : ts not directly a part of a four-vector, but 
becomes one after division by 4/1 — # 
The corresponding fourth energelte component of this four-vector is 
according to (17c) 
ky dz dy dz et aL 
-E = o/l- 19a 
Vi-# evi-# I—# ia 
We call the four-vecior of the force, completed in this manner, F; Its four 
components may be expressed collectively by 
{ K eth ; 
Vi— #’ V1— fy 
In view of its derivation from the Lorentz force density k and of the 
relation (17d) it is perpendicular to the world line of the electron: 


V-F = 0. (19e) 


“B.“°The General Orthogonal Transformation of a Tensor of the 
Second Rank 


As generalization of the antisymmetric field tensor F we now consider 
an arbitrary (symmetric or asymmetric) tensor of the second rank The, 


F = (19b) 
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whose components 7, need not vanish and for which we do not neces- 
sarily have Tan = Twn Here we define as tensor @ quantity whose com- 
ponents Tn, and Tam behave like the squares and products x, and 2.tm of 
the four-dimensional coordinates in the orthogonal transformation (27.1). 
The formula which, by (27.1), applies for the product 2.7m : 


4 4 
? f 
Late = >» YD Ani kms Ui Le 
t=] k=] 


may be transferred to 7’ in the following manner: 
a 4 
Pim = 2, Dy Oni Ome Tit (20) 
few] ken) 


We shall encounter 3 symmetric tensor in §31. It remains symmetric io 
the transformation. - 
For an antisymmetric tensor (20) may be written 


Th = pps (eens Omak —~ Ci One) Ty, = p> 


Here the components 7; ~ —T are already accounted for with the 
“components Ta. Hence the double sum in (20a) must be carried out in 
such fashion that, whereas 7 traverses all values from | to 4, k only assumes 
the values k < i. The value & = i evidently need not be considered since 
T.; = 0 and, in addition, since alt the determinants in (20a) vanish in this 
case, An antisymmetric tensor remains antisymmetric in the transforma- 
tion since the interchange of n and m reverses the sign of all the deter- 
minants. 

After these general considerations we return once more to the behavior 
of the six-veetor in the special Lorentz transformation (27.2a). We con- 
vince ourselves that all the subdeterminants of this matrix vanish with 
the exception of 


AQai Ant 


Tx. (20a) 


Ami Amt 


M1 My oy aa| ee eS 39 | 
= = az pr err 
? 
ie, es au a33 | Mag OH 1 tag tag! v1 a 
aon «= ag ay OM 
= = 5, 
Xs 33 ay Ke 
O12 au az «14 2; Cee 31 39 — 18 
* = = — = = V1- 
eg | Ont Csa HK 4, eae C41 as 1— # Me 


in view of the values of the aa given by Eqs. (27.5, 7, 8). On this basis the 
sums of six terms in (20a) are reduced to one or two terms. We find spe- 
cifically 
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a ee . 
Ta = pg (Ta ~ BTW. Tu = Tn, 


1 
Ty = Via gp ta + bTw), 
1 
T = Tx, T's = V1 — # (Py “+ ‘ST 's2), 


Tu = a7 (Ty — tBT 31). 
If here we substitute for the 7’, the electromagnetic equivalent of the Fa 
given by the matrix arrangement (26.17) we see readily that the preceding 
transformation formulas correspond to Eqs. (8) and (11). The present 
procedure for the derivation of these equations may be slower than the 
earlier one, but it-is fundamentally more elementary and certainly more 
general, since it covers any tensors of the second rank. 


'§£9. Integration of the Differential Equation of the Four-Potential 
We now turn to the differential equation (26.5), 
O02 = —pI, (1) 


where we are dialing with a problem of four-dimensional potential theory. 
The three-dimensional potential theory, Eqs. (7.48) and (7 5), may serve 
us as example. To begin with, we require the four-dimensional analog to 
Newton's poteatial 1/r. It is given by 


U= 5 R=(—-a'+&—- 2) +b -aw't+G&—a (2) 


As proof we calculate 
G61 __56-% Fl 2 
be ee? Re i +Sa- mi); 
From this we deduce 
# 1 8 8R* 
OU= Paap pet eno (3) 


which is valid for all points except the “source point” & = 2; ,¢ = 1, +--+ 4. 
It may be proved similarly that in a space of p + 2 dimensions the cen- 
trally symmetric potential is represented by U = 2” if the meaning of 
R’ is generalized correspondingly. 

Furthermore, as a preliminary, we shall determine the ‘‘surface” of the 
sphere 2 = const, i.e. a three-dimensional structure in four-dimensional 
space. If w signifies the surface area of the unit sphere, it is 
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oR with wo = 2x’. (4) 
In proof we consider the integral 
a 4 
J = [LIE xm - Zo 8h a di ds du (4a) 


By carrying out the integral for each coordinate separately and utilizing 
the familiar value of the Laplace integral we obtain the fourth power of 
4/x or x. On the other hand, if we introduce polar coordinates, with 
r= ott, we find 

j= wf ev dr = 3 (4b) 
A comparison of (4a) and (4b) proves Eq. (4). Similarly, for space with 
p+ 2dimensions - 

w = Qe? /T(p/2 + 1). (4c) 


(The reader may check the validity of this formula in the three-dimen- 
sional and two dimensional cases, p = 1 and p = 0). 


* A, Four-Dimenatonal Form of the PoteniialQ 
‘We now apply Green’s theorem to our two potentialsQ and U: 


feanv-vood.-. ay = [(ad - 022) ae (5) 


The integration at the left is to be extended over infinite four-dimensional 
space, with the exclusion of the source point 2; = § by means of a sphere 
K of radius R — 0. The integration on the right is to be carried out over 
this sphere K and a sphere R — ~, which however, as in the three-dimen- 
sional case (see p. 39), does not contribute to the integral. Substitution 
from the differential equations (1) and (3) then yields for (5) (F now de- 
notes the four-current, not the I'-function): 


diy 2 di i Ses 91 a dQ de 
wo fr = fos nee fan (5a) 
Since by Eq. (4) [ de = 2x°R’, the second integral on the right vanishes 


for R — 0. Since furthermore dn = —dR (the normal is to be taken posi- 
tive if if points outward from the space of integration, i.e. inward into the 
sphere XK), 


2 2 
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Q here denotes the value of our potential at R = 0, i.e. for $; = z,;. Hence 
we find from (5a) 


te Ole, tay 2 2) /mn = f vB, (6) 
in perfect analogy to (7.5). (6) represents the four-potential in an arbitrary 
world point 4, -+- x by a four-dimensional integration over the four-current 
density 1, which is assumed to be known. 

However, I is known to us only for the real times + < i, which precede 
the time of observation t; we might also say, for the times r < 0, if, without 
loss of generality, we put the time of observation ¢ temporarily equal to 0. 


Fra. 41. Integration of the four-dimensiona! potential equation G2 = wz’. Defor- 
mation of the original path of integration along the real &-axis into a loop about 
the “light point’’ L on the negative imaginary axis. 


Accordingly I is not known to us along the real & axis, as we have im- 
plicitly assumed till now, but only for the negative imaginary values 


& = ter = —2|7[. (6a) 


Accordingly we shall distort the path of integration for & along the real 
axis, ~© < & < © into a loop-about the negative imaginary half-axis, 
which leads from —i« by way of the neighborhood of the origin of the 
complex é-plane back to —t#, as shown in Fig. 41. This does not alter 
our representation (6) or the fact that (6) satisfies our differential equa- 
tion (1). 

We still want to convince ourselves that (6) satisfies also the auxiliary _ 
condition (26.7), DivQ = 0. This follows from the fact that I satisfies 
the continuity equation (26.16b) Div T = 0. In fact, if we indicate the 
differentiation with respect to x; and &, by subscripts, and carry it out under 
the fourfold integral sign we find 
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4x” Div Gi/uo = [( Grad, is) % ++ db 
: (7) 
= ~ [ (© Grade 3) a = adh, 
1e., after carrying out an integration by parts, 
4x" Div O/m = { Diver Sa - 0, (7a) 


which was to be proved. 

For the further treatment of the representation (6) we can carry out 
first either the integration with respect to & or that with respect to &, 
& , and & . For the present we shall follow the first course. 

B. Retarded Potentials 

With reference to Fig. 41, we look for those points of the compiex &- 

vlane at which the denominator R’ vanishes. We write 
Raort (m— &)', (8) 


where ¢ signifies the three-dimensional distance between the point of 
‘iptegration &', &, & and the reference point xi, x2, 22, and where we 
have dropped our temporary convention x, = 0, which merely served the 
more convenient description of Fig. 41. 
There are two points at which R’ = 0, i.e. 
mm & = +t (8a) 
and 
tm — & = —4r. (8b) 
We call the first, with Minkowski, the “light point” L; the second’ is 
designated with L’ in the figure. 
In the neighborhood of Z we have according to (8) and (8a) 
RE = (mq — & — tr) — ba + or) & irl — & ~ ir). Be) 


By Cauchy’s theorem we can now distort the path of integration in Fig. 
4] into a cirouit about L, yielding by the method of residues 


dit f de hey oy ot 
EB wlhaaaae wer? OM 


I, 3s the value of F at the light point. The factor (4-27) results from the 
fact that, on the one hand, —é, occurs in the denominator, of the other; 


4’ The distortion of the original real path of integration into a loop about L’ would 
lead to the ‘‘advanced”’ instead of the retarded potentials {cee p. 148). 


29.12 INTEGRATION OF DIFFERENTIAL EQUATION OF FOUR-POTENTIAL 249 


the integration path is traversed clockwise about L, i.e. in the negative 
direction from a function-theoretical standpoint. 
Substituting (9) in (6) we find 


t/a = [ = de dis dts. (10) 
Resolved into components this yields, by (26.4) and (26.6) 
arA/un = [Ede ded, drew = | % dts die dis. (100) 


These are, however, exactly the representations of the retarded potentials 
in Eq. (19.13), In fact our present J. and p, have the same meaning as 
our earlier [J] and [p],in §19. For if we designate the time of the light 
pot, which precedes that of the observation, by 7, as in (6a), we find 
from (8a) 


tel = ter + tr, r=at—rfe. (10b) 


This is however exactly the time defined in (19.13c), for which [J] and [p} 
were to be calculated. In this manner the formerly suppressed proof of 
(19.13) has Been brought in a mathematically particularly appropriate 
fashion. It should be noted that G. Herglotz had devised the method given 
here even before the theory of relativity, just on the basis of mathematical 
symmetry and elegance.’ 
C. The Lienard-Wiechert Approximation 

We now take the second course mentioned above and carry out the 
integration over & , &, & . We here imagine current and charge to be con- 
centrated in 4 single point, the electron, rather than spacially distributed 
as up to now. We use for I its electron-theory value (28.16), by which the 
conduction current J was interpreted as convection current, and with e as 
electron charge, obtain from it | 


[ des dts de = av, ie) » elt a1) 


R is the radius vector from the electron to the reference point, R its deriv- 
ative with respect to ¢ for fixed reference point: 


2 = (ti de dis ) utes 
& = ~(4, %, oie) = — 6, io, (118) 
We thert obtain from (6), carrying out the first three integrations, “ 
st’ O/m = ~e § des (12) 


‘See Gbttinger Nachr., 1904. 
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As in (9), the integration is to be carried out about the light point in Fig. 
41. However, the locus of the electron &, &, & is not an independent 
point of integration, as up to now, but itself depends on the integration 
variable t,. We must therefore consider the world line of the electron in the 
neighborhood of the light point L and expand R’ as follows: 


ReR+G-w 2s ..., (13) 


dg 


so as to be able to apply the method of residues. 
Here we have 


Rimvo ond S% 2 LMRR) Lege 
te 
The expansion of R® becomes hence 
Bm (i — fu) ERR+-- (13a) 


and Eq. (12) passes over into 


4x Q/ i = —- —— de (13b) 
/ 2R-RJ & — tu 
In view of the sign of in the denominator, which is opposite to that in 
(9}, the integral is now equal to —2xt. We thus obtain 


ecR 
4sQ/uo = ———. (14) 
/ ie 7 
According to (8a) the vector R has the time component ér, whereas its 
space component (light point to reference point) is r; by (lla) the time 
and space componenta of R are —tc and —v. Hence 


R-R =re~r= re(1 ~ ©) = (1 -*), (14a) 
rc € 


where v, denotes the projection of v on the direction of r. Substitution in 
(14) and separation into real and imaginary parts yields the remarkably 
simple formulas of Lienard (1898) and Wiechert (1900): 


a | e 1 
se La a Ese 7 pl —e,/e 
Our derivation shows that, like r, v and v, must be taken for the earlier 
time of the light point. It is interesting to note that the denominator 
1 — »,/e will recur in Vol. [V in connection with the Doppler effect. 
Actually the original integral form (6) of the four-potential will prove 


4rtol (15) 
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more useful for what follows than the formulas (15) or (10a), where the 
integration has been carried out. 


§30. The Fteld of the Accelerated Electron 


The advantage of Eq. (29.6) resta in the fact that the variables x, --+ 4 
of the reference point occur here only in the denominator R*. We have to 
differentiate only the latter if we wish to calculate the field of an electron 
in any stale of motion. In this manner we obtain from (29.6) first: 


7 a1 ? 1 
4x Curlam Q wf (top? Fi) d+» di (1) 


* Gin Fe 

Since 
2 1 gta hh _ _2R, 
ax, R? Re Ri? 


the parenthesis in (1) becomes 
2 ea: 2 
— Re (fr. R, bio T. Re) ai + Rs (r xX R)am- 


Here we have\transferred the usual symbol (x) of the three-dimensional 
vector product to the product of our two four-vectors, which evidently is 
& quantity with six components. The same applies for the left side of 
Eq. (1), where by (26.12) Curl. Q is the nm-component of the six-vector 
#of. We thus obtain from (1) 


2" fen = FS (FX Ram db ++ BR. (1) 


We now carry out the integration with respect to #:, & , and % , in which 
process, by Eq. (29.11), © transforms itself into —eR, and & refers, from 
this point on, to the point electron. We find 


et ee $ RX PB ae, (2) 


The integration is here to be carried out over a circuit about the light point, 
as in Fig. 41. The difference from the previous calculations consists only in 
the fact that the denominator now vanishes to the second order, so that 
we have to carry the expansion in denominator and numerator one term 
further. If we abbreviate 


fa — Sax 


w 


= 4, 
we write in place of (29.13a) 
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Ri=WwRRt+ wW{R-R+R-R] +-:: 
R‘ = 4u(R-R)* ¢ + vERTEE ~ ). 
and, since R X R = 0, 
RXR=(RXR),+URXRL+-. 


Thus, if at this point we transfer the denominator in part to the numerator 
and suppress the subscript L (2) becomes: 


ont = —ce_ du ip R (RX (1 - aR+RR) 
f TER XR + u(R X R)) u a 


Here we need write out only the term multiplied with u™’, since only this 
is involved in determining the residue, and can omit the terms with u™’, 
w,u'- . We thus obtain 


; etc *( zs pS RRR) 
+ ale — R R — R 7 + 
Qs f em? : x xR a 


Since the integration indicated in Fig. 41 amounts simply to the addition 
of the factor —Yrt, we find finally 


4nf RXR -RR+R-R 
Rk 3 
ec (R-R)* a (R-R}* 3) 


According to (20.82) and (29.11a) the expreasions on the right must be 
formulated specifically for 


R= (r, ir), R= —(¥, tc), R = (=; 0). (3a) 
We examine this general representation first for the special case of the 
A. Electron in Uniform Molton 
Here, since R = 0, 
R-R . = 
-—- =R XR --——___... 
(R-R)? er'(l — »,/e)° 
According to (3a) the six-vector R X R is given, in matrix notation, by 
: fe Fo te 
RxXR=- | |. .  {5) 


Ys ty ; %€ 


(4) 


We calculate its space-space and space-time components as subdeter- 
minants of the matrix. In the notation of ordinary three-dimensiona! 
vector calculus we obtain 
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vxXr for the space-space components, 
RxXR= (5a) 
i(r¢ — cr) for the space-time components. 
If this is substituted on the right side of (4) and f is separated into its 
space-space portion H and its space-time portion ~—7zcD on the left as 
well, we find 


4eH 1— #/e 
os mune 7G) — v,/e}”’ 


(6) 
4sD (+ - yas =eie 
e c r(l — v,/¢)* 
These expressions appear basically different from the expressions (28,14) 
and (28.148), with which we represented previously the field of the elec- 
tron in uniform motion (there designated by H’, £’}, but can actually be 


Fia. 42, The field of an electron in 
uniform motion. The electron movea 
‘along the z-axis with the velocity v; 0 is 
the location of the electron which is si- 
multaneous with the observation at P, 
L the light point, so that LO = er, where 
+ is the retarded time of the light aigaal 
emitted from Z to P. 


transformed into each other by elementary geometrical considerations. We 
will show this in Problem III.3. We will then make use of Fig. 42, which 
pictures at the same time the different viewpoint of the present and the 
earlier formulas: In the present formulas r and r refer to the light point L, 
in which the electron was at the time ¢ — r/c, ¢ being the time coordinate 
of the reference point P. The earlier formulas, on the other hand, con- 
cerned the position of the electron simultaneous with t, which is designated 
in the figure by O; the coordinates of the reference point with respect to O 
are given by 2x’, y’, 2’ a3 in (28.14). 


B. The Accelerated Electron 
If in (3) we omit the part (4) we obtain the pure ‘acceleration field” 
4ef RXR (RX RRR) 


RRR) Me 
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To analyze this, we calculate from (3a} 


«: —TI X ¥, the space-s ortion, 
ir¥, the space-time portion 
as well 88 
R-R = —r-¥. (7b) 
We then obtain from (7) with due regard to (5a) and (29.14a) 
4H at XY _  X v}(r-¥) 
ee er(l — v,/ce)® rl — v,/c)*’ ig) 
4nD _ rv + (cr — rv)(r-¥) 
€ , er — o,f/e — rt(h — v,/e)* 
From this we congludé directly 
rH/e = r XD and r-D = 0. (8a) 


H, D, and r or, as we might also say, H, E, and r are mutually perpendicu- 
lar to each other. Furthermore, taking the absolute value in the first Eq. 
'(8a) in view of the second Eq. (88), leads to 


“|H] =[DI (sb) 


or, expressed in other terms, to 


= 4/% 
Jat = 4/2) EB}. 


We thus have a typical transversal field, ag for the plane light wave in Eqs. 
(6.11) and (6.13). Its strength decreases with increasing r as 1/r; for the 
denominators in (8a) have each one factor r more than the numerstors, 
not two aa for the electron in uniform motion (Eq. (6)). Hence at great 
distances (6) may be neglected as compared to (7), and (7) represents the 
entire field of the accelerated electron. | 


C. The Longitudinally Accelerated Electron 
Let us assume specifically that v and ¢ have the same direction (recti- 
linear motion, longitudinally accelerated electron); we then see readily 
that 
¥(r-¥) = v(r-¥) 
and hence also 
(r X ¥)(r-¥) = (rt X ¥)(r-¥). 
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If, now, the denominators of the right sidea of Eqs. (8) are made the 
same, two terms cancel each other in each case. These Eqs. (8) then re- 
duce to 


“ec GAG — »,/c)*’ e * eF(1 — »,/c}*" 


If we eudke the common divestion of ¥ and ¥ the axis ¢ = 0 of a spherical 
polar coordinate system r, 3, y, we have 


v, = » COs F, ve = —v ain d, ve = 0, 
i, = dcost, tt = —dsain 9, t, = 0, 
rX¥= (r X Vp, H = H,, D= Ds 

and we obtain from (9) 

ev sin ep sin 0 

er (1 — 8 cos 8)?” 4ecDe = ca BF 


These are the same expressions as (19.20), with the addition of the rela- 
tivistic denominator (1 — 8 cos 8)*, which of course was lacking in the 
honrelativistic calculation (6 + 0). In fact our earlier factor p(t — r/c) ia 
the same as our present factor ev, computed for the light point. Corre- 
spondingly we find in place of the radiation S in (19.22' 


4eH, = (10) 


ee ain’ 3 
5 = Tertesdr (1 — B 008 6) my 
Accordingly the maximum of the radiation no longer lies at 38 = «/2, but 
advances, as $ approaches 1, from 3 = 2/2 toward § = 0.’ We already 
referred on p. 155 to this phenomenon, which is characteristic for x-ray 
theory. 


$31. The Maxwell Stresses and the Stress-Energy Tensor 


So far we have only dealt with the kinematics of the electron, prescribing 
its motion and inquiring regarding the accompanying field. We now turn 
to the séatics and then to the dynamics of the electron. With respect to the 


1 By differentiation of (11) with respect to 0 we obtain as condition for Sux a quad- 
ratic equation for cos ¢, which, for small #, yields 


cos d = 38, v=o %, 


and for § nearly equal to i, 
# 


l1- 1 — gt 
om ~_Oo = eee at 
cos 1 Ti D 7 
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statics of the electron we have familiarized ourselves till now only with 
the Lorents force, acting at the locus of the electron. A field concept 
cannot be satisfied herewith, however, but must follow up the transfer of 
force actions in vacuum, where there are no charges. This was Faraday’s 
intimation when he spoke of lines of force as of elastic bands which trans- 
rait tension and- compression. Maxwell was also here able to place Faraday’s 
notions into clear mathematical focus. This was the origin of Maxwell’s 
stress tensor, which may be expanded relativistically into a siress-energy 
tensor. 

We proceed from the Lorentz force density in Eq. (28.17), 


4 
k= "TF, ck, = Ty Far, (i} 
o tal 


and replace Y, in accord with Maxwell’s equations (26.16), by the six- 
vector of the excitation f. We then obtain from (1) 
4 4 4 
che = 2 Div, f-Pe = Do Ue p. (2) 


pal mai Ole 


We will show that k may be expressed as the four-dimensional divergence 
of a tensor T',,1.e. that 


4 a 3 
k. = pis Tn (3) 
and 
4 
lan = = : De Parfae + Sam A, : (4) 


where A denotes the Lagrange density in (26.24). 

Since we here enter the domain of tensor quantities the following rather 
abstract computations with double indices cannot be avoided. 

To transform the right side of (2) we utilize the identity 


imp _ 8 4g OF an 


Change of the order of summation yields for the first term on the right of 
(5), summed as indicated in (2), 


a re) 
De ge Le fn Pee = Da 5m De Snr Par (6) 


The second term on the right side of (5) becomes, after carrying out the 
summation over r and m (including the negative sign’ 


OF ny 
2a 2 Inn See 
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We write this expreasion once more, reversing both the symbols for the 
summation subscripts r, m and the sequence of the subscripts of f and F: 


OF wn 
2s 2 bow Ge 
and form half the sum of these equai expressions: 
} OF an | OF ne 
ie (Fetes). ) 
Now we make use of Maxweil’s Eq. (26.18). According to it (the three 


terms are formed by the cyclic interchange of the subscripts m, n, r) 


OF wn OF wy OF mn 
ma oY 


Taking care of the negative sign by changing the sequence of subscripts 
of F, we then can write instead of (7) 


1 OF nr 
jee x tue hh. ‘ (7a) 


‘This is the result of the summation of the second term on the right side of 
(5), whereas that for the first term was given by (6). Hence we obtain, 
finally, from (2), (6), and (7a), 


vc — LAL hook + 3D Lhe (8) 


Here the first term is already identical with the first half of the repre- 
sentation of the tensor 7 in (3) and (4). To prove fully the correctness of 
the representation we must still demonstrate that the second term on the 
right of (8) is equal to 

= aA aA 
c x a ime” c ie 
By (26.24) this is actually the case, The statement (3) is thus proved. 

Our expression (4) for 7 represents a symmetric tensor of the second rank. 
its symmetry follows directly from the proportionality of f and F and 
from the meaning of §,., ; the tensor character in the sense of p. 244 follows 
from the behavior of the six-vectors f and F in a Lorentz transformation. 
This calculation, overloaded with indices and formal as it may seem, 
leads to far-reaching physical consequences. 

From (4) we compute the components of 7 individually, beginning with 
the diagonal terms of the matrix, all of which have the term with A in 
common. We find 


258 ‘THEORY OF RELATIVITY AND ELECTRON THEORY 31.9 


Tu 


N 


= : fs Fis + fisFu + fuFu) + A 


— H,B, — H,B, + DE, + 4H-B—4D-E 

— H-B + H,B, + D,E, + 4H4-B — 4D-E 
= H,B, + D,E, — W, 

where W denotes the energy density. Similarly, 

Ty = H,B, + DE, — W, 

Ts = H,B, + DE, — W. 


On the other hand 
Tu = —=faFu + faPat faPu} +A 
=~ DsE. + D,E, + D.E, + ¥H-B — 4D-E 
= 43D-E + }H-B = W. 
We now turn to the nondiagonal elements, beginning with those having 
the subscript 4, such as 
Tye Ty = —* GaP + faPu) 
= io(DyB, ~ D,B,) = — ictau(E XH). = — * S,. 
Similarty: 
ee Pe | ne es 
¢ c 


The remaining nondiagonal elements are 


. T 1 a F ns f, Fx) H,B, + DE, = A,B, + D,E,, 

eg SBS OM" NAB, + DaB, = HeB, + Dy Es, 
where the equality of the last four expressions again follows from the 
proportionality of D and E, and similarly 


H, a ay s a) 
Tan Tan eS Ta= Tam [ee 
H.B, + DE. , H,B, + D,E,. 


Thus the complete T matrix becomes, in abbreviated notation 


(9) 
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Here o is the three-dimensional matrix of the socalled Maxwell stresses: 


H,B, + D,E, _ W, H,B, + DE, ’ HB, + D,E, > 
HB, + DE, , H,B, + D,E,— W, HB, + D,E,, (10) 
A.B, i D,E, ? HB, a DE, ? HB, + DE, — W. 


The electrical portion of ¢ represents a tension of the magnitude W in the 
direction of the lines of force and a compression of the same magnitude in 
the directions perpendicular thereto. This is seen immediately if the x-axis 
ia placed in the direction of E and B is put equal to 0. Then 


a: =4D-E, cy =o. = -3D-E, ou = 0. 


The same may be shown for the magnetic lines of force if the z-axis is 
placed in their direction and E is put equal to 0. We have thus returned 
to the model which Faraday had constructed purely on the basis of in- 
tuition. 

This stress tensor o, by itself, is however not a legitimate physical 
quantity in the sense of the theory of relativity. It becomes one only by 
its extension with the energy quantities S and W, forming the “stress- 
energy tensor’ T'. This has the characteristic property that its “trace” 
(sum of all the four terms on the principal diagonal) vanishes. We have in 
fact: 


Ty + Te + Tl; +T, = H-B+ D-E —3W + W = 0. 


We now return to the relationship between 7 and the Lorents force 
density k as given by (3), and consider first the fourth line of (3). In view 
of (9) itis 


k= —idive + o%, 
€ One 
If we replace k, by its value ipL./e from (28.17¢), we find, since x = ict, 
OM +divS+pb=0, Lav (11) 


This is Poynting’s theorem, Eq. (5.7), where the former energy loss by 
Joule heat is replaced by the work done on the moving charge p. 

Consider now one of the space components of Eq. (3), e.g. the first line: 

ki = k, = div.o 2 Ss 

c OX, 


which, written out in detail, becomes 


OO ss OG ys OP sx 1 as, bes 
=n ta 2H (12) 
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if we omit the last term on the left, i.e. confine ourselves to a stationary 
state, we obtain the characteristic equation (8.11) of elastic equilibrium in 
Vdl.'IJ. Just as there the volume force F, is absorbed and balanced by the 
stresses oi , insofar as they point in the z-direction. The Lorentz force 
density may be completely replaced by these stresses in our case. They 
are defined throughout the field by the tensor array (10), even where, in 
view of the absence of charge density, the Lorentz force is nonexistent. 
We have thus attained the goal set at the beginning of this section, of 
following up the transmission of the force through vacuum (without the 
use of a test body). 

However, what do we know of the nonstationary state and the term 
with 08/0 which is then added in (12)? The answer is given by Eq. 14.1 
in Vol. II, where the correaponding term, there designated by —pd*s/o0’, 
represented the inertial resistance of unit volume of the elastic body or, 
with positive sign, its change in momenium. We learn from this that there 
exists a momentum per unit volume G also in the electromagnetic field, 
and that it is to be defined, in direction and magnitude, by 


1 

We already know that the electromagnetic field possesses energy and how 
this is to be localized in space. We now see that we must also attribute to 
the field momentum, continuously distributed through space wherever 
there is an energy flux S and of the same direction with the latter. 

Correspondingly a light wave carries momentum and exerts 4 presstire on & 
nonreflecting (black) body on which it is incident—the light pressure dis- 
covered by Maxwell. Similarly, if 9 light wave is emitted by a body, it 
imparts to it a recoil which is equal and opposite to the momentum carried 
by it. We call the latter body the “transmitter,” the former the “receiver,” 
and assume that both were at rest for i < 0. At t = 0, when the wave is 
emitted by the transmitter, the latter receives a recoil. The center of 
gravity of the transmitter and receiver is then set into motion and remains 
in motion for the duration 0 < { < T. At the time ¢ = T the light wave 
is absorbed by the receiver (without reflection, as we shall assume for the 
sake of brevity). The wave then imparts to the receiver an equal impulse 
forward. From this point on the center of gravity of the two bodies is 
once more at rest, though it has been displaced a certain distance during 
the interim 7, corresponding to the backward motion of the transmitter. 
This contradiction with the law governing the center of gravity vanishes 
only if we assign a momentum to the light wave itself during its lifetime 7. 
Then momentum is neither created nor destroyed, both in emission and in 
absorption, and the center of gravity remains permanently at rest. 

As is well known, it is difficult to demonstrate the pressure of light in 
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the laboratory. The radiometers constructed for this purpose indicate 
generally convection currents of residual gases, caused by the thermal 
effect of the radiation. The proof of the pressure of light in the heavens is 
much grander. The tails of the comets, pointed away from the sun, show 
it (Lebedew), also the solar corona, where luminous particles are balanced 
by the pressure of light or radiation at a height equal to as much as the 
radius of the sun. The inner constitution of the sun and the bright fixed 
stars generally is also controlled by the common action of the pressure of 
radiation and the thermodynamic gas pressure (Karl Schwarzschild, [1916, 
for the surface of the sun; quite generally, A. 8. Eddington, t1944). We 
must here content ourselves with pointing out some general relationships 
between momentum, energy, and light pressure. 

From the definition of S we obtain for a transversal plane wave 


(a1, |H| = 4/%i2)): 
of 2k = egcE’ 
4/28 = wae - 


From this follows, in view of the definition (13) of G 


io) =~ (14) 


|S) =|EXH| =|E{|H| = ew, 


The momentum incident on a screen is hence equal in absolute magnitude, 
but for the factor 1/c, to the energy density in front of the screen (this applies 
not only for vacuum, but for any non-absorbing medium). 

We consider a bundle of parallel rays, a “wave packet”, of length / and 
crogs section g. Let W be the energy contained in it, G the momentum 
contained in it: 


W=W, G = gg = it -*, (15) 


the last follows from (14). We speak of a “photon” or a “light quantum” 
if the energy W of the bundle is equal to Ay (h = Planck’s constant, 
» = number of vibrations per second). By (15) the momentum of this 
bundle is 


Cie ~. (158) 


In the theory of light quanta the light pressure is thus identified with a 
“hail of photons”, to which every photon contributes the quantity hy/e. 
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We test this statement once again with the aid of the representation (10) 
of the.stress tensor o. Let the light wave, assumed plane, be incident per- 
pendicularly, in the positive z-direction, on a plate. Because of the trans- 
versal nature of light F., D., Bs , and H, are zero and the first row of (10) 
reduces to 


Orr = —W, Fxy = ys = 0. 
If we are dealing with the light bundle described by (15), the force 
—cagqg = Wa 


acts on the plate during the time T = Ue; ita time integral yields the 
impulse imparted to the plate. We calculate: 
J 1,' Wal W 
c= f Weg at - | Wadi = > 

which agrees with (15). 

If the light wave is not incident perpendicularly on the plate, but at an 
angle a with respect to the normal, the quadratic character of the coefh- 
cients in the tensor transformation formula (28.20) leads to 


Ory = W cos® a, 
This dependence on angle is reasonable since the area bombarded by the 


light pencil is now g/cos a and only the component in the z-direction of 
the momentum of the light rays is effective as light pressure. 


839. Relativistic Mechanics 


Unlike electrodynamics, which fits the requirements of the theory of 
relativity from the very staré so that we covld actually base this theory 
on it, classical mechanics must undergo fundamental revision to harmonize 
it with the theory of relativity. This revision even affects, for the individual 
particle, the definition of its momentum (its “quantitas motus”) as a four- 
vector. In agreement with Vol. I, §2 we assume it to be proportional to the 
four-vector V of the velocity in Eq. (27.18) and call it again G: 

dx; dz dx; ax, 
G My V, V ae ? Gr’ ae ’ ae . (1) 
The coefficient 7» is the rest mass of the particle, dr = +/1 — # dt is the 
differential of the intrinsic time. We can also write in place of (1) 
a mM . me dy dz 
G = oF 5 eg m ic), 2 a) oo (1a) 


The quantity 
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is called the mass in motion. It is not constant, as in classical mechanics, 
but increases for 8 — 1, » > ¢ toward infinity; accordingly it depends on 
the frame of reference and is hence not a legitimate world entity. This 
applies not only for the electron, but for every mass—though a large mass 
cannot be accelerated to velocities close to ¢ in the same manner as an 
electron. (However, in cosmic rays with their tremendous energies the 
variation of mass finds expression also for the heavy and semi-heavy 
particles, the protons and mesons.) 

The law of inertia, Newton’s first law, now becomes in relativistic 
formulation 


G = const. (3) 


Correspondingly the setond law may be written as four-dimensional vector 
equation as follows: 


c= = F. (4) 


Here F is the external force, extended to a four-vector. We know that for 
the individual, electron the Lorentz foree density k is such a four-vector, 
bit not the Lorentz force K itself. The latter becomes one only after it 
has been divided by +/1 — ¢? and has thus been placed into the invariant 
relationship with k which is expressed by Eqs. (28.19) and (28.19a). This 
leads to the following definition of the four-vector F for the individual 
electron in terms of KE: 


= K e(E + ¥ X B) et 
Maen ae Vine Tape Oe) 
When this is substituted in (4) the factor +/1 — 6 on the right cancels 


the factor 4/1 — 6? contained in dr. We thus obtain instead of the first 
three components of (4) 


a me) = avian K. (5) 


This is the equation of motion (4.6) in Vol. I. As was first pointed out by 
Planck,’ the Lorentz force K here takes the place of the classical New- 
tonian force. For the sake of distinction the four-force F in (4) is designated 
as Minkowski force, 

As was already shown in Vol. I, §4, (5) becomes, for longitudinal and 
transverstd direction of the force (K || v and K 1 ¥), 


(— py dt K and a- pea K, respectively. 


* Yerhandl, d. deuiach. phys. Ges. 4, p. 136, 1906. 
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‘The designations longitudinal and transversal mass for mo(1 — §°)"” and 

mo(1 — §*)"“* were discussed and criticized at the same place in Vol. I. 
We supplement Eq. (5) by the fourth energetic component, which fol- - 

lows from (4) and (48): 


d c 
uVToF = ev-E = v-K. (6) 


The equality of ev-E and v-K postulated here follows in the electrodynamic 
case simply from the fact that v-(vy X B) = 0. Applied to an arbitrary 
force law it signifies that the four-force F must be perpendicular to the 
world line of the particle (see p. 243). 

v-K is the work done on the moving particle by the foree K in unit 
time, i.e. it is equal tq dA/dt. Accordingly the left side of Hq. (6) is simply 
the change in the kinetic energy T effected by the force K. We hence have 


1g 

T = Jl — ++ const. 

In Exercise ITL.4 we shall convinee ourselves of the fact that Eq. (6) 

may be derived from the equation of motion (5) also by the formalism 

customary ih, the derivation of the energy theorem in elementary me- 

chanica, namely scalar multiplication with v, Since, by definition, T must 

vanish for » > 0, the constant in (6a) must be put equal to — —my c’. Hence, 
in vidw of (2), 


(6a) 


T=me (a= _ 1) = (m — mic. (7) 


The classical expression T = mv’/2 follows from this by passing to the 
limit ¢ + ©, as was already noted at the end of §4 in Vol. I. 


A. The Equivalence of Energy and Mase 


Just as we considered the rest mass mt, apart from the mass in motion m, 
we introduce apart from the energy in motion E the rest energy E,, where 
“thea T = FE — E,. We can hence write in place of (7) 


KK Ey = (m — m)c’. (7a) 
We render this equation more specific by the statement 
E=me (8) 


and the consequent relation 
Ey = me’. (8a) 


This is the theorem of the inertia of energy, which according to Einstein 
is the most important result of the (special) theory of relativity. We 
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quote Hinstein literally: “The mass of a body is a measure of ita energy 
content; if the energy changes by AZ, the mass changes m the same direc- 
tion by A/c’, It is not out of question that for bodies whose energy con- 
tent is variable in a high degree (e.g. for radium salts) a test of the theory 
may be successful.” 

This test has since been carried out on a huge acale: The atomic trans- 
formations which have been discovered in the meantime and been studied 
in detail for most of the light elements have led, by the use of the equiv- 
alence theorem, to an undreamed of increase in the precision of the chemical 
atomic weighis’ and the fission of the heaviest element, uranium—more 
precisely, the uranium isotope of atomic weight 235—which was discovered 
by Otto Hahn only toward the end of 1938 has, in accord with the loss of 
mass occurring in it, had a terrifying effect in the destruction caused by the 
uranium bomb. We shall concern ourselves here only with the second 
example and thia only briefly and superficially. 

The uranium 235 atom, after capture of a neutron (atomic weight 1} 
has assumed the atomic weight Af = 236, but retained the atomic number 
Z = 92 of the original uranium atom. It may, e.g., split into krypton, 
Z = 36, and barium, Z = 56, or into xenon, Z = 54, and strontium, 
Z: = 38. Both: fission possibilities are observed. The conservation of the 
nuélear charge eZ is here aasured, since 


92 = 36 + 56 = 54 + 38. 


However, the mass is not conserved. Instead, the masa excess of the atomic 
weight over the integer 235 (the so-called “packing fraction”) is set free, 
i.e. transformed into energy. If we assume that it amounts to one unit in 
the first decimal (for the heavier isotopes the atomic weights are not yet 
precisely known), we obtain for the energy available from one gram-atom 


0.1 c* = 9-10" g-cm’-sec* = 9-10" joules. 


Computed for a kilogram of fissioned uranium 235 it is 1000/235 times as 
much, or 38-10" joules. We transform this into heat unite (one large 
calorie 2¢ 4.2-10" joules) and obtain 


38 2 eles in 
72-10% To™ cal = 10” cal. 

1 A. Einstein, “Does the inertia of a body depend on its energy content?”’, Aun. 
Physik, Voi. 17, 1905. Einstein here explains the specialization of Eq. (7a) to the 
equivalence theorem (8) by an imaginary experiment: a moving body emits radiation 
and is observed from a system at rest. 

17. Bethe, Phys. Rev. 47, 633, 1945; Oliphant, Kempton, and Ratherford, Proc. 
Roy. Soc. London 149, 406, 1933. The almost simultaneous publication of these two 
papers on the two sides of the Atlantic shows once more the inevitable course of 
development of the understanding of physica as prescribed by the experimental 
material availabie at the time. 
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If we note that the energy transfers of ordinary molecular processes lie in 
the range from 100 to 1000 calories, we see that our uranium process sup- 
plies many million times as much energy. On this basis we may understand 
both the terrible effect of the uranium bomb and the beneficial effect of the 
uranium engine, i.e. a controllable, continuously operating uranium process, 
which could remove ail economic ills of the times. The fact that the prac- 
tical realization of the uranium process differs from that here considered, 
ie. that it is carried out by way of a transuranium element (plutonium), 
does not require mention. The validity of the proof indicated by our 
simplified process is not affected thereby. 


B. Relationship between Momentum and Energy 


In classical mechanics the components of momentum are derivatives of 
the kinetic energy with respect to the velocity components, e.g. for an 
individual particle in Cartesian coordinates: 


G=mt, = ~~, T= > (it at a) with m = const. (9) 


This no longer applies in relativistic mechanics. It may readily be verified 
however that the relativistic momentum components (la) are derivatives of 
the following quanitty: 
K = — me's/1 — § + const. (9a) 


with respect to the 2. Following Helmholtz,’ a function which accom- 
plishes this is called a “kinetic potential”. If, again, K is normalized 80 
that it vanishes for 8 = 0, the constant must be chosen equal to moc’, 
yielding 

K = me(i — V1 — &). (9b) 
Hence the definition of the momentum of an individual point mass replac- 
ing (9) becomes 

aK Mo Ly 


Or = 55, STS e (10) 


in agreement with the definition (Ia). For c— « K evidently passes over 
into 7 and (10) into (9). 


C. The Principles of D’Alembert and Hamilton 


What are the consequences of this changed meaning (10) of the momen- 
tum coordinates for the general principles of mechanics? We shall first 
discuss D’Alembert’s principle. The inertial reaction forces introduced by 
D’Alembert (see Vol. I, Eq. (10.1)) are also now given by —G,. (The 


1In hia general studies on the principle of least action. 
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usual definition as mass X acceleration is of course now invalid). The 
statements of D’Alembert’s principle in Vol. I, §10 then continue to apply 
literally: “The inertial reaction forces balance themselves against the 
physically impressed forces”? (Vol. I, p. 57). ‘The sumtotal of the lost 
forces is in equilibrium on the system.” (Vol. I, p. 58). The condition on 
p. 49 of Vol. I serves as definition of the word “mechanical system:” 
“The virtual work of the reactions within the system is equal to zero.” 

Hamilion’s principle is derived from D’Alembert’s principle in the 
manner of §33 of Vol. I. Here 7 is to be replaced by K and, for forces 
possessing a potential, (33.12) of Vol. I ia replaced by 


sf" (Kv) a =o. (1) 


Here the variation is to be carried out as in the earlier example: The space 
evordinates are varied, whereas the endpoints of the path and the time for 
its transversal remain fixed. 

Application to a single point mass yields 


af Kat = af" me(k — /1 — B Bai = -3f mocs/l — pdt. (11a) 


Here we have already taken account of the fact that the times & and it 
‘are not to be-varied, i.e. that 8(¢, — %) = 0. Hence (11) becomes 


sf" (mo ts/L = # +V) dt = 0. (12) 


We can readily convince ourselves that this variational prescription 
agrees with our equation of motion (5), and this not only for the Lorentz 
force K, to which (5) was limited, but for any given potential energy and 
an arbitrary foree K = —grad V derived from it. 

In the variation we must replace x, y, z by « + dz, y + dy, z + az, ob- 
taining 

dx dix oV 
re re, Oe Oe ae Rete 8a 
where the --- represent corresponding expressions in y and z. Similarly we 
must form 


wren yi MRT [ST (ST) 


-oVi-f| ella at” 
mana 


TF __ 1m __ dx diz 
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An integration by parts, in which the terms without integral sign vanish 
(because 6x = 0 fori = & andi = 4,) according to our original assumption, 
transforms this into 


n({(d 
[. 5 las Vi- # at 7 | br + - pat (12b) 
Thus (12) yields altogether 


((d(gtepe)-e]et fare ws 


Since dx, dy, and éz are independent of each other the factor of dx must 
vanish, as well as those of 8y and dz. We thus obtain in fact our earlier 
equation of motion (5) for arbitrary K; it is valid, incidentally, even if KE 
cannot be derived from a potential energy. 

If there are no external forces (V = const) (12) may be abbreviated to 


sf vi=Ba=s [ar mo. (13) 


This is Fermat's princtple of least time, which now however does not 
gelate to the conventional time t, but to the Lorentz-invariant intrinsic 
time. Since dr’ corresponds to the four-dimensional line element ds but for 
the factor ic, we can also write in place of (13) 


F 
5 [ dg = 0, (13a) 


This is the principle of the shortest path for given starting point A and end 
point #, or, as we called it in Vol. I, Eq. (37.14), the principle of the geo- 
detic line, extended to four dimensions and made Lorents-invariant. We 
shall therefore call it more precisely the princtple of the shortest world lene. 


D. Lagrange Function and Lagrange Equations 
In our formulation (11) of Hamilton’s principle the relativistic Lagrange 
function 


replaces the classical Lagrange function Ly, = 7 — VY in Vol. I, Bq. (33.13). 
The general Lagrange equations for arbitrary position and velocity coor- 
dinates are derived from £,.1 by carrying out the variation prescribed in 
(11), just.as they are derived from Ly) in §34 of Vol. I: 


d Alig _ Slat 


dt ads age = 0. (14a) 
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In spite of their similarity with those of classical mechanics, these equa- 
‘tions, when applied to specific cases, yield results which differ decidedly 
from those of the latter. For example, in the Kepler problem of the hydro- 
gen atom they lead to an ellipse with precessing perihelion instead of to 4 
closed ellipse as a consequence of the relativistic variation of mass; see 
also §38 regarding the perihelion of mercury. 
E. Schwarzschild’s Principle of Least Action 
In his fundamental papers “On Electrodynamics” Schwarzschild’ intro- 
duced with the designation “electrokinetic potential” the quantity 
L=W¥—v-A. (15) 
We shall show that when multiplied with the charge density p this is a 
relativistic invariant. To this end we form the scalar product of the four- 
vector F of current density (Eq. (28.16)) and the four-potentia! Q (Eq. 
(26.4)). We obtain 
r-aQ = p(v-A — ¥). 
We call —T’- Q the Schwarzschild invariant. In view of (15) 
| Yr-Q = —pb. (16) 
Schwarzschild adds to this invariant the Lagrange density A from 
(26.24) which, we know, is also Lorents-invariant, and forms, with 7’ = 
kinetic energy, 
T—A-— pb. (17) 
We shall replace (17) by 
K’ = 7’ — 2A — ph = 7 — 2A4+7P:-Q. (17a} 


Here T”’ represents the relativistic value of the kinetic energy from (7), 
where, however, the rest mass m is to be replaced by the rest-mass density 
wo. (Also the remaining terms in (17a) are densities, referring to unit 
volume.) Hence 


T’ = w(t — 8)? — 2. (17b) 


The factor 2 of A in (17a), on the other hand, derives from our basic dis- 
tinetion between the entities of quantity f and of intensity ”; Schwarz- 
schild, who puts D = E and B = H and hence writes in our Eq. (26.24) 


1K. Schwarzschild, Géttinger Nachr. 1903. See in particular the first of the three, 
papers. The potation Z is the same as Schwarzschild's; Schwarzachild uses ¢ in place 
of our ¥, Note the date of publication 1903! Thus Schwarzschild arrived intuitively 
at the correct fostulate of the theory of invariants six years ahead of Minkowski. 
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H’ — E’ instead of H-B — D-E, gains a factor 2 in the variation, which 
we tust supply in (17a). In detail our formula (17a) becomes 


K’ = we((1 — By - 1) - 244+ 7-a. (18) 


From this point on we follow Schwarzschild’s procedure. He integrates 
(17) over an arbitrary region of space-time and constructs in this manner 
an action function W, which he subjects to the requirement W = 0. We 
form correspondingly 


W = {ff K’ dz dy ds dt | (19) 


and also set 
' 6W = 0. (19a) 


According to Schwarzschild this variation is to be carried out in following 
fashion : nf 

a. The components 2, %, 2, and % of the potential and . 

b, the coordinates 2; , t, x3, and 2 of the electrons are subjected to 
arbitrary small variations; these variations are to vanish on the boundaries 
of the region. The variations a and b are independent of each other’ and 
may be carned out individually, e.g. also for each component of Q. If 
‘several electrons are present we can limit ourselves to one of them since 
the effects of the rest on it are contained in the potential Q. The fact that 
we use the four-potential Q, originally introduced for convenience of cal- 
culation, rather than the six-vector F as fundamental field quantity repre- 
sents 8 new departure, to which we shall return in §37. 

a. Since the first term on the right of Eq. (18) is independent of Q@ we 
are only concerned with A and T-a. If the variation is limited to 82, we 
find 


(TQ) = Pgn, . (20) 


In the expression (26.24) for A we must imagine F as expressed (by (26.11)) 
by ¢ Curl Q, whereas f is to be regarded as an unknown. Hence, for the 
specific variation mentioned above, (—2A) reduces to the following three 
terms (the remaining terms of the Curl, to be formed with %, 0, and 
Q , drop out): 


Oy  , 2%)» 3 KE afis a 
8(—2A) ims + fis Fo + fuse Sa on on 8% ++. 
1 Schwarzschild does not take account of the auxiliary condition Div Q = 0 which 
was aatiefied automatically in our method of integration in $20. We adhere to Schwars~. 
schild’s prescription also in thia respect. 
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The dots refer to partial derivatives with respect to the coordinates which 
vanish in the later integration over our world region (since 6Q = 0 on its 
boundary). Together with (20) we thus find for the factor of 62 in the 


integrand of (19) 
-| ze de se + du +T;. 
te ON: 


It must vanish since 6W = Q. If we substitute for fy the values in the 
array (26.14) and for I its value from (28.16) we find 


S43 + oe 4 Os + ove = 0 (21) 

This is exactly the first component of the three Maxwell equations 
D+ J = curl H, where here, for vacuum, the convection current density 
pv represents J. The second and third component are evidently obtained 
similarly by the variation of 2, and Q and the condition div D = » from 
that of 9,. We cannot, of course, expect to derive the other set of Maxwell 
equations and the condition div B = 0 in the same manner, since these 
are already implicit in the existence of the potential. 

This clarifies also the basis for our earlier name “Lagrange density’ for 

‘A (see p. 220): In our electrodynamical vanation principle A takes the 
place of the earlier Lagrange function LZ or L,.. (Eq. (32.14)). 

b. The potential is not varied; hence 6A = 0. 

On the other hand, the world line of the electron is to be compared with 
neighboring world lines, so that the first term on the right of (18) and the 
Schwarzschild invariant -Q are to be varied. We shal! first deal with the 
term I'-. It is here convenient to replace the world volume element 
dz dy dz di = dV di in (19) by dV, dr, where dV, represents its three- 
dimensional cross section perpendicular to the world line. Since the charge 
density p occurring in I is concentrated on the world line of the electron 
we obtain in the integration over dV, (not in that over dV!) the electron 
charge e. 

At the same time, in the expressions for I and Q, we pass from the 
coordinates 2, --- 2, used so far to the coordinates ¢, --- & of the world 
line element considered at the moment (dt, = ic dr, dr = element of the 
intrinsic time). Then dt;/dr replaces dz;/dt and we obtain 


ff r-adv.dr =e | > Fa, re (22) 


We must note that in the variation not only €; is changed by 8; , but also 
Q; is changed by 


a0) = O4(8 #8, <<, bab OB) — Ob, BD = OF i 
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(the charge ¢ is of course conserved). Hence (22) leads to 


3 {fff t-aav.ar = ef (Zao, zt Sees 995 5 \ de. (22a) 


dr d&; 


The first of the two terms on the right is transformed by integration by 
parts and yields (since 3; = 0 on the boundary of the world region) 


-D Pay - DOSE we. 


ot; dr 
Thus (22a), after interchange of the subscripts 7, j in the double sum, 
becomes 
di, 90; — 30; ) 
(SEF le- ele) a 


Here we have in nen Curl; Q, ie. except for the factor ¢ the 
component Fj; of the field (see (26.11)). On the other hand, we have, by 
(28.17) 


r-F = ck  ({k = force density) (24) 
and by (28.19) 


K 
/ kdV, = Vin # (K = Lorents force). 


Hence our expression (23), which was obtained by carrying out the inte- 
gration over V, , signifies simply 


[ Skee peaqr [ D wawe (28) 


We must add to this from the first term of the right side of (18), if we 
again put dV dt = dV, dr and integrate over the world line cross section 
dV,: 


me's [ (1 — B= Dar = mes fa- Vin Bans f Kae 


We have already carried out the variation of this integral over K in Kq. 
(11a) and the succeeding equations. We found there, translated into the 
present notation £; of the world line coordinates (see (12b)): 


{Eas 


Together with (25) we obtain as variation of the action integral 


sw = — i ~ rl rea a %| - Kh a di. (27) 


oe) sts dt. (26) 
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We require that this integral should vanish for arbitrary displacements. 
This is only ‘possible if the { } vanishes for 7 = 1, 2, 3, 4. In this manner 
we have derived our earlier Eq. (5) including the corresponding fourth 
component, and this in more explicit form: Our present derivation yields 
not only this equation of motion, but also the Lorents forceimpressed on 
the electron by the field. Schwarzschild’s principle of least action thus com- 
bines Maxwell's electrodynamics and the Lorentz electron mee in a single 
four-dimensionally invariant formulation. 

From 2 historical point of view it may be noted that Schwarzschild, 
starting with the kinetic potential (17), also obtains the Maxwell equations 
and the equation of motion of the electron including the expression for the 
Loreatz force. Only the variation of mass of the electron escapes him, since, 
in (17), he employs the classical value of the kinetic energy. It is true that 
his derivation of the “Maxwell equations is not quite correct from our 
point of view because of the missing factor 2 in A, which is compensated 
in Schwarzschild’s treatment by putting f and F (D = E, H = B) equal. 
In our representation the proportionality of f and F is also contained in 
the Schwarsschild principle. It is only necessary to eliminate T from the 
Eqs. (21) and (26.5), which we can write 


Divf=Tr and Div F = cw. 


Schwarzschild’s action principle is very suggestive. It could be made 
the starting point of the theory and the Maxwell equations be regarded as 
its consequences. There would be at the same time the inviting possibility 
of refining the Maxwell equations by extending the kinetic potential (18) 
{addition of other field invariants, taking account of interactions between 
the electrons, their magnetic moment and spin). We wil] enter upon such 
questions in $37. 


§33. Electromagnetic Theory of the Electron 

At the turn of the century interest was focused on the variable mass of 
the electron. The assumption of the rigid electron, which appeared appro- 
priate in the theory of the absolute ether, led to a different, much more 
complicated law of transformation (Max Abraham) than Lorentz’s assump- 
tion of the deformable electron, which soon afterwards attained an assured 
basis in the theory of relativity. The experiments of Kaufmann, Bucherer, 
Neumann and many othera were concerned with this law of transformation. 

The theoretical treatment of the problem (also for the rigid electron) 
tested on the definition (31.13) of the electromagnetic momentum. Without 
detaining ourselves with the rigid electron we shall show that the same~ 
Starting point, with the relativistic treatment of the momentum, leads to 
the same law (32.2) of the variation of the masa as the theory of rela- 
tivity, which however extends it immediately to any arbitrary mass m. 
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We shall obtain as a by-product an interesting formula for the rest mass 
my of the electron. 

Below we understand by G the total momentum of the field in infinite 
space; we shall call the momentum per unit volume, designated by G in 
(31.18), g. With dV as three-dimensional volume clement we then have 


c= {gav=5/ sav. | (1) 


To be able to carry out the indicated integration we utilize the ideas and 
symbols of Eqs. (28.12). Let x, y, z be the frame of reference moving with 
the electron, x’, #, 2’ a coordinate system at rest, with respect to which 
the electron has the instantaneous velocity » in the positive 2’-direction. 
In the z, y, z system we then have of course G = 0; the field is electrostatic 
so that H = 0 and S = 0. We are interested in the momentum G’ and 
more particularly in its z-component: 


aoe} fstav =} f iat - winder. (2) 


We express the primed quantities in terms of the unprimed ones in accord 
with Eq. (28. 12a), i in which however, in view of the opposite direction of 
motion, the sign of » must be changed: 


f f | 1 
E. = E., E EF —— ' E, SS fe 33 
¥ Fra Vi pe (22) 
t f —?v _ B = v 
He=0, Hem Depa p Be lg a eeyiap 
dV’ = dV+/i ~ # (Lorentz contraction). (2b) 
Thus we obtain from (2) 
| eta. 2 r) 
C= ae | Bi + Bday. (3) 
In the ryz-system the E-field is spherically symmetrical, so that 
2 _ g e 3 ~~! 
[atav - [ mav = f Bay = 5 [ wav. (3a) 


The same applies for the charge distribution. It seems most natural to 
spread the charge e uniformly over a sphere of radius a (“radiua of the 
electron’’). Then, as follows e.g. from (7.68), 

0 for r<a 


E=E,=} ¢ (3b) 
—— for rza 
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and hence 
[av = tr [ttm Sf Fa (3e) 
(3) and (3a) then lead to 
G, =~ vi 2 On _ —, (4) 
woe /1 — Bp B34resa brenc’ad/1 — & 
We may also readily convince- ourselves that, 
G, = G, = 0 (4a) 


as must be expected for the spherical symmetry in the zyz-system. 
For if we form 


Gas Lf sav - 4 | (BiH. — BiH) av’ 
in analogy to (2) and again make use of Eqs. (2a, b), 
v 
G = —, [ 8.8, av =0 
since for a spherically symmetrical field E, and FE, are proportional to x 
and y, and zy integrated over the sphere vanishes. 
Eqs. (4) and (4a) can be combined to 
G’=m, m= Ja (5) 
The mass factor m here introduced has thus the dependence on velocity 


familiar to us from §32, For the rest mass mo we find from (4): 
2 


en (6) 


6re ena 
The reader may check the dimensional correctness of this formula, i.e. 
the independence of the choice of the unit of charge Q and the unit of 
length M. The factor e , which in the Gaussian system is set equal to 1, 
is from our point of view indispensable. If it is suppressed the formula 
becomes dimensionally meaningless. 

With the value of the rest mass computed by (6) Eq. (5) states: The 
mechanical momentum of the electron is equal to the momentum contained in 
the elecirémagnetic field as defined by Eq. (2): ~ 


Geteetron = Grieta - (7) 


We read directly in Eq. (6) that the transition to the limit a — 0 is 
unfortunately impossible; it would lead to my — © and e/m — 0. To 
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determine the numerical value of a, we must know the experimental 
values of ¢ and e/m . In MKSQ units, with Q = 1 coulomb, these are: 


e = 1,60-:10°"Q, —e/me = 1.76-10"Q/K. (8) 
From this we compute 
. my = 0.9-10°K. (8a) 
Eq. (6) then yields, with (7.18a), 
2 @é 2 e MK _ 2(1.60-10-") 


Sel —=—- wo, li 
°~iireadm 310m @ 3 09108 ME? 10™ em. (9) 


This is a subatomic dimension, of the same order of magnitude as nuclear 
dimensions. . 

It is of course quite arbitrary that we have here assumed a surface charge. 
We might equally well have distributed the electron charge ¢ uniformly 


over the electron volume. 
‘If we then call its radius once more a, we find’ instead of (3b) 


(er 
_ < 
4g, a? for ra 


E=E, = (10) 


€ 
Ec for ra 
and instead of (3c) 


é * rt dy * dr e fi 
[ Hav = - aif oa F ¢\. a(t +}. (108) 


The factor 6/5 is thus to be added to the formula for G’ in (4) 8o that we 
obtain in place of (6) 


4 
e 

ele re om 

The order of magnitude of the value of a found in (9) is not affected. 
The following remark is of greater importance: Who can guarantee that 
the Maxwell equations can be extrapolated right up to the surface or mto 
the interior of the electron? May not their simplicity and linearity be a 
consequence of the fact that they are exactly valid only for weak fields 
and that they must be corrected, in the immediate neighborhood of con- 
centrated charges, by higher terms, in some such manner as the theory of 


1 The first line of (10) evidently follows from the fact that elements of charge 
whose distance from the center is leas than r may be thought of aa concentrated at 
the center of the aphere, while those distant by more. than r from the center do not 
contribute to the field strength. 
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dilute solutions in thermochemistry? We shall return to this question in 
§37. It will here merely be emphasized that the derivation of the law 
governing the variation of mass with velocity is not subject to this criti- 
cism, since, in §32, it could be derived from the general principles of rela- 
tivistic mechanics, whereas our present computation of my is affected; the 
latter is anyhow beyond experimental verification, in view of the hypo- 
thetical character of the electron radius. The derivation of the mass-veloc- 
ity law in §32 is, like all considerations of the specia! theory of relativity, 
only tied to the condition that the occurring relative motions should be 
nearly uniform. We express this here by the demand that the electron 
motion be guasistationary. We mean hereby that its velocity change in 
the time taken by ¢ light wave to sweep over the electron (i.e. the time 
2a/¢} be small compared to », We thug demand only; 


te Ks (11) 


All processes in vacuum tubes satisfy this requirement. 

With reapect to formula (6) for the rest mass we note furthermore that 
it may be derived in the following very elementary manner: We consider 
@ slowly moving electron. Its mass is equal to the rest mass 1 and ite 
Kinetic energy ’. 


Tey, (12) 
2 
If this is of electromagnetic origin we must set it equal to the magnetic 


energy of the field since the electric energy is constant for small fields, i.e. 
not proportional to »*. We hence put 


= * 
Tae ‘| H’ aV. (12a) 
Here we can substitute for H the value (15.12) from the law of Biot-Savart 
eo sin 3 
H = tn a ea 


We then obtain for surface charge 


T = (2) [% ‘sin’ 9 do [ de, 
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Hence 
2 2 
1 
T = : 5 =. (13) 
Comparison with (12) yields 
2 
an Me 1 
ies Or a 


which is identical with (6) since enyoc? = 1. 

Since the kinetic energy of the electron computed with (6) proved to 
be equal to the magnetic energy of the surrounding field we may suspect 
that its reat energy will correspond to the electrostatic energy of the Coulomb 
field. In the simple case of surface charge we find that this is equal to 


& 2 2) 7 2.2 
Ene * = fx dV = 5 ot [Br dr 
and obtain in view of (3c) 
2 
€ 
a rt (14) 


in contrast to this Eq. (6) yields for the rest energy of our electron by 
‘Binstein’s law of equivalence of mass and energy: 


- 
Grea 
Thus only 2 of this resi energy is explained eleciromagnetically by our pre- 
ceding (admittedly primitive) considerations. The program indicated by 
the title of this section is as yet incapable of realization. 

As was already said on p. 236, the electron is a stranger in electro- 
dynamics. The forces which, opposing the Coulomb forces, prevent its 
explosion are unknown to us, just like the theory of the elementary particles 
in general. Poincaré introduced (as early as 1906, in the Rendiconti di 
Palermo) a cohesion pressure of unknown origin which was supposed to 
envelop the electron at rest like a membrane under uniform tension; the 
missing quarter of the rest energy was supposed to be hidden herein. The 
hypothesis of rigidity of the absolute theory could transfer this cohesion 
pressure to the electron in motion. It did not auffice, however, for a purely 
electromagnetic description of the electron. Even the assumption of rigidity 
contradicts the group-theoretical nature of Maxwell’s electrodynamics 
which, as we know, demands the deformable electron of Lorents. 

Altogether, we should face the fact that our electrodynamic theory of 
the electron ig as yet very incomplete. We have known for 20 years that 
the electron possesses in addition to ita charge a quite definite spin and 6 


Ey = me = (15) 
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quite definite magnetic moment. Both can only be defined on the basis 
of the quantum theory and are inaccessible to Maxwell’s electrodynamics. 
The secret of the spin was firat discovered in the more precise analysia of 
the Zeeman effect; the secret of the magnetic moment was actually, as we 
know now, clearly and tangibly demonstrated in ferromagnetism. It is 
strange that practical] electronics remained untouched by these fundamental 
facts and could get along with the notion of the charged point mass or the 
minute charged sphere. 

Our Problems III.5 to [11.10 deal with this application of electron theory. 
The varied electron trajectories which occur in vacuum tubes and which, 
m the e/m experiments, first served to clarify the nature of the electron 
are at the same time in a way the simplest and best defined examples of 
the mechanics of an isolated point mass. 


Parr [V 


MAXWELL’S THEORY FOR MOVING BODIES AND” 
OTHER ADDENDA 


$34. Minkowskt's Equations for Moving Media 

The extension of Maxwell’s theory from media at rest to those in motion 
was a favorite problem of the older electrodynamics. Heinrich Hertz had 
failed in this effort (see his paper cited in footnote 2 on p. 2) because he 
adhered consistently to classical theory (the “Galiler transformation”). 
His friend Emil Cohn’ came closer to the goal, but was not yet (in 1902!) 
in possession of the necessary tools, the Lorentz transformation. Even 
H. A. Lorentz did not quite attain the final form in his papers in the 
Enzyklopidie (1903), particularly not for magnetizable bodies. Hinstein 
called his paper of 1905 “On the electrodynamics of moving bodies”’ and 
indicated in this manner a principal goal of his theory of relativity; how- 
ever he does not enter upon the general structure of the equations for 
ponderable bodies but confines himself instead to the questions arising for 
the isolated electron. Minkowski, in 1908, at long last in full possession of 
the principle: of relativity, was the first to solve the problem completely.” 

Minkowski’s logic was simple: The Maxwell equations for a state of 
rest apply within the laboratory. Consider a point of space-time P of # 
body moving’ with respect to the laboratory at the laboratory time ¢; let 
it have the velocity v. Let P be transformed to rest by the introduction of 
the coordinates 2’; y’, z’, ? for the description of the processes in the 
neighborhood of P, ¢. En this system Maxwell’s equations for a state of 
rest apply to the quantities E’,.B’, D’, H’, J’, p’: 
o = —curl E’, = 
3. (1) 
divD'=/)', divB’ = 0, 
with material constants differing from those for vacuum: 

D'= rE’, Bi =,H’, ji = oF’ (2) 


1 Géttinger Nachr. 1901, p. 74; Ann. Physik 7, 29, 1902. 

* Géttinger Nachr. 1908, p. 53; Gesammelte Werke II, p. 352. 

*The motion may be variable in space and time and must merely be capable of 
quasiatationary treatment in the sense of Eq. (33.11). Thus ¥ need not be a pure 
trangjation and the body need not be rigid. Only the fixed value of ¥ in the space-time 
point P, ¢ enters in the following Lorentz transformations. 
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These constants have the same values as if the body were at rest with 
respect to the laboratory, since it knows nothing of its motion. The opera- 
tions curl and div in (1) refer of course, just like the time ¢’, to the primed 
syatem. Now the inverse Lorentz transformation is to be carried out, which 
transforms the primed system back into the original one of the laboratory. 
In the latter Eqs. (1) apply once more if all primes are omitted, in view of 
the basic property of covariance of the Maxwell equations with respect to 
the Lorentz transformations. However, Wqs. (2), transformed to the un- 
primed system, take on a new form. 

We know the relationship of the E’, B’ and the E, B from Eqs. (28.88) 
and (28.11): 


B= @+exBy, B= [Xe 


l~ # 


1 (3) 
Bi, = (B- Sv xz) Biwi a’ < 
oA Vin # Ja 
| and . signify as before “parallel” a d “perpendicular to the velocity v”. 
We shail supplement this by the corresponding relations between D’, B’ 
and D, H. In view of the definition of the six-vectors 


"f= (H,-iD), FF = (GB, -i®) 
‘they are obtained from (3) by replacing E by cD and B by H/c. We thus 
obtain 
D+5¥xH 
Vi-# (4) 
é f — F x D 
Ay, = (H-—vxD),, Hi = Sl ~ B ie 


' I ' 
Di; = (D+ yx H), v. =| 


Substitution of (3) and (4) in (2) yields, for both the parallel and the 
perpendicular components for which the denominator cancels on the two 
sides, 
D+ivxH=cB+vxB) 
; (5) 
B-.vXE = »H — vx D). 


Here B may, for example, be eliminated in the first equation by means of 
the second, so that D is expressed only in terms of E and H? similarly 


1 Here we make use of the transformation A X (B X C) = B(A-C) — C(A-B) 
and of the relation eqic* = 1, It should be noted that according to (5a, b) the identity 
in direction of D and E ag well as that of B and H has ceased to apply eyen for the 
isotropic medium. 
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elimination of D ieads to an expression of B in terms of E and H. The 
resulting equations become simpler if they are written separately for the 
components || and 1. They then become 


Dy = chy, By = eH (5a) 


[ _ eee 
€o Ho Ba = p(] — #)Hs 4+ (tome — eu)¥ xX E. 


Having taken care of the first two Eqs. (2) we now turn to the third 
Eq. (2), “Ohm’s law for moving conductors”. What is the relationship of 
J’ and J? We know from Eq. (26.6) that J is the space component of a 
four-vector F, whose time component is icp. We also know that every 
four-vector transforms itself like the coordinate vector 2; , x2, 22, %1. We 
therefore have for the specialized Lorentz transformation ({v || x): 


(5b) 


J, — p— sds 
ds i a? J’, = dy, n= ds, p Sa Rie? 


For an erbitrary direction of v this becomes 


1 
~ pv iE ' p-— 3Vv-J 
i, -[ Ji = Pra p = e > (6) 
Vi — Bayt’ V/1 — # 
where we may also write the middle equation in the form 
Ji-= (J — pv)s, (62) 


since by definition v. = 0. 
With this meaning of J’ and the meaning (3) of E’ our Ohm’s law be- 
comes 


(J-= ), = o(E+v xX By, 


Pere at 


These two equations can also be combined into a single one, though only 
in a somewhat artificial manner. We here make use of the following nota- 
tion, which is customary also elsewhere in the literature and will be useful 
later on: 


(7) 


E*=- E+ vxXB, H*=H-vxD. 48) 


‘ The * here employed of course beare no relation to the earlier * of the dual six- 
vector 
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We can then write in place of (7) 
“T(E, ) 
ous chee (9) 
i-# °- 


Since v. = 0 the perpendicular component of this is identical with the 
second Eq. (7). Furthermore, since v-E* = v,, the parallel component 
of (9) is | 
ge vv ¢ 
J — ev) = vine a eM Bh] = vVi-gee — 6), 

which agrees with the first Eq. (7). We call 

Ji=J-— ov (9a) 
the “conduction current”. 

Eq. (9) expresses the fact that the convection current pv and the conduc- 
tion current J; are superposed and that their differentiation depends on the 
frame of reference of the observer. The reason for this evidently rests in the 
four-dimensional combination of J and pv in the four-vector I. Just as for 
_ the six-vector F the distinction between its electric and magnetic aspect 
depended on the reference frame of the observer (see p. 241), a change in 
the reference frame now adds the time component tep of the T vector and 
the corresponding convection current pv to the conduction current J, . 
The former, like the latter, produces a magnetic field. 

This conclusion was contained already in the Rowland effect discovered 
m 1878, Since we are here dealing exclusively with charge in motion and 
since therefore the conduction term in (9) is lacking, the convection cur- 
rent pv alone is magnetically active and takes the place of J in the ap- 
propriate Maxwell equation. 

The question naturally arises whether also the so-called “free charge”,’ 
which occurs at the surface of a homogeneous dielectric in an electric 
field, is magnetically active when the dielectric is set into motion. This led 
Roentgen to his fundamental experiment?’ A dielectric plate is placed in a 


' We have avoided this notation elsewhere (like Rémtgen, who expreasly desig- 
nated his dielectric plate as uncharged) since the ‘free charge” ia not a charge dimen- 
sionally, but a divergence of field strength (see p. 40), in our case a surface di- 
vergence of the electric field strength. 

1W.C, Roentgen, Ann. Physik Vol. 35, p. 264, 1888. In a supplement to thie paper 
Roentgen reports the negative result of an experiment with a rotatably suspended 
condenger 80 oricated with respect to the motion of the earth that the “ether wind” 
passed through the condenser plates. Does this ether wind generate a magnetic field 
and, as a result, a deflection of the condenser? From our present relativistic point 
of view the negative result of the experiment is a foregone conclusion. A similar, 
refined, arrangement became famous at a later date in the Trouton-Noble 
experiment. 
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plate condenser, parallel to the plate electrodes, and is moved perpendicu- 
larly to the lines of force in the condenser (it was rotated about an axis 
normal to the condenser plates in the experiment). Does this motion pro- 
duce a magnetic field? Roentgen could answer this affirmatively and 
Lorentz, as @ result, named the current equivalent to the motion the 
Roentgen current. In agreement with later experiments and considerations 
of Eichenwald' the magnitude of this current for the panes arrange- 
ment in question is: 


R = v(e — &) | Eoj = v| Po}. (10) 


The plate is here assumed to be unmagnetic (4 = jo), its motion a parallel 
displacement v; Ey is the field strength in the charged condenser and Py 
the corresponding polarization of the plate, both referring to the plate at 
rest, as indicated by the subscript 0. Since the “free charge” is concen- 


Condenser electrode Fic. 43. Explanation of the Réatgen cur- 
rent. Section perpendicular to the direction 


of motion of the dielectric plate and the 
condenser electrode. The location of the 
R6éntgen current is the surface of the plate. 


Bae The portion li 
b TF portion linked by a rectangular loop a, 
WIA Mig yyy // 1s. Yy b, a, 6 ia indicated by a heavy line. 
Dielectric plate 


trated on the surface of the dielectric plate, the Roentgen current is also 
% pure surface current: It is absent both from the air gap and from the 
interior of the plate and occurs only at their interface; its direction is that 
of v, just as for the Rowland current. 

We shall show that (10) follows from (5a, b) if 6’ = (| v{/e)’ is neg- 
lected (which is of course fully justified under the conditions of the experi- 
ment} and if furthermore u = yo, and on the right the values of E and H 
forthe plate at rest are substituted, namely Ei = 2, E,, = 0,H = Hy = 0. 
We then find 


Dy, = By = 0, D = Di = ek, B= Bs. = pele — ev X Ep. 


Fig. 43 represents a section normal to v (v is directed into the plane of 
the paper) in which the shaded portion below indicates the dielectric 
plate, the upper portion, the air gap of the condenser. We compute the 
line integral of H = B/i about the rectangular loop which has been 
drawn, the direction of the integration being related to the direction of ¥ 
by a right-handed screw motion. In view of the direction of v Xk E,, H 
has the direction of the arrow on the upper side of the rectangle a, but 


1 A. Eichenwald, Ann. Physik, Vol. 11, pp. ] and 241, 1903. 
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vanishes on it since € = & ; fives same applies for the sides b of the rectangle. 
Thus there remains only the lower side a of the rectangle, which is trav- 
ersed in a direction opposite to a. It yields 


$ Hede = les — e)lv X Ep. 


This magnetic circuit is equal to the surface current flowing through its 
interior, which in the figure is indicated by the heavy line through the 
middie of the rectangle. It is a-R if we call the surface current per unit 
length R. We thus obtain 


$ Has =-aR, R=(e—e)v{Bo|=v{Poj, (10a) 


where by the vectorial symbol v we also indicate the positive direction of 
R (pointing into the plane of the paper like v). Thus Eq. (10) is verified- 

The experiments of Eichenwald in which the dielectric plate and the 
two condenser plates were rotated about their common normal as a unit, 
so that the convection currents ¥| Dj of the condenser plates (surface 
‘density w =.|D |) are added to the Roentgen currents v} P,{ on the 
diclectric plate, are of special interest. Since D and P differ, a residual 
tmaagnetic field arises here also, contrary to Herts’s earlier theory and in 
spite of the opposite signs of the Rowland and Roentgen currents. (The 
sign of the condenser charge is opposite to that of the charge on the plate 
induced by it.) Eichenwald (on p. 331) states expressly regarding this 
residual field: ‘‘The magnetic effect is independent of the material of the 
dielectric.” In fact, D -— P = e&E is the vacuum component of D, for 
which the term “dielectric displacement” is not particularly appropriate, 
but which is very characteristic for Maxwell’s theory and its optical 
application. 

We finally want to mention @ kind of inversion of Roentgen’s experi- 
ment, the experiment of H. A. Wilson': A hollow dielectric cylinder is 
placed between the electrodes of an uncharged cylindrical condenser in a 
uniform magnetic field parallel to the cylinder axis. If the cylinder is 
rotated the condenser is charged, 

We have followed Minkowski closely so far and believe to have thus 
even improved on the clarity of the otherwise insurpassable representation 
in W. Pauli’s article in the Enzyklopidie. We shall now establish contact 
with H. A. Lorenta’s article in the Enzyklopadie which, in its mathematical 
formulation, follows the paper of H. Hertz (1891) and older papers of 
Helmholtz. To this end we introduce for the quantities referred to the 


1 Phil, Trans. Vol. 204, p. 121, 1904; see also H. A. Wilson and M. Wilson, Proc. 
Roy. Soe,, Vol. 88, p. 98, 1913. 
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laboratory (i.¢. the unprimed quantities) on the right of Eq. (1) in place 
of E and H the quantities E* and H* from (8): 


ae —curl E* + curl (v x B), 
ot 
(11) 


+s curl H* +- curl (v X D). 
We shift the last terms on the right over onto the left and take account of 
the auxiliary conditions in (1): 
div B = 0, div D = p. (lla) 
We then can write instead of (11) 
= +: y div B — curl (vy X B) « —ourl B®, 
(1b) 
oD ‘ 
7 + vdiv D — curl (v X D) + J — pv = cwrl B*. 


We have encountered the aggregates on the left already in Vol. ID 

{18.7e). There we computed for an arbitrary vector A and a surface ele- 

ment do whith moves with the velocity v, varying from point to point, 

and in the process changes size and shape itself, the “A-fiux through do” 
§, (Ande) = E + vdiv A — curl (¥ X a) | de. 


Here we employ the abbreviation introduced by Lorents* 


A = + vdiv A — curt (Wx A), (12) 
The preceding equation then passes into 
§, (dude) = A, de (124) 
or, for a finite surface ¢, 
d : 
S| Ando = f dade. (12b) 


We then obtain in place of (1b) the basic form of the Mazxwell-Minkowski 
equations in maving bodtes (viewed from our laboratory) given by Lorents 
and Pauli: 


B, = —curl BF, a3) 
D+J — pv = curl H’. 
1 See Enzyklopaedie, Vol. V, part 2, p. 75, Eq. (5). 
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Their advantage rests in the fact that they lead directly to the integral 


form: 
[ Bide = -$ EY. de, 


(14) 
[ Cu de - $ Has, C=D+J— pv. 

At the left we integrate over a surface moving with the velocity v, on the 
right, over its boundary s, the direction of traversal of ¢ and the normal n 
of ¢ being correlated by the right-acrew rule. We here recall footnote 3 on 
p. 280, according to which v can be arbitrary, i.e. « and ¢ be attached to 
an arbitrarily moving and deformed body. In this manner we have arrived 
at a formulation which is closely related to our original axioms, Eqs. (3) 
and (4) of §3, and generalizes them greatly. Only in the present generalized 
form do they do justice to the facts, already mentioned in §3, of the in- 
duction for moving conductors and moving magnets. 

The boundary conditions for moving bodies also follow from Eqs. (14), 
in the same manner as those for media at rest in §3. They require the con- 
unuity of the tangential components of E* and H* az well as of the normal 
component of B\ Here we must note that the velocity v occurring in E* 
and H* is to be regarded as a constant of the Lorentz transformation, by 
which the point P of the moving body is transformed to rest, Thus v has 
the same value on the two sides of the boundary surface, namely that in 
the point P, or is at least continuous in passing through the boundary. 

The situation is different if ¥ jumps discontinuously from the value 0 
(laboratory) to the value ¥ (moving solid bedy). We consider in particular 
the case, important for unipolar induction, that the field is stationary 
(0/at = 0) and the surface of the body is displaced with the velocity 
Vv ( = vtens). We shall show that then not the tangential components of 
E*, H*, but the tangential components (as seen from the laboratory) of E, 
H must be continuous along the boundary layer. 

We note in preparation that the two conditions which are here com- 
pared signify the same for a tangential direction of E or H parallel to v 
(because of the meaning of the vector products in (8)), but that they are 
actually contradictory for every other tangential direction, in particular 
that at right angles to v. 

Let us consider now, just as in Fig. 3, a rectangular loop As Ah, which 
is initially placed normal to the boundary surface; this is now distorted, 
since the side As parallel to the boundary within the body is displaced, 
whereas the opposite side, in vacuum, remains fixed. Then, since 8B/at = 0 
and div B = 0, B i is, by (12), equal to —cur! (v < B); the integral on the 
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left. of the first Eq. (14) becomes, making use of Stokes’ theorem, 
~ [ curl, (v X B) de = —$ (v x B)-ds, 


i.e, in general not equal to 0 as for constant or continuously varying V. 

On the other hand, the integral on the right of the same equation, car- 
ried out over the same distorted loop, becomes in view of the meaning 
of E* 


~$ Beds - gw X B)-ds. 
Equating the two expressions leads to the requirement 
f E-ds = 0, i.e. continuity of Eras, 
in accord with our earlier conclusion (3.9). 
The same consideration applied to the second Eq. (14) yields (since 
éD/dt = 0 and div D = p) 
C=ve— curl (vX D) + J -— ov = —eurl (v X D) + J 
and for the integrals on the left and right sides of the second Eq. (14) 


-$ (v X D)-de + fu. de and p Bde - § (vy X D)-ds, respectively. 
Equating of the two leads to 


[ tude = f Has 


If in the limit Ah — 0 the surface integral over J is put equal to zero as in 
Eq. (3.8) (see also footnote I at that point) we obtain 


f H-ds = 0, ie. continuity of Beans . (15a) 


This closes our consideration of the boundary conditions in the special 
case of a moving interface between two different media. 

The existence of the Rowland and Roentgen currents attests the fact that 
the preceding theory is not only of importance for the large velocities of 
the theory of relativity. The same follows from the problem of untpolar 
induction which has been famous since the days of Arago and Faraday. 
The literature on this subject is voluminous end by no means free of 
contradictions, since this problem is concerned with the exact laws of the 
electrodynamics of moving bodies. We shal! discuss this problem only 
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qualitatively here and defer quantitative considerations to Problem IV.1. 
Furthermore, we are primarily interested in the fields which occur here; 
hence we pass over the phenomena of motion, which are realized in appa- 
ratus of many typos and have claimed most attention in experimental 
work. 

If, for example a bar magnet, suitably supported, is rotated about its 
axis, induction currents arise in a wire of which one end glides, for exam- 
ple, on the middle of the magnet while the other is connected to the bear- 
ing at one of the ends of the axis of the magnet. Since here only the magnet 
pole adjoining this end is effective, we speak of “unipolar induction”. This 
arrangement has been employed not only in laboratory experiments, but 
at times also on a large scale in electric generators. 

We simplify the statement of the problem if we separate the conductor 
from the body generating the magnetic field. Let us consider for example 
a copper disk between the pole pieces of an electromagnet. It is known that 
such a “Faraday disk” ia raised to incandescence if maintained in rotation 
and that alternatively an initial rotational momentum ot the disk is rapidly 
damped by the magnetic field. 

This occurs, however, only for an inhomogeneous field, such as is nor- 
mally realized experimentally, where the disk extends beyond the inner- 
most homogeneous portion of the field of the pole pieces. In order to deal 
with a well-defined and easily solvable problem we assume that the mag- 
netic field is uniform throughout and introduce into it a metal rod with 
its axis perpendicular to the magnetic field B, which we set into uniform 
translatory motion along its axis. Its surface is charged hereby. No Joule 
heat arises in the interior since the conduction current is everywhere zero; 
the total charge is of course also zero. Interior and exterior field join con- 
tinuously, but with discontinuous normal gradient, corresponding to the 
presence of surface charge. The iniertor field is perpendicular both to the 
axis of the rod and to B and can be given immediately for any form of the 
cross section. 

In contrast with the interior field, the exterior field cannot be given 
immediately but requires the solution of a bouwndary-value problem: the 
continuous fitting of the potential in the exterior to the surface values of 
the potential known from the intertor field. In the special case of the cir- 
cular cross section this boundary-value problem is readily solved; see 
Problem IV.1. 

Along with the interior field the potential difference between two surfaca 
points is determined. If, by means of sliding contacts on a connecting 
wire, it is to be used for the generation of current, the interior is no longer- 
free of current. The present description of the interior field then becomes 
invalid. 

A static magnetic field, arising from the Rowland currents at the aur- 


290  WAXWELL’S THEORY FOR MOVING BODIES AND OTHER ADDENDA 35.) 


face of the rod, occurs along with the electric field. It is, however, evi- 
dently very small compared to the original inducing field and can hence 
be neglected: 

Our description applies throughout for an observer at reset in the lab- 
oratory; for an observer moving with the rod the electric field within the 
rod is 26ro. 

‘In the actual realization of the experiment the rod is of course replaced 
by a metallic body of revolution and the translation by a rotation about 
the axis of symmetry of the latter. A mathematical difficulty which arises 
here is also indicated in Problem IV.1. 


§35. The Ponderomotive Forces and the Stress-Energy Tensor 
We return to §31 and generalize the concepts introduced there from 


vacuum to a body of arbitrary e, », which, however, we shall assume to 
be both homogeneous and isotropic, although the anisotropic body would be 
of special interest in connection with electro- and magnetostriction. We 
shall, furthermore, regard the body as at rest, since, for the questions at 
issue, we can place our frame of reference on this body. 
Our earlier definitions of §26 
P= (cB, —tE), f = (H, —tD), r= (J; icp) (1) 
as well as the Maxwell equations in the differential form given there 
DvF*=0, Divf=T (la) 
retain their validity; it can be readily demonstrated that the factors ¢ 
arising in (1) are not derived from the vacuum constants fo , uo , but from 
the time measurement x, = ici, which, in the special theory of relativity, 
applies quite generally for all ponderable media. However, the relation 


j= 4/2P (2) 


between excitation and field ia to be changed to 


wo/s| — /e, 
j if 4/2?, (28) 


where the upper line refers to the space-space, the lower to the space-time 
components of f and F. : 

A comparison of (1) and (2a) shows that this change leads in fact to the 
required relations between excitation and field: 


B= 4/% cB, ic. H = B/y, 


-icD = 2 4/% (—iE), ie. D = ck. 
& Ma 
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We see from (2a) that the simple proportionality (2) between f and F 
which was characteristic for vacuum passes over, for the ponderable body, 
into a type of linear vector function with two different proportionality con- 
stants for the space-space and the space-time components. In the aniso- 
tropic body this is replaced by a much mors general vector function (see 
p. 28) with in general 12 different material constants. 

Starting from the universally valid representation of the Lorents force 
density in (31.1) we convince ourselves, by a critical consideration of the 
individual steps, that the transformations up to Eq. (31.8) remain un- 
altered, and are not influenced by the different proportionality factors for 
the electric and magnetic quantities in (2a). The same statement applies 
also for the diagonal elements of the tensor T,, so that the diagonal sum of 
the latter retains its earlier value 


p> Tan = 0. (3) 


The, same holds for the nondiagonal elements T xm, provided only that 
n and m differ from 4. On the other hand we compute from (31.4) e.g. 


Pr = -* (Fu fe + Pi fa) Ta = -* (Fafa t+ Fa fy) 


= ~ieB,D, — B,D,) - (E,H,-2.H,) (4) 


= —icep(E x H); ts 5S &, 


—(ExXH). = —!&. 
¢ c 


if the subscript 1 is here replaced by 2 or 3 the result remains the same 
except that the subscript z of S is replaced by y and z, respectively. 

This different behavior of the two groups of the Tan (n and m > 4 as 
againat m.or m = 4) has the result that whereas the three-dimensional 
stress tensor can stili be written in the form (31.10), the complete four- 
dimensional tensor T takes on the asymmetric form 


This asymmetry has questionable consequences. We know from hydro. 
dynamics and the theory of elasticity that an asymmetric stress tensor 
leads to torques which do not correspond to observation (see e.g. Vol. II, 
§10 and §8). Also in electrodynamics torques may be deduced from the 
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asymmetric character of our tensor T with respect to its principal diagonal ; 
these’ torques are very small and scarcely observable, but are even so m- 
probable, M. Abraham has hence proposed a symmetric form of the tensor 
T, differing from Minkowski’s, and M. von Laue has followed Abraham’s 
suggestion.’ The two points of view are compared with respect to their 
physical consequences by W. Pauli in his oft-quoted article in the Enzyklo- 
pidie, p. 665. 

Following once again Minkowski, we deduce from the matrix (5) that 
the fourth component of our earlier Eq. (31.3) remains unchanged and 
corresponds to Poynéing’s theorem also in a ponderable body. The first 
three components of the same equation, which are affected by the changed 
upper portion of our matrix (5) on the other hand, lead to a definition of 
the electromagnetic momentum density differing from (81.13). Whereas 
we found for vacuum 


I l 
G= {8 = 5EXH (6) 
we now obtain the different (though, of course, dimensionally equal) 
expression 


g-1f s=DxB. (62) 
c* £5 ja 


This conclusion of Minkowski’s theory is also not universally accepted. 
As noted initially, we have been able to confine ourselves to bodies at 
rest in this section. In view of the behavior of the world tensor T in a 
Lorentz transformation, known to us from (28.20), our formulas can be 
transferred directly to bodies in motion. The problem of the punderomotive 
forces would be solved for them also as soon as the ultimate form of our 
tensor T for bodies at rest had been determined. The fact that this has 
not been accomplished in a unique fashion signifies physically really only 
an esthetic defect and is certainty no serious objection to the theory of 
relativity. In fact from our present electron-theoretical standpoint al! 
processes take place in vacuum, for which the question of the stress-energy 
tensor has received a satisfying and generally recognized solution in §31. 
From this point of view the ponderable bodies with their continuous mate- 
rial constants ©, » are simply convenient abstractions and are not physical 
realities. 
“1 In his excellent textbook ‘Die Relativitaétstheorie,”’ Vol. 1: ‘Das Relativitits- 
prinzip der Lorentztranaformation,’”’ and Vol. [I: “Die allgemeine Relativitate- 


theorie und Einsteins Lehre von der Schwerkraft.”’ which have been published ag 
Nrs. 38 and 58 of the series ‘“Wissenschaft” by Vieweg. 
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§96. The Energy Loss of an Accelerated Electron by Radiation and Its 
Reaction on the Motion 
We know that, unlike the electron in uniform motion, the accelerated 
electron radiates. According to (19.24) the energy radiated per unit time 
is, for a velocity small compared with c, 


és 
6920 


$= (1) 

This energy loss must of course find expression in the equation of motion 
of the electron. To take account of it we will replace it by an equivalent: 
force. Consider the effect of a short acceleration interval from 4 to &. 
Before and after the interval, as well as at its limits, the motion is to be 
regarded as uniform, i.e. $ as equal to zero. In view of the briefness of the 
interval the velocity is changed but little, so that we may put 8, SY 8: S= A. 
We call the desired force the “reaction force of the radiation’ and denote 
it by R. (Please excuse the use of the same symbol R as for the Roentgen 
eurrent and, before that, for the impedance operator!) It must satisfy the 
condition that the work done by it on the electron in the interval from 4 
40 & be equal to the negative radiation logs of the electron, i.o. 


ts 
f R-ds = — { 8 dt. | (2) 
TT 
From the identity 
2 -= ad ob ae SHH 
é 2 (v3 vp 


and our assumption ¢() = ¢(t) = 0 we find 


ty 
P = 
/ 0 dt = wv : / dv di / % ds, 
80 that, by (1} and (2), 
2 
_ 8 
[Ras =, f ode. (3) 
We thus obtain as the simplest formulation 
ee 
[R| = Sra (4) 


furthermore, it may be shown that other expressions consistent with (3) 
deviate from (4) only by terms of a smaller order of magnitude (see the 
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discussion after Eq. (27)). In the magnetic cgs-system this becomes, by 
(16.30), 


1B = BEE, (4a) 


this may be compared with Larmor’s formula (19.24b). 

We shall study the effect of the reaction force for the very simple case of 
an electron vibrating about its position of rest, which, as in §19c, may 
serve a8 an idealized model of a light source. Let the vibration be recti- 
linear; in view of the reaction force it is damped. We call the distance of 
the electron from ita position of rest £ and set 


fehe, w= ml +a). (5) 


w@ = 2e/r is the angular frequency in the absence of damping, r the corre- 
sponding period, a a complex number; it is very small in absolute value 
and, for our expression for £, must have a negative imaginary part. We 
shall demonstrate both facts. 

The equation of motion of the electron is 


my = + ft = R. (6) 


The restoring foree, which may arise in some fashion from the atomic 
binding, has been set equal to —f¢ and been transferred to the left. We 
divide (6) by 2% and put 


wi fit (7) 


moe, (7a) 
Cc 


(7) follows from Eq. (5), according to which o is the characteristic fre- 
quency of the oscillation for R = 0; in (7a) a signifies, by (4), a length of 
the same order of magnitude as the electron radius in (33.6). Eq. (6) then 
becomes 


E+ woe = <2. (8) 
Substitution from (5) yields, after cancellation of o,’, 


—(1 + a) + 1 = iS om(l + a)? = 2eiF (I + a)! (9) 
» is the wave-length of the emitted tight; even in the x-ray region it is very 
large compared to the radius a of the electron. We may hence neglect @ a: 
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compared with 1 on the right side of the equation and a’ as compared 
with 2« on the left side. We thus find from (9) 


a 
a= ~tt i . (10) 
The sign of our result agrees with the expectation expressed at (5). The 
fact that, in our approximate calculation, a has become purely imaginary 
indicates that the period of the oscillation is not changed appreciably by 
the reaction force, just as in (18.9d}, where the period of the quasista- 
tionary current oscillation did not depend materially on the resistance. 
Substitution of (10) in (5) yields 


[sofa ene). 


The amplitude is hence reduced by a factor 1/e in & time, measured in 
periods of the oscillation, 

f A 

7 Osta’ (12) 
The corresponding light path measured in wave-lengths, z/d, haa the same 
value, For \'= 4-107 om, a = 2-107" om (12) yields 


. = 10, x = 400cm = 4M, (12a) 


The “distance of coherence” of light waves, measured for particularly 
sharp (i.e. particularly monochromatic) spectral lines, is of the same order 
of magnitude. There are no absolutely sharp spectral lines. Every broken 
or damped wave train, when subjected to Fourier analysis (see Vol. VI, 
Exercise 1.4), yields a finite spectral width (more precisely, half-value 
width). The Doppler effect, which is the result of the thermal motion of 
the emitting particles and is hence temperature-dependent, has the same 
consequence. The reciprocal of the damping time ¢ given by (12) is defined 
as the natural classical line width. With the notation D = 1/2 and with 
r = X/c we obtain 


or, with the value of a given by (33.6), 


p=*“_! (12b) 
3 egmoc 


This classical line width is the lower limit of the observable line width, at 
' the lowest possible temperatures (elimination of the Doppler effect) and 
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the lowest possible pressures (elimination of so-called collision damping). 
We specialize the expression for the egs-units customary in spectroscopy 
(e7/e9 = 4xc’émagn by Eq. (16.30)) and find 


man = 160-10, ¢ = 3.10", 


2 2 
D-= x a (120) 
Cmagn/™o = 1.76-10. 
If in particular we set 4 = 4-10~° cm as before, we obtain 
D = 7-10" sec”. (12d) 


This is very small, even compared with the minute frequency separation 
of the hydrogen doublet of the first Balmer line: 


Rew’ Re = Rydberg frequency 
ws = = & 10" sec™ 
a = fine-structure constant 

The reaction force R plays an important role in Planck’s theory of 
black-body radiation (see Vol. V). It determines the amplitude to which 
a linear oscillator is raised in equilibrium with thermal radiation, from 
which it then accomplishes its emission of quanta. 

So far we have considered only the slowly moving electron insofar as we 
have determined the force of reaction only from the standpoint of an 
observer moving with the electron. The theory of relativity makes it 
possible, however, to change the frame of reference and to determine then 
the reaction force for an electron moving with arbitrary velocity. The 
fact that a result differing materially from (4) will be obtained follows from 
the fact that Eq. (1) then ceases to be valid and, instead, (30.11) yields 
for the energy radiated per unit area and per unit time at an angle 3 with 
respect to the direction of motion 


2.3 -_ $ 
eS sin’ (13) 


ec? (1 —- 8 cos B)* 

The acceleration is here assumed to be longitudinal, i.e. in the direction 
of motion. It should furthermore be noted that (13) refers to the time 
scale of the observer at rest, whereas we must know for the determination 
of R the radiation per unit time in the system of the moving electron. The 
retardation relation (29.10b} exists between the two time scales (¢, time of 
the-observer, +, time of the electron as well as “intrinsic time” of the 
latter): “ 

dt 


r Uy v, 
ee dr = dt + ~ dr, ar 1 rs 1 8 cos 0, 
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Thus to refer S to the time scale of the moving electron we must multiply 
(13) by 


© ot eee: (14) 
dr 


Furthermore, to pass from S to the total radiation 8S of the electron we 
must integrate over the sphere of radius r and with the element of angle 
dw = 2x sin ¢ dd’. With the abbreviation u = 1 — 8 cos & we thus obtain 


Pa f gin’ # sin 6 dd -% m{r- (152) }e 
(1 — Boos d  Blig 8 w* 
This integra! may be evaluated in an elementary manner and yields 


an A 
30a-e 


Hence 


ee 1 

. The value o£ R which is now sought—we shall call it R’—must (for longi- 
tudinal acceleration) be implicitly related to (15) by (2). However, it is 
not determined uniquely hereby; for this it would be necessary, following 
Abraham, to add conservation of momentum to conservation of energy. 
We hence prefer to proceed from the relativistic equation of motion of the 
electron, which will yield an explicit value for R’; at the same time we 
need no fonger limit ourselves to the longitudinal! case. 

In accord with Eq. (32.4) etc. and adding the desired reaction force R’ 
we write the equation of motion in the form: 


mW =F+R’, (16) 


W is the four-vector of the acceleration introduced in (27.18b), F, the 
four-force acting at any moment, which in the electrodynamic case is 
related to the Lorents force K by Eq. (28.19b): 


F=K, g=(i-#y™. (17) 


W and F are perpendicular to the world line of the electron in the four- 
dimensional meaning of the term, i.e. {see (27.18c) and (28.19c)) 


: V-W=0 and V-F=0. (18). 


Accordingly (18) leads to the requirement that R’ also be perpendicular to 
the world line: 


V-R’ = 0. (18a) 
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It would seem most reasonable, following (4), to define R’ by 


e : aw 

(dots will indicate differentiation with respect to the intrinsic time also in 
what follows). This would, in fact, be a Lorentz-invariant definition of R’ 
which, specialized to the frame of reference of the electron, would agree 
directly in its space components with (4). However, this definition would 
contradict the requirement (18a). We hence modify it to 


R’= W, 


RR! = b(W + a) (19a) 
and determine the constant a here introduced from the condition 
ae VW 
VW + aV-V = 0, ane Ve’ (20) 


Like (19) this definition of R’ satisfies the requirement of being identical! 
with (4) in the frame of reference of the electron, since the first three 
components of V vanish here; furthermore if, as in (4), correction terms of 
a smaller order of magnitude are neglected the definition is also unique. 

The value (20) of a can be further simplified: First, by (27.18a), 
V-V = —c’; second, we may deduce from V-W ~= 0 by differentiation with 
respect to 7: 


VW+VW=0, V-We= -V-W=—-W-W. 


Hence we may write 


a= 5WW ; (20a) 
and 
i = PD ahd 
R 7( r. ), (21) 


This ts the very concise formulation of the reaction force, valid in every 
frame of reference. The conciseness is lost when we pass over to three dimen- 
sions, to permit comparison with the formulations known from the litera- 
ture. We proceed from Eqs. (27.18) and (27.18b): 


v= (nv, ten), W= v _ (HY + nv, ich) (22) 
and compute with the sid of the definition (17) of 


——— — 


v'¥, (22a) 


t 

f 

< 

at 
3 1b 

a 
wI,, 
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We then obtain from (22) 
3 a 
W= (2 (y-¥)v + itatvs), 
f 4 Qn? 4 (22b) 
=a n wy? a) fe.g)? a2 et 
WW i i a How, 
The first and last term of the { } can be combined to yield 
4 3 2 
% * 2 dl — = _t . 2 
which combines with the second term. We thus obtain 
’ 2 
WW = at: (v-¥)? + v\ (23) 
4a 2 
Mid ~i{e Cit tebe, (288) 


In the last equation we have written down only the three space components 
‘of the four-dimensional vector. We do the same in the computation of W, 
ie. the differentiation of (22b) with respect to r: 


t t 
W = OF ety + (te + (WWW + wH)H) + He tae 
If we take account of (22a) we find 
$ 8 
Wea 2 wav tS (Het (wiv + 2v-H)e] He (24) 


"We obtain for the difference of (24) and (23a) 
R’ Qn? 7 : s 
ae (v-#)*v + a (@v-¥v + 2(v-¥)¥} + nV. (25) 
Finally we pass from the intrinsic time of the electron, to which ¥ and ¥ 
are referred, to the time scale ¢ of the observer, in which we shall denote 
the corresponding quantities by v’ and vw”. We set 


, av dv _7 
v dr dt nv, % le 


4 
s: He & (nv) = av’ + ye” = 2 (vev)w + av’. 
ar a 
Thus we obtain from (25) 
R’ 3,’ 


= t y.y")y + 2” Cy. F 
ae (vw )*y + 4 (v-¥ )¥ + a (v-w)¥! + yy”, (25a) 
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This value of R’ is to be employed in the equation of motion (16). If we 
transform the latter into the customary form of the momentum equation 
(32.5), i.e. replace #oW by dG/di = m,W/y and F by K = F/», R’ must 
also be replaced by R* = R’/y. We thus obtain for R* from (25a) after 
substituting the values of 6 and »: 
i 
Gren 1 — 6 


3v-v' v * 3(v-v') ). 
(Y +¥ saa tare Tom” tana 
For small velocities (8 — 0) we obtain, of course, R* = R, i.e. the value 
from Eq. (4). Eq. (26) was derived first by Abraham from electrodynamics 
and by v. Laue from the theory of relativity. Our procedure follows the 
suggestions of Pauli.’ 

We must still establish the limits of validity of the formulas derived 
here. By using the relativity transformation for uniform motion we have 
assumed the acceleration to be “small” without otherwise restricting the 
magnitude of the velocity. We are hence dealing with a process of approxi- 
mation or a series expansion which is broken off. H. A. Lorenta’ carries 
out this process, representing the retarded potentials as power series of 
the relaxation time ¢ — r/e and computing the mechanical force of the 
intrinsic field. The first term of this expansion is the imertial reaction of 
the electron, which, for small velocities,’ is given by 


(26) 


: ev 
wt Reda 0 
The reaction force R of Eq. (4) appears as second term: 
Qe 
R- ——. (27a) 


Lorentz emphasizes that R is the only term of the expansion which does 
not depend on a (“‘on the shape of the electron’’). The higher terms, which 
are not computed, are of the form 


m(Qe Qu 


Here a/c is the time required by the light to traverse the “radius of the 
electron”. The term (27a) can be brought into the same form; in view of 
1 Ensyki. d. Math. Wiss. Vol. V:, p. 654. 


= «The Lagat of Electrons," Teubner, ane: Note 18, p. 261. 
ty’, v” --- are then identical with, v # - 
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the meaning of my it can be written 
a.. 
1% = ¥. 
c 


The terms of the series must decrease in order that the series may con- 
verge, i.e. be practically useful. Hence we must have 


I< S1¥l, IWI<SI¥ ee (28) 


It is clear however that in processes involving very large energies, such as 
the flight of an electron close to an atomie nucleus, not only very great 
accelerations, but also very great changes in acceleration can occur, The 
termination of the series with the term R would then be no longer per- 
missible. The same applies for the acceleration process in the betatron (see 
Probiem III.10) and synchrotron. The formulation of the radiation resist- 
ance in such extreme cases constitutes an as yet unsolved problem which 
has led to many discussions (Wessel, Dirac, Bopp, Stiickelberg).’ 


§37. Approaches to the Generalization of Maxwell’s Equations and to the 
a “, ‘Theory of the Elementary Particles 

Gustav Mie took the first step in this direction in 1912 in his famous 
papers’ “Foundations of a Theory of Matter.” Their goat is no“less than 
the generalization of the Maxwell equations so that they include the 
extstence of the electron. In order that the generalization may not lose itself 
in limitless possibilities it is subjected from the start to the principle of 
relativity and derived from a “world function” which may depend only on 
Lorents-invariant quantities. Here a distinction is made—possibly for the 
first time in a consistent fashion—between entities of intensity and entities 
of quantity, ie. written in our notation and units, between 


F=(B,-£), a= (iv) 
on the one hand and 


f= (H,-«D), 1 = (pv, tgc) 


‘The most recent contributions to thie question are given by the papers of W. 
Heitler and H. W. Peng, Proc. Cambridge Phil. 800. $8, 296 (1942) and, from the 
standpoint of Hinstein’s latest methods, N. Hu, Proc. R. Irish Academy, 57, 87 
(1947). * “ 

* Ann. d, Phys: First communication, Vol. 37, p. 511; second communication, 
Vol. 39, p. 1. The third coramunication (Vol. 40, p. 1, 1913) deals with the theory of 
gravitation and is of course outdated, having been originated before the general 
sheory of relativity. 
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on the other. Mie tests the invariants which may be set up with the entities 
of intensity and the entities of quantity respectively. We record three’ of 
the former (see (26.24), (26.21), and (26.4)), suppressing constant factors 
insofar as they are dimensionally superfluous: 


A= 5 & (2B? — Ey, (1) 
M = E-B, . (2) 
jalra a w/e. (3) 


He finds that only the invariants (1) and (3) need be considered for the 
description of qnasistationary processes and constructs a world function? 
W such that at large distance from the electron the ordinary Maxwell 
equations apply, whereas the equations are modified at the electron and in 
its immediate neighborhood. Like Schwarsschild’s function, the world 
function is to be integrated over an arbitrary region of the four-dimen- 
sional world and to be varied in suitable manner. 

What must be the form of the world function if it is to yield the ordinary 
Maxwell equations at an adequate distance from the electron? According 
‘to our experience with Schwarzschild’s principle of action we must then 
have W = A. In fact, in pure vacuum (fF = 0 and no kinetic energy of 
matter) the kinetic potential K’ in Eq. (32.18) reduces to the middle term, 
proportional to A and when subjected to the variation, yields the Maxwell 
equations of vacuum. At the same time the change in the world function 
in the neighborhood of the electron is to be such that from it a definite 
value e of the electron charge (or, at least, of the specific charge e/m of 
‘the electron) may be computed. This is certainly not so if the two invari- 
ants A and {Q/* are superposed linearly, since then also the resulting 
differential equations would be linear in the field and potential components 
respectively and their integrals would consequently involve coefficients 
which could be chosen arbitrarily. On the other hand, both requirements 
might be satisfied by the formula 


W=atala|* (4) 


where 7 is a sufficiently large number. Actually, the second term may 
then be neglected at sufficiently large distance from the electron since it 


1 Weyl, in §28 of hia book to be quoted on p. 321, points out a fourth field invariant, 
constructed from F and &. 

2 Mie himeelf calls the function constructed with entities of intensity ‘‘Hamil- 
tonian function H” and designates as “‘world function” that constructed with en- 
tities of quantity. We have taken the liberty of reversing the nomenclature so as t6 
establish correapondence with Schwarsachild's action function. The entities of in- 
tensity are then obtained from Mie’s world function by differentiation with respect 
to the entities of quantity. 
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vanishes as r ", whereas a singularity of high order occurs at the location 
of the electron. For mathematical reasons Mie puts specifically n = 6; in 
this manner he obtains a spatially highly concentrated charge distribution, 
which, however, is not stable in the field of another electron. 

It would, after all, have been indeed surprising if the fundamental 
problem of the elementary particles could have been solved by clever 
guessing. Today we are convinced that much experimental preparation 
will be required instead. Nevertheless, blazing the path to the problem was 
an act of great merit, as is evident from the fact that all later workers in 
the field have followed in Mie’s tracks. 

Pauli, in Nr. 64 of his paper in the Enzyklopadie, had already emphasized 
that dependence on the absolute vatuea of the electrodynamic potentials 
led to serious difficulties in Mie’s theory. Hence we shall avoid use of 
invariant (3) in the formulations to be discussed below. Born and Infeld* 
in particular utilise in their theory a world function which depends only 
on invariants (1) and (2). The nonlinearity of the electromagnetic field, 
which is required here also, follows from the choice of W as nonlinear 
function of A and M. The conjugate four-current Fr drops out along with 
the potential Q and, just as in Lorents’s electron theory, must be brought 
in as & foreign element. 

W is chosen so that an infinity of the field at the location of the electron 
is avoided. In this manner a, finite value for the self-energy of the electron 
is obtained and a difficulty of classical theory, which yields infinite energy 
for the point electron (a = 0), is circumvented. For quasistationary prob- 
lems, in which the above invariant (2) does not enter, the formulation of 


Born and infeld is : 
a= 2 2A 
W ath {4/1 + 2 i (5) 


The universal constant 5 here introduced has the dimension of an electric 
field strength since, by (1), A has the dimension eE’. 

This formulation follows the pattern of the action function of classical 
and relativistic mechanics. In the classical mechanics of the pomt mass 
not acted upon by forces we have as the integrand of the Hamiltonian 
principle the kinetic energy 


a | 
Past. (6) 


In relativistic mechanics this is replaced by the’ “kinetic potential” in 


Eq. (32:9b) 
K = mel{1 - 4/1 - 5}. (6a) 


1M. Born, Proc. Roy. Soc. London (A) 148, 410, 1938/34; M. Born and L, Infeld, 
loc. cit. 144, 425, 1034. M. Born, Ann. de l'Inst. Henri Poincaré, Tome VII, 
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which passes over into (6) for » < ¢ and then becomes independent of c. 
Similarly (5) passes for A < eob’ over into the value W = A, which corre- 
sponds to Maxwell’s theory, and becomes independent of b. Whereas (6a) 
seta an upper limit ¢ to », (6) imposes no restriction on v. Similarly (5) sets 
an upper limit b to the field strength E in the elec*rostatic case (B = 0, 

= —eE'/2), whereas the formula W = A permits an unlimited increase 
in the field strength. 

The Maxwell equations in vacuum for E, B and D, H are retained in 
the theory of Born and Infeld. In the electrostatic case, to which we shail 
limit ourselves in the following, we obtain for a centrally symmetric field 
and a point charge ¢ at r = 0, just as for the conventional theory 

ei 
D, = dx 7 (7) 
D; may also be determined from the world function by the general rule of 
Mie’s theory: 


aw 
D, i aE, (7a) 
Aécording to (5) this yields, with B = 0 and W = eb’[4/1 — E/t' — 1} 
&o Ee 
It follows that 
E DP (9) 
foe = V1 + D3/(ekb4) 
If (7) is substituted in (9) we obtain , 
ae _ é 

Bae Vise Y deat me 


The quantity r» may be regarded as the electron radius. #, is now every- 
where finite, since for r = 0 we have BE, = b = e/(4xeero'). D, on the other 
hand, becomes infinitely large at the same place. For r > 1, #, differs 
little from the Coulomb field e/(4xrevr*). The electrostatic potential is 


vr) = [Byars : (5) (11) 


4g Eo 7a To 


with 


° dy 
ita) = f Toy 
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At the origin we have 


¥(0) = ix (0) = 1.854, 


The Hamiltonian function H is related to our world function W by the 
general formula 


H = W + E-D ~ B-H. 
Thus we find in the electrostatic case 


H = eb'(o/i — 87/6? — 1) + E,D,. (12) 
If £, ia eliminated with the aid of (9) this contracts to 
H = e9b'(4/1 + D*/(ezB*) — 1), (13) 


We obtain therefore for the total energy 
Won de f Ho%ar, 
3 0 
Substitution of D, from (7) a finally 
af Wit K- ey (14) 


The numerical value of the integral is 1.236. If (14) is put equal to the 
selfenergy of the electron mc’ we obtain 


2s 


Py 


= 1.236 ——_. (15) 


dreem ce” 
i.e. very nearly the classical radius a of the electron from (33.9). Then (10) 
yields for 6 the value 


fet See 
4xeor}  4xeqa*” 
very nearly equal to the classical field strength E at the “edge of the 
electron”. 

Yn this manner an electron radius of the proper order of magnitude and 
a very high critical field strength 6 are obtained. The field of several point 
charges, also, can be determined in unique fashion. Within these limite 
the theory of Born and Infeld thus leads to sensible results, although its 
fundamental formula (5) can claim only heuristic validity. 

We shall finally discuss the problem of the ‘scattering of light by light”. 
This problem arose from Dirac’s theoretical discovery of the postiron and 
pair production. (Pair production, i.e. the simultaneous generation of an 
erectron and a positron from hard gamma radiation, was realized experi- 
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mentally soon afterwards by Irene and Frederic Joliot-Curie, whereas the 
positron was observed in cosmic radiation by Anderson and Blackett and 
Occhialini.) It is clear that this problem also involves a change in the 
Maxwell equations for vacuum which is equivalent to a “non-linear theory 
of the electromagnetic field”.’ The linear Maxwell equations could not 
account for such scattering, but would imply that the fields of two inter- 
penetrating light waves are simply to be superposed. 

The problem has been treated quantum: ‘mechanically by Euler and 
” Kockel under the direction of Heisenberg’ and hence lies entirely outgide 
of the framework of our presentation. We can merely indicate the pro- 
cedure for its solution. 

The world function is here chosen so that for weak fields it reduces, as 
before, to the Lagrange density A. In the second approximation it is 
written as a function of the second degree in A and Mf. Only even powers 
of M may occur here, however, since for a transition from a right-handed 
to a left-handed coordinate system B and hence M change their sign (in 
the terminology of Euler Mf is not “mirror-invariant”). The next term of 
the expansion must hence have the form 


aA” ++ Belt’. (17) 


In order that a and 8 may be pure numbers and this second term have 
the same dimension as the first term A, we divide (17) by eo X the square 
of a critical field strength, which, as before, we shall call 6. It is here defined 
as the field strength “at the edge of the electron”’, i.e. at a distance r = a 
from its “center” {a = classical electron radius, multiplied by the fine- 
structure constant 1/137). 

We obtain thus the formula 


WamA+—, a (ail + pesM*) + -- (18) 


As in Mie’s theory the components of the entities of quantity D and H 
are obtained from this world function as partial derivatives with respect 
to the corresponding components of E and B: 


ow H _ OW 


D= - x: oB (19) 


1 This is the title of the paper of Born mentioned in the last footnote. 

* H. Euler and B. Kockel, Naturwias, 23, 1935; Euler, Leipzig thesie, Ann. d. Phys. 

£6, 1936; Heisenberg and Euler, 2. Physik 98, 1936. See also the simplified representa- 
sh in the paper of M. Born cited at the end of footnote 1 on p. 303. The problem of... 
pair production was approached simultaneously from a different angle by R. Serber 
and B. A. Ubling, Phys. Rev. 48, 1933. 
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Since, by (1) and (2), 


OA OM dA 
aM _ 
ap 7: 


we obtain from (19) 


D = eof E + 9, (aa — pegMcB) + ah, 
£9 5* 
/ " (20) 


The most difficult part ia the determination of the numerical coefficients 
a and 8 from Dirac’s theory of pair production, for which we refer to the 
origina! papers. 

The final result is the following: Maxwell’s equations for vacuum, relat- 
ing B, E and BD, 8H retain their form. However, just as in the theory of 
Born and Infeld, D ig no longer proportional to E; a correction term occurs 
in the expressions for D and H which depends on E, B, A, and M and is 
negligible compared with the principal term for weak fields. No arbitrary 
assumptions of any kind are made here; it is merely presumed that an 
expansion in ascending powers of the field strength is possible, this being 
indicated in Eqs. (18) and (20) by --- . In the paper of Heisenberg and 
Euler the expansion has been extended by an additional term and has 
even been expressed in closed form. In any case, this work demonstrates 
the necessity of modifying Maxwell’s equations for extremely strong fields 
even in vacuum. 


§38. General Theory of Relativity; Unified Theory of Gravitation 
and Electrodynamics 


In this paragraph also we must limit ourselves to a mere outline. A full 
presentation of the subject would require a separate textbook; it would be 
premature to write such a one at this time since many pertinent questions 
are as yet undecided. 

For the present we shall foilow the original presentation of Einstein as 
recorded particularly effectively in his Princeton lectures.’ He proceeds 
entirely in the spirit of Klein’s Erlangen program: Classical physics belongs 
to the group of elementary geometry (isotropy of space within: itself), 

1 The four lectures on the theory of relativity, held at Prieceton in May 1921, 


have been reprinted in A. Kinstein, The Meaning of Relativity, 3rd Ed., Princeton 
University Press, 1950. 
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extended by the displacement of the time axis along itself. The special theory 
of relativity is founded on the group of the linear orthogonal transformations 
of the four world coordinates x, %:, 2%, and x = icf (isotropy of the 
four-dimensional world, Lorentz transformations). We are led to the 
general theory of relativity if we start from the broader group of point 
transformations which, in Vol. I, p. 16 we have characterized by the 
formulas 


2, = filZ » te, Us; x4), k = 1, 2,3, 4. (1) 


In this manner all possible frames of reference become legitimate, not only 
those which move with a constant velocity » < c relative to each other. 
“Space and time lose the last vestige of their absolute character postulated 
by Newton and become merely means for the description of physical 
phenomena.” Such ‘a program had already been set up by Ernst Mach. 
However, he gave up with a negative point of view (which, strangely 
enough, he denoted as positivism) and remained an opponent of Einstein's 
theory of relativity to the end of his days. The latter, on the other hand, 
assumed a positive attitude by inquiring into those space time relations 
which are conserved in all point transformations. The general theory of 
relativity signifies the invariant or covariant theory of this group of trans- 
formations. | 

The basis for this had been created in part by Gauss’ in his theory of 
surfaces and by Riemann’ in his initiation lecture. 

Gauss studied the inner properties of a surface, apart from its external 
shape and position in three-dimensional space. For this purpose he repre- 
sents the line element ds, i.e. the separation of two neighboring points of 
the surface, by the formula 


ds’ = E dp’ + 2Fdp dq + G de’. (2) 


p and q are parameters of two families of (in general not orthogonal) curves 
on the surface, and E, F, and G particular functions of p and q. For a pure 
bending of the surface (without dilatation or shearing) the totality of line 
elements and hence also the system of the coefficients #, F, and G is con- 
served. 

Gauss shows that the measure of curvature 


1 
K = 5-5 (3) 


\ Disquisitiones generales circa superficies curvas 1827, Ges. Werke, Vol. IV, trans- 
ted into German in Ostwalda Klassiker Nr. 5. o 

* (ther die Hypothesen, welche der Geometrie zugrunde liegen, 1854, Ges. Werke 
2nd Edition, p. 272. , 
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introduced by him (FR; and &. are ‘the two “principal radii of curvature” 
of the surface) may be expressed by the 2, F, G and their first and second 
dertvatives with respect to p and gq. In this manner he arrives at his “The- 
orema egregium’’: If a curved surface is bent into another shape (without 
dilatation!) the measure of curvature remains invariant in all points. The 
measure of curvature hence expresses an inner property of the surface, 
whereas the definition 1/(R,4:) (just like that by the “spherical image”) 
appears to depend on the external shape of the surface and does not in- 
dicate its invariance. 

Gauss commends his method of fixing attention on the inner properties 
of surfaces as “most worthy of being diligently exploited by geometers”’. 
We shall see that this challenge was heeded by Riemann and Einstein. 

The character of the geodetic, or shortest, lines is, of course, also conserved 
in the bending since it rest solely on the extremal property of the inte- 
grated line element, We also mention the approximation of the surface by 
one of its tangential planes, although it does not belong to the inner rela- 
tions of the surface; locations will here be indicated not in the curvilinear 
coordinates p, q, but in ordinary Cartesian coordinates. 

We now consider, with Riemann, an n-dimensional manifold of very 
general structure. As the generalization of (2) and already written in 
Einstein’s notation, its line element is 


= 2 2 de dnde,, Jur = Gone 1,2 --> ne). . (4) 


The g,. are given functions of the quite arbitrarily chosen parameters 
%1, %-°**2,. Riemann studies the inner, invariant (in more general 
térms, covariant or contravariant) properties of such a manifold. 

To begin with, however, we shall answer the simple question: What 
must be the dimension NV of an Euclidean space in order that the n-fold 
pana may be embedded in it? We shall employ Cartesian coordinates 
X,,°++ Xw in this Euclidean space. On the n-fold manifold they may be 
cp ees as functions of the n parameters 71, -+- ta: 


X1 = Fila, +--+ 2n)3 soe Ky = Py(ay, +++ tn). (5) 
If we form the Euclidean line element 
aXi + dX3+ ++. + dXk 


this contains the first derivatives of the functions F,, --- Fy. In order 
that it may assume the form (4) on the embedded n-fold manifold with 
arbitrarily prescribed g,, , the number W of the arbitrarily prescribable F 
must suffice for the determination of the also arbitrarily prescribable g,, 
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and hence be equal to the number of the g,, , which is n(n + 1)/2. We thus 
have 


n(n + 1) 
N —s (6) 
In the case of Einstein’s four-dimensional world we have ‘ 
| N = 4? = 10; (6a) 


in the Gaussian case of the two-parameter surface we have of course 
2-3 


For every point of the »-fold manifold a “plane” (Zuclidean) manifold 
may be constructed which, departing from the n-fold manifold, plays the 
same role as the tangential plane in three-dimensional Euclidean space. 

One of the inner properties of the n-fold manifold is, in particular, the 
minima! property of the geodetic (shortest or atraightest) lines. Ason the 
two-parameter surface, they are at the same time the paths of a point 
mass not subjected to forces. We demonstrate this with the aid of an 
example: Let a plane table top be covered with a cloth under which there 
may lie a stone. The geodetic paths are in general straight, but curved 
close te the stone. The mass point, which is assumed not to be acted 
upon by forces, including gravity, will here be deflected out of its straight 
path, in accord with the prevailing surface curvature. This is the simplest 
example of Einstein’s theory of gravitation (stone = sun, point mass = 
planet). 

Riemann investigates the generalization of the Gaussian concept of 
curvature to the n-dimensional manifold. Following Riemann, Christoffel 
has defined his three-indices symbola and Einstein his IF, which are iden- 
tical with them (see Appendix I, Eq. (3) in Vol. TH of these Lectures). 
They depend only on the components g,, of the “fundamental tensor” 
and its derivatives with respect to the coordinates and aré hence inner 
properties of the manifold. The “Riemannian curvature tensor” is formed 
from the g, I, and their derivatives; its vanishing ia the condition for the 
manifold being “plane” (Euclidean). The Riemannian “symmetric curva- 
ture tensor” #,, is derived from it by “reduction” (summation with respect 
to one of the pairs of indices). The “Riemannian scalar” F is derived from 
the curvature tensor R,, in similar fashion; it is the generalization of the 
Gaussian measure of curvature K. 


1 See e.g. H. Lang, Ann. Physik, Vol. 61, 1919 (Munich thesis). I am informed 
that theorem (6) was stated by Sehlafii as early as 1871 (Ann. Mat. pura appl. 5, fF. 
190), and has been proved by E. Cartan and M. Janet (E. Cartan, La géométrie 
riemannienne et ses généralizations. Encycl. Frangaise, t.1, 1937). 
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As we saw from our primitive example of the table top, the curvature 
properties find expression in the paths of mass points subjected to no other 
forces; they act on them like forces of physical origin. Einstein recognized 
herein the origin of gravitation, giving quantitative content to an idea of 
Mach As the most general force action, superseding all other physical 
agencies, it is attributed by Einstein solely to the curvature conditions of 
the space-time continuum. 

However, how are these curvature conditions determined? They are 
determined by the energies distributed in space and time. Space and time 
exist only by virtue of the physical processes which occur in them. Their 
structure is derived from the latter. We are inclined to recall Goethe’s 
grand vision of the “Mothers” in Faust II (corresponding, in a sense, to 
the Platonic ideas which existed before the creation of the world): 

Géttinen thronen hebr in Einsamkeit, 

Um sie kein Raum, noch wen’ger eine Zeit. 

Von ihnen sprechen ist Verlegenheit. 

Nichts wirst du sehn in ewig leerer Ferne, 

Den Schritt nicht hdren, den du tust, 

Nichts Festes finden, wo du ruhst. 

he approach to the curvature conditions of Einstein’s world which will 

now be described may seem as disconcerting to the reader as the voyage to 
the Mothers seemed to Faust; we shall guide the reader along a less for- 
bidding path presently. 

The curvature tensor 2,» is to be related to the stress-energy tensor To 
of material and electromagnetic phenomena by the system of 10 equations 
(zu, » = 1, 2,3, 4) 

By — 30e~R = ~aT ys, (7) 
as is shown by Einstein. The factor of proportionality x here introduced is 
in essence the constant G of Newton’s law of gravitation. Since the Rae 
and R may be expressed by the I'’s and g’s, and the T’s, in turn, by the 
g’s and their derivatives, Eqs. (7) are in effect a system of differential 
equations for the g,,. A general solution of thia system would of course be 
extremely involved. Einstein could show however that they lead in a first 
approximation to the statements of Newton’s theory of gravitation for 
weak fields or gy, which differ only little from the Euclidean ones of the 
special theory of relativity (or, more exactly, the pseudo-Buclidean ones, 
in view of the negative sign of dz,’).’ 

' Einstein wrote the author November 28, 1915: 

‘Last month I passed through one of the most exciting, absorbing and, 
ai the seme time, most productive periods of my life. I coutd not think of 
writing. 

I sansa that my former field equations of gravitation were quite 


without basis. This is indicated by the following factore .. . 
Having Jost all confidence in the earlier theory, I saw clearly that a satis- 
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Even the first approximation, i.e. the mere fact of Newtonian attraction, 
reveais the non-Euclidean structure of the scale determination. In the 
second approximation there occur deviations from the Newtonian law, 
which are of course greatest in the neighborhood of large concentrations 
of energy. Hence the anomaly in the path of Mercury, the planet closest 
to the sun, the deflections (observable only during solar eclipses) of light 
rays passing very close to the edge of the sun, and the red shift of the 
spectral lines of the white dwarfs resulting fram their extraordinarily high 
densities. 

Gravitational and Inertial Mass 

These are the abstract mathematical foundations of Einstein’s theory of 
gravitation. At a much earlier date, almost immediately after the dis- 
covery of the special theory of relativity, Einstein recognized a concrete 
physical basis in the equivalence of gravitation and acceleration. The phe- 
nomena observed in an elevator which is imagined to be freed from the 
influence of gravitation and is moving upward with the constant accelera- 
tion g are exactly the same as in the aame system at reat or in uniform mo- 
tion when it is subject to the influence of gravity. In both cases a thrown 
body describes a parabola, a body at rest on the floor presses against it 
«with the foree mg, and a pendulum of equal length has the same period of 
oscillation. Conversely, an elevator falling freely in a gravitational field is 
not subject to the influence of gravitation: The pressure on the floor ceases, 
the period of oscillation of a pendulum becomes infinite, and a thrown body 
describes a straight line. Such a freely falling system realizes a world free 
from gravitation and curvature, in which pseudo-Euclidean measure is 
valid, and hence corresponds to the tangential plane to the Riemannian 
space which was discuseed before. 

The prerequisite for this is the tdentical character of gravitational and 


factory solution could be attained only on the basia of general covariant 
theory, i.e. of Riemann's covariant R,, . Unfortunately F have immortalised 
the last errors of this conflict in the Academy papers which I shall send you 


soon. The final result is the following: . .. The Christoffel symbots  * ) are 


to be regarded as the natural representation of the ‘“‘components” of the 
gravitational field . . . 

The splendid thing which I experienced was not only that now Newton's 
theory was obtained as first approximatior, but that in addition, the preces- 
sion of the perihelion of Mercury (43” per century) followed as second ap- 
proximation. The magnitude of the deflection of light at the sun became 

. twice as large as before.” 
And on February 8 he remarks on post card: a 

“You wil} be convineed by the general theory of relativity when you have 
studied it. Hence I de not lose a word to defend it to you.” 

1 Jahrbuch f, Radioakt. und Elektronik, Vol. 4, 1907, further elaborated in Ann, 
d. Phys., Vol. 35, 1911. 
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inertial mass, which was expressed in Vol. I, §3 hy: fae equation 
mM, = Mi, . (8) 


Only if thia is satisfied is the “weight” mew g equal to the “inertial reac- 
tion” Minot g and only then is the period of oscillation the same for all 
pendulums of equal length. In detail the formule for this period is 

+ = On Miners! (8a) 

M grovG 

Already Newton saw that a profound physical problem was hidden herein 
and Bessel pursued the problem by making extremely careful measure- 
ments on pendulums of different materials,’ R. Eétvés increased the pre- 
cision of such measurements by powers of ten with his torsion balance. 
However, Einstein was the first to interpret Iq. (8) in the final form 


gravitation = inertia (= world curvature). 


We shall show that this equivalence principle suffices for the elementary 
calculation of the g,. in a specific ease,” i.e. to solve a problem which was 
formulated generally in Eq. (7), but was postponed as being too difficult. 

Consider a centrally symmetric gravitational field, e.g. that of the sun, 
of mass Af, which may be regarded as at rest. Let 2 box X,, fall in a radial 
direction toward M. Since it falls freely, K, is not aware of gravitation 
and therefore carries continuously with itself the Euclidean metric valid 
at infinity. Let the coordinates measured within it be z,, (longitudinal, i.e. 
in the direction of motion), y,, 2 (transversal), and #,,. K, arrives at 
the distance r from the sun with the velocity ». » and r are to be measured 
in the system K of the sun, which is subject to gravitation. In it we use 
as coordinates r, #, y, and t. Between K,, and K there exist the relations 
of the special Lorentz transformation, where K,, plays the role of the 
system “moving” with the velocity »v = fe, K that of the system “at rest”’. 
The relations are 


dz, = dr/+/t —~ # (Lorentz contraction), 
dt, = di-~/) — 8 (Einstein dilatation), 
dy,, = rd 


ih: variance of the transversal lengths) 
dz, = rsin & dé de 


'f, W. Bessel, “Experiments on the Force, with which the Earth Attracta Differ- 
ent Kinds of Bodies.’ Abhandigen d. Preuss. Akad’ 1830; “Studies on the Length 
of the Second Pendulum”, loc. cit. 1826—reprinted iv Ostwald’s Klassiker Nr. 7. 

* On the basis of an unpublished paper of W. Lenz. which he kindly communicated 
to the autbor in 1944. In the planned publication he will render the argument given 
in the text more rigorous. He also intends, fo!!uwing Schwarzschild (see below}, 
to extend the consideration to the interior of a sphere Slled with en incompressible 
fluid. 
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Hegce the Euclidean world line element 
de® = dxw, + dys + de, — c' dt (9) 
paases over into 
dr? 
1— # 
The factor 1 — 6°, which occurs here twice, is meaningful so far only in 
seonnection with our specific box experiment. In order to determine its 
meaning in the system of the sun we write down the energy equation for 


K,, , 8 interpreted by an observer on K. Let m be the maas of K,, , mp its 
rest mass. The equation then is: 


ds = + °(d0" + sin’ ody’) — cdl — #°). (9a) 


(m — m)e* — = = 0), (10) 


At the left we have the sum of the kinetic energy in accord with Eq. (32.7) 
and of the (negative) potential energy of gravitation. The energy constant 
on the right was to be put equal to zero since at infinity m = my andr = @. 
We have computed the potential energy from the Newtonian law, which 
we shall consider as a first approximation. We divide (10) by me* and 
obtain then, since m = mo/+/1 — 6, 


1- Via Bas, ae SE Goce Bg. (70). (100) 


With M = 3.3-10° Maru and g = G Min/R’*, R = radius of earth = 
(2/x) 10° meter we obtain 


2 10° \* 
a = 33-10°g sa) = 14.6-10° meter & 1 km. 
It follows from (10a) that 
Vi-Be1-%, 1-#21-%, (11) 
and hence, from is 
ds* = —- sar + (de® + sin’ dde’) — (1 ~ 2a/r) dt. (12) 


This is the line element derived by K. Schwarzschild’ from Einstein’s 
Eqs. (7). In Eddington’s presentation’ the 40 components I“, of the grevi- 
‘ Preuss. Akad., Sitzungsber. 1916, p. 189. 


* See his excellent book: “The Mathematical Theory of Relativity,’’ Cambridge, 
1923. 
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tational field are computed and (12) is shown to be the exact solution of 
the ten equations contained in (7). Our derivation claims only to yield an 
approximation, since if utilises the Newtonian law as firat approximation 
and ‘neglects, in the second Eq. (11), the term (a/r)’; nevertheless, out 
result is, as shown by Schwarzschild and Eddington, exact in the sense of 
Einstein’s theory. 

It might be asked at this point: What is the relativistically exact formu- 
lation of the Newtonian law? The question is wrongly put if a vector law 
is meant hereby. The gravitational field is not s vector field, but has a 
much more complex tensor character. For the single point mass it is com- 
pletely described by the four coefficients g of the line element (12) and 
the vanishing of the remaining g,,. 


B. Observable Deductions from the General Theory of Relativity 


We shall first deduce the anomaly of the perihelion of Mercury from the 
line element (12); the general formalism of tensor calculus will not be 
required here. 

The law of the geodetic paths demands 


s [de =0. (13) 


Of the four coordinates r, 3, y, in (12) we choose ¢ as “independent vari- 
able” and hence write in place of (13) 


FY { vdp = 0, (13a) 
+2 
gm (=o + (8 + sin? 8) — 7 PO — 2a/r), (14) 
. - de , at 
f de’ v= de’ i - de’ (14a) 


We designate the ‘dependent variables” r, 3, ¢ collectively by g. The method 
of the calculus of variation, which we utilized in Vol. I, §34 for the proof 
of the Lagrange equations, leads to the “Euler equation” (see the first 
footnote in the section referred to) 
dav dv 
de 34 ~ aq a 
For g = # (14) yields 
i ov 


Sw 
ase 


de - r* sin 8 cos 8 
. od v r 
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and henoe, by (15), 

dh _ sin 8 cos 3 

dp v P ° 
The last equation is fulfilled for 9 = const = x/2; the other possibility 
# = const = 0 represents no planetary orbit, but a meteor falling centrally 
straight into the sun. Our denoting the plane of the planetary orbit by ¢ = 
x/2 is obviously simply a convenient choice of our system of polar co- 
ordinates =| 

For gq = ¢ (14) yields 


ao fill —2a/r) av d i(t — 2a/r) 
ak gee aR ot oo 
From this we conclude ; 
JU er (16) 
v 


Since ¢ is real and v (as well as ds) ia purely imaginary, the constant also 
is purely imaginary. We put it equal to 7k and find from (16) 


tky ” 
“Tita ae 


k is a first integration constant of the path of the planet. 

For g = r (15) would yield a differential equation for 7, whose integration 
would provide a second integration constant of the problem. It is simpler, 
however, to employ a general theorem, which we have established in 
Vol. I for an arbitrary variation problem and which corresponds in me- 
chanics to the law of conservation of energy, i.e. Eq. (41.188). We replace 
L in this equation by v in our present problem and the constant on the 
right side by ih (numerical value of the Hamiltonian function H in Eq. 
(41.18) of Vol. I and, at the same time, second integration constant of our 
problem). We thus find 


i 


X50 = th (18) 


or, after multiplication with », 
ewe e = thy, (18a) 
5 9G; 


We evalnate the left side with the aid of (14), whereby all terms with 7, 3, 
and ¢ caneel. It then reduces to 


~r* sin’ 3 = --r since & = 1/2. 
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Hence (18a) yields 


i 
- 
(17) thus becomes 
. k r* 
and (14) yields, with 8 = +/2, 
r" 7 2 r 
Se oe ~~ RT Qa/r (21) 


This is a differential equation for r which takes the place of the (once 
integrated Euler) equation for the dependent variable gq = r in Eq. (15). 
{t is. simplified if u = 1/r is introduced as a new variable and if it is multi- 
plied with 1 — 2e/r = 1 — au: 
1—¢k — 2au 


a + u(l — 2au) + 3 = 0, 


fer which we may also write 
1-ek 


+3 (22) 


pa = OH + taut — 


We differentiate with respect to the independent variable and cancel 
out u = du/de. We thus obtain 


dtuaFt dav’. (23) 


For comparison we treat the same problem by Newton’s theory. We start 
with the energy equation (W = sum of kinetic and potential energy): 


1 { far’ (2) GM _W 
(2) oa (39 a mH) 


According to the law of equal areas we have, with the area constant de- 
noted by he: 


a “e = he. (24a) 


On the left side of (24) we factor out (de/dty’ = he*/r*, put once more u = 
1/r, and obtain after division by A*c’ 


2 
3 ae Fa a me 


318  MAXWELL’S THEORY FOR MOVING BODIES AND OTHER ADDENDA 38.25 


Also here we differentiate again with respect to ¢, whereupon 1% cancels 
out, and find in view of (10a) 


(25) 


_ The relativistic equation (23) differs from (25) only in the correction 
term 3 a «’. This has no appreciable influence on the size or shape of the 
urbit, but affects merely the position of the perihelion. To recognize this 
we place the direction ¢ = 0 at the perihelion, which may be defined by 
u% = Um and hence % = 0. Then u becomes an even function of ». We 
may then, beginning with the solution of (25), expand this in a Fourier 
cosine series: 


ux A+ Bessy +---; (26) 


it ia then found that the higher terms, indicated by --- , vanish. In (23) 
we substitute’ 


u= A + Boos (ye) + C cos(2yg) --- (26a) 


and find for the determination of the constant y here introduced from (23) 
the equation 


A+ (1 — 7B cos (ye) + (1 — 47°C cos (2yv) + +: 
= 5 +t 3alA + B cos (y¢))* 


cs at 3aA* + 6aAB cos (ye) + 3 aB’(1 + cos (2y¢)). 


Here we have already dropped the higher terms of the series in the correc- 
tion term. A comparison of the coefficients yields 


a : , 3@ op 
(1 — 7B = 6aAB (27) 
(1 490 = 3 a 


1 fa a manner similar as for the fine structure of the hydrogen atom; the following 
calculation may be clearer thanthecustomary astonomical one (Eddington). It should 
be noted that every deviation from Newton's or Coulomb's Jaw effects a motion of 
the perihelion of the Kepler ellipse. The motion brought about by the variation of 
mass is, however, much smaller (by a factor $) than that arising from the gravita- 
tional correction. 
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Since B drops out of the middle equation, it serves to determine +: 
1-7 =60A, y21-3ed, 1-7 = SecA. (28) 


A may be determined geometrically in terma of the perihelion and aphelion 
distances (a and e denote the major axis and the numerical eccentricity 
of the ellipse): 


1 1 
ee ae for . ye = 0, 
‘Lb a ee ea eee Oe fi ax 
min mz a1 + €) = or Ye ™ %, 
so that 
I 
a ey 
Hence we find from (28) 
TT =e 


‘The precession 3@ of the perihelion in the course of one revolution is also 
determined geometrically, namely by the formula 


: s l1—+vy,, 66a 
¥(2x + $0) = an, 6a = ae = al — &) (29) 
if a term with a” is neglected. For Mercury the secular displacement of the 
perihelion is hence found to be 43’, in agreement with observation. 

With the aid of the preceding calculations the second test of the general 
theory of relativity, the light deflection at the edge of the sun, can also be 
readily treated. Light paths are geodetic lines, for which ds = 0. In the 
apecial theory of relativity they were the generatrices of the light cone 
dx; = 0; now they are given by Ega dx; dx, = 0, i.e. in our case, accord- 
ing to Eq. (14), by 2 = 0. Hence we must set h = o in Eq. (19). Eq. (23) 
then becomes 


G+ u = Boni’. 


In the integration it ia permissible, as an approximation, to let y approach 1. 
Then (27) leads to aA + 0,C — — $@B’, A > $a B’ (the last in view of 
h = ©), Hence, by (26a) 


ae 


u = 52 BY + Beene — £B c08 (29). (30) 
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For ¢ = 0 the light is to be tangent to the edge of the sun (r = &). We 
taust hence have 


- gince a 2 1 km is very small in comparison with R. With.« = r cos , 
y = r sin yg (30) then yields, after multiplication with rf: 

le #-7 

2RV/2 + ¥' 

The light path comes to resemble a hyperbola, just as the path of the 
planet resembled an ellipse. With the assumption ly| > > |x| we obtain 


3 —— 
R=spVetPts— 


R= astytrestye nb Sy (31) 
The angle between the two asymptotes, which is equal to the deflection 
of the light from its original path, is 4a/R = 1.75” and agrees well with 
the results of the solar eclipse expeditions. It is twice as large aa the value 
obtained by an éarlier more primitive calculation (Soldner as well as Ein- 
stein before 1915; see footnote on p. 311). 

We note furthermore in this connection that in addition to the direction, 
the velocity of the light is changed by the gravitational field. In a radial 
direction, e.g. along the radius # = 0, taking account of ds = 0, it is 


ca = (1 — 2e/r)e by (12). (31a) 


Finally, the last of the enumerated tests of the theory, the red shift of the 
spectral lines in the gravitational field, can be understood without any calcu- 
lation. Consider a point of the curved world and construct there the (grav- 
ity-free, Euclidean) tangential plane. Let the coordinate changes in the 
latter, dX,,---, dX, = tdT coincide in direction with the coordinate 
changes dr, --- , dt = tedt in the gravitational field. In view of the equal- 
ity of the two line elements we then have for a particle at rest which is 
radiating light 


~dP = - (1 — 2a/r)di’. (32) 
The measures of time dt and d7' are hence different; the same applies to | 


the frequencies » and » (in absence of gravity}, which are inversely propor- 
tional to these times. According to (32) we have 
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ym v/] — Qa/rm & (lL — a/r)n 


1 fe (33) 
y~— HH == — — Po. - 

r 
The frequency is reduced by the gravitational field. In view of the meaning 
if a, given by Eq. (10a), the magnitude of the red shift is 


16M _ {| 
cor a’ 

where V (Eq. (10)) is the gravitational potential. The spectrum of Sirius 

B and of other white dwaris provides the experimental confirmation. 


C. Unified Theory of Gravitation and Electrodynamics 

Following Gauss and Riemann, Einstein put metric Jirst, i.e., required 
the invariance of ds’ and the tensor character of the g,. “Balance, rod, 
and clock” were the basic elements which he manipulated in the general, 
just as in the special theory of relativity. With them he was able to geo- 
metrize gravitation. 

However, Maxwell’s electrodynamics of vacuum also constitutes a com- 
plex of phenomena overshadowing material processes. The amazingly 
sjmple form which it assumes in the apecial theory of relativity and which 
thay be transferred without appreciable changes to the realm of the general 
theory of relativity, covering arbitrary frames of reference, suggests simi- 
larly geometrization. However, the metric proves too restricted for this. 
Einstein attempted to broaden it by demanding, instead of the invariance 
of de®, merely that of ds’ = 0 (i.e. that of the line elements of the light cone). 
We are then concerned only with the ratios of the Quy, Tather than with 
the g», themselves. 

Hermann Weyl had recognized even a short time before this that it was 
simpler and more natural to drop the metric departure and to begin directly 
with Einstein’s ly, . The resulting system is known as affine world geometry. 
It provides a rule for “parallelism at a distance”, ie. a prescription for 
proceeding along a world line without departing from the initial direction. 
Both gravitation and electrodynamics fit into this syatem quite naturally. 
The T,, were here assumed symmetric in the » and », The result of this 
theory is recorded in his classic book “Raum -Zeit-Materie”, Springer, 
Berlin, 1918.7 

However the system can be generalised even further: I%, and Ty. can 


(34) 


‘On a reasonable extension of the basis of the general theory of relativity’, 
Preuss. Akad. 1921, p. 261, aa well ag the following notes on the unified field theory : 
loc. cit. 19%, p. 414; 1928, p. 3; and 1929, p. 3. 

*Englieh edition: H. Weyl, “Space-Time-Matter,”’ Methuen, London, 1922, 


a 
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be chosen to be different. There results an asymmetric affine theory, which 
gives rise to a new antisymmetric tensor. It has been sketched by Erwin 
Schridinger’ and is being developed by him in friendly competition with 
Einstein. 

The incentive was provided by the following: Nuclear phyetcs has joined 
atomic physics as-a younger sister science. Whereas atomic physica from 
the corpuscular standpoint rests on the electrodynamic interactions be- 
tween electrons and protons, the forces of nuclear physics must be ascribed 
to the mesons, which, in the meantime, have come to. be demanded by 
theory and have been discovered experimentally. (The name meson derives 
from the fact that these elementary particles have a mass intermediate 
between those of the electron and the proton). Nuclear physics hence is 
meson theory. It demands an antisymmetric tensor differing from that of 
electrodynamics. Such a tensor is furnished by the asymmetric affine world 
geometry, which thus would create a triple bond between gravitation, 
electrodynamics, and nuclear theory. Ite detailed structure has not yet 
been determined, however. When at last it has been fully elaborated Max- 
well’s theory, too, will be revealed in its full beauty and symmetry. 


1 Bee his note in Nature, May 13, 1944, and, following it, several papers in the 
Proceedings of the Irish Academy for the years I944-46, the last, with the title ‘“The 
general affine field laws’, in Vol. 51, p. 41. 


SYMBOLS EMPLOYED THROUGHOUT THE TEXT AND THEIR 
DIMENSIONS 


Note: As a matter of course all equations in this volume are written in a 
dimensionally consistent manner and hence not tied to any particular 
choice of units (e.g. M = meter, Q = coulomb). They are, to use 9 pre- 
~ ferred current expression, “equations of quantities”. The “numerical 
equations”, which are correct only for a specific choic of units, are fortu- 
nately falling more and more into disuse even in engineering. 


e,q charge Q, practical unit: 1 coulomb 

p charge density QM~* 

w suriace charge density 

p,P magnetic pole strength QMS" {in §8 P serves as fifth inde- 
pendent unit) 

fm Magnetic density QM *s 

@» magnetic surface density QM'S™ 

E electric field strength newton/Q = MKS~“Q™, 1 newton 
= 10° dynes 

D electric excitation (displace- QM, div D = p, D, — D’, = a, 

ment) Eq. (3.11) 

J conduction current density QMS = AM™, A = ampere 

I total conduction current Qs" =A, I= / J, ds 

D displacement current density QMS = AM~ 

C total current density = J+ D QMS" = AM” 

V electric potential difference joule Q™ = volt = V; 


~ [ E-ds 
B magnetic field strength (induc- newton/P = KS"Q"' = VSM™, 


tion) div B = 0; 1 gauss = 107 
VsM~ 

H mugnetic excitation (amperes PM” = QMS = AM™ div H 

turns per meter) = pm, 4, — HH, = an, 


1 oersted = 10°/(4r) AM™ 
U magi stic potential difference 


= {| H-ds Qs7 =A 


la 
& magnetic flux = { B, de M?KS"'Q7! = VS 
323 
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E = —grad ¥, joule/Q = V 
¥v,. magnetic potential 
= —grad ¥,, Qs" = A ; 
A vector potential, B= curlA MKS“Q™ = VSM” 
S radiation vector = Poynting joule MS” = watt M~ 
vector = energy flux density 
W energy density, joule M~* 
W=W.tWa, We=3D-E, We = HH-B 
W, Joule heat per unit volume joule MS” 


* electric potential 
Vv 


= EJ 

W energy in given volume joule 

¢ dielectric constant QV/ijoule M) = SM Q" = 
farad-M* 

permeability MKQ™ = 98M™ = henry: M™ 

& , #0 Vacuum constants (Pe)? = velocity of light, Ms"! 
(uo/e)' = wave resistance, 2 

a conductivity M*K"'sQ’ = Mg" 

e’ = ¢ + ta/w = complex dielectric M~*K'S'Q’ = SM™1* 

‘ constant 

R ‘resistance of a wire volt/ampere = MKS ’Q™ = Q 

L selfinductance 28 = henry 

R impedance = & + tol 2 

K capacitance Q’/joule = 2S = farad 

P dielectric polarization QM", D = aE + P, see p. 74 

M magnetization QMS, B = wo(H + M), see p. $1 

q electric susceptibility pure number, P = FE, « = 
eo(1 + 9) 

«x magnetic susceptibility pure number, M = «H, x = yo(1 + «) 

w angular frequency S7, w = Qr/r, > = period of 
vibration 

k wave number in vacuum M’,& = 2x/d, = wave-length 

k, wave number in conductor M1 &,? = enw’ + ipow = ener’ 


h wave number of surface waves M™ 
on cylindrical guide 
« in §20 to 25 = ~/yow/2 for al- M™, 1/x = d = layer thickness in 


ternating currents skin effect 
Additional Symbols in Parts ITI and TY 
a, imaginary time coordinate ry = ict 


4 
de world line element ds? = 2, dx} 
t 


SYMBOLS AND THEIR DIMENSIONS 


dr element of intrinsic time = 
ds/(tc) 

y imaginary angle of rotation in 
the Lorentz transformation 


R_ four-dimensional radius vector 

¥,W four-veetors of velocity and 
acceleration 

Q four-potential = A, #¥/e 

.F four-current = J, tcp 

F six-vector of the field 


f six-vector of the excitation 
F*, f* dual six-vectors 

A Lagrange density 

M second invariant of the field 


k force density = : r-F 
K Lorentz force, three-dimensiona} 
F four-force, F-V'= 0 


T stress-energy tensor 


G momentum of point mass 

Ey rest energy 

K kinetic potential 

—Y-Q Schwarzschild invariant 
ae Abbreviations in the equations 
H* 


for moving media 
A Lorentz symbol 
J. conduction current density 


R in §36: reaction force of radia- 
tion 


r-2Q = Dra 
ae 
tia b 
$F = SDL fun Pom 
4 
=~ 2 L fen Fam 


Re Wheel 


FP, aa 
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dr = V1 — £ di, 8 = v/c 
tan y = 18 


R= %y , Ha, Ue, Xa 
V =dR/dr, W = dV/dr 


VSM 
QMS" in vacuum = ote: tc) 
VM", F = cB, — iE = ¢ Cula 


AM" f = H, —icD = = Curl a 
F* = —iE, cB, f* = —icD, H 


1 if 1 
A =5 J F=5H-B-5D-E 


M -3P-F = ¢B-E 


hi2s = B+ ¥ XB) k, = PvE 
eas ie 

Wi eo ee CE 
— MAG ar ae 
Pam nacho 
G = m(v, ib asmiicee 

Ey = me* 

K = met (1 — V1 — 8B) 

r-Q = piv A — ¥) 
E*=>E+vxXB 

H* =H-vxbD 


oh + viv A — curl (v XA) 
Ji=J-— ov 


depending on the frame of reference 
also denoted by R’ or R* 

scalar produet of two four-vectors 
yields 3 scalar 

scalar product of a four- and a six- 
vector yields a four-vector 

scalar product of two six-vectors 
yields a scalar 


sd 
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(R x Vise = RAV a as RanV 5 


ay 
DivQ = ag 
m2,  d2, 
Curlam Q cz = as 
* — OT un 
Div,, T = > “ez, ; : 
Divi F = Div, F* = >; Ohne 
rio f OX 
Div* F = 0 
Div Div F = 0 


Div Curl @ = Grad Diva -O a 


SYMBOLS AND THEIR DIMENSIONS 


“vector product of two four-vectors 
yields 9 six-vector 
divergence of a four-vector yields a 
scalar 
curl of a four-veector yields a six- 
vector 
vector divergence of a (general or 
also antisymmetric) tensor 
yields a four-vector 
dual vector divergence of a six- 
vector 
results in F = Curl 8 
applies for every six-vector 


4 3 
pe 


tml ox? 


_ Numerical Values, Results of Measuremenis, and Definitions 
¢ = velocity of light in vacuum = 3.00-10° MS~ (measurement) 


Ho 
ei dielectric constant of vacuum 


‘permeability of vacuum = 41- 107°2SM (definition) 


= 10°/(4xc’) MS 


£ 107*/(36.00#)M7'SQ™ (consequence) 


(st0/€0)! 


wave resistance of vacuum = 120.0*2 (consequence) 


e = electronic charge = 1.60-10~" Q (measurement) 


e/m = specific charge of the electron = 1.76-10" Q/K (measurement) 

m) = rest mass of the electron = 0,90-10-” K (consequence) 

eV = electron volt = 1.60-10- joule (consequence) 

mot! = rest energy of the electron = } million eV = 0.81-10~“ joule (con- 
sequence) 


PROBLEMS FOR PART I 


I.1. The Boundary Conditions of Marwell’s Theory. Derive Eqs. (3.7a) 
to (3.12) for E, B, H, and D by the differential method. The transition 
from medium 1 to 2 must then be assumed to be continuous (“boundary 
layer” instead of “boundary surface”). Use a rectangular coordinate sys- 
tem z, y, z and let z be perpendicular to the boundary surface which, in 
the limit of infinite smaliness, may be regarded as plane. In the boundary 
layer (h — 0) the derivatives with respect to z occurring in the differential 
equations (4.8) must be continuous in order that these equations may be 
meaningful. , 

I2. The Magnetic Excitation Inside and Outside of an Infinitely Long 
Wire. Proof of Eqs. (4.10) to (4.13) from the differential equations. 

IS. The Magnetic Excitation within an Infinitely Long Solenoid. Proof 
of Eq. (4.14) from Maxwell’s equations. 


Fry. 44. 


1.4. The Cosine Law of Spherical Trigonometry as Special Case of a General 
Vector Formula, Prove the vector formula: 
(A X B)-(C X D) = (A-C)B-D) — (A-D)(B-C) 
and deduce from it, for the special case D = A and with reference to Fig. 
44, the cosine law 
cos a = cos 5 cos ¢ + sin b gin ¢ cos a. 
PROBLEMS FOR PART fi 
If.i. The Charging Potential of a Conducting Ellipsoid of Revolution. Let 
a be the major axis, 6 the minor axis, and c = +~/a? — } the linear eccen- 
tricity. Forfixed ¢ and variable a 
xe ole y 2 
aoe 8° 
327 
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1epresents the family of confocal ellipsoids with the separation of focal 
points 2c. Show that on each of them the expression for ¥ given in Eq. 
(9.4) is constant (independent of z, y, z). 

11,2. The Infinitely Long Rubbed Glass Rod and its Comparison with the 
Conducting Paraboloid of Revolution. Calculate the potential of an infinitely 
jong uniformly charged straight line terminated at one end, and show that 
its equipotential surfaces are the same as those for the conducting parab- 
oloid of revolution which is obtained from (9.4) by transition to the limit 
CC? ©, a> &, 

11.3. Comparison of the Dielectric and the Conducting Sphere. For a dielec- 
tric sphere r = a placed in an originally uniform electric field there always 
exists a concentric conducting sphere r = b < a, whose exterior field agrees, 
for r > a, with the exterior field of the dielectric sphere, Fig. 45 shows, for 
r > a, the field of the dielectric sphere, for a > + > b, not the (uniform) 
field within this sphere, but the analytical continuation of the exterior 
field, which is identical with the field of the conducting sphere of radius b. 
Prove that 


The figure showg how the singularity of the equilibrium point of the con- 
ductor (see footnote concerning Fig. 9a) develops continuously from the 
regular behavior of the force lines for the nonconduetor. 

11.4. Edge Correction for the Plate Condenser According te Kirchhoff. Con- 
vince yourself that the relation 

_@ _ 2xif 2nxit z2=at ty 
z= 5 I), fg =1 + exp (70) eae 

represents the fringe field of the unilaterally terminated condenser in 
Fig. 46. % = const are the equipotential lines in the x, y-plane,® = const, 
the lines of force. Show that the two families of curves correspond qualita- 
tively to the dotted lines in the figure, and that the line of force & = 0 
(drawn as full line in the figure) is an are of a cycloid which joins the two 
edge pointes = 0,y=Oandr=O,y=ua. | 

IT.&. The Capacitance of a Leyden Flask (Cylindrical Condenser). Let the 
dimensions be: height A = 20 cm, inner radius r; = 5 cm, wall thickness 
d = 1 mm. Let the dielectric constant of the glass be 6 e, . Boundary cor- 
rections are to be neglected. The capacity is to be expressed in microfarads. 

II.6. On the Definition of the Capacitance of Two Conductors with Equal 
and Opposite Charges. If in (10.15) we put #, = —E, = EF and» = ¥, — ¥, 
we obtain 


2W = VE = (Hu + He — 2H) 


(1) 
= Kuk; + Kesh + 2K. 
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Fra. 48. The field of the dielectric sphere of radius r = a, which is produced by a 
uifiform field on the outside, yields, when continued analyticaily into the interior, 
at the same time the field in the exterior of a conducting sphere of radiuar = b < a 
which is produced by the same uniform field. 


¥=V/2 


_sesenwe oa 


Frg. 48. Shape of the equipotentials Y = const snd lines of force 4 = conat at 
the edge of a plate condenser. 


Show by comparison with (10.11) that the following relation exists between 

the elementary definition of capacitance K and the coefficients H,; and 

K aj 3 

K Poe oe ates A’ 
” Ay + Ae - 2A Ku + Ke + 2K’ 


Ky Ky | 
Ku Kel ® 
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11.7. Characteristic Oscillations and Characteristic Frequencies of a Com- 
pletely Conducting Cavity Bounded by a Rectangular Parallelepiped. Using 
Eqs. (24.9) and (24.10), represent the completely continuous field within 
a rectangular parallelepiped with the sides a, 5, ¢, with the condition Erne = 
0 on the three pairs of bounding surfaces 


o 0 0 
a a3 jamin to le 


IT.8. Characteristic Oscillations and Characteristic Frequencies of the 
Interior of a Perfectly Conducting Circular Cylinder of Finite Length. Using 
Eqs. (24.6) and (24.7), represent the continuous field within a circular 
cylinder of radius « and length i, with the condition Frag = 0 both on the 
mantel surface r = 4 dnd on the two end surfaces = ‘ ; 

II.9. Characteristic Oscillations within a Cavity Bounded by « Metal 
Sphere. As in §19, start with a Hertzian vector + which is directed along a 


diameter of the sphere (0 - ° ), is periodic in ¢, and otherwise depends 


only on r. In contrast with §19 + must now be continuous also at the 
center of the sphere. The state then corresponds not to a spherical wave 
emitted from thia.point, but to a superposition of a spherical wave radiated 
outward and a spherical wave (reflected by the spherical surface) radiated 
énward. Determine the characteristic wave numbers & and the corre- 
sponding characteristic frequencies w = ke from the boundary condition 
Evan, = 0 at the surface of the sphere r = a. 

IL.10. Determination of the Propagation Constants of Wire Waves from 
Kelvin’s Telegraph Equation and from Rayleigh’s Alternating Current Re- 
sistance a. for a Lecher two-wiré line, b. for return conduction through the 
ground (let conduction in the forward direction be perfect). 


PROBLEMS FOR PARTS III AND IV 


IIL.1. The Lorentz Transformation for a Relative Motion Deviating from 

the x-Azis. 

Let a be the angle between the relative motion v and the z-axis of the 
“system at rest”. Let the xy-plane of the latter coincide with the plane 
through z and v. We consider an “intermediate system” 21, 11, %1, h 
whos 2; axis is to coincide with the v-direction and whose zy,-plane coin- 
cides with the zv-plane. The trahsformation 


©, Y,%,$74,1,%,4, % = 2, & =t (1) 


is then an ordinary rotation through a in the xy-plane. Let a moving sya- 
tem 1, ¥1, #1, t, be so placed that its z- and y}-axes agree with the 2:- 
and y,-axes of the intermediate system for ¢ = 0,’ = 0. The transformation 


PROBLEMS, ANSWERS AND COMMENTS 331 


t ae ? ? , 
My Yrs yh AFM, wi, 41,4, Yi =~ Ur, 2; = 24 (2) 


is then a special Lorents transformation and is hence represented by Eq. 
(27.10). 

If, finally, +1, yi, 21, ¢1 is rotated again through the angle —a in the 
ziyi-plane, corresponding to the transformation 


a, hoe, aaf,n=t (3) 
the system of coefficients of the resulting total transition 
t,y,2,t—2',y', 2,0 (4) 


is simplified. Convince yourself of the obvious fact that this transformation 
is orthogonal in four dimensions and of the not obvious fact that it may 
be represented by a three-dimensional vector formula. 

IIl2. On the Addition Theorem for Two Differently Directed Velocities. 
Prove Einstein’s formula (27.19a) by the method of the Lorentz trans- 
formation. 

III. 8. The Field of an Electron in Uniform Motion. Transform the 
representation (30.6) by means of considerations of elementary geometry 
applied to Fig. 42 into the representation (28.14), (28.14a). 

"HIT.4. On the ‘Relativistic Energy Theorem for the Electron. Derive the 
expression (32.7) for the kinetic energy and the energy theorem (32.6) 
from the equation of motion (32.5) of the electron by the usual method 
(scalar multiplication with the velocity). 

IIl.6. The Electron in the Uniform Electrostatic Field. An electrou enters 
a (vacuum) condenser with a transparent upper plate with the velocity » 
at an angle a. Let the plate separation be d, the potential difference of the 
upper with respect to the lower plate, V volta. 

What curve does the electron describe in a non-relativistic treatment? 
How closely does it approach the lower plate? 

For what velocity does it reach the lower plate? 

(Example: » = 5-10° meter/sec; d = 10° meter; ¥ = 110 volis.) 

What potential field must un electron which is initially at rest traverse 
to attain the velocity » = 5-10° M/S? 

How do the conditions change for a relativistic treatment? 

ITI.6. The Electron in a Uniform Magnetostatic Field. If the initial veloc- 
ity of the electron is perpendicular to the lines of force a circular path is 
described. Determine its radius. If a component parallel to the lines of 
force is present, the path becomes a helix with circular projection. This 
applies in the relativistic just as in the non-relativistic case. 

Iii.7. The Electron in a Uniform Electric Field and a Uniform Magnetic 
Field whitch is Parallel thereto. In Kaufmann’s arrangement for the measure- 
ment of ¢/m the §-rays emitted by a radium sample pass first through a 
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narrow aperture D and then cross s uniform electric field + # and magnetic 
field B parallel thereto (+ signifies reversal of polarity of the condenser). 
Assume that both fields begin at the aperture D and reach to the photo- 
graphic plate, mounted perpendicular to the beam direction at a distance 
a from D What curve is recorded on the plate if the §-rays are emitted 
with all possible velocities v? Neglect the change in the total velocity as 
eompared with the large r, and represent the coordinates of the points of 
incidence as function of the parameter v. 

III &. The Electron in a Uniform Electric Field and a U ok Magnetic 
field Perpendicular thereto. The path is a trochoid. Under the influence of 


110 voits 
ad 


rr 


Fac. 47. The electron describes a ballistie parabola in the uniform condenser 
field. 


Fic. 48. Kaufmann’s arrangement for the measurement of e/m. At the left: Lat- 
eral view. On the right: The pattern observed on the plate for &-rays with a con- 
tinuous velocity spectrum emitted by the radium sampie- 


the electric field the circular motion preduced by the magnetic field is con- 
verted into the motion of a point on a rolling circular disk. For what initial 
conditions is a simple cycloid obtained? 

Motions of this type occur in the “magnetron” electron tube. 

ITI.9. The Characteristic of the Thermionic Diode According ito Langmuir 
and Schoitky. In practice a cylindrical configuration is generally employed: 
The cathode is 9 wire along the axis of cylinder whose mantel surface coin- . 
cides with the anode. The plane configuration is mathematically simpler: 
Here the cathode at x = 0 and the anode at ¢ = I are plane circular disks 
separated at the edge by an insulating cylindrical tube. Let V(x) be the 
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potential at the point z between the cathode V(0} = 0 and the anode 
Vi} = V. Let the number of the electrons leaving the cathode per second 
be so large that it is permissible to assume a continuous space charge —~p 
of the electrons. Between cathode and anode the Poisson equation AV (z) = 
a’V (x)/dz” = p/e is valid. The current density J = pv transported 
through: the tube is independent of x. v is determined from mv’/2 = eV (zx). 
Integrate the Poisson equation by assuming a power law and deduce here- 
from the socalled characteristic of the tube (7 as function of the applied 
voltage V). 

Convince yourself that the same method of assuming a power law is 
applicable also to the cylindrical configuration. 

III.10. The Acceleration of an Electron in the Betatron. In the betatron’ 
electrons are injected in the plane of symmetry between the axially sym- 
metric pole pieces of an alfernating-current electromagnet. The magnetic 
field forces them into a circular orbit. The pulsing of the magnetic field is 
accompanied by a vortex-like electric field which accelerates the electrons 
in their orbit. There is a radius r = 7 of the path which remains unaltered 
with the pulsation of the magnetic field and with increasing electron veloc- 
ity. After countless revolutions the electrons reach a velocity approaching 
thht of light; they then resemble the beta-rays of radioactive materials, 
whence the name “betatron”. 

Let the axially symmetric magnetic field distribution Br, ¢) (its axial 
component) between the pole pieces, which decreases monotonically out- 
wards, and the tangential initial velocity v, of the electrons be given. 
We require 

1. the attainable momentum my of the electrons, their velocity, mass, 
and energy in eV (electron volts), 

2. the radius t> of the equilibrium orbit, 

3. the frequency of revolution at the end of the acceleration period 
and the total number of revolutions, and 

4. the reaction force of the radiation at this point. 

IV.1. The Field of Unipolar Induction. Let a bar be inserted in a uniform 
magnetic field B perpendicular to the lines of force and be displaced with 
uniform velocity along its axis. Compute 

a. the electric field in the interior and its potential, 

b. the voltage between its two sides, 

e. the external field, specifically for a circular cross section, and 

d. the surface charge. 

e. What thange results if we pass from uniform translation of the bar 


1 This has also been called a rheotron, beam transformer, or electron centrifuge. 
The original idea of the device was given in the Aachen thesia of R. Widerde in the 
year 1928. 
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along its axis to uniform rotation of a body of revolution about its axis of 
symmetry? 


ANSWERS AND COMMENTS 
I.1. The derivatives 


oO Oe 
occur in the x-components of Eqs. (4.8). These must remain finite in the 
transition to the limit k — 0 so that the left sides of the equations in ques- 
tion do not become infinite, since this would make B, and D, infinite. In 
view of the y-components of Eqs. (4.8) this applies also to the derivatives 


ums and ‘aH 
” @a dz ° 
The continuity of the tangential components E., E, , Hs, H, (gee (3.9) and 
(3.8a)) follows herefrom. 

In div B = 0 (Eq. (4.48)) there ocours the derivative dB,/az, which must 
also be continuous in the boundary layer: hence the condition for the con- 
tinuity of the normal component B, , Eq. (3.7). The 2-component of the 
‘Maxwell equation B = — curl E does not suffice for this conclusion. It is 
true that on the right there occur only the tangential components Z. and 
E, and differentiations with respect to z and y, so that the right side is 
continuous. However, the continuity of the left side, which may be deduced 
herefrom, would be consistent with a time-independent discontinuity of 
B,. Hence the auxiliary condition div B = 0 becomes necessary. 

The same considerations, applied to Eq. (4.4b) for nonconduetora, div D 
= p, lead in the limit k + 0 to p—> ©. This conclusion is by no means 
to be rejected, but indicates that at the boundary of two nenconductors 
there may exist a surface charge w, which corresponds to an infinitely 
great charge density and is equal to the jump in the normal component 
of D on the two sides, By the z-component of the Maxwell equation D = 
curl H, this jump must be time-independent. In the general case of a con- 
ductor and a nonconductor surface charge may also occur, in accord with 
Eq. (4.4c) or the z-component of the Maxwell equation D + J = curl B; 
however, this surface charge need not be constant, but may decay as indi- 
cated by the current density J, in the conductor. 

1.2, We concern ourselves only with the magnetic field. Of the electric 
field, which we shall investigate in greater detail in $17, we need only know 
that it-gives rise to a uniform current field J, within the wire, 0 <r < a, 
and to an also uniform current field J_,, corresponding to an equal! bit 

oppositely directed total current J, in the return conductor: 


I = rad, =—x(¢ — b)J_,. (1) 
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We employ polar coordinates r, %, z with r = 0 as the axis of the wire. In 
view of the symmetry of the problem 


for all three components H,, H,, H,. The g- and z-components of the 
Maxwell equation curl H = J then, with reference to the table in Problem 
1.3 of Vol. II, reduce to 


dH, ld ive 0 ,a<r<b, 
0 ,c<rce, 


whereas the r-component takes on the form 0 = 0. 
From (2) we obtain 
A, = const = 0, 
the latter since H, certainly must vanish for r = «. The fact that H, must 
also vanish follows from the condition div H = 0, The magnetic lines of 


excitation H = H, are hence coaxial circles about r = 0. We write H, = 
'‘H and tabulate the integration of (3) below: 


Differential Equation Solution Determination of 
Constants 
ear £ (rH) = Jur Hast A = Osince H(0) is finite 
B B = J,a°/2 = I/ (2x) by 


d 
a<r<b q, WH) = 0 laser continuity of H at 


r = aand by Eq. (1) 


d fe = oo 
ber<ce gq, WH) = Jar H Jagte OF ae Jaa 

pe Se 

io an 

by continuity of H at 

r = band by Eq. (1) 

d D D = 0 by continuity of 

i a al a iaaiirs H at r = ¢ and by 


Eq. (1) 
This solution agrees with Eqs. (4.10) to (4.13). 
1.3. Coordinates r, ¢, 2 and field symmetry 3/dy = 0/dz = 9 as in 1.3; 
a and } inner and outer radius of the solenoid. Now 


J, for a<r<b, 


J,=Je= 0, J=\o for r<a and r> b. 
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The differential equation curl H = 0 is fulfilled throughout by symmetry, 
whereas the differential equation curl H = 0 demands d(rH,)/dr = 0, 
H, = A/r, A = 0 because of the continuity of H at r = 0. Similarly 7, = 
0 since div H = @. The table shows how H, is to be evaluated: 


Differential Equation Solution Determination of 
Constanta 
oH, _ + const = H = inte- 
vee eet, Geer rior field 

oH, _ =f A = H because of 
i ad ar 1 Se . ss calls ioe continuous joining 
with interior field 

) : 

b<r<o uo . H=B B=H-{ Jar 
| because. of conti- 

nuity at r = b 


. t 
Since H, = Oforr = « we must have B = 0 and therefore H = [ J, dr, 


te 
whtich is equivalent with H = Nu in Eq, (4.14): [ J, dr ie the total cur- 


rent which passes through the cross section of the solenoid of width b — a 
and length 1 in the z-direction. This current is Ni, where N1 is the number 
of turns per unit length. 

1.4. The proof of the vector formula is obtained directly if the ab- 
breviation P = A X B is introduced, and the cyelic permutation rule 
P-(C x D) = C-@ &X P), and the formula (6.28), are employed. 

To prove the cosine law set D = A. With A, B, C as radii of the unit 
sphere we have 


A-B = cosc,::-,|AXB| = sin?@,--- 


The angle between the directions of A X B and A X C is equal to the 
angle a in the spherical trang: mapped out by A, B, and C. 
II.t. From the equation of the ellipsoid given in the Problem we calculate 


2 f Z 
2 t 2 
o+y=@-e)(i- 3), 
| c cz\’ 
ty tetcyead t+ a2 + z= (6 +2), 
In order co obtain the numerator and denominator occurring in the loga- . 


rithm in (9.4) the root must be extracted so that it is positive for al] : z ls 
a. This leads to 
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bet V#F FEET a etetat Fa @toit), 


cot VEER EE HH Hr eta Fa @~ 142). 


The quotient of the two is equal to (a + ¢)/(a — c), Le. a constant for each 
one of the confocal ellipsoids. Thus Eq. (9.4) is proved. 

It is true that this constant changes if we proceed from an ellipsoid with 
principal axes a, > a, b; > 6, ¢ instead of from that with axes a, b, c. This 
does not, however, affect the identity of the fields in the exterior of the 
former ellipsoid, since no physical significance attaches to the numbering 
of the equipotential surfaces. 

II.2. Let the rubbed glass rod have the constant charge A per unit length 
and be infinitely thin. According to {7.5b) its potential is given by 


= = 
teow = ETP EET 
, =dblog(@e-f4+VF4+ P+ E-MH) 18 


i ct voter 
» os aie + const. 


“4 \ 
The constant here becomes infinite, namely in a sense equal to ~A log 0. 
Eq. (9.4), with 2 = z + ¢, H = 2c) leads to the same expression (with 
z’ replacing z) in the limit c-— ©. The equipotential surfaces of the parab- 
oloidal conductor agree with those of the glass rod of course only outside 
of the former, since within it ¥Y = const. 
I1.3. According to Eqs. (9.13) and (9.14) the potential of the dielectric 
sphere, for r > a(¢ = relative dielectric constant of the sphere with refer- 
ence to its surroundings), is: 


e-1la’ 
a F(r 2555) cose 


This is at the same time the analytical continuation of the potential mto 
the interior of the sphere. For r = 8 < a it yields 


e~tla 


If here we set 


¥, becomes independent of 6, namely, as we must demand for the grounded - 
conducting sphere, ¥, = 0. 
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I].4. This problem is mathematically related to the conformal mapping 
problems in Vol. II, §29, 30, 31, and makes use of the identity of two- 
dimensional potential theory and the theory of functions of a complex 
variable z = x + ty elucidated in Vol. II, $19. The combination of the 
potential ¥ and the stream function @ to ferm the complex variable ¢ of 
the present problem was discussed at that point. We give z as function of 
¢, rather than ¢ as function of z, because z is a single-valued function of ¢. 

The proof of the mapping function f(?) rests on the following: 


0 0 ig Se a 
If we set ¥ {6 we find jt) (ont + 4 9 O°, 9 = ae; 
Hence y = {0,2 = £0 ~ 9-67) 5 Ofor ~« << +0, 


The ee condenser plate y= {° ,% & 0 is thus at the potential 
upper a 
0 
v={t, 
Also the bisecting plane of the condenser is an equipotential surface. 
If we set Y = V/2, we find f(t) = xi +1 —-—¢+¢%;hencey = a/2,2 = 
- (= ¢ + €”). However, now z 2 0 as ¢ varies between ~~ and 


+. We are therefore dealing not with a semi-infinite straight line or 
plane, but with a bilaterally infinite line or plane. 

The boundary points s = 0, y = 0 and z = 0, y = a, corresponding 
tot = 0, = 0and¥ = V,é = 0, respectively, are branching points of 
the conformal mapping. The line of force @ = 0, which joins the two bound- 
ary points, is given in parametric form (with » = 29%/V) by 


z= S (1 — cos ¥), y= 5 —siny). 


This is the equation of the simple cycloid (see e.g. the quite similar repre- 
sentation in Vol. I, Eq. (17.2)). 

The lines of force in the interior of the condenser and at a large distance 
from the boundary points belong to the parameter values 


¢g> 1, O<¥ < 2y. 
Since here exp (ty — ¢) vanishes with increasing ¢, we obtain simply 
; a ’ : a a 
ety 5 (+ 9), ie = 5-(l @), ¥ 3, 


Since = const on these lines of force, we have also y = const and hence 
z == const. On the other hand, ¥ varies on them between 0 and V, and hence 
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¥ between 0 and 2x and y between 0 and a. The lines of force hence approxi- 
mate closer and closer to straight lines perpendicular to the condenser 
plates, as is to be expected. 

II.5. The differential equation of the potential in the cylindrical co- 
ordinates r, g, z is, when independent of ¢ and z; 


1 a av = () 
rdr dr 
It yields 
 . = ae pwr. 
dr , r 
Hence the surface density on the inner and outer electrode is 
—eA eA 
OF ——~, w= — 
ry rg 


and the charge per unit length of the z-coordinate 
&; = Zar, = —2redA, é: = 2ataos = + 2eed = —eKy, 
A: second integration leads to 


Y= A logr + B, Mi — ¥1 = V = —A log~ = =~ log —, 
so that 
K, = 7 = 2re i log > = capacity per unit length. 
For d « r; we find . 
log © te log (1 sh 2) od 
and, neglecting end corrections, 


K= Kyk = ene Roel - dielectric constant. 
da Separation 


In MKSQ-unite: 
rh = 100 cm’ = 107 mM’, @= 1mm = 10~* M, 


c= 64m t. *_F K =. 10°* farad = |. 107? microfarad. 


ix joule M : 3 
11.6. The first of the relations given in Eq. (2) of the Probiem is obvious 
in view of Eq. (1). The second is obtained as follows: 
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By (10.14): 
B= Ky, + Kute, (1) 
~E = Kok; + Kr. 
Hence 
0 = (An + Kah + (Ku + Kn)¥e. (2) 
in addition, the following linear relation exists between ¥, and ¥; : 
Veh — (3) 
From (2) and (3) we compute 
eae re) res A ear ces a 


Substitution in (1) yields” 


KnKy ~ Ky’ | 
~ Ky + 2Ku + Kn 


The factor of V is the capacity in the elementary sense. Hence also the 
second relation (2) of the Problem has been proved. 
11.7. If the phasé factor which must be thought of as added to (24 a) 


namely exp (thx), is replaced by a ein” where | is an integer (standing 


instead of travelling wave} and ee a is chosen with due regard of the 


boundary conditions prescribed for the individual E-components, a par- 
ticular characteristic electromagnetic oscillation of the interior of the paral- 
lelepiped is obtained for which H, = 0; similarly, proceeding from (24.10), 
one for which £, = 0 is obtained. 

However these are not yet the general characteristic oscillations of the 
parallelepiped, as is evident from the specific values H, = 0 and EF. = 
respectively. The general system, which has complete symmetry with 
respect to the three axes, is 


E,.=A cos (at *) sin (rn v) Bin (em :), 
E, = 8B sin (x =) C08 (xn ’) ain (xm ‘), (t) 


E, = C sin (x *) sin (en) cos (m2), 
a b c 
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8 H, = A‘ sin (x *) cos (= x) cos (xm), 
fy a b ¢ 
fH, = B’ cos (xi :) sin (wn “) cos (rm ‘), (2) 
La) & b ¢ 


HH, = C’ cos (x 2) cos (xn 2) sin (xm 2) 
 &y a b ce 


Since div E = 0 the A, B, C must satisfy the condition 


il 


Far oy ee pit (3) 
a b € 
whereas the A’, B’, C’ are determined from the A, B, C by the equations 


otha’ = — a * B, 


. lx 

bBo 4 

? ; i = C, (4) 

inet = EB 

a & 

Thic systein wilk play an important role in the problem of black-body 
radiation in Vol. V, just as the general system of elastic characteristic 
vibrations in §44 of Vol. IT was of importance for the problem of specific 


heats. 
31.8. We find from (24.6) with 4 = xm/l Gn = integer, / = length of 


the cylinder), if, again, exp (thr) is replaced by ie hz and care is taken, 
by the proper choice of the cosine or sine, to fulfill the boundary conditions 
Erang 0, 
E2 fi 
B, = VEX 3,65) cos (ng) cos (ha), 4/MH, = 0 
E, = ~-J'() cos (ng) sin (he), 
Ee th p ane) 


E, = ; a(p) sin (ng) sin (hx), 


4/# H, = 5 Tl cos (ne) cos (hat). 
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Here, as in (24.6), p = ~/k? — i rand \/? — a = w, is one of the 
infinitely many roots of J,(w) = 0. The characteristic wave number 
and the characteristic frequency w are accordingly given by 


z 
" Pom he + —- w = ke(e = velocity of light). (2) 
The system of characteristic functions represented by (1) is triply infinite 
and is ordered by the numbers n, », and the integer m contained in h. Con- 
vince yourself that (1) satisfies not only the boundary conditions, but also 
“the relations between E and H demanded by the Maxwell equations. 
Similarly we obtain from (24.7), with the same meaning of h, 


/* H,= we Jn(p) cos (ny) sin (hx), E; = 0, 


if 2H. os Jno) cod (ng) cos (hx), 


E,= - Fo Jule) sii (ny) sin (hx), (3) 


ih 
4/2 Hy = ~ * Jal) sin (ng) cos (he) 
E=- 5 Jn) cos (ng) sin (Az). 


The characteristic wave number and the characteristic frequency are now 
given by 


m+, w = ke (4) 


where w, is one of the infinitely many roots of J »(w’) = 0. The series of 
characteristic oscillations (3) is again triply infinite. 

Do (1) and (3) supply the complete system of characteristic vibrations 
of the interior of the cylinder? 

I1.9. Except for a multiplying constant the appropriate solution, con- 
tinuous at r = 0, of the differential equation (19.16) is 


Ue sin bag ome 


The separation into two parts 


Lp rt) —tairter) 
II = Sir (6 é ) 
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indicates the superposition, mentioned in the Problem, of a spherical wave 
radiated outwards and one radiated inwards. Eqs. (19.17) and the following 
equations yield, without the time factor 


sin {kr) 


ek, = con 3 (S + ') » & Ey = - sina (74 + #) ee), 
dr’ " 

E, = 0, H,= H, = 0, H, = sin 0 ($ sin (be) ~ sin »). 
r dr r 


The boundary condition E, = 0 demands for r = a 


coa(ka) — SAE ty — (ha) = 0. 
Therefore the transcendental equation 
z 
tan t= Toe x= ka, 


Its graphical solution yields a first root x, which is somewhat amaller than 
x and an infinite series of additional roots which asymptotically approach 
the value 2, = vx. 
‘ dn addition te this singly infinite system of characteristic functions, for 
which the electric lines of force lic in the meridional plane ¢ = const and 
the magnetic lines are perpendicular thereto, there are ©” less symmetric 
characteristic functions, with a Legendre function dependence in ¢ and ¢. 
11.10. The telegraph equation (18.19), with G = 0 and the assumption 
I = Iy exp t(he — of), yields 


ht = Kol + &R). (1) 
For large w, more exactly, for wo, >>| RJ], this leads to 
t = 
Here 
ke w/KL (2a) 


is the wave number of the perfectly conducting fine and 


_ 4/% (2b) 


is its wave impedance. R is the impedance operator from Eq. (20.19), 
composed: of the real resistance R and the inner inductive reactance wh; —- 
(numerically equal to the resistance in the presence of the skin effeet) to 
form a complex quantity: 


R = RF — tol; = (1 — OR. (2c) 
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It may be noted, incidentally, that R may be replaced directly by & in 
(1) if we interpret D as the sum L, + L;, of the outer and inner selfinductance 
and not, as was done in the telegraph equation, as the outer selfinductance 
L, alone. We assume that w is large enough that a fully developed skin 
effect occurs. According to (20.12) the depth of penetration is then given by 


d=1 [Vv pow! 2 (3) 


We shall furthermore assume that the wave amplitude may vary slowly 
‘along the circumference of the wire so that the validity of the solution 
originally obtained for the plane problem in §20 B is not impaired. The 
alternating current resistance of a surface strip of length i and width 1, 
measured in the direction of the circumference, is then by (20.15a) 


1 
R, = oa’ (4) 


The current through this metal strip (lying directly underneath) is equal 
to the line integral of H about this strip, which in our case reduces to the 
value of H at the surface. Hence we obtain for the Joule heat developed in 
the strip, utilizing (4), 
2 1 z 

RH <q H 
and for the Joule heat developed in unit length of the conductor as a whole 
‘dg = line element of the circumference, @ = integration over the cir- 
cumference) : 


1 : 
4 pH ds = RY with [= $ Hds (5) 


R and 7 are resistance and total current of this unit length. From (5) we 


compute 
- ! : say 


H is to be obtained from the guasistationary field in the dielectric. This 
vields also the external selfinductance Z. of unit length of the conductor 
and its capacity K, as well as its wave impedance z in Eq. (25). 

a. The Lecher Two-wire Line. Wire radius a, separation of wire axes 28, 
separation of the two source lines 2ty (see Fig. 36); u, » bipolar coordinates 
for representing the field in the dielectric, u = const magnetic, s = const 
electric lineg of force; 


degd, ga——*—, hevPot mm 


” gosh u — cose’ 
On the circumference of the wire u = w, cosh t% = b/a. 
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Since the bipolar coordinate v signifies the magnetic potential directly, 
the desired magnetic field component at the periphery of the wire is 


H = 5 = = & (00th wy — cos v). (8) 


From this the integrals occurring in (6) may be calculated: 


- gif 
$ Has = f 1 ode = On, 
o § 


ir 29 
: l 1 = ee ane 
$ Hide [ go” =f (cosh t%~ — cos v) dy F, Cosh te 


fo @ 
and hence (6) leads to (the factor 2 to be added to (6) arises from the two- 
wire line): 


_ 2 2ab : t 
23 28 1 (a = tour (9) 


Since furthermore the bipolar coordinate u determines the electric po- 
tential, the difference in potential between the two wires ia 


2us = 2 arccosh © = 2 log "+, 


From this we find for the capacity and selfinductance per unit length 


= Fe = Plog the (10) 


- 2b te 
m 29 T 


and for the wave impedance 


z= 4/2} og Pt he (11) 


Taking account of (2c), (9) and (11) yields for the propagation constant 


in Eq. (2) 
i _ itt e 1 b b+ fo 
h—k 5 fis} ig (12) 


This expression agrees with the value calculated in (25.20). To realize 
this it is merely necessary to substitute the value of d from Eq. (3) in 
(12), and to express the conductivity ¢ by the complex dielectric constant 
e’ = 2 + to/w > ic/w, and to note the meaning of the abbreviation 
p(l/p =.(b + $1)/a) in (25.20). 

b. Return through ground. The earth’s surface now takes the place of 
the plane of symmetry u = 0 of the bipolar coordinates. In formula (6) 
for & the factor 2 is now to be omitted, since the forward conduction through 
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the wire is to be assumed to be resistance-free, so that & refers only to the 
return conduction through ground. On the other hand K is to be doubled, 
E and z to be halved. 6 now signifies the height of the wire above ground, 
fo the height of the source line above ground, which does not differ appre- 
ciably from 6. We then obtain from (9), (11), and os 


1 
R= sa 7 ue hog =, (13) 
_paiti a) 2b : 
pe ie 23 bet (14) 


Numerical example: frequency in the range of radiotelephony 10° S™’, 

a (earth) = 10% — 10°O"'M™, b = 10 M,a = 1 mm. We compute from (3) 

d = 530.4M to5.04M 
and obtain from (13) and (14) 

R = 3.2 to 0.32 2/M 

|h — k| = 38 to 3.8-10% M™. 

At. low frequencies the penetration is so great compared with the usual 
height of the wire } that (in contrast with that in §25) our present method 
of calculation fails. 

For the single wire without return conductor the external field can no 
longer be calculated if a quasistationary manner, so that the above ap- 
proximate method no longer constitutes a simplification as compared with 
§22. Our numerical example indicates, by the way, how greatly the field of 
the single wire is disturbed even by a non-metallic return conductor; see 
in this connection the note at the beginning of §22 regarding the failure of 
Herts’s original experiments with wire waves and the influence of the 
laboratory walls. 

III.1. The transformation (4) of the Problem is to be built up out of 
the transformations (1), (2), and (3) in the following manner: 


L’ = DLD™ (a) 


(L’ and L = Lorents transformations, D = rotation, D™' = inverse rota- 
tion). Here 


D: %=rcsat+yasna, 2 = 2, 
w= —csana+ycoa = t; 
% — & Be 


L: iy; wow Le ae Co 
4 — mB/c , 


ey eae 4 = 4; 
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—} ? ee ee , 
D”: x’ = 2) COS a — ¥) SiN @, z= 41, 


y =aysnatycea, Y= hh. 


By their successive combination we find, with the abbreviation 
| n= (1- py! 
the following system of coefficients for L’: 


F 3 ¥ . $ it 
x’ 1+ f& — 1) costa (pg —1) copasina | 9 ify cosa 
y’ (y ~ 1) cos a sine 1 + ( — 1) sin? a 0 ify Bina 
i 0 0 1 0 
tet’ | ~ifg COB a- ~— ify sin « 0 9 


It is four-dimensionally orthogonal (sum of the squares equal to 1, sum of 
the products equal to 0, both in the horizontal rows and the vertical co!l- 
umns) and hence can be read just as well from top to bottom as from left 
to right. 

! , The velocity v of transformation (2) forming an angle a with the x-axis 
has, in the z, v, z-system, the components » cos a, v sin a, 0. With r = 

y, 2,1 = 2x’, y’, 2’ we therefore obtain 


“+r = zeosa + ysin a, <r = x! cosa + y' sin a. 
With these abbreviations our system, read from left to right, yields 


’= rt io - Zor — pret} 


(b) 
ee ge 
v= nt ae r} 
and, read from top to bottom, 
r= r+ 2G ~ sige 
v v (c) 


lett} 


Whereas (b) follows from symbol (a), ee ad to the inversion of (a): 
L = D"L’D. (@) 


By taking the derivative of (b) with respect to ¢’ or of {c) with respect 
to t, respectively, we obtain for the three-dimensional velocity vectors 
q’ = dr’/dt' and q = dr/dt 
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_ 4 — ve —  — Deeg" 
(ee () 
a + via + G — Dv-q'/v } 
1° Feeley 


IIi.2. The Problem can be formulated in the following manner: Let a 
system 2, , 4; move with respect to a system 2, ¢ with the velocity f;c slong 
the z-axis. In system 2; , 4 let a point P move with the velocity f:¢ at an 
angle « with respect to the z,-axis (and at the same time, the z-axis). What 
is the resultant velocity of point P as observed from system z, ¢? 

Apart from additive constants the motion of P in the ™ , 4-system is 
‘ described by 


= prt, cosa, =, = Pech Bin a. (1) 
At the same time the Lorents transformation 
a— Bet t— B SF c 
n= /1 — p’ v= ¥, ~ /1 — B (2) 


applies for every point of the z:, &-system. 
Substitution of x, from (1) and 4 from (2) leads to 


x — Piet = Bre cos a (t ~ Arye /c) 
or, after collecting terms with x and i, 
w(1 + Biss cos a) = (6: + Bo cos aed. 
Hence 


~ fit frcosa 
di 1 + Bh cos ae (3) 


in addition, (2) and (1) lead to 


and, in view of (3), 


ay — Seng (1 — Bt eho con a) _ Brodin s Vi = Bf (4) 
~ VT = B 1 + Bi cos « 1+ fifrcosa 


The resultsht in the 2, t-system is 


= 4/(%) 4 (BY 
q (F + (2). 


PROBLEMS, ANSWERS AND COMMENTS 349 


if we put ¢/c = 8, we obtain 


fi = (B, + 8: cos a)” -+ £x(L — 84) sin’ « 
(1 + fi B: cos x)* 


_, Bi + 268s cos a + 62 — 816; sin’ @ 
(1 ++ $1 8: cos a)* a 


111.3. In (30.6) r denotes the vector LZ — P, and 7, hence, one side of the 
triangle LOP in Fig. 42. Let O be the position of the electron at the time 
of the field observation at P. Let the velocity v of the electron be directed, 
unlike §28, along the positive z-axis, leading to a specialization of the for- 
mulas in §30. The length LO then becomes equal to vr with + = r/e, so 
that 


(5) 


LO = vr = Br. 


The length OP is the separation between electron and point of reference 
at the time of the observation and will be designated by r’, 


fa VPP EA, 


where z’, y’, 2’ are the coordinates of P relative to 0.6 and 0 are the angles 
at«Z and O shown in the figure and we have 


cod = x’, rcosd = 2 + Br. (1) 
Furthermore, by the Pythagorean theorem, 
Pom 7” + (fr)’ + 2r'Br cos v', (2) 


so that 
rl — 6°) — 2Bre’ = 7”. 
The solution of this ain equation for r yields 


2 fg 
r= ee +a al 2 Se ie a 
As in (28.13a) we denote the square root on the right by s: 


c= 4/a (14; a+ y+e= egret? gtytte 


and obtain by (3) 


at a, (3) 


ann. Br 25 
rT Vi-#tiT-#*: (4) 


Now, #, = v cos J and, in view of (1), 


r= Breos d = Bx’ + fr; 
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Accordingly, by (4), 


r(1—%) =e - 6) - ae = VIB (5) 
Thus the quotient occurring in (30.6) becomes 
1 — o/c’ I-,f 1} 


A = ofer A — BR 6) 


“At the same time the vectorial factors multiplied herewith in view of the 
assumed direction of v, are resolved into their components: 


rXv= 0,2, — y's. (7) 


r-—f. = r8,—rcosd = ff — 2’ — B= —2’, 
_ (7a) 
v 
rime —y, irae aoe! 


If all of this is substituted in Eq. (30.6) taking due account of the changed 
sign of », Eqs. (28.14) and (28.148) are obtained. 

The equation s = const defines the family of mutually similar ‘“Heavi- 
side éllipsoids”, flattened in the direction of motion (see §28C); the electric 
lines of force in x’, y’, 2’ space are the orthogonal trajectories of the family. 

{II.4. Sealar multiplication with v of the left side of on 5) results in 


y.2 mer at o4 
avyi-s# ™ Te ae evreee - 8° 
The segond term on the right is ae to 
mov ao = m8 arin aie 


Together with the first term this yields 


mee (it iie) aleve © 
On the right side of (32.5) scalar multiplication with v yields 
vK=vE+vy-(v <x B) = v-E4+B-(¥ Xv) =v-E. (2) 
Hence, setting (1) and (2) equal to each other, we obtain 


cd me 
it Vt — 8 ~ . 
as in Eq. (82,6). 
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IIL.5. The path is of course a.ballistic parabola with the acceleration 
ev 
ony 
The distance of its vertex from the upper and lower plate, respectively. is 
vaina) md vy sina moe sin’ a 
he Oe a BF 2? a-ha a(i- mes). 
The lower plate is reached with 


vena = 2 ay. 
m 


For a velocity » = 5-10° M/S this is not satisfied even for a = */2 With 
the value e/me from Eq. (33.8) we have then instead 
d—h 25-10” 


q~ 717 aio-r76-108 ~ 9% 


The voltage required to produce » is found to be, from eV = mv’/2, 


1 25-10" 10" 
Y= 5 176-108 = 70 volts, 


The “electron volt” ev is a unit of energy much used in atomic phys- 
ics, particularly. in the form “million electron volta”, Mev. Since e = 
1.60-10-" Q we have in our units 


1 Mev = 10°-1.60-107” joule = 1.60- 107" joule. 


One half of this is almost exactly equal to the rest energy of the electron, 
1.8. 


moc' = 0.80-10~" joule, me = 0.90-10- °K. 


If, in the condenser field, the velocity suffers changes which are compa- 
rable with ¢, the constancy of the z-momentum (x parallel to the plates) 
results in the fact that v, cannot be constant, and hence x cannot be pro- 
portional to ¢. Correspondingly, the equation of motion for the y-direction 
shows that y is not proportional to ¢*. Hence the path is not a parabola, 
but a transcendental curve (catenary). Similarly in §32d the Kepler orbit, 
which in the limiting case of an infinitely distant center of attraction be- 
comes the ballistic parabola, was not an ellipse, but a transcendental 
curve (ellipse with precessing perihelion). 

To compute extremely high velocities from the number z of the corre- 
sponding Mev we may use the energy equation 


Ss 5 ag ON 
Vi-— # Mp 2° 
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For an energy of 200 Mev, such as occurs in cosmic radiation, we have 


i 1 
—es = 1 + 400 4-10" = J — —-10™. 
Vrag 7 144002410, B= 1 — 35-10 


111.6. we consider immediately the case of high velocities (the familiar 
case v << ¢ is contained therein). 
Let the direction of B be the z-direction. In the plane perpendicular 
~thereto let ¢ be the projection of the direction of motion, n the direction 
perpendicular to s, 8, n, and z forming @ right-handed system. We then 
have always 


v, = 0, (v xX B), = 0, (v X B), = »B = 0, (v¥ X B), = — ».B. 
Hence the momenta in thte s- and z-directions are constant: 


Us 


Ys = a ¢ 
View % Ving Oo 
Since ». = 0, squaring and adding leads to +3 = const, 30 that also 


8, %., and v, are constant. 
The equation of:motion for the n-direction is (the charge of the electron 
ig negative!) 


d tn te —! wx B) £ op. 
dYl—-@ vV1—-8 Mm mM >? 


Hence 


é, is the centrifugal acceleration, and as such equal to v3/p, where ¢ is the 
radius of curvature of the path projected on the s, »-plane. Therefore 


The same formula applies also for the non-relativistic calculation, where 
however m = m) = const. The curvature 1/p vanishes nonrelativistically 
only for v, = ©, whereas relativistically it becomes zero for 8 = 1, i.e. + 
v; = ¢’. The product pB (commonly written pH) is the experimental meas- 
ure of the “stiffness” of the cathode ray. 

111.7. If % is the common direction of the electric and the magnetic field 
and z is the direction of the 8-ray leaving D, the equations of motion of 
the 8-particle are, with Lorentz’s expression F = — e(E + v X B) for the 
force (negative sign because of the negative charge of the electron) 
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dt cE 

dt Ji — em’ 

qd by e(v X B), ev, B ad Us ev, B 
dtm mg mg aT = 


Since vz and wv, can be neglected in compe with », & v, we have 6” & 
r/c’, and from the third equation of motion to the same approximation 
¢ & const. Hence the first two equations of motion can be integrated 
directly and we obtain, if the time ¢ is measured from the moment of passage 
through D so that the instant of incidence on the photographic plate may 
be set equal tot = a/v, 


ee v a 
z a 1 ~ 2 Oo? 
_ _%8 va" 
y mM c? 2v 


This ia the parametric representation of the two branches of the curve 
which | result when the polarity of the electric field is reversed. 

‘ «Ifo is neglected in comparison with c’ elimination of the parameter » 
leads to the two branches of a parabola 


y = ¥ Cz, C = 


They touch at the point ¢ = y = 0 with a vertical tangent. This point 
corresponds to the value of the parameter » = oc. 

If the relativity factor +/I — #/¢ is retained, elimination of » leads to 
the curve of the fourth order 


y+ Dy? = Cx’, b= 2 © © as above), 


which takes the place of both branches of the above parabola. At the point 
z = y = 0, which now corresponds to the parameter » = ¢, it has a cusp; 
the two tangents at this point have the two distinct directions 

dy _C_ , Be 

ao op oe 
and form accordingly a finite angle 2a (see Fig. 48, on the right) with each 
other. This is clearly evident from Kaufmann’s photographic records.— 
However it was not possible to arrive at a definite decision between Lo- 
rentz’s and Abraham’s variation of mass (see the beginning of §33), as 
intended by Kaufmann, although this should be possible in principle from 
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the complete shape of the curve; the fields employed were not uniform and 
their distribution had to be established by laborious probe meaguremente. 

II1.8. The two mutually perpendicular fields F, = E and B, = B give 
rise to the Lorents force 


F, eh B, FP, (B di B), F, 0. 
For not too great velocities (m = m,) the equations of motion are 
de dy 
maz tes 8B 0, 
dy dz, 
m oa a7, 8B = —ek. 


If the second equation is multiplied by t, and if we set f = x + ty, we 
obtain by addition 
fF-i »w—-i[R aw lB. 
m m 

The general integral is 

pm Ad + Ft+0. 
The time ¢ = 0 can be so chosen that for it dy/di = 0, so that t = 
gecomes real. We then have % = tad + E/B,t% = A + C and hence 

-*f, 2) qa — «54% 

f f= *(% 5) ( on) + pt 
Separating real and imaginary parte we obtain with ¢ = af,a = £/(aB), 
b = (¢ — E/B)/a: 

t—-m=ap+bsing, y— ye = bl — cosy). 


This is the equation of the general cyeloid or trochoid (overlapping or 
stretched, depending on ea & b). For % = 0({1.e.5 = —a) we obtain a repre- 
sentation of the ordinary ¢ycloid, such as occurred, with the same notation, 
in Vol. I, Eq. (17.1) in connection with the cycloidal pendulum (where 
however we had put 2% = y = 0). 

TII.9. Since we are dealing with 9 stationary state, J is constant in both 
time and space as 


divj= 3 m0, (1) 
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At the same time v and p are constant in time but not constant in space 
since 


Y= y/? < Viz), p= J/v. (2) 
Poisson’s equation becomes 
a FV (x) ase. 
VV(z) ll CL C = I /(eg~/2e/m). (3) 
It may be integrated by putting 
Viz) = Ax®. (4) 
(3) then leads to 
° AM ala es Laete-t = C, 
i.e, 


2f% 
3 ta-2=0, an’, Ate = C, A= (2c). (5) 


3 
For « = 1 we obtain from formula (4) and the meaning of C in (3) 
a 9 P wae 
_ ta Sefm yan 
J —— yi (7) 


The total current J = xa’J (a = radius of cathode and anode) becomes 
t= Vint 8) 


This is the desired equation of the characteristic. The reader may con- 
vince himself that owing to our factor ¢ it is correct dimensionally, namely - 
has the dimension Q/S8 also on the right side. We note expressly that, 
according to (3) and (4), V does not increase linearly with x, and that 
dV /dx is equal to sero at the cathode. Here, according to (1), p = © and 
vy = 0. The Jast corresponds to the fact that, in the statement of the probiem, 
we have neglected the (small) velocity of emission of the thermionic elec- 
trons as compared with the velocity impressed on them by the field. 

For thé cylindrical arrangement (radius of the hot-filament cathode:~ 
r = 0, radius of the cylinder-mante] anode: r = a, length of the cylinder 
mantel: 2) the preceding equations change as follows: 
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div J = 1 2D) = (), rJ = const = ee (1) 


p=J/jy=I Vi (2st / 2 < vn) (2") 


VV) o(r we) =C,  € = I/(2meqly/3e/m). (3’) 


dr 
V(r) = Ar* (4') 
2/3 
ant, A - 3c) (5°) 
f V = Aa’ = (3 —_—~— y re 6) 
orr = a, a° = | — boon ( 
[= &o x/ 2e/m : Vy" (89 


At the cathode dV,dr now becomes infinitely large according to (4’) 
because of r = 0, in contrast with dV /dr for the plane configuration. Never- 
theless the total charge on the filament approaches zero with vanishing r: 
thjs is the reason for the absence of the logarithmic singularity of the 
potential occurring otherwise for a charged wire, whereas by (4’) V vanishes 
for r = 0. For this reason (8’) applies not only for r = 0, but also for wires 
of smail finite thickness with sufficient accuracy. 

IIT.10. The magnetic flux through the electron path of radius r 


Sx Sy i Btr, é)r dr 
Q 
yields 
ab ee. ft. 
sr = QerB(r,t), = Oe if Br, Or dr. (1) 
According to the law of induction we have 
Tg 7 
Qn [ Br, Or dr = —2xreE(ro, 0). (2) 
9 


By multiplication with the absolute value e of the charge of the electron 
we obtain herefrom as accelerating force in the orbit r = ro : 
re 
—eB(r,t) = £ f Ble, Orde = =o. @ (3) 
To #0 2Qarr'g of 
The equation for the change in momentum of the electron can then be 
integrated with respect to ¢ and yields 
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my ~ (mv), = = (& — $,), (4) 
wT¢ 

where , denotes the magnetic flux for the initial state v = v,,m = m, 
Accordingly, for given initial momentum, mv is to be regarded as known. 
We hence calculate for the answer to question (1): 


> m\ 
Be Vi mic/ my)’ mam 4/i+(2Y, (5) 


eV = (m — mic’. 

Numerical example: For a path diameter 2r5 = 107M a flux amplitude 
Pmax = 10° VS is readily attainable in practice. Let the initial flax be very 
small, d, = 0. We can also assume v, 2 0 since the initial velocity is in- 
significant in comparison with the great final velocity. We then find from (4) 
(mv) mex _ a Pines e 1.6-10°" 107 


Me Qary mec x 09-10-.3-10 a 


(6) 
18.3 
max — Mo = 17.89, eVnex = 17.8 moc’. 


Since, from the discussion of Problem IIZ.5, mc’ is equal to $-10° electron 
volts, we have 


ton (1+ ig) t= 2 Mmex = 18.8 mm 
710’ ax , 


CV ax, = 9-10" ev, (7) 
On question 2.: The orbit r = ry was assumed to be known till now; it 


will now be computed. On every circular orbit there must be equilibrium 
between the centrifugal force and the force of Biot-Savart: 


mW a eoB(r) (@) 


This signifies according to Eq. (1) 


¢ df 
Substitution from Eq. (4) with d, = 0,v, = 0 yields 
2 ae. (10) 
r or 


Plot ordinate 3, as a function of the abscissa r, a8 a monotonically de- 
creasing curve which eventually may have to be determined experimentally. 
Multiplication with 2nr then yields, by Eq. (1), the curve for ob/dr, and 
mtegration with respect to r that for ®, Its ordinates are to be divided by 
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r and the resulting curve must be- pursued to its intersection with the 
qurve for ob/dr. The abscissa of the point of intersection is the desired 
value r = fp. 

In order that this orbit may be stable the field distribution must satisfy 
certain conditions, which, for example, have been clearly set forth by 
Gans." 

On question 3.: From Bmax we obtain for the frequency of revolution 


Bmar€ —, 499 g-t 


In order to be able to compute the number of revolutions with ease, we 
assume that the flux does not increase sinusoidally, but linearly from the 
initial state , = 0 to the final state $2... For 500-cycle alternating cur- 
rent in the windings of the electromagnet the time of rise {= a quarter 
period) is then 1/2000 8S." We hence obtain 

oF = 2000 Sane 8 = 20 V, (12) 


Since by (3) the accelerating force is then also constant in time, this is at 
the same time the gain in energy in one revolution, measured in electron 
voltg. Since by (7) the maximum kinetic energy measured in this manner 
was' $-10°, the number of revolutions becomes 


9-10° 
20 


On question 4.: The state of the maximum number of revolutions is 
reached for @ = &,,., 1.6. 66/dt = 0. Aceording to Eq. (3) we then. have 
E(ro) = 0, ie. tung = 0. From the equation of the circle 


= 450000. (13) 


r=7f we! 
we find for the magnitude and direction of the derivatives of r: 
vei ea —aine ¥ = — tare”. (14) 
We conclude herefrom: ¥ is opposite in direction to v; # = — w’v, further- 
more, ¥-¥ = 0, ¥-°¥ = —w'y", 
For the reaction force of radiation we find hence by (36.26) (the symbols 
v’, v’ given there have the same meaning as our ¥, ¥): 


R* e i a(-#- wy? ) 
"@ncl—-p\ ~ ei —-s) 


e tur p ae ws 
~ Gree 1 — a( 7 is 3) Gree (1 — 6 (15) 


ey a 
Svante (1 - #) : 


'R. Gans. Zeits. f, Naturforschung, Vol. 1, p. 485, 1946. 


+E 


[| R*| 
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In our numerical example we find with » =c, 8 = 1 — 1/710: 


evn 
*) 
|R*} 24eeyrs 
a -» @ 
» 1 9 ‘ 
With 2r, = 10-° M and 36re, = 10 joule M (Eq. (7.18)}: 
6(710)*eV -4 eV eV 
J = = a pata 
| R*| 10 "MQ. 6-7.1°-1.6- 10 M= 0.048 MM (46) 


This may be compared with the force of the electric circulating field, which 
by (3) and (12) is 


20 eV 200 eV 
Dao MM _ NM’ 


The reaction force increases with the fourth power of the particle energy. 
As the reaction force becomes comparable with the accelerating force of 
thé circulating field the balance between increase in particle mass and cen- 
tripetal force is upset. Thus the reaction force sets a limit to the maximum 
energy which the betatron can impart to an electron. 

, The principal purpose of the betatron is the production of z-rays of very 
great hardness. Since their limiting energy Av is given by the maximum 
energy of the betatron electrons it depends, in accord with Eq. (5), on the 
momentum my which can be attained. By Eq. (4) this is determined by 
the ratio /rg . For a proportional increase of ail of the dimensions of the 
magnet (Bus and hence also B,, are fixed by the saturation of the magnet) 
® increases quadratically, &/rp hence linearly, We found for our path 
diameter 2r) = 10°'M in (7) 


CVn, = 9-10 eV = 9-1.602-10°° erg = 1.45-10~ erg. 
Hence, for z-rays 


he 
x 


The X-unit = 107” cm here introduced is the unit of length customary 
in x-ray spectroscopy; thus the K-radiations of the heaviest elements have 
wave-lengths of about 100 X-units. We thus find ourselves with our beta- 
tron of relatively modest dimensions in a domain far beyond the short- 
wave-length limit of ordinary x-ray spectra and even beyond that of the 
natural y-rays which is reached, for ThC, at ) = 4.7 X. By increasing the 
betatron dimensions the limit can be lowered still further and the energy 
of 9 Mev, found above, be increased. 
-  TV.1. We proceed from the fact that for an observer moving with it, 
the field within the rod is both free of current and free of charge: J’ = 0 


1.45-107° erg = Ay = d= 14-107"om = 1.4X. 


_ 9.197% Crecm 
2:10 — 
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and p’ = 0. It then follows from Eqs. (34.6) with the definition of the con- 
duction current in (34.9a), except for correction terms of the order 6° 


h=J-pv=0, p=0. (1) 


The rod hence has neither conduction current nor volume charge for an 
observer at rest in the laboratory as well. However, it possesses surface 
charge w and a Rowland current (which, in fact, is demanded by J; = 0) 
J = wv, 

Viewed from the Iaboratory, the field thus consists of the superposition 
“of a stationary electric and magnetic field, the latter added to the original 
uniform field and derived from the Rowland current J = we. We there- 
fore have 


curl E = 0, E = — grad ¥, curl H = J. (2) 


Show that this agrees with the general Eigs. (34.13), if in them the meaning 
of E*, H* is substituted from (34.8) and that of B, D from (34.12). For 
0/dt = 0 and the auxiliary conditions from (34. lla) they then become 


—curl(vy X B) = —curl(E + v X B), so that curl E = 0, 
ev — curl(vy X D) + J — ov = curl — v X D), so that curl H = J. 


By‘ (34.7) we infér from J; = 0, E* = 0, i.e. to sufficient accuracy (B = 
By = original field): 


E=-vXB, E = — 0B, V = vBs + C. (3) 


We have here assumed that By has the z-direction, v, the y-direction, and 
that z, y, z constitute a right-handed system. C is a constant of integration 
which is independent of z and, in view of the symmetry of the problem, 
also of y and z. Question a. is thus answered. 

On question b.: Consider two points 2, , x2 on the periphery of the rod, 
é.g. %1 = point of entrance, x2 point of exit of the z-axis. The difference of 
potential is then by (3): 


Vi = — %, = Bola, — 2). (4) 


As @ difference of potential this is independent of the path (connecting wire 
of infinitely high resistance) by which we imagine points 1 and 2 to be 
joined; this path may be imagined either in the exterior or the interior 
of the body. 

c. We consider the external field. Here the boundary conditions (34.15) 
. take effect. They demand continuity of the tangential component of E 
{not of E*) ahd are equivalent to continuity of the potential at the surface 
of the rod, whereas nothing is stated regarding the normal] derivative. 
Since ¥ is known in the interior by (3), the surface values V of ¥ are also 
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known. We hence must solve’a boundary-value problem for the exterior, 
with the normalization condition ¥ = 0 at infinity. A solution can be at- 
tained for any shape of the rod. It becomes elementary for the circular 
cross section, to which, by conformal mapping, every other cross section 
may be reduced, transferring the boundary values prescribed for the 
latter. It hence suffices to deal with the circular eross section. 

If r, ¢ are ordinary polar coordinates, r = 0 is the center of the cirele, 
r = a its periphery, and ¢ is measured from the z-axis, (3) yields for the 
interior and the periphery of the circle 


E= E, = —vBp, E, = E, cos g = ~—0B cos, 
E, = —E, sing = vB) sin y. 


(5) 
The potential in the exterior can generally be expressed as Fourier series 
v=) (‘) (A, cos (ng) + B, sin (ng)); 


In view of the boundary condition only the term with A, differs from zero 
Hence 


¥= = A,° ; €08 9, BE, = ~-— = A,osing, {f) 


and, in view of the continuity of Z,forr = a 
a 
A, =avB,, y= ~~ vBo COs ¢, 


d. To determine the surface charge we must pass from E to D. We may 
utilize for this purpose in the interior of the rod Eq. (84.5), whose right 
side vanishes in view of E* = 0. Thus within the rod we do not 
have D = cE, but 


D = —5VX H = —ewv X HX —av X B = OE. (8) 


Since this ¢» is derived from the general relation cou, = 1/c’, & represents 
the dielectric constant of vacuum and is not, in general, identical with 
the dielectric constant of the surroundings, It is characteristic and satis- 
fying that in an exact application of Minkowski’s theory in (8) there appears 
the well-defined dielectric constant of va¢uum rather than the somewhat 
problematical and scarcely measurable dielectric constant of the metal. 

We conclude from (8) to begin with for the whole interior of the réd 
(sinee £ = const): 


divD = p = 0, 
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which agrees with the initial equation (1). The interior of the rod is free 
from space charge, even as observed from the laboratory. 

At the surface of the rod, as judged from its interior, we have by (5) 
and (8), 


D, = @&, = —tk, = evBy cos ¢ 


if n denotes the normal directed toward the interior. 

For the sake of simplicity we set the dielectric constant of the exterior 
(air) also equal to 29. Then, by (7), we have for r = a, as seen from the 
outside (n denoting the normal directed outwards), 


oF 
D, = = or _ £9 UBo COs ¢. 
The sum of these two D, yields the surface divergence of D at the surface, 
i.e. the surface charge 


w = 2 eBoy cos ¢. (9) 


It varies from place to place and has its maximum values for ¢ = 0 and 
g = m, Le. + 2euB. 

The electric lines of force, which in the interior are straight lines and 

perpendicular to the axis of the rod, are bent in the exterior from the points 
of positive surface charge to those of negative surface charge along the 
ae possible paths, particularly in the neighborhood of the two points 

= r/2andy = 3x/2. Only for g = 0 and x are the lines of foree perpendic- 
ale to the surface and flow off to infinity. 

e. If the straight rod is bent into a circular ring, and this i is rotated about 
the axis of symmetry perpendicular to its midplane, every section of the 
ring is subject to approximately the same conditions as the corresponding 
section of the straight red, provided only that the radius of curvature of 
the ring is large compared to the radius of its cross section. The same ap- 
plies for a circular disk ring, provided that the radius of its inner bounding 
eylinder is not too small. Since however the velocity is small in the ex- 
cluded section of the disk, and the phenomenon of unipolar induction be- 
comes insignificant at small velocities, this restriction may be overlooked 
and our results be extended to the whole disk and eventually also to an 
arbitrary body of revolution. We can then apply our Eqs. (3) and (8) also 
to the field in its interior: 


E= -vxXB,, D = aE (10) 


and dedtice therefrom the corresponding values cf the voltage V and the 
interior potential ¥, wherezs the potential on the outside must be obtained 
by the solution of a complex three-dimensional boundary-value problem. 
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However, the following interesting difficulty arises: If the general (or, 
rather, too specialized) rule p = div D is employed to compute the space 
charge within the rotor, we obtain by (10}, since now v and hence also D 
vary in space, 


p = —ediv (v X By) = —eoBy curl v = —2eyBh, 


(g = angular velocity of the rotation). This is not zero, as was the case 
for the translation and as we might have expected from the standpoint of 
the observer rotating with the body. This contradiction is, however, no 
objection to Minkowski’s theory of moving media, which (see footnote 3 
at the beginning of §34) is based on the Lorentz transformation of uniform 
translation, but merely an indication that it is not directly applicable to 
problems involving rotation. 
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Oscillator, spherical, 154 


P 


Packing fraction, 265 
Pair preduction, 306 
Parallel excitation, 199, 209 
Paramagnetiam, 21, 90 
Peribstion of Mercury, precession, 315, 
319 

Permanent magnet, 80 
Permeability, 21 
Permeability, vacuum, 43, 106 
Photon, 261 
Physical constants, 326 
Piezoelectric crystal, 78 
Plane wave, 34, 145 
Planetary orbit, 316 
Plate condenser, 66 

edge correction, 328, 388 
Poisson's equation, 38, 110, 333 
Polar molecules, 73 
Polarization, 74 

permanent, 77 
Pole strength, 10, 87° - 
Positron, 305 
Potential, advanced, 148 

electrokinetic, 269 

kinetic, 266 

logarithmic, 1i0 

retarded, 147 

acalar, 115, 146 

veetor, 101, 146 
Potential coefficients, 71 
Potential field, 39 
Potential theory, four-dimensional, 245 
Poynting theorem, 26, 259 
Poynting vector, 26 
Propagation, damped, 144 
Propagation constant, 156 

for ground return, 346 

“Lecher system, 207, 345 
Push-pull excitation, 199, 200 


Pyrrhotin, 78 

Q 
Quantity, entity of, 11 
Quartz, 78 
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Radiation, accelerated charge, 265, 206 
dipole, 151 
reaction fores, 203, 208, 300, 358 

Ray vector, 30 

Rayleigh’s law, 153 

Rayleigh resistance formula” 168 

Reactance, 138 

Reaction force, radiation, 293, 208, 300, 
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Reciprocal radii, 57, 201 

Rectangular cavity, 330, 340 

Rectangular wave guide, 197 

Red ahift, 320 

Refraction, lines of force, 63, 71 
lines of magnetic excitation, 80 

Refractive index, 34 

Relativity theory, 22 

Relativity, general theory, 807 

Relaxation time, 23 

Remanent magnetization, 98 

Resistance, specific, 20 

Retarded potential, 147, 248 


‘Riemannian surface, 116 


Right screw rule, 13, 104 
Ring magnet, 85 

Rochelle salts, 22 

Roentgen current, 284 
Rotation, in space-time, 225 - 
Rowland effect, 283 
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Scaler, 213 
Seattering, light by light, 305 
x-rays, 156 


Schwarzschild invariant, 269 
Secondary waves, 136 
Seignette salts, 22 
Selfinductance, coil, 132 
energetic definition, 120 
external, 122 
measurement, 140 
two-wire line, 112, 121 
wire, 111 
Selfinduction, coefficient of, 105, 108 
Signal velocity, 231 
Six-vector, 214 
dual, 217 
invariants, 219 
representation, 218 
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Skin effect, 162 
Sky, color, 153 
Solenvid, magnetic field, 25, 131, 327, 335 
Solenoidal field, 80 
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62, 328, 337 
dieleetric, in uniform field, 60, 328, 337 
electrica] image, 57 
superconducting, in magnetic field, 62 
Spherical cavity, 330, 342 
Spherical cecillator, 154 
Spherical wave, 153 
Stationary fields, 38, 100 
Streas-energy tensor, 256, 291 
Surface charge, 17 
Surface curl, 19 
Surface divergence, 19 
Surge impedance, 145 
Susceptibility, electric, 76 
initial, 99 
magnetic, 89 
molat, 89 
seversible, 99 
‘Symbols, 323 
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Telegraph equation, 143 

Tensor, transformation, 244 

Thermionic diode, 332, 354 

Three-vectora, invariant, 220 

Time; intrinsic, 232 
relative nature of, 225 

Tourmalin, 77 

Transvergality, light, 34 
x-rays, 155 

Trochoid, 354 

True charge, 40 
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Unipolar induction, 287, 288, 333, 350 
Unite, conventional, 42 

conversion, 126 

electrostatic o.g.s., 40, 124 
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Gaussian, 50 

Kalantarofi (M8Q0), 45 
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magnetic c.g.a., 42, 124 
rational, 43 
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Vector diagram, 138 
Veetor potential, 101 
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Velocities, addition, 229, 233, 331, 348 


Velocity, four-veetor, 232 
light, 32 
signal, 232 
upper limit, 230 
Velocity of light, constancy, 234 
Vibrations, forced, 137 
free, 136 
Virginal curve, 98 
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Wave equation, 136 
Wave guide, cylindrical, 193 
elliptical, 197 
rectangular, 197 
transversal fields, 196 
Wave resistance, 144 
vacuum, 36, 44, 148 
Waves, asyinmetric, 188 
magnetic, 187 
on nonconductor, 190 
secondary, electric, 186 
wire, 177 
Weiss domains, 97 
Wheatstone bridge, 140 
Wire, capscity, 68 
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electric field, 125 

energy transfer, 130 

magnetic field, 24, 125, 327, 334 
Wire waves, 177 
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World function, 301 
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PREFACE 


This volume is closely connected with “Electrodynamics,” Vol. III of my 
lectures. Not only the formalism of Maxwell’s equations but also their intrinsic 
character, the invariance with respect to the group of Lorentz transformations, 
is adopted from Vol. III and is assumed to be known. 

Chapter I is entitled “Reflection and Refraction of Light.” Only the 
{never realizable) ideal case of the monochromatic plane wave which is 
necessarily completely {and, in general, elliptically) polarized is treated in 
this chapter. Reflection and refraction are regarded throughout as boundary 
value problems associated with a single boundary surface or (in the case of the 
plate) with two boundary surfaces. It is surprising how much material falls in 
this category: It extends from the classical Fresnel formulae to the very timely 
problem of the tunnel effect and covers non-reflecting lenses, the Perot-Fabry 
etalon, and the (no longer timely) problem of the “‘black submarine.’’ The 
fundamental question of the “coherence or non-coherence of light” is touched 
upon briefly only in fig. 2 of this chapter. Net until the last chapter, Sec. 49, 
will we return to the problem of characterizing white light. 

Chapter II deals at once with the optics of moving media. Indeed, these 
questions seem to me to be basically simpler and more fundamental than the 
contents of the later chapters because one is dealing here with the universal 
character of the velocity of light and with its physical and astronomical 
consequences. The first doubts about the classical wave nature of light 
appear at the end of this chapter in connection with the Doppler and photo- 
electric effects, and the equivalent corpuscular nature of light makes its first 
appearance. 

Chapter III deals with the theory of dispersion from Drude’s semi- 
phenomenological point of view, which is based on the classically formulated 
Tesonance oscillations of electrons bound to atoms. However, it seemed to me 
unavoidable to add to this chapter a section in which the theory of dispersion 
is treated wave-mechanicailly, that is, where the characteristic oscillations are 
replaced by transitions between two different energy levels. 

Chapter IV is dedicated to crystal optics, the favorite subject of physics 
in the last century. Here again the treatment is phenomenological even in the 
problem of the rotation of the plane of polarization in acentric crystals, which 
turns out to be particularly simple thanks to our use of the complex notation. 


‘ 
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Chapter V and most of Chapter VI are devoted to the problem of diffrac- 
tion. Diffraction by gratings {including three-dimensional ones) is treated 
first. Then follows Huygens’ principle for scalar diffraction problems, which is 
applied to the question of ‘light and shadow” with its manifold paradoxical 
contradictions of geometrical optics. Chapter V closes with a presentation of 
the rigorously solvable boundary value problem of the perfectly reflecting 
straight edge. 

Chapter VI begins with the problem of the narrow slit, which Lord 
Rayleigh solved in the first approximation more than fifty years ago. The 
problem leads to an integral equation from which higher approximations 
can be derived if proper use is made of the insight gained in the problem of the 
straight edge by regarding the behavior of the branched solutions at the edge 
of the screen. In the succeeding paragraphs a more or less new comprehensive 
point of view is applied to the question of the resolving powers of spectral 
apparatus {including Michelson’s mirrors for the measurement of the diameters 
of fixed stars), Thomas Young’s theory of diffraction in the formulation given 
to it by Rubinowiez, and Debye’s formulation of focal point diffraction are 
presented next. Finally, the difference between the scalar and the vector 
diffraction problems is emphasized and the vectorial generalization of 
Huygens’ principle is discussed. This latter discussion follows the most recent 
and particularly lucid treatment of the problem by W. Franz. 


The presentation of the Cerenkov electron in Sec. 47 reaches beyond the 
limits of the conventional conception of optics and enters, so to speak, the 
realm of velocities greater than that of light. Section 48 deals with the {so far 
almost entirely neglected) geometrical optics, The introduction of the eikonal 
(and the unit vector associated with it} enables us to give a very brief presenta- 
tion of several of the fundamental problems of geometrical optics. The very 
large field of physzological optics, on the other hand, could only be touched 
on in the introduction even though it is of primary importance with regard 
to our actual experience. 

The last section is concerned with the nature of white light which 
possesses not a trace of periodicity and attains its wave character only upon 
passing through a spectral apparatus. The wave representation which appears 
here only as a secondary attribute of light is missing entirely in geometrical 
optics and is replaced by a corpuscular conception in Fermat’s principle. 
The corpuscular concept points the way to the modern theory of photons and 
the complementarity of wave and corpuscle which was already stated at the 
end of the second chapter. Finally, it is impressed upon the reader that 
our presentation, which is essentially based upen the classical wave concept, 
forms only a part of the entire field of optics; in particular it does not en- 
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compass the primary processes in the retina because these are photoelectric 
in nature and therefore their discussion must be based on the theory of photons 
and not on the wave theory. 

The text of this volume is based upon a careful record of my lectures on 
optics made by L. Waldmann in 1934. However, the last few subjects 
discussed go considerably beyond the contents of my lectures at that time. 

As in the case of Vol. III, I enjoyed the invaluable cooperation of 
Mr. J. Jaumann in the preparation of this volume. In our many discussions 
he not only communicated to me his rich experience in experimental optics, 
but in many instances he prepared the first drafts for the manuscript. I men- 
tion, in particular, Sections 3 C, 6 C, 7 C, 30 C, 41, and 42. His part in the 
writing of this book should not be underestimated. My colleague, Dr. Q. Buhl, 
subjected the entire manuscript to his critical inspection and has helped me 
with many useful remarks. Dr. P. Mann has kindly checked the exercises. 


Munich, end of 1949. 


Arnold Sommerfeld 


TRANSLATORS’ NOTE 


The translators of this volume have endeavored to adhere to the spirit 
of the original as much as possible and to keep changes to a minimum. In 
addition to certain changes in notation, some modifications of the text have 
proved to be inevitable. These are especially contained in Sections 27 and 28 
which were kindly contributed by Professor P. P. Ewald. Furthermore, 
Sec. 47 should be read in the light of a recent paper by H. Motz and L. I. Schiff, 
Am. J. Phys. 21, 258, 1953. A completely new author and subject index was 
prepared. 


0. L. 
P. A. M. 
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INTRODUCTION 


1. Geometrical, Physical, and Physiological Optics. Historical Chart 


The eye is our noblest sense organ. It is therefore not surprising that 
even the natural philosophers of antiquity were concerned with the science 
of light. Leonardo da Vinci called optics “the paradise of mathematicians”. 
Of course, by optics he meant only geometrical or ray optics, the theory of 
perspective and the distribution of light and shadow. How much more justified 
would his assertion have been had he known the wave optics with its marvelous 
color phenomena arising from diffracted light or the polarized light of crystals. 
It is in particular these latter phenomena which one has in mind when one 
speaks of physical optics. Physical optics is related to ray optics in the same 
way in which wave mechanics is related to classical mechanics. This fact was 
recognized by Schrédinger on the basis of the profound work of Hamilton. 


There is, however, still a third branch of optics which is called phystologtcal 
optics after the title of Helmholtz’s principal work. Also in this field funda- 
mental laws hold which, however, are based on the operation of the sense 
organs and the mind. But these laws are not encompassed by our physical 
theory. It was the tragedy in the life of Goethe that he would not recognize 
the distinction between physical and physiological optics; this was the 
reason for his fruitless fight against Newton. Today we understand without 
difficulty that the sensation yellow which is caused by the D-lines of sodium 
is a phenomenon which is entirely different from the wavelengths A == 5890 A 
and 4 = 5896A by which we must describe these lines physically. For, we 
know that the psychological response to an event is something entirely 
different from the physical event itself; the two are different in nature and 
incommensurable. 

In this volume we shall be able to deal only briefly with ray optics and 
unfortunately not at all with physiological optics. Wave optics, which we 
shall develop directly from the results of Vol. II] and which, through spectro- 
scopy, opens the way to modern atomic physics, will give us enough to do. 
We shall not, for instance, enter upon the interesting field of the theory of 
color which was formulated in a classical manner by Thomas Young and 
Helmholtz, was further developed particularly by Grassmann, Maxwell and 


I 


2 INTRODUCTION 1 


Schrédinger, and is even today not a closed subject. We shall here only 
demonstrate very briefly that, quite aside from the quality of colors and their 
contrast effects, there exists a profound difference between subjective percepe 
tion and objective fact even in regard to the quantitative determination of 
intensity. The phenomenon in question is that of the so-called “half-shadow”. 

This phenomenon played a role in the earliest attempts to determine the 
wavelength of X-rays. On X-ray plates there appear half-shadow regions 
between the complete shadow and the 
region of full illumination. These are 
due to secondary X-rays which origi- 
nate, for instance, at the edges of a 
slit. To the eye these half-shadow 
regions appear as bright and dark 
fringes which were at first interpreted 
as interference lines. However, Haga 
and Wind were able to show that these 
fringes were subjective in origin and 
they called attention to a phenomenon 
which had been investigated by E. 
Mach! and had also been recognized 


Fig. 1. by H. Seeliger in his studies of eclipses 
Rotating disc for the demonstration of of the moon. We shal! describe it here 
a physiological optical illusion. as our sole example of physiological- 


optical phenomena. 

Consider a white circular cardboard disc which is partially blackened as 
shown in fig. 1. The boundary between the black and white fields consists 
of two spirals of Archimedes and portions of a radius of the disc. Let us 
consider the average brightness (or blackness) along each circle concentric 
with the edge of the disc; this quantity determines, in accordance with a 
law due to Talbot, the perception of brightness when the disc is rotated 
sufficiently fast. The center of the disc is then perfectly black and so is its 
edge. Between the center and the edge there isa zone of maximum brightness. 
The transition«between darkness and brightness consists of two half-shadow 
regions, Since the radius vectors of the spirals of Archimedes increase (or 
decrease) linearly with the central angle, the intensity in the half-shadow 
Tegion also increases (or decreases} linearly with the distance from the center 
of the disc. If the disc is set into rapid rotation on the axis of a motor, then 


1 See, for instance, his book Prinzipien der Physikalischen Optik, p. 158, J. A. Barth, 
publ. 1921. 
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the intensity distribution presented to the eye is that represented by the dotted 
line in fig. Ja. But what does the eye see? Instead of the linearly varying 
half-shadows the eye perceives a uniform average brightness; where the half- 
shadow borders on the completely black regions it perceives dark fringes 
which are considerably blacker than the regions of complete blackness; at 
the limits of full brightness it sees bright fringes which appear much brighter 
than the region of full brightness. The eye (or the mind?) is, as it were, 
startled by the transition from the half-shadow to full illumination; it 
exaggerates the contrast. The 

same exaggeration takes place 

at the transition from the 
half-shadow to complete black- 

ness. The eye (or the mind) 
judges only contrasts and not t 
objective intensity values; it 

is affected more by the deriv- 
atives of the intensity curve 

than by the absolute values of 

its ordinate. The bright and - 

dark fringes (which on the Center Rim 
rotating disc are, of course, Fig. ta 

circles about the center) are rp, subjective intensity distribution perceived by 
so definitely pronounced that the eye (full tine) and the objective distribution of 
a naive observer would swear imtensity (dotted line) when the disc is rotated. 
to their genuineness. 

Similar fringes are seen wherever extended light sources produce half- 
shadows according to geometrical optics, as for instance, behind a pencil 
which is illuminated by a Welsbach mantle. Also the bright border which 
one sees about ones own shadow on the road when the sun is behind ones 
back and which has the effect of a sort of halo about the head and limbs is 
at least partly due to this optical illusion. Such fringes also played a part in 
certain occasional arguments between the author and a group of Munich. 
painters which revolved around the old controversy “Goethe vs. Newton’. 
The opponents in these discussions understandably enough considered these 
subjective phenomena as objective and offered them as proof of the falseness 
of the physical theories. 

It might be thought that this illusion could not be photographed and would 
thereby betray its subjective character. This is not so. Even though the 
number of blackened grains on the photographic plate corresponds to the 
correct intensity, the eye interprets the photographic image in the same way 
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as the original object and is deceived by its subjective contrast perceptions. 

This is illustrated by the following experiment]: a micrometer slit iluminated 

from the rear with parallel light is photographed. At the beginning of the 

exposure the slit may have a width 23. It is then slowly and uniformly opened 
to a width 22, whereupon the exposure is terminated. Thus the center por- 
tion 25 of the photographic plate is continuously illuminated during the 
exposure; the adjoining portions 2-6 are illuminated a shorter time which 
decreases linearly to zero, On the photograph one sees again bright and dark 
fringes at the limits of the half-shadows (if the slit is opened non-uniformly, 
there appear also secondary fringes inside the half-shadow regions a - § which 
correspond to discontinuities in the derivative of the curve depicting 
illumination vs. time). 

50 much {or rather so little) for physiological optics. In order to provide 

a general summary of the wealth of material to be covered in this volume we 

continue with a historical list of the most important optical discoveries. 

Snell's law of refraction (which became known only through Huygens} and 
Descartes, Dioptrices, 1637. The first theory of the rainbow is also due to 
Descartes. 

Grimaldi, Physico-mathesis de lumine, coloribus et iride, Bononiae (Bologna) 
1655; first textbook on optics; deviations from rectilinear ray paths; 
diffraction. 

Olaf Roemer, 1675; determination of the velocity of light from the eclipses 
of the satellites of Jupiter. 

Christian Huygens, Traité de la Lumidre, Leiden 1690: wave theory without 
closer investigation of the nature of the oscillations (whether longitudinal 
or transverse). Huygens’ principle; wave surfaces. Double refraction 
in calcite. 

Newton, Opticks 1706, English 1675. Colors of thin plates. Spectral colors 
and their composition into white light. Theory of emission with lateral 
“‘fits”’. 

Bradley, 1728; aberration of light. 

Thomas Young, Lectures on Natural Philosophy, 1807. Interference of light; 
diffraction; theory of color; the color triangle; Young also deciphered 
hieroglyphics. 

Malus, Sur une propriété des forces répulsives qui agissent sur la lumiére, 1809. 
Polarization by reflection. 

Biot, Brewster, Arago, crystal physics, Arago, 1811, rotatory power of quartz. 


tj. Drecker, Physikal, ZS. 2 145, 1900. 
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Fraunhofer, 1787-1826, Fresnel, 1788-1827, the two classics of wave 
optics, both of whom died young after lives filled with work, success and 
fame. Fraunhofer was the greatest glass technician and telescope con- 
structor of his time; he made the first diffraction gratings and was the 
father of spectroscopy and astrophysics because of his discovery of the 
Fraunhofer lines in the spectrum of the sun and the planets. Fresnel 
developed the wave theory; his dragging coefficient was a forerunner of 
the theory of relativity; he was an untiring experimenter in a optics. 
Fraunhofer and Fresnel diffraction. 

Bessel, in 1838, measured the first fixed star parallaxes in the constellation 
Cygnus by means of a Fraunhofer telescope. 

Christian Doppler, 1842, “Uber das farbige Licht der Doppelsterne und einiger 
anderer Gestirne des Himmels”. (On the Colored Light of Double Stars 
and Several Other Stars.) 

Terrestial determination of the velocity of light, Fizeau 1849 by means of a 
toothed wheel; Foucault 1850 by means of a rotating mirror; also 
Michelson, beginning in 1926. 

Faraday, 1845, “‘On the Magnetization of Light, and the Iiumination of 
Magnetic Lines of Force’. 

Maxwell, 1861, discovery of the electro-magnetic theory of light ; Treatise, 1873. 

The experiment planned by Maxwell to determine by interferometry a possible 
dependence of the velocity of light on the azimuth of the earth in its orbit 
about the sun was carried out by Michelson in 1881, improved by Michelson 
and Morley in 1887, and repeated with greatest accuracy by Joos in 1930 
at the Zeiss works, Jena. 

The theory of dispersion based on an elastic theory was developed by Ketteler 
and Sellmeier. The electromagnetic theory of dispersion was started by 
Helmholtz and was completed by Drude on the basis of the theory of 
electrons; Drude, Lehrbuch der Optik, 1900. 1926, wave-mechanical 
theory of dispersion by Schrédinger. 

Abbe, 1840-1905, diffraction theory of optical images; also simultaneous 
work by Helmholtz and Lord Rayleigh. 

Standing light waves, O. Wiener, 1890, on their basis Lippmann’s color 
photography. 

Lord Rayleigh, 1842 — 1919, explanation of the blue color of the sky; introduc- 
tion of group velocity into optics; resolving power of the prism. Conception 
of natural white light as a completely random, non-periodic process. 

Zeeman effect, 1896; explanation of the normal Zeeman effect by H.A. Lorentz. 

Einstein m 1905 deduced from the quantum theory the notion of photons 
(light quanta). 


CHAPTER I 
REFLECTION AND REFRACTION OF LIGHT 


2. Review of Electrodynamics, Basic Principles of Ideal and Natural Light 


In Vol. II, Sec. 45 we showed that at the interface between two optically 
different media the elastic theory of light provides more boundary condi- 
tions than are consistent with the known facts of polarization, i. e. the 
transverse character, of light. Hence we turn our attention to the electro- 
magnetic theory of light, which, in contrast to the elastic theory, specifies 
only two boundary conditions for the electric field strength E and two for the 
associated magnetic “‘disturbance’’ H, namely, the equality of the components 
tangential to the boundary surface. 


We shall assurne the light to be monochromatic and will hence perform 
our calculations using a simgle frequency w. This assumption involves a far- 
reaching idealization of true conditions and has the following meaning: we 
consider the light to be spectrally decomposed and use only an infinitesimally 
small portion of the spectrum as a light source. The spectroscopic apparatus 
used for this purpose is called a monochromator. Furthermore, we do not 
consider any arbitrary bundle of light rays but, again by a far-reaching 
idealization of true conditions, we consider the mathematically much simpler 
case of a plane wave with a well-defined direction of propagation. This means 
that we use a coljimator (a tube with a convex Iens in whose focal plane is a 
slit} by means of which we can obtain asystem of parallel rays of a certain 
width from an originally diverging bundle of light rays. 


Natural light does not possess either of these two properties. This holds 
even for sunlight which is completely irregular as regards frequency, and also _ 
lacks sufficient parallelism because of the finite size of the sun’s disc. 

We will first consider ideai light which has passed through an ideal 
monochromator and collimator. Later, we will discuss the characteristics of 
natural light. 


We choose the x-axis in the direction of propagation of our plane wave, 
denote its electromagnetic field by the two vectors E and H, and represent 
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these by the real parts of the following expressions in which we suppress* 
the symbol Re which is to be thought of as attached to the right-hand 
sides: 


(1) —-=— A et lt) : H = A’ gi hod 


kis called the wave number of the light. A is a constant which is 
independent of x and ¢ but which has different and generally complex values 
for the different components of E. A‘ is determined by A. Instead of H we 
could, of course, have used B to represent the wave. We prefer H mainly 
because the conditions at the boundary between two optically different 
media require the continuity of H as well as of E; and partly also because the 
radiation vector S which is fundamental in optics is given by 


(1 a) $=EXH 


(this contains no additional factors, thanks to our MKS Q system of units 
which was introduced-in Vol, III and upon which also, this volume will be 
based). Furthermore, we are thus in better agreement with the usual literature 
in which H (given the designation ‘“‘field strength”, however) is almost always 
used in conjunction with E. 

In an isotropic medium which is free of charges electromagnetism requires 
the transverse character of light because of the condition div E = 0 which, 
see Vol. III, Sec. 6, leads to £, = 0 for the case of our plane wave given by (1). 
Hence, there exist only the two components £, and #,. The same is true of H. 
& is connected with w by the equation (see Vol. IIE, Sec. 6} 


é =: dielectric constant 


(2) a oad | # = permeability. 


Dimensionally, 6 is an inverse velocity. We shall call it 1/ where # is the 
phase velocity of propagation in the particular medium. This follows from 
the exponents in expression (1), which, on differentiation with respect to? 


and setting equal to zero, give: 
ax 
k Ge = 0. 


In a vacuum with ¢ = &, 4 = fy we have 


(3) u= oe, ¢ = : ~~ 3. 10° meters/second. 
} £& Ho 


1 In exercise J. 1. we will illustrate by means of a very simple example the advantage 
of computing wave problems using complex exponential functions rather than using 
their real parts. 
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The connection between H and E or, what is the same, between the 
constants A’ and A occurring in (1) follows from Maxwell's equations for 
nonconducting media 


oH dE 
{4} ea curl E, 85 = curl H. 


When specialized to the case of our plane wave, the first of these expressions 
gives, since E, = 0, H, =0, 


~t@pA, =tkA,, —impaA, =-tkAy 
and hence 


k é 3 é 
. # oe =— — £ :=— A = — A . 
©) a po” Ve po” IP : 


These expressions also follow, of course, from the second eq. (4). 

Depending on the choice of the constants A,, A,, there results as a 
necessary consequence of Maxwell's equations a uniquely determined state of 
oscillation or, as we can also say, a uniquely determined folarization of our 
monochromatic plane wave. 

In exercise 1.2, we shall observe that in general eq. (1) represents elliptic 
polarization. This means that if the electric vector E is drawn so as to 
originate from the point y = 0,z = 0, its tip describes during the time rt = a2 
an ellipse with its principal axes in the yz-plane. The same is true of the 
vector H, It need hardly be said that, according to our conception of the 
Maxwell theory, nothing material oscillates in this process, no motion of 
the “light ether” takes place. We will see later how this ideal case of 
elliptic polarization can be realized practically to a good degree of approxima- 
tion. (Total reflection, reflection on metals, crystal optics.) 

An important special case of elliptic polarization is circular polarization 
which results when 


A, ; 
(6) |Ay| = |A,|, A. = + a, 
y 
Linear polarization is characterized by 
(6 a) 2 real {positive or negative), 
y 


in particular, of course, by the special cases A, = 0 or A, = 0. 

In the following discussion we shall have occasion to speak not only of a 
monochromator and collimator but also of a polarizer (Nicol prism, quarter 
wave plate, etc.}. According to the above discussion, such a polarizer does 
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not actually produce polarized light but rather serves to f&ransform the light 
from one type of polarization to another. The presence of general elliptic 
polarization is already guaranteed by the monochromator and collimator and 
by Maxwell’s equations, paradoxical as this may sound to the experimentalist 
in practical optics. Theoretically it is correct to say that even after using 
an ideal monochromator and collimator, the four parameters contained 
in the arbitrary constants A, and A, (two amplitudes |A,| and |A,| and two 
phase constants «, and «,) remain undetermined; only through the use of a 
polarizer are the values of these parameters restricted. 


Of course, an actual monochromator or collimator never functions ideally. 
Consequently, we are, in reality, never faced with ideal light but rather with 
a continuous superposition of ideal cases in which, at best, a certain region 
of frequency or a certain direction of propagation is strongly favored. Even 
light which has passed through the monochromator is, thus, not strictly 
monochromatic but has a certain spectral width even when it is reduced to 
a single spectral line. By the same token, the light emerging from the collimator 
is actually characterized by an integral over a region of spatial directions, 
though one of these directions contributes most strongly. Likewise, the 
various polarization devices also are endowed with a certain indefiniteness. 


For natural light the region of integration is in every respect unlimited; 
it comprises all frequencies 0 < w < oO and in the diffuse case all possible 
directions of incidence. Moreover, for natural light no one direction of 
polarization takes precedence over all others. Planck had to analyze the 
consequences of this situation in order to set up his thermodynamic law of 
radiation and this law, in turn, led to the discovery of the quantum theory. 
He represented the radiation of a black body not by eq. (1), but for every 
ever-so-small frequency range 4 @ by an infinite sum of terms of the form (1) 
in which the constants A, even for neighboring w’s change their absolute 
values and phases arbitrarily. This formulation is due to the fact that 
the elementary processes of black-body radiation originate in single 
atoms which emit independently of one another. Only the quantity VA yi + 4,? 
has a given value which is determined by the mean energy of all elementary 
processes. The A,, A, taken singly, however, remain completely undetermined 
especially as regards their phases. All this is also tre for what we call “natural 
light’, To be sure, even the naked eye exercises a certain amount of selection 
among the infinitely numerous components of the natural light. By fixating 
a certain point the eye acts as a collimator since, like the latter, it is equipped 
with a lens. Furthermore, by its spectrally selective sensitivity and its 
perception of color, the eye limits the frequency region. 
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The more the preference for a certain frequency and direction is emphasize 
in any single case, the larger is the region of space and time in which the plan 
wave represents a sufficiently good approximation of the natural light fiela 
Outside of this region the phases are subject to statistically distribute 
variations in space and time. Fig. 2. attempts to illustrate this by means c 
an example, — 

This figure represents the superposition of six plane monochromati 
waves; that is, the superposition of the six real parts of exponential function 
of the form (1); their frequencies @ are in the ratios 


95:97:99 :101 : 103 : 105; 


their directions of propagation k deviate in pairs by -+ 1/20 radian from th 
direction of the middle pair; they are denoted successively by + 1/20, + 1/2€ 
0, 0, - 1/20, - 1/20. 

The system of solid lines which are mostly straight shows the instantaneou 
nodes of the resulting state of oscillation. Between these nodes lie alternate: 
wave crests and troughs whose amplitudes are denoted by the broken lines i: 
a manner similar to the contour lines on a map. Successive contour lime 
have a difference in amplitude of 1, Except for the numbers 0, only th 
height of the tallest amplitude crest is given in each case. One sees that th 
regular sequence of waves is interrupted only at points where the amplitud 
vanishes; at such points a wave of new period infiltrates, so to speak. Fron 
this it follows that behind such a point the wavefronts overtake, or fa) 
behind, the progress of the undisturbed waves corresponding to a locall 
closer succession of waves, or, effectively, to an increase in the frequency by 1 
One must imagine that this whole wave picture propagates with the velocit: 
of light in the direction of the arrows while its shape changes gradually. 


Visual inspection shows that there are finite tegions, several wavelength 
in extent, which have, to a sufficient degree of approximation, the characte 
of a homogeneous plane wave and also retain this character as the wav: 
propagates. Hence, these regions indeed Satisfy the above postulated concdli 
tions for “regions of good approximation”. Only the zero points seem to ‘b- 
exceptions. However, just because the amplitude vanishes there, they ch 
not produce any stronger effect than other points of varying intensity. 


In order to verify experimentally any results calculated by means of plam: 


monochromatic waves, one must make certain that the entire object uncle 


observation is contained in such a region of good approximation duriry 


the entire time of observation. If this condition is satisfied, one speaks © 
the production of coherent light. To be more precise, one should speak of th 
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— 
—_ 


lines of constant amplitude. 


Fig. 2. Instantaneous picture of a ““wave-packet” composed of 6 simple waves: —— lines of constant phase, --- 
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production of a sufficiently large region of coherence in space-time because 
even a natural light field always has small regions of coherence. 

The size of the region that is sufficient in each particular case, and hence 
the demands which are to be made upon the monochromatic quality and the 
directional uniformity of the rays, depend upon the relative sizes of the object 
and the wavelength. Anticipating a later discussion, we shall give a few 
examples. 

No optical instruments are required in order to see the interplay of colors 
resulting from colloidal particles or in a lunar corona: 

For the observation of the colors of thin plates a parallel direction of the 
incident light is of almost no importance. Also, in this case, the spectral 
selectivity of the eye suffices to limit the frequency range. 

From thick plates, however, one obtains interference fringes only if sharp 
spectral lines and well-defined rays are used; a telescope is necessary to 
separate the fringes. 

One cannot observe diffraction at a slit in sunlight unless the slit is ¢x- 
tremely narrow. A collimator or auxiliary slit is necessary. Only rays 
originating from one and the same region of coherence can interfere with one 
another. For such rays the light vectors add. Radiation fields from more 
distant regions combine energetically in a time average sense. For these the 
intensities add. 

Before we turn to the actual subject of this chapter, namely reflection and 
refraction, we shall review briefly the units used above as well as some of the 
quantities from Vol, If] which we will use later on. 

Using the four units M (meter), K (kilogram of mass}, S (second), 
Q (electric charge)!, one obtains 


Unit of force: 1 newton = MKS"? = 108 dyne 
Unit of energy: 1 joule = 10’ erg 
Unit of power: 1 joule S77 = 1 watt 
Electric field strength: 
Force — newton __ volt W=1 joule . 
Charge 9 Mi ~~ Q 
Current strength: QS~1 = amp. 
Current density: 
ja BP ue 


+ For numerical calculations one uses the covlombas a unit for Q,i.e. the charge 
one ampere second. 
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The “‘displacement current” D has the same dimension. Hence the dimension 
of Maxwell's “electric displacement’ D which is our “electric excitation” 


becomes OM~*. Because D = ¢ E, the dimension of the dielectric constant 


Q°M-? 
ea M—! SO-!, 1Q = f joule S/O? = 1 ohm. 


Magnetic moment = Pole strength x Lever arm = Pl. Following Wilhelm 
Weber this is defined as Current x Area. Hence, 


Pole strength P = QMS”) = “moving charge” in the sense of Ampere. 

Magnetic Induction (really “‘field strength’) B= newton/P = newton 
SQ74M—! = volt S/M? 

Magnetic Excitation H = P/M* = OM ~!S7? = amp/M 


Permeability 4 = a = newton S°Q—? = M—!SQ 
ép = M~2S? = (velocity}—? 
Ble = QO, Violes = wave impedance of the vacuum 


Convention for the purpose of eliminating 4 from the formulae: 
My = 4.1077 M—41SQ. From this it follows that: 42 ¢% eg = 107 MS 72107 

Radiation vector $ = EX H = joule M~?S—4 

We shall not introduce here the magnetic pole strength P as a fifth unit 
(see Vol. [II 8 B}. 


3. Fresnel’s Formulae. Transitions from Rarer to Denser Media 


We can consider the boundary between two optically different media to 
be plane if we limit our consideration toa small portion of that boundary (for 
example, a piece several hundred wavelengths in size). We call this boundary 
the plane y = 0 of a right-handed cartesian coordinate system. Let a linearly 
polarized plane wave coming from the half-space y > 0 impinge upon this 
boundary. The plane of incidence shall be the plane of the paper in figures 
3a, b, that is, the yx-plane. Let the direction of propagation of the wave 
form the angle « with the negative y-axis. For the solution of the ‘boundary 
value problem’’ under consideration we will introduce, besides the refracted 
wave in the second medium {angle £ with the negative y-axis}, a reflected 
plane wave whose angle with respect to the positive y-axis shall, for the 
present, be termed «’, We denote the electric amplitudes of the three waves 
by A, B, C, where A belongs to the incident ray $,;, B to the refracted or 
“transmitted” ray S,, C to the reflected ray S,, We first consider the case: 


14 REFLECTION AND REFRACTION OF LIGHT 3.1 


A. ELECTRIC VECTOR PERPENDICULAR TO PLANE OF INCIDENCE. 


Besides omitting the symbol for the real part in the relations (2.1) we 
shal? also omit the time factor exp (- 71), which is the same for all three 
waves. Eis everywhere in the direction of the z-axis. We now introduce, 
temporarily, polar coordinates r,g in the +y-plane. For the direction of 
propagation occurring in (2.1) and there denoted by x, we substitute 
x= rcosg or, more generally, we take account of the differences between 
the three directions <=! propagation by writing + = 7 cos (g-y). According 
to fig. 3a we must then use the following values for y: 


for the incident wave -pa+ 0, rcos (p—y) = xsinw — ycosa, 
for the refracted wave ~50 + 8, rcos (p—y) = xsin# - ycos A, 
for the reflected wave + en — x’, r cos(p—y) = xsinax’ + ycosa’, 


where the x, y in the last column indicate, in contrast to the relation (2.1), 
the coordinates defined in the figure. The resulting superposition of the 
incident and reflected wave in medium 1 and the resulting refracted wave in 
medium 2 are given by 


(1) E, = A ef (aslna— ytose) 1 C) git (x sina’+ sr cosat) 
and 
(1 a) , E, =B8 ¢t Aa {s sin B —- 9 cos f) 


respectively. The boundary condition at y = 0 demands 

(2) A eth, xsing + C eh ssn” B etharsing 

Because of its dependence on x, this condition can be fulfilled by a choice of 
the constants 4 :B:C only if the exponential factors cancel; hence if 

{3) a==a', sing = kgsin £. 


The first of these equations is the law 0} reflection: the second is the law of 
refraction which, recalling (2.2), becomes 


Sa ky 1 fea tee 
oe =v ete re 


The right-hand side of this double equation defines the (relative) index of 
refraction of the media 1 and 2 


£5 He 
(3 b} = pat Tae 
tip Ei Ml 
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If we assume medium 1 to be air, whose constants ¢, and f, are almost the 
same as those of vacuum, and if we denote the constants of medium 2 merely 


by ¢ and w, then we obtain the definition of the index of refraction with 
respect io air: 


(4) t= ac a 


Here, as in (2.3), # denotes the phase velocity in medium 2. After putting 


jt = fly and e/e, = ¢,,, (dielectric constant relative to vacuum), this is usually 
written: 


(4 a) n= Ver, 


which is Maxwell’s relation. As Boltzmann has shown, this relation is fairly 
well satisfied for homopolar gases and vapors but not at all for solid and liquid 
media, especially not for those with infrared resonance vibrations. For water, 
for instance, one gets ]/@,.4 ~9 as against 
now 4/3. Maxwell’s relation does not 
explain dispersion (dependence of # on 
frequency) at all. 

Because of (3), (2) reduces simply to 


(5) A+C=B., 


We obtain a second equation for the 
ratio of the constants 4:8:C by 
writing the boundary condition for the 
tangential component H,. According to 
(2.5) the amplitude factor of H follows 
from that of £& by multiplication by 
+ Ve]~ where the sign is to be decided meee 
according to the right-handed screw rule: Illustration for the derivation of 
E, H and $ form for all three waves a Rice seta ee ee 

? a rarer to a denser medium. Electric 

right-handed coordinate system. At an vector perpendicular to the plane of 
instant when E is positive, that is, the drawing. 
directed out of the paper in fig. 3 a, 
H is generated by a clockwise rotation from the § direction. Hence, according 
to the ray directions as drawn, H must point to the left for the incident and 
refracted wave and to the right for the reflected wave. Accordingly, H,, is 
found by multiplying the corresponding amplitudes of the electric vector by 
—cos« and ’-cosf in the case of the incident and refracted wave, respec- 
tively, and by + cosa in the case of the reflected wave. One obtains then 
instead of (1) 
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(6) H,= 2 cosa eiMseina f_ 4 g~ihyeaa 4 C gih yeaa 
My 

and instead of (1 a} 

(6 a) H,=:- /2 cos Beth=sin’ B g~ikyycos2 


Upon simplification by means of the law of refraction, the boundary condition 
takes the form 


(7) Vaecsat-4 +c} =-Scose a, 


which we shall write in the form 


~C =m, 2088 -//24 
{8} A Cra e: Mts = ras 


m is generally (for * 4) different from 2. While # indicates the ratio of 
feo wave velocities, we have to look upon m, according to our table of 
dimensions, as the ratio of two wave impedances. 

By addition and subtraction of the two equations (5) and (8), one obtains 


2A cos f 
») ga} = (tama) 2 


In order to conform to the usual way of writing Fresnel’s formulae, we put, 
using (8) and (3b), 


and obtain instead of {9) 
—2AL 4, sin a cos $ 
mu) ge} a(t aatees4| y 


In the case ug ~ 1) = fy which usually obtains, we can write the first Fresnel 
formula more simply as: 


(12) A:B:C=sin (4 + «} :[sin (6 + &) + sin (8 —a)]: sin (8 - «). 


B. Macnetic VECTOR PERPENDICULAR TO PLANE OF INCIDENCE. 


We start now with the magnetic vector H in the direction of the z-axis. 
As in (2.1), we denote the amplitude factor of the incident wave by A‘ and 
the amplitudes of the refracted and reflected waves by B’ and C', respectively, 
Because of the continuity of H, at y=0, we have instead of (2) the boundary 
condition: 

(13) A’ eitrxsina a Ci eft een’ Bi ett xias 
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The laws of reflection and refraction follow from this just as in (3), (3a) 
and (13) reduces to 


(14) AEC RB. 
For the E-waves (factor Ye,/#, with A’ and C’, factor )éq/t#2 with B’) this gives 
(14a) A+CmmyB. 


where the meaning of mm, is given by (8). 

A second condition follows from the con- 
tinuity of E, at y= 0. In order to determine 
the signs we look at fig. 3b. and consider again 
an instant when H, represented as an arrow 
perpendicular to the plane of the paper, is 
directed toward the reader. From the fact 
that E,H and S, in that order, must forma 
right-handed system, the E arrows follow as 
drawn in fig. 3b. Projecting these onto the 
x-axis one obtains, instead of (8), as a second 
boundary condition 


C B Fic. 3b. 
ee (A ie maa B , Iilustration for the derivation of 
and combining this with (14 a} Fresnei’s formulae for transi- 


tions from a rarer to a denser 
2A cos £ fy sina , cos f medium. Electric vector in the 
= ——| B= (+ -—— + ——] B. plane of the drawing. 


In the usual case 4, ~ #, one obtains the simplification 


(15 a) 4A _sin2a+sin28 _ 2sin («+ A) cos («-8) 


B sin 8 cos « sin § cos & Z 
(15 b) 4C _sin2Qa-sin2f _ 2cos(« +4) sin (a-A) 
B sinfcose sin 8 cos x ; 


From this it follows immediately that 
A:C == tan («x + f) : tan («—f). 
On the other hand, from (15 a) one can easily calculate 
2sin £ cosa 
cos (a + §) cos (a — §) 


= {ten (« +8) _tan (a - 8) 
mtane + 9): (SELB nie = A), 


A:B=tan(a+ A): = tan (a + §}: 


_ sin (x + 8) -sin (a ~ §) 
" cos (« + A} cos (« - 8) 
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Collecting these two ratios, one obtains the second Fresnel formula 


a ee _jtan («+ 8) tan («a - £)\ . 

(16) A:B:Cmtan eta): (eth cos (a + A) > tan (a B). 

In order to complete the above calculation, we will convince ourselves in 
exercise [.3 of the fact that no electric charge is induced on the surface y = 0 
and that, therefore, no discontinuity in the electric excitation D,=« E, 
occurs. (In case A this is self-evident because of EF, = 0.) 


C. ARTIFICIAL SUPPRESSION OF REFLECTION FOR PERPENDICULAR 
INCIDENCE. 


The more complete solutions (9) and (15) of our problem in which we have 
/4 ¥ fs are of some historic interest. During the war the problem arose to 
find, as a counter measure against allied radar, a largely non-reflecting 
(“black’’) surface layer of small thickness. This layer was to be particularly 
non-reflecting for perpendicular or almost perpendicular incidence of the 
radar wave. In this case «, and because of the law of refraction also f, are 
almost equal to zero. The problem is solved according to (9) and (15) by 
making 
(17) ttys = 1. 


The criterion is, thus, not the index of refraction n but the ratio of wave 
resistances m. In order to ‘camouflage’ an object against radar waves, one 
must cover it with a layer for which this ratio of wave resistances has the 
value 1 in the region of centimeter waves. According to (8} this means that 


if we call the constants of the desired material e and « and those of air & 
and ji», then 


(18) 


I 


she 
$F 


Hence, the problem concerns not only the dielectric constant but also the 
relationship between the dielectric constant and the permeability. A substance 


must be formed whose relative permeability u/u, is of the same magnitude 
as its relative dielectic constant és). 


But thereby the problem is not yet solved. For at its back surface the 
layer borders on the object {metal} which is to be camouflaged, and this second 
surface still reflects strongly. Hence, the further condition must be 
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imposed that the layer should absorb sufficiently strongly. This requires 
a complex rather than a real dielectric constant and because of the requirement 
(18} a corresponding complex permeability. The material must, therefore, be 
ferromagnetic and must possess a strong hysteresis or a structural relaxation 
that acts correspondingly. Thus, a difficult technological problem was posed | 
which, though not unsolvable, required extensive preparatory work. 


Because of the urgent war situation the solution which had to be used 
resulted from the following considerations. According to our presentation 
reflection appears as a consequence of the discontinuity of the material 
constants between the two media 1 and 2. The question of whether a completely 
continuous transition also causes reflection is an old one and was disputed for a 
long time. It has been answered only lately and in a completely affirmative 
sense, owing to the special interest which wave mechanics? as well as ionosphere 
research has recently brought to this question. 


It turns out, however, that reflection becomes extremely small when 
the change of the material constants isspread over a distance equal to or larger 
than one wavelength, while an increase within a distance which is less than 1/4 
wavelength acts appreciably like a discontinuous increase. By material 
constants we mean the complex dielectric constant (it must be complex 
because of the necessary absorption; the permeability can be left out of this 
consideration). 


In practice it was necessary to approximate the required continuous 
rise of ¢ by a series of steps, that is, by the application of several layers whose 
dielectric constants (especially their imaginary parts, which are the more 
important} increase with depth from one layer to the next. In thes manner 
the reflected intensity could be reduced to 1°, of the value given by Fresnel’s 
jormuia for all wavelengths less than an upper limit whose value depends 
on the thickness of the layer. This could be accomplished without exceeding 
the admissible additional weight of the layers. 

We will treat another method for diminishing reflection (extinction by 
interference) in Sec. 7. 


1 In wave mechanics one is concerned with the penetration of an electron into a region 
of increasing repulsive potential which according to the energy theorem of classical 
mechanics, would be inaccessible to the electron with its given kinetic energy. See also 
the later remarks on the tunnel effect, Sec. 5c. In particular S. Epstein found 
a special profile for the increase in refractive index for which the reflection can be 
calculated rigorously (by means of hypergeometric functions). For further details see, 
for instance, ‘“‘Atombau und Spektrallinien’ Vol. Il p, 29. A general discussion of the 
various methods of compntation is given in Kofink and Menzer, Ann d. Phys, (Lpz) 89, 
488, 1941; Kofink, ibid. 1, 119, 1947. , 
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4. Graphical Discussion of Fresnel’s Formulae. Brewster’s Law. 


Let medium 1 be the optically raver medium, for instance air, and let 
medium 2 be the optically denser medium, for instance water or glass. Since 
these media are non-magnetic (4 =), m has the same value as », The 
designations “denser” and “rarer”’ have their origins in the elastic {or rather 
quasielastic) theory of Fresnel. 

In our fig. 4 we use for the abscissa the angle of incidence «, where 
0<a<x/2. In the direction of the ordinate we plot the amplitude ratios for 
the transmitted and reflected rays | 


B Cc 
(1) at. eS: 
The negative sign of K is desirable because thronghout the greater part of 
our figure the sign of the reflected amplitude C is opposite from that of the 
incident amplitude 4. A change in sign during reflection obviously means 
a phase difference of z, that is, the addition of a phase factor 


We shall now distinguish the two cases A and B of the preceding paragraph 
by means of the indices # and s, Their meaning is: ‘“‘plane of polarization 
parallel or perpendicular to the plane of incidence’, and they contain a 
definition of the otherwise arbitrary term “‘plane of polarization’. The 
significance of this definition is merely historical; see the beginning of Sec. 8. 


A. PLANE OF POLARIZATION PARALLEL TO PLANE OF INCIDENCE. 


We begin with R, which is given according to (1) and (3.12) by 


sin (a — 8) 
2 =f 
( ) ‘7 sin (oe a7 B) 
For small « we have, according to the law of refraction, 
3 = & = a—- 1 bi 
(3) B = hence Ry marae 


For # = 4/3 (water) and » = 3/2 (mean value in the spectrum of light crown 
glass) this gives the results: 


R= 1/7 and 1/5, respectively. 
Correspondingly, the ratios of reflected to incident intensities are 
R,? = 2% and 4%, respectively. 
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Neither water nor glass can serve as mirrors for perpendtcular incidence. 
If we look perpendicularly at water, we see our own mirror image less clearly 
than the bottom or the water’s own color in the case of deep water. Ordinary 
mirrors are not glass mirrors but metal mirrors. The glass serves only for 
the protection of the silver on the reverse side?. 


We wish to improve the approximation for small « by one order. Hence, 
we set 


sin (a Ff) = (FA) 1-2 es ae 


and obtain instead of (3), see 
exercise 1.4, 
a —- 1 a? 

(4) ma Aoi (+2), 
Hence our representation of R, in 
aw— J 
a+ | 
from the abscissa with a horizonial 
tangent and increases parabolically, 

We now move from perpendi- 
cular to grazing incidence, « == 7/2. 
Here we get, according to the law 
of refraction, 


fig. 4 begins at a distance 


Fic. 4. 
sin 8 = Le The amplitude ratios #, for the reflected 
(5) " tay, and D for the transmitted ray, as 
: nt 1 functions of the angle of incidence «. 
sin (x F f) = cos 8 =“——, 


hence R,= 1. For grazing incidence reflection is complete. This is the reason 
for the beautiful mirror image of the opposite shore in the waters of a 
mountain lake, as well as for the mirror image of the setting sun in a smooth 
sea; this image approaches the sun itself in intensity. 

We also wish to determine at what angle our R, curve approaches its 
end point R, = 1 at « =2/2. For this purpose we compute dR,/da at that 
point. We note that (again because of the law of refraction) 

dp 


(6) cosadx==xcosfdf, hence aed 0 as we approach cos «= 0. 


1 To be sure, the reflection from the front surface of the glass, weak as it is, makes 
such back-silvered rnirrors unsuitable for optical purposes. For these the front surface 
of the glass must be covered with metal, preferably with rhodium. 


22 REFLECTION AND REFRACTION OF LIGHT 4, 6a 


Hence we need to differentiate (2) only partially with respect to « and by so 
doing obtain for « =2/2: 


aR, 2 oc petal 
(6 a} Fa OE eee because sinb=—. 
It follows that the angle denoted in the figure by y, is given by: 
tu 
(7) tan yp = es a 


It is now very simple to draw also the curve for D,, In our present* 
notation (1) we have, according to (3.5), 


(7 a) D, = 1-R,. 


The ordinates of the two curves add up to 1. We obtain D, by reflecting R, 
on the center line of the figure (ordinate 1/2). Hence the curve D, starts 
n~-1 
n+1 
as a parabola which terminates at the point « = 2/2, D,= 0. In the case of 
grazing incidence no light passes from the rarer into the denser medium. 
D, falls off at the endpoint at the same angle y, as determined by (7). 


with a horizontal tangent at a distance 


below the ordinate 1 and proceeds 


B. PLANE OF POLARIZATION PERPENDICULAR TO PLANE ©F INCIDENCE. 


According to (3.16) C/A is posttive for angles of incidence that are not too 
large; hence, following our definition (1), R, becomes negative: 


tan (a — §) 
tan (« + 6)” 
If we let « -+ 0 then, except for the sign, equation (3) holds true also here 


and its next degree of approximation becomes, see exercise J.4, instead 
of eq. (4) 


(8) Ry = 


%- 1 a? 
: a to1(so4 
Hence the curve for R, is a quadratic parabola which starts with a horizontal 


*-1 
"+1 
% = 2/2 with the positive ordinate 


tangent at a distance 


below the abscissa. It ends according to (8) at 


1 Our quantities R and D are not to be confused with the quantities y and ¢@ which 
will be defined on the basis of energy in section FE. 
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un (5-2) 
(10) R, = - +--+ = + 1. 


Its slope is steeper than that of R,; the angle y,, computed in a manner 
similar to (7), is given by 

yn 
(11) tan ys = —_ < tan yy. 


Between its negative beginning (9) and its positive end (10} the R, curve 
crosses the abscissa. We call this point 


(12) x = tpt = angle of polarization. 


From eq. (8) we conclude that at this point the denominator must suddenly 
change its value from + o> to —00 and that hence 


(13) mar + B=, B= 5-4, sin 8 = cos por. 
On the other hand, according to the law of refraction, 
(13 a) sin f = — sin aye. 


By comparing (13) and (13a) it follows that 
(14) tan &pa = %. 
3 4 
For glass ( -; and water (. ox ‘| 
po = 57° and 53°, respectively. 

Since R, vanishes at this angle, the reflected light is polarized completely parallel 
to the plane of incidence. This was the discovery of Malus. Our eq, (13) also 
contains “‘Brewster’s law’; see the later fig. 5: the reflected vay 5, ts 
perpendicular to the refracted ray S,, 

Next we complete fig. 4 by drawing the curve for D,. This can be derived 
from the relation (3.14) which, in our present notation, reads 


(15) 1-R,= 2D. 

If we now make the same construction as in the case of D,, that is, if we 
mirror the curve R, about the center line of the figure, then we are carried 
beyond the ordinate 1, as indicated by the broken curve denoted by » D, in 
the figure. The starting point of this curve has the ordinate 


% - 1 2H 
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To obtain D, itself we must reduce this curve by a factor of I/n. Then we 
obtain the same starting point ordinate as in the plot for D,, namely 


Ce 


a+l n+1 


€. PRACTICAL PRODUCTION OF POLARIZED LIGHT. 


While the reflected component provides complete polarization at the 
angle of polarization, it provides only /ow intensity. Though the refracted 
component is only incompletely polarized, its intensity is greater. Indeed, 
according to (13) and (14), for «=a, 


sin (« + f) = 1 win] 

sin (« — 8) = sin® « —cos® % = ——— 
nt 1 

and hence, according to (2), 

ne — j 


5 
si neti 13 


for n = 3/2 (glass}. 
The efficiency of this “polarizer” (ratio of reflected -intensity to the entire 
incident (f + s) -— intensity) amounts, therefore, to only 


5 Ry = 7.4%. 


For other angles of incidence « + «,,; the reflected light is also polarized 
parallel to the plane of incidence but only partially so. 

On the other hand, a glance at fig. 4 shows that D, > D, for every «. The 
refracted light is always partially polarized perpendicularly to the plane of 
incidence. For instance, for the special case «=a, we get according to 
(15) and (7a) 


1 nz — 1 2 D, n* +] 
OP eG: Mela eee Dy ae 
If we consider the passage of light through a plate at the back surface of 


which a second transition with index of refraction 1/# takes place, then at 
this point the amplitude ratios are again the same! because 


> 1. 


1 
mt ! 
2/n 2” 


4 For the generality of this relationship, see exercise 1.2. 
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Thus for a glass plate the resulting ratio of refracted amplitudes D, : D, is 
13\* 
(18) a 


(1.17)? == 1.37. 


Hence, by means of a stack of glass plates the polarization can be successively 
increased without decreasing the intensity (if the material is completely trans- 
parent and the surfaces are clean). In this way half of the intensity of the 
incident natural light (namely the s-polarized half} is completely utilized. 
The efficiency of an ideal stack of glass plates would thus be 50%. To be 
sure, complete polarization is approached only asymptotically as the number 
of glass plates is increased to infinity. 


and the ratio of intensities is 


While the production of polarization by means of crystal structure is 
readily understandable, its origin in an isotropic material is, because of the 
complete lack of structural elements, somewhat paradoxical. This situation 
will be clarified in the next section. 


D. BREWSTER’S LAW FROM THE POINT OF VIEW OF ELECTRON THEORY. 


We now leave, temporarily, the phenomenological viewpoint of Maxwell’s 
theory and interpret the process of refraction as scattering of the light by the 
atoms of the second medium (the first medium can be thought of as a vacuum). 
From this physically more profound viewpoint refraction takes place only 
because the electric field acting in the second medium sets the atomic 
electrons into oscillations, these oscillations being in the direction of the field. 
Thus, we are concerned with real material oscillations and not merely with 
alternating fields as before. 


Fig. 5 represents the case of “plane of polarization perpendicular to the 
plane of incidence” in which the electric vector oscillates in the plane of incidence. 
Its direction of oscillation in the second medium is, of course, perpendicular 
to the direction of the refracted ray. The electrons oscillate in this same 
direction. They act like Hertzian oscillators and like them radiate mo light in 
the direction of their oscillations (the same is well-known to be true for the 
antennas of radio transmitters). Regular reflection in the first medium can 
occur only if the electrons of the second medium deliver radiant energy in 
the direction of reflection (as determined by the law of reflection). This is 
not the case when this direction is parallel to the oscillations of the electrons, 
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hence perpendicular to the refracted ray, im agreement with Brewster's law. 
In other directions of reflection the electrons yield part of their radiation, 
which explains the variation of the strength of reflection with varying angles 
of incidence. 

We also see immediately that this consideration does not affect the other 
case: “plane of polarization parallel to plane of incidence’. Im this case the 
electric vector and hence also the electron oscillations are perpendicular to the 
plane of incidence, hence also perpendicular to every position of the reflected 

ray. Every one of these directions is a 
¢ direction of maximum radiation from the 
S. wv’ S, electrons. Thus there is no reason for a 

a forbidden direction of reflection such as 
. orl 2 Brewster's law demands. 


We do not claim that the reflecting 

E power can be calculated in this simpie 

"a manner; for that purpose our method is 

E NN still too primitive. Furthermore, it must be 

observed that only the layer next to the 

Sq surface can be taken into consideration 

because at greater depths the contributions 

Fig. 5. of the single atoms cancel by interference. 

Brewster's law from the point of But nevertheless, the null effect of Brewster’s 

pee — peed aera P ae law is incontestably illustrated by our 
and refracted rays are mutually method. 

perpendicular. These considerations also show that 

polarization depends, even in the case of 

isotropic substances, On a structural property of the material. This structure 

is, however, not prescribed crystallographically but is brought about by 


the electromagnetic field itself in creating a directed dipole structure in the 
otherwise unordered atoms. 


E. ENERGY CONSIDERATIONS. REFLECTING POWER + AND TRANSMISSIVITY @. 


Clearly these phenomena conserve energy in every case. In order to see 
this one may consider the flow of energy through an arbitrary cross section ¢ 
of the incident wave. The corresponding cross section in the reflected wave is 


again g. But on the refracting plane g subtends the larger area — and 
for the transmitted light the corresponding cross section is given by 
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(17 gage. 


We write for the time average of the energy flow through these three cross- 
sections 


S:= 9, S,= 9S, Sa= 7 Sa, 3-Fxn-|/2h 
and define the reflecting power and the transmissivity by 


(18) ous Pad 


S, |C 
3s 


. Si OV ee @ C08 


where the meaning of m is the same as in (3.8). We will convince ourselves 
in exercise 1.5 that, in compliance with the energy law, for every case 


(19} r+d=1, 


and also that 7 and d@ are the same for both transitions: rarer *> denser medium. 


Our energy equation (19) is to be well distinguished from the amplitude 
equations (7 a) and (15) 


Rot+Dp=1 and R&R +4+nD,=1. 


5. Total Reflection 


In principle our formulae of Secs. 3 and 4 remain unchanged if we transfer 
the incident wave into the denser medium and investigate its reflection into 
the same medium and its refraction in the rarer medium. In particular, no 
changes need be made in the derivation of the law of refraction in (3.3). But 
because we want to preserve the former meaning of »>1, we will substitute 
ij» for # and must hence write 


(1) oat. 


From this it follows that 8 > « for small « but that 8 is imaginary for 
# sina > 1. In this latter case the coefficients A : B : C in Fresnel’s formulae 
also become complex. 


In the older literature this situation was rejected as being unphysical, but 
it is entirely consistent with our viewpoint for we consider the problem of 
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reflection and refraction as a boundary value problem. Any procedure which 
leads to a self-consistent solution of this problem is justified. Calculations 
with complex magnitudes are just as admissible and advisable in optics as 
they are, for instance, in two-dimensional potential theory. 


“hy, Rs 


|Pl=/ 


Fic. 6. 


Reflection ratios Ry, and 
R, before and after total 


I 

( 
4 
| reflection occurs. 
i 

i 


A. DISCUSSION OF FRESNEL'S FORMULAE. 


We shall adopt immediately the graphical method of Sec. 4 and again 
neglect the distinction which, in principle, exists between » and m. The 
abscissa of fig. 6 again represents the angle of incidence 0 < « <2/2. On it 
we mark the point sina = 1 at which the angle of refraction # attains its 
largest real value 8 = 2/2. We call this point 


(2) %, = Limiting angle of total reflection. 
For glass against air 
SiN King ; Ope ™~ 42°, 


Limiting ourselves for the time being to reflected light, we shall plot the 
following quantities along the ordinate: 


C sin (4 — a) tan (8 ~ «) 
3 R=-, =- —-,; ————_- . 
‘8) A Rp sin (8 +- a) tan (6 + «) 
Consequently, we now choose the sign of R oppositely from that in (4.1). 
Thereby we attain the advantage that in spite of the opposite state of affairs 
(8 < «in fig. 4., 8 > « in fig. 6) the curves for R, and R, are similar to those 
in fig. 4 for small a. They both start with horizontal tangents at the same 


R,=- 
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ordinates + “— as before. But they reach the ordinate 1 not ata = 2/2 
but already at «= «,,. Indeed, since at that point § = 2/2, 


sn( - tan E — o} 
(4) ee eee Se R,=- : 
sin +4 tan (E + a| 


Before reaching that point the curve for R, will have crossed the abscissa 
at the angle of polarization 


e 1 
Ma + B= sz, fan ool = = 


which corresponds to equations (4.12) and (4.14). 


We are interested in the slopes at which the R, and R, curves approach 
the ordinate 1 at «,,. To this end we note that in contrast to (4.6) we now have 
ae ; 
— = because sinf=i, cosf=0, 
ap 
and, hence, that we need to differentiate the expressions (3) only with respect 
to B in order to be able to compute the angle in question. Thus by setting 
& =n/2 after differentiating, we first obtain the result, 


aRp sin o 
af Cos a 


Then recalling (4.6) with » replaced by 1/#, we obtain in the neighborhood of 
the critical point 


(5) dRp _ , Sinadp _ 2msing 2 
dx “cosadx cosh cosp 


The limit as 8-2/2, becomes co; the R, curve has a vertical tangent at the 
point in question. 


Correspondingly, one obtains 
(5 a) — = = = = —' 


The R, curve runs even steeper than the R, curve in the vicinity of the critical 
point. It also has a vertical tangent at that point. 
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This circumstance is of special experimental importance; it led Abbe 
and F. Kohlrausch to the construction of total reflection meters (total 
refraction meters, respectively}, Because of the abrupt increase of the reflected 
light (the abrupt disappearance of the refracted light, respectively), the limit 
of total reflection can be determined very closely and thereby the index of 


, with 


1 
refraction can be computed, according to the formula * = a7 
Cit 


great accuracy. 


We complete fig. 6 by drawing through the critical point R= 1 a line 
parallel to the abscissa and denoting it by |[R| = 1. This means the following 
for both components R, and R,: reflected intensity equals incident intensity, 
hence indeed total reflection. To justify this assertion we follow the course 
of the £-point as given by the law of refraction in a complex f-plane. Its path 
follows the real axis from 0 to 7/2, as « goes from 0 to «,,. At this point the 
path of splits into two, mathematically equally justifiable, branches 
8 = 2/2 + ¢ §’ which run parallel to the imaginary axis. For both branches 


(6) sin = sin (E 56) = cos (25) = coshf’> 1 


as is required by the law of refraction sin = m-sin« > 1. Using (6) one 
obtains from (3) 


% 
sin ip —a) a 
sf ed caida ee 
sin( 368+ a) cos (a + 7 8’) 
2 
marr 
NEE TS) cote F ie) _ . pid 
(7 a} R; cot(a nif)! é 
tan fF ia’ +2| 


Since the numerators and denominators of R, and R, contain mutually 
conjugate quantities, the absolute values of these quotients are equal to 1. 
y and 6 are real phase angles whose experimental utilization we will consider 
in section D. In preparation we have already sketched their curves in the 
right-hand part of fig. 6. |R| = 1 immediately explains the excellent action 
of prismatic field glasses whose operation is based on the principle of total 
reflection. 
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B. LIGHT PENETRATING INTO THE RARER MEDIUM. 


The general formulae for the refracted wave in Sec. 3 give a field in the 
rarer medium not only for « <a, but also for « > %,,. 


In the case of p-polarization we start with eq. (3.1 a) by substituting 
Bae zis, sin 8 = cosh f’, cos 8 = F tsinh f’ 


and obtain for &, = & (vacuum) 
E,= Bé 3k (xcosh & + ¢y sink f’} 


We see that only the lower sign in front of ¢ is physically admissible (E, must 
remain finite as y— ~— co) so that we must set 


(8) E, =B gh ysinb £’ ek cosh f° 


This wave has an entirely different structure from that of the usual 
“homogeneous” plane wave. It is called “inhomogeneous”. Though this 
wave propagates without attenuation along the boundary surface, its strength 
decreases perpendicularly to it. Since k = 2 2/4, the wave is noticeable only 
within a distance of a few wavelengths from the boundary surface, 

We compute, next, by means of Maxwell’s equation 4, H = ~-curl E, 
the magnetic excitation H belonging to (8). We consider the nght-hand side 
of {8} to be provided with the time factor exp (~iw?} and take into account 
the relationship w/k = c = (g)4)—*. We thus obtain besides Hy; = 0: 


#,=- 6) sina 
» Bek y sinh & gi k x cosh p 


H, =-|/oonp 


Both components of H have the same inhomogeneous structure as (8). 


We now turn to the radiation vector § = E X H. We must not, of course, 
multiply the complex expressions (8) and (9) but only their real parts taking 
account thereby of both the time factor and the complex nature of (8) and (9). 
We write 


Se=-E,Hy| _ 0.) Bla g + Ba y sano cosh ' cos®t 
Sy = + 2£,H, Ko sinh #’ sint cost 
where t= wi-f x cosh f’. We see that the x-component of $, which is the 


component parallel to the boundary surface, is always positive. On the other 
hand, the flow of energy in the direction perpendicular to the boundary 


(9) 


(10) 
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surface changes its sign periodically. Its time average vanishes while an 
actual energy flow takes place parallel to the boundary surface. 

This seems to contradict both the name “total reflection” and our oft- 
repeated statement that no energy is lost in this process. We must, however, 
consider the fact that we have always performed our calculations for the 
ideal case of an infinitely wide wave front. For the actual, laterally restricted 
waves energy can very well pass from the denser into the rarer medium or, 
respectively, flow back from the rarer into the denser medium at the lateral 
boundaries? of the wave. This is the energy which is transported parallel to 
the boundary surface or, so to say, meanders about it. 

If one may be permitted to use a military analogy, we can describe the 
situation in the following manner: an army marching in closed ranks comes in 
its advance upon difficult territory which forces it to change its direction of 
march. The wing of the army detaches a weak patrol with orders to penetrate 
the difficult region and to secure the flank. This patrol needs to be only a 
few men strong in depth. After carrying out its orders the patrol returns to 
the army, 

Just as the lack of such a precaution would violate all rules of military 
caution, so would a sudden discontinuity of our totally reflected wave 
violate all rules of electrodynamics. 


C. THE TUNNEL EFFECT OF WAVE MECHANICS. 


The experimental proof of the existence of the inhomogeneous wave in 
the rarer medium has posed a difficult problem. Quincke tried his hand 
at it for many decades. He placed two precisely cut glass plates side by side 
at a distance of a few wavelengths, and allowed light to be reflected totally 
in the first plate. He believed he was then able to observe traces of transmitted 
light in the second plate. He considered this as an indication that the air 
gap between the plates was bridged by the light field. Woldemar Voigt 
repeated similar experiments with an improved set-up. 

The experiment becomes very simple with Hertz waves. In the Bose- 
Institute in Calcutta the following set-up is demonstrated: two asphalt 


? These boundaries also have to do with the “lateral displacement” of the totally 
reflected ray as studied recently by F. Goos and H. H&nchen experimentaliy, and 
by K. Artmann theoretically, Ann. d. Phys. (Lpz) 1, 333, 1948 respectively 2, 87, 1948. 
See also C. v. Fragstein ibid. 4, 271, 1948. 

* The botanist Sir Jagadis Bose in his younger years imitated experiments of classical 
optics with short Hertz waves, e.g. A= 20cm. See Collected Physicat Papers, especially 
No. VI of the year 1897, Longmans, Green and Co., 1927. 
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prisms 1 and 2, fig. 7, are placed opposite each other at a distance of several 
centimeters. The waves are incident perpendicularly to 1 and are “‘totally 
reflected’ on the back face of 1. Still, one obtains distinct signals in a receiver 
placed behind 2 and these increase in strength as the distance between the 
prism faces is decreased. 

In wave mechanics quite analogous 
situations occur under the name of “‘tunnel 
effects’ (Condon and Gurney, 1928). By 
assigning a wave to a particle (electron, 
ion), according to L. de Broglie, and making 
the former obey the Schrédinger equation, 
one shows that the particle can, as a wave, 
pass through a potential barrier which, 
considering its kinetic energy, the particle Fig. 7. 
could not surmount according te classical Experiment to prove that Hertz 

. ‘ : ae waves enter the rarer medium, 
mechanics, This happens with a specific ye distance between the two 
probability which depends on the thickness prisms is a fraction of the 
of the wall and the original energy of the wavelength. 
particle. In the wave mechanical for- 
mulation the potential barrier plays exactly the same role as the air space 
in the experiments on total reflection. The parallelism between classical 
and quantum mechanics on the one hand and ray optics and wave optics 
on the other is hereby well illustrated. The wave mechanical tunnel effects 
proved to be fundamental in the theories of chemical binding, of ‘‘cold” 
electron emission of metals, of radioactivity, and also of the process of 
uranium fission. 


Lb 
YYYr 


D. PRODUCTION OF ELLIPTICALLY AND CIRCULARLY POLARIZED LIGHT 


Starting from equations {7), (7a) we assume that the incident light is 
linearly polarized at an angle of 45° to the plane of incidence, a situation 
which is attainable by means of a Nicol prism. Then the amplitude factors A 
of the incident - and s-waves will be equal and, according to the above~ 
mentioned equations, the amplitudes of both totally reflected components 
will be the same but their phases y and 6 will differ; for by dividing (7) by 
(7 a} one obtains 


er a 
so oO Sin (a EIB) 


* 


3 
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For a = 4, the right-hand side of this equation becomes 1, hence the phase 
difference becomes zero because there 6’ = 0. The same is also true for ¢ = 7/2 
because there sin (7/2 ~-7 £’) = sin (x/2 + ¢ 6’} = cosh #’. Hence between 
these two limits lies a point of maximum phase difference. The magnitude of 
this difference and the associated angle of incidence «,,,, are given by 


d-y nP—] 2 


a in2 — 
(12) tan 5 in Sin? dmax 


n+]. 


We shall derive these expressions in exercise I.6. Here we shall apply the 
result to glass of refractive index » = 1.51 and find 

tan =? = 0.424, é-y = 45°36’, SIN Gmex = 0.781, Oma = 51°20’. 
We cannot attain the special case of cirewar polarization by a single total 
reflection since y~ 4 & 45°36’ for all angles of incidence; but by two such 
reflections this case can be produced. For this purpose Fresnel constructed 
a glass prism with a parallelogram for a base. If linearly polarized light 
is incident perpendicularly upon the shorter prism face then, after being 
totally reflected twice at the longer prism faces, it emerges at the opposite 
short face as circularly polarized light. 


6. Metallic Reflection 


In Maxwell’s theory metals are characterized by the conductivity oa. 
However, actual conduction of electricity has to be thought of as a phenomenon 
consisting of the interactions between free electrons and metallic ions at 
fixed positions and as being brought about by an averaging of many elementary 
processes. Only in stationary or slowly varying fields does this averaging 
lead to a constant which is independent of frequency. One cannot expect 
that the phenomenological Maxwell theory will still suffice in the visible 
region of the spectrum. We have already encountered such a failure of the 
theory in the optics of transparent media (the failure of water, for instance, 
to satisfy the Maxwell relation #*=¢,,;. See p. 15). Again, the pheno- 
menological description of metallic reflection proves to be insufficient in the 
visible domain though it agrees well with experiment in the infrared spectral 
range (see section B). Hence, the Maxwell theory of metallic reflection has 
general significance only in the sense of being a limiting theory. 


As is well known, Maxwell’s equations for conductors differ from the 
equations (2.4) for non-conductors only in that the Ohmic current ¢@ E is 
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added to the displacement current ¢ £, In the periodic case this means that 
~etm@ is to be replaced by -¢+w-+ 4; hence « is to be replaced by the 
complex dielectric constant 


fe - 
(1) a =eti—. 


We accept this formulation in optics because it embodies, fot a given w, 
the most. general linear relationship between D and E. But atcording to 
the above discussion we must not expect that s and g will retain their 
electrodynamic, w-independent meanings. 


Together with e the index of refraction of eq. (3.4) also becomes complex: 
, jt ‘ 
(2) a = jf — = n(1+2%). 
£9 Ho 


The significance of the real quantities » and x which are here introduced 
follows by squaring (2) and equating real and imaginary parts on both sides 
of the equation: 


(2 a) ff 8 nt (1-2), 2 f Lantx, 

& Ho £9 fo 
The metallic index of refraction » and the absorption coefficient « thus defined 
are the optical constants of the metal. In connection with this usual designa- 
tion ‘absorption coefficient” it should be remarked that the “ideal” conductor 
o > 0 of electrodynamics is characterized, not by « — 00, but by 


(2 b) x~+>1, =~. 
Indeed by dividing the two equations {2 a) one obtains 


—~=— — and hence «*--1 as o +00 


from which it also follows, by referring back to (2 4), that 7 — oo, 


Together with * the resistance ratio m and the wave number & become 
complex. Corresponding to (3.8) and (2.2} we let 


(3) mn (l+in, k=akn(1+in, ha. 

We shall first concern ourselves with the structure of a monochromatic, 
linearly polarized, plane wave which propagates, for instance along the x-axis, 
in the metal. This wave is no longer homogeneous as in non-conductors. Its 
inhomogeneity is, however, of an entirely different nature from that which we 
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encountered in the case of total reflection. We write, as in (2.1), omitting the 
time factors, 


iy a A gil’ s = A g—xhn thnx 


4 
@) H, = A! d¥* = A! abe gikns, Al =m’ A = m8 (1 bin) A. 


It follows from this that the phase velocity is 


ax we 2% 
a hae and the wavelength = 


Furthermore, we see from (4) that the wave is damped Jongitudinaily in its 
propagation in the x-direction, not ¢fransversely as in total reflection. The 
decrease in amplitude per wavelength amounts to exp (- 22). In addition, 
the complex nature of A’ shows that there exists a constant phase difference 
between the magnetic and electric components. The nedes and the maxima 
of the two wave components no longer coincide as in the non-conductor but 
are displaced from each other by an amount depending on x. 


A. FRESNEL’S FORMULAE 


Formally, we can take over Fresnel’s formulae without change from Secs. 3 
and 4, as well as the laws of reflection and refraction from (3.3). The former 
says again that angle of reflection = angle of incidence = real magnitude. 
The latter becomes because of (2) 

sin o ‘ 
(5) anf" (1 + 2%} 
which shows that the angle of refraction £ is complex for all «, not merely for 
% > &) as in total reflection. 


Since the wave refracted into the interior of the metal is well-nigh 
unobservable because of its strong absorption, we must deduce the optical 
properties of a metal exclusively from the reflected light. Hence, we shall 
only have to discuss formulae (4.2) and (4.8) for R, and R,: 


_ sinfa- 8) = 
(6) * = sna h By ~ Role” 
tan (a — f) Z 

*~ “tan («+ f) |Rs| e 8, 


Because of the complex value of 8, y and 4 differ from zero and from each other. 
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We consider first reflection in the case of almost perpendicular incidence. 
Then « and |f] are small and from (5) 


% ; 
=~ = (1 +2%). 
Ram ten 
Hence, according to (6) 
H-1+1nx% 
Rp ALL tink =k 
Therefore, we obtain for both components the reflecting power 
(m1)? + 2? x3 4n 


‘ IRE epee ated | Gee EE aa 

Assuming that we have a good conductor (% ~ 00 according to eq. (2 b)), 
we get r~ 1. In contrast to the glass or water mirror (see p. 21) the metallic 
mirror is a complete reflector. 

Turning now to oblique angles of incidence, we assume, as in eq. (5.11), 
that both components of the incident light, # and s, are equal in amplitude 
and phase. Then the quantities given by (6), namely the amplitude ratio 
|R,/R,| and the phase difference y ~ 6, determine directly the nature of the 
reflected light. Generally, it is elliptically polarized. It will be circularly 
polarized only when y - 6 = 7/2 which we assume to be true for the special 
angle of incidence « = a, the so-called “principal angle of incidence’, One 
observes this angle and converts the circular polarization, for instance by 
means of a A/4 plate, to linear polarization. The azimuth a, of the plane of 
polarization associated with the latter is called the “azimuth of the restored 
polarization”. From «, and a, the metal constants # and # can then be 
computed. The latter are to be looked upon as phenomenological substitutes 
for the real metal properties in the spectral range of visible light. 


B. EXPERIMENTS BY HAGEN AND RUBENS 


We come now to the experiments which demonstrate for infrared rays 
the validity of eq. (7) which was derived from Maxwell’s theory. 

Hagen and Rubens, Ann. d. Phys. (Lpz) 1903, used for their experiments 
so-called residual rays which were left over from a larger spectral range 
after repeated reflections from crystals of alkaline earth halides (CaFy, 
CaCl,}. These crystals possess pronounced resonances in the region from 

= 10 to 25.5 4 and hence have a highly selective reflecting power for 
such wavelengths. Then, according to (2b), » ~ 1 and, according to {7), 


(8) 1-7 s= — > = 2 is proportional to A~”. 
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This proportionality to 4~% follows from the second eq. (2 a) (n* proportional 
to w 4), 1-7 is the loss in reflection and 100 (1 ~7)} is the loss in reflection 
in %. Hagen and Rubens observed x and computed from it the values of 
106 (1-7) given in the following table: 


Ratio | 1.2 1.7 | 1.8 | 1.5 


The last line gives the ratio of the two numbers above., According to (8) this 
should be constant and equal to 


This is almost exactly the arithmetic mean of the four numbers in the last 
line of our table. Hagen and Rubens were also able to confirm the dependence 
of their observations on temperature which is to be expected according to (2 a) 
because ¢ is proportional to 1/7 (J = absolute temperature) as well as the agree- 
ment of the conductivity ¢ thus obtained with the electromagnetic value, At very 
low temperatures these simple laws no longer hold even for infrared light* 
because then the mean time between two collisions of an electron with metallic 
ions becomes comparable with the period of oscillation of the light and, hence, 
the averaging procedure mentioned at the beginning of this paragraph fails. 


C. SOME REMARKS ON THE COLOR OF METALS, GLASSES AND PIGMENTS. 


The dependence on wavelength contained in equations (7) and (8) would 
in itself result in a kind of coloring of the reflected light. The real color of 
metals, however, is caused by the characteristic oscillations of the electrons 
or ions which will be treated in Chapter IJI for the case of transparent bodies. 
Gold appears yellow when viewed directly. Very thin layers of gold allow 
green light to shine through. Except for metals real surface colors appear 
only where the optical constants » and x are of a different order of magnitude 
from those of the bordering air and depend strongly upon wavelength. Dried 
red ink {solution of fuchsin) shines yellow-green in the incident light. - Its red 
color on white paper is due to the light passing through the ink. 


1K. Weiss, Ann. d. Phys. (Lpz) 2, p. 1., 1948 or E. Vogt, ibid. 3, p. 82., 1948 (Planck 
volume). 
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All other materials reflect practically unselectively; after reflection the 
incident white light remains almost white. This is the origin of the “glare” 
well-known to painters. The latter can also be observed, for instance, on the 
beautiful blue copper sulfate crystals or on ruby glass. One must however be 
careful to prevent any internally reflected light which ha& passed through 
the material and is therefore colored from entering the eye in addition to the 
glare. For otherwise the glare light itself will appear complementarily colored 
owing to the purely physiological “simultaneous contrast”. 

Colored glass obtains its color only from the transmitted ight. Since the 
lengths of the light paths through the glass always amount to many hundreds 
of wavelengths even a very weak Selective absorptivity suffices to color the 
glass intensively. That the glass shows the same color when looked at as 
when looked through is due to the fact that the light seen by looking at it 
has actually passed through the glass from the other side. If the back surface 
of the glass is painted with black lacquer, the color of the glass becomes invis- 
ible and only the colorless glare of the front surface remains. If, however, 
the glass is laid on a white surface, it looks colored because the light reflected 
by the white surface and leaving through the front surface has passed through 
the glass twice. 

lf a white textile is soaked in a dye solution, the crystal<lear fiber 
substance becomes selectively absorbing. The light reflected by the rear 
surface of the fibers, or by the fiber surfaces lying further back, has passed 
through the fibers several times. If the dyed fabric is soaked in water — 
or better, in a mixture of alcohol and benzene, then it appears dark and colorless 
because the reflection at the inner fiber surfaces has been stopped as a result 
of the equalization of the index of refraction. 


Many inorganic “pigments” are pulverized melts. In their compact state 
they are dark; after pulverization and mixture with a binding substance 
reflecting surfaces are formed in the interior; the color becomes visible. 


The green of leaves consists of transparent green grains. In order for 
foliage to appear light green, it must have in its interior sufficiently many 
inhomogeneities at which the light is reflected. If these are absent (coniferae, 
box-wood trees), a black-green color appears. Nevertheless, the chlorophyll 
of the coniferae is the same as that of other trees and plants. 

When mixed, pigments act subtyactively like color filters placed behind 
each other. Every component of the mixture extinguishes by absorption its 
own region of the spectrum. The colors of pigments placed alongside each 
other, on the other hand, add when mixed, as for instance, in the sectorially 
colored disc of a top. Also the illumination coming through colored church 
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windows and the picture of a Lumiére plate is put together eddztively from its 
single colors. 

Very beautiful colors are produced by diffraction of light by larger aggre- 
gates of atoms, so-called colloidal particles. Lapis lazuli, for instance, owes 
its deep blue color to colloidal sulfar particles. The blue of the sky is, according 
to Einstein, brought about by the density variations of the air molecules 
which are to be expected statistically; Lord Rayleigh originally explained this 
phenomenon in a somewhat more special way by the diffraction on the 
(irregularly distributed) air molecules themselves. 

Nature attains her most beautiful color ornament through interference 
colors, see Secs. 7 and 8c, as witnessed in the wings of butterflies, the plumage 
of the tropical humming bird, the opal and mother-of-pearl. What oppor- 
tunities would present themselves to painting if it were possible to develop 
a convenient interference color technique! 


7. Colors of Thin Membranes and Thick Plates 


In this section we shall discuss on one hand the age-old observations of 
Newton which motivated him to assume a kind of spatial structure of light 
and which might almost have led him to interference and the wave theory. 
On the other hand we shall describe 
the most modern experimental 
atrangements which serve in the 
most exact analysis of spectra. The 
mathematical problern which is the 
basis of both is that of the trans- 
parent plate with parallel surfaces, 
that is to say, the problem of 
rejleciton amd refraction at two bous- 
dary surfaces, Until now we have 
actually solved this problem for 
only one boundary surface. Ordi- 


Fig. 5 narily, the two-surface problem is 
Reflection and refraction in a plate with 


plane parallel surfaces, considered as a reduced to that of one boundary 
boundary value problem. surface by dealing with repeated 


reflections and refractions. In con- 
trast to this we shall treat the problem of the plate directly as a 
boundary value problem’, We seek, therefore, the extension of Fresnel’s 


101 course this method has occasionally been used before; however only for special 
cases, See, ¢. g, M. Born, Optik, Berlin, Springer 1933, p. 125. 
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formulae corresponding to the generalized problem as described above; we 
thereby avoid the trouble of performing the summations over an infinite 
number of single processes which are necessitated by the other method. It is 
obvious, and will be shown in section E, that both methods must lead to the 
same Tesult. However, we emphasize here already that in the case of the plate 
the above-mentioned single process ts no longer a fundamental process and 
disappears in our extended boundary value problem. 


A. THE GENERAL CASE 


While in the case of oxe boundary condition ‘wo amplitude ratios A:B:C 
were sufficient, we now require jour of these ratios: 


(4) A:B:C:DiE 


The meaning of the five amplitude factors A... is evident from fig. 8. 
The angle of incidence « is also the angle of reflection and would be encountered 
again as the angle of emergence of the transmitted light D if we allowed the 
bottom surface of the plate to border on the same material (air) as the top 
surface. We prefer, however, to let the medium behind the plate be arbitrary 
and to denote the angle of emergence by y. The index of refraction of the 
plate with respect to that medium shall be », and that with respect to air n. 
The thickness of the plate shall be 24; at the top and bottom surfaces we let 
y= +h. The z-axis is to be thought of as pointing out of the paper. The 
fact that the upward-reflected wave is represented by two arrows, bracketed 
together, is due only to the nature of the drawing. In reality all arrows in the 
figure represent, as before, not rays but unbounded plane waves. 

We consider, for instance, the case of #-polarization, that is E parallel 
to the z-axis, and obtain above the plate 


(I) E,=A grh (2slna—y cose) + C ett {x Rind -F yeosa) 


as in (3.1). Inside the plate eq, (3.1) holds true but is to be completed by 
adding to the right-hand side the secend particular solution in this region 
(+4 y instead of ~z y) multiplied by the arbitrary factor £: 


(II) E, = B eh(ssup—yoosp) 4. FE etka(esing + ycosf), 
Only below the plate does the field consist of a single wave because we must 


include among the conditions of the problem the fact that the plate is not 
irradiated from below: 


(uD) E, = D eih(zsiny—y cosy), 
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The two laws of refraction at y= tA 

(2) cy ha ieee ws SS My 

are necessary conditions to enable us to cancel the x-dependent factors from 


all terms in the following expressions. If, furthermore, we write & for 2,, we 
obtain for y = + &, instead of (3.5) 


8) A g—thhowa 1 € et iets we Bg —thekoss 4 F gtibnkcoes 
and for y =~h 
(4) B eiknhcost 4. Fe itnhooss De (=) beosy 


Next we must write the expressions for 4, in I, II, and III in analogy 
to (3.5) and must require their continuity at y= 4.4. If we assume the 
plate to be non-magnetic, i. e. we set m=”, we obtain for y = + 4 instead 
of (3.8): 


cos 6 


(5) A ea thheose _ € ptikkcoea — » ——(B e—ikwhoos8 _ Fg tiknh cos A) 
COS & 
and for y= —h 
(6) B eikmhoost .. F y—iknhoose — C87 py ,** (j- )accey 
mm, cos B 


We have, then, four linear homogeneous equations for the 5 unknowns 4 ... E, 
which we can collect in the form 


(7) @A+EB+oC+aD+4E=0, +=1,2,3,4 


From this, the values of 4:B...:E are computed as the ratios between the 
five corresponding four-rowed determinants of the scheme of coefficients 
abcde. Hence the Fresnel formulae of our plate problem assume the same 
form as before for the case of the single boundary surface, except that in place 
of the three-fold proportion, a five-fold proportion appears. 

Since, however, the computation of this scheme of determinants becomes 
too cunbersome for the general case, we will in the following special examples 
do better to use the unsolved equations (3} to (6) as a starting point. 


B. THE OIL SPOT ON WET ASPHALT, 


Everyone has seen on the pavement the beautiful interference colors 
on a thin layer of oil. Medium I is air, medium II a layer of oil which 
is to be assumed as bounded by parallel planes. If the oil were to lie on dry 
asphalt, its lower boundary would not be plane but would be optically rough. 
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Hence, as medium [II we must add a layer of water wetting the asphalt. 
The asphalt as a black material serves to absorb the transmitted wave D and 
thereby prevents further reflection processes. 


We look at the oil spot perpendicularly from above and assume for 
convenience that the (actually diffuse) illumination also comes perpendicularly 
from above. Then a= $= y=0. Furthermore, to abbreviate, we let 


(8) y= eth, 
From (4) and (6) we obtain by eliminating D 

Br + E£y-*=n,(By"-En-*), hence sc VERE Bn, 
Then (3) and (5) become 


9 -1 
Aya} = Br-"/1 pit es «, 
q*+Cn=By ( ear 


Bed Cid mal, 1 anh. 
An Cy=nBn f wpa 


By eliminating B, a relation between A and C results which we can write 


jo ee ty 
(9} ee! 28-11-49” as m +10 
A m+ 1 1% qe Re oll. nal 

2 Rb 1m +1 


Since we are only interested in the reflected intensity (or rather its ratio with 
the incident intensity), we can simplify (9) to 


2 - gf 
mite 


A 
In order to discuss this formula we calculate 
(11) (lt) (1-994) = 1-9 (9** + 94") + PFS 1 2 cose + v* 


(v = ¥,, ¥, is real, » has the absolute value 1). The angle g introduced here 
is, according to (8), defined by 


nit = #?, om 4nkh. (12) 


Intel 


1-v,78* 


In section E we shall discuss the physical meaning of this “‘phase difference” @ 
in terms of optical path length. 
Equation (10} becomes, because of {11} 


|S “= (ty} + »*%-2 », cosp 


(13) A m+ 1f 1 + 7-2 m4 cosp 
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The phase differences between intensity extremals are obtained by differen- 
tiating (13) with respect to p and hence are found from the equation 


O = {2 ¥, (1+ 2-2 vocosq) —2 v9 (1 -+ #,2- 2, cosg)} sing = 
= 2 (%— %) (1-1 92) sing 
to be 
{14) gor, ¢= integer 
Substituting this in (13), one finds by elementary computation 


Cir an,—-1 \7 
p=2,32,5%..5/7) = —-—_] , maxima, 
ee er ae ol ae Ll | 
p= 4, %, Rt. 44 A a mtn t minima. 


The denotatious “maxima” and “minima” refer to the case », < #2 which 
prevails in the case of oi! on water. In the opposite case the denotations are 
reversed, 

The layer of oil is very thin. Though not monomolecular, it has, however, 
only a thickness of perhaps a wavelength A, at the violet end of the spectrum. 
If we assume this, i e. let 24 = A,, and estimate the index of refraction of 
oit to be 1.5, then we obtain, according to the definition (12) of p 


P= 6:90 mn 6x. 
de 


This means, according to (14) and (15), that the reflected violet light has a 


minimesm forz = 6. On the other hand, since 4, ~ 2A, one obtains for the 
red end of the spectrum 


y= 6: 2x = = 32. 
Hence, according to (14) and (15), one obtains a maximum of reflected red 
ight for = 3. The middle portion of the spectrum gives rise to a further 
minimum and maximum corresponding to z= 4 and 5. Hence, the light 
reflected by the oil spot has a mixed color, namely a predominantly blue-green 
tint under our assumptions. If the thickness of the layer varies locally, 
the color also varies. 


C, COATED (NON-REFLECIING) LENSES 


The light passing through a system of lenses is weakened by reflection. - 
Even though for central rays (perpendicularly incident light) the attenuation 
arising from a single reflection is small (4% according to p. 20), it becomes 
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considerable for a system of lenses. Many optical firms strive to eliminate this 
reflection, which is especially disadvantageous in the design of photographic 
apparatus. The problem is solved by applying thin layers to all surfaces at 
which the lenses of the system border on air. Such a layer was originally 
produced by a structural modification of the glass surface (etching or solution 
of components of the glass flux). Nowadays one prefers to evaporate onto 
the glass a layer of suitable material whose index of refraction is lower than 
that of glass, taking care to make the layer as uniform as possible. 

If we consider only one boundary layer and because of its thinness neglect 
the curvature, we are again faced with our problem of three media: 


I sair, index of refraction 1 
If surface layer, index of refraction # 
IT lens, index of refraction n, = »/, 


where , is the index of refraction of the lens glass relative to air. Since our 
should correspond to the transition JJ -> ZZ in the formulae (15}, the transition 
f -» If is characterized by », = nj, in conformity with eq. (3.3 b). When, 
in view of this, we let n, = /n, in the first eq. (15), we obtain zero 
reflection, for 


(16) —= 1, ae oe 


Hence, the index of refraction » of the evaporated layer JZ should be the 
geometric mean of the indices of refraction 1 and x, of media J and /JI (both 
relative to air}. The optical industry tries to fulfill this requirement together 
with the first condition (15), namelyy =, by a choice of asuitable material, 
¢. g, lithium fluoride, and by a suitable thickness of the layer to be precipitated. 
Since however, », », and therefore also g depend on wavelength, the condition 
y =, in particular, cannot be satisfied for all wavelengths. One favors the 
brightest spot of the spectrum (A = 0.55 4 in the yellow-green) and suppresses 
reflection as completely as possible for this wavelength. Then the reflection 
of the complementary purple is, to be sure, not zero but it is nevertheless small. 
Indeed a lens prepared in this way has a weak purplish tint. 

We have here assumed the layer to be homogeneous, hence # to be a 
constant fora given wavelength. For literature on reflection in inhomogeneous 
Jayers we refer to footnote! on p. 19. However, we must still note that reflec- 
tion is to be avoided not only at the front surface but also at the back surface 
of the lens as well as at all other surfaces of the lens system which border 
on air. Because of the interchangeability of media J and ITZ in our condition 


n= V1- ,, this is accomplished by the same compensation procedure, that is, 
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by evaporating the same thickness of the same material on the back of the 
lens as on the front. Our result is trae not only for the central ray 
(a = A =y = 0) but it is true sufficiently closely also for neighboring ray 
Girections. For, since in our initial formulae (3) and (6) only the cosines of 
these angles appeared, only a “cosine-error” appears in the reflection of 
neighboring rays {a second order deviation from zero reflection). 


D, Soap BusBles anD NEwTon’s RINGs. 


The color play of thin soap bubbZes is explained in the same manner as that 
of the oil spot. The only difference is that medium JIT (interior of the soap 
bubble) is now the same as medium J, namely air. Hence, we have 2, = 1. 
According to (15) this has the result that the intensity of the minima becomes 
zero and that, therefore, when the condition for a minimum is fulfilled for a 
wavelength A,;, the complementary color A, is seen in particularly pure form. 
In general however, the reflected colors are mixed colors. 

We estimate the order 
of magnitude of the thick- 
fh 0 néss of the soap bubble as 
Vi equal to or smaller than 


@: some visible wavelength. 


XA Sate 
et 


fact that when the bubble 
is strongly inflated, a dark 
spot appears at the top 
which indicates a very 
small thickness compared 
to the wavelength. Because 
the soap solution flows off 


Fig. 9. to the bottom, the thickness 


Summation process for multiple reflection in a of the soap film does indeed 
plane-parallel plate. 


become vanishingly small 
at the top. 

Quite similar circumstances prevail in the case of Newton's rings: a plano- 
convex lens is placed with its weakly curved convex surface on a plane glass 
plate, so that between the two an air gap is created which widens toward the 
outside. Again media I and JZ have the same index of refraction as compared 
to medium 77 which is now air. If the illumination is monochromatic, one 
sees a number of dark circles between bright rings. In white light a small 
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number of colored rings appear. These show no pure spectral colors but, 
rather, mixed colors. The transmitted light is colored complementarily to the 
reflected light. 


E. CoMPARISON OF METHODS: SUMMATION OR BOUNDARY-VALUE TREATMENT ? 


Let a plane-parallel glass plate of thickness 2 % which at the front 
and back borders on air be obliquely illuminated by parallel, mono- 
chromatic light. Ordinarily one argues in the following manner (see 
fig. 9}: at peint 0 on the front face there emerges, besides the directly 
reflected light, also light which entered the plate at 1 and was reflected at 1’. 
Furthermore, light which entered at 2 and was reflected at 2’, 1 and 1’, etc., 
will also leave the plate at 0. Generally speaking, the light emerging at an 
arbitrary point of the front face is a sequence of components which have been 
refracted twice and reflected an odd number of times. Correspondingly, the 
light emerging from an arbitrary point on the back face is composed of a 
sequence of component waves which have been refracted fetce and reflected 
an even number of times. We must calculate the differences in phase and 
amplitude of these various rays. 

The length of the light path 110 measured in wavelengths A, in the glass 
(A = wavelength in air} amounts to 


4hjcosB 4x hicos f 
AQ A 

When multiplied by 2.2, this is the increase in phase which the light attains 
along the path 110 

_2n4nh_4knh 
1 "T cosB cosh 
But, in addition, this light is ahead in phase compared to the light incident 
at 0 by 


(17} 


(18) p= 2a = b-OL, 


where LZ is the point at which the perpendicular form 1 to OZ intersects the 
ray, see fig. 9: 

OL = sing: 01 =sina-2tanf-24. 
The total phase difference against the light incident at 0 amounts, then, to 


= _ 4nkh sin asin £ 4nkh ig 
pmoingm EE a = t2b ~sin? §) = 4nkhcos £. 


cos $ 
(18 a) 
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For perpendicular incidence (4 = 0) this g proves to be identical with the 
auxiliary angle g introduced in (12) and explains the physical meaning of the 
latter. For the light path 22'11’0 the corresponding phase difference obviously 
amounts to 2p, for the following path to 349, etc. 

In order to determine, on the other hand, the amplitude differences, we 
use the energy coefficients 7 and d from (4.18) which are, as was emphasized 
there, the same for the front and back side of the plate. Expressed in these 
terms, the factor which is to multiply the amplitude in the case of one-, 


three-, five-, .. fold reflection and, in every case, two-fold tramsit across the 
front face amounts to 


(19) \rd, |rrd, rr%d,... 


From (18a) and (19) it foliows that the summation of the first # rays fs 
given by 


(20) Vree-d+ frretiedt ... + rr toed, 


To this is to be added the contribution corresponding to the direct 


reflection at 0, This is, including the correct phase factor’, C/A = ~ Vr. 
One obtains finally: 


hd 
A -\r {1-dee(ltrért...f 707} eA) ¢e)} = — \z | de? = — 
on) 


For p = 00, because y <1 andy +d = 1, this contracts to: 


a ef? - |-e? 

22) = Vf i {|-- miaerrie 

The amplitude factor for the light passing through the plate at 0’, which 
we shail call D/A, is determined quite similarly. Because of the two-fold 
passing across the boundary surface (once front, once back) and zero-, two-, 
four-, ... fold reflection (see fig, 9), one obtains instead of (19) and (20) 
(19 a) d,rd,r3d,... 

i 

(20 a) e* (d+ reed + tetiod +... + P—lLeb—Dieg) 
and instead of (21) and (22), respectively 


Dp i® | 7 laa 
Q1a) Gmetad trees... + e—tele—ay ot ge 


For reflection at the denser medium the sign of C/4 was chosen opposite from that 
for reflection at the rarer medium: see, for instance, the comment after formula (6.3). 
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and for p = oO 


D etd 
aa) a Tore 

We note here that the expressions (21) and (21 a) become essentially the 
same if we suppress in (21) the first term on the right which is due to direct 
teflection. For we then have 


2 


=r 


2 2 
(23) S= ye D2 and hence /7 = 
The reflected intensity is thus equal to the intensity transmitted through the 
plate except for a factor r. 

The use of the symbols 7 and d@ in (21), (22) already indicate that the 
results are valid for both polarization cases (parallel and perpendicular 
to the plane of incidence). + and @ only stand for somewhat different ex- 
pressions in the two cases. 

In particular, we consider the special case of perpendicular incidence in 
which this difference disappears and in which a comparison of (22) with our 
formula (9) is possible if we specialize the latter by setting x, = » (air also at 
the back face of the plate). Then we have to set in (9} 


n+ 1)* 

(24) sai 1 n= T= 

In addition, the following must be taken into account: in (9), just as in our 
general assumption (I) on p. 41, C and A refer to the center of the plate, namely 
to y = Q in the choice of coordinates used there, and not to the top surface 
of the plate y=, Therefore, at the top of the plate A must be multiplied 
by the factor exp (kh) and C by the factor exp (-t24} (both for 
perpendicular incidence: « = 0) if we wish to compare (9) with our present 
amplitude ratio C/A given by (22), since the coordinates of the latter refer 
to the top surface, This means that we must suppress in (9) the factor 
4 * = exp (-2¢k, A). Thereupon (9) becomes, using (24), 


(25) es |i a 


which now indeed agrees with (22). 

Thus both of our methods lead to the same result and not only in the 
special case of perpendicular incidence which was used here for the comparison 
but quite generally. Both methods have their advantages and their 
disadvantages. The boundary value method saves us the somewhat laborious 
phase considerations in fig. 9. The summation method seems to lend itself 


50 REFLECTION AND REFRACTION OF LIGHT 71, 


more readily to visualization and is not limited to the assumption that = «. 
The latter can also be used to treat the case of a plate of finite length and of 
an incident light bundle of finite width. This problem is inaccessible to the 
formal hypothesis underlying our boundary value problem which is restricted 
to the xy-plane. That is why the summation method is preferred in treating 
the problems on resolving power in Chapter VI. Another reason is that this 
method fits in better with the usual grating theory. As we shall see, both 
methods are in fact equivalent for the two types of high resolution interference 
apparatus which we will now discuss. 


F. Tae LUMMER-GEHRKE PLATE (1902). 


In our discussion of total reflection in Sec. 5 the wave was incident 
in the denser medium and emerged into air. For angles of incidence « ~ ty 
we obtained angles of emergence # nearly equal to 2/2 and a reflecting power 
of almost 1. Lummer’s original idea was to let the light impinge on the top 


Fig. 10. 
The interference of rays in the Lummer Plate. 


of the plate at a grazing angle so that the refracted portion would be reflected 
back and forth at an angle close to a,,. In this way the high reflecting power r 
of almost 1 would be utilized. Gehrke simplified the procedure by capping the 
plate with a prism of angle «,, (see fig. 10). Light which is incident per- 
pendicularly upon the face of the prism strikes the lower surface and thence 

iThe fact that the summation methed is only am approximation in the sense that it 


does not account for the diffraction phenomena at the corners of a finite plate and at 
the boundaries of the light bundle has hardly any practical significance. 
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alternately the upper and lower surfaces under the desired angle; it emerges 
at a grazing angle. In this way the first reflection of the incident beam is 
suppressed as had indeed been assumed in eq. (23}. 

The number # is not very large for the Lummer Plate because a perfectly 
homogeneous plane-parallel plate of thickness say 1 cm. cannot be made 
with a length much greater than 20cm. Nevertheless we can without hesitation 
go to the limit  — 06 and, hence, we can use eq. (22 a) as a starting point. 
We will write it here in the form 


D 1-7 

as an er 

This is justified because the limit « > @,, cannot be approached arbi- 
trarily closely. If for no other reason, this is so because we never deal with a 
precisely parallel incident plane wave but always with a wave bundle which 
has a certain angular distribution, Hence 7 is never exactly equal to 1, but 
only to a certain degree of approximation. Therefore, already for # = 20, 
y? becomes vanishingly small and it is immaterial whether we set # equal to 
the maximum value occurringin the Lummer Plate or to oo, Thus it is evident 
that in spite of the finite value of » there can be no difference between the 
results of the summation and boundary value methods. 

From eq. (26) we find immediately 


Be for y= 222, z= integer 
(27) 


A 


~Q for all g appreciably different from 222. 


Thelatter expression iscorrect because the numerator 1-7 ~ 6, the former holds 
because for pg = 272 numerator and denominator of (26) become exactly 
equal. 

In order to see what “appreciably different” means, we rewrite the 
denominator of (26) in the form 


an te ee ae 


(27 a) ya vei?) (1-7 e-?t) = Vi + 72-27 cosg. 


A 2 
We set p = 2x%2-Ag, and hence cosp= cosdgy = 1- ei In par- 
ticular, we seek those values of 4 @ which correspond to the so-called “half- 
width” of the intensity maximum 1 occuring at y = 2 z, that is, those values 
which satisfy the condition 


(28) 


me ee yg 
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Carrying out the computation one obtains directly 
1~7 
(1-7}® + 7(4g)* = 2(1-7)%, ag (1-7). 


The half-width is twice |4 |, hence 
(28 a) 2|Agl~2 (1-7). 


As expected, this width becomes narrower as 7 approaches its limiting value 1. 
This low value of the half-width will play a decisive role for the resolving 


power of the Lummer Plate, We shall discuss this problem in greater detail 
in Chap. VI. 


G. THE INTERFEROMETER OF PEROT AND FaBry (ABOUT 1900) 


While Lummer attained a high reflecting power » by approaching very 
closely the limiting angle of total reflection, Perot and Fabry employed the 
surfaces of a half-siivered glass plate and used an angle of incidence almost 
perpendicular to the surface. The importance of their method is increased 
by the fact that the glass plate can be replaced by an “air plate’ between two 
glass surfaces which have been silvered semi-transparently. These surfaces 
can be spaced by means of invar-steel pieces and in this way a standard 
measure (‘etalon’) for the exact measurement of wavelengths is created. This 
. standard is entirely independent of temperature, index of refraction or 
irregularities in the glass. 

It is again advantageous to use the boundary value method. But we 
must alter our former boundary conditions. Assuming -polarization, that 
is E parallel to the z-axis, we consider the z-component of the second Maxwell 
eq. (2.4). For the displacement current D in this equation we substitute the 
specific conduction current o E, in the silver layer. We integrate this equation 
over a rectangle lying in the x, y-plane of length 1 in the x-direction and 
having the very small thickness of the silver layer as its width in the » 
direction. The left-hand side of the integrated equation is then equal to the 
total current per unit length in the silver layer. The right-hand side yields, 
according to Stokes’ Theorem, the contour integral of H around the rectangle 
which equals the discontinuity of H, in passing through the silver layer. In- 
stead of the previous continuity of H, we have now a discontinuity in H, 
which is proportional to E, We write 


(29) Discontinuity of H,=~g \2 Ey. 
0 
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g is a factor of proportionality which depends on the conductivity and thickness 
of the silver layer and is dimensionless owing to the factor (€9/jto)*. Because 
of the inertia of the electrons g is, in the visible spectrum, actually not areal 
but a complex number. 


Hal 


0 T 27 ¢ 


Fig. 11. 
The amplitude-ratio |D/.A| vs. the phase difference m for the Lummer Plate 
(ID{ Almas = 1} and for the Perot-Fabry Etalon (|D/4lmax & 1)- 


The continuity of E, and the resulting boundary conditions (3) and (4) 
as well as the law of refraction (2) are unchanged by the silvering; they 
become somewhatsimpler, however, because now #, = mandy =« (same con- 
ditions atthe top and bottomplate surfaces). On the other hand, according to (29), 
the boundary conditions (5) and (6} must be modified in the following manner: 


(A et hk cosa (> et lad COS & -(B g—inkheoss_ Fg tinkk ala | # COS B r— | 
(30) g (A e—ith cag 4 Cat tters) —_ g (B gm inkAces £ 4. E ef shh wer), 


(B er ink heos§ _ E e—inkkecsp ) ACOs B- Det 1khO88 COs — 
{31} = g (B eti nahh cose ae E e—imhicossy — gDer th cose 


The two forms in which the right-hand sides of these equations are written 
correspond to the two ways of expressing the value of E, in (29) in 
terms of the leit- or right-hand sides of eqs. (3) and (4), respectively. 
Thus the four equations embodied in (30) and (31) represent the complete 
system of boundary conditions pertaining to the present problem. 

For most practical applications only the transmitted light, represented 


by the quotient D/A, is of interest. By elementary, though somewhat 
laborious, computation, we obtain from (30) and (31) 
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39 D - gn” 2ikA cosa 
" a (1 + g/cos «) ie 22 (Eee ey gece) Po e 
' 2 2\ cos S/cosx COS & 2 


represents the phase difference generated by the ray in passing back and 
forth in the plate and is defined as in (18 a) by 


(32a) p= 4nkhcosf (where »=1 in the case of the air plate}. 


The dependence of the absolute value of (32) on y is shown in fig. 11, 
where variations in the independent variable » may be thought of as expressing 
either variations in the wave number & or variations in the angle of incidence 
a which is connected with £ by the law of refraction. « and # themselves can 
be considered as constants insofar as they appear explicitly in (32). But in 
(32 a) where cos # is multiplied by the very large factor k # even extremely 
small changes in # cause » to change appreciably. Therefore, in spite of the 
practically constant £, p can be used as an independent variable in fig. 11- 

Tet us check the figure using the special case of the air-étalon (m = 1}, 
almost perpendicular incidence (« = 8 = 0) and almost real g. Equation (32) 
then yields simply ; 


—2 
(33) 3 = (1+ gtcosth + Fi + e]8 + 1)2sintS. 


The extremal condition which follows from this by differentiation with 
respect to @ is: 


sin sf=0 
To sing/2 = 0 corresponds: 
D 
(33 a) 3 = eat y= 22H, 
to cos¢/2 = 0: 
D : 
(33 b) Almin (+g? +1' yp = (22+ 1)2. 


In both cases z is a very large integer. 


In (33 a, b) we assumed g to be large. By definition this assumption 
corresponds to a heavy layer of silver (a strong conduction current). Conse- 
quently the incident light is very much weakened even at the maxima. The 


minima, on the other hand, are weaker than the maxima by a factor of 


1+8 
The maxima are equidistantly spaced, and so are the minima which lie halfway 
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between the maxima. The maxima are sharp; the minima are very flat. This 
is a consequence of (33) because only if the condition for a maximum, i e. 
sing/2 = 0, is exactly fulfilled is the maximum value (33a) of order of 
magnitude {1 + g)~* attained; for all other m the second term on the right- 
hand side of (33} dominates because of the fourth power of g which it contains; 
the resulting magnitude of |D/A| is then about [(1 + g)*sing/2}~! and 
teaches the minimum as given by (33 b). Thus fig. 11 has been checked for 
the case of sufficiently large ¢. 


We shall also compute the “half-width” of the intensity maxima. Since, 
according to (33 a}, the latter are equal to (1 + g)~?, we must substitute on 
the left-hand side of (33) the value 2 (1 + g)*. On the right-hand side we let 


Fm 2n-do, sin? = (Ap)2, cost? = 1- (4g)* 


and dividing by (1 + g)?, we obtain 


= 1 2 2 meg oS, 
a At ale) (4g), Ap a rig 
The half-width is therefore 


4 
(34) 2|49|= 755° 

In exercise I.7 we shall explain these results concerning the positions and 
half-widths of the interference maxima from the point of view of the electro- 
magnetic characteristic oscillations. 

In Chap. VI we shallsee that the Perot-Fabry Etalon attains its excellent 
resolving power only because of a large value of g. Only for large g, i. e. strong 
silvering, is the half-width of the maxima sufficiently small and thus the 
prime purpose of this interferometer, namely the resolution of fine structures, 
is attained. One must, therefore, accept the large loss in intensity which is 
engendered by heavy silver Jayers. The Lummer Plate, because of r~1, 
is preferable from the point of view of intensity. But it cannot attain the 
resolving power of the Perot-Fabry Etalon and is, furthermore, experimentally 
less convenient than the latter. 


It is to be emphasized that the general formula (32) encompasses also the 
Lummer Plate. The latter is described by the opposite limiting case g = 0 
(no silvering). Forge = 2%z (32) gives then immediately 


(38) | a 
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which agrees with the first equation (27). For all other values of gy, on the 


other hand, 
D y if cosa . ncosf\*? . of * 
sald en ft SER Seater 27] 
Hi [os Ba (O85 4 ad pa 


Passing now to grazing incidence, as required by Lummer, that is allowing 
cos a to approach 0, the coefficient of sin*g@/2 tends to infinity and one obtains, 
in agreement with the second eq. (27) 


(35 a) 


D 
Pl + 


(35) and (35 a) confirm our earlier assertion that the Lummer plate can also 
be treated by means of the boundary value method. 


8. Standing Light Waves 


The question of the position of the “light vector’ with respect to the 
plane of polarization was left unanswered by the elastic theory of light. 
Fresnel was of the opinion that the light vector was perpendicular to the plane 
of polarization while F. Neumann thought it to be parallel to that plane. 
But the word light vector could not be clearly defined on the basis of the 
elastic theory. Electromagnetically we have two light vectors E and H (in 
a crystal there are even four: E, Dand H, B). Wesaw in Sec. 4 that in the produc- 
tion of polarized light by reflection, the electric vector E is perpendicular and 
the magnetic vector is parallel to the plane of incidence. Since in this case 
the plane of polarization is traditionally identified with the plane of incidence, 
we have also that E is perpendicular and H is parallel to the plane of polari- 
zation. Therefore, depending on whether one calls E or H the light vector, 
one decides the question in favor of Fresnel or Neumann. - But even in this 
way only a nominal definition of the word “light vector’’ is achievable; 
physical significance, however, can be attributed to it on the force of 
electromagnetic evidence. 

When light acts on a photographic layer, an electron is removed from a 
silver bromide or chloride molecule and thereby a silver atom is prepared to 
blacken during the development of the film. Only the electric field strength 
E is able to accomplish this. Since, moreover, the processes occurring in the 
eye’s retina are quite similar (both phenomena are without doubt “‘photo- 
electric effects”), we have good reason to give the name “light vector” to 
the field vector & rather than to the magnetic vector H. 
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The beautiful experiments by O. Wiener (Ann. d. Physik, 1890) have 
placed the results of these general considerations on a sound empirical basis. 
This was accomplished by a thorough study of the photographic process. 


A. MONOCHROMATIC, LINEARLY POLARIZED LIGHT WHICH IS INCIDENT 
PERPENDICULARLY UPON A METAL SURFACE 


A polished silver mirror is used as a reflector. The normal to this 
surface shall, as before, be the y-axis. Let the direction of incidence be the 
negative y-direction and the direction of reflection the positive y-direction. 
Because of the transversality of 
light, E, = 0. There is no need to 
distinguish between E, and E, since 
both directions are equivalent for 
normal incidence. We can write 
for either or both of these com- 
ponents: 

{1) Bywz Aig terior, 
Eyam C at fhy—tat, 


As a good conductor (¢ > co) 


ccapeale ei onwbbleontastants P if Wiener’s experiment on standing light 

: rae on ing light waves, 
the existence of an electric field The photographic plate placed at an angle 6 
tangential to its surface. Any such is blackened at the antinodes of the electric 


field vanishes because of conduction. vector {indicated by dotted lines). 

Hence, we have 

(2) Ews=E;+8,=0 tor y=. 

From (1), it follows that 

(3) = -A (Phase change during reflection) 

and, writing real parts and letting A be real, we have for y 2 0 

{4) E=Re(E;-+ Er) = 2A sink ycoswe. 

This is the typical expression for a standing wave. The nodes are at 
ky = nn, y= 


the antinodes at 
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We would expect maximum photographic blackening at the antinodes and 
no blackening at the nodes, The distance of the first blackening from the 


metal surface should then be equal to half of the spacing between succeeding 
blackened spots. 


To prove the foregoing, Wiener used an age-old method for measuring 
the water level ofrivers. A photographically sensitive film which was spread on 
the bottom surface of a glass plate was placed against a silver mirror at the 
extremely small angle 4, as shown in fig. 12. Distances measured perpendicular 
to the mirror are thus magnified on the film by a factor of 1/6. The distances 
Aj4 and A/2 are in this way depicted on a macroscopically measurable scale, 


The result confirmed completely the expected periodic spacing of blackened 
spots as well as the fact that the first maximum occurred at 1/2 of that 
spacing from the metal. Thus the eleciric vector E ts indeed photographically 
active and is to be considered as the light vector’. The magnetic vector is 70f 
the light vector. Its antinodes alternate with those of the electric vector, 
the first one being on the surface itself. Indeed, using Maxwell’s relationship 
between H, D and E, it follows directly from (4) that we obtain for H 


(3) H = 24 [cosh sino 
Ko 


B. OBLIQUELY INCIDENT LIGHT. 


The following experiment performed by Wiener is also very revealing. 
The photographic film was placed in the same position as before but the light 
was incident upon the silver mirror at an angle of 45° with the normal, When 
the light was polarized in the plane of incidence, (E perpendicular to that 
plane), then the film exhibited blackened stripes which were qualitatively in 
the same positions as in the case of perpendicular incidence. If, however, the 
plane of polarization was placed perpendicular to the plane of incidence and 
the angle of incidence was made precisely 45°, then no stripes appeared and 
rather the blackening was uniformly distributed over the plate. 


In exercise 1.8 the results of this experiment will be computed for 
arbitrary angles of incidence «. 


1 The fact that, according to H. Jager, Ann. d. Phys. {Lpz) 84, 280, 1939, the proof can be 
based directly on the photoelectric process instead of photography corresponds to the 
above remark concerning the identity of photographic and photoelectric action. 
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C. LIPPMANN’S COLOR PHOTOGRAPHY, 


Lippmann arranged a very fine grained photographic film in the manner 
of Wiener’s experiment by placing it flat on a mercury surface and shining 
a spectrum perpendicularly upon the surface. At the antinodes of the standing 
waves thus created, a system of Wiener-type silver layers was formed 
photochemically. These layers were spaced at distances of A/2 where A was 
the wavelength of the spectral region which illuminated the particular point 
in question. 


If a film prepared in this way is developed and then illuminated perpen- 
dicularly with white light, every spot of the film emits the same wavelength A 
to which it had been exposed during preparation. Only this wavelength (or a 
submultiple of it) will fit into the screen formed by the system of Wiener 
planes. All other A are destroyed by interference. Thus, looking perpendicularly 
at the film, one sees the whole spectrum in brilliant interference colors. 
If the film is breathed upon, it swells and the spectrum is shifted toward 
the red because longer wavelengths fit into the expanded screen. When 
looked upon obliquely, the spectrum shifts toward the violet. This is due to 
the relationship 


{6} 2dcosx=A, 


where A, is the wavelength seen at the angle of reflection « and d is the spacing 
of the planes of the screen. Equation (6) represents the condition that a plane 
wave incident at the angle « shall be reflected by all planes of the system 
with the same phase (or phases differing by multiples of 22). We shall 
encounter this equation again under the name of Brage's Equation in Chap. V, 
Sec. 32 where it will be in a somewhat more general form and somewhat 
different notation. For the present it suffices to make two observations: 


1. For d= A/2 and « = 0 (perpendicular incidence and viewing), 4, == A, 
i. e. the color ts unchanged. 


2. For d == 4/2 and « # 0 {oblique incidence and viewing), A, = A cosa < 4, 
i. e@. shift toward the violet. 


As is well known, the modem practical solution of the problem of color 
photography is based on entirely different principles. Nevertheless, as the 
earliest proposal of ‘photography in natural colors”, the Lippmann method 
has great historical interest. 


CHAPTER II 


OPTICS OF MOVING MEDIA AND LIGHT SOURCES 
ASTRONOMICAL TOPICS 


The fundamental optical constant is the velocity of light in vacuum. 
According to the Theory of Relativity this constant governs the scale of time 
and space. We shall, therefore, discuss the velocity of light before turning, 
in later chapters, to the optical properties of matter which, though apparently 
more elementary, are fundamentally really more complicated. We shall 
discover the most important facts about the velocity of light, c, not from | 
terrestrial experiments but rather by discussing astronomical measurements. 


9. Measurement of the velocity of light 


The satellites of Jupiter were discovered in 1610 by Galileo. He called 
them Mediceic Stars in honor of his patron Duke Cosimo of Florence. These 
were the four bright satellites which are close to Jupiter. The periods of 

their orbital motions amount to several 
days and are, therefore, very short 

Da compared to the period of Jupiter's 
orbital! motion around the sun (twelve 

ee «/ «years). At the present time twelve 

L) satellites of Jupiter are known. 
v The periods of these satellites can 
be determined exactly by means of their 

Fig. 13. eclipses (times at which they enter 
Determination of the velocity of light Jupiter’s shadow in the sun light). The 
by the method of Olaf Rémer. J, Dane Olaf Rémer (1676) discovered 

Jupiter; M, satellite of Jupiter; = remarkable variations in the records 
pee pear iene of measurements of these periods: they 
increased when the earth moved away 

from Jupiter and decreased when the earth moved towards Jupiter. From 
this Rémer concluded that it must take a finite amount of time for light to 
traverse the diameter of the earth’s orbit. Using the radius of the earth’s 


orbit as it was then known, he computed a fairly accurate value of the velocity 
of light c. 
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We can best explain this computation by comparing it with the Doppler 
Effect, This phenomenon will be treated more thoroughly in 11. For present 
purposes it will suffice to characterize it by the statement 

Ai At vu 

) De te 

A = wavelength, + = period of oscillation, v = relative velocity of observer 
and source. The signs + hold when the distance between source and observer 
increases or decreases, respectively. The direction of propagation of the 
observed light is here assumed to be parallel to v, that is in the same direction 
or opposite to it. Since the Doppler effect is a purely kinematic phenomenon 
(it is true for sound as well as for light} we can apply it to the satellites of 
Jupiter with their periodic eclipses. The sunlight reflected by Jupiter itself 
plays no part in this consideration. 

In our case, see fig. 13, + is the orbital period of a satellite of Jupiter as 
measured from the moving earth. One of these satellites is denoted by the 
Jetter M in fig. 13 and its true orbital period will be called t%. ABCD are 
Points on the earth’s orbit, At B the earth is moving away from the satellite 
of Jupiter and the period of the latter appears to be lengthened by dt = vrp/c. 
At D the earth is moving toward the satellite and t appears to be shortened 
by wv z,/e. At A and C where the velocity of the earth is perpendicular to the 
direction of the light coming from Jupiter, 4 z= 0 and, hence, there the 
true period t, is observed. The extreme values of t arefound at B and D and, 
according to {1), they are ° 


v ? 
(2) Trae = Te + 7 to Tmin == T) — Pi 


From this follows 


(3) TR-TD = Tar — Tain = 2 ~T 
or if the value 22 R/T is substituted for v: 


R 
(4) Tet 4x, 


where 7 is the time interval of one year and F is the radius of the earth’s 
orbit. Thus, this latter value must be known for the computation of c. 
This result can be represented as in fig. 13 a and in this form it has been 
widely uscd in popular lectures. As the earth moves from A to C, it moves 
away from the eclipse-signals coming from Jupiter so that the intervals 
between receptions of such signals keep increasing. The opposite happens 
when the earth in its travel from C to A moves toward the eclipse-signals. 
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The total time difference in each case is equal to the time which light takes 
in moving through the diameter of the earth’s orbit, that is 
(5) lAte af. 

This is fairly close to the area! bounded by the sine curve above 4 C 
(or below C A’) whose gtowth (and decay} is plotted separately at the bottom 
in the step-wise form in which it can be read directly from data tables. 

Not until almost 200 years later were the first successful terrestrial deter- 
minations of ¢ made. These were done by Fizeau using a rotating toothed wheel 
{the light passing through a gap between teeth is reflected at a distant point 
and upon returning is stopped 
by the following tooth, pro- 
vided the rotation of the wheel 
is sufficiently fast) and by 
Foucault using a rotating 
mirror {a device used later by 
Michelson in his much more 
precise experiments). 

The most important fact 
about the propagation of light 
is that it is independent of 
the state of motion of the 
emitting source, that the light 
velocity cannot “remember” 
the velocity of the source. 
Only wavelength and period 
of oscillation have such a 
“memory” according to eq. 
(1}. This fact seemed to be 
understandable in terms of the notion of a stationary light ether acting 
as the carrier of the propagation of light. It is now well known that 


Fig. 13a, 


The variations in the period of the light signals 
due to the earth’s motion. 


1This area equals the product of the integral 


T}/2 
(a) indent dias 
sin 2 n= if = a 
; 0 
and the ordinate of the sine curve at C which, according to (2), is 
v 22R 
{b) A Tmax = & Ty a to 


The product of (a) and (b) divided by z, does, indeed, yield the right hand side of eq. (5). 
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this theory did not stand up in the face of the experiments to be described 
in 12 and 14 and in the face of the theory of relativity. 

In the following discussion it will be assumed that the reader has a certain 
amount of knowledge of the special theory of relativity. Such knowledge can 
be gained, for example, from Sec. 27 of Vol. III of this series. Without such 
knowledge the reader will have to omit several quantitative proofs in the 
following paragraphs. 


10. Aberration and Parallax 


By the parallax of a star we will here mean the so-called “yearly parallax”, 
i. e. the solid angle of the cone which is formed by the lines of sight from 
different points on the earth’s orbit to the star. The projection of this cone 
on the celestial sphere is the parallactic orbit which the star appears to describe 
in the course of a year. This orbit is generally a small ellipse and, in particular, 
it is a circle if the fixed star is at the pole of the ecliptic (as is assumed in 
fig. 14a) and it is a straight line if the star lies in the ecliptic. Because of 
its importance as the final confirmation of the Copernican system, the proof 
of the existence ef such an orbit was sought for a long time. While seeking 
this proof Bradley discovered the aberration of light in 1728. 


D 


Fig. 14. 
Apparent orbits of the star in the case of the North Star. a) The parallactic 
orbit arising from the star's finite distance from the sun. b) Orbit resulting from aber- 
ration of light. The apparent locations of the star ABCD belong to the corresponding 
points on the earth’s orbit, 


This phenomenon also causes the locus of a star to describe a small ellipse 
on the celestial sphere and this ellipse again degenerates into a sphere at the 
pole and into a straight line in the ecliptic. But the direction and magnitude 
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of the angular deviation are entirely different from those caused by parallax: 
the two directions are perpendicular te each other, see fig. 14a, b; the 
magnitude of the deviation due to aberration is independent of the distance 
of the star and is much greater than the deviation due to parallax even for 
the fixed stars which are closest to the sun. The first confirmation of a real 
parallax of a fixed star was found 100 years later by Bessel. 


Lenard’s attempt to invoke aberration as a. contradiction to the relativity 
of motion was an incomprehensible misunderstanding; especially so, as 
Einstein had derived aberration directly from the principle of relativity as 
early as 1905. Aberration does not reveal the “‘absolute motion” of the earth 
in space but rather the earth's relative motion during its yearly orbital period, 
that is to say, the differences in the direction of motion from one season to 
the next. Observatories are built (among other reasons) in order to make it 
possible to determine and measure these differences in motion. If these 
differences in direction of the earth’s motion did not exist, that is, if the 
earth’s motion were linear, then no aberration could be observed. 


Still referring to fig. 14b but 
removing the restriction that the 
star shall be at the pole of the 
ecliptic, we consider the plane con- 
taining the star and the direction 
of the earth’s velocity. This is the 
plane of the drawing in fig. 15 a. 
We let the velocity of the earth be 
directed along the x-axis and call 
« the angle between the incoming 
ray and the x-axis. The coordinate 

Fig. 15. system x, y,z, which is at rest with 
Figures for computing aberrationa) heliocentric Tespect to the plane of fig. 15a is a 
coordinate system, b) geocentric coordinate heliocentric system since both the 
system + == direction of motion of the earth. fixed star and the cun are at 

rest with respect to it. If, however, 
we move with the velocity v of the earth, we have to introduce a geocentric 
coordinate system x’, y', f (fig. 15 b). The fact that the time as well as the 
space coordinates are transformed is a characteristic feature of the theory 
of relativity and is made necessary by the constancy ofc. The transformation 
between, the two systems is the Lorentz transformation 


x—vt 


\1-#? 


t-—£8 x}c _? 


(1) x! = ~ 1-8 b=-. 


, y =y), v 
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Differentiating, we get 


ad ~ ~ 
(2) ax’ = a ld at dy’ = dy, i! - at Bdxjce 
\1-# )1-4? 
Hence, the geocentric velocity components 
? ax’ , ay’ 


eo OS 


are expressed in terms of the heliocentric components 


‘ _ aa _ dy 

by mde Age 
fr Hxe—-Vv ,_ wy Vi-# 
‘5) eS Tapes oe Leh ude 


Now, instead of considering the velocities of material particles in the two 
systems we shall consider the velocities » and w’ of the light radiated by the 
star as seen by observers in the respective systems. This is quite admissible. 
The heliocentric velocity is « = ¢ with the components (see fig. 15 a) 


(3 a} Ux == CCOS&, Uy = —csina. 
We write the corresponding components of #’ in the form (see fig. 15 b} 
(3 b) H, = #' cosa’, ty = —146' sin 


where the magnitude of w’ is left undetermined for the present. Taking the 
tatio of the two equations (3) and using (3a), we obtain 


ty —esing Vi — £* 
(3) i ne 
ty ecosa-v 
which, according to {3 b), can be written 
, sine Vi - f? 
{4} tan’ = oy ak 


Thus the angle of incidence «’ as seen in the geocentric system is different 
from the angle « as seen in the heliocentric system. By squaring (3) it is seen 
that the geocentric velocity of light propagation «’ is equal to the heliocentric 
velocity. For, substituting (3 a) we have 
“2? _ costa -2¢ cos x + v2 +b ¢2 sin? x (1 —v2/c%) 
(1—f cos a)? 
_ c= 2eveosat+vecosta 
(1-8 cosa)? es 
We could have written down this result without computation merely on the 
basis of Einstein’s theorem on the addition of velocities. According to this 
theorem the following brief and seemingly paradoxical expression holds 
(see Vol. III, Sec. 27 F): 
c+v=e. 
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Returning to the relationship between the angles « and «’, we write the 
first order approximation of (4) by neglecting terms of order 8? 


+, Sine B\_ B sina 
(6) ae = se + — TAN oat 
Letting «’ =a+Azx, (5) now becomes 
tan (+ A a) ~tan «= 2% 
os* a 


and, expanding the left-hand side in terms of the small quantity da, the 
denominator cos? on both sides cancels to give 


(6) Aa= fsina. 


B is called the “‘constant of aberration”, and is almost exactly equal to 10* 
if 4 « is measured in radians. Hence, in degrees we have 


180° 
% 


If the fixed star is at the pole of the ecliptic, then « = 90° all along the 
earth's orbit. Hence the aberrational orbit is, in this case, a circle about the 
pole of the ecliptic with radius J a = 8. For stars in the plane of the ecliptic, 
which coincides with the xy-plane in fig. 15a, « alternates between + 90° 
and 0. In this case also the aberration is in the plane of the ecliptic and 
oscillates between + £# passing twice through 0. For stars in general 
the aberrational orbit is an ellipse whose major axis is 6 and whose 
minor axis is £ sin 6, where dé is the “‘celestial latitude” of the star (complement 
of its polar distance). 

The above formulae, in particular eq. (2), make it clear that aberration 
is a direct consequence of the relativistic deviation of the time measure 2’ 
from the time measure #4. From the point of view of classical kinematics it was 
difficult to reconcile aberration with the universality of c. Now we recognize 
it to be a necessary consequence of the fact that the light velocity is independent 
of the reference system. In the following paragraph aberration will come 
up again in connection with a more general point of view. 


8 = 10-+ 


== 20.5", 


11. The Doppler Effect 


The elementary explanation of the Doppler effect is well known. If a 
light source which is at rest emits waves of period t, then the number of 
oscillations which meet a stationary observer during a time interval tis N =?#/t. 
But if the observer moves toward the wave with a velocity v, thus covering 
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a distance vt in time #, he will meet an additional vf/A oscillations. Therefore, 
altogether the moving observer encounters 


pps i OEE ©) v 
() wet eta t(rsot}= 445) 
oscillations in the time ?. 


If, one the other hand, it is the light source which moves with velocity v 
toward the observer who is now at rest, then the spacing between two successive 
crests or troughs is no longer A but, because the light source has progressed a 
distance vv in time t, this spacing is 


(1 a} A =A-vr= a(i-2}. 


The corresponding spacing in time is 


(1b) v=1(1-2). 


Therefore, during the time ¢ the observer at rest encounters 


ae a ee t vv 

@) . ~p-tptgatled+ d+] 
oscillations. N’ and N” differ by terms of second and higher orders in f = vjc. 
They agree only up to terms of first order. 

Against this argument can be said: nature knows no absolute motion, 
be it that of the light source or that of the observer. She gathers both 
cases (1) and (2) into the same law, which thereby becomes simpler and more 
beautiful. How this is accomplished we shall discover from the following 
consideration: 

Every physical relation must be invariant with respect to the group of 
transformations which governs the particular domain being considered. 
If a relationship is expressed by means of an analytic function, then the 
argument of that function must be a dimensionless scalar. With this in mind, 
we consider the exponential function in the expression for a plane wave. Its 
argument is, aside from the factor 1, the phase of the wave. In particular, 
this argument may be written in different forms representing various levels 
of generality as follows: 

(3} kx-wt, kr-wé, K-R. 
In the last of these expressions R is the space-time four-vector 


—s 
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K is the wave number four-vector with the dimensions of an inverse length: 


(5) K = hy, bys Ry B 
¢m 2nt ni 
als ae ek aa 


and the space components of K are given by 
(5 a) hy, Rg, Ry = = (COS @z, COS ty, COS Xy); 


Oy % &y are the angles which K makes with the x, x, %, axes and 
cos? a, + cos* a, + cos* ag = 1. 


From this it follows that the absolute value of K is zero: 
[k[* ==> 2,2 + 2 + hy* + fy? = (cos? a, + cos? a + cos? x, —1) = 0. 


We now view the wave from a primed coordinate system which moves 
with a velocity v = $c in the x-direction with respect to the unprimed system. 
The Lorentz transformation (10.1) must then be applied to K, where we must 
replace ¢ by the quantity x,/f¢ or, in the present case, by A,/ic. Thus we 
obtain the following components of the transformed four-vector KR: 


6) pe a tt Bh — Fe-i Bh 
t Vie B® Vi 
These expressions are somewhat specialized in that we have taken cosa, = O, 
that is the wave is assumed to propagate in the x, x,-plane, and we have 
omitted the equation &,’ = 0. For cosa, = 0 we get cos* a, = 1 - cos* a, = 
=sin*«,. If «,’ a’ are the corresponding angles in the x,’ z,’-plane, we also 
have cos*a,’ = 1-cos®«,’ = sin?a,’. From now on we shall write «, «’ 
in place of a, a’. 
Substituting eq. (5) in (6) and applying the definitions (5 a), we get 


Ry” = Re, ky 


(7) cosa’ _ cosa—f sing’ _ sin « 1 _ 1-fcos« 
r | y1-# me B r i! A , ry ayi-# ’ 
Forming the ratio of the first two of these equations, we obtain 
,_ sing \1-# 
(7 a) tang’ = poanE ES B r 


which is identical with the equation for the aberration (10.4), while the third 
of eqs. (7) represents the exact relativistic formulation of the Doppler principle. 
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We could have derived these equations in an even more elementary 
Manner using the second expression (3) for the phase of the plane wave. We 
could, namely, require that 

kK’ +r’ -w'? =k-r-ewt, 
write x,', %,’, #’ in terms of x, x», # by means of a Lorentz transformation, and 
then equate the coefficients of the terms x,, x,, ¢ on both sides. We have 
favored the former method (using the covariance of the wave number vector 
instead of the invariance of the phase) because it expresses more clearly the 
relativistic four-dimensional origin of the Doppler equation. 

For general directions of the velocity of the light source with respect to the 
observer or vice versa, we let vcos« = v, = projection of this velocity on 
the normal to the wavefront and according to (7), we get 


A 1 = U,/C 
8 53S 
(8) ane 
Letting 4 A = 4’ -A, it follows that 
(9) Ba Vi-#-14 Lt nic 
A a 1- Vale 


In the first order approximation this yields the well-known elementary 
expression for the Doppler effect 
Ai 
19) Stee 
A more detailed discussion of (9) will show that this equation contains 
not only the longitudinal Doppler effect in the case vz, = +, which is a 
first order effect, but it also contains the second order transverse Doppler 
effect. For if v,= 0, we have 


recently this transverse effect has been measured accurately by means of 
the red shift of spectral lines (see Vol. ITI Sec. 27 D}. 


12, Fresnel’s Coefficient of Drag and Fizeau’a Experiment 


Regarding the velocity of propagation of light in a moving transparent 
medium, the most obvious assumption suggested by the classical ether theory 
would have been that the velocity of light c/n (» = index of refraction of 
the medium) is added to the velocity v of the medium. However, Fresnel, 
through ingenious reasoning, found the resulting velocity to be 


c 2 
(1) wa E4o(r-). 
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The factor (1 - 1/7) is called the “Fresnel Coefficient of Drag'’. The formula 
was completely confirmed by performing the Fizeau experimen: in streaming 
water. 

The light originating from the source Z passes in two separate bundles 
of rays through the two pipes shown in fig. 16. In one of the pipes the light 
velocity is increased and in the other decreased and the resulting optical 
path difference can be measured at A by means of an interferometer. 


Water 


+V 
Yf Lil YY YY 
WHEL. Lilley 


-¥ 


WY 


Fig. 16. 
Fizeau’s experiment for the determination of Fresnel's drag coefficient. 


As was first noted by v. Laue!, Eq. (1) can be explained purely phenomeno- 
logically on the basis of the velocity addition theorem as given by formula 
(27.15) Vol. IIf 


Uy + Ve, 
2) aaa ty %fc* 
without making any special assumptions regarding the nature of the 
propagation of light in the moving medium. If in Eq, (2) v, is set equal to 
the phase velocity in water of index of refraction », i. e. equal to c/n, and v2 
is set equal to the velocity of the water with respect to the reference system 
which is at rest in the laboratory, i. e. v, is + v in the upper pipe and —v 


in the lower one, then according to the addition theorem, the resulting 
velocities 4 are 


(3) Pee 


1Ann. d. Phys. 28, p. 989, 1907. 
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From this it follows in the first approximation if » << c/#, that 
€ Ve v ¢ UH Uv 
wo Sha }(iz)=¢( 252), 
which, indeed, agrees with (1): 
c 1 
(4) wm Solr). 


Lorentz! showed that this formula can be refined by combining it with 
the Doppler effect. In this way one obtains 


(5) wa ao(-5-44), 


This equation is derived in the following way: is not constant but is a 
function of the wavelength. One now considers a certain spectral line A which 
is emitted by the light source £. As seen from a reference frame moving with 
the water, this spectral line is modified to A’ =A+AA. One obtains, 
therefore, 


(5 a) n() =n (A+ 4a) ant San 


In the upper pipe the water flows away from the light source and in the lower 
pipe it flows toward it. 4 A is found from Eq. (11.10) by replacing ¢ by the 
velocity of propagation c/s in water. Accordingly 


AA v dn v 


as + on’ hence from (5 a} n(¥’)=nbar am, 
and 
¢ cin ¢ anv 
nil ine as = (Fa): 
1 EA 


The numerator in Eq, (3) is thereby changed to 
¢ dn v a 
(6) f(a 2 402). 


The correction in the denominator would amount only to a term of second 


order in v/e, which may be neglected. As before, the inverse of this denominator 
reads 


(6a) ee 


HE 


1Versuch einer Theorie der elektrischen und optischen Erscheinungen von beweg- 
ten Kérpern, Leiden 1895, p. 101. 
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Multiplying (6) and (6 a) one obtains 
anv U v 


c 
which agrees with (5). Zeeman’st mastery of spectroscopy enabled him to 
verify this more exact formula experimentally. 

The following general conclusion is to be drawn regarding the dragging 
of light in moving (ponderable and isotropic) bodies: as seen by an ob- 
server moving with the body, or at rest with respect to it the light propagates 
with the velocity c/n uniformly in all directions (first term of eq. (1)], 
regardless of whether the body is at rest or in a state of uniform motion. 
For an observer at rest in the laboratory with respect to which the body is 
moving with velocity v, a first order effect is added in the direction of the 
motion (this effect is given by the second term in eq. (1) or eq. (5) and is 
small compared to the first term by the order of magnitude v/c). As in the 
case of the transverse Doppler effect, an effect of second order exists in the 
direction perpendicular to the motion. Though not included in the Fresnel 
formula (1), this second order effect is easily computed by means of the 
addition theorem of velocities. 

When # = 1 the first order effect disappears. A medium of index of 
refraction 1, however fast it may move (for instance, the so-called “ether 
wind”), has no effect at all on the propagation of light. This fact was once 
considered to be a proof that the ether was at rest and ponderable matter 
moved through it. According to that theory, only the charges associated with 
matter which find their expression in the index of refraction » were to affect 
the propagation, We know now that no particular assumptions need be made 
regarding the mechanism of the emission of light. The concepts of electron 
theory are, to be sure, useful for the visualization of the dragging term but 
they are in no sense necessary for its derivation. 


13. Reflection by a Moving Mirror 


The problem to be discussed in this section will serve as a preparation for 
the experiments to be described in 15 and will, moreover, be of help in connec- 
tion with the thermodynamics of radiation which will be treated in Vol. V. 
(Wien’s Displacement Law}. We distinguish two cases: a} the mirror is moved 
in a direction tangential to its plane surface and b) it is moved in the direction 
perpendicular to its surface. In both cases the mirror will be assumed to be 
perfectly reflecting and its velocity will always be uniform. 


1Amsterd. Akademie Versl. 1914, p. 245 and 1915, p. 18. 


18. 3 REFLECTION BY A MOVING MIRROR 73 


a) We use the wave number four-vector defined in (11.5) referred to the 
“primed” system* which moves with the mirror, see fig. 17 a. In this system 
we call our vector k’ and its components are 


(1) k,', Ra’ in the plane of incidence, 4x’ = 0, Ry) = tac. 


We shall call the corresponding quantities 


describing the reflected ray k’ and 4,', etc., 
respectively. Since the mirror is at rest with 
respect to the primed coordinate system, the 
ordinary law of reflection holds: 


hy! hy’, hy =e’, = Ry’ = 9, k,' = ky. 
(1) 

When observed from the laboratory 
with respect to which the mirror moves 
at a velocity v= £c in the direction of the 
x-axis, the four-vectors describing the inci- 
dent and reflected rays shall be denoted by k 
and kand their components by 4,...%, and Fig. 17a. 


Reflection from a moving mirror. 
Direction of motion parallel to the 


hy. : she respectively. Inverting the transfor- 


mation eq. (11.6) by replacing £ by ~ # and plane of the mirror. 
vice versa, we find for the incident wave 

(2} = a hig = hy’, y= ‘ = ~ 

and for the reflected wave, taking into account (1'), 

@ RB Rey, Ra. 


If we denote the angles of incidence and reflection as measured in the 
laboratory system by 


a and «, respectively, 
then by definition 


(3) ieee ‘end wees 
Ry Re 


1The convention by which the primed system is identified with the ‘‘moving” body 
and the un-primed system with the “‘stationary’’ laboratory is, though customary, entirely 
as arbitrary as the words ‘moving’ and “‘stationary’’ themselves. Since we shall call 
the angle of incidencé in the primed system «’, we must change our former notation for 
the angle of reflection (Chap. I). We will, therefore, distinguish the latter from the angle 
of incidence by a superposed bar. 
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From this it follows, according to eq. (2) and (2’), that 

(4) aK, 

From the connection between w’ and &,' given by (1) and the corresponding 
relationships between w and A, and between @ and Ry it follows that 

(5) @ = w, 

Thus, for a mirror moving tangential fo its surface the law of reflection which 
holds for stationary mirrors is preserved, and, seen from the laboratory system, 
the frequency of the light remains unchanged 
by reflection. However, « differs from the 
angle of incidence in the primed system a’ 
by a small term of first order (which we 
could call the angle of aberration). Also 
the frequency w differs somewhat from w’ 
because of the Doppler effect. 


b) Now let the mirror move in a direction 
perpendicular to its surface, for instance, 
forward against the incident light. The 
x-axis will again be in the direction of the 

Fig. 17. velocity v, see fig. 17 b, and the y-axis will 
Reflection from a moving mirror. be in the plane of the mirror. In the primed 
Direction of motion perpendicular coordinate system which moves with the 
to the plane of the mirror, mirror one finds, because of the interchange 

of indices 1 and 2, instead of (1’) 


(6) ry, — —k,', fe’ = Re’, hg! = 0, Ry —_ hy! =— t aw’ fe, 
From the Lorentz transformation, taking (6) immediately into account, one 
obtains instead of (2) and (2’} 


k,’-t BR, ky +i pk,’ 
b = k= iF k ee ee eae 
2 1 Vie B 2 hy 4 yi-a fi 
an 
(7') pS: ame Aa Re R, i ecko 


yin BT ERs 
In contrast to (3) the angles of incidence and reflection are now to be 
defined by 

_ Ay _ _ As 1-8? a 
(8) tan « 5 Hees TET Te an a Eo okey 
Thus, as observed from the laboratory, the angle of reflection differs from the 
angle of incidence. The same is true for the freguencies w and @. 
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In the case illustrated by fig. 17b, ® >; if v were in the opposite 
direction, then we would find that @< qm. This is readily understood by 
temporarily replacing the plane wave by a stationary point source at a finite 
distance and by considering the image of this source produced by the moving 
mirror. This image approaches the observer at a velocity 2 » and hence the 
wavelength of the reflected light appears shortened due to the Doppler effect, 
and its frequency appears increased. If the mirror moves in the opposite 
direction, the whole situation is merely reversed. Correspondingly, « < « 
in the case illustrated by fig. 17 b, while « > a when the motion of the mirror 
is in the opposite direction (or, to speak more precisely, when the relative 
motions of mirror and observer are opposite). 

Anticipating the corpuscular considerations of Sec. 16, we may point out a 
mechanical analogue: a tennis ball which falls obliquely on the racquet is 
reflected at a smaller angle than that at which it impinges. This is because 
the perpendicular component of the ball’s velocity is increased by the forward 
motion of the racquet. 


14. The Michelson Experiment 


The most famous experiment in the field of optics of moving media is that 
of Michelson. For dates see the historical table in Sec. 1. After its repeti- 
tion at Jena the negative result of this experiment can be considered as 
definitely .established. The following will serve to indicate the degree of 
accuracy which was striven for: the apparatus was operated entirely automat- 
ically; in order to eliminate every possible temperature effect the apparatus 
was set up in a cellar of the Zeiss works and was inaccessible to the experi- 
menter. Joos rightfully considered these precautions more important than the 
measures taken by 1. C. Miller, another successor of Michelson. The latter 
placed his apparatus in a wooden shed on a high mountain in order to provide 
the “ether wind” with the freest possible passage through the apparatus. 
The apparatus used by Joos is now in the “Deutsches Museum” in Munich. 

Michelson’s experimental set-up is sketched in fig. 18. As in the case of 
other experiments of Michelson as well as of Perot-Fabry, the most 
important item is the semi-reflecting plate H. This plate allows the light 
coming from the lamp L to follow two different paths between L and B 
{observing telescope), namely, 


LHS,HB and LHS,HB. 


Since along both these paths the light passes once through H and is once 
reflected by H, the attenuation along both paths is the same and is given by 
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the product 7d. It is, therefore, not necessary to obtain exact semi-trans- 
parency {4d = 7). Likewise, it is immaterial whether the mirrors S, and 5S, 
are precisely perpendicular to each other or not, a condition which, in any © 
case, would be experimentally unattainable. Hence, we are here not 
concerned with interference arising 
from a plane-parallel air plate but 
rather with the kind of fringe 
pattern to be expected from an 
air space which is somewhat wedge 
shaped. Even the equality of the 
distances }, = H S, and /, = S, 2, 
though desirable, is not of critical 
importance (see footnote p. 78) 
and is never exactly attained. 
We shall, however, carry out 
all computations using /, = J, = /. 
In the experiment of Michelson and 
Morley the light paths were increased 
Sj to eleven meters by repeated reflec- 
Fig. 18. tions. The whole apparatus floated 
Re paris that the on mercury’. First it was oriented so 
vlosity of ght is independent of theearth’s hae ehe direction L H S was parallel 
H is a semi-transparent plate. 5,5, are to the direction of the earth's 
mirrors. 8B is the telescope used for obser- motion about the sun. Then the 
en whole apparatus wasrotated through 
90° and any possible shift in the 
interference fringes was observed. According to the theory of relativity no such 
shift of the fringes can occur. This is due to the fact that the earth qualifies 
as a practically unaccelerated reference system and (in contrast to the 
experiments on aberration} the change of the earth’s direction of motion 
during the duration of the experiment is negligible. 

This is, however, not true from a non-relativistic viewpoint when the 
stationary reference system is assumed to be at rest with respect to the sun. 
For in this case, we would have to assert that the light always moves with a 
velocity c with respect to this reference system. The velocity of propagation 
of light with respect to the moving apparatus has then to be calculated. For 
this purpose the positions of H and S, for the first part of the experiment 


1In Joos’ set-up the apparatus was suspended by springs. The arms /, and /, consisted 
of quartz glass, the light paths amounted to 21 meters and for a source the Hg-line 
A = 5461 A.U. was used. See Ann. d. Phys. (Lpz) 7, p. 385, 1930. 
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(ZS, parallel to v}) have been drawn in fig. 18 a in the following way. H is 
the position of the semi-transparent plate at the moment at which it is 
traversed by a certain 8B 

phase of the monochromat- 

ic wave coming from L, 

a maximum for instance. 

5S, is the simultaneous 
position of the mirror S,’ 

is the position of the mirror 

at the instant at which it 
reflects the above-men- at 
tioned phase. This reflec- Z an 
tion bibs occur a time i, lat- HH! HY" by Ss 
er, H’ is the position of H at 

that instant. H’ is the 

position of H at the time 

f, when the same phase 

returns to the semi-trans- 


parent plate. If we use WEE, 
the path lengths S, S,’ = gy : 
vt, A’ H" =vi, shown 2 
in the figure and let Fig. 18a. 
HS,= H’ S,'=1, then Determination of the light path in Michelson’s exper- 
ordinary non-relativistic iment. Ray parallel to the motion of the earth. 
kinematics yields 
i 
Phot, = ch, = ——, 
(1) 
L—v ty = ¢ be, aera 
Hence, the total time taken by the light is 
i ' 2he 2bfe 
o ates yt pe eat 


The fact that the light actually meets the telescope B, which has itself moved 
forward, is due to the changed law of reflection at the moving H-mirror when 
in the position H” }, 


‘In this case the reflection is from a mirror which moves neither perpendicular to 
its sutface as in 13a, nor parallel to it as in 13b. This mirror Hf is inclined at an angle 
of 45° with respect to its direction of motion. It is evident, however, that also in this 
case the event (arrival of the reflected light at B) which is observed on earth must be 
rejativistically preserved if the reference system is moved to the sun. 
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For the computation of the other Tay path we use fig. 18b. Here H is the 
position of the semi-transparent plate at ihe time at which it reflects the same 
light phase, as before. S, is the position of the second mirror when this phase 
is reflected from it after a time t’, and H’ is the simultaneous position of A, 
fi" is its position when the light again passes through it. Since, in this case, 
the reflection takes place at the mirror S which moves parallel to its surface, 
the ordinary law of reflection holds and 


(3) HH = HH" vi and HS, = S,H" = PR vty, 
On the other hand, in the stationary 


system of the sun it must be true 
that 


(3a) HS,=S,H" =cr. 


From (3) and (3 a) follows c27/2 = 
2+ y272 and also 


(4) 2? =. 


This time interval differs from 
that found in (2). The difference 
is only of second order in 8 (8 = 
aberration constant — 104, see 
Sec 10), namely, 


b 
(5) Ate, +i-27 as 
Or, expressed as a light path length, 
(5 a) cAt=/i f%. 


Nevertheless, this difference means 
that the phase under consideration 


Fig. 18b. 


Determination of the light path in . 
Michelson's experiment, Ray perpendicular Teaches the observer B eoticeably. 


to the motion of the earth, later when it goes by way of Sy 

than when it goes by way of S,. 
If we now rotate the apparatus through 90°, then S, takes the place of S, 
and vice versa. Thus the time intervals #, + t, and 2?’ are interchanged? 


‘The arms /, and |, interchange in the same way even if they differ in length from one 
another (, = 1, ft, =/+62). In this case, however the term 291 (1 + 82/2) is 
added to (5a), and the part independent of A* cancels in (5a) and one obtains 


(5c) drm Toho 


which agrees closely with (5b) as long as CLS 2 
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so that the expressions (5) and (5 a) change their signs. The difference in the 
time of arrival at B is thereby doubled. Hence B should observe twice the 
shift given by (5a). Expressed in fractions of one whole fringe width, this 
amounts to 


cA i 
ME; pice, eT 
(5 b) AZ=2 7 = 25 BF. 


For the above-mentioned values of / = 21 meters, 4 = 5461 * 10719 m, 
this gives 
(6) AZ = 0.4. 


In contrast to this result Joos summarized the result of the Jena experiments 
as follows: ““We can say with a clear conscience that the upper limit of the 
effect due to any true ether wind which might still be possible on the basis 
of these experiments is 1/1000 of a fringe.” 

In order to reconcile this disagreement between theory and experiment, 
Lorentz and, independently, Fitzgerald found it necessary to introduce the 
following bold hypothesis: every moving body contracts in the direction of 


its motion by a factor Vi ~ §?. From Vol. III, Sec. 27 C we know that this 
“Lorentz contraction” is a general consequence of the principle of relativity 
and that it holds true, not only for the particular experiment here considered, 
but for all relative motions and for all space measurements parallel to such 
motion. Thus the Lorentz contraction is not an “ad hoc hypothesis’. We 
should never have had to mention it had we used the relativistically 


correct kinematics immediately in (1) and had there replaced / by iV = B. 
In eq. (3}, where / is the length of the arm which is perpendicular to the 
direction of the motion, no such change would have been necessary. 


15. The Experiments of Harress', Sagnac? and Michelson-Gale* 


The negative result of Michelson’s experiment has, of course, no bearing 
on the problem of the propagation of light in rotating media, To discuss this 
problem one must use not the special but rather the general theory of relativity 
with its additional terms which correspond to the mechanical centrifugal 
forces. However, in view of the fact that in the following experiments only 
velocities vu <.c occur and only first order effects in v/e are important, 
relativity theory can be dispensed with entirely and the computations can be 
carried out classically. 


1Diss. Jena, 1912. 
*Comptes Rendus, 1913. 
7 Astrophys. journ., 1925. 
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The Sagnac experiment is the easiest to describe. As shown in fig. 19 the 
semi-reflecting plate H and the three mirrors S are mounted at the 
corners of a square which is inscribed in a disc. The plate H is mounted in a 
radial position, the mirrors 5S are mounted tangentially to the disc. The 
monochromatic light source £ and the photographic plate Ph are, likewise, 
rigidly attached to the disc. The two rays emitted by Z and separated by H 
are made to interfere at Ph. If the disc is made to rotate, then the ray going 
in the same direction as the rotation is made 
to travel a longer path and the ray which 
is oppositely directed travels a shorter path. 
Thus interference fringes are formed whose 
positions differ for oppositely directed rota- 
tions. If this shift JZ in the fringes is 
measured, it is found to obey the following 
theoretical formula: 


F 
(1) AZ =4p—; 


F is the surface enclosed by the ray path, i. ¢. 
Fig. 19. a square in Sagnac’s experiment; 7 is the 

Sagnac’s experiment. The inter- radius of the disc; v is the velocity of the 

ference arrangementconsists ofthe — dice’s circumference and 6 = ofc. 

light source L, the semi-transparent 

plate H, three mirrors S, and the In order to prove eq. {1} we note that 

photographic plate Pi. The entire owing to the law of reflection at tangentially 


set-up rotates with angular velo- Moving mirrors, the four sides of the 
city tt @ about 1 central axis |. ra ; 3 : , 

paper. longer a closed figure) subtend the same 

central angle; namely, g) ifw=0,g, for 


w in the same direction, y_ for w opposite to the direction of the ray: 


ss 4 % 
=F Pt = ZH 


@ Ti; 

where t,, is the time which it takes the corresponding ray to travel its path 
L— Ph, Neglecting the distances L H and H Ph which are the same for 
both rays, the length of this path is equal toc t,. It is also equal to four times 


one side of the square, where this side has heen lengthened or shortened by 
the rotation. Thus: 


fl i | @ 
CT, =4 2r sin dpa = 8rsin (3 + ora}. 
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From this one finds the time difference to be 


Sr]. fx ow . {mr ow 
Arers rm Shain (4+ Se,}-sin(4-2e}} 


{2} 16r x ww . @ 
= —— cos re 7647 sin 75 (t+ +t). 


Neglecting small quantities on the right-hand side, one can put 


xn qe 
cos + © Ar| woos 


. @ . @ @ 
sin — (rt, + t_}~ sin —tg ~ = %, 


16 8 8 
where t, is the time taken by the light if the disc is at rest and is given by 


tT) = gad 
eee 4 
Thus (2) becomes 
8 wr? 


Since w = w/y and F = (r/2)2, one can write instead 
F 
(3 a) Ar=4 B eh 


This expression becomes identical with (1} if one computes the shift of fringes 
4Z from the time difference A +. 


We could have shortened the above calculations had we started out by 
using the Doppler effect. The Doppler effect originates in the semi- 
reflecting plate H which acts as a moving light source emitting different 
wavelengths in the forward and backward directions (while no additional 
Doppler effect is caused by the tangentially moving mirrors). The shift in the 
fringes A Z is due to the difference in wavelength between the ray going with 
and against the direction of rotation. 


In Harress’ experiment a number of glass prisms were arranged along the 
circumference of the disc. The same formula (1) again applies, where, however, 
F is the area bounded by the polygon that is described by the ray in its path 
from prism to prism. Formula (1) was entirely confirmed by the results of 
both experiments. 
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In the experiment of Michelson and Gale the earth plays the role of the 
rotating disc. The component of the earth’s angular velocity along the 
perpendicular at the place of observation takes the place of w. Preliminary 
experiments on Mt. Wilson showed that if the necessarily long light paths 
were placed in free air, then even under the best atmospheric conditions the 
interference fringes were too unsteady to make measurements possible. 
Hence, it was necessary “‘to resort to a pipe line about one mile long and one 
foot in diameter which could be exhausted of air’. The area F was a rectangle 
with sides of 340 and 610 meters. The mirrors $ and the semi-transparent 
plate H were attached at the corners of this rectangle. In order to obtain a 
zero setting for the fringe shift, a comparison path enclosing only a small 
area was provided. A total of 269 observations yielded a mean shift of 
4 Z = 0.230 + 0.005 fringes which is again in full agreement with eq. (1). 

This experiment is a beautiful analogue to Foucault's Pendulum experiment. 
While the translatory motion of the earth cannot be noticed either mechanically 
or optically, the earth’s rotation is measurable both mechanically according 
to Foucault and optically according to Michelson-Gale. 


16. The Quantum Theory of Light 


At the end of the seventeenth century Huygens’ wave theory and Newton's 
corpuscular theory entered upon a period of competition. Although the corpus- 
cular theory prevailed during the eighteenth century, at the beginning of the 
nineteenth century the interference experiments of Thomas Young brought 
about the victory of the wave theory. But with the start of the twentieth 
century a rebirth of the corpuscular theory was brought about by the work 
of Einstein: Uber einen die Erzeugung und Verwandlung des Lichtes betreffenden 
heurrstischen Gesichispunkt, Ann. d. Phys. (Lpz) 17, 1905. (On a heuristic view- 
point concerning the creation and conversion of light.) 

This paper was much more radical than the theory of relativity which 
had its origin in the same year. While the latter represented the crowning 
achievement of classical physics, the former revolutionized it. 

In 1887 Hertz discovered the photoelectric effect and soon afterwards it 
was measured electrostatically by Hallwachs. The explanation of this effect 
on the basis of electron theory as given by Lenard and J. J. Thompson led to 
the following results: the number of electrons ejected from a metal plate by 
light depends on the light rmtensity but the kinetic energy of these electrons 
is solely determined by the frequency of the incident light. Einstein, applying 
Planck’s discovery of the quantum of action 4 and the quantum of energy Av, 
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interpreted these results in the following way: the upper limit v of the ve- 
locity spectrum of the photoelectrons is given by the energy equation 


4} hy= Set A 


where A is the minimum energy required to separate the electron from the 
metal. Only when Ay > A does a photoelectric effect appear. Ultraviolet 
light always yields a photoelectric effect while only the alkali metals, which 
have a small A, are photoelectrically active under red light. In 1916 Millikan 
confirmed the existence of such an upper bound of the velocity spectrum 
precisely and used it to determine &. 

Thus a new elementary particle, the “‘photon”, was introduced into 
physics. Its energy is 
(1 a) E == hy. 


Since this particle always moves with the velocity c, we must ascribe to it 
the rest mass jtg = 0; otherwise its velocity mass 4 = z9|/] ~ 6? would become, 
infinite. From the general relation between mass and energy 


E = (u~ ftp) 


the mass is found to be u = 4 rj/c* and the momentum 
Ay 
(2) pS ee: 


In his original paper Einstein also called attention to Stokes rule for 
fluorescence: the frequency of the fluorescent light is always displaced toward 
the red with respect to that of the exciting light. This rule is also generally 
true for phosphorescence bands (delayed fluorescence) and for the characteristic 
radiation frequencies in the X-ray spectrum. To excite, for instance, the A 
radiation of an atom the exciting radiation must be harder than the hardest 
line of the K spectrum. 

The continuous X-ray spectrum is produced by a kind of reversal of the 
photoelectric effect. While in the ordinary photoelectric effect primary 
photons produce secondary electrons, we now have the case of primary 
electrons (cathode rays of energy EZ) impinging on a target electrode where 
they excite the secondary photons of the continuous X-ray spectrum. The 
following Stokes rule is obeyed: 


(3) hy <E, hi ¥maz == E. 


Therefore, the continuous X-ray spectrum has a short-wave limit A,,;, =< C/pox 
which can again be used in connection with eq. (3) to determine 4. In contrast 
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to this the classical computation of the radiation given off by a decelerating 
electron, as performed in Vol. ITI, eq. (19.22) or (30.11), always yields a 
spectrum which is continuous up to » = 00. 

The following consideration is to be added: the ‘ ‘accumulation period” 
which would be necessary if the energy provided by single cathode ray 
electrons were to accumulate to an X-ray energy of 4» would become very 
long —- of the order of several hours! But actually the secondary X-rays are 
emitted simultaneously with the primary cathode rays just as the photoelec- 
tric effect starts immediately with the primary illumination. As a last des- 
perate attempt to save the classical theory of radiation, Debye and the 
author undertook in 1913 to explain the photo effect classically by using a 
special hypothesis regarding the action integral? 

Since that time it has, of course, become possible to register directly the 
discontinuous quantum nature of weak X-rays or ultraviolet light through 
the amplifying action of the counter tube. It is even possible to make the clicks 
associated with the separate discharges audible. We will not discuss here the 
Compton effect which makes the corpuscular nature of X-rays especially 
evident. Rather we shall limit our discussion to those effects which have 
already been explained wave-theoretically in this chapter. In the case of the 
moving mirror we have already indicated the possibility of a corpuscular 
explanation by using the example of the tennis ball at the end of Sec. 13. While 
our previous derivations of the aberration and dragging effects were ultimately 
based upon the velocity addition theorem, these two phenomena can also 
be easily explained on the basis of the corpuscular theory. But how about the 
Doppler effect with its expansion or crowding of wave surfaces which seems 
to require a definitely wave-theoretical explanation? Schrédinger® showed. 
that this effect also can be understood from a photon point of view. 

We shall assume that a radiating atom O, instead of emitting aspherical 
wave, sends out photons of energy Ay and momentum Ar/e in random 
directions. In this way such a photon will occasionally also travel in the 
direction of the observer P. When this is the case, the atom recoils in the 
direction PO. We shall assume here that the observer is at rest and the 
emitting atom is in motion, though we could equally well treat the reverse 
situation. The recoil momentum Ay/e combines with the original momentum 
of the atom Mov, to give Mv,. Let « be the angle between OP and v, and 
« + dex the angle between OP and v,. We construct the momentum triangle 


1Ann. d. Phys. 41 (Lpz}, 1913, see also: First Solvay Congress, ‘“Theorie du rayonne- 
ment et des quanta’, p. 344. These efforts had to fail, of course, because of the tremen- 
dous length of the required accumulation period. 

*Physikal. ZS. 28, 301, 1922. 
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OAB, as shown in fig. 20, where OA = Mv,, OB = Muy, AB = hoje. We 
now project OB on OA and find that for the infinitesimal right triangle 
ABC the following relation holds: 


{4} MAv= cosa. 


This is the law of conservation of mo- 
mentum. The conservation law of energy 
is: 

wnt t Ei, a Fmt tEyt hor +4») 
(5) 

where h (vy + Ay} is the energy emitted 


by the moving atom. Quantum-the- 
oretically the energy of the photon emitted i 


by an atom which is at rest or moving i? 
if I ae Awhich ‘ Fig. 20. 
uniformly (v, = v,} and whic Experiences The corpuscular explanation of the 
a change in its configuration E, ~ £, is Doppler effect. 
given by 
(5 a} £,-E,= 


Substituting this in (5) one obtains 

6) hh» = (oy? 02) = M Av, 
Neglecting (4 x)? we let (v, + 2,)/2 =v and obtain, from (4), 
(7) hd y= hy — cosa. 


Characteristically, % cancels out and we obtain the Doppler formula which is 
identical with (11.10) 


v 
(8) <= zoos a 


The reader may convince himself that the significance of the sign mentioned 
in connection with (11.10) is also in agreement with fig. 20. 


This derivation appears to be inconsistent in that the recoil momentum 
was assumed to be Ave instead of A(y + A v}f/e. However, if we use the 
latter value, the result will differ from our present result only in terms of 
second order, i. e. terms proportional to (vjc}*. If we had considered such 
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terms, however, we should have had to carry out our calculations relativistically 
from the very beginning. In particular, the kinetic energy of the atom should 
have been set up differently. As Schrédinger has pointed out, we would 
then have obtained the relativistically rigorous Doppler formula, that is 
eq. (11.9). 


From an epistemological point of view we are thus faced with an extremely 
remarkable situation: the phenomena described in this chapter, and in 
particular the Doppler effect, can be understood in terms of either the wave 
theory or the corpuscular theory. This is also true of the light 
pressure which was treated wave-theoretically by means of Poynting's energy 
flux in Vol. III, Sec. 31. According to the corpuscular theory this pressure can 
be described very vividly in terms of a “‘photon-hail”. However, the wave 
theory completely fails to explain the photoelectric effect and the most 
important results of X-ray spectroscopy. On the other hand, the photon 
theory, at least in its present state of development, is unable to account 
precisely for polarization and interference phenomena. Therefore, we are 
forced to adopt a dualistic conception of light: not Huygens or Newton, det 
Huygens and Newton. Newtons’ theory explains the coarse but nevertheless 
fundamental energy problems while Huygens’ theory is of use for the much 
more delicate problems concerning interference. Light has a dual nature, 
it presents us with either its corpuscular or its wave aspect depending on the 
particular question which we are posing. It is wrong to ask which of these 
aspects is the vue one. As far as we know today, they are both on an equal 
footing and only both aspects taken together are capable of representing the 
nature of light completely. 

One speaks, therefore, not of a duality of light but, mere appropriately, 
of its complementarity. This expression, which was coined by Bohr, is all the 
more appropriate because we know today that also electrons and all material 
bodies possess in addition to their corpuscular character and on an equal 
basis with it also a wave-mechanical nature. There are matter waves as well as 
light waves. Our previous characterization of cathode rays as corpuscles 
and X-rays as waves was an antiquated way of speaking. The difference 
between these two lies not in their wave character but rather in their velocities 
and charges and consequently their very different interactions with the atoms 
of material bodies. 

It is clear that this complementarity overthrows the scholastic ontology. 
What is truth? We pose Pilate’s question not in a skeptical, anti-scientific 
sense, but rather in the confidence that further work on this new situation 
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CHAPTER ITI 


THEORY OF DISPERSION 


So far we have discussed only the nature of light, Now we shall investigate 
more closely the nature of refractive media. We have already mentioned in 
connection with eq. (3.4 a) that the electromagnetic explanation of the index 
of refraction is inadequate since it even fails to account for the decomposition 
of white light in a prism. We can understand such phenomena only by learning 
more about the optical properties of matter. 

The electric composition of matter is well known: every atom consists 
of a positive nucleus and a shell of more or less mobile electrons. However, 
we need not go into electron theory in the usual sense. We can carry out 
our calculations using, instead of individual electrons, an ¢lectron fluid? 
which is spread uniformly throughout the whole body. The situation here is 
analogous to the theory of hydrodynamics in which a continuous density 
replaces the individual molecules. In the same way the electrons will be 
thought of as “smeared-out’’? into a continuum. : 


We shall treat the charges of the positive ions in the same way. They will 
serve the purpose of neutralizing the enormous electrostatic repulsive forces 
which would otherwise act within the electron fluid, and conversely the 
latter will neutralize the electrostatic repulsion of the ions. This point of 
view, which is usually adopted in dispersion, is entirely justified in the optical 
spectrum where a cube one wavelength in dimension contains a tremendously 
large number of atoms; in the X-ray region, however, this mode of 
attack fails. 

In hydrodynamics we use a volume element to define displacement and 
velocity; the definition of displacement in the electron fluid will be explained 


in eq. (17.2); the corresponding definition for ions will be found in the beginning 
of Sec. 18. 


\Using a currently popular word one could speak of an electron “‘plasma’’. 

*I am afraid that this ugly word which I used in my lecture in 1912 has come into 
general usage. At that time I posed to P. Ewald, as a theme for his dissertation, the 
problem of explaining double refraction and dispersion in crystals in terms of their lattice 
structures, that is not to smear out the electrons but to assume them to be bound to the 
individual building stones of the crystal. There was a close causa] connection between 
this dissertation and the ingenious idea of M. von Laue to investigate the lattice structure 
of crystals with X-rays. See also Chap. V, Sec. 32 C. 
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17. Ultraviolet Resonance Oseillations of the Electrons 


Let us now investigate a transparent isotropic non-conducting material. 
The optical field will be described by the two light vectors E and H., Excluding, 
for the present, magnetizable materials we set B = x» H. However, we do 
not set D = ¢ E as in the case of slowly varying fields, but rather more 
generally we let 
(1) D=s, E+ P. 

P is the polarization vector which was introduced in Vol. III, Sec. 11. Polari- 
zation means that the field E displaces the electrons from their rest positions. 
We shall call the displacement vector s and set 

(2) P=-WNes. 

-¢ is the charge of the electron and W is the number of dispersion electrons 
per unit volume. These definitions of P and s obviously presuppose individual 
electrons rather than a continuum. Equation (2), therefore, refers to the 
state of affairs before the “smearing-out”’. 

Let us note that this assumption is dimensionally correct. The dimension 
of P is, like that of Dand e, E, Q M? (see table at the end of Sec. 2). And 
indeed, since N has the dimensions M~3, Ns has the dimensions M~*, Let 
us note further that the sign in (2) is chosen correctly. Figure 21 represents 
the action of the field E upon the electronic charge ~e¢. This charge is 
separated from the ionic charge + ¢, with which it originally coincided, by 
being displaced in a direction opposite to the displacement of the positive 
charge. We can assume the ionic charge +- ¢ which carries the ionic mass M 
to be stationary. Thus an electric moment {+ e¢, — ¢) with moment arm |s| 
and directed parallel to E is created as represented in eq. (2}. 


Fig. 21. —¢ +e 
Separation of the electron charge (mass m)} and ion charge $~-- @-— E 
(mass M} in the electric field E. m M 


In fig. 21 we assume that the electrons are bound “quasi-elastically” to 
their rest positions, so that they will seek to return to those positions when 
displaced from them by a field E. Therefore s satisfies the following differential 
equation: 

(3) ms+fs=—eE. 
Here the restoring force ~/s has been put on the left-hand side with the 


opposite sign. On the right-hand side is the field force acting on —¢. Instead 
of (3) we shall write 


3 |~ 


(3 a) 5+ wy? == -= E where ?= 


90 THEORY OF DISPERSION 17. 4 


w, is the characteristic frequency of the electron {and therefore also of the 
electroniluid) which the title of this paragraph asserts to be in the far 
ultraviolet. This is particularly the case for the gases Hy, Nz, O,, etc. Written 
in terms of the polarization eq. (3 a) becomes: 


@2 N e 
— 2 bd . 
(4) (3 es m : 


Thus we have not two, but dhree light vectors, E, H and P which are 
connected by three vector differential equations. For we have, besides (4}, 
the two Maxwell equations 


(5) gH=-curlE and oe E+ P =curlH. 
In the second of these equations D is already expressed in terms of E and P 


by means of (1). Eliminating H from the two eqs. (5), we obtain, taking 
account of div E= 06 (uncharged dielectric} 


(6) Eglo E +g P =-curlcurl E= A £, 


see Vol. III eq. (6.2). We need now only eliminate P from eqs. (4) and (6) 
to obtain a pure differentia] equation for E. For this purpose we operate on 
(6) and (4) with the operators 02/a% + @,2 and jx, 2%/a%, respectively. 
Thus we get the following fourth order differential equation: 


a2 1s: N 6%. 
(7) (2+ ov) (se c} +N feng 


We specialize this immediately to the case of a linearly polarized plane 
wave of frequency w and wave number 2 


(8) E, = Aehhe—oi, E,=E,=0. 
Then (7) yields the following algebraic relation between @ and k: 


w* lig V e® 
(=o? + a7) (4%) = w?* 


which, when solved for %*, gives 
2 2 AT 2 
go fg? N e?}/m 
(9) er (i * G2 - w* 


Now, « = w/k is the phase velocity of our plane wave (8) in the dispersive 
medium. The index of refraction of this medium relative to the vacuum is, 
according to the definition (3.4), 


(9 a) pia 
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Setting 4) ¢* equal to 1/e, we write instead of (9) 


N e®{m fy 


2— 
(10) Malt a 


Thus, the index of refraction has become frequency dependent, This is what is 
meant by dispersion. Because 


Wred — 9 << Wvioier < Wg 


the denominator w,*-* is positive in the entire visible spectrum and is 
larger at the red end than at the violet end. Blue light is refracted more than 
red light. This is normal dispersion. 


Assuming w, very large, we now develop (10) in powers of w/w, and retain 
only the first two terms: 


2 2 
(11) nt 1+ Pe ali+ a 


Setting w = ae where A is the wavelength in vacuum, we are led toa 


formula which corresponds to an old molecular elastic theory of Cauchy 
(ca. 1830). eae we write 


: Ne? 4n® ¢® 


A and B are called the coefficients of refraction and dispersion, respectively. 
We note that the ratio B/A does not contain the characteristic frequency dp, 
so that the value of this ratio is the zezéversal number 


Bo 4h ct ey 
A” Nettm 
Its dimension is M*, as can be ascertained directly from (12). 


We shall now compare (12) and (12 a) with very exact measurements? 
of the dispersion in hydrogen which yteld 


(12 a) 


(13) nw? a= 1 + 2.721 x 10-* + a 10-"F, 
This gives the values 
oe 221) apse ye Be 2M igt0 —10 2 
B= x57 10- M?, 47 G73 12! = 0.29 x 10-1 M*. 


1J. Koch, Nova Acta Upsal. 2, 1909. The measurements refer to 0° C and 760 mm Hg. 
In conformity with our system of units we have written (13) so that A is measured in 
meters, 
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We substitute this in the left-hand side of (12). In accordance with the 
table at the end of Sec. 2, we put 4ac¢%e, = 107M S~1Q71 on the right- 
hand side and obtain 

Net x 


ke aE |) eg 18 YW~2 S-19—1, 
(14) oe Ogg OM = 1 x 108M? S10 


N is found from the density of H, which at 0° C and 760 mm Hg is almost 
exactly equal to 9.00 x 10-*KM~%. Hence, the mass per unit volume is 
9.00 x 107? KK. But the mass per unit volume is also equal to 2. Ng My 
where m is the mass of ahydrogen atom and N, thenumber of molecules per 
unit volume. Hence 
—% 
N.= 9.00 * ic 
2Mn 

Furthermore, since each H, molecule has two electrons, 


N=2Ny, Ne=9.00x 10-?—. 
Ma 


Now ¢/imy,, which is Faraday’s electrochemical equivalent (the charge of one 
gram-atom in electrolysis), is also a very precisely known number, namely 
9649 in abs. e. m. u. and hence 9649 X 104 = 9.65 X 107 QK™? in our Q, K 
units. Equation (14) becomes, therefore, 


Ne-—=9.00 x 10~? x 9.65 x 10? x —-=1.1 X 10% 
m m 
which yields 


(15) =~ 1.4 x 108 QK-. 


This is of the same order of magnitude as the “specific charge of the electron” 
efm = 1.76 X 10%? OK—1. The resonance frequeny @, which is easily computed 
by comparing (12) and (13) confirms our basic assumption by being in the far 
uliraviolet. Clearly, our theory is still very crude in comparison to the detailed 
results on molecular structure and emission of light which atomic physics 
has provided. 

We shall not justify a once much debated rule (Drude, Natanson) 
according to which the number of “dispersion electrons’ of an ideal gas is the 
same as the ‘‘valence number” of the particular molecule (namely 2 < 2 for 
O,, 2 X 3 for Ny). From the point of view of our present atomic models this 
tule is less understandable than the number 2 X 1 in the case of Hy, because 
in the cases of O and N the valence is not the number of electrons freset 
as in the case of H, but rather it is the number of electrons missing from the 
complete shell of eight electrons. Empirically, however, this rule is satisfied 
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to a good degree of approximation, and this is also understandable from the 
point of view of atomic physics because in many respects (for instance, in 
the Pauli principle} present and missing electrons play the same role. 

We shall now mention, though again only briefly, a refinement of the 
dispersion formula which yields the dependence of the index of refraction on 
pressure in the case of gases and which is known as the Lorenz-Lorentz 
formula, This formula results from a more exact calculation of the polariza- 
tion P, which depends not only on the external field E, as was assumed in (2) 
and (3), but is also influenced by the electric moments of the neighboring 
molecules. We investigated this dependence more closely in Vol. III, Sec. 11 
and derived there the Clausius-Mosotti formula (11.8) for the dielectric 
constant, in which we now have to replace ¢,,, by »* and the molecular 
constant as defined there 
WN em & 

Wy? —w? 


Na by 


Thus we obtain 
(16) ae 


When n* differs only slightly from 1, which is true in particular for ideal 
gases, then it can be seen that (16} goes over into the above eq. (10). 


18. Infrared Resonance Qseillations of the Tons in Addition to Ultraviolet 
Electron Resonance Oscillations 


If there is a considerable difference between the indices of refraction for 
visible light and for Hertzian waves, one must expect that other resonance 
oscillations besides the ultraviolet one contribute to the index of refraction. 
If, furthermore, the materia] in question is transparent so that there are no 
Tesonances in the visible spectrum, these additional resonances must be 
infrared resonance oscillations (perhaps rotational resonances). It is reasonable 
to ascribe these not to the mobile electrons, but rather to the much more 
inert ions. These, too, we shall consider to be “smeared out’; thus we shall 
not use individual ions, but rather a continuous ion-fluid. 

The polarization P is then the sum of the two contributions P, (electrons) 
and P, (ions): 

(1} P = P, + Py. 

Again, as in the case of P, in eq. (17.2), the definition of P, refers to the state 
before the ‘“smearing-out’’, namely to the dipole moments formed by the 
Separations of the ions from ions of opposite charge. 
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The resonance frequency of the electrons which we called w, in Sec. 17 will now 
be called «,. The number of electrons per unit volume will again be N. The 
differential equation for the oscillations of the electrons brought about by the 
alternating field E is, according to the model of (17.4) 


a2 Ne? 
(2) (2+ ont) P, = a E. 


where the displacements have already been replaced by the electric moment P. 

The resonance oscillation of the ions, whose frequency will be called We, 
consists of a relative oscillation of oppositely charged components. If only 
one pair of such components is present in each molecule, and we shall here 
limit ourselves to this case, then the relative displacement of these components 
takes the place of an absolute displacement and the so-called “reduced mass” M 
takes the place of the individual masses M, and M,. As will be shown in 
exercise IEI. 1, the reduced mass is given by 


t 1 1 

er 
6) M~ MM, 
This mass M enters inte the differential equation for the forced ion oscillations 
in place of the mass m in eq. (2). Let » denote the valence of the ion as 
determined by electrolysis, e.g. = 1 for Na* CI7, p = 2 for Catt F-~ ete. 
Because the optical material is electrically neutral, the number of ions per 
unit volume is equal to the number of electrons N divided by p, while the 
charge of each individual ion is the electron charge ¢ multiplied by p. In this 
way we have in place of N e2/m 

N (pe? Nope? 


ee ree SS ee ere 


dp M M 
Hence, we obtain the following differential equation for P,: 
3? N pe 
(4) (5 +0, Poe B. 


The Maxwell relationship between P and E remains the same as in (17.6), 
where however, P must now be replaced by P, + P, in accordance with (1): 


(5) Eqtig E+ pty (Py + B= AE. 


By eliminating P, and P, from (2), (4) and (5), we obtain in place of (17.7) a 
somewhat complicated sixth order differential equation for E. We do not 
need to write out this equation, but can immediately treat the pure harmonic 
State of a linearly polarized wave of frequency w of the type (17.8); that is, 
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we assume that the electrons as well as the ions have attained their steady 
state in this field of frequency w. Then, according to (2) and (4) 


nr * . re @* rd a * — a? 
P, is proportional to Pe en P, is proportional to a Be 


and by (5) &? becomes an algebraic function of w?: 


w* Neim  pN e2i/M 
sr aaa (am eo 

According to the definition of the index of refraction in (17.9 a), the left-hand 
side equals {(n?-1) w/c*, Hence, we obtain immediately the following 
generalization of (17.10): 

N e*/m & 4 DN e/M & 

4% = Cty? -w? E 


(6) n= 14 


Evidently when a larger number of resonance oscillations are present, whether 
they be in the ultraviolet or in the infrared or perhaps in the visible spectrum, 
a formula of the same structure is obtained. The summation on the right-hand 
side must then include a term for every one of the resonance oscillations. 

In order to make eq. (6) more convenient for purposes of comparison with 
observations, we express w in terms of the wave length in vacuum A, and 
similarly we express w, and wz in terms of A, and 2: 


22% 27€ 2% 
®=—— = ~~ 


Using the abbreviations 


Ne pN e? 
") “= Gdam 8 ~ aide 
we obtain 

242 
{7 a) nt-1=C sia a 


as t RAS 
or, eliminating A? from the numerators, 


- fC, 
(8) ea 4996 4420.4 ra Sat Z me a 


Next we consider the limiting case as 4 — co. Then the last two terms on 
the right-hand side vanish and we obtain 


(9) Noo = 1+ APC, + AZC,. 
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Only in this limiting case when the actual resonance terms vanish is the 
Maxwell relation (3.4) fulfilled exactly. Thus, the faslure of the Maxwell 
relation to hold in the visible spectrum can be understood in terms of the existence 
of infrared resonance oscillations (because /,* < A,” the term in (9) which 
contains 4,* is clearly the decisive one). Hence the Maxwell relation should 
be corrected to read 


(9 a) te = Ve instead of n= Ve 


{by e is meant in both cases the dielectric constant relative to vacuum). 

We turn now to the visible part of the spectrum. In this range very exact 
measurements for some cubic halide crystals are available. (As we shall see 
in Chap. IV, cubic crystals, strangely enough, behave optically tsotropic, while 
elastically, thermally, etc. they reveal their anisotropy). From among these 
we select fluorspar CaF, (or fluorite, from which substance the phenomenon 
of fluorescence received its name). According to measurements by Paschen? 
the following holds for fluorite: 


6.12 «x 10-5 5.10 x 10-° 
% ee ee ee Pes 
(10) n= 6.09 + Tas x on + L126 x oD 


Comparing this with (8} we obtain 


Cy_ af 5.10% 10% (288 x 10-15 y. 5.10 x 10~ 
Cy Ag 6.12 x 10778 11.26 x 10-9 F612 x 10-35 


On the other hand (7) yields 


= 4.15 x 10-5, 


C. m 
GPM 


Because p= 2 (the Catt ion has given two electrons to the two F ions) 

we conclude that 
M 2x 105 

ay) m 415 — 

To calculate the reduced mass M we set in (3) M, = 40m, (40 = atomic 

weight of Ca, m z= mass of the H atom), M, = 2 x 19 m,(19 = atomic 

weight of F, therefore 2 x 19 = molecular weight of the negative component 

F,). Thus we obtain 


1 1 1\ 1 
y= (3. + x ma hence M = 19.5 my. 


1Ann. d. Phys. (Lpz.) 54, p. 672, 1895. 
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From this and (11) we find 
(12) mH 2450. 

$2 


This value is of the same order of magnitude as that obtainable from the 
values for ejm and e/m, given in Sec. 17. Our original assumption: ultra- 
violet resonance oscillations = electron oscillations, infrared resonance 
oscillations = jon oscillations, is thus confirmed. 

The relationship between 7,,? and the dispersion constants C1, Co, Ay dg 


required by eq. (9) is also tolerably well fulfilled. For, according to (9), one 
obtains 


ret == 6.09,  a,2C,= cas = 0.7, &2C, = a = 4.06, 
hence 
1+A,2C, +A2C, = 5.76. 
The electric determination of the dielectric constant gives 
€=6.7 to 6.9, 


When Drude arrived at these and many similar results around 1900, he 
made the incidental remark to the author: ‘‘We live in a grandiose era: we 
are beginning to get a glimpse of the electric composition of matter.” Had 
he lived to witness the developments of the following decades, he would 
have seen his boldest hopes surpassed, 

From a practical point of view the shape of the dispersion curve for glass 
is clearly of paramount importance to the problem of designing achromatic 
lenses and other optical apparatus. In exercise III. 3 we shall treat the 
achromatic prism and in the same connection also the direct vision prism. 
Exercise III. 2 serves as preparation for these problems. 


19. Anomalous Dispersion 


We shall now investigate the dispersion in the immediate vicinity of a 
resonance frequency w == w). We assume that the latter lies in the visible 
spectrum, because only in the visible spectrum can sufficiently precise 
Measurements be made with which to check the theory. Hence, our body is 
uo longer transparent as had previously been assumed, but, as we shall see, 
it is colored and the coloration depends on the value of ap. 

Since for w = wy the equation for the forced oscillations (17.3 a} would 
result in an oscillation of infinite amplitude, we must add a damping term. 
This same procedure is used in all other resonance problems of mechanics 
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and electrodynamics. We shall write this term in the form gas, because 
it is convenient to make the term proportional to the velocity $ and because 
inclusion of the factor w, makes the damping constant g a dimensionless 
number. In order for the resonance to be sharp, g must be <1, Equation 
{17.4} is thus changed into 

a2 F Ne 

cee fait Ie - eam 
{1) ye + & 5+ ay] F = E. 
Since tp is in the visible spectrum, and the oscillating particles are therefore 
ions, m is a reduced mass and also includes the valence number > of the 
ion as in (18.4). 

For a field E of frequency w and for steady harmonic oscillations of the 
ions, {1) gives 
_ Ne E 


P x 
Mm (Wo" — w?-1 g wy) 

and, corresponding to (17.10} and (18.6), the tesulting index of refraction is 
N elm ; 


NRL Ge Rr a Lt, SO 
2) ie 7 OA corei pane 


m,, is the average contribution in the vicinity of o = Wy Of all other resonances 
which add to the dispersion in the visible range (also included in 4#,, 
is the contribution 1 of the pure displacement current which has heretofore 
been written down separately). As in the case of metallic reflection the index 
of refraction » has now become complex. As in eq. (6.2) we again replace » 
by (1+ ix}; by separating real and imaginary parts we obtain from (2) 
Ne? tp? - w? 
3 #(1-x2) = mn? -+ —— —,—__> ’ 
(3) m2 (1-22) = 1 + ine, (@ FoF t gatat 
Ne EW w 

4 7 ot Ak 

4 aa &q (C297 ~co®)? + g? wo? w? 

We introduce the abbreviation 


N e ; ‘ 
(5) a? = ——— (dimensionless number) 
Mt Ey Wy 
and use as variables 
2_ 2 2 — +2 2 
(6) ia Mo > ee Ce pol sie 


2? a* 


Then eqs. (3) and (4) become 


Thy” % Vi+2 
7 Sty Se een, ble ee cee 
” "<a HTP tay "Ae pA 
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The extrema of y are found in the following way: 


ay 1 ( 24% + g2 2 


eae er te hg ee ae 2 — ot 
ax 4? + g® (1 + =) x8 4+ g@(] + 3) 0, hence x 4 E 


im 1 
eB om ee ak ig gh 

Pine™ 1 
leek SE oa as Ba rare 


We now visualize the content of our formulae by means of a table and a 
graph. For the sake of clarity we shall treat g as a small number. Then we 
can neglect g? as compared to g and, where they occur together, g as compared 
to 1. In the first line of the table x is used as a spectral measure and in the 
last line » is given. 


we | 0 | wy Vi -e | (Ug | yo f1l+e¢ | oO 


In agreement with this 
table fig. 22 shows that the 
extrema of the y-curve occur 
at «=-+¢ and that the 
curve cuts the line y= #,,?/a? 
at x=0. Furthermore, the 
narrow bell-shaped z curve 
attains its maximum at x-~0 = 
(more precisely at x= — g?/4 —1 —~& Og +1 
+...) and its half-value Fig. 22 
width is 2g. The scales to 
which the y- and z-curves are asec a a ral Chee eer 
drawn in fig. 22 are mot The-y-curve (scale on the left} indicates substantially 


comparable. The scale of the the course of the index of refraction. The z#-curve 
upow te Sad eoked ha the (scale on the right) indicates the coefficient of 


absorption. 
right of the figure. 
Besides representing y and z, fig. 22 also serves as 4 qualitative illustration 
of the behavior of 2* and x. Only in the vicinity of x = 0 are the curves 


somewhat distorted trom the exact representations of » and » as given by 
eq. {3) and (4). 
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In fig. 22 the portion of the curve for the index of refraction lying between 
A and D is of greatest interest to us. While before A and after D this curve 
rises with increasing m (normal dispersion}, between A and D it descends with 
increasing x, This is called anomalous dispersion, i. e. the short waves are 
refracted less than the longer ones. The Dane Christiansen first observed this 
phenomenon in fuchsin around 1870. Almost at the same time and 
independently Kundt detected it in 
various dyes. 

The portion BC of the descending 
curve AD is marked with hatch lines 
to indicate that in this range the 
spectrum is extinguished by absorption. 
Hence the anomalous dispersion is 
observable only along the _ short 
segments AB and CD. In the case 
of fuchsin the absorption band is in 
the yellow-green. The transmitted 
unabsorbed light therefore, has the 
complementary intensely red color. 

The above remarks regarding dyes 
apply even more strongly to the 

Fig. 23. vicinity of all the spectral lines of 

Family of y curves for increasing damping 8485S. By virtue of this fact Kundt’s 

(expressed by the parameter 4). = 9 original “method of crossed prisms” 

gives the rectangular hyperbola, has been developed into a powerful 
spectroscopic method. 

In order to familiarize ourselves with the characteristic shape of the 
y-curve, we recall (fig. 23) the method of avoiding the singularity, at « = 0, 
of the hyperbola y = - 1/x by substituting the continuous function 


ne i 
y= 3 bt’ 


which, in the limit as ) - 0, approaches the rectangular hyperbola y = ~ 1/x. 
The latter function corresponds to the index of refraction for the case of an 
undamped resonance denominator. The continuous function corresponds to 
the index of refraction for the case of the damped resonance denominator in 
* eq. (7}. 

Figure 22 furthermore demonstrates that in passing through the resonance 
from short wavelengths to longer wavelengths the y-curve (n*/a?) is raised 
by unity. We can also verify this by comparing the second and last columns 
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in the above table. Every resonance frequency contributes such an increase 
in the value of #*/a*. Every time n* passes through a resonance it is increased 
by a3. This enables us to understand why for solids with complex molecules, 
e. g. glass, the indices of refraction in the optical range differ from those in 
the range of Hertz waves. 

The particularly striking case of water (m = 4/3 in the visible spectrum, 
n = }e= )/80 in the limiting case of electrostatics A = co) does not belong 
in the same category, but is rather due to the polar nature of the H,O- 
molecule; see Vol. III, p. 74, footnote 1. Owing to their triangular structure 
the water molecules possess a permanent electric moment which can follow 
the external field oscillations only at long wavelengths. A sort of molecular 
stiffness prevents them from being set into oscillation by short waves. The 
transition between the two regions of behavior is in the vicinity of A = 1.7 cm; 
and it is here also that the main portion of the jump between the optical 
value of »* and the electrostatic dielectric constant lies. 


20. Magnetic Rotation of the Plane of Polarization 


One of the important contributions to the development of the electro- 
magnetic theory of light was Faraday’s discovery in 1845 (see historical table) 
of a connection between optics and magnetism, two up to that time entirely 
distinct fields. Although this connection does not apply to processes in free 
space, but is limited to ponderable bodies and is related to the motions of the 
dispersion electrons in such bodies, Faraday’s discovery was, nevertheless, 
an impressively strong hint of the electromagnetic nature of light. 

We begin with cr. (17.3) where the force of the field on the electron was 
described solely by —eE. On the other hand we know from Vol. IIt that the 
force of the field on a moving charge (which we shall again denote by -¢) 
is given generally by the Lorentz force expression 


(1) Fe: -e(E+v x B), 
Setting B == « H and noting that according to (2.5) the relation 


i = Ete 


holds for a light field, we remark that the B term in (1) differs from the E 
term by the factor 


—— v v 
MV oe oor h— SH, 
Vey ee 
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The magnetic force is, therefore, only a correction of first order in § and can 
be neglected‘ in comparison to the electric force —¢ E. 

But now we shall suppose that the material is placed in an external field B 
which can be made much stronger than the optical B-field. In that case the 
equation of motion (17.3) must be provided with a possibly large correction 
term, and it then reads: 


(2} ms+fs=—-e(E+sx B). 


We choose the direction of B as the positive z-direction and assume that the 
light wave propagates in this same direction. With these assumptions E and s 
are vectors in the xy-plane!. Separating the components of (2), dividing by m, 
and letting w,)? = j/m, we obtain the two simultaneous equations. 


i,+—B i, + 0,% se =-— Ey, 1 
(3) i i 
we 8 bee , 
Sy mse t Sy ey +i 
Multiplying by the factors indicated on the right and adding we get 
es & ‘ P ac. é 

(4) SF Ht BS + ay?S ee 
where the following abbreviations have been used: 
(4a) S = Set Sy, ErE,+¢&8,. 

However, it must be emphasized that this method of deriving (4) by way 
of (3) is unnecessarily indirect. For (4) is nothing else than the initial eq. (2), 
provided the latter is interpreted in the following way: two-dimensional 
vectors are complex numbers of the form a +26 and therefore the vectors 
s and E in (2) are identical with the complex quantities S and E as defined 
in (4a). Moreover, since multiplication by i means a right-handed rotation 
from x to y around z, and since the vector product is also defined by the 
right-handed screw rule, it follows that s x B in (2) is simply the complex 
number --¢ 8S which appears multiplied by -e/m on the left-hand side 
in eq. (4). 

This point of view is quite generally valid. It suggests that we treat the 


complex quantities EF themselves as the basic field variables, rather than the 
components £,, £,. Physically this implies a transition from linear to circular 


1Like all quantities which we use to represent monochromatic states, E and s are, 
of course, everywhere multiplied by the same time factor exp (-twé). While heretofore 
we could almost always omit writing this factor it improves the clarity of the calculations 
to retain it occasionally and we shall do so starting with eq. (5) The transition to real 
parts is again postponed until the final formula (14). 
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polarization, Vf originally (i. e. without magnetic field or where the light 
enters this field) we have a linearly polarized wave E: E, = A cos #, 
£, = 0, then we decompose this wave into the two right and left circularly 
polarized waves, say E, and £_, and in agreement with (4a) set 


1 1 
(4 b) Es= 3(E+ +E), By => (Fs -E-). 


Then we carry out all calculations using &, as the simplest elements of the 
field and find expressions for their velocities of propagation and indices of 
refraction (which will differ somewhat for the twe components}. After the 
light has passed through the magnetic field, we again combine EF, into a 
linear oscillation E which will have been turned through a certain angle y 
in the xy-plane compared to the original oscillation E,. The resulting law for + 
is rather complicated and becomes clear only because of our simpler assump- 
tions about £. 
We assume the wave to be monochromatic, i. ¢. simply periodic in ?, 


(5) Ey mA guste) 


where A is a real number. We thereby fulfill our initial condition at z = 0 
{entrance of linearly polarized light into the magnetic field): 


(5 a) E,=Acoswt,  E,y=<0, 


and at the same time we take into account the circular nature of £ 4. in the 
magnetic field: 


(5 b) [Ea] = A fee! —O"| = A, 


since, as we shall show below, this expression describes two circular oscilla- 
tions, provided only that &, are real. 

Using (5) and the corresponding expression for S we obtain from (4) for 
the steady state, that is, for the purely periodic state of the electron fluid 


— e/ms 


(6) 55 —Ey,. 


PEP Ve ae 2 
7) F = Ba + dy 


It should be remarked that the denominator here is veal and not complex as 
in the case of anomalous dispersion, eq. (19.2). This is due to the fact that the 
magnetic field does xo work on the electrons. We can disregard the adsorption 
which takes place when w = wy since that effect is not caused by B. 

The vector P which is proportional to s behaves just like the latter. If 
we set 


P= P,+iPy 
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then, according to (17.2), we get 


N 2 
(6 a) pom 2 oe, 


@ 
— “2 aie 2 
aon F = Bw t+ w 


Therefore, for the periodic state the differential eq. (17.6) gives in place of {17.9} 
2 co? N erlm 
(7) Rk 2 a “ 1+ ee eV 


é 
Wy® F Bw -w 


Hence there are two different indices of refraction corresponding to the two 
wave numbers &,, namely 


(7 a) i ra 


and their values are given by (compare with (17.10)) 
2 
(8) ngti=1+ N e?/m a5 
9? <B a~w? 


This then, is the result of our dispersion calculation in its simplest form, 
i. e. using E,. We see that m, and #_ differ from one another, and n, is 
somewhat larger than #_. 

This difference is small, however, because, as was remarked in connection 
with (2), the middle term in the denominator is only a correction term. By 
neglecting the square of this correction term we get from (8) 


Ne®  ¢ Bw 
oe ee ee 

(9) Papers Me — mt (4? - *)* 
or, if we introduce the mean index of refraction = 1/2 (1, +- ”_), 


3 
(9 a) Np ae eee cae 
nt m2? & (Wy*- w*}* 


We now turn to the method of measuring this effect. First we shall justify 
the title of this section: “Rotation of the Plane of Polarization.” Let the path 
of the light in the magnetic field extend from s = 0 toz = J. Let us determine 
the values of EF, at z=. For this it is advantageous to decompose é, into 
two terms which are symmetric and antisymmetric, respectively, with respect 
to an interchange of 4, and A_. Thus we set 


(10) hy (be + A) £5 hy Be). 


20, 16 MAGNETIC ROTATION OF THE PLANE OF POLARIZATION 105 
We also introduce the abbreviations 


i I 
(11) p= Zhe th)-os X= 5 Rs -h). 


As we shall see, » is a phase difference and y is an angle of rotation. We obtain 
then 


ye i 
(12) Es = Aexpils ths +h tbh -~R)-oll, 
and applying (11) 
(13) Ey = A oF ek, E__ = A ef? e—ix, 


from which follows, according to (4b), 

(14) E,= A e'* cosy, Ey = e'? sin y. 

Since E, and EF, oscillate with the same phase, they combine into a linear 
oscillation which is rotated tn a positive sense (right-handed screw direction 
around the magnetic field B) by an angle y with respect to the incident oscillation 


(5 a). At the same time the phase y is changed from its original value atz = - 
in (5 b} by the amount 


Ay tk 
3 . 
The angle y can be measured very precisely. One sets 
(15) fo Min 


where V is called Verdet’s Constant. By (11) and the relation (7 a) between 
k, and #, this constant is 


CO Fy. — Fe 


v 
ee 


2c HH 


From this follows by (9 a) 
Ne 3 a® 


(16) Samia a at he 

At first sight it might seem that the strong rotation of the plane of 
polarization in ferromagnetic materials is due to the factor s¢ in (16). However, 
this is not the case. For x plays only a formal role in (16). It appears there 
only because of the conventional definition (15) of y (which postulates 
proportionality to Hf, rather than to B, which would actually be better). 
As a matter of fact, our theory cannot encompass ferromagnetism at all 
because it fails to take the clectron spin! into account. 


1The extent to which the electron spin is able to explain the rotation of polarization 
in ferromagnetic media has been investigated by H. R, Hulme, Proc, Roy. Soc. London 
185, 237, 1935. 
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Clearly, (16) is frequency dependent. Therefore, as with refraction, the 
magnetic rotation of the plane of polarization is connected with dispersion. 
One could develop VY in powers of w?/w,*, which is the procedure used for » 
in Sec. 17, and by eliminating w, from the first two coefficients of the resulting 
expansion one could derive a universal relationship between ¢, m and N. 
However, the accuracy with which the dispersion factor in (16) can be measured 
is hardly sufficient to justify this procedure. A better method is to use the 
first terms of the expansions of both » and V; the resulting relation is satisfied 
sufficiently well for the gases Hg, Og, Ng }. 

More important and more interesting than the magnetic rotation is the 
natural rotation of the plane of polarization in crystals which have helical 
structure (quartz, sodium chlorate, etc.) and in liquids which have an 
asymmetrically bound carbon atom (sugar solutions}. This rotation of the 
plane of polarization is an indispensable reagent in the entire sugar industry. 
We shall take up these phenomena in Chap. IV, 

At this stage a basic difference between natural and magnetic rotation 
" should be emphasized: if at the end of the path J, one reflects the light ray 
backwards, then the natural rotation is cancelled while the magnetic rotation 
is doubled. The magnetic effect is due to the fact that for the return 
path not only 4, and A_ are interchanged in formula (11), but also 7 and ~ 
must be interchanged in formulae (12} and (13}, For after the reflection the 
vector direction of a positive rotation in the Gaussian plane is opposite to the 
direction of the magnetic field. Because of this Faraday was able to multiply 
his very minute rotation effect by repeated back and forth reflections. 


21. The Normal Zeeman Effect and Some Remarks on the Anomalous 
, Zcoman Effect 


The above considerations ‘provide us with a very simple approach to the 
Zeeman effect, even if only to the mormal Zeeman effect in which the spin 
of the electron plays no essential role. Even for the hydrogen atom with its 
single electron the Zeeman effect is actually anomalous. 

Strictly, the normal Zeeman effect occurs only for singlet lines, i. e. when 
the spins of the contributing electrons add up to zero, The simplest example 
is parahelium (two electrons with opposing spins). On the other hand, the 
hydrogen lines, as well as the alkali lines, are dowubdet lines. However, the 
Zeeman effect of the hydrogen atom approaches the normal Zeeman effect 
very closely even for weak magnetic fields. In the case of the alkalis, which 


JAccording to observations by Siertsema. See A. Sommerfeld, Ann. d. Phys. (Lpz.) 
57, 513, 1917. 
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have the same anomalous Zeeman effect as hydrogen, this approach to the 
normal Zeeman effect, the so-called Paschen-Back effect, takes place only in 
very much stronger fields. Latter, we shall give the necessary field strengths 
for each case. H. A. Lorentz worked out the theory of the normal Zeeman 
effect on a classical basis. The spin of the electron, and hence the anomalous 
Zeeman effect, can be understood only quantum-mechanically. 

The treatment of the Zeeman effect for absorption, that is of the interaction 
of an incoming light field with a magnetic field, remains entirely within the 
framework of the basic concepts of the theory of dispersion. Woldemar Voigt 
used this method very successfully to treat the D-lines of sodium. He called 
it the method of the inverse Zeeman effect. Experimentally one is usually 
concemed with the Zeeman effect in emission, the “‘direct Zeeman effect”, 
which we prefer to discuss here because of its mathematically simpler theory. 

We start out from the equation of motion of the electron (20.2) in which 
we must, however, set E = 0, since we are concerned only with the magnetic 
action upon the emitted radiation. This equation then reads 


Pay 4 Lee B 
(1) s+ a" s me XB 


@ is the frequency of the light emitted by the atom without magnetic field. 
The term w ,*s is due to the retarding “quasielastic force’; see fig. 21 and 
eq. {17.3}. 

As in Sec. 20 let the zaxis lie along the direction of the magnetic 
field B. In this direction s x B = 0, hence’ 
(2) Ss + We? s, = 0. 
Therefore, the z-oscillation of the electron has the original frequency mp. 
It is mot influenced by the magnetic field. 

As before we use complex notation in the xy-plane; that is, as in 
(20.4 2) we set 


(3) S = Sx tt Sy. 
Hence we get 
(4) SHIR BS + agtS = 0 


which corresponds to (20.4). This equation is integrated by assuming 

{5) S = a et, 

where the factor @ is due to the original excitation producing the oscillation 
and remains, therefore, undetermined. Equation (5) implies a circular 
oscillation. Substitution of (5) in (4) yields: 


(6) -w* +—Bo+w*=0. 
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The middle term is small compared to the other two. Hence, assuming 4 » 
small, we set 
O=W+t4w, w=a?+2m,40, Bao= Bw, 
v= an and find from (6) 


lv xB] 


é 
~2a,40e+ 7% = 0. 
Hence 


le 
(7) Aw=+>— B. 


a.) We verify (7) by the 

Fig. 24a. Fig. 24 b. following elementary con- 

Direction of the Lorentz force v x B as centrifugal sjderations: the circular 
force for left-handed rotation (a), and as centripetal , ‘ 

force for right-handed rotation (b). The vector B is °S*illation must be such as 

dixected out of the paper. to maintain equilibrium 


between the centrifugal 
inertia force on the one hand, and the sum of the centripetal quasielastic 
force and the magnetic force on the other. Figure 24a represents the oscillation 
S,=s,+is,. For the radius y= a@ and the velocity v = @q@ (w = angular 
frequency and also the angular velocity}, the centrifugal force is 
(8) me mmact= malo +748) emaat tao eB 
a o "2 m nate 


The first term in the last of these expressions is balanced by the quasielastic 
force. The second term is balanced by the magnetic force ~ev x B. As 
shown in the figure, v x B is directed centrifugally, hence -e¢v x B 
is centripetally directed like the quasielastic force. 
Figure 24b shows the same for the oscillation S_ = s,-7s, which we can 
describe, according to (5), by reversing the sign of #: 
Se—tSy = a e—*?, 


Hence, we are now dealing with a circular path with the same radius a but 
the opposite direction of motion and with its 4 o given by the lower sign in (7). 
The centrifugal force is now 


v? 1 ¢ - 
(8 a) m= maor=ma(oy-1 B| = MAM,*- aw, eB. 


v x B is here centripetally directed and, therefore, -ev x B is directed 
centrifugally. The magnetic force acts oppositely to the quasielectric 


centripetal force which it holds in equilibrium together with the now reduced 
inertial force. 
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How do the theoretically expected spectra look now? 1. Longitudinal 
observation, i, e. observation in the z-direction. The linear oscillation (2) has 
the magnetically uninfluenced frequency w, and does not radiate in the 
z-direction; just as a radio antenna does not radiate in its own direction of 
oscillation. On the other hand, the two circular oscillations with their 
magnetically influenced frequencies, eq. (7), radiate two circularly polarized 


electromagnetic waves, one of which is — OLN oc wT ¢ 
left polarized and the other right 

polarized. We define these directions Ag Ay kal ap 
of polarization as those seen by an ! 
observer who is looking in the vos Yo ve Yo 
direction of 8 (that is, looking out 

of the picture in fig. 24). Thus we gs ‘ - : i 
obtain in fig. 25a the picture which 


Normal Zeeman Effect for (a) longitudinal 
shows the spectrogram seen by an and (b) transverse observation. 
observer looking in the direction of 

the B-field: no light is seen at the position of the original spectral line. 
To the right and left of that position there are equally intense magnetically 
displaced lines. 

The quantitative connection between the primary electron oscillation and 
the emitted radiation which has here been implicity assumed rests upon the 
treatment in Vol. ITY, Sec. 19. 

We also note that in fig. 25a, b the angular frequency w has been replaced 
by the frequency v = w/2x, as is usual in spectroscopy. Thus we get instead 
of A w as given by (7) 


ss De 
0) od dual 


where, following common usage, B has been replaced by H = Biju. 


2. Transverse observation, i. e. observation in a direction perpendicular to 
the magnetic field, as, for example, in the y-direction. The components s, 
of the circular oscillations do not radiate in this direction and can be omitted. 
The components s, emit their strongest radiation in this direction, just as the 
radiation of an antenna or a Hertzian dipole has a maximum in the transverse 
direction. The frequency », belonging to s, is now present in the spectrogram. 
The frequencies v, + Ay of the two cixcular components are also present, 
but their intensities are only half as great} because only s, contributes to 


1For statistical excitation the intensity of the linear oscillation s, is of the same 
magnitude as that of each of the circular oscillations s, i sy which were denoted by a* 
in (5). Since on the average s,? = s,?, it follows that s,* = 49/2 as stated in the text. 
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them. Since s, oscillates perpendicularly to the magnetic field, the transverse 
E-field emitted by s, is also perpendicular to H. On the other hand, the 
E-field emitted by s, is directed parallel to H. In fig. 25b the corresponding 
lines are denoted by the usual symbols 7 (parallel) and o (perpendicular). 
The intensity ratio 2: 1 is indicated by the widths of the lines. The resulting 
picture is called a “normal Lorentz triplet’. Indeed, H. A. Lorentz formulated 
the theory, which we have here sketched, immediately upon Zeeman’s 
discovery of the magnetic splitting of lines in 1896. 

To be sure, Zeeman’s original observations were far from yielding the 
precise spectrograms which we have drawn here. He did not use the light of 
a singlet line but rather that of the (unresolved) sodium D-line doublet and, 
instead of obtaining discrete components, he saw only a general broadening 
of the spectroscopic picture. This was, nevertheless, sufficient to demonstrate 
the existence of a new fundamental effect; an effect, by the way, for which 
even Faraday had searched in vain. Furthermore, Zeeman’s result sufficed 
to indicate a qualitative similarity to Lorentz’s theory of the effect, For, 
the outer edges of the spot of light were Kanearly polarized with the direction 
of oscillation of the E-vector, perpendicular to H, if the observation was made 
transverse to the magnetic field. For longitudinal observation, on the other 
hand, the edges were circularly polarized with the rotational sense the same 
as that indicated in fig. 25a. This latter fact was of special significance to the 
electron theory which was then being formulated because it indicated the 
negative charge of the oscillating particles. Indeed, if these particles had 
positive charges, the sign of Av and thereby the sense of the circular 
oscillations would be reversed in all the above formulae and figures. 

The following circumstance, which could not be known at that time, was 
essential to this comparison between experiment and theory: Also im the 
anomalous Zeeman effects, the o-companents lie near the edges of the pattern while 
the m-componenis are nearer its center, as shown by fig. 256. In these 
effects the short wave components are circularly polarized in a right-handed 
screw sense around the magnetic field lines while the long wave components are 
left circularly polarized, as im fig. 25a. 

We shall confirm this by considering the complete transverse decomposition 
of the two D-lines as it was later measured by Zeeman and others. The two 
lines are the D, line, A= 5896A, fig. 26a, and the D, line, A = 5890A, 
whose intensity is half that of the D, line; fig. 26b. In both drawings the 
distance of each component from the position » = » is a multiple of one 
third of the normal Av. In both cases the center position is unoccupied and is 
indicated by a broken line. The positions +4¥ are occupied by strong 
g-components in fig. 26a and are unoccupied in fig. 26b. The x-components 
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lie nearest to the center and are displaced from it by — in fig. 26a and by 


24 »/3 in fig. 26b. Instead of being normal Lorentz triplets as shown in 
fig. 25b, fig. 26a is a sextet and fig. 26b a quartet. 

Runge's rule says: for all anomalous Zeeman effects the displacements 
of the components from the position of the original line, measured in wave 
numbers, are vational multiples of the Lorentz Ay, The denominator of these 
rational multiples is called Runge’s 7 9 7 TT GF GR FG 
denominator. It’s value is 3 for | le 
the principal series of sodium and 1| 
all other alkalis. A general formula 


which is due to Landé enables one ‘Ay! Ap’ "Ay Ap" 

to compute the complete splitting v=Vo v= 
diagram, including the denominator, a} b.) 

for every series character. Preston's _ Fig. 26 a. Fig. 26 b. 

rule says that spectral lines with Splitting of the Na D-lines under transverse 


: observation. 
the same series character have the Dy: A = 5890 A; D,: A= 5896A. 


same Zeeman splitting. 

However, to these rules must be added the reservation “provided the 
magnetic field is not too strong’. What is meant by “not too sirong”’? 
Paschen and Back found the answer to this question to be: 


(10) Ard vw. 


where 4» is the magnetic splitting arising from the normal Zeeman effect 
as given by (9), and A ¥ is, in the case of a doublet line such as the D-lines, 
the spacing of the original two lines. In the case of a ‘‘multiplet’”’ 4 % is the 
smallest spacing which occurs between two individual lines. If, with increasing 
H, Av approaches Jd in magnitede, then 4» no longer increases pro- 
portionally to H. As 4» becomes much larger than A »), the multiplet shrinks, 
so to speak, into a singlet compared to the strong magnetic field; the Zeeman 
effect becomes more and more normal. This degeneration phenomenon is 
called the Paschen-Back effect. One consequence of this effect is that the 
hydrogen lines with their extremely small doublet spacing 4 ») exhibit a 
normal Zeeman effect even for very weak fields. Therefore these hydrogen 
lines as well as the helinm lines (and not only the singlet lines of parahelium, 
but also the close triplet lines of orthohelium) were for a long time considered 
to be typical examples of the normal Zeeman effect. 

We shall compute the critical value of H for which 4 x = J vq in the case 
of hydrogen. The magnitude 4 v for the hydrogen doublet is given by the 
formula R «2/24 where RF is the “Rydberg frequency” in reciprocal seconds 
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and a™~ 1/137 is the “fine structure constant’. In agreement with 
spectroscopic results this formula yields d+), = 1.08 x 102°S71, Hence, 
according to (9), we set 


(11) Po. * = 1.08 x 101°S-1. 
47 m 


The factors on the left are (see table at the end of Sec. 2): 


(11 a) f = 10-7 M-1 SQ, —= 1.76 x 1044 OK~. 


47 
Their product has the dimensions 


Volt Joule MS~ 
—~1 —1 — Yy-—Is —L_ —1 — W-—1S K-12 
(11b) M~sSQQK-1= M-—s - = OK M-1SK : 


Hence, eq. (11) stipulates that 


MS~+ Amp 


1.76 x 1042 = 1.08 x 107° S-!, H=5.8 x 108 + 


Amp 
Since (see Vol. IIT, Sec. 8, eq. (5a)) 
{11 c) 1 ASP san: 10—-* Oerstedt 
the desired value turns out to be 
(12} H=47 x 5.8 x 107 = 7200 Oerstedt. 


This agrees well with very precise experiments made by Foérsterling and 
Hansen? with a Lummer plate. They observed the beginning of the Paschen- 
Back effect at 4000 Oerstedt and found that the -components of the hydrogen 
doublet merged at 10,000 Oerstedt. In the case of the D-lines whose A % 
is fifty times that of the hydrogen doublet, the critical field is, instead of {12}, 


(12 a) H = 50 X 7200 = 360,000 Oerstedt, 


a field strength which even today is not easy to attain. 

Before ending our brief description of the extremely interesting subject 
of the anomalous Zeeman effect, we wish to reproduce a photometer curve 
taken by Zeeman which he very kindly contributed to the fifth edition of 
“Atombau und Spektrallinien’’ Vol. I, p. 523. This result will serve to demon- 
strate the progress in technique which has been made in this field. The line 
in question is the chromium line A =: 4254 A from the septet system of that 
element. In agreement with Landé’s theory the splitting consists of seven 
z-components (A y > A ¥,,..,) and twice seven g-components (4 » = A ¥,,.,)- 


1Z. £. Phys. 18, p. 26, 1923. A precise comparison of these observations with the theory 
of the Paschen-Back effect can be found in Sommerfeld and Unsbld, ibid. 86, p. 268, 1926. 
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Runge’s denominator is 4. All 21 components are beautifully discernible on 
the photometric curve which represents an automatic thirty-six fold enlarge- 
ment of the original photographic pattern. 

Returning once more to the normal Zeeman effect and its splitting A »,..m: 
we evaluate eq. (9) numerically using the numerical values and dimensions 
given in eqs. (11a, b, c}. Thus we obtain 


3 
(13} A Yeorm = 1.76 X 104 Hamp = 1.76 X Lot Bounsdt- 


where 4 y has the dimensions sec”?, in agreement with the definition of » as 
frequency. However, we want to express this result in the dimensions cm™! 
as is customary in spectroscopy (reciprocal wave length instead of reciprocal 
period of oscillation). To 
do this, we must divide (13) 
by ¢=3 x 10%° cm/sec. 
Then we obtain 
A Yrorm = 4.67 x 10-3 #. 
(13 a) 
Since the units Gauss and 
Oerstedt are defined as the 
basic units of the absolute 
egs-system, H in (13a) 
means H,,,. a5 wellas 2,),. 
The entire discussion 
of this section has remained 
within the realm of classi- 
cal mechanics and electro- 
dynamics. That these re- 


[a er | 
Avnorm, Aynorm. 


voy 
: ‘ ’ a) 
sults still remain valid Fig. 27. 
in the quantum theory is photometer curve of the anomalous Zeeman effect for 
due to the fact that the chromium line 14254 A. 


Planck's constant ’#, which 

is characteristic of the quantum theory, accidentally, so to say, drops out of the 
quantum conditions for magnetically influenced spectral lines. A somewhat 
similar statement can be made with regard to the anomalous Zeeman effect. 
The introduction of electron spin and the “vector model”, which is constructed 
from the spins and the orbital angular momenta of the electrons, made it 
also possible to formulate a theory of the anomalous Zeeman effect even 
before the introduction of a definitive quantum theory. In that way Runge’s 
Tule, the Paschen-Back effect, etc. could be understood. The complete theory 
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of spin and the anomalous Zeeman effect, however, had to await the relativ- 
istic Dirac theory. We want to point out briefly the interesting interpretation 
of A w in (7) as the Larmor frequency. According to this point of view the 
additional frequency defined in {7) can be considered as the angedar veloctty 
of an additional rotation which the emitting atom experiences in a magnetic 
field which is switched on infinitely slowly (adiabatically). See exercise III. 4. 


22, Phase Velocity, Signal Velocity, Group Velocity 


In our discussion of dispersion we considered only the steady, purely 
sinusoidal state of the electrons and ions. It was made clear that without 
these induced oscillations no dispersion and refraction, and therefore no value 
of » different from 1 can exist. Hence also the phase velocity « = ¢/n refers 
exclusively to purely periodic states of the light and of matter, which is to 


say, states that will last for all eternity and were established an infinitely long 
time ago, 


A. FOURIER REPRESENTATION OF A BOUNDED WAVE TRAIN 


This fact immediately enables us to overcome an objection to the theory 
of relativity which was much discussed around the year 19102. In a region 
of anomalous dispersion it may happen that * <1, hence » > ¢. To see this 
we need only assume in fig. 22 that the medium has no infrared resonance 
oscillations. Then the value of #,, in the figure is equal to 1 and the y-curve 
which coincides with the -curve {except in the immediate vicinity of the 
absorption frequency) lies below the line » = #,, = 1 to the right of D. Thus # 
would be a wlocity preater than that of light which cannot exist according to 
the theory of relativity. 

However, we emphasized in Vol. III, Sec. 27 F, that this prohibition is 
limited to processes which can serve as a signal and are able to initiate 
material events. A monochromatic light wave without beginning or end can 
do no such thing. The Morse signals used in wireless telegraphy are interrupted 
wave trains. So far, our considerations in no way imply that the front of such 
a Morse signal propagates with the phase velocity «. In order to be able to 
apply our previous results to such a signal we must decompose the interrupted 
signal into a sum of purely periodic waves without beginning or end. We do 
this with the aid of the Fourier Integral, 


1 Gesellschaft der Naturforscher 1907, Physikalische Zeitschrift 8, p. 841, and Weber 
Festschrift 1912 (publ: by Teubner), Further discussed in Ann. d. Phys. (Lpz.) 44, 
1914: A. Sommerfeld, p. 177, L. Brillouin, p. 203. 
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The resulting spectrum of partial waves is calculated in Vol. VI, 
exercise I.4, and is represented there in fig. 33 c. It can be described 
as a “fluted spectrum” which has a pronounced maximum at w = 22/r 
and a half-width which decreases as the length of the wave train contained 
in the signal increases. This result pertains to a signal which consists of a 
finite sequence of identical sine oscillations of period z. It is noted in Vol. VI 
that such a wave train which is bounded on two sides can be treated as the 
difference between two wave trains each of which is bounded at only one end. 

However, for a signal bounded on only one side, such as 


0 <0 
() ce sin2xt/s é>0 


the usual form of the Fourier integral fails because the latter obviously 
diverges since / {t}) does not vanish as ¢ oo. In Vol. VI the Fourier integral 
is, therefore, replaced by a converging contour integral in the complex plane. 

We repeat! the same procedure here. The original path of integration shall 
be the upper curve in fig. 28 a: 


(2) jonah fe ee. 


One sees immediately that for negative values of #4, -twé has a negative 
teal part in the upper half of the complex w-plane, and that this real part 
goes to — 00 as the distance from the real axis increases; that is, exp (—¢ w 2} 
becomes vanishingly small. Since there 

is nothing to prevent us from shifting 


the path of integration to infinity in —20/t o+2a/r 


-=-=6 Ove weed Owe ee 


the upper half-plane (indicated by the ¢ 

attows), f (¢) vanishes as required by 

the first line in (1). For ¢> 0, however, 

exp (~7 @ vanishes at infinity when | | 

approached through the lower half- 

plane. Tf the path of integration is Fig. 28 a. 

pushed out to infinity in the lower half Representation of a wave train bounded 
7 indicated by the $ 7 at one end. Path of integration in the 

plane (indicated by the | arrows), it is complex ¢x-plane. 

left hanging on the poles w = + 22/t. 

Integration around these poles yields -2a7 times the sum of the residues 

at the two poles (direction of integration in a negative sense in the complex 


1In a somewhat changed form since we write exp(-iw/f) instead of exp (+ imi). 
Correspondingly, the upper and lower half planes of the complex w-plane are interchanged 
in the present figure in comparison to fig. 24b in Vol. VI. 
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plane}. Since the contributions to the integral of the paths from the poles 
to infinity and back cancel each other, it follows from (2) that 


Qnie wm Ax ite 9 + Units ’ 
ce oe HA 
(2 a) fh — tat sin 22 t/t 


as required by the second line of (1). 


B. PROPAGATION OF THE WAVE FRONT IN A DISPERSIVE MEDIUM 


We now consider one of the individual component oscillations of (2) 
having the time dependence exp (~¢q@/) and complement it to form the 
wave exp i(k x-—«?) which propagates in the positive x-direction. At time 
t = 0 let the front of the resulting wave train fall upon the boundary plane 
* == 0 of a dispersive medium which extends from += 0 to x=. Each 
component wave train knows nothing, so to speak, of its origin in the bounded 
wave train but behaves exactly like the plane wave in a dispersive medium 
which we treated in Sec. 17. Therefore, we can use for & the value obtained 
in Sec. 17: 


% a? Wy" 


N e 
(5) as m= 1+ ao a? = 


Wy? — @ Mt By Wy? 


The abbreviation 4? is the same as that used in eq. (19.5). 

Treating all component waves of the aggregate (2) in this same way and 
superposing them by means of our complex integral, we obtain a possible 
state in the dispersive medium which has the form (2) at + =0 and is, 
therefore, the complete solution of our problem, namely 


1 E dw 
4 fj) = -— t(ke—o 
( ) f (x, ) Lf wo —(22/r)? 
It remains only to discuss this expression for values of x > 0. 
To do this we must know its singularities in the w-plane. These are, besides 
the poles w == + 2n/r, the singularities of %. (3) yields 


=o oS -2 O-@, | /o + a _ z. 
(5) k= .  oiags - mar ot a” w, = @)/1+a 


Thus & has two pairs of branch points. For small values of a (w, ~ @, #~ 1) 
it is best to treat @, and w, together as one pair, and ~ w, and —- ; as another. 
Each of these pairs of branch points is joined by a branch cut which the 
path of integration must not cross. Since damping was neglected in (3) so that 
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Mp» and @y in (5) are real, we consider the cuts to be along the real axis in fig. 28b. 
In any case the upper half-plane is free of singularities. According to (3), 


k approaches w/c asymptotically at infinity in the upper half-plane. Hence, 
there we can replace 


() ss expfikx-e@} dy exp {io (Z-d]. 


From this it follows that for ¢ < x/e the argument of the exponential function 
has a negative real part in the upper half-plane of the complex w-plane. 
Hence, we can shift the integral (4) into the upper half-plane and thus obtain 


(7) / (x, =0 for t<—. 


The wave front penetrates to the depth x in the medium only after a time 
i2 xfe. It certainly dees not propagate with a velocity greater than that of light. 
Tf any light at all is noticeable at the time t= x]c, (see C.), then it must have 
propagated with the velocity c of light in vacuum, 


This is also made clear -w,- ay ee as 
by the following considera- ae | 
tion: the dispersion electrons =” 


are originally at rest (their “UN 3 ypu" 
thermal agitation which is in 
no way related to the rhythm 
of the light wave can obviously 
be disregarded). But according 
to our theory, refraction and Fig. 28 b. 

dispersion are due entirely Propagation of the wave train in a dispersive 


: ae “11, medium. In deforming the integration path 
to the induced periodic oscilla- downward the poles and branch points must be 
tions of the electrons or ions. taken into consideration. 


Thus, to begin with, the 
medium is optically void like a vacuum. The propagation velocity is equal to ¢ 
and the index of refraction, if one still cares to speak of one, is equal to 1. 


So far we have assumed that the wave train ialls perpendzcularly upon the 
surface x = 0. If we let it enter obliquely, then at first it is neither refracted 
nor reflected. The law of refraction takes effect only as the electrons are brought 
into forced oscillations. Accordingly, on a photographic plate placed behind 
a dispersive medium, the gap between the light spot corresponding to the 
regular refraction and the rectilinear projection of the incident beam 
should be bridged by an extremely weak line of light. 
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So far we have assumed our medium to be ssotropic. If the medium is a 
crystal, calcite for instance, then ao double refraction should appear at the 
moment of incidence of the wave train. Such crystals also must be traversed 
by the initially incident wave train in an undeviated straight line. 

It is obvious, however, that the above paradoxes depend on a practically 
unattainable degree of monochromatism, straightness of direction, and 
regularity of the wave train. 


C, THE PRECURSORS 


We shall use this name, adopted from seismology, to denote the events 
observed at a depth x immediately following the arrival of the initial wave 
front, We introduce the time interval 


t==f-— 

c 
which according to the above discussion is positive and which we shall assume 
te be very small, We deform the original integration path of fig. 28 b into a 
semicircle of very large radius R in 
the upper half-plane plus the 
segments of the real axis, as shown 
in fig. 29. Because of the denomina- 
tor w? —(22/z)*, the integrand goes 
to zero as 1/w? on the rea} axis. We 
may add the path in the jower half 
Fig. 29, plane which is shown as a dotted 
igpmngranigs shoo te of abet line in the figure, for if the radius 
oor hali-plane Nise . oe of pe of the semicircular portion of this 
precursora). lower path is increased to infinity, 
the integrand vanishes exponen- 
tially because t>0. Therefore, we may replace our original path of 
integration by the entire circle. Expressing ¢ in terms of t we obtain, instead 

of (4}, 


1 ; w dw 
(8) je.) =-L Dewi {(-2)<-2¢} aS. 


Now, according to (3), for large || 


g 2 2 2 
(8 a) pS fon —| 1-—— a 
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Using the abbreviation 


a a? 
(9) & am rama 
and henceforth neglecting 22/7 as compared to w, we obtain from (8) 
— F a 
(10) He == GP opi]-5 hie 


w wt 
-1 yee f1 7/é tht d 
=EPew-[iri ft /E +o Ale. 


This integral can be transformed into a known form by making the substitution 


t ia deo dw .y/t ie 
(11) of/ta- : = tate, == ie aw, 


Then (10) becomes 
(12) h(t} aot Vides {- 24 Et cos w} e~*™ dw, 


Taking our radius R equal to Veit (since t <1, this is indeed a very large 
radius), w becomes, by (11), the central angle of our circle, and its value 
therefore goes from 0 to 2 along the path of integration. Now we compare (12) 
with the familiar integral representation of the Bessel function of order 1 
(see, for instance, Vol. VI, eq. (19.8): 


in 
(12 a} J, (a) = Dex Feecule Vay: 
6 


Because /, is real for real g, we can change the sign of 7. Then we see that (12) 
can simply be written as 


(13) AG )= VED, (2V Ft). 


From the behavior of J, (9) for small @ (where J, becomes equal to 9/2) 
we find the state of the signal immediately upon its arrival at the depth x to 
be the following: the initial amplitude is very small compared to 1, that is to 
the amplitude of the incident oscillation. The initial period of oscillation is 
extremely small compared to the incident period tr. The amplitude and period 
both increase with increasing t, the former because of the factor Vt, the latter 
because of the positions of the roots J, (g@) = 0 which are spaced at distances 
of approximately x apart. This gives the following time interval for the m*” 
half-period of the precursor: 

y om m0? 


to 
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According to (9) this value is independent of the incident period of oscillation 1, 
It depends only on the depth x and on the dispersive power of the medium. 
For not too small values of x the first precursors are perhaps in the x-ray 
region. Figure 30 illustrates this phenomenon qualitatively by means of a 
very coarsely scaled graph. 


D. THE SIGNAL IN ITS FINAL STEADY STATE 


In contrast to C, we now assume t to be so large: that the electrons have 
already attained their final state of oscillation of period r. The process by 
which the elecirons attain this state is, clearly, represented by the integration 
around the two pairs of branch points in the lower part of fig. 28b. The 

positions of these branch 

f,(é,t) points depend on the 

nature of the electron 

binding forces and on the 

t resonance frequencies of 

the electrons. But now the 

previously neglected dam- 

ping term must be taken 

. Fig. 30. into consideration, so that 

Schematic sketch of the excitation immediately upon the resonance oscillations 
aera oe le Eee can die out. If we do this, the 

branch points which fig. 28b 

show to lie on the real axis are shifted somewhat downward into the lower half 
plane. This means that for very large values of t the factor exp (-7w#) 
which occurs in (8) becomes very small. Therefore, the contributions to the 
integral from the paths around the branch points vanish. All that is left, 
then, are the loop integrals around the two poles + 22/r on the real axis 
in fig. 28b and these can be evaluated directly by the method of residues. 

At the two poles we have, according to (3), 


where » and # are the index of refraction and the phase velocity, respectively, 
which belong to the period of oscillation t. Then we get from (4) 


dealeica ad calc ca | 


(14) age (22 (2 
t 44 
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But this is precisely the wave pattern that results from the incident wave (2 a) 
when it is displaced towards increasing x with phase velocity u. 


In fig. 31 we have plotted ¢ horizontally to the right and the depth x in 
the medium divided by ¢ vertically downward. The straight line ¢ = x/c 
makes an angle of 45° with the horizontal and it marks for each depth x the 
time of arrival of the precursors. The line ¢ = x/» makes a smaller angle with 


ac a 
«/C t=x/C t=x/u t=x/g 
Fig. 31. 


Scheme of propagation of a wavs toa depth # in adispersive medium, Transition of 
the precursors to the steady state. 


the horizontal because # <c and it indicates how the amplitude and phase 
are transmitted to the depth +: The wave train starting at time / = 0 on the 
surface reproduces itself identically at the depth x, its phase being merely 
shifted by z/#. Any other result would be disastrous to the theory of 
interference phenomena which rests upon the precise transmission of the 
phase through dispersive media. 


To be sure, the validity of eq. (14) is assumed only if a sufficiently long time 
t= ¢-x/¢ has elapsed. This condition is not necessarily fulfilled at ¢ == x/z. 
Therefore, we have shown the beginning of the wave train which starts at 
i= x/u as a dotted curve and have drawn it as a solid curve only after a later 
time f= x/g, The locus of points ¢ = x/y is drawn in the figure as a dotted 
straight line {just like the locus of points ¢ == x/x). If g<«, this line makes 
a smaller angle with the horizontal than the line f == x/4. 
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E. GROUP VELOCITY AND ENERGY TRANSPORT 


The concept of group velocity is familiar from hydrodynamics, Vol. II, 
Sec. 26. This velocity refers not to the propagation of the phase but rather to 
the propagation of energy {or amplitude). We denote! the group velocity 
by g and compare its formal definition with that of the phase velocity; 


aw a 
(15) c=, wad. 
Because w= uk, dw = wadk + hk du, it follows that 
au 
ga uth. 


If we take into consideration that A= 2jA, dk{k = -dAjd, then we can 
write 


au 
(1 6) g == w- rl ZA * 
For normal dispersion 
an du c 
‘Fie and hence a7 ° because c=: 


Therefore, as was emphasized already in Vol. II, loc. cit., 
(16 a) g <u. 


This fact accounts for the smaller slope of the line ¢ = +/g in fig. 31. In the 
case of anomalous dispersion this line would be steeper than the line f = /s. 

As in hydrodynamics we expect that the full amplitude 1 of the incident 
wave will be attained not at ¢ = x/#, but at # = x/g. This has been confirmed 
by L. Brillouin in the paper referred to on p. 114. The previously neglected 
contour integrals around the branch points in fig, 28 b are here essential and 
are discussed precisely by Brillouin by means of the saddle-point method 
(Vol, VI, Sec. 19 EF and Sec, 21 D). The evaluation of these integrals is not too 
simple and will be omitted here. The result shows that the precursors are 
followed by a transition state which corresponds to the gradual building up 
of the electron oscillations to the point where these oscillations correspond to 
the incoming frequency and amplitude. Thus the ultimate steady state of 
amplitude 1 is reached not at the time ¢ = x/# but rather (for normal dis- 
persion) at the later time ¢ = x/g. In this final state the free oscillations of 
the electrons have been damped out and only the forced oscillation of period 1 
remains. The wave train which is drawn dotted in fig. 31 is to be replaced by 


1In Vol. If we wrote V, U instead of the present notation «, g. 
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this transition state’. Beyond i = x/g the solid wave train correctly represents 
the final amplitude and phase. The formula ¢= x/g also gives the time 
required for the transport of light energy through a distance x in the dispersive 
medium. 

These results can also be derived directly by the smethod of stationary 
phase*. The phase of the exponential function under the integral in (4) 


p(w) =Rkx-mt 


is “stationary” with respect to a displacement along the real @-axis if 
(17) = —~x-t= 0. 


While neighboring oscillations generally cancel each other when integrated 
with respect to w because of the changes in sign of the exponential function, 
this is not the case for the “‘stationary’’ @ given by (17). In the vicinity of 
this « the contributions to the integral have the same sign and add. Therefore, 
the energy propagation is determined essentially by the stationary w, that 1s, 
by eq. {17). According to the definition (15) of g, (17) does indeed yield 
help 
g 

We conclude with a remark, due to Lord Rayleigh, concerning the 
measurement of the velocity of light ¢. Fizeau’s toothed wheel, as well as 
Foucault’s mirror, uses cut-off wave trains of the type we have considered 
here. Therefore, it is the group velocity and not the phase velocity which 
determines the time interval necessary for the light to pass through the 
required distances in air. Thus, these experiments really measure g, and not 
#% orc. It is only because of the small dispersion and refraction in air that 
g -~ «and that ¢ can be computed from #« by applying a small correction. 


23. The Ware-Mechanical Theory of Dispersion 


So far we have not made use of an atomic model. We shall now show 
how according to Schrédinger® we can obtain a deeper understanding of the 
theory of dispersion if we replace our previous rough assumption of a 
“quasielastic binding’ by well-defined wave-mechanical binding energies, 


1According to fig. 20 in Brillouin, loc. cit., the transition from ¢ = «/u to ¢ =m a/g 
is by no means as simple as we have sketched it in fig. 31. 

8See Vol. I] Sec, 27 under 3, where we also used this method as a substitute for the 
mathematically precise saddle-point method, 

$In his fourth communication, Ann, d. Phys. (Lpz.} 81, 1927. 
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Of course, we cannot here develop the formalism of wave mechanics with any 
degree of completeness. “Rather, we must limit ourselves to describing the 
progress made by the wave-mechanical treatment as compared to our previous 
discussion. This will be done in subsection A. In subsection B we shall only 
indicate how the dispersion formula used in A may be derived. 


We shall use the particularly simple case of the Na spectrum as an example 
(qualitatively the same results will hold for the other alkalis}. We consider, 
therefore, a gas of Na atoms mixed with one of the noble gases (the latter 
will not further enter into our considerations). If we illuminate this gas with 
the prismatically decomposed continuous spectrum of a hot flame, then in 
the light which has passed through the gas, the principal series of the Na 
atom appears as an absorption spectrum. The first of these lines is the yellow 
D-linel, The spectrum has a series limit in the near ultraviolet where the lines 
of higher frequency converge. By means of extremely refined resolving 
apparatus spectroscopists have been able to find and measure more than 50 
lines in the principal series. 


We denote the angular frequencies of these series lines 
@y ({D-line), ee De: 


Wave mechanics associates with these frequencies the energy levels of the 
atom 


WwW Wi, Ws, eae lV ac 


Let W, be the energy of the atom in its ground state and let W,, Ws, --. 
be the energies of excited states when the valence electron of the Na-atom is 
lifted out of its original orbit? into a higher orbit which is more distant from 
the atom. W,, = W, is the ionization energy needed to separate the electron 
from the atom and leave a Nat ion behind. Above the series limit there is a 
continuous spectrum of w-values, or energy levels W, which we will not need 
to go into further here. The connection between «; and W, is 

(1) ud i 


oO; = —>—— 


where & is Planck’s quantum of action divided by 2%. See fig. 32. 


1We can here neglect the doublet nature of the D-line. 
* Abbreviation for “eigenfunction”. 
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A. COMPARISON OF THE OLDER DISPERSION FORMULA WITH THE WAVE- 
MECHANICAL FORMULA 


If we take into account not just a single resonance frequency wg but a 


series of such frequencies w,,...,@,,..., our dispersion formula (17.10) 
becomes 

2 : 
(2) nt — _— 7 Nj 


N, is the number of electrons per unit volume which have a resonance 
frequency w; The numbers N,; themselves are unknown. But they must 
collectively satisfy 


(2 a) D> Nj=N 


where N is the number of Na-atoms and therefore also (for single valency Na) 
the total number of valence electrons per unit volume. 
In place of this, wave mechanics yields 
2 NE 
(3) Pe ; fi 25 
te bg ~~ wi? ~ 9 


}; is called the “transition probability”, or the “oscillator strength”, and is a 
definite number which can be calculated from the atomic model by wave- 
mechanical methods. It is subject to the ‘sum rule” which is analogous to 
the requirement (2 a}, namely, 


(3 a) D> h=1. 


The difference between eq. (2) and (3) lies not so much in the greater 
definiteness which distinguishes the latter because the /; occurring in it can be 
computed. The difference lies principally in the meaning of the w,. In eq, (2) 
which we have taken over from Sec. 17 the a, are resonance frequencies of 
different electrons with different binding energies. In (3) the w, are frequencies 
of transition of one and the same valence electron from the excited state W, 
to the ground state Wo. In (2) the oscillations w, occur side by side and 
independently of one another. In (3) the transitions take place one after the 
other, depending on the excitation just preceding each, so that they mutually 
exclude one another. Thus, in spite of their formal similarity, the meanings 
of eq. (2) and (3) are quite different. This new interpretation of the w, as 
energy differences is equivalent to Ritz’s combination principle which, since 
Bohr, has been the foundation of the theory of spectral lines. The ideas on 
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which eq. (3) is based are represented schematically in fig. 32, The energy 
levels W, are plotted vertically upward from the ground state W, to the 


ionization energy W’;. The transition frequencies w, with their limiting value 


Poe 


Fig. 32. 
Correspondence between emission 


frequencies @,, wy... and energy 
level W,, Wy, ..- and the ground 
level W,. 


42 ~ %y9 
Fig. 32 a. 
Dispersion of light due to an excited 
atom, Besides the positive dispersion 
terms alsc negative terms appear 
which correspond to transitions from 
deeper lying levels. 


discrete set of values W=W,, W 


@,, are plotted horizontally to the 
right. 

The wave-mechanical scheme can be 
extended considerably. Instead of starting 
with the ground state, we could investi- 
gate the dispersion formula for any 
desired excited state of energy W,. Then 
we would have to draw the arrows 
Originating above W, only down to W,. 
Arrows pointing up from the levels below 
W, would also enter the picture and 
these would contribute negative dispersion 
terms. See fig. 32a in which we have 
chosen & = 2. In such a case the tran- 
sition frequencies must be provided with 
double indices w,. To be consistent the 
w; in fig. 32 should, then, be denoted 
as Wig 


B. Outiine! oF THE DERIVATION OF EQ. (3} 


The Schrédinger equation for the 
wave function y of our valence electron 
reads 


2 
4) Ap+SS(W-V)p=0. 


¥ is the potential of the force field and 
takes into account not only the attrac- 
tion of the nucleus but also the mean 
repulsions of the remaining atomic elec- 
trons. Equation (4) has continuous, 
normalizable solutions only for the 


1, +++, W,,... These solutions are the 


“eigenfunctions” of the atom. The &* of these functions, completed so as to 


inchade its time dependence, is: 


1For further details see any text book on wave mechanics, e. g. “Atombau und 


Spektralliaien”, Vol. II, p. 360. 
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(5) Uk = We exp (-! ud. . 

Let the atom be perturbed by an incident light wave of angular 
frequency «@ which propagates in the x-direction and is polarized in the 
y-direction. We represent the space-time dependence of this wave by 


ial 2) % oe {~ 3) 


The perturbed state « of the valence electron satisfies the time-dependent 
Schrédinger equation 


(6) ne Tae em a{eiela) 4 eela) | oe 


@ is a constant factor which is proportional to the amplitude of the incident 
wave. The reader may convince himself that for the case of no perturbation 
(a@=0, 4 =) eq. (6) reduces to eq. (4). The factor au/ay on the right 
corresponds to the term (A+ grad «} in the general time dependent Schrédinger 
equation and takes that form because the “vector potential” A has the direc- 
tion of the light vector E which, according to our assumption, is the 
y-direction. 
Owing to the perturbation the state (5) becomes 


(7) wemtalererp(-iWst-iai) te ap(-Line+ sod 


where the perturbation factors w + Must satisfy a time-independent differential 
equation which is derived from (6), namely 


2m dy, + Se* 
(7 a) Aes +7 (Wr tha-V) wy = se c , 

This equation can be integrated by the general methods of perturbation 
theory. The right-hand side of (7 a) which is to be considered as a known 
function of the position x, y, z must be expanded into a series in terms of the. 
complete systern of eigenfunctions y;; that is, it is written in the form! 


(8) Ps A; yj. 
j 


1Actually we should have denoted the coefficients Aj of the series (8) by A;*, 
corresponding to the -+ sign on the right-hand side of eq. (7a). But because the wave 
length A = 22 ¢/w of the incident light is very large compared to the size of the atom, 
the exponent + iw x/¢ is very small for all values of + which come into consideration. 
Therefore, the + sign can be suppressed for 4. 
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In the same way we write on the left-hand side of (7 a) 


(8 a) wa = D’ BE y; 
j 
and obtain 
(9) ee Ls eT 


If we substitute here the value of A y; as given by (4), the position dependent 
quantity V is eliminated form the left-hand side and (9) simplifies to 


2 
(9 a) Sr Dy BE (Wr-W; £0) w= >” Ap, 


7 
By comparing coefficients one finds 


, 2m W,-W;-+- hw 
Applying eq. {1} and recalling the remarks made in connection with fig. 32 a, 
we may write this as 


Thus the values of the transition frequencies @;, (which in (1) are defined for 
the ground state) result automatically from the perturbation calculation and 
take the place of the oscillation frequencies w in the dispersion formula (2). 
With this result we have attained the essential purpose of our wave-mechanical . 
considerations, The following remarks will serve only to show how this result 
leads to eq. (3) which is analogous to the classical dispersion formula (2). 


It follows from (7) that together with w, the function *, which describes 
the perturbed state, may also be represented as a series in terms of the Yj. 
We need not go into the calculation of the coefficients A, of this series which is 
performed in the Fourier manner and requires that the system of eigen- 
functions y; be known. From % one obtains the density distribution @ = # 4* 
and from it is found P,, the component of the electric moment of this distribu- 
tion in the direction of polarization y of the incident wave. From P which is 
the average of P, taken over all possible orientations of the atom the 
value of #?-1 is found. In this way one obtains precisely eq. (3) with a 


definite expression for { which takes the form of a space integral over the 
eigenfunctions. 


CHAPTER IV 


CRYSTAL OPTICS 


So far, we have assumed all optical media to be isotropic. But the complete 
range of optical refinement is revealed only by anisotropic media. The inter- 
ference patterns of crystal plates in polarized light are among the most 
beautiful and splendidly colored phenomena of nature. They indicate the 
regular structure of crystals even more clearly than the outward shape does. 
Moreover, calcite, mica, and quartz are essential components of some of the 
most important optical apparatus. 

However, we shall in general not deal with the atomistic structure of 
anisotropic media but shall treat these only from a phenomenological point 
of view, just as we have done with isotropic media. The simplest assumptions 
regarding directional dependence and symmetry suffice for a fairly complete 
description of the phenomena. The condition required by such methods, 
i, e. that “the wave length of the light shall be large compared to the inter- 
atomic distances”, is certainly fulfilled in the visible spectrum. 


24. Fresnel’s Ellipsoid, Index Ellipsoid, Principal Dielectric Axes 


A medium is electrically anisotropic if the relationship between the 
excitation D and the field strength E is determined by a “linear vector 
function” 


Dy = ey Ey + eg By + bg E;, 
(1) De = €, By + b99 By + byg Es, 

Dg = 6, By + Sg Eq + 855 Ey 
rather than by the simple proportionality D = ¢« E as in the isotropic case. 
1, 2, 3 in (1) are three mutually perpendicular coordinate directions which are 


fixed in the crystal in some particular way. The dielectric constant is now 
not a scalar but a symmetric tensor of rank two. The symmetry condition 


{1 a) bik = E45 


follows from the requirement that the work done per unit volume (E- dD) 
in building up a field must be a total differential. See Vol. III, eq. (5.6 d) 
and footnote 2. Only if this symmetry condition is fulfilled does there exist 


aan 
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an “‘electric energy per unit volume” as a variable of state which is independent 
of previous events, namely 


(2) Wi=s(ED)= so DD en EE 
i k 


Because of (1), — and D are not parallel but have, in general, different 
directions. 

We have met linear vector functions before on various occasions. There 
was, for instance, the relationship between the angular velocity and the angular 
momentum of a rigid body in Vol. I, eq. (24.9). This relationship led to 
Poinsot’s construction: to find the angular momentum M corresponding to 
a rotation w, place a plane tangential te the inertia ellipsoid (/ = const.) 
through the tip of the # vector, which is in that ellipsoid. Then draw a perpen- 
dicular to this tangential plane from the center of the ellipsoid. This perpen- 
dicular is in direction and magnitude the desired angular momentum. The 
same thing written as formulae! reads: 


(3) M=>-: My= Zo My= Ze. pen Stal ais 


where %,, %g, %, are the rectangular coordinates of the tip of « as measured 
in our 1, 2, 3system. We may also say: “M is the normal to that polar plane 
of the inertia ellipsoid which belongs to the w-direction.” 

fe have already emphasized in Vol. I that this same construction is valid 
for any linear vector function which is derived from a symmetric tensor. 
Indeed, one obtains our eq. (1) for D from the eq. (3) for M by replacing in 
the latter the tensor (J;,’) by (e;,,) and the vector« by E. Then the characteris- 
tic “tensor surface’ to be used in the construction 


= 
(4) oe 2 fin Xi Xp = const., const. = 2 W, 


is called Fresnel’s ellipsoid. That this surface is in fact an ellipsoid and not a 
general second order surface follows, as in the case of the inertia ellipsoid, 
from the fact that the left-hand side of (4) represents an energy. This left- 
hand side must therefore be a positive definite quadratic form. 

The polar planes belonging to the three principal axes of the ellipsoid are 
perpendicular to these axes. Hence along these axes and only along them 
are D and & parallel. We call these axes “principal dielectric axes” (in contrast 


+The J;,’ are related to the usual products of inertia Ij, of Vol. I in the following way: 


Iq’ = Ti. Iie’ = - Tig. This changed notation is clearly convenient for the comparison 
with the «4% in eq. (1) and (2). 
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to the “optic axes” to be introduced later). If these axes are chosen as the 
coordinate axes, one obtains instead of {1} 


(5) D, = 4, £;, D, = & Ey, Dy, = ey Ey. 
These s; are called “principal dielectric constants”. Just as in mechanics where 
the products of inertia J;, vanish in the coordinate system of the principal 


moments of inertia, so here the mixed e,, vanish and Fresnel’s ellipsoid assumes 
the form 


{6} & %" + 89 %q* + €5 X27 = const., const. = 2 W,. 
Making use of Maxwell’s relationship for non-magnetic media = Veje : 
we can write instead of (6) 


{6 a) 1? 4? -} 452 x42 + 42 x2 = const., const. == =a 

0 
The »; which are here introduced are called the “principal indices of refraction’’. 
Equation (6 a) shows that the lengths of the principal axes of Fresnel’s ellipsoid 
are the vectprocals of the three principal indices of refraction. For later use we 
also define the three “‘principal light velocities” as 


(6 b) “j= —— = po: 


We now take the opposite viewpoint and assume D to be given and 
express E as a linear vector function of D. This is done by solving eq. (1). 
We write this solution as 


Ey = 9, Dy +p De+ ms D,, 
(7) Es = thar Dy + Neg De + Ney Ds, 
Es = NW, Dy + Nyg Do + Naa Ds. 
The 4 are the minors of the previous ¢, divided by the determinant of e: 


(7 a} es ame Po aan 


The symmetry of the 7-tensor follows from that of the e-tensor as expressed 
in eq. (1. a} (our present notation obviously has nothing to do with the electric 
susceptibility in Vol. III, Sec. 11 €). 

Using (7), eq. (2) can be rewritten 


eee, eee 
(8) We=>(D E) 5 > Ps mn Dm Dy. 
% % 


The corresponding tensor surface becomes 


(9) PH > 1 mn Xm Xn = Const. 
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This equation is different from (4), but because of its connection with the 
electric energy it also represents an ellipsoid. Transformed to its principal 
axes system this equation assumes the form 


(9 a) yy" + thy 2% + ny %42 = const. 
The principal axes of the y-tensor (9 a) are in the same direction as those of 
the e-tensor (6) because both are determined by the condition that D and E 


shall be parallel. 
Furthermore, it can easily be shown that 


1 
(10) aoe 


For by substituting into (7a) the principal axis values for the ¢,, one obtains 


‘ 6,00 

2 

% = | 00) = — ete. 
0 00 ey 


If we now express the ¢, in terms of the Principal indices of refraction %;, 
as in {6 a), then we obtain from (9 a) and (10) 


fy PL = 
{11} ma + nat + re a const., const. = 2 W, 4, 


Therefore, the lengths of the principal axes of our present ellipsoid are equal 
to the principal indices of refraction and not to their reciprocals as in the 
Fresnel ellipsoid. (11) is, therefore, called the index ellipsoid (also Fletcher’s 
ellipsoid or “reciprocal ellipsoid’’). 

The positions of the principal dielectric axes in the crystal change a little 
with temperature and also differ Somewhat for different frequencies. 
Therefore, one speaks of a “dispersion of the principal axes”. Only the 
Symmetry of the crystal lattice, if it exists, which controls all physicai 
phenomena, completely fixes the principal axes. We shall go further into 
this in Sec. 28. 

All these considerations have been concerned only with electrically 
anisotropic bodies. But there are also magnetic crystals. We mentioned the 
most important ferromagnetic ones in Vol. ITT at the beginning of Sec. 12, These 
are, however, of no interest in optics because the magnetization cannot follow 
the rapid optical oscillations, but dies out in the far infrared. For this reason 
we can henceforth set u = yo, that is, treat only magnetically isotropic media. 
Correspondingly, our earlier considerations in Sec. 3 C in which the distinction 
between uw and 4, was important, referred not to optical but to centimeter 
waves, 
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25, The Structure of the Plane Wave and its Polarization 


As we know (Vol. III, Sec. 4), Maxwell’s equations are valid in crystals as 
well as in isotropic media. Since we can set 4 = jtg, these equations contain 
the three quantities E, D, and H where D and E are connected by eq. (24.1). 
Thus, if we assume the crystal to be non-conducting, we have 


aH aD 
{1) Honz curl E, a curl H. 


From div curl = 0, it follows that divH and divD are constant with 
respect to time. Both of these constants are to be set equal to zero; the first 
one because the magnetic force lines are free of sources, the second because 
we can assume the crystal to be free of charges and because the charge density 
is generally to be defined by divD. Hence 


(2) div H = 0, div D = 0. 
The condition 

a 

aD, + os 24 @Dy a 


(2 a) div a = 3x. az, 


holds in every cartesian soidinate ae not merely in the principal axis 
system of the dielectric. If one were to replace D by E by means of (24.1), 
a rather unwieldy formula would result. Only in the coordinate system of the 
principal axes does this substitution have the relatively simple form 


aE, aE, 


ees — =< 
(2b) "1 Ox, a *2 Oxy T Fe " 
We mention this mainly in order to show that 
- ¢ _9E, | ¢E, , ok, 
(2 c} eae YR ie aah 7s 


’ cannot vanish simultaneously with div D; this occurs neither in the principal 
axis system nor in a general cartesian coordinate system. 

Limiting ourselves to the case of the plane wave, we will make the 
following consistent assumptions as to the forms of O and E: 
(3) D=Aexpi{k:r-wi}, FE = Bexpi{k:r—wt}. 
These are valid in any cartesian coordinate system. In this way we express 
the fact that the space and time dependences of both these vectors are 
the same, but that their amplitudes and directions will differ. Asin the 
isotropic case of Sec. 2, these assumptions express an ideal state which is 
completely monochromatic (single frequency w) and directed completely 
parallel {single wave vector k). We have already discussed in Sec. 2 how such 
a state can be approximated with natural light by using a monochromator 
and collimator. 
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The D-wave is transverse, i. e. the vector D is perpendicular to the wave 
vector k. This follows from (2a). For, according to (3}, 


(4) divD =i(A, 2, + A, hg + A, Rg) expt {k-r-of} =i k-D=0. 


Hence, D has no component in the direction of k. As a result of the remarks 
accompanying (2b, c}, this is sof true of the field vector E. 

We now inquire into the connection between w, k, and the phase velocity « 
of our plane wave. In the isotropic case this connection was given by 


(5) = [= 

la 
The first of these equalities is valid also for crystals. To prove this we need 
only differentiate the phase y = k-r—q@ with respect to ¢ and follow the 
progress of a certain phase value by setting dp/dt equal to zero: 


dy 
(5 a) “f =k: pH w= 
here r is nothing else but . vector u which has the same direction as the 


wave vector k so that (k-r) = |k| «=x and 


(5 b) w= ku, was. 
The setond equality in (5) for isotropic media resulted from the wave 

equation which, written in terms of D instead of E and for 4 = fu, reads 

2D 

6 —= 

( ) € fy at® AD. 

We must now see what takes the place of this equation in the anisotropic 

case. For this purpose we eliminate H from the two eqs. (1) by applying the 


curl operator to the first and the operator yy a/at to the second. Thus 
we obtain 


2D 
(6 a) bor =—curl curl E, 
or using a well-known, actually only symbolic, vector relation (see Vol. ITI, 
eq. (6.2) 
a2 
(6b) Mo ge = A E~ grad div E. 


This present wave equation is considerably more complicated than eq. (6). 
The last term on the right-hand side does not vanish, as was remarked in 
connection with (2 c); nor can. 4E be written in vector form as a sum of deriva- 
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tives of D, Therefore, we shall not discuss (6 b) further but shall return to 
eq. (6a). Performing the indicated differentiations on the expressions (3) 
we can write 


sa = ~w®D, curlE=t(kx E],  curicurl E=-[k x [k x E]]. 
Equation (6a) yields then 
(7} —ttg 07D =[k x [k x E]] = k (k- E)-A? E, 
Using (5 b) to express w in terms of 4 and dividing by &*, this becomes 
k 
(8) “tin 10° D = 55 (kB) E. 


We now decompose this vector equation into its components along the three 
principal axis directions. In the principal axis system we get from (3) and 
the connection (24.5) between D and E 


By At, 4 = 1, 2,5. 
&j 


Using the principal light velocities «,; defined in (24.6 b) and cancelling the 
common exponential factor, (8) can be rewritten 


(9) : (tu? ~u;*) Aj = ay 
with the abbreviation 

1 
(9a) Kanye D uithiA 


Formula (9) is a system of homogeneous linear equations for the A’s which is 

solvable only if its determinant vanishes. Instead of setting up this deter- 
Rs 

minant, it is simpler to do the following: we multiply (9) by Gai 
as 


and sum over 7. This gives 


(9b) Thank Sy * 


The left-hand side of this euadae vanishes because by (4) 


k-Am D' hj Ay = 0. 


7 
The factor K on the right-hand side of (9 b) generally does not vanish 
(the principal dielectric axes with their special values of A, and 4; form an 
exception}. Therefore we conclude from (9b) that 


(10) > werre B 
1 
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This is a quadratic equation for «*, as can be seen by multiplying it by the 
product of the denominators. Therefore, to every direction k there correspond 
two, generally different, values of #*, The fact that each of these still yields 
the two #-values + means, of course, that the same value of |s| 
corresponds to the two directions + k. 

We denote the two roots belonging to any & by «’? and «2, We shall call 
the corresponding dielectric displacements D’, D” and their amplitude 
coefficients 4,', 4;”. We now assert that D’ and D” are mutually perpendicular, 
that is, that 


(11) D’-D”’ = 0. 
This follows from the two equations 


? ? Ry ta +s kj 


vt ys 
which are contained in (9). Multiplying these and summing gives 
2 


Ki RK” k;* k;® 
- FES mrtg tt: 
f f 


Because of (10), the last two summations over j vanish so that roe! A,” and 
D’- D” also vanish. 

These calculations of uw’, «/” and the resulting facts concerning D’, D” 
can be illustrated and made more definite by means of the geometrical 
construction in fig. 33. We begin with the index ellipsoid (24.11). If we replace 
the », by the principal light velocities «,, the equation of that ellipsoid reads 


2W, 


We place a plane perpendicular to k through the center of the ellipsoid. Its 
equation is 


(13) Py yb hy %q + By %3 = 0. 


We now constrict the ellipse which forms the intersection between the plane 
and the ellipsoid. We assert that the principal axes of this ellipse are (aside 
from a common factor) equal to the reciprocal values of w’, u’’, and that their 
directions coincide with the directions of D’, DB”, 
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We find these principal axes by computing the extrema of %y7 4 xy? + 42, 
subject to the subsidiary conditions (12) and (13). Using the Lagrangian 
multipliers 4, and A,, we write 


(14) BMP tty? beg’ + A, (ty? ay? + tog? tg? b t4g? 29%) + 
HAs (fey %y + be Hy + Ry %5)} = 0. 

After introducing 4, and A, the variations 6x; of the coordinates *; belonging 
to the vertices can be considered as independent of one another. Hence, the 
coefficients of dx; resulting from (14) 
must individually be equal to zero. 
Thus we obtain three conditions for 
the x;: 


(Ida) 24;(1 +A, uj*) + 2,4; = 0. 
To determine 4,1 we multiply (14 a) 


by x; and sum over 7. Applying the 
conditions {12} and (13), we obtain 


D mF+4,C = 0 


where 2%;2 means q® or 52 (a and } 
are the major and minor axes of the 
ellipse). If we introduce the noncom- 
mittal abbreviation C/u? to cover 


Fig. 33. 
both of these possibilities, then Index ellipsoid and construction of the 
D-vectors belonging to the wave number 
1 vector k. 
(15) A, = ue . 
Equation (14a) reads then 
2 Xj ky 2 x; 
(15 a) ee (% - u;") = — A, R; Or Ww uj? a ws 


If we multiply the last equation by k; and sum over j, then the right-hand 
side vanishes because of (13), and we obtain as in (10) 


h,2 


Here » has the same meaning as in (10), and our two velocities of propagation 
«', u” are, aside from the factor C as defined in {12), equal to the reciprocals 
of the two principal axes a and b as was claimed. 


7'We shall not need the value of 4. But we could determine it also from (14 a} by 
multiplying by &; and summing over 7, 
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To determine the directions of the two Principal axes, we form from (15 a) 
the ratios 
eae 
ue — 4,2 ° 42 4.2” ye tee? 

According to (9), these same ratios also hold for the coefficients A,:A,:A, 
of our D-vectors. Thus the directions of oscillation of the hoo D-vectors coincide 
with the directions of the principal axes of our intersectional ellipse. 

The directions of oscillation of the H-vectors are now also fixed. Asa 
result of the first eq. (1), H oscillates lyansversely, i. e., perpendicularly to the 
wave vector K. In addition, H is perpendicular to D as is easily proved from 
the second eq. (1). Hence, we always have 
(18} H-k=9, H-D=0. 

In particular this means, since we know the position of D, that H oscillates 
in the direction of 5 if D has the direction of 2, and vice versa. 

We collect all of this information in the following two tables in which the 
second lines give the directions of oscillation and the third lines the velocities 
of propagation which are common. to the pair of vectors D, H: 


(17) My) hy i Xy 


D’ Hi’ D’’ H” 
(19) a é b a 
‘ce eee! a 


ui =\Cfa wu’ =< VCjd 

In connection with ( 19} we must still discuss the physical meaning of the 
principal light velocities t,, “a, 43 which were introduced only formally in 
(24.6 b). We consider, for example, a wave vector k in the direction of the 
first principal axis, To it belong two sets of vectors D, H whose respective 
velocities x’, 4" are, according to (19), the reciprocals of the principal axes 
of the intersection ellipse formed by the plane perpendicular to k. Hence 
u’, «’” are equal to m4, ts, respectively. 

Therejore, the principal light velocities ty and us are the velocities of the two 
waves which propagate in the direction of the first principal axis of the index 
dlipsoid. A corresponding statement holds, with cyclic interchange of the 
indices, for the other two principal axes. 

The most important result of this section is that all monochromatic plane 
waves propagating in a crystal are completely linearly polarized in divections 
which ave determined by the crystalline structure. 

How does this result compare with the optical behavior of isotropic media? 
To make a valid comparison we must, of course, recall the properties of 
monochromatic and parallel, i, e. perfectly collimated, light in an isotropic 
medium, and not those of completely unpolarized natural light. In Sec. 2 we 
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saw that such light must necessarily be ellzpiically polarized. Therefore the 
distinction between isotropic and anisotropic media does not lie in the fact 
of polarization as such; the distinction lies in the type of polarization of the 
light. The crystal structure of an anisotropic medium permits two waves 
with different linear polarizations and different velocities to propagate in any 
given direction. In an isotropic medium this completely specified type of 
polarization is smeared out! into the oscillatory pattern of an ellipse whose 
orientation and size of axes remain unspecified. This is quite understandable, 
because in an isotropic medium all waves have the same velocities and all 
directions are equivalent and, as we know, the elliptic polarization can be 
considered as a superposition of two perpendicular plane oscillations with 
different phases. In contrast to the waves in crystals, any two such 
oscillations propagate with equal velocities in isotropic media and are therefore 
indistinguishable. On the other hand, it is just the fact that these two 
oscillations are distinguishable in anisotropic media which gives crystals their 
importance as principal components of polarization apparatus (calcite, mica, 
etc., see Sec. 29). 


So far we have characterized the state of polarization of the light wave 
by the state ot the excitation D, whereas previously we have usually considered 
the field strength as the actual light vector. But since D and E are connected 
by the unique linear relationship of Sec. 24, it is clear that if D is linearly 
polarized, so is E. The next section will deal with the directions of oscillation 
imposed on E by the crystal structure. 


26. Dual Relations ®, Ray Surface and Normal Surface, Optic Axes 


The calculations of Sec. 25 can immediately be transposed from the index 
ellipsoid to Fresnel’s ellipsoid. They then yield information about the field 
vector E and the propagation of the ray 


Ss: E x H. 


1Using an expression common in wave mechanics we could say: the two linearly 
polarized oscillations in a crystal degenerate into elliptically polarized oscillations in 
isotropic media. 


2 For a complete treatment of this clual relationship we refer to the excellent textbook 
by T. Liebisch, Physikalische Kristallographie, Leipzig 1891. What is involved here is 
the same duality which exists in projective geometry between the coordinate spaces of 
points and planes. If one considers the components of E as point coordinates, then the 
components of D are plane coordinates, From this pomt of view the Fresnel and index 
ellipsoids represent the same surface, one in point coordinates, the other in plane 
coordinates. The clementary-geometric method of exercises [V.1 and 1V.2 adheres 
closely to Liebisch’s textbook. 
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In fig. 34 s = sy, Sy, Syis the unit vector in the direction of $ and F is the inter- 
section of the plane of the drawing with Fresnel’s ellipsoid. The plane of the 
drawing is perpendicular to H; hence H projects into the center O of the 
ellipse F. E is in the plane of the drawing and so is $ by virtue of the last 
equation, but because of the conditions (25.18) D and k are also in the plane 
of the drawing. The diameter WW 
which is perpendicular to k indicates 
the trace of the plane of the wave or, 
in other words, the trace of the plane 
of the intersectional ellipse of Sec. 25. 
The diameter $S is the trace of the 
plane which passes through O and is 
perpendicular to $. The tangents drawn 
through the points $ (traces of plane 
tangential to Fresnel’s ellipsoid) are 
perpendicular to D, and hence paraliel 
to k according to the polar construction 
Fig. 34. of Sec. 24. 
Intersection of Fresnel’s ellipsoid with the In the upper right-hand portion of 
plane of the drawing (| H). Construc- fig. 34 the plane of the wave W’ W’ 
tion of the wave and ray velocities. (plane of constant phase) which is 
perpendicular to k is indicated by means 
of a double line. If the wave propagates in the direction of k through the 
distance OP with a velocity 4, the ray $ must, in order to stay in phase with 
the wave, cover the longer distance 0 Q at the larger velocity ». From the 
right triangle OPQ it follows that 


(1) cosas=—. 
P 


As shown in fig. 34 the directions of D and E intersect at this same angle ¢. 
Hence, also 


E-D 
(1a) cosa = . 
E| |D| 
The coplanar position of D, £, and k has already been expressed in 


eq. (25.8). Introducing, in analogy to the unit vector s of the ray, the unit 
“wave normal” vector 


(2) i= ~ 
we rewrite eq. (25.8) as : 
(3) My #?7D = E-(n- E)n. 
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We want to derive the equation which is the dual of this one: that is, the 
equation which expresses the coplanar position of E,D ands. First we Write, 
using two undetermined coefficients and g, 


(4) pE=D-gs. 
Because s- E=0 and s-s = 1, it follows that g ==s-+D and hence 
(4a) pE=D-(s-D}s. 


Now we form the scalar products of (3) with s and of (4 a} with n. Because 
s*'E=0 and n-D = 0, these result in 


Hg #? (s-D) = —(n- E) (s+ nj, 
b(n E) = —(s-D}(s+n). 


If we multiply the right- and left-hand sides of these two equations and 
remember that s-D and n- E do not vanish, then 


(5) Ha #2 = (s+ n)8, 
According to fig. 34 and eq. (1) 
te 
Ssh=cosg= —, 
Y 


Hence, according to (5) 


1 
(6) p x: ra 
Thus eq. (4a) becomes 
1 
(7) yi laa i 


This equation has precisely the same form as eq. (3): it is its “dual”. 

We now recall the plane wave expression (25.3) with the coefficients A; 
and B;. By writing this in the principal dielectric axis system and setting 
B, = A,je, we were able to derive in eq. (25.9) a linear system of 
equations for the coefficients A; We shall now similarly compute the 
coefficients B, from (7) by setting A;=e;B;. First, we get from (7) 


(8) <3 Bj = &; B;-s;_ D sie; Bi; 


then, multiplying by “9 and rearranging, we obtain 


1 
(eme-2 By = jy sj D, 5:61 Bs. 
¢ 
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Making use of the principal light velocities 4; = (e; tg) —*, we have 


i 4 
e tiara) 9k 
; > B; 
(9 a) K’= PvE 


These equations correspond precisely to eq. (9) and (9 a) of Sec. 25, The same 
is true of the following equation which is derived from the two previous ones 
just as in Sec. 25: 


$52 
9b A B = yt ne Ser 
(9b) Ze i By 2 7 
7 j ue 
The left-hand side is zero because s LE. Since K’ % 0, it follows, as in 
(25.10), that 


s,? $_2 ss 
me in i Ge taka 
ve 42 v2 t493 vt ug? 

Equation (10) is quadratic in v2 just as eq. (25.10) was quadratic in #2, 
Therefore, to every ray direction $s there correspond two values v’ and 9” 
{if we leave the + sign out of consideration). From a construction on Fresnel’s 
ellipsoid analogous to that of fig. 33, one sees that the corresponding field 
vectors E’ and E” are mutually perpendicular. 

We now summarize the transformation from D, n, « to E, s, v which we 
have thus developed in the form of the useful “transformation rule”: 


(11) DE, epee og Ae, 

¢ G é i ov 
The reader may convince himself that this rule does indeed transform 
eqs. (3) and (7) into each other, both as far as their general form and their 
Coefficients are concemed. The same is also true of the expressions (20) 
and (25.10). We have departed from the usual formulation of this rule 


only insofar as we have throughout related to each other only quantities 
with the same dimensions. 


A. Discussion oF THE RAY SURFACE 


We shall now construct a complete picture of the distribution of the ray 
velocities v’, v for all possible Spatial directions of s. For this purpose we plot 
these velocities as radius vectors in the direction of s from the origin of an 
orthogonal coordinate system §1, és, g. In this way we obtain a two-sheeted 
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surface in our &,, &, é, space, one sheet of which corresponds to v’, the other 
one to v". The points on this surface have the coordinates 


(12) Ej = syu. 
Equation (10) can be written in terms of these as 


(13) a“ aS ae 


a 


Because v? = Z£,*, this equation appears tv be of the sixth order in the &€,; 
but upon multiplication by the product of the denominators, one finds that 
it reduces to the following fourth order equation: 


§,? 16, * (12g? — v®) (437-9) -+ Go? thy? (24? - 0%) (16)? 9) +4. 
(13 a) + &,? tg* (4,?-v") (4.5 ~ 0?) = 0 
or, grouped according to powers of uv: 
U8 (ay? Ey? + t4g? $5? + tg? Eg?) — 0? {E,% thy? (4g? + 005) + Ey% thy? (tig® + 41?) ++ 
(15 b) +g? 24g? (ty? + thy) } +t, tg? 20g? (Ey? + E4* + £59) = 0. 
Since the last term contains the factor v? = 2Zé,%, a factor »® can be 


cancelled, and the equation indeed represents a surface of only the fourth 
order. 


Fig. 35 a, b. 


Ray surface: a) upper half of the outer sheet, b} lower half of the inner sheet. The 
directions of the arrows inclicate the two optic axes. 


We shall call this surface the ray serface. It used to be commonly called 
“Fresnel’s wave surface‘, Our name indicates the origin of the surface from 
the ray velocity ». There are beautiful plaster models of the ray surface which 
can be taken apart and so reveal the way in which the two sheets are 
connected. Figure 36 represents the upper half of the outer sheet and the 
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lower half of the inner sheet. The missing half of each surface is the mirror 
image of the half which is shown. We shall study only the principal sections 
of the ray surface in greater detail, that is, its traces in the planes & = 0, 
&, = 0, = 0. We may assume for this purpose that 


(14) th, > thy > My. 


For £, = 0, we obtain from (13), by multiplying by the product of the 
two remaining denominators and by cancelling the factor (€,? + &,%), 


ft bt, 
(15) ra Baa ; 


This is an ellipse with the principal axes 4, and “). There is, however, yet 
another ‘solution of (13) which is obtained by setting both ¢, and the 


Fig. 36 a. Fig. 36 b. 
Intersection of the ray surface and Intersection of the ray surface and 
the plane & = 0. the plane &, = 0. 


denominator 4,?~-»? equal to zero. The indeterminate expression 0/0 
which is thus introduced does indeed enable us to satisfy (13). Thus the 
second solution for §, = 0 becomes 


(Sa) Est + Ey? = 4,2, 


This is a circle of radius «,. Because of (14) this circle encloses the ellipse (15), 
see fig. 36a. 

These two solutions (15), (15 a) can obviously be obtained also from the 
complete expression (13 a) for the ray surface. For, if one sets &, = 0, then 
each of the remaining terms contains the factor (#,2- v2). If this factor is 
taken out, an expression equivalent to (15) remains. 
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Next we consider the principal section &, = 0 which is in the plane 
perpendicular to the smallest axis of Fresnel’s ellipsoid. Again the section 
consists of a circle and an ellipse, but now the circle lies inside the ellipse. 
For, from (13) we find 


2 2 
(16) 4 + = =1 and §%+ &,?=«,%, respectively; 
(see fig. 36 b.) 


The principal section & =:0 is more interesting. 
It yields 


Si Bt, | BPR a 
ts? “2 , 1 9 = K’- 


(see fig. 36c.) Now the radius # of the circle is 
smaller than the major axis #, but larger than the 
minor axis #, of the ellipse. The circle, therefore, 
intersects the ellipse. At the points of intersection 
the two branches of the ray surface interpenetrate. 
What is the significance of the two axes which 
join the diametrically opposite points of inter- 


(17) 


Fig. 36. 
: Intersectian of the ray 
section ? suriace and the plane f,=(). 


B. THE OPTIC AXES 


In these axes the two ray velocities v' and wv” are identical just as in 
isotropic media. They are, therefore, called the axes of ¢sotropy or the optic 
axes. The latter name indicates that these axes are even more important in 
crystal optics than are the principal axes of the Fresnel, or index ellipsoid 
which were called ‘‘principal dielectric axes”’. 


As we have seen, the ray velocities vo’, v’’ may be determined from the 
principal axes of an elliptic section of Fresnel’s ellipsoid, and in the special 
case v' = v’' this elliptic section degenerates into a circle. Therefore, we see 
that the optic axes are perpendicular to the planes which intersect the 
ellipsoid in circles. There are well-known cardboard models of triaxial 
ellipsoids which consist of two sets of parallel circular discs which are fitted 
into each other and still have a certain degree of mobility. These models 
provide an interesting and complete representation of the surface of a triaxial 
ellipsoid. The points at which the normals to these circular discs intersect 
the surface of the ellipsoid are known as the «mbdilical points (German: 
“Nabelpunkte”, hence the notation NN in fig. 36¢.) Fig. 36d shows the 
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positions of both pairs of umbilical points on Fresnel’s ellipsoid and their 
connecting lines which are the optic axes; the relation of these lines to the 
principal axes 1 and 3 is also shown. If we call the lengths of the principal 
axes of Fresnel’s ellipsoid #,, #:, #3, as before, 
and denote the angle between the two optic axes 
by 2 6,, then 


24, 2 
(18) andl |) 
uy 


This expression agrees with the value of &,/¢, 
which is obtained from the two eqs. (17) for the 
intersection points of the circle and ellipse. 


If we define the polarization of the ray by the 
direction of the E-vector (in Sec. 25 we corte- 
spondingly defined the polarization of the wave by 
the direction of the D-vector), we can say: the 
polarization is linear for all ray directions. The 
planes of polarization of the two rays propagating 
in any one direction are perpendicular to one 

Fig. 36 4. another. The optic axes form the only exception. 
Construction of the optic Because of the circular shape of, the sections 
axes as perpendiculars to belonging to these axes, no direction of polarization 
Pinca i birt is preferred over any other. This gives further 

ellipsoid. motivation to the name ‘‘axes of isotropy - 


C. THE NORMAL SURFACE 


We generate this surface by plotting in every wave number direction k 
the two phase velocities «’, x’’ of the waves propagating in that direction. If 


we describe this locus again by means of the rectangular coordinates §,, &, $» 
then we must write in place of (12) 


(19) E; = Hy, >. &3 == 442 
and instead of (13) 


because of eq. (25.10}. Multiplying by the product of the denominators we 
obtain instead of (13 b) 
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(19 b) #9 ~ 4? [E,? (reg? 4 1452) +E? (44g? + 2642) Lb FQ? (06,7 + c442}] + 
+ &,* 1657 t47 4 &,2 Uy" 4? + &,7 14,2 42 = 0. 


Since the last set of terms does not contain a factor «?, this equation 
represents a sixth order surface. By (19a) the principal section &, = 0 is 
found to consist of a circle 


Eo? + &% = 1? 
and an “oval” 
(&,* + &5)? = ts” &,2 _ y* &,? = 0, 


which is a fourth order curve (containing also its center &, = &, = 0 as an 
isolated point of the curve). The other two principal sections consist of 
similar curves. These sections can again be illustrated 
by figs. 36a, b, c, where, however, the ellipses must 
be replaced by slightly differently shaped ovals. 

As in fig. 36 c there are two pairs of intersection 
points in the principal section & =:0. They correspond 
to the umbilical points of the index ellipsoid and the 
lines connecting them define the “optic normal axes". ¥ ; 
The angle between these axes, which we shall call 
2 6,, is only slightly larger than the angle 2 4, defined 
in (18}. Its magnitude is determined by 


_ ‘ty? = a* 
(20) tan 3d, = | TS 


In view of the connection of these axes with the The normal surface as 
a , . thaand Nipsoid. th h the pedal surface of the 
carce, ar sections of the index ellipsoid, they are the ray surface and the ray 
“isotropy axes” of the D-vector. This vector is not surface as the envelope 
necessarily linearly polarized for propagation along 0°! the normal surface. 


these and only these axes. 


A simple geometrical connection exists between the normal surface and the 
tay surface: the normal surface is the pedal surface to the ray surface. The 
section in the 1 - 3 plane yields, for example, the picture shown in fig. 26 e. 
This figure also demonstrates that the oval of the normal surface section (dotted) 
differs only slightly from. the ellipse of the ray surface section (full line). [t has 
already been shown in fig. 34 that the ray surface is the envelope of the wave 
planes (planes of equal phase}. 
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27. The Problem of Double Refraction 


If we place a slab of calcite over a sample of writing on a piece of paper, 
then on looking through the calcite the writing appears double. One image is 
displaced parallel with respect to the other. If we consider, for simplicity, a 
negative picture, that is white writing on a black background, then we can 
say the following: the waves emitted by the writing reach the eye by two 
paths which have different directions in the calcite and after the refraction 
have also different directions in the air. The eye extrapolates the perceived 
directions wrongly by projecting them in straight lines to the bottom of the 
calcite and therefore the impression is created that the writing is double. 

The beautiful construction based 
on Huygens’ principle for the re- 
fracted wave in an isotropic medium 
(see fig. 37) is well known. A plane 
wave propagating in the direction 
S, is incident upon another medium. 
At the instant that the wave front 
W, reaches the point @ on the 
boundary plane, all previous posi- 

Fig. 37. , tions 0’ of the wave have already 

Construction of the refracted wave by radiated waves (which are drawn 
Huygens’ principle in the isotropic case. as hemispheres in fig. 37) into the 
second medium with the velocity 

of light in that medium. Upon drawing from O the envelope of this system of 
hemispheres, one obtains a straight line which is a wave front W, of the 


refracted ray. The normal S, to W, is the direction of propagation of the 
refracted light. 


A. DouUBLE REFRACTION ACCORDING TO HUYGENS’ PRINCIPLE 


Huygens himself! extended this construction with ingenious foresight to 
the case of the (optically uniaxial) calcite crystal. He assumed the surface of 
propagation of the light in the crystal to be not a sphere but a certain combina- 
tion of a sphere and an oblate ellipsoid of rotation (compare with fig. 39 b 
below). Thus he obtained two envelopes and thereby two wave fronts, 
one for the system of spheres and another for the system of ellipsoids. Here 
we Shall describe the general (optically biaxial) case by replacing the combina- 


1The complete title of Huygens’ book is: Traité de la lumitre, ot sont expliquées 
les causes de ce qui lui arrive dans Ja réflexion et dans la réfraction et particuliérement 
dans ]’étrange réfraction du cristal d’Islande. Leiden 1690. 
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tion sphere + ellipsoid by our two-sheeted ray surface (26.13); see fig. 37 a. 
The envelopes of the two sheets again yield two wave surfaces W,’ and W,,” 
of the refracted light and the lines connecting the center O0' of the ray surface 
with the points of contact of the envelope give two ray directions $,’ and $,”. 
The perpendiculars from O’ upon the two envelopes (in the figure these 
perpendiculars are erected at 0} 
represent the propagation vectors 
(the “‘wave normals”) k,', k,”’. 

This construction illustrates 
well the origin of double refrac- 
tion, and it is therefore widely 
used in the literature; however 
it gives an incomplete description 
in several respects. 

1. The construction pre- 
supposes that a diverging bundle 
of rays which originates from a 


Fig. 37 a. point source behaves in the same 
Construction of the two refracted waves by Way aS a system of mutually 
Huygens’ principle in the anisotropic case. independent plane waves. It is 


the latter type of wave which 
we have considered in Sec. 26 and whose velocities of propagation we symbolized 
purely geometrically by means of our ray surface. Lamé! was the first to recognize 
that this presents a mathematical problem which is by no means simple. 
He posed the problem of representing the complex of waves sent out by 
a concussion center (which is analogous to the spherical wave in an isotropic 
medium) in a precise mathematical manner by computing the three 
displacement components. He was, indeed, led (upon excluding the longitu- 
dinal waves) to the form of the ray surface. These results were criticized 
and extended by V. Volterra’, 


2. Figure 37a as it stands gives no information about the polarization of 
either the D or the E wave. In this respect our description would have to be 
completed by means of the results obtained in Secs. 25 and 26, 


3. The construction leaves the question of the amplitude ratios between 
the different waves unanswered. 


1{n his legons sur la théorie mathématique de I’dlasticité, Paris 1852, The differential 
equations integrated by Lamé agree with the differential equations for the magnatic 
field components in electromagnetic optics. 

*Acta Mathematica, Vol. 16, p. 153, 1892. 
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B. THE LAW OF REFRACTION AS A BOUNDARY VALUE PROBLEM 


The preceding remarks indicate that a complete and quantitative theory 
of double refraction can be obtained only by considering the boundary 
conditions, following the method of Chap. I. The reasoning remains the same; 
we operate again with infinitely extended plane waves as the only known 
strict solutions of the optical differential equations, and not with the limited 
rays which usually form the objects of experimentation. We can do without 
additional hypotheses, such as Huygens’ principle or the construction of 
envelopes, Let us, however, first reconsider the origin of the ordinary law of 
refraction and reflection which was derived from the boundary conditions in 
Sec. 3. This time we will not specify the boundary conditions beyond the 
fact that they exist and do not contain the time explicitly. This will 
lead us to a reinterpretation of the oldest geometrical construction for the 
angles of reflection and refraction, that of Snell! {before 1637). 


b.) 


Fig. 38. Boundary condition for combination of plane waves. (a) Snell’s construc- 

tion; the surface of the body is indicated outside of the circles for propagation in 

free space (h,} and in the body (x &,). (b) The planes of equal phase are shown 

for the incident wave (dotted lines}; the same construction applied to the reflected 
and refracted waves gives the same trace pattern along the surface. 


For any wave of frequency w the wave vector has a prescribed length, 
namely |,| = % = w/e in free space, and |k| = m/z = 1 ky in the body of 
refractive index # (assumed > 1 in the figures). This fact can be expressed 
geometrically by drawing two concentric spheres of radii &, and # ky; any 
vector drawn from the surface of one of the spheres to its center is then a 
possible wave vector of a plane wave in the corresponding medium. Outside 
of the spheres we indicate in the figure the position of the body and its surface. 
We assume an incident wave to fall on the surface and show its wave vector , 
of length ky in fig. 38a. In fig. 38b the incident wave itself is drawn by 
indicating its planes of equal phase. These planes travel along the arrow with 
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velocity c; their trace forms a wave pattern on the surface which travels 
along the surface from left to right with velocity c/sin a to which corresponds 
a wave vector tangential to the surface and of length (k,| sin «. 

We may then say that the surface wave obtained as the intersection of 
the incident wave with the surface is described by a wave vector which is the 
tangential component of 2,. The same will hold for any other wave, in free 
space or in the medium: the field produced at the surface is a surface wave 
the wave vector of which is the component of the spatial wave vector along 
the surface. 

Now a time-independent relation on the surface can exist only between 
waves which give surface traces of the same mode of propagation. Otherwise 
wave amplitudes fulfilling the boundary conditions at selected points or times 
would fall out of step between these points or times. 

Thus, going back to fig. 38a, only three other wave vectors can be 
combined with 4,, namely those having the same tangential components as fy. 
They are easily obtained by drawing the normal to the surface through the 
tail point of &,. Of these vectors &;’ is the wave vector of the reflected wave 
(in free space), & that of the refracted wave, and its mirror image &,’ would 
be a second internal wave compatible with the boundary conditions. This 
last wave exists in a plate with parallel surfaces: it is the internally reflected 
refracted wave which is essential for obtaining the interference pattern of the 
Lummer-Gehrke plate and for calculating the corresponding optical field 
directly from the boundary conditions instead of by the method of summing 
repeated reflexions and refractions as in section 7 F. If we wish to deal 
with a single surface and a single wave incident on it — and this is the 
assumption which leads to the Fresnel formulae — we have to omit the wave 
of wave vector #,’. It is easily seen from the construction that the directions 
of k,, ,' and &, give the geometrical laws of reflection and refraction, in fact 
fig. 38a is Snell’s construction. 

We can now generalize this construction to the case of a doubly refracting 
crystal. It was pointed out in the discussion following eq. (25.10) that to 
each direction of & belong two values of #, viz. uv’, «". Since |k| = w/w there 
are thus in each direction (except those of the optic axes) two vectors & of 
different length. These correspond, according to fig. 33, to two linearly 
polarized waves of which the )-vectors are in fixed, mutually orthogonal 
directions. In Snelt’s construction this means that the outer sphere has to be 
replaced by a double surface. This surface is actually the dual counterpart 
of the ray-surface of paragraph 26 A and fig. 35, a, b and it can be obtained 
from it by the translation rule 26 (11). Without going into more detail, 
however, we see that Snell’s construction now yields two refracted 
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waves progressing at different angles of refraction #’ and £” and polarized 
at right angles to one another. Each of the directions satisfies the law of 
refraction 

sing  ¢ | sina ¢ 

Pw) Sing wu 
It is worth noting, however, that this law gives the angles 8’, 8“ implicitly 
only, because «’, #’’ vary with these angles. 


C. THE AMPLITUDES OF REFLECTED AND REFRACTED RAYS 


Let us limit the calculation to the case that the incident ray lies in the 
plane containing the greatest and the smallest axis of the index ellipsoid 
{eq. (24.11), i. e. that, as in Sec. 26 B, it also lies in the plane 
of the optic axes. Then we know, by symmetry, that either E and D both 
fie in the plane of incidence and H at right angles to it, or, for the other case 
of polarization, E and D are both normal to the plane (and thus parallel to 
one another) and His in the plane. In the latter case the boundary conditions 
are simpler, and ‘we restrict the derivation to it. 


a) Plane of Polarization Parallel to Plane of Incidence 
In medium I (air, y > 0), we assume, as in eq. (3.1), cf. fig. 3a, 


(1) E = Ey = A efte(esine—yeosa) 1 ¢ gid, (ssina’ + yoosa’) 
and in the crystal 
(2) E=E.= Beh), By=By=0; BB. 


Together with the (suppressed) time factor exp (-7 @ #), these terms represent 
the incident, reflected, and refracted waves, respectively. Snell’s construc- 
tion gives 

(3) . “eae and ksin 8 = ky sina. 

Continuity of the tangential component of E at the surface y = 0 is expressed 
in the equation 

(4) A+iC=B. 

Since differences of permeability are neglected, the second boundary condition 


may be expressed as: H continuous. Now in the first medium at the boundary 
(y = 0) 


OL, 
oe wal Obs =~ "2 A cosa + Coosa") esas, 
aE, 
Hy=+ = Bah > 4 sin a + C sin a’) e**»78ing, 
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and in the second medium 


OE, 
ee m= (- B cog f) eth #808. 
(6) tw ay @ 
1 @F, k ; 
—_ anes ee cee ; tkeang 
H, a ren p> @ (Bain Be sli a 


The boundary condition thus is, using (27.3), 


tan o« 


(7) ae tan 
sina _ sin f 
AtCu Teas 


The second of these conditions is the same as that for E. In terms of the 
incident amplitude we obtain the refracted and reflected waves 


_ 2 _ tan #-tane 
in mana Cia ss tan § + tang’ 
(8) tan 8 
__ 23in 8 cos & _ sin (B-a} 
sin {B+ a) ’ sin (B + a)° 


This result is, of course, the same as that obtained in Sec. 3A for the 
Teflected and refracted waves of the same polarization in the case of an 
isotropic body (3.12). 


b) Plane of Polarization Normal io Plane of Incidence 


In this case we cannot expect to obtain the same result as for an isotropic 
body, which is expressed in (3.16). Whereas in the isotropic body the field 
vectors E and D (electric force and dielectric displacement) have the same 
direction, shown by the amplitude vector B in lig. 3b, their directions differ 
in an anisotropic body. The boundary conditions are: continuity of the 
tangential component of E and of the normal component of D, as well as 
continuity of the magnetic vector H. Now the decomposition of E and D 
into tangential and normal components means their decomposition according 
to the axial system of fig. 3b (x parallel, y normal to surface}, but the 
anisotropic relation between the two vectors finds its simple expression if 
they are decomposed according to the principal axes of the dielectric tensor 
or index ellipsoid (conf. Sec. 24). This double decomposition complicates the 
derivation and expression of the amplitude ratios for this case of polarization. 
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28. The Optical Symmetry of Crystals 


So far we have concerned ourselves only with the general form of the 
dielectric tensor ¢,,. This tensor is defined by 6 parameters (because €;, = &;): 
We can find the number of parameters not only from the tensor scheme but 
also from its geometrical interpretation, namely Fresnel's ellipsoid. The 
ellipsoid is defined by its 3 principal axes and by their positions in space which 
in turn are defined by 3 angle parameters. A crystal without symmetry 
properties is called friclinic. Such a crystal is described by the general (¢, a” 
tensor. 

If the crystal has symmetry, the number of independent parameters is 
reduced. By symmetry direction let us understand either an axis of rotational 
symmetry or the direction normal to a mirror plane, as the case may be. Then 
if a crystal has a single symmetry direction it must coincide with one of the 
three symmetry directions of the Fresnel ellipsoid. If the crystal has two 
symmetry directions at right angles to one another, there exists a third one. 
which is orthogonal to both, and the symmetry directions of the Fresnel 
ellipsoid must coincide with those of the crystal. Furthermore, the existence 
of a symmetry axis! of higher order than 2 necessitates equal magnitude of 
the axes of the Fresnel ellipsoid at right angles to its direction; thus the 
ellipsoid will be one of revolution, Again, if there are, as in the cubic system, 
four threefold axes of symmetry {along the body diagonals of a cube), then 
the Fresnel ellipsoid degenerates into a sphere, and a single constant is left 
over from the ¢,, scheme. 

Let us consider some cases in more detail. If a crystal has only one 
symmetry direction, it is called monoclinic. One of the principal axes of the 
Fresnel ellipsoid being fixed by this direction, there remain four parameters. 
These can be found from the scheme of the ¢,,. Assume, for instance, that 
there is a mirror plane normal to the direction of symmetry (index 2), so that 
+ %, and - %, are symmetrically equivalent directions. If, for convenience, 
we write x;, y; as the variables instead of £,, D;, the general scheme 


Vy = £45 Hy b qq %y + Fy %, 
(1) Yo, = En, ¥y + Ean X_ + Egy Xs, 
Yq = gy ¥ + Ege X%q + Egg 


Taust remain unchanged if we substitute -x, for x, and simultaneously 
— Yq for yy. Thus we have also (reversing all signs in the second line), 


14 rotational symmetry axis of order » is one about which rotation of the 
crystal by 22/s will bring it to the nearest covering position. 
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Vy Ey My ~ Syn Hq H Spy %y, 
(1 a) Yo = ~ Eo Xb bgq Ny — Eng Xp, 
Vg = €g, %y — Egg Xq + Egy 3. 


Eq’. (1) and (1 a} are consistent only if ey. = sy = 0 and &, = 5 = 0. The 
tensor scheme for this crystal therefore reduces to the four parameters 

&, O ep 
(2) 0 f&»_ 0 

Sy3 0 egg 


Next consider a crystal with two symmetry directions. There follows 
automatically a third such direction, but we assume that these three directions 
are not further related to one another. This is the case 


(i} in the orthorhombic crystal system where the directions are either twofold 
axes of rotation or normals of mirror planes, 
(ii} in the rhombohedral crystal system where one direction is that of threefold 
rotation symmetry, 
(iii) in the hexagonal system, where one direction is a sixfold axis. 
Since now three angular parameters of the ellipsoid are fixed, the number of 
free parameters is reduced to 3. Assume, for instance, that direction 3 is 
that of a twofold rotation axis, and direction 2, as before, corresponds to 
a mirror plane. The rotation about 3 means that no change is brought about 
by the simultaneous substitutions (x1, %_) + (- 4. ~ 4), (Yas Ye) > (— Yu - Ya) 
Applying this to the equations condensed in the scheme eq. (2), we see that 
the addition of the twofold axis to the mirror plane makes necessary the 
vanishing of ¢4,. The tensor scheme thus reduces to the terms of the principal 
diagonal. 
If we assume a fourfold rotation axis in direction 3 (together with the 
mirror plane normal to 2}, then also a rotation by 90° should produce no 
change; this is given by the substitution 


(%, %p) -* {-%_, %), (yr Ya) “> (Yes Hy) 
Since the repetition of the 90° rotation produces a rotation by 180°, which 
is that of a twofold axis, we may use the previous simplified scheme for 
reducing it further by this substitution. In this way we obtain the following 
sets of relations 


Vy Ey Fy Yq = Ely He 
Yq = Fan Xe ‘c= Egg 
¥g = #94 %3 + &33 ¥3- 


From these follows ¢,, *- gy, and this leaves only two constants undeter- 
mined. 
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Crystals which have three symmetry directions of which two are 
symmetrically equivalent are called tetragonal. If all three directions become 
equivalent, they are called cubic. If one of the symmetry directions contains 
a threefold or sixfold axis of rotation, then the Fresnel ellipsoid has full 
rotational symmetry. 

Summarizing we have the following optical properties in the seven crystal 
systems; 

Cubic crystals are optically isotropic, i. e. optically they do not differ from 
amorphous bodies, glasses or liquids. 

Tetragonal, hexagonal and rhombohedral crystals have an ellipsoid of 
rotation. This implies that they are optically uniaxial and have two principal 
indices of refraction. 

Orthothombic, monoclinic, and triclinic crystals have three principal indices 
of refraction and are optically biaxial. The directions of the principal axes of 
refraction are fixed (for all wavelengths and temperatures) in the orthorhombic 
crystals, but the angle of the optic axes may vary, since it depends on the values 
of the principal refractive indices. In the monoclinic system only one, andin the 
triclinic system none, of the directions of principal index of refraction is fixed. 

The reason why optically only three groups, the biaxial, uniaxial and 
isotropic groups, are distinct lies in the fact that eqs. (1) relate two vector 
quantities (field strength and excitation} to one another. In the theory of 
elasticity two tensor quantities, stress and Strain, are related, and this leads 


Electrostriction and Plezoelectricity connect a vector (field strength) with 
a tensor (deformation) and give again a different classification. 

The fact that in opties we are only concerned with the Fresnel or index 
ellipsoids, i. e. with surfaces of a very restricted type, makes it understandable 
that the more elaborate symmetry properties need not be discussed in this 


contain a complete description of all geometrically possible symmetry relations 
between directions in space which pass through one point. According to the 
modern conception of crystal structure, crystals are bodies with an internal 
three-dimensional periodicity of atomic arrangement; the complete enumera~ 
tion of the symmetry-types compatible with this periodicity led Barlow, 


Probe into these; only X-ray analysis is able to ac this (see Sec. 32). 
; In the uniaxial case the familiar constructions which we have used in the 


Letting 2, = &; 4 ég, we introduce 


28. 5 THE OPTICAL SYMMETRY OF CRYSTALS 157 


3 it = Uy = 4, ordinary wave velocity, 
Sq == i extraordina loci 
5 = Me 'y wave velocity, 
and correspondingly, v, the ordinary and v, the extraordinary ray velocity. 
Then one of the principal axes a, 6 of the elliptic section in fig. 33 lies in the 
equatorial plane of the index ellipsoid; the other principal axis lies in the 
meridian plane through the optic axis. The planes of polarization of the 
respective waves are that meridian plane and the plane perpendicular to it 
which passes through the direction of propagation but not through the optic 


axis. The same is true for the construction of the ray directions from Fresnel’s 
ellipsoid. 


Fig. 39. 
Ray surfaces of optically uniaxial crystals 
a) Wo > t%, uniaxial positive; example, quartz. 
b) to < ue uniaxial negative; example, calcite. 


The shape of the ray surface is now particularly simple. Not only can the 
factor v? be removed in eq. (26.13 b) for this surface, but since #, = #, = 4, 
also a factor #,? - v? cancels out. Thus the equation becomes 


{&,? +- é,* + &,% ~ 1,7} {(é,? + &,7) tbo” + é,? ts" — Up” Pad == 0} 
which separates into a sphere of radius #, and an ellipsoid of revolution 


Qu 2 2 
(a Se Se Se 


These two surfaces touch at the points é, = + ,. This verifies the form of 
the radiation surface which Huygens predicted for calcite. 
Depending on the way in which the sphere and ellipsoid touch, one 
distinguishes positive and negative optically uniaxial crystals, see fig. 39 a, b. 
The wave surface (normal surface) looks less simple. It separates 
into a sphere of radius « and a fourth order surface of revolution which is 
called an “ovaloid’”’, namely 


(5) (é," + &,* + £,,*) (€,3 + &,* + £,7 — 14,7) = é,* {uo” — 4,7). 
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In the limiting case of isotropy #, = #,, (4) becomes a sphere of radius », 
and hence the ray surface consists of this sphere, counted twice. At the same 
time (5) degenerates into a sphere of radius zero (isolated double point) and a 


sphere of radius #,. 


29. Optically Active Crystals and Fluids 


By means of the structure theory of crystals it is possible to confirm the 
purely phenomenological discussion of this chapter, beginning with the relation 
(24.1). For, in the summation over the lattice structure of elementary 
constituents, different directions in the crystal would give dielectrically 
different results. In the same way the theory of dispersion of Chap. III could 
be extended to the crystalline state. However, “optical activity”, i. e. the 
rotating power of certain crystal classes, seems to demand some use of 
structure theory, at least to the extent to which it is discussed in Secs. 75 and 84 
of the textbook by Max Born which we mentioned on p. 40. We will, however, 
show in parts A and B how a much shorter phenomenological discussion can 
describe even this phenomenon, Only occasionally shall we require structural 
considerations in order to illustrate our results. 

In subsection C we shall give only a very cursory presentation of optical 
activity in fluids and optically isotropic crystals even though this subject 
is of enormous theoretical importance for stereochemistry and of considerable 
practical importance in industry. A more precise treatment would require 
a more profound discussion of molecular structure than is compatible with 
the scope of these lectures. For such treatments we refer the reader to Secs. 84 


and 99 of Born’s book and to the articles by Born, C, W. Oseen, and W. Kuhn 
which are cited there, 


A. THE GYRATION VECTOR OF SOLENOIDAL CRYSTAL STRUCTURES 


We can write our linear vector function (24.1) in the abbreviated form 
(1) D; = ej, Es 
where the &, form a real symmetric tensor. We now discard the reality 
condition for the ¢ and replace 
&h by en t+eyin 


The additional terms y, which are supposed to be small, are not to have an 
ohmic, dissipative character as in. the complex dielectric constant of metal 
optics. Rather, they shall be conservative, which means that the y;,, Must 
not contribute to the electric energy density W,= 1/2 (D- E} as computed 
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from Maxwell’s equations. This latter condition is fulfilled if they form an 
antisymmetric tensor as do the conservative gyroscopic terms in mechanics 
(see Vol. I, Sec. 30}. 

In order to explain this in greater detail, we write instead of (1) 


(2) Dj = en Ent tyr Ep 
and find 


D-E= DS en Ej Esti > D vin Ej En 
i h i ok 


In order that the contribution of the y term vanish for arbitrary values 
of the E components, every y need not be identically zero, but it suffices 
if the y fulfill the following conditions: 


vii = 0, Yin vag = 9G. 
These are precisely the conditions for the antisymmetry of the y-tensor. 
We see now also why the y-tensor must be purely imaginary’. For if it had 
a real part, this would add to the e-tensor and disturb its symmetry, but 
we know that the e-tensor must be symmetric for general reasons of energy. 


An antisymmetric tensor (y;,) can always be replaced by a vector y with 
the components 


V1 = Yea = — Yoe> ¥o = Ya = ~ V13 Ys = Y12 = — Yar: 
Thus we obtain 


Dy VinEn= y3Ba-Vo Es =-—[y x E], etc. 


Then (2) becomes 
(3) D; =D) en Ex-ily x Ej. 
k 


We call y the gyration vector. It is not a polar but an axial vector like the 
angular velocity w in Vol. I, Sec. 22. We quote from there: 

‘Axial vectors are properly represented by an axis provided with a sense 
of rotation and a magnitude of rotation.” ‘The signs of their components 
do not change under inversion of the coordinate system (interchange of 


1Physically, the factor 7 is due to the fact that the value of D at any given point 
depends not only on the value of E at that particular point but also on the behavior of E 
in the vicinity of this point; that is to say, D depends alse on the local derivatives of E. 
Owing to the wave character of E, these derivatives contain the factor ¢. From an atomistic 
viewpoint this is due to the influence of neighboring ions which are in a field differ- 
ing from that at the point under consideration. In order that these effects shall not 
cancel one another, the lattice has to have a certain amount of asymmetry which will 
be determined presently. 
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x, y, 2 with x, - y,-2).” “The vector product of an axial and a polar vector 
is a polar vector.” “Under inversion a right-handed coordinate system becomes 
a left-handed coordinate system.” Bué thereby also the sense of rotation 
+ 4 of the complex plane is replaced by — 4. 

Let us consider a crystal which has a symmetry center. For such @ 
crystal eq. (3) must be invariant under inversion. Upon inversion the 
components of the polar vectors D and E change sign as do the components of 
+ x E. But since i also changes its sign, the sign of the last term in (3) 
remains unchanged. Hence after an inversion (3) reads 


{3 a) -Dj=-D> en £,-t[y X E}. 


hk 


This is consistent with (3} only if y x E=0. Therefore our invariance 
condition for a centrally symmetric crystal requires that y= 0. Only @ 
crystal without a center of symmetry can possesss a gyration vector. There are 
examples of such acentric crystals among each of the seven crystal systems. 
The most common example is guartz {silicon dioxide, SiO). 
Writing eq. (3) in the principal axes of the dielectric, 1, 2, 3, we obtain 
D, =F, + tvs Ey - iv, Ey, 
(4) D, =e E, ~ ty By +i, Es, 
Dy =e Ey + ivy Ey - ty, Ey. 


We see here that in general, in a triclinic acentric crystal, for instance, 
the y-direction is by no means determined by the principal dielectric axes. 
However, in the case of quartz with its rotational dielectric symmetry, the 
gytation vector must also submit to this symmetry and must be parallel to 
the principal axis. Hence y,;=y,=0, yy =y, and (4) becomes 

D, =a, £, +iy&,, 
(4a) D, = 6, £, - iy), 

Dy = & Ey. 


B. THE ROTATION OF THE PLANE OF POLARIZATION IN QUARTZ, 


We proceed exactly as in Sec. 26 except that the above eq. (4a) is used im 
Place of D,= &; Ej. As a result, a number of correction terms which differ for 
the different directions j = 1, 2, 3 have to be added in eq. (26.8). Forj = 1, 
we obtain in place of (26.8) 

i ‘ 
(5) Rm aBi tines] Dae Betip (s, By sy By) }. 
i 
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Introducing the abbreviation, 
multiplying (5) by y#», and introducing the ordinary and extraordinary 


principal light velocities u, = (e, 4ts)~* = (€,4)~", 4, = (€g yp), one 
obtains in place of (26.9) 


1 1 : 
(6) (2-4) By + toy y By = fy % KX. 


Correspondingly, we find for 7 = 2 and 3 


1 1 , 
(7) (4-4 Ba -ipgy By = My 52K, 
ee | 
(8) (3,-4) By = Hy Sq K, 
We now multiply eqs. (6), {7), and (8} by the factors 
$y Ss $3 


(a1 (4 ty (a 
u,* “2 vy? 2 yt 


respectively, and add the three resulting equations, obtaining 


: $, Bo ~ 5B S,? + 3,2 $7 
(9) D 9B + iggy B22 oy, K [Ste 
Boe joa Ad 
tto® tv? ty” ve u,* v? 


The first term on the left-hand side vanishes because s |. E. But the second 

term also vanishes to an order higher than the first, for the presence of the 

factor y allows us to approximate B, and B, by means of eq, (26.9). Since in 

this equation B, and B, are proportional to s, and s, respectively, s; B.-s, B, 

is at least of the first order in y. Hence the right-hand side of (9) must vanish 

at least like y*, Since K #0, we find that to the same degree of accuracy 
$32 


af Waa! Ba ———— 0. 
1 1 1 1 


ee] 


Hoe ve ue vm 


(9a) 


This is our former eq. (26.10) specialized to the case of an uniaxial crystal. 
Therefore, except for differences of the second order in y, the ray surface of an 
optecally active crystal agrees with that of an inactive crystal. 

But this is true only “generally’’, namely only so long as the denominator 
of the second term on the left side of eq. (9} does not itself become as small 
as y; but fora ray in the approximate direction of the optic axis one has v?-~ 2,2, 
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For such a ray $, and s, are small of the first order, and so is By, because of 
the transversality condition. Therefore, according to (5), K also becomes 
small of the first order, This means that the right-hand sides of eqs, (6) and (7) 
are second order quantities in s, and s, and can be neglected, while eq. (8) 
is automatically satisfied in the first order. Equations (6) and (7) thus become 
ees ee ee ee 
et atl +ituy B, =0 1 
(10) 


il : : 
(25-4) B.-ing 8 =0 +t 


Multiplication by the factors indicated on the right and addition gives rise 
to two equations which must be fulfilled simultaneously: 


1 


1 : 
(2:- Ato) Bi +6B) m0 


(11) 8 
(3, -4-n7] (B,-# B,) = 0, 


If we satisfy the first equation by choosing v* so as to make the first factor 
zero, then we must satisfy the second equation by setting its second factor 
equal to zero, and vice versa. Thus there are two solutions for v? which 
correspond to the two branches of the ray surface. As before, we shall denote 
the two solutions by v’ andv”, and the corresponding values of B will also 
be distinguished by primes and double primes. Then our two solutions read 


i 1 : 

(11 a) ai ya thoy =9, B,'-2B,' = 0, 
1 1 F 

(11 b) ae pre Hoy = 9, By” +i B,” =0. 


These expressions represent two opposite circularly polarized waves which 
propagate with the respective velocities 


? 


(12) , vf aa (+8), § = fly ¥ to” 


and whose directions of rotation are determined by the two non-vanishing 
complex quantities B,’ + 7B,’ and B,'-i B,". 

This situation is illustrated in fig. 40. However, in contrast to fig. 39 a, 
this figure refers not to linearly but to circularly polarized waves. Where 
the optic axis passes through thern, the two branches of the ray surface are 
now separated by the small distance 


{13) v'—v' = tee 
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instead of being tangent as before. For all other ray directions for which the 
two branches were separated anyway in fig. 39 a, the additional separation 
is a second order correction and can be neglected. In these other directions, 
in particular normally to the optic axis, ordinary double refraction of linearly 
polarized waves takes place. 

As in Sec. 20 we interpret the difference between 2’ and v” in terms of a 
rotation of the plane of polarization. Let us consider a linearly polarized wave 
which is normally incident on a quartz plate whose surfaces are cut perpen- 
dicular to the optic axis. We decompose the linear polarization into two 
equal and oppositely directed circular polarizations. 3 
In passing through the plate of thickness } the | 
phase of one of these waves lags behind that of 
the other. When they emerge from the crystal, 
we again combine the two waves into one linearly 
polarized wave. Its plane of polarization differs 
from that of the incident wave. The plane of 
polarization has been turned through an angle 
which is proportional to the thickness / and to the 
difference &, -k_. Hence x is also proportional 
to the difference v'-—v’ which along the optic 
axis is identical with the difference #’’ — 24" between Fig. 40. 
the wave velocities. The difference between ay surface of an optically 
magnetic and “natural” rotation of the plane of ears tg ye 
polarization, which we discussed at the end of refers to a circularly 
Sec. 20, is due to the fact that if we reverse the polarized wave.| 
direction of the ray, our present gyration vector, 
which depends on the structure of the quartz, does not change sign, while 
in Sec. 20 the magnetic field strength does change its sign under reversal of 
the direction of propagation. 

The absence of a center of symmetry as a “conditio sine qua non” is 
indicated by the outward shape of quartz. There are “right-handed and left- 
handed quartzes’’ which are distinguished by the enantiomorphic trapezoidal 
faces which truncate their hexagonal prisms to the right or to the 
left. The rotating power of cinnabar HgS is several times stronger than 
that of quartz. Optical activity has also been found to exist in the axis 
directions of optically biaxial crystals (cane sugar, Rochelle salt) (Voigt, 
Pocklington). If cubic crystals, in which every direction is a principal axis 
and an optic axis, are optically active at all, they are optically active in every 
direction, e. g. NaClO,. Optical activity is not due to the crystal lattice, i. e., 
to the mere internal periodicity of the crystal, but to its structure, that is, 


yV'-y" 
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to the symmetry of arrangement of the elements of structure, the atoms, 
within the unit of periodic repeat. In molecular crystals, like cane sugar, the 
part of the rotatory power that resides in the molecule is retained when the 
crystal is dissolved in a liquid; in atomic crystals, like NaClO,, rotation 
resides entirely in the crystal structure, and the solution, in which the molecule 
has dissociated into ions, is optically inactive. 


C. OPTICALLY ACTIVE FLUIDS. 


Here we are not concerned with a rigid structure as in crystals but rather 
with fluid molecules whose spatial positions and orientations are statistically 
distributed. If we average over all possible orientations of these molecules, 
the gyration vector y which was introduced in the assumption (3) reduces 
to a ‘gyration constant’ y. The degree of asymmetry necessary for activity 
is now greater than for crystals. Not only must the molecule have no center 
of symmetry but also it must not have any Plane of symmetry. These conditions 
are satisfied in molecules which contain an asymmetrical carbon atom, i, €. one 


R, fy 
a.) Fig. 41, b. b.) 


The two enantiomorphic forms of an optically active molecule. These two forms cannot 
be brought into coincidence by any space rotation. 


whose four valences are attached to four different atoms or radicals. There 
exist two mutually enantiomorphic arrangements of these four substituents 
which are related to one another like image and mir:ror image or like right- 
and left-handed screws, In fig. 41a the sequence R, R, R, > R, forms a right~ 
handed screw; in fig. 41b this sequence forms a left-handed screw. These 
two forms cannot be brought into coincidence by any motion in three- 
dimensional space. Examples of this kind of molecule are the two sugar types, 
grape sugar, dextrose, and fruit sugar, levulose. The rotating power of solutions 
and mixtures of these sugars can be determined with extreme accuracy. 
A balanced mixture of right- and left-rotating molecules is called a “racemic” 
state. We have already mentioned at the end of Sec. 20 the great import- 
ance of activity measurements in the sugar industry. 
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Lindman} devised a macroscopic model which serves to illustrate the 
molecular process responsible for optical activity. The arrangement is the 
following: a cardboard box contains several hundred wire spirals which are 
about 2 cm. in diameter and consist of about two windings, all having the same 
rotational sense. The spirals are wrapped individually in tissue paper and the 
box is shaken so that the spirals assume arbitrary positions. Linearly polarized 
electromagnetic dipole radiation of about 10 cm. wavelength fails on the box. 
This radiation can be thought of as decomposed into two waves, right- 
and left-circularly polarized. One of these two waves is accelerated in its 
propagation by the metal spirals while the other wave is retarded. Behind 
the box the two circularly polarized waves again combine into one linearly 
polarized wave whose direction of oscillation is, however, rotated with respect 
to that of the incoming wave. This rotation of the plane of polarization can 
be detected by rotating a linear antenna which is tuned to the primary 
radiation and is connected to a receiver. The rotation of the plane of 
polarization can be cancelled by inserting a second box which is identical to 
the first and contains an equal number of spirals which are, however, twisted 
in the opposite rotational sense. The two boxes together constitute a 
racemic mixture. 


The description of this attractive model experiment will have to serve 
as a substitute for the treatment of the actual molecular theory of optical 
activity which, unfortunately, cannot be taken up here. 


30. Nicel’s Prism, Quarter Wave Plate, Tourmaline Tongs, and Dichroism 


A. NICOL’S PRISM 


Looking at a model of the structure of calcite CaCOQ,, one gains the 
impression that the constituents Catt and CO,~~ would assume a cubic 
arrangement (as do the constituents Na* and Cl” of rock galt) if it were not 
for the fact that the plane triangular radical CO, {in contrast to the spherical 
Cl-ion) imposes special lateral conditions on the spatial arrangement. These 
requirements force the cubic structure which characterizes rock salt into a 
rhombohedral structure. The transition between these two types of structures 
can be imagined as a lateral stretching or, alternatively, as a longitudinal 
compression of the cubic model. In this process one of the threefold sym- 
metry axes formed by the diagonals of the cubic structure becomes the 
threefold principal axis and at the same time the optic axis of the rhombo- 


1K. F. Lindman, Ann. d. Phys. 68, p. 621, 1920 and 69, p. 270, 1922. 
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hedral crystal. The fundamental cell of such a lattice is a rhombohedron 
bounded by 3 + 3 rhombuses. This is easily confirmed because the crystals 
can be split along the face planes of the cells. The double refraction of the 


famous crysta] clear “Iceland Spar” was discovered by Bartholinus and 
studied by Huygens. 


A Nicol prism (which is really not a prism but a parallelepipedon) is made 
from a cleavage rhombohedron which is about three times as long as it is wide. 
The end surfaces AB, CD are then cut so that they form an angle of 68° 
with the long edge; see fig. 42 (the natural surfaces AB’, CD’ which are 
drawn dotted in the figure make an angle of 70°52’ with the long edges). 
Finally, the resulting parallelepiped is cut in two along a plane perpendicular 
to the end surfaces AB, CD, and the two halves I and 
II are glued together with Canada balsam. The index 
of refraction of Canada balsam is 1.55. The two principal 
indices of refraction of calcite are 


{1) Ny = 1.66, t= 1.49. 


For the ordinary ray the Canada balsam is the rarer 
medium; for the extraordinary ray it is the denser 
medium. The ordinary ray can enter the balsam only 
if its angle of incidence is less than the limiting angle of 
total reflection. According to Sec. 5 the latter is given by 


iz ; Kot = 69°10", 
Fig. 42. If a ray parallel to the longitudinal edges is incident on 
Section parallel to oneof the end surfaces, the ordinary ray is refracted at 
the longitudinal ___ that surface so that it fallson the balsam at an angle of 
nea eed ete incidence of about 77°. This ray is therefore totally 
description of the ‘Teflected at the balsam layer and does not enter the 
prism. second half II of the crystal. It is deflected towards 
the side face BD, The same is also true for a certain 
easily calculated interval of neighboring directions of the incident ray. The 
face BD is blackened so that it will absorb these ordinary rays. 


The extraordinary ray for which the balsam is the denser medium cannot 
be totally reflected (see fig. 42a). Furthermore, because », <2,, this ray is 
less strongly refracted toward the normal N upon entering the calcite. After 
passing through the balsam, the ray traverses the crystal IZ in a direction 
paraliel to that in I and it emerges from the Nicol prism with a direction 
parallel to that of the incoming ray. In the figure this direction is parallel to 


(2) sin aot = 


$0. 2 THE QUARTER-WAVE PLATE 167 


Fig. 42 a, b. 


a) Ray paths in the Nicol prism, The section is the same as that drawn 
in fig. 42. ¢ is the extraordinary ray passing through the priam. 
o is the totally reflected ordinary ray. 

b) The Nicol prism viewed end on. The position of the plane of polari- 
zation is indicated by pp. The direction of oscillation is shown by E. 


the longitudinal edges of the prism. Its plane of polarization 
is that of the extraordinary ray in calcite, namely, see Sec. 28, 
parallel to the optic axis. This plane of polarization is indicated 
by the longer diagonal of the end surface of the prism as 
shown in fig. 42 b. 

Therefore the Nicol prism produces linearly polarized light 
whose direction of oscillation is known. Because the light 
oscillating perpendicularly to that direction is suppressed by 
total reflection, the polarization is complete. 

When two Nicol prisms which can be rotated about their 9.) 
longitudinal axes are placed one behind the other in the path 
of a light ray, then the first prism is called a polarizer and 
the second an analyzer. If the analyzer is oriented perpendicular P 
to the polarizer and there is no birefringent or optically active material 
between the two, then no light leaves the analyzer. If the analyzer is now 
rotated, a gradually increasing amount of light passes through it which 
attains its maximum intensity when the analyzer is oriented parallel to the 
polarizer. In Sec. 31 we shall discuss the interesting intensity and color 
patterns which result if a double refracting crystal plate is placed between 
the polarizer and the analyzer and if the incident light is parallel. We shall 
also treat the still more interesting patterns produced by converging light. 


B. THE QUARTER-WAVE PLATE AND THE BABINET COMPENSATOR 


Mica (alkali-aluminum silicate} is a monoclinic crystal with an extra- 
ordinarily pronounced cleavage parallel to the base plane. For optical purposes 
the transparent potassium mica, KH,Al, (SiO,},, called muscovite is of parti- 
cular interest. The twofold crystallographic symmetry axis is identical with 
our dielectric principal axis 2; the base plane is identical with the principal 
axis plane 12, see fig. 43. The plane perpendicular to 2 is the crystallographic 
symmetry plane. This plane contains the dielectric principal axis 3 and the 
two optic axes as well as the crystallographic! axis 3’ (which is drawn dotted 

1The angle between the two crystallographic axes 1’ and 3’ is # = 95°5’ and hence 
differs little from x/2. For this reason mica used to be thought of as orthorhombic or 


hexagonal because of the frequently occuring hexagonal shape of the base plane which 
is shown in fig. 43. 
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in the figure). The other two crystallographic axes 1’ and 2’ are identical 
with 1 and 2, respectively. The structural model? of mica illustrates the 
stratified structure of the crystal and its prominent cleavage parallel to the 
base plane. 

Taking advantage of this cleavage property we make a very thin mica 
plate. A light ray which has been polarized by a Nicol prism is allowed to 
fall perpendicularly, that is in the direction 3, on this plate. The Nicol prism 
is oriented so that the trace of the 
polarization plane on the mica surface 
bisects the angle between the axes 1 and 
2 (drawn as a dot-dash line in the figure). 
For convenience the directions of these 
axes can be marked on the frame holding 
the mica plate. In the crystal the ray is 
decomposed into two linearly polarized 
waves of equal amplitude and direction 
of propagation (neither wave is refracted, 

Fig. 43, see Sec. 27 B), which oscillate in the 

Crystallographic model of mica, directions 2 and 1, respectively. These 

two wayes propagate with the principal 

light velocities 4, and us. In the yellow part of the spectrum (D-line) the 
corresponding indices of refraction are 


(3) 21.5941, 2, = 1.5997. 


Since one wave propagates faster than the other, a phase difference develops 
between them which at a depth x amounts to 


(a) (By— fy) # = 2 (gm) 2 = AE (ym) 23 


& and A are the wave number and wavelength in air. At the rear surface of 
the plate, x = d, the two waves emerge again without refraction, so that they 
still propagate in the same direction and are polarized in mutually perpen- 
dicular directions. While originally their phases were the same, they now 
differ. Combination of the two waves yields elliptically polarized light. 

If we make the phase difference (4) for + =: d equal to x/2, that is, if we set 


22S Af 
6) Fa (mma; da 
2 2A (te 74) Mo — Ny 


*This was first designed by Lawrence Bragg during an extended visit in Munich 
and was constructed by Karl Selmayr, the skillful mechanic of the Institute of 
Theoretical Physics. 
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then we obtain circular polarization. From (3) and (5) we find for 
A= 5.9 x 10 4mm. 


_ 5.9 x 10-* 


(5 a) = 7x 0.0056 


mm. ~ 0.026 mm. 

The name “quarter-wave plate’ is somewhat misleading {especially for 
examination candidates!): its thickness is not 4/4, but fortunately it is larger 
than A/4 by a factor of one over the small quantity #,-,. We could, of 
course, use any odd multiple of 2/2 instead of x/2 in (5). Then d@ would be 
three times, five times, ... as large as the thickness given by (5 a}. However, 
because of their stronger dispersion, these 
thicker plates are optically less advantageous 
than the actual quarter-wave plate. 


The same is true for every other birefrin- 
gent crystal. Mica is used only because of its 
extremely pronounced cleavage. Formula (4) 
for the phase difference can be applied toany |: 
arbitrary thickness. If we cut a crystal such 0 | 


as quartz in the shape of a wedge and view 

the light passing through the varying thickness 

of the wedge, we observe a whole range of Rie one 
phase differences emerging from the crystal. 

Since we are here interested in double refraction 

and not in rotation of the plane of polarization, the light must pass through 
the quartz wedge in a direction perpendicular fo the optic axis. The horizontal 
hatched lines in the lower part of the front surface in fig. 44 indicate the 
position of the optic axis. The latter is therefore perpendicular to the edge 
of the wedge which passes through 0. 


We now cut a second quartz wedge which is outwardly congruent to the 
first one, but in which the optic axis is parallel to the edge O' O’ of the wedge. 
We place the two wedges against each other so that together they form a 
plane parallel plate. The position of the optic axis in the upper wedge is 
indicated by the dots in fig. 44. Let us consider a point on the crystal where 
the upper wedge has a thickness x, and the lower wedge a thickness *,. Then 
by (4) phase differences for a ray passing through the two wedges at that 
point are 


2 
i 


22 (%—%.) x, and (%te~ Mo) X. 
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We have written here #, and #, (since quartz is uniaxial) instead of m, and », 
(as in the case of the biaxial mica). The negative sign is due to the reversed 
positions of the two wedges. The total phase difference is therefore 


(6 4 = 2 (ng me) (44-49) 


This combination of quartz wedges when placed between crossed Nicol prisms 
is called a Babinet Compensator. (In the figure the polarizer will be below 
the plate and the analyzer above it. The polarization planes of the Nicols 
must be placed at an angle of 45° with respect to the wedge edges.) If such a 
compensator is illuminated with monochromatic light, then for %, = , a 
dark fringe appears because there 4 = 0. Thus in the center of the plate we 
observe complete extinction just as though no birefringent medium were 
present between the crossed Nicols. The same is true for the points where 
A=>+22,+42, ... One obtains therefore a system of equidistant dark 
fringes. If one wedge is shifted with respect to the other by means of a 
micrometer screw, the system of fringes moves also. The same effect is achieved 
if any doubly refracting plate is inserted between the wedge plate and one of 
the Nicols in such a way that the new optic axis also makes an angle of 45° 
with the planes of the Nicols. The resulting shifted fringes can be returned to 
their original positions by displacing the wedges with respect to each other 
(hence the name compensator), From this shift, which is read on the micro- 
meter, the amount of double refraction of the inserted sample {its x,-—, or 
% 1 — %,) can be determined by means of (6). 

If the compensator is illuminated with white light, it again produces a 
dark center fringe at x, = x,. To the right and left of this line the Newtonian 
colors of thin plates appear. 


We need not go into the many existing modifications of this apparatus. 


C. TOURMALINE AND THE POLARIZATION FILTER 


Tourmalines are boron silicates of various chemical compositions. 
Their crystalline structure belongs to a class of the hexagonal system without 
symmetry center and with a “polar principal axis’. The latter is the reason 
for the pyroelectric property? of tourmaline. A plate made from suitable 
material and cut parallel to the principal axis has a transparent green 
appearance, while a plate cut perpendicularly to the principal axis looks 


1See Vol. IH, 11 E. The permanent electric moment of tourmaline, which is 


ordinarily compensated by a surface charge, becomes apparent if the temperature is 
changed. 
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almost black. This property of tourmaline is called dichrossm. It is a special 
form of pleochroism (multicoloredness). 


Thus the absorptivity of tourmaline depends on direction, and this depen- 
dence must, of course, conform to the symmetry of the crystal structure. This is 
true for all absorbing crystals. In tourmaline the ordinary ray is almost 
completely absorbed, while the extraordinary ray is absorbed only weakly. 
The light emerging from a plate which is cut parallel to the principal axis 
consists almost entirely of the extraordinary ray. Therefore this light is 
almost completely linearly polarized. The long familiar instrument known as 
the “tourmaline tongs” is based on this fact, 


Modern commercial “folarization jtiters’’ are made from impregnated 
plastic materials which are subjected to a strong tension. The absorbing 
pigment is thereby given an anisotropic arrangement which causes complete 
polarization of any light passing through the material. The same effect can 
be obtained with strongly dichroic dyes (methylene blue) which are crystallized 
on giass in thin layers like “frost flowers’’. 


In Sec. 6 we described the absorption in isotropic metals by adding to the 
dielectric constant the conduction term io/w. In this way we obtained the 
complex dielectric constant of (6.1). For a crystal we are led to the complex 
tensor 


~O7h 
7 ej, =ejia bio 
( ) } iat w 


which consists of the dielectric and the conductivity tensors. 


The nature of the imaginary part of (7) clearly differs from that in (29.2). 
The tensor y,, of Sec. 29 was non-dissipative and therefore had to be anti- 
symmetric. Our present imaginary tensor, on the other hand, is dissipative, 
as in the case of inetallic reflection, and it can therefore be assumed to be 
symmetric. Its principal axes need not agree with those of the #,, tensor. 
However, the symmetry rule which we used in Sec. 29 still holds: if the principal 
axes of one of the tensors are completely determined by the crystallographic 
structure, then the axes of the other tensor must also be completely determined, 
and the two principal axes systems must be identical. By this rule which 
applies to tourmaline because of its hexagonal structure, the calculations of 
Sec, 24 ff. can be formally extended without change to the absorbing crystals. 
This leads to complex principal dielectric constants and therefore the 
principal light velocities defined in (24.6 b) also become complex. The wave 
velocities corresponding toa given direction of the wave number vector are 
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again defined by the quadratic equation (25.10). Since the roots w’, #” of 
this equation are now complex, the components of the corresponding electric 
vectors D’, D” are also complex. This means that D’, D’’ now describe not - 
linearly, but elliptically polarized oscillations. Thus it is seen that the quanti- 
tative theory of anisotropic absorption requires, at least for sufficiently 
symmetric crystals, no essentially new mathematical development. Since 
absorption, like double refraction, depends in general on the wavelength, we 
have thus obtained a general scheme for the expjanation of the pleochroism 
of crystals. 


31. Interference Phenomena Due to Crystal Plates in Parallel 
and Converging Polarized Light 


Consider a thin crystal plate of the type customarily used in petrography 
which is placed between two, usually crossed, Nicol prisms. We shall assume 
the light to be monochromatic except where we expressly state it to be 
white, For observations with parallel light the rays shall fall perpendicularly 
on the plate. By “converging light” we mean an arrangement of converging 
lenses in front of and behind the plate (see below} which enables us to observe 
simultaneously all bundles of parallel rays which pass through the plate in 


arbitrary directions which, however, do not differ very much from the normal 
to the plate, 


There are two “principal directions of oscillation’ in the crystal plate. 
These are the principal axes of the ellipse formed by the intersection of the 
plate surface (which is also a wave surface) with Fresnel’s ellipsoid (or the 
index ellipsoid). The plate is assumed to be in the “diagonal position” between 
the Nicols; this means that the two principal directions of oscillation are 
bisected by the plane of polarization of the polarizer (and also by that of the 
perpendicularly placed analyzer). In this position the amplitudes of the 
two components of the incident light along the principal directions are equal, 
and so are their phases, since they arise from one linearly polarized oscillation 
in the polarizer. Since we assume the crystal to be transparent {not dichroic), 
the amplitudes of these components of the light emerging from the plate are 
also equal. But, as we shall presently show, their phases differ. Therefore 
when the two components are recombined, the resultant emerging intensity 
differs from the incident intensity. The value of the former varies between 
maximum brightness and complete darkness as the crystal is rotated out of 
its diagonal position. We can neglect the small intensity changes which take 
place when the light enters and emerges from the crystal. 
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A. PARALLEL LIGHT 


The wave velocities «’, «" of the two principal oscillations H,, H, (fig. 45) 
determine the two indices of refraction », = cj’, my = c/w’. These in turn 
determine the phase difference which arises between the two component 


waves as the light passes through # 
z 


a crystal plate of thickness d. As “3 
in (30.4) this phase difference is 
given by 


(1) d= ae Peay E 


If we call @ the amplitude of 
the wave incident from the 
polarizer {whose polarization 
plane is indicated by PP in the 
figure), then the initial amplitudes 
of the principal components of this 
wave are af\)2 if the crystal plate 
is in the diagonal position. After 


passage through the plate, these Fig. 45. 
oscillations are represented by Crystal plate in normally incident parallel light 
Oni for different positions H,, By and Ay’, A,’ of 
Pe Ps ad (ee the principal oscillation directions. The plate 
_ : ete? is between crossed Nicols whose oscillation 
V2) 2 a2 directions are PP and AA, respectively. 
é 


which we shall write in the form 


afl 22% ee 
(2) la oY ex (Fn ~io@t). 


We now project this oscillation onto the polarization plane of the analyzer 
(AA in fig. 45). The signs of these projections are determined from the solid 
lines in the figure, and the amplitude of the resultant oscillation behind 
the analyzer is found to be 


711-24 
(3) 7 |1-e4|. 
Now we use 
. ; ; 5A 
[1—e?4]® = (1-64) (1 -e-*4} == 2-2 cosd = 4sin? > 
which gives for (3) simply 


(4) asin —. 
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If the plate is rotated into the position #,’, H,’ making an angle » with 
the diagonal position (see the dotted lines in fig. 45), then the initial amplitudes 
are, instead of alj2 

Me 


(5) a, acos (2 a), a= aces (F +9). 


The projections of a, and @, on the analyzer plane are given by a cos (2t/4 +-) 
and 4 cos (x/4-¢), respectively. Therefore both projections are equal except 
for their signs. The magnitude of both is 


& COS (=-+| cos (= -- | = = (cos%p—sin®p) = = cos 29. 
It follows that the resultant amplitude behind the analyzer is given by 
{6} a’ = a |cos 29] sin = 
instead of by (3) and (4). The observed intensity is therefore 
(7) J = Jycos? 29 aint 


where Jy is the intensity of the light incident on the plate. 

According to (7}, for one complete revolution of the plate the intensity 
observed behind the analyzer changes four times between maximum brightness 
at the diagonal positions 


5x 

, =0, % 3 

(8) p= 0, 27% 5 

and complete darkness whenever 4’, H,’ coincide with P or A, that is, when 
(8 a) m 3% 5x Tx 


Peer gee at 
If the illumination is monochromatic, the plate appears of varying but 
uniform brightness in its entirety. 
If white light is used, the positions (8a) again yield darkness. In the 
intermediate positions the entire plate is uniformly colored with a mixed color. 
Only for very thin or very thick plates does the color remain white. For very 
thin plates this is true because there is no wavelength for which 4/2 attains 
the value x. For very thick Plates there are very Many points distributed over 
the whole spectrum for which A /2 is a multiple of. In this case the spectrum 
(not to be confused with the “ppearance of the plate!) has a large number of 
dark lines but retains its white character. For moderately thin or moderately 
thick plates there are only one or a few such dark lines. The missing wavelengths 
and the intensity variations in the remaining portion of the spectrum cause 
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the deviation of the color from white and determine the character of the 
mixed color which is seen by the eye. If the observation is made with parallel 
instead of crossed Nicols, precisely the complementary mixed color is seen, 
and full illumination takes the place of darkness at the positions (8 a). 


The pattern becomes much more interesting 
if, instead of a single crystal, a mosaic of crystal 
fragments is used; for instance, granite which 
consists of feldspar, quartz, mica, hornblende, 
etc. In that case each constituent yields under 
white illumination a different color, which is 
determined by the material and its orientation 
with respect to the surface of the plate. The 
principal directions H,, H, belonging to the 
individual crystal fragments are distributed 
at random in the plate. Therefore, when a thin 
plate of this type is rotated, its various com- 
ponents extinguish the light at different angular 
positions. By the same token the various 
pieces exhibit different intensities at different 
positions of the plate. Petrographic investiga- 
tions depend to a large extent upon such obser- 
vations. 

We shall not investigate the appearance 
of the plate when the polarizer and analyzer 
are in an intermediate position, i.e. neither 
crossed nor parallel. 


0 


B. ConVERGING LIGHT 


As was stated at the beginning of this 
section we are in fact again considering bundles Fig. 46. 
of parallel rays, which now, however, in passing Crystal plate illuminated by 
through the plate, assume all possible directions  ‘“‘converging” light, that is by 


A : parallel light bundles which 
in the neighborhood of the normal to the 40. gnite solid angle around 
plate; they are then simdianeousiy focused at the normal to the plate. 


the eye (at 0) by means of the converging 

lens Z’ in fig. 46, B’ being the focal plane of L’ on which the eye is 
focused (with the help of a lens or microscope}. B is the focal plane of the 
converging lens L. The light source is an extended luminous surface which is 
placed below B. We need follow the rays originating from that surface only 
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after they have passed through B. L converts the originally divergent rays, 
e. g. the rays emerging from P, into parallel light. Z’ converts the parallel 
rays emerging from the crystal plate K into converging light, e. g. into light 
focused at P’. The polarizer is below B and the analyzer is between B’ and 0. 
2, The rays drawn in fig. 46 which are parallel 
inside K cannot interfere because they originate 
from different points on the luminous surface. 
Therefore, the entensities of these rays add. The 
phenomena at P’ are made quantitatively 
observable by the fact that we have parallel 
ray bundles of considerable width, as is indicated 
in fig. 46. 
Interference takes place only between any 
Fig. 47. two rays which are created by double refraction 
apart ailing igh in K and originate from the same ray coming 
eae the na rays prs from P, Each such pair of interfering rays is 
{angle f,) and AC (angle f,) parallel as it leaves the plate K. Figure 47 
which are produced by double indicates that the directions of the interfering 
gai ray pairs which have angles of refraction f,, 8. 
in the plate can (for £,, 8, not too large) be 
approximated by one ray with the average direction 8. This ray is drawn 
dotted in the figure. It is easily verified, see exercise IV. 3, that the phase 
difference 4 between the two waves which propagate in this direction is 
given by an expression similar to eq. (1): 
_ 2 My — My 
9) “A cos B . 
The ray # is focused on the same point P’ in the focal plane B’ as the rays 
8), 8, (see figure), and this point is characterized by the value of A given by (9). 
Therefore, the intensity observed from 0 at the point P’ is, in analogy to (7), 


(10) J = Jycos?2@ sintS 


where J, is the intensity incident at A and the angle» depends on the orienta- 


tions of the Nicols with respect to the principal oscillation directions of the 
plate and also on the ray direction f. 


According to {10} we have 
{11) | J =0, extinction, if 4/2 = gx (g = integer). 
By (9) this condition means that 


{12} cos f = © (y- my). 


Fig. 50. 
Calcite plate, cut parallel to the optic axis, in white light. 
Diagonal position. 


Fig. 51. 


Cerussite, biaxial, cut Perpendicularly to the bisector of the angle between the 
optic axes. Diagonal position, 
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Now 


hi, =-—> = 


ad 


where #’, #” are the two wave velocities belonging to the direction £. Therefore, 
we have also 


d@jc ie cau'—u" 
(13) ee t(S-Z| “ig wu 
This formula suggests that we find those directions 6 = #, on the Fresnel 
wave surface for which the above equation is satisfied. In the uniaxial case 
in which one branch of the wave surface is the sphere x = #, and the other the 
ovaloid of rotation about the optic axis (28.5), this becomes a relatively simple 
algebraic calculation which, however, we shall not carry out here. 


Rather, we shall immediately turn to the completely symmetric situation: 
crystal plate 1 optic axis. 


In this case the angle of refraction lies in a meridian plane of the ovaloid, and 
every cone # = constant intersects the ovaloid in a circle. Because of the 
condition {13} one obtains, therefore, in the focal plane B’ a family of 
concentric circles 


(14) &=f, Ba, ». + Bg, «-- 


at which the intensity vanishes. By (13) their radii depend on the ratio ¢/A. 
The difference between successive radii decreases steadily with increasing g. 

But according to eq. (10), we have extinction not only for sin 4/2 =0 
which led to (14} but also for cos2~=0. The latter condition indicates 
extinction along the two mutually perpendicular directions 


7% 
(15) dial 9 


The figures 48 to 51 are repreduced from the famous collection of 
photographic plates ‘Interferenzerscheinungen im polarisierten Licht” by 
H. Hauswaldt, Magdeburg, 1902 and 1904. Figure 48 is obtained with calcite 
(1/2 mm thick) in sedium light between crossed Nicols. The system of 
concentric circles represents the £-values (14). The dark cross which coincides 
with the polarization planes of the Nicols represents the g-values (15). With 
white light illumination the pattern is colored and fewer interference circles 
‘are discernible. The curves 4 = constant are called tsochromatics since each 
of them is characterized by its own mixed color. 
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CHAPTER V 


THE THEORY OF DIFFRACTION 


Any deviation of light rays from rectilinear paths which cannot be inter- 
preted as reflection or refraction is called diffraction. Reflection and refraction, 
clearly, occur only when the bodies causing the deviations of the rays from 
straight lines have surfaces whose radii of curvature are everywhere large 
compared to the wavelength of the light. 


The phenomenon of the shadow, which seemed to pose difficulties for the 
elementary wave theory, is explainable only by the theory of diffraction. 
According to the latter, the border of a shadow is shown to be diffuse and 
composed of diffraction bands, The conflict between geometrical and wave 
optics is resolved by the theory of diffraction, 


Geometrical optics is the limiting case of wave optics as A> 0. In this 
limiting case there is no diffraction. Hence, in contrast to ordinary refraction, 
rays of greater wavelength are diffracted more strongly than rays of shorter 
wavelength. Diffraction, then, generally deflects the red end of the spectrum 
more strongly away from the geometrical direction of the rays than the violet 
end, which is just the opposite of prismatic refraction. The covonae around 
the sun and the moon are diffraction phenomena which are caused by water 
droplets randomly distributed in a layer of haze and are especially strong 
when the droplets are of approximately uniform size. Their outer rims are 
colored red. The Aalos around the sun and the moon, on the other hand, are 
caused by refraction in the ice crystals of thin cirrus clouds. The sequence of 
colors, when visible, is the opposite in this phenomenon: red inside and violet 
outside. It is well known that Descartes had already explained the principal 
features of the rainbow by refraction and reflection in raindrops. The complete 
treatment of the rainbow, however, involves also a difficult diffraction problem. 


Because of their low intensities and small dimensions, diffraction phenomena 
are, in daily life, generally not noticeable to the naked eye, but there are 
exceptions. If we view a distant light source through a fine fabric (an opened 
umbrella, for instance) we see the beautiful colored figures of a Fraunhofer 
cross grating. When we squint with nearly closed eyes at a distant candle, 
the eyelashes act like a (very distorted) line grating and decompose the. candle 
light into its natural spectrum. 
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In Secs. 32 and 33 we shall treat those phenomena in which the 
difficulty of low intensity is overcome by the use of a large number of 
diffracting elements. Such devices are: the regular gratings in which the 
amplitudes of the oscillations add by interference, and random distributions 
of diffraction centers in which case the intensities add. In these devices the 
diffraction of single grating elements or particles plays as yet no essential role. 
This latter problem will be studied in various degrees of approximation in 
Sec. 34 ff. For the visual observation or photographic recording of this 
diffraction of single elements, a telescope or a lens is required. 

While up to this point it has been sufficient to operate with a plane 
wave, the spherical wave will now come into its own. Only in the two 
following paragraphs, and later on in the treatment of Fraunhofer diffraction, 
shall we continue to use plane waves. The classical theory of diffraction, which 


is based upon Huygens’ principle, operates essentially with the scalar 
spherical wave. 


82. Theory of Gratings 


A. LINE GRATINGS 


The first diffraction gratings, made by Fraunhofer, consisted of parallel, 
stretched thin wires. Later, he used a glass plate covered with lampblack 
which he scored with a ruling engine in such a way that a system of 
equidistant transparent lines appeared on the glass. Fraunhofer’s original 
gratings are preserved in the “Deutsches Museum” in Munich. 

Famous, and hardly excelled even today, are Rowland’s reflection gratings. 
They consist of up to 1800 ruled lines per millimeter on a metallic mirror 
surface; altogether some 100,000 lines. Faultless uniformity of the spacing? 
of the lines over the whole length of the grating is important. 

We take the y-axis along the direction of the grating lines and assume 
that the lines are spaced at intervals of length d@ measured along ‘the x-axis. 
Let the total number of lines be N. Let the plane of incidence be the xz-plane; 
and let z = 0 be the plane of the grating. Let the incident light be white 
and its rays be made parallel by an ideal collimator. The vectorial wave 
numbers k of the monochromatic components of the white light have the 
direction cosine a, with the positive x-axis. (a) is now not the cosine of the angle 
of incidence, but rather the cosine of the so-called “glancing angle” which is 
the complement of the angle of incidence.) We now assume a cylindrical 


1Pericdically repeated irregularities of the ruling engine produce “ghosts”, i. e. 
false lines in the diffraction spectrum. 


32. 2 LINE GRATINGS 181 


wave sent out from each grating line. This process we call, as is commonly 
done, “diffraction”, although we could instead use the more general term 
“scattering”. The waves emerging from different grating lines are capable 
of interference because they originate from 

the same incident wave. l-— @ ——ei 


We now look at fig. 52 and recall the 4 
similar figs. 9 and 47 in which we were also 
concemed with the phase differences between 
neighboring rays. The ray emerging from 0 
having direction cosine « with the x-axis e4 
covers a distance which exceeds that covered we i 
by the ray emerging from P by the path J 


. Fig. 52. 

difference Determination of the phase 
OO-RP=« d~ ay d, difference in a reflection grating 

OP = d = grating constant, 


a4=OP = “grating constant”. 
The phase difference between these two rays is, therefore, 


(1) A=kd(a-a), k= “2. 


This must be an even multiple of x in order that, sufficiently far from the 
grating and in the direction indicated by the rays, these two waves shall 
show maximum reinforcement owing to interference. The condition for this is 


(2) XO =A un A= positive or negative integer. 


hk = 0 corresponds to ordinary reflection « =o; A= -+- 1 corresponds to 
the first order spectrum on the right or left of the regularly reflected light; 
hk = + 2 corresponds to the second order spectrum, etc. 

If we collect the cylindrical waves emerging from all the different grating 
lines with the same phase difference, we obtain, at a distance large compared 
to the grating constant, a plane wave. In the case given by (2) this wave has 
its maximum amplitude; its amplitude is zero when A is an odd multiple 
of x. For a given A the dependence of the amplitude of this wave upon J is 
shown by the intensity curve in fig. 53 which will be calculated below. For its 
observation one employs, following Fraunhofer, a telescope focused at infinity. 

That the grating actually does produce spectra in this way, i. e. that it 
separates the colors, follows from the fact that, according to (2), «- a) depends 
on the wavelength. Hence, the different colors are diffracted in different 
directions. Since « - a,» increases with A, red is diffracted more strongly than 
violet, as mentioned in the introduction to this chapter. The dispersion, that 
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is, the separation of the various colors, is directly proportional to A Thus, 
the grating yields a spectrum of the incident white light, whose scale of 
wavelengths is normal and quantitatively correct. Furthermore, the dispersion 
is directly proportional to the order number ’, In the second order spectrum 
the dispersion is twice that in the first order spectrum. For this reason the 
second or third order spectra are preferred for exact wavelength measurements. 
Finally, according to (2), the dispersion is inversely proportional to 2; hence, 
the close spacing of the lines of the Rowland gratings. An exception is the 
order 4 = 0, for which «—«a is independent of color. The spectrum of zero 
order produces white light. 

There is a critical limiting value, not necessarily integer, 4 = h, which 
corresponds to the value a= 1. If’, happens to be integer the diffracted 
light ray is parallel to the plane of the grating, just like the reflected wave 
in the limiting case of total reflection’. In any case, even for } >A, a 
diffracted wave runs parallel to the plane of the grating, however, not as 
a regular wave, but as an inhomogeneous wave. This is also analogous to 
total reflection. 

We now wish to show that the grating produces practically pure spectral 
colors. In order to do this, we must estimate the width of the maximum 
computed in (2). We do this by considering monochromatic light with a given A 
instead of the white light employed until now. 

We define the radiation emitted by an arbitrary grating groove in the 
direction « by means of an amplitude factor / (x), which is the same for all 
grooves and can be considered as a function which varies slowly as « varies 
between the limits «= -+1 {positive and negative x-axis). Consecutive 
grating grooves shall have the abscissas 


Fei ks Se bd SRS Xn = Xtand. 
Omitting the time factor, we write for the oscillations emitted by the »™ 
groove in the direction « the expression 
(3) tn = f (a) exp fik(ax + y2) + ind} 
regardless of whether we are concerned with the vectors E, D, or H. For the 
significance of f (a) and a systematic development of (3), we refer the reader 


to Sec. 36. 4 is the phase difference defined in (1). Superposition of the 
effects of all the lines gives 


(4) a DY tin = f (et) Sexp ER (ax +y 2} 


1Lord Rayleigh, Phil. Mag. 14, 60, 1907 and Proc. Roy. Soc. 79, 399, 1907; W. Voigt, 
GOttinger Nachr. 40 (1911); also U. Fano, Ann. d. Phys. 82, 393, 1938, Phys. Rev. 88, 
921, 1948. 
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with 
4 
N= 1-etNA ce *Fsin N= 
(4) c= es ar Foca 
n= ‘rT sin — 


Changing from the amplitude to the intensity, we get 
sin? N 2 


A 
“PN Feoaell 
oS 


(5) J = lu? = P(e) [S|]? = a) 


This expression is composed of two parts. The first factor corresponds to 
the intensity arising from a single groove and varies slowly with «. The 
second factor arises from the sequence of many grooves, and is a very rapidly 
varying function of « — a. 


Fig. 53. 


sin? N 4/2 : AA 
————__— plotted t a= mabnee 
sin?djz ee Od 


The function 

The incident primary intensity is contained in the first factor of (5). 
Figure 53 shows the dependence of the second factor on a-a%. Its principal 
maxima lie, in accordance with (1) and (2), at 

4 

(6) sah, 
These maxima are given by (5) as 0/0. The value in the limit, as computed 
in the well-known manner (de l’Hépital’s rule), is the same for all A, 
namely NV%, 
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In addition, there are subsidiary maxima corresponding to the rapid 
fluctuations of the numerator. Since the denominator varies slowly, the 
positions of these maxima are given sufficiently accurately by the maxima of 
the numerator. Thus, in the vicinity of the 4" principal maximum, the 
positions of the subsidiary maxima are given by 


A y 
(6 a) fanln+ ; v = (1), 3,6. 
The value »v = 1 is put in parentheses because the corresponding peak is 


masked by the flank of the principal maximum, The heights of the subsidiary 
maxima are 


Hence, the first subsidiary maximum to be taken into account is 4/(9 2c?) =» 1/22 
times as small as the principal maximum, whose height was N*. The second 
subsidiary maximum is 4/(25 27) 1/62 times as small, etc. These maxima 
follow one another at the very small interval of A/(N @); between them the 
intensity always drops to zero. 

We shall now compute 24, the wedth of the principal maximum at half 


intensity, as illustrated on the left of fig. 53. This width is determined by 
the equation 


Ap 

be) eda 
(6 8) sake Os! 
5 4H ue) 

sin > 


where the night-hand side corresponds to half the maximum intensity. Since 
A, must certainly be very small, we may replace, in the denominator on the 
left-hand side, the sine function by its argument. Thereby, we get 


2 
(6 c) sin? x sm = , where % ox a : 


The solution of the equation sin x = xfV2 is found from the table of sines 
to be 


Kom BO° = 1.38, hence Ay= Ee Le, 


Since N is a very large number the width at half intensity which is 
twice this 4,, namely 5.5/N, is extremely small. It follows from this 
that the principal maxima belonging to distinct colors of our spectrum fall 
next to one another, so that no appreciable overlapping of colors occurs. 
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That does not, of course, exclude the possibility that the ends of spectra of 
dijferent orders may overlap. Since the dispersion increases with 4,-mixed 
colors can be produced in this way. In fact, one sees immediately that the 
red end of the second order spectrum, for instance, will overlap the violet 
end of the third order spectrum since 


2 Area >> 3 Aviciet becanse Area ™ 2 Aviotet. 


Finally, we must multiply the second part of the intensity expression 
(5), as illustrated in fig. 53, by the factor 2. In general this factor will decrease 
steadily with increasing |x| and will, therefore, attenuate the spectra with 
larger values of & in comparison with those which have smaller 4 values, 
However, this is true only “in general’, In each particular case the form of / 
depends entirely on the shape of the groove (i. e. on the shape of the diamond 
of the ruling machine). Nor need f be an even function of « The spectra 
with 4 > 0 can, for instance, be enhanced over those with A <0. It can even 
happen that most of the intensity is thrown into a single spectrum. Under 
certain circumstances this may be especially desirable. More details are given 
in Sec. 36 D. 


B. CROSS GRATINGS 


Two systems of grating lines which intersect at right (or oblique) 
angles are called a cross grating. We have, then, on the plane of the grating 
a set of dark rectangles (or parallelograms) extending in two directions. Or we 
could, instead, consider a two-dimensional system of bright rectangles (as 
in the above-mentioned example of the opened umbrella) or of arbitrarily 
shaped bright spots (circles for instance) on a dark background. These also 
will be called cross gratings. 

As in the case of the line grating, let the grating plane be the ++-plane. 
For convenience we will consider our cross grating to be oriented along the 
x- and y-axes, that is, to be rectangular. Here we must replace the summation 
over # in eq. (4) by a double sum over , and %o: 


N\-1 N,-1 


(7) S= Dd) Dd) exp {in A, + tm 43}, 


=O t=O 


4, = 2nd, Sad ’ 


A, = 2nd, P—Fo 
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Performing the summation and computing the intensity, we obtain instead 
of (5) ; 


sin? N, Ai in®N, = 
(8) ae A eT. 
2 2 
According to eqs. (1) and {2}, principal maxima will now occur if 
(8 a) A, = 2%h, and simultaneously 4, = 27 hy 


where /, and h, are arbitrary positive or negative integers. The directions a, 8 
of the deflected rays corresponding to these principal maxima are given, 
according to (7}, by 

A A 


(9) a= —= hy, B-By—Inz- 


The corresponding intensity is proportional to N\?.N,%. If only one of 
the two conditions (8 a) is fulfilled, then the intensity is only proportional 
to N,?, or N,®, and is, therefore, imperceptibly small compared to 
the intensity of the principal maxima. Also the subsidiary maxima, described 
by (6), can be disregarded when compared to the principal maxima. Since, 
according to (9), a definite pair of values x, # is associated with every A, each 
of the cases characterized by (9) constitutes a complete color spectrum. The 
spectra extend parallel to the direction of the x-axis when 4, = 0, and in 
the direction of the y-axis when 4,=0. In the general case 4, #0 and 
he 3 0, the spectra are directed radially, i.e. towards the central point a, Ap. 
Only at this latter point is the light not spectrally decomposed but white. 
Again, owing to the factor /* (a, 6) in (8) the outer spectra of this manifold 
and colorful display ate generally strongly attenuated. 


C, SPACE GRATINGS 


We ask next how a three-dimensional grating could be produced. Neither 
a ruling machine nor stacked layers of the sheerest fabric produce an optically 
useful grating. Max von Laue had the ingenious idea that nature herself 
offers us an ideal space grating in the form of a flawless, non-absorbing 
crystal. Though useless in the field of optics, such crystals find application 
in the much more interesting spectral range of X-rays. In this connection 
it is to be noted that this range was not even known in 1912 but was 
determined quantitatively only by means of Laue’s discovery. For 
optical purposes the mesh of a crystal lattice is far too fine, but for the 
analysis of X-rays its order of magnitude is just right. In fact, the spacing 
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between atoms in a crystal is approximately the sarne as the wavelength of 
soft K-rays (several A units, 1 A= 107 * em), just as the spacing of the lines 
in the Rowland grating agrees approximately with the wavelength of red light 
(1/24, 1a = 107+ cm). 

In order to make the formulae as clear as possible, we shall restrict 
ourselves here to the special case of an orthorhombic crystal, but it is to be 
emphasized that if an oblique coordinate system is used, the general triclinic 
crystal presents no difficulties. Let the sides of the fundamental ortho- 
rhombic cell have lengths @, 6 and ¢ (this would correspond to d,, d, and dg 
in our previous notation). Rewriting eq. (9) in three dimensions, we obtain 
immediately Laue’s Fundamental Equations: 


A 
(10) t-tg= he, p= fy = ha, y- Yom hy? . 


The special cases of the tetragonal and cubic systems (= 2, ¢c =5= a), 
are, of course, contained in (10). 

in Laue’s experimental arrangement the rays are made to pass through 
thin crystal slabs. In particular, for the first photographs by Friedrich and 
Knipping, made in the spring of 1912, thin slabs of zinc blende, ZnS, sliced 
perpendicularly io the fourfold or threefold axis of symmetry, were used. 
The crystal acts here not as a reflection grating, but as a transmission grating. 
The rays emerging from the crystal produce the surprisingly beautiful 
“Laue Diagrams” on a photographic plate placed beyond the crystal. 
The original pictures are preserved in the “Deutsches Museum” in Munich and 
have been reproduced in countless textbooks, ¢ 

The intensity is computed by the properly extended formula (8). The 
number JV of the contributing lattice elements is determined by the thickness 
of the crystal slab and by the cross-section of the incident X-ray beam. The 
“atomic form factor’, much discussed in the theory of crystal analysis, 
takes the place of f{a, #) im eq. (8). 

The difference between this theory and the theory of cross gratings arises 
from the fact that, because of the condition «a? + 62-+y%= 1, the three 
eqs. (10} are not compatible for any arbitrarily given values of 4. While the 
cross grating produces complete spectra containing all A, the space grating is 
sdective. To every Laue spot corresponds a characteristic 4. (However, for 
reasons of symmetry sevetal spots may correspond to the same A; as, for 
instance, in the fourfold symmetrical picture of zinc blende in which each A 
occurs, in general, in eight spots.} The polychromatic character of the cross 
grating spectra occurs again in the Laue diagram in the sense that every Laue 
spot selects its own special “‘color’’ from the incident ‘X-ray light’. 
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We confirm this analytically by squaring and adding the values of 
a, 4, y as determined by (10}, and by taking into account the condition 
Oy? + £5? + 4,7 = 1. Cancelling a common factor 4, we thus obtain: 


ay + fy + 9 2 
(11) A= ~ hy? Ta? ha? 
at pe te 


Therefore, once the order numbers 4,, fy, 4g of the interference are determined 
for every Laue spot, the wavelength producing each such spot is (for a known 
crystal lattice) also determined. At the same time we now see that in 
contrast to Bragg’s method, Laue’s arrangement uses the continuous X-ray 
spectrum (the so-called “white X-ray light” or ‘“‘Bremsstrahlung’’). 

Before discussing Bragg’s experiment, we draw yet another conclusion 
from eq. (10). We form the sum of the squares of the left-hand sides of (10) 


(12) (&—a9)* + (8 - Bo}? + (y—yq)? = 1-2 (xa + By + yo) +1 
= 2-2cos2@= 4sin? J, 


2 @ is here the angle between the incident ray ag, 8,7) and the diffracted ray 
a, 8, y (see fig. 54). The plane E bisects the angle 2 between these two rays. 


Next, we compute the sum of the squares of the right-hand sides of (10), 
namely, 


ae 


where D is a length of the order of magnitude of the sides a, 5, c. We can 
make the definition of D, which is implicit in (13), more precise if we rid 
the integers % of a possible common factor and write 


(14) h, = 2 h,*, hy = thy*, hy == 2 Ihy*, 
we ook anf fF 


By equating (12) and (13) and applying (14) and (14), there results Bragg’s 
equation: 


(15) 2dsind= nd. 


We have encountered this equation before as eq. (8.6) in connection with 
Wiener’s standing light waves. There the length d denoted the distance between 
two neighboring layers of the “screen” which is produced by standing light 
waves and is utilized in Lippmann’s color photography. We must now 
investigate the significance of d in the case of the crystal lattice. 
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For this purpose we construct the equation of the plane Z in fig. 54. We use 
a system of rectangular coordinates x, y, z whose axes are parallel to the 
crystal axes @, 6, c and whose origin lies in the plane E at the lattice point 0. 
This is the same point which in fig. 54 was considered as the point of origin 
of the diffracted ray. From@O we mark off the segments 0 P along the extension 
of the incoming ray direction and O@ along the 
direction of the diffracted ray and we let 

OP=0Q=1. 

The coordinates of the points P and Q are then 
% Avo and a, f,¥. 
respectively. We can now define the plane E as 
the locus of all points equidistant from P and @: 


(%— 0%)? + (y— Bo)? + (2-9)? = 
= (%-a)? + (y~ 8)? + (z ~ 7)? 
This simplifies to 
(% cg) x + (B- Bo) » + (yyy) 2 = 0. 
Substituting (10) and (14) into this yields 
iy? it i — EB '%Po%, 
a Fig. 54. 
This plane E is a lattice plane of the crystal, which  Piffraction of X-rays in a 
: space lattice {description in 
means that in an unbounded crystal the plane E the text). 
contains an infinite number of lattice points. ([f the 
plane contains three lattice points, then because of the periodicity of the lattice 
it must contain an infinite number of lattice points,} The numbers 4* are called 
the Muller indices of the lattice plane. (Their magnitudes determine the density 
of lattice points on the plane; small values of the A* imply a large density; 
large values of the 4* imply a small density. Only planes with small A* values 
occur as natural boundary planes of a crystal.) A plane parallel to our lattice 
plane intersects the crystal axes 4, 8, c at coordinates which have the ratios 


6 ¢ 
" hg*  hy** 


(26) e+ y+ 


(17) ae : 


This was the original definition of the Miller indices as used in macroscopic 
crystallography where one did not speak of lattice planes but only of the 
natural crystal faces. The a, 5, c were then defined only as relative lengths 
{for mstance, setting = 1). Since we are here dealing with the microscopic 
theory of structure, we can introduce the lengths of the edges of the ortho- 
rhombic unit cell as absolute values of a, b, c. Therefore the quantities given 
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in (17} also become the absolute lengths of the axis segments, and the lattice 
plane Z which is parallel and nearest to (16) has the equation 


h,* * h,* 2 
(18) ate yp hee. 


If we replace the 1 in (18) by any integer #, we obtain another lattice plane 
which is parallel to E. This will be the »* lattice plane EZ, -which intersects 
the axes at the coordinates # a/h,*, n b/h,*, m c/h,*. Non-integer values of * 
do not give lattice planes; they are in contradiction to the periodicity of the 
crystal. 

In its so-called normal form eq. (18) reads 


(19) COS ap x + cos fp y + COS yz = Pp, 
* he* p » 
cos a = P| cos By = b t cos yp = OF, 


h,* 2 h,* 2 h,* 2]. 1 

raft C57 FTF 

As we know, # denotes the length of the perpendicular from O to E, or, as 
we may also say, it equals the distance between the planes E and £,. The 
a, By, are the direction cosines of # (see fig. 54). But according to (19), 2 
is identical with the length ¢@ which was 
introduced in (14a}. Hence our former 
quantity dis the spacing of that system 
of parallel lattice planes whose Miller 
indices are equal to our interference 
numbers kh (divided by any common . 
divisor which they may contain). 


Fig. 55. Brage’s eq. (15) may be visualized 
Direct derivation of Bragg’s equation, 35 “reflection on the lattice planes”, 
- Reflection at the lattice planes £. and not merely on 2 single such plane 


but on the entire system of parallel 
lattice planes. This is seen immediately and independently from Laue’s 
theory by means of fig. 55. In order that the wave reflected at Ey be reinforced 
by the wave reflected at E,, that is, in order that the amplitude be doubled, 
the path difference of the two rays must be a multiple of 4. This path difference 


is AO,+0,B. From the shaded triangle with the hypotenuse 00, = @ 
in the figure it follows that 


A0,=dsind =O, B. 
Hence, the above condition becomes, in agreement with (15), 
2dsnG=ndf 


33. DIFFRACTION ARISING FROM MANY DISTRIBUTED PARTICLES 191 


This same condition also guarantees the enhancement of the reflections from 
the lattice planes Z,, E,, ... E_,, 2.2 and leads to Laue’s amplification factor 
N® for the intensities. 

This derivation shows that in the present case, only the regularity of the 
sequence of lattice planes EF is important and not the periodic arrangement 
of the crystal atoms within the planes E, Even if these atoms were distributed 
completely at random, as are the silver grains in the Wiener layers, the inter- 
ference effect would not be disturbed. In that case we would have, so to say, 
a one-dimensional crystal. The three-dimensional crystal lattice differs from it 
by producing simultaneous interference on many sets of parallel lattice planes. 

Immediately after Laue, William Bragg and his son, Lawrence Bragg, 
(successor of Rutherford at the Cavendish Laboratory) were the first to 
determine most of the now known simpler crystal structures (rock salt, 
diamond, fluorite, pyrite, ¢tc.}. Later they also determined the structures 
of some highly complicated organic and inorganic crystals (see, for instance, 
the remarks on mica on p. 167). They observed the “glancing angles’ # for 
various crystal faces and from them determined the lattice plane spacings ¢ 
by means of eq. (15). Instead of a continuous X-ray spectrum they used for 
this purpose a known characteristic line such as the Cu X,-line A = 1.537 A. 
In addition to the directions of the reflected rays, their iritensities were of 
essential importance in these structure determinations. Particularly significant 
were observations on the extinction of even or odd orders of possible reflections. 

Debye gave a general explanation of the extent to which thermal motion 
in crystals influences the intensities of reflections. C. G, Darwin studied the 
effect of disorieniations found in most crystals (the so-called mosaic structure 
of crystals}. P. P. Ewald in his “dynamic theory” of X-ray interference 
accomplished a profound extension of Laue’s original theory. This theory - 
takes into account the attenuation of the primary radiation during its passage 
through the lattice and the mutual radiation passing from lattice point to 
lattice point. The valuable notion of the “reciprocal lattice” is also due to 
Ewald. 


33. Diffraction Arising from Many Randomly Distributed Particles 


We shall here consider a glass plate which is covered with condensed fog 
droplets or has been dusted with lycopodium powder. The light source shall 
be as small as possible and very distant, and we shall observe this source 
through the glass plate with the eye focused at infinity. We shall assume 
that the droplets or spore grains are of uniform size and circular in shape. 
By means of a filter we select a small spectral range of wave number & from 
the source. 
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The glass plate shall lie in the xy-plane whose origin x = 0, y = 0 will 
be taken to lie on the straight line connecting the eye with the source. The 
centers of the small circular diffracting discs will be described by the 
coordinates %,, 4, We write the formula for the radiation reaching the eye 
from each particle and having the direction of propagation «, 8, y, in the form 
(1) tn = f (a, B,y) exp {¢ [a (%— n) + 8 (y- yn) + z]}. 


The factor f(a, 8,y) will be further explained in Sec. 36. As in (32.4) we 
find for the total amplitude 


(2) | > 


(3) S= 


= f(a, &,y)S, 


vy 
D exp [-i8 (x4 +B ye)]!- 


foal 


where N is the total number of particles. We have here put the factors 
containing x, y, and z in front of the summation sign and have taken into 
account the fact that they disappear when the absolute value is taken. 

Because the particle coordinates x,, y, are unknown, the summation 
cannot, of course, be performed algebraically as was done in Sec. 32. Therefore, 
we must apply a statistical procedure. The value of & in eq. (3) is given; 
«, § are arbitrary but are to be chosen and then held fixed: the %,, ¥, in the 
summation assume completely random values. Equation (3) tells us to add N 
unit vectors of random directions in the complex plane and to determine 
the length of the resultant vector. A theorem in the theory of probability 
says; if all directions have equal probabilities, the length of the resultant vector 
is JV. This theorem is used, for instance, in the theory of Brownian motion 
’ where, as in our diffraction problem one is interested, in the addition of a 
large number of, on the average, equal impulses which the observed colloidal 
particles receive by collisions with the molecules of the surrounding fluid. 

To prove this theorem we set the exponents in (3) (reduced modulo 2 2) 
equal to 7g, and obtain 


N 
D>” etn 


Cw | 


S= 


; St DT en Sim 
% ™ 


We now find the statistical mean value § of S, which we define as the 
Square root of the average value of $?: 


2x an 2x 


5/5 = 1 1 1 
(4) S= S*; ag | orgy | oon f ares 


i) 
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Thus we average S with respect to each gy, over its whole range of values 
from 0 to 2%. The assumption of equal probabilities of all angles for each ¢,, 
and the mutual independence of all », which is implied’in (4) is motivated 
by our complete lack of knowledge of the values of x,,and y,,in eq. (3} which 
defines the ¢,,. 


First we compute only the integral with respect to gy, occurring in (4): 


ax N N 
(4 a) = [ a (- ao ye ( Panes 4 Se), 
ry nm 


+ om B 


The product of the two parentheses in this integral gives 


N N 
De ES Se Dm DS ten, 


72m mm 2 


The two middle terms which have not been written down contain the factors 
exp ('p,) and exp(-7t,) and therefore vanish on integrating over 9. 
The two other terms are independent of q, and therefore integrate to 
1+ $3. 

Next, we calculate 


Fl N 
er) Ff dots) 1b 1453 Sy2 = D7 tn DST etm, 


ei mmf 


Continuation of this procedure leads to 
(5) SPmtti¢it...=N, S=/]N. 


This proves our probability theorem. As was to be expected from the 
symmetry of the arrangement, $ is independent of «a, £. 
Returning now to eq. (2}, we find for the intensity of the diffraction pattern 


(6) J=NJy  Jo=P(o,8.7)- 


Jo is the intensity arising from one individual diffracting dise, For random 
distributions of the diffracting elemenis, the intensities add and not the amplitudes 
as was the case in the grating theory. Instead of the amplification factor N* 
of fig. 53, eq. (6) contains the factor N. 

in the case of our circular diffracting discs J, does not, of course, depend 
on «, # and y individually but only on the radial angular distance 
s = (42-4 2%)% = (1-24, As we shall see in Sec. 36, /) has a flat maximum 
in the center of the diffraction pattern and vanishes for the first time at a 
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sharply defined position s=s, A considerably weaker maximum follows 
and then a less sharp zero, etc. According to Sec. 36, s, is given by 


A 
(7) $s) = 0.61 a 


where a is the radius of the diffracting discs. Hence, the radial extension of 
the diffraction pattern increases as the ratio a over A decreases. 

If we use white light instead of monochromatic light, then the center of 
the diffraction pattern appears white because all colors have a maximum 
there. The outer rim of this center disc is colored red because at the distance 


= : Abtue 
(7 a) 4 0.61 ae 


the blue component of the light is missing. At approximately twice this 
distance we expect a bluish tint because there the red component is extin- 
guished. As we proceed outward from the center, the coloration and the 
intensity become progressively weaker. If the diffracting particles are not 
circular in shape, then of course the intensity J, depends on both « and £. 
However, the intensity J resulting from all N particles retains its circular 
symmetry so long as not only the positions but also the orientations of the 
particles are random, for then a summation over all possible orientations 
must be added to the summation over all positions in the expression (3) for S. 

If the particles are ot of uniform size but are, for example, water droplets 
of various radii, then according to (7) the rings of zero amplitude become 
diffuse under monochromatic illumination. Under white light illumination 
the color pattern becomes less distinct, but the white coloration of the center 
portion of the pattern remains. The size of this white disc can be estimated 
from eq. (7 a) if @ is replaced by an average radius 2. 

Our statement about the statistical average value of S is only approximately 
valid. Under monochromatic illumination with a carefully limited source 
the diffraction patterns exhibit a certain “granulation”, namely a radial fiber 
structure, This is due to fluctuations about the statistical average which are 
stronger in the radial direction than in the azimuthal direction perpendicular 
to it. These fluctuations have been investigated in detail by M. von Laue’ 
both experimentally and theoretically. 

We now turn to the meteorological applications of this theory. Because of 
the sizes of the light sources involved (sun or moon), and because of the white 
nature of the light, the above-mentioned fluctuations obviously do not enter 
into consideration. The real coronae about the sun and the moon are due to 


1PreuBische Akademie 1914, p. 1144. 
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‘diffraction at cloud particles, hence primarily at water droplets. Because of 
the different sizes of the droplets, the color phenomena are rather weak. The 
sun and the moon are surrounded by a white or bluish-white field. As was 
remarked in the introduction, a frequently observed reddish rim indicates 
the diffractive nature of this phenomenon. From the angular radius of this 
tim, which differs for different observations, the average droplet diameter 
24 is found by means of (7 a} to vary from 0.01 to 0.03 mm. After the 
eruption of Krakatoa, a much larger red-brown sun ring was observed. This 
was due to the volcano’s dust particles which had drifted as far as Europe. 
The angular radius of this ring amounted to 20° to 25°, which corresponds 
to the much smailer particle diameter of 0.002 mm. 

The situation is different with the ice crystals of cirrus clouds. It can be 
assumed that they, too, contribute to the diffraction phenomenon of coronae, 
but the characteristic phenomena resulting from these crystals are the halos 
which are not due to diffraction but are caused by refraction. This fact is 
proved by the color arrangement in halos: violet outside, red inside. 
Moreover, the halos have definite radii which do not depend on the (varying) 
sizes of the particles but rather on the crystalline structure of these particles. 
The most frequently occuring angular radius is 22°, which corresponds to 
refraction of the light in the hexagonal cylinders of ice crystals (edge angle 60°). 
If because of gravity the ice crystals are oriented mostly vertically, then the 
light of the halo concentrates at the two points on its circumference which 
are at the same elevation as the sun. This is the origin of the two parhelia, 
In addition, a halo with about 45° angular radius occurs. 


$4. Huygens’ Principle 


Huygens’ principle may be visualized as follows: the future shape of 
any given wave surface can be determined by assuming that each point of 
this surface emits a spherical wave and by constructing the envelope of all 
these spherical waves. In a homogeneous medium this construction yields 
a surface which is parallel to the original wave surface (possible boundaries 
of the original surface form an exception). We have already seen in fig. 37 
that this procedure leads to the usual refraction at plane interfaces. The 
usual reflection is also obtained in this way. 

Kirchhoff proved that Huygens’ principle is an exact consequence of the 
differential equations of optics. This principle constitutes the foundation of 
the classical theory of diffraction, which has proved its fruitfulness in countless 
problems. Nevertheless, this theory is only an approximation which is valid 
only for sufficiently small wavelengiks. This is so because the boundary condi- 
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tions which must be used in conjunction with Huygens’ principle are not 
known precisely. The classical theory, moreover, does not take the vectorial 
character of the optical field into account. This deficiency will not be 
discussed until Sec. 38 et seq. 


A. THE SPHERICAL WAVE 


We are familiar with the scalar spherical wave of acoustics from Vol. IT, 
Sec. 13. Like the plane wave representation, that of the spherical wave is 
a solution of the wave equation 44+ k2u=0. If it is assumed that » 
depends only on the coordinate x, one obtains (disregarding a constant 
complex factor) 

(1) “eo gik x, 
If, on the other hand, it is assumed that # is a function only of the distance 7 
from the origin of the coordinate system, then one finds 

hag Ls i a? (ru) re ke 


dye * + k?ru=0Q, ¥ uss etihr 
and hence 


re 


where the time dependence is assumed to be of the form exp (-iw?#). (With 
a time factor of exp (+i #) one would obtain an incoming rather than an 
outgoing wave.) 

The vectorial spherical wave of electrodynamics is not so simple. The 
expression for this wave assumes its most convenient form if the Hertz 
vector is introduced as the characteristic function w. In particular, the special 
case of the Hertz vector which represents the radiation emitted by a linearly 
oscillating dipole, see Vol. III, Sec. 19 B, is useful here. Though the analytic 
expression of this vector is again given by (2), that is, by a spherically symmetric 
expression, this is not true of the field which is derived from the Hertz vector. 
The magnetic field lines are circles about the direction of oscillation, while 
the electric field lines are in the meridian planes of that direction. Only the 
phase of the field is spherically symmetric. Its amplitude depends on direction. 
The electric amplitude, for instance, vanishes in the direction of oscillation 
of the dipole at distances large compared to the wavelength. 

A physical light source (point-like bulb or candle) contains all possible 
directions of oscillation. Such a source emits an average field in which no 
directions are preferred. The field intensity is therefore spherically symmetric. 
If we represent such a field by (2), we must realize that we thereby 
relinquish the possibility of representing the finer details of the light, such as 
its polarization. 
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B. GREEN’S THEOREM AND KIRCHHOFF’S FORMULATION OF HUYGENS’ 
PRINCIPLE 
Green's theorem suffices for the integration of the scalar wave equation; 
the reader is referred to the first introduction of this theorem in Vol. II, 
eq. (3.15) and to its repeated use in Vols. IJI and VI: 


(3) [dr-vdnarm {luv 2H) a 


Let « be the function (2} of the spherical wave and let » be the desired solution 
of the equation 4v++ hk? v=0. The surface o separates space into two 
regions. One of these regions will be called the interior of o and the other 
region its exterior. If, as will usually be the 
case, o extends to infinity, then the point at 
infinity belongs both to the interior and to 
the exterior. For the region of integration 
on the left-hand side of (3) we choose the 
exterior of o. The source of the wave « is 
assumed to lie at the point P in the exterior 
and is to be excluded from the region of 
integration; this may be accomplished by 
means of a sphere K of arbitrarily small 
radius; see fig. 56. Then, because of the 
differential equation which # and v satisfy, 
the left-hand side of (3} vanishes. The inte- Fig. 56. 

gral on the right-hand side must be evaluated oe gerigueinne for Green's 
over the two boun surfaces go and K1; theorem, The surfaces o and o 
du is the normal es surfaces directeg “SRST “orm © Closed suriace. 
into the interior. The same considerations as in Vol. II, Sec. 20, 1 a yield for 
the integral over K the value —- 4 vp, where vp is the value of v at the center 
of K. From eq. (3) it follows, therefore, that 


au ett @ etkr 
(4) ‘one oo tow —— dg. 


Actually a third boundary surface should be added, namely a sphere of very large 
radius with its center at P which excludes the point at infinity, Denoting the surface 
element by do = r? dw and combining the 7* with the integrand, the integral over this 


surface becomes 
Y dire ae t+ upethr dy, 
an 


Because of the radiation condition, see Sec. 38, eq. (1d), and because v vanishes as 700, 
the bracket { } vanishes. Hence, the integral also vanishes, 


_ interior 
dr 


_ 


exterior 
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It should be emphasized that in this calculation, as in the previous 
applications of Green’s theorem in potential theory, the spherical wave 
plays the role of a mathematical auxiliary function. It is, so to speak, a 
“‘probe’’ which we use for investigating the optical field v. This “virtual” 
spherical wave has nothing to do with the real spherical wave which we shall 
introduce in (4 b) as the source function of the optical field. In eq. (4) we have 
in a sense removed the probe from the field v under investigation by 
substituting for « and @u/dn their values as given by (2). From now on we 
shall forget the origin of these quantities and shall rather regard them as 
describing spherical waves which are radiated by the surface elements do 
and which arrive at the point P at the distance r from do. Only with this 
interpretation of eq. (4) have we gained the basis of Huygens’ principle. 

Formula (4) allows us to calculate » at every point P of the exterior 77 
we know the boundary values of » and dv/an on a (or more appropriately, if we 
knew these boundary values!), Let us assume that o consists of an opaque 
portion @ and an aperture which we shall henceforth call o. The latter is 
indicated by a dotted line in fig. 56. It is reasonable to assume that as we 
approach @ from the exterior, we shall find there the values 


ov 
(4 a) y= Q, re 


Therefore, eq. (4) retains its validity even with our new definition of ¢. Again, 
it is reasonable to assume that v has the same values in the aperture as those 
it would have if@ were absent. If, for instance, » were due to the radiation 


from a luminous point P of strength A, then the boundary values in the 
aperture would be 


etter’ oy a git?’ 
ee ar a Sn 
where 7’ is defined in the figure. 

But strictly speaking the assumptions (4a, b) are mathematically in- 
admissible. A well-known theorem in Riemann’s theory of functions says that 
if a two-dimensional potential v vanishes together with its normal derivative 
along a finite curve segment s, then » vanishes identically in the whole plane. 
This theorem can be extended to cover solutions of the two-dimensional wave 
equation?. It is also true that any solution of the three-dimensional potential 
or wave equation vanishes in the whole space if the condition (4 a} is satisfied 
on any finite surface element ¢, Therefore, (4.a} would seem to imply that 
v= 0 everywhere. 


1Heinrich Weber, Mathem. Ann, Vol. 1, 1869, p. 1. 
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Applying this theorem, on the other hand, to the difference w = v-v’ 
between any two analytic solutions v and uv’ of the three-dimensional wave 
equation, it follows that v and v’ must be identical in the whole space if the 
conditions v =v’ and dvj/én = dv’/én are satisfied on any finite surface 
element a. Therefore, the assumptions (4 a} and (4b) not only contradict 
the known physical situation but also contradict one another. 


As a matter of fact, we would not even obtain the boundary values (4a) 
or (4b) if we calculated them from (4) by placing P on ¢@ or a. Thus eq. (4) 
gives the correct values of vp only if we know the correct boundary conditions 
v and dv/an, 


C. GREEN’S FUNCTION, SIMPLIFIED FORMULATION OF HUYGENS’ PRINCIPLE. 


This mathematical contradiction is avoided by substituting for the 
spherical wave # in the original eq. (3) the Green’s function belonging to our 
surface. This function is defined by the following conditions?: 


(5 a) AG+#?G=0 in f, 

(5 b) G=0 on og, 

(5 c) Gouas r+), 
a. 

(5 d) (E-sec} +0 as ro. 


As before, ris the distance from the point P and (5 d) is the so-called radiation 
condition of Vol. VI, Sec. 28. Equation (5 c} states that, like «, G shall have a 
singularity only at the point P and shall be continuous everywhere else in 
the exterior. G differs from « because of the additional condition (5b). Asa 
result of this condition the term containing 0v/é in eq. (4) disappears and 
that equation becomes? 


(6) 4xzvp=a— | vw—do. 


1See Vol. VI, Secs. 10 E and F. In the nomenclature used there the spherical wave 
ig not a Green’s function but is the “principal solution’’ of the differential equation 
4u+k?u= 0. 


*The spherical surface which excludes infinity (see footnote 1, p. 197} contributes now 


ov a). ov; 
= dw = oa ea 
[(c% SE hr w [3 tne) ro aw 


which again vanishes. 
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Now we need to prescribe only the boundary values of v itself. As in (4, b) 
it is reasonable to assume that 
(6 a) v=0 on G, 


tke’ 
{6 b} U= A exp on ¢. 


These assumptions are mathematically consistent. Furthermore, according 
to the theory of the Green’s function, the boundary values (6, b) are actually 
assumed by the function vp as computed by (6) when the point P is placed 
on the screen or in the aperture. 

The question remains, are these assumptions 
also physically justifiable? The answer again is 
that they are oniy approximations for suffictendly 
small wavelengths!, The field does not vanish 
completely behind the screen, nor is the field in 
the aperture entirely unaffected by the presence 
of the screen, at least not within distances of the 
order of magnitude of a wavelength frorn the edge 
of the screen. 

The introduction of the Green’s function 

Fig. 57. therefore involves no final justification of the 
Construction of the Green's method but it has the practical advantage of 
function for a plane screen, ieading to the simpler form of the integral (6) 

as compared to (4). However, the applicability 
of the Green’s function method is restricted to the special case of the plane 
screen. This is the only case for which the Green’s function can be conveniently 
expressed, namely by means of the elementary method of images. 

In fig. 57 we construct the mirror image S of the point P with respect to 
the plane of the screen z = 0. For an arbitrary point Q = ¢,7, € where ¢ > 0, 
we form 
W Gate. ee oe 

% rg = (§- 2)? + (y~y)? + (f+ 2)’. 
x,y,z and &, € are measured from the same origin O which lies in the plane 
of the screen. This function of £, 4, { satisfies all the conditions (6 a) to (5 d). 
It should be noted that the singularity of G at the image point S does not 
violate these conditions because S lies on the other side of the screen ¢ = 0. 


1We use here and in the following the word “‘wavelength’’ and the natation A even 
though these are really only defined for plane waves and lose their simple meaning for 
the more complicated wave types encountered in diffraction. However, we can always 
interpret A as the length 2" ¢fw which is defined for all monochromatic radiation processes 
and which for plane waves is identical with the actual wavelength. 
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From (7) we calculate 


Gd fettnlar, d fettn\ ay, 
on ara | &( |. 
If we now place Q on the screen, see fig. 57, we have 
or Y 
1, =r, BET FET 08m, 7) 
and hence 
ac 8G @ jethr 
(8) Mm OR A cos 7. 
This can be further simplified for all positions of P which are not too close 
to the screen. For then we have ky = 2at > 1 and therefore 
@ fet eg ene 1 22% ett? 
Sa (5 )=0 "(1-4 -) 2 


Substituting (8 a} in (8) and (8) in (6) we obtain 
tke 
(9} thv,= [cos (n,n ade. 


Thus we have gained an expression which is equivalent to Huygens’ 
principle and which formulates it exactly. A light wave falling on the aperture o 
propagates as if every element do emttied a spherical wave the amplitude and 
phase of which are given by that of the incident wave v. The factor cos (x, 7) 
which multiples de is of interest. It’ corresponds to Lambert’s law of surface 
brightness and was used earlier by Fresnel in his qualitative considerations. 
The factor A on the left-hand side of (9) is understandable because of the 
dimensions of the right-hand side {do/y = length). 

If one substitutes for v the value given in (4b) which corresponds to 
illumination by a point source, then (9} becomes 


(10) taAvp =A [oes +’) Be r) de. 


D. FRAUNHOFER AND FRESNEL DIFFRACTION 


Let the dimensions of the diffraction aperture. in the screen be small 
compared to the distances 7 and 7’ of observer and light source. Then the 


factor aa a varies but little inside the opening. Hence we may 


place this factor in front of the integral sign, setting it equal to the value it 
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assumes at the origin O of our integration variables , y. Calling R and R’, 
respectively, the values of y and r’ at O, we thus obtain instead of (10) 


A + RF 
(11) tA dp = FF 008 (M, R) | ete te) dé dy. 
To simplify the remaining portion of the integrand, shiek because of the 
magnitude of & is a rapidly varying function, we first develop y in powers of 
& and 7: 


=) @-8? 4 oni + 2 = VR-2 Et yn) + ($07) 
tnt (t+ E24 y?-(«é + Bn}? 
REE nt ig EOE Rant ES 


where « and f are the direction cosines of the diffracted ray O ~ P with 
respect to the & and y-axes, If we call the direction cosines of the incident 
ray P’ +O a, and £, (hence the direction cosines of O ~ P’ are ~o% and 
- By}, then we find correspondingly 
_ t+ 9? — (a9 + By)? * 
= Ri + gE + By +o lo 
From this follows | 
(12) gikir tr’) — gik(R+R) othe 
with the abbreviation 
gt + ag + x)? 
(13) B= (e-a) F+ (8-8) 7- (x +g) fe" i + eater 


4. @o &+ By nyt 
; 2 R' 
and formula {11} becomes 


{14} taAup= 


A PR{R +P) iho 
Re os (n, R) eth Og dn. 


The expansion (13) clearly presupposes that the linear dimensions of the 
diffraction opening are small compared to R and R’. 

The evaluation of the remaining integral in (14} is simplest to perform 
for the case of Fraunhofer diffraction 
(14 a) R—-o, R’' +0 


which obtains for the meteorological phenomena and which can also be best 
realized experimentally. In this case only the ineay terms in ® remain, and 
we have only to deal with a superposition of plane waves. 
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If one or both of the conditions (14) are not satisfied, one speaks of 
Fresnel diffraction. By proper choice of the origin O (for details see Sec. 37) 
one can then make « = a and f = f,, so that the linear terms of ® vanish. 
The integration of the quadratic terms (Fresnel’s integrals) provides us with 
a complete picture of the entire diffraction field behind the screen, while in 
the Fraunhofer case we confine ourselves to the limit of the diffraction 
field at large distances from the screen. 

Fresnel and Fraunhofer diffraction are also called 
microscopic and telescopic diffraction, respectively. 
For, in the Fresnel case a magnifying glass may be 
used to project the field at a given point P onto an 
observation screen where the intensity can then be 
measured. In the Fraunhofer case insufficient 
intensity would reach the naked eye if it were placed 
at a very large distance from the screen (especially in 
the case of a single small diffraction opening). 
Therefore, all parallel ray bundles emerging from the 
diffraction opening are focused by means of a lens? 
E on a point P in the focal plane E of L. For 


#’ f' 


ae : Fe ; 
similar reasons a point source P’ at a finite distance Fig cm 
from the screen is used, and its rays are sent through ype Fraunhofer arrange- 


the opening as parallel ray bundles by means of a = ment for diffraction 
lens L’ (collimator lens). P’ must, of course, lie in observations, 
the focal plane EZ” of L’; see fig. 58. 

If O is the image of P’ according to geometrical optics, then the 
coordinates of P in the plane E (with O as the origin of the coordinate system) 
are proportional to the quantities « -a« and 4-8. According to (14) and (13) 
the intensity at P depends only on these two quantities. (The factor in front 
of the integral in (14) is a constant since |exp {i k (R + R')}| = 1 and since A 
must be thought of as tending to infinity like R &’.) 2 is the objective lens 
used in this “telescopic” observation; the eyepiece through which the 
diffraction pattern produced in F is viewed is not shown in fig. 58. The 
diffracted rays which are focused at P are represented in the figure by 
dotted lines which, in accordance with the notion of Huygens’ principle, 
are drawn as if they originated in the diffraction opening?. 

"We may disregard the diffraction phenomena caused by the rims of the lenses 
Land L’, 

a diffraction can also be observed with a telescope if the eyepiece is not focused 

on the focal plane £ but on an arbitrary extrafocal plane, Instead of observing the 


patterns on these planes with the eye, one can of course record them by means of a 
photographic plate. 
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When there is a very large number N of diffraction openings as in Secs. 32 
and 33, the telescopic arrangement becomes unnecessary. The amplification 
factor N? in Sec. 32 and N in Sec. 33 make it possible to observe the 
diffraction patterns with the naked eye even at large distances. 


E. BABINET'S PRINCIPLE 


Two arrangements of diffraction openings 1 and 2 are called ‘‘comple- 
mentary” if the opening of 1 is congruent to the screen of 2 and vice versa. 
Let us calculate v, and v2 for the same primary illumination and form their 
sum. We assert that “within the framework of Huygens’ principle” 

(15) vy + M2 = 4, 
where v is the undisturbed primary illumination at the point of observation 
when both diffraction screens are absent. 

We shall prove this theorem for the general case of an arbitrary (possibly 
curved) screen by starting from eq. (4). When forming the desired sum, we 
have to replace vp on the left-hand side of that equation by 

(21 + U2) P. 
On the right-hand side of (4) » has the same meaning in both summands, 
namely the undisturbed primary illumination. In contrast to (4) the integra- 
tion must now be carried out over the entire surface a because every point 
on @ belongs to the diffraction opening of either 1 or 2. But we obtain 
precisely the same integral if we apply (4) to the primary illumination v with 
no screens present. In that case we have just this v on the left-hand side and 
the integration over the whole surface o on the right-hand side with the 
meanings of the symbols v and /é in the integrand the same as before. 
Equation (15) has thus been proved: v, + vp and v are equal because both 


are equal to the same | ...dc, 


Equation (15) is valid for all points P of the exterior and _ therefore 
encompasses both Fresnel and Fraunhofer diffraction. It is called ‘‘Babinet’s 
principle”, The above proof was based on Huygens’ principle. In Sec. 38 F we 
shall discuss how Babinet’s principle must be modified when it is treated from 
the more precise viewpoint of the boundary value problem. 

In the older literature! Babinet’s principle occurs only in a much narrower 
form, which restricts its applicability to Fraunhofer diffraction. The reason 
is that the complete functional dependences of 2, Ve (including their phases) 


+See, for instance, Kirchhoff, Vorlesungen iiber Optik, p. 96. 
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are not accessible to observation, but only the amplitudes [v,|, |v,| or, what 
is equivalent, only the intensities are observable. The latter, of course, do 
not satisfy the equation 


(15 a) hth=J. 

Rather, when forming the absolute value of (15), the left-hand side of (15a) 
is found to contain the additional terms 

(15 b) VY Ue* + vy 0,*, 

Only in the case of Fraunhofer diffraction can a simple statement be made 
about the intensities: the two complementary screens produce diffraction 
patterns of equal intensity: 

(16) JieJSy 

To prove this we consider the focal plane £ in fig. 58. For ideal lenses the 

primary light v is concentrated at the point O and is zero everywhere else. 

Excluding the point 0, at which the singularity of the diffraction pattern 

renders observation impossible in any case, it follows from (15) that 
%j=-%, |yl—v{, hence indeed J, = Jo, 

In Secs. 35 C and D we shall discuss a very elementary problem of Fresnel 
diffraction for which there exists no simple relationship at all between J, 
and /,, but we shall convince ourselves that our formulation (15) of Babinet’s 
principle is valid. 


F. Brack OR REFLECTING SCREEN 


In the theory of diffraction it is customary to speak of a black screen. 
However, in actual diffraction experiments one finds that the physical nature 
of the screen in general does not affect the results noticeably. Thus a piece 
of tin foil into which a narrow slit has been scratched yields the same 
diffraction pattern regardless of whether the foil has been left reflecting or 
whether it has been blackened. Therefore we need only describe the screen 
as opague in order to specify that in spite of arbitrary thinness it shall transmit 
no light. In the Maxwell theory such a screen would have to be defined as a 
material possessing an infinite conductivity. Such a screen would not be black 
but would be perfectly reflecting; its reflecting power would be r = 1. On the 
other hand, black, that is completely non-veflecting material, cannot even be 
defined in the Maxwell theory; blackening is not a property of the material 
but is a property of the surface. We shall take this into account in Sec. 38 where 
we shall try to describe the property “‘black’’ mathematically. Our presenta- 
tion of Huygens’ principle shows that this property is not essential to the 
theory of diffraction, Only very refined experiments can reveal the nature 
of the material of which the diffracting screen is composed. 
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The material composition of the screen, of course, affects the light field 
only in the immediate vicinity of the edge of the opening, that is, only within 
a distance of a few wavelengths from the edge. Jf the opening is fairly large, 
this edge zone is negligible compared to the rest of the aperture. This explains 
why the crude assumptions (4a, b) or (6a, b), which can of course be valid 
only outside the edge zone, have been so eminently successful. Deviations 
from Huygens’ principle are to be expected with the usual methods of 
observation only for extremely small openings which are of the order of 
magnitude of a wavelength in size (or for experimental arrangements which 
‘correspond to such small openings in accordance with the similarity law of 
Sec. 35 E). 


G. Two GENERALIZATIONS 


So far we have restricted ourselves to those consequences of Huygens’ 
principle which are directly applicable to the problems under discussion in 
this chapter. We shall now present two closely allied results which will be 
useful later. 

1. Instead of the Green’s function (7) which satisfies the boundary 
condition G = 0 at z= 0, we now form 
gitr, errs 
; 6 ch 
This is a function which satisfies the boundary condition aG/dz = 0 at z = 0. 
Substituting it for # in eq. (3) we obtain in place of (6) 


(18) snve= tf Boao 


an 


(17) G= 


However, this vp is identical with the vp of eq. (6) only if the integral in (18) 
is taken not merely over o but also over the entire screen which contains the 
aperture o [in eq. (6} this was not necessary because we assumed v = 0 on 
the opaque screen]. With this understanding of the integration in (18), and 


given the exact boundary values of v and av/dm in the opening and of Bu] dn 
on the screen, we have 


dv ac. 
(19} [&c, tom | Eas, 


where G, is the Green’s function defined in eq. (17), G_ is that defined in 
eq. (7). If we substitute for these Green’s functions their values on the 
plane z = 0, we obtain 


ike tkyr 
(20) La a ae - fore do. 
Wm 
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2. If the screen is not a plane but a curved (e. g. spherical) surface and has 
an aperture a, then doubtless there are again two functions G@_ and G,, which 
satisfy the conditions G_=0 and @G,/a2==0 on o. Every continuous 
solution v of the wave equation can be represented in two ways by means of 
these functions. Therefore, the remarkable identity (19) is valid in the sense 
described above also for curved surfaces ¢. 


However, even for the simplest case of the sphere, the analytic representa- 
tions of G, lead to infinite series containing the eigenfunctions of the sphere. 
Therefore, the simplification which resulted from the introduction of the 
Green’s function in the case of the plane screen becomes illusory for curved 
screens, not to mention the fact that the requirement concerning the knowledge 
of the exact boundary values is not fulfilled in either case. 


$5. The Problem of the Shadow in Gcometrical and in Wave Optics 


Geometrical optics constitutes our day-to-day guide to the outside world; 
it is the basis for the construction of the image-forming devices (spectacles, 
telescopes, photographic lenses}. We shall here treat geometrical optics as 
the limiting case of wave optics as 1 +0; see also the introduction to Sec. 34. 


A. THE EIKONAL 


As in Sec. 34 we start with the scalar wave equation 


(1) Autk?*n=0, k= Venn =, 
but now we do not assume e to be constant but rather to be a (continuously 
or discontinuously varying) function of position. As A-*0, and hence k + 00, 
this differential equation degenerates. In order nevertheless to be able to 
draw quantitative conclusions from the equation, we make the following 
assumption? as to the form of the solution: 


(2) us AghS, hye Vecuow = 5%. 


A is an amplitude factor. We call S the eikonal, an expression introduced 
by H. Bruns. While « is a rapidly varying function of position (because 
Ry > 00), we consider 4 and S as slowly varying functions of the coordinates 
x, y, which do not go to infinity with &). By differentiating (2} we get 


tAfter P. Debye, in a paper Ann. d. Phys. 86 (1911) by Sommerfeld and Iris Runge. 
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a aS @ log A 
a og ae 

a as\* 1a*S | alog A aS 

tH ht (2 + 2ikyu (E28 ax ax) 


Au + kia hy? o (E)+ (3)"4 2) -5 


+ 2ibju| 1.48 + gradiog 4-grad S| + sie 


where the terms indicated by ...... do not become infinite as ky — oo. 
Hence eq. (1} is satisfied approximately if S and A satisfy the differential 
equations 


k 

= #2 een 

(3) D (S) = n?, aa 
{4} grad log A+ grad S = -> AS. 


D is the notation for the “first differential parameter” 


ay? jfa\? fal 
p= (zy + (5) + (a 
which has already been used in Vol. II, eq. (3.9); # is the usual index of 
tefraction; Eq. (3) which is the differential equation of the eikonal, 7s an inhomo- 
geneous equation of first order and second degree. Once (3) has been integrated, 
(4) yields the component of the gradient of log A in the direction of the gradient 
of S. Equation (4) makes no statement about the gradient of A in a direction 
perpendicular to the gradient of S. Therefore (4) permits discontinuities 
of A in these directions. 

According to the definition (2) the surfaces S$ = comstant are surfaces 
of constant phase of «. Hence they represent wave surfaces. The normals 
to these surfaces are given by the gradient of S and represent the ray directions. 
In general, if » varies in space, the rays are cuvved. In an optically 
inhomogeneous medium the integration of (3) is the simplest method for 
determining the wave surfaces and the ray directions. 

In an optically homogeneous medium with # = constant, one obtains as 
the simplest solution of (3) the linear function 


{5} S=n(ex+fhy+y2) where ow? + 62 4+ y% a J, 

This function contains two arbitrary constants, e. ga and #. The wave 
surfaces determined by this solution are planes, the rays are parallel straight 
dines in the direction «:6:y, since, indicating the three components, 

{5 a) grad S = x (a, 8, y). 
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Por constant » the simplest solution with one singular point is the spherical 
wave 


(6) S = #7, ‘= ee + yt t 22, grad S = = (x, ¥, 3}. 


The simplest solution with one singular straight line corresponds to the 
cylindrical wave 


(7) S=np, p=Vx?+y%, grad S= 7%, y). 


In both these cases, and quite generally in homogeneous media, the rays are 
straight lines. 


The general solution is obtained by starting with any arbitrary surface 
and constructing a family of parallel surfaces to it (surfaces of constant 
infinitesimal spacing). 


We have thus obtained the simplest mathematical scheme for the under- 
standing of the formation of shadows. We consider the light source as given. 
From it there emerge rectilinear rays. A screen shall be called opaque if it 
absorbs all rays falling on it and does not itself emit any rays. Then the 
shadow behind the screen is bounded by straight ray directions which emerge 
from the light source. In the direction perpendicular to the limit of the 
shadow A decreases discontinuously to zero which, as we have seen, is 
compatible with eq. (4). In the limiting case as 1 > there is no diffraction. 
The rays which do not meet the screen continue unobstructed along straight 


lines. If several light sources are present, then there are, of course, half- 
shadow regions. 


Geometrical optics has become second nature with us to such an extent 
that we suppose it to be valid even in cases where we know the rays to be 
curved. Thus we see the sun over the horizon for about 5 minutes after it 
has actually set. For we project the sun’s rays, which because of the 
inhomogeneity of the earth’s atmosphere are curved, along straight lines 
tangential to the directions of the rays as they meet the eye. The situation 
is similar in the case of certain diffraction phenomena; see Sec. 38 D. The edge 
of a screen appears to us as a luminous line because we extrapolate rectilinearly 
backwards the rays of the cylindrical wave which meet our eye; but in 
reality the field in the vicinity of the edge of the screen is continuous. 


With eqs. (1) to (7) we have made the transition from wave optics to 
geometrical optics. Schrédinger proceeded in the opposite direction when, 
guided by the comprehensive ideas of Hamilton, he accomplished the transi- 
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tion from classical mechanics to wave mechanics. As described in Vol. I, Sec. 44, 
Hamilton started with the theory of optical instruments and several years 
later applied it to general dynamics. The differential equation (3) of the eikonal 
is a very simple case of 
Hamilton’s partial differen- 
tial equations of dynamics. 
In the same sense our eq. 
(5a) is a very simple 
specialization of Hamilton's 
momentum equation ~, = 
= 05/89, Of course the 
way was cleared for 
Schrédinger’s theory only 
after the discovery of the 
quantum of action by 
Planck. It should also be 
noted that the useful 
W.K.B. method (Wentzel- 
Kramers-Brillouin approx- 
imation) in which the 
same hypothesis as in (2) is 
made, also corresponds to 

Fig. 59. the transition from wave 
Construction of surfaces of constant phase. optics to geometrical optics. 


B. THE ORIGIN OF THE SHADOW ACCORDING TO WAVE OPTICS 


We must now seek a solution of the problem of the shadow by means of 
wave optics instead of, as before, by its asymptotic form, namely ray optics. 
For this purpose we tum again to Huygens’ principle. 

Let us consider the expression under the integral sign in eq. (34.10). We 
construct the surfaces of constant phase 
(8) 7 ++’ = const. 


These are ellipsoids of rotation with the common focal points P (point of 


observation) and P’ (light source). We shall call the focal distance p + p’ 
where, see fig. 59, 


p=PD, p'=P'D, 


and where D is the point where the focal line intersects the plane of the screen. 
Let x be the radius of that circular section of the ellipsoid under consideration 
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which passes through D; the distances of a point on this circle from P and P’ 
shall be y, and ¢,’, respectively. Provided P and P’ are sufficiently far 
away, it is seen from the figure that 


(9) ¥,% == p? + x4, 7% = p’2 4+ x, 
1 x? Sint 1 x? 
{9 a} naoltte5+--), %¥, =p (+i a+...), 


From this and (8) it follows that 


(10) rt mtetts mot pth 
where 
1, 1\x? 1 1 
10a = oS ee d =(L +2) sae, 
nN p ( p}2 : pp 


and where # is the parameter of the system of ellipses formed by the inter- 
section of the system of ellipsoids of rotation and the plane of the screen. 
To the circular rings 


(10 b) do, = 2K AX 


there correspond in the plane of the screen the elliptical rings do,, whose areas 
are proportional to dp. We write 


(11) do, = / ap. 


These de, are the proper area elements to be used in the integration with 
respect to do in eq, (34.10). 

We call y (f) the fraction of the elliptical ring de, which falls inside the 
aperture and distinguish the two cases illustrated in fig. 60a and b: 


a) D lies in the screen, 

b) D lies in the aperture, 
In case a) the integration over p extends from , to fp. For p, and pz, y(p} = 0. 
In case b) the integration starts at =~0. Between /=0 and = 4,, 


y (pb) = 1. From 4, to f., y (f) decreases from 1 to 0. 


We combine the factorg and the factor/in (11) with the factor s28 ") 


in (34.10) and call their product F (#). Then, using (10) and (11}, (34.10) 
becomes for the case a) 


fe 
(12) idop= A ehlo+e) i F (p) ef? dp, 
f; 
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Integration by parts! gives 
Py My Py 


(12a) fro dp = F (pes |— 3 


xf F (p) e'*? dp. 
Py a 

For the case illustrated in fig. 60a the first term on the right-hand side 
of (12a) vanishes because F contains the factor p and  (p,) = y (p,) = 0. 
As k goes to infinity, the integral in the second term likewise goes to zero. 
Therefore the right-hand side of {12} vanishes even after division by ¢ A = 22 ¢/k 
and from (12), 
(13) vp 0, shadow. 
The shadow ts brought about by interference of the waves originating at the 
suurface elements dc,. 

In case b) we obtain in place of (12) 

be 


(14) Slop = A eth +e) fr (p) ef? dp, 
6 
Integration by parts yields instead of (12 a) 


Py 


Ds ds 
(14 a) | F (p) 40 dp = —F (p) 0] ~ | F’ (p) e'* dp. 
6 i] 0 
The second term on the right-hand side again vanishes for the case illustrated 
in fig. 60b as & > 00. The first term vanishes at its upper limit because 
P (f_) = 0. At the lower limit we have, according to fig. 59 


or P COS {%, 7 COS #, 
Y= p, =p, ent) = eee, gy (0} == 1, 
arn 
1 = fae 


and according to eqs. (10a, b} 


ap = (E+ 4) eden Lote dap: 
p 2% pp 
1 dOp : 


(14 b) Pia OOM 2 PPP 


Hence 


F (0) Sig (0) f OE) ee 
pp etp 
1 Although the derivative F’ (p) which occurs in (12 a) can under certain circumstances 


become infinite at the limits of integration, a closer investigation in Sec. 36 D will show 
that the convergence of the integral is nevertheless preserved. 
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This lower limit therefore yields for the value of the right-hand side of (14 a) 


2m 1 _ a 
tkhpt+p' pty 
Dividing {14) by 72 we obtain therefore 
as) 4 giklote’) 
Up = A ——— 
p+p.- 


This ts the incident spherical wave at the distance p + p' from the light source. 


Equations (15) and (13) contain the 
Fresnel theory of the phenomenon of “light 
and shadow”; they make it understandable 
from the optical point of view that light 
‘in general” propagates along sivatght lines. 


“In general” means that there are excep- 
tions, as we shall see below under C and D, 
and in particular in Sec. 36 D, where 
we shall investigate Fraunhofer diffraction 
caused by screens with straight edges. 


C. DIFFRACTION BEHIND A CIRCULAR DISC 


The result derived in (13} suffers an 
- exception if a finite portion of the edge of 
the screen coincides with one of the two 
bounding ellipses $, = constant or #, = con- 
stant. For then ¢ (,) or  (f,) is not zero 
and the first term on the right-hand side of 
eq. (12 a} does not vanish. Therefore (13) is 
no longer valid. There is no shadow; we 
may speak of diffraction at the elliptically 
curved portion of the edge of the screen. 

A particular example of this situation 
is a screen which consists of a circular 
disc with the points P and P’ lying on the 
perpendicular through the disc’s center, 
Then the point D is at the center of the 


Fig. 60 a, b. 


Intersection of the surfaces of 
constant phase with the plane of 
the screen. 

a) The point D defined in fig. 59 

lies in the screen; upper figure. 
b) D lies in the opening, lower 

figure. 
In each case the irregular curve 
represents the edge of the diffrac- 
tion opening; P, and P, are, 
respectively, the parameters of the 
smnallest and largest ellipses which 
touch the edge of the opening. 


disc, The ellipses # = constant become the circles + = constant (notation 
the same as in fig. 59). The diffraction opening consists of the whole 


exterior of the circular disc @< x << 00 {a 
tion (34.10) becomes then 


= radius of the disc}. Equa- 


214 THE THEORY OF DIFFRACTION $5. 16 


. cos (#,7 
{16) ido | ener an on x ax, 


@ 


For purposes of a later applicaticn we let p’ = p and x’ =r, which will 
also simplify the evaluation of (16). We must emphasize, however, that this 
specialization does not affect the result. It would be just as convenient to 
choose p’= 00, that is, to have an incident plane 
wave instead of a spherical wave; cf. footnote 4 on 
p. 125. 

If p’ = p, we find (see fig. 61) 

Poap+xtar’t axdxmyrdr,  cos(n,r) = 


t 


fo 


hence according to (16) 


2 
(16 a) idup=2xA p [and 


v2 


Vor + at 


Integrating by parts one obtains 


Fig. 61 * . 

5 ‘ 2th 

Diffraction behinda (16b) iAvp= 224° tied 42 [ and 
circular disc. 2th 7 ye 


Vere Votre 
If the second term in the bracket { } is again integrated by parts, it will contain 


the factor » which shows that this term is almost completely eliminated 


1 
2tkr 
by interference. Disregarding, therefore, the second term, we obtain from (16 a) 


2A p etth pa 


16¢ : =~ Es 
(16 ¢} thvp 2ik p?+a’ 


If we introduce the following notation for the primary excitation at the edge 
of the disc 


Pe ee alles 
Vera? 
then we can simplify (16 c), after cancelling the factor 7 A, as follows 
ar rr dink 


ek re 
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Writing this in terms of the intensities J =|v,|* and J, = [vp [*, we obtain 
1p? 

cas I= qa le 


This paradoxical result is represented graphically in fig. 62. There ts no 
darkness anywhere along the central perpendicular behind an opaque circular disc 
(except immediately behind the disc). The relative intensity increases with 
increasing distance between the light source and the point of observation. 
For very large distances the intensity at the point of observation approaches 
one-fourth of the intensity at the edge of the disc!. The primary light waves pass 
around the edge of the disc along its whole 
circumference, and because of the symmetry of the 
arrangement, they meet along the central perpen- 
dicular with equal phases. The result is in striking 
contradiction with the rectilinear ray paths postu- 
lated by geometrica] optics and with the shadow 
boundary to be expected according to the latter. 
We must note, however, that the intensity given 
by (17) is to be expected only in the immediate 
vicinity of the central perpendicular, because only 
there do the lines = constant coincide with the 
edge of the disc. At a small distance from this 
central line the complete shadow predicted by 
(13) will be observed. 

Poisson predicted the brightness along the 
axis as a consequence of Fresnel’s theory of Fig. 62. 
the shadow and cited it as an objection to that Relative light intensity / iA 

j along the axis behind a 

theory®. Therefore, or perhaps nevertheless, this eleculay alee: 
phenomenon is called Poisson dtffraction. It takes 
place behind an opaque sphere as well as behind a circular disc. In the 
case of radio waves it has been possible to detect an increase in the strength 
of the signal at the point of the earth which is antipodal to the primary 
antenna. 


— oe ie 


11f we illuminate the disc with a plane wave [p’—> 00 in eq. (16)] instead of with a 
spherical wave, then the factor 1/4 in (17) disappears. Therefore f/ + Jy a3 p> ©. 
At a sufficiently large distance the disc cannot be seen; the primary light wave appears 
undisturbed. 

*The crucial experiment was performed by Arago and Fresnel. One therefore often 
speaks of an Avago spot instead of a Poisson spot. The reader is also referred to the 
experiment of W. Kossel who obtained stronger intensities and whose experimental 
arrangement had a deeper significance, Z. f. Naturforschung, Vol. 8a, p. 496 (1948). 
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“A photographic objective can be replaced by a steel sphere.’’ This 
conclusion was drawn by R. W. Pohl in his Etnjiithrung in die Optik and proved 
by means of his illustration 185. We are fortunate in being able to show in 
fig. 63 a photograph taken by our colleague E. von Angerer. A sheet metal 
disc 50 mm. in diameter served as a “‘lens’. The distance of the object and 
the plate from the disc was 35 m. each. 
The object used is considerably more 
complex and rich in detail than the 
simple monogram which had been used 
by Pohl. Though contrasts are considerably 
weakened in the picture, it is surprisingly 
true to the original; v. Angerer found 
that in order to obtain a sharp picture 
“Photograph” by means of a circular it was essential that the edge of the disc 

sheet metal disc, should be a precise circle (theoretically 

even to within the order of magnitude of 

a wavelength!). It is surprising that the circular disc should perform as well 

as Pohl’s sphere, since the disc can depict only the central ray precisely 
while the sphere presents a circular cross section to all rays. 


BD, THE CIRCULAR OPENING AND FRESNEL ZONES 
i 


We shall now consider the complementary arrangement, namely the 
circular opening. Retaining all of the above assumptions and notations and 
changing only the limits of integration in eq. (16) from x = @ and x = 00 to 
*% == Q and x = 4, we obtain in place of eq. (16 a) 


Vorrar 
F oe 
(18) tAup=2n2A p fe ‘ a 
e 
If we integrate this by parts and retain only the first order term, we get 
or 
18a idop = 22 Ap Or 
Une ee Stk 


r) 


pee, ae p? F — 
Se Zikp -_ zea i( + 2?—p) 
Yi é 1 pital e2ia (} \. 


In order to put this expression into a more convenient form, we shall neglect 


2 
a? in comparison with p* in the factor rare The exponent, however, 
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which contains the factor & must of course be evaluated more precisely. 
Accordingly, we put in the exponent 


/ . 1 @? 


After dividing, as before, by the factor ¢ A, (18 a} becomes 


we find the intensity J = |v,|* to be 


er se a 7 4 
(18 b) spa Aerie a 
= 2 
= Aan fel asin el, ! 
2p 2p} 
Introducing again the primary intensity calculated | 
A? A? 
at the edge of the screen J, = arp at oe! | 
! 
— 


(19) ee sint 


The relative intensity J/J, is plotted in fig. 64. 
This quantity has an infinite number of maxima 
and minima which have their limit in the vicinity 
of the screen. All maxima have the magnitude 
unity, and all minima are zero. Thus the paradox 
represented by fig. 62 has been aggravated. 
While the central axis behind a circular seveen 15 mais nina panera 
nowhere dark, the central axts behind a circular circular Spanlne) 
opening has an infinite number of dark places, 

This last statement is of course only valid when the illumination is 
monochromatic. If white light is used, the central axis appears colored, the 
color alternating along its length. 

The fundamental difference between the formulae (17) and (19) immediately 
shows that there exists no simple relation between the zntensitces of the two 
complementary cases of the disc, J, eq. (17), the opening, J, eq. (19), and 
the primary intensity /,. However, the general relation (34.15) between the 
amplitudes 0,, Up, and vg which we called the “Babinet principle” is valid even 
on the very singular central axis of our diffraction problem. For, when forming 
the sum of v, as given by eq. (16 a) and v, as given by (18), we obtain 


6A (vy + V9) mrad { ctor, 


a ee ee Oe 
oe ene ee ee ee eee ee ee 


= 
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On the other hand, for our special arrangement (p’ = p) the primary amplitude 
at the point P is given by 

gttke 

2p - 


i io 


Hence, according to eq. (34.15) the following equality should hold: 


Aad 
; tke 
Fr ri an 
ve 4x 
p 


That this is indeed true can be shown by differentiating with respect to p, 
which yields 
gatke 2 b i grike 


ax pt 


The coefficient of the first term on the right-hand side is equal to 1. The dots 
...., indicate a second term which vanishes as 1/4 compared to the first term. 
We would have obtained the precise equality demanded by (34.15) if we had 
not already neglected the corresponding higher order terms in eqs. (16 a) 
and (18). 


The construction of the Fresnel zones provides us with a pictorial, though 
only qualitative, understanding of these results. About the light source P’ 
as a center we construct a set of spheres which intersect the plane of the 
screen in a set of circles K,, Ky,...,K,,... We choose the radii of the 
spheres in such a way that the light paths from P’ via K, to the point of 
observation P and from P’ via K,,, to P differ by 4/2. The distances of P’ 
and P from the plane of the screen (which we called p’ and p before} shall 
be a and 4, respectively; 7,’ and 7, shall be the light paths P’ K, and K,, P, 
respectively. The straight line of length a + 4 which connects P’ with P 
intersects the plane of the screen in a point K, (circle of radius 0), which is 
also the common center of the family of circles K,. According to Fresnel’s 
procedure the following equalities characterize the circles K,, Ky, ..-: 


“ A 
ae ee Wtnanenst.... 


By adding the first » of these equations we have for K,: 


(20) te! + toa -bane, 
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The radius x, of this " circle is calculated as in (9), (9 a) in the following way: 


%,/% == gt + 4,3, %qi me HF 1 x2, ' 
; 1 Xn? 1 Xu" 
*n a ere fam Ot at a. 
171 1 
' cg ah tee = g 
yn! + %,-a-6 (ha Hatt... 


Hence, according to (20) 
Va a oe 
(21) x, =n df where eres r 


This expression { (which agrees with the definition of the f used in (14b) 
except for the factor 2) reminds us of the well-known formula for the focal 
length f of a lens, For the present, however, 
we shall consider / only as a convenient 
abbreviation. 

Figure 65 shows a system of Fresnel 
zones which consist of the sequence of circu- 
lar rings K,, K,.,. These rings are 
alternately denoted with the signs ++ and -. 
If we consider the phase in the central zone 
to be positive, then because of the path 
difference 4/2 the phase in the second zone 
is negative, and so on. All waves falling on 
the central zone reinforce one another; they 
are attenuated by the waves falling on the 
second zone, reinforced by the third zone, 
and so on. 

We now compare this process with our formula (19) where we replace 
a by %,. This formula yields a maximum for 


Fig. 65. 
The Fresnel zones. 


hence for 


(21 a} ra = | nae 


This result agrees with (21) because in (19) we had assumed that p = 9’, 
and therefore in our present notation 4 = 2 = p and hence f= p/2. The 
same result is obtained for the minima if # is even. The fact that all the maxima 
have the same value and that all the minima are zero can also be checked, 
though not without some arbitrariness, by summing the contributions of 
successive zones. 
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The following consequence was considered particularly surprising in 
Fresnel’s time: a diaphragm which consists only of the central zone yields 
the same intensity as a very large opening; that is, it gives the full intensity 
of the incident light. If the opening does not coincide with any of the circles 
K,,, or if its shape is not circular, then the contributions from partial zones 
must, of course, be taken into account. 

Figure 65 also shows that a “zone plate’ (J. L. Suret, 1875) acts like a 
lens. In order to illustrate this the negative zones have been shaded. If these 
negative zones are covered up or blackened, then all the remaining positive 
zones act to reinforce one another and produce an intensity which is four 
times as large as the incident intensity. This resulting zone plate has the 
focal length f. Since /, like the zones themselves, depends on the wavelength, 
our “lens” has a strong “chromatic aberration”. The submultiples f/m of f 
are also focal lengths. 


E. THE SIMILARITY LAW OF DIFFRACTION 


Let us compare two objects (openings or screens) which can be mapped 
into each other by a similarity transformation. We arrange the source and 
point of observation so that both objects contain the same number of zones 
and possible fractional zones. Then the diffraction patterns caused by the 
two objects will also be geometrically similar. According to eq. (21) the 
necessary and sufficient condition for this is that the dimensionless quantity 


(22) i (x = an arbitrary linear dimension of the object) 


shall have the same numerical value for both arrangements. This will be called 
the similarity law of diffraction, ; 

It is often said that diffraction phenomena are noticeable only for very 
small objects. However, the similarity law says: the same diffraction 
phenomena observed with a small object are also observed with an object 
magnified by a similarity transformation, provided only that the distances 
of the source and the point of observation from the object are correspondingiy 
magnified. To a magnification factor q of the linear dimensions of the object 
there corresponds a magnification factor g* of these distances. Conversely, 
if one wishes to observe the diffraction Phenomena due to a large object 
at large distances in the laboratory where the distances are reduced by 
a factor 4% then the dimensions of the object need be reduced only by a 
factor //7. On the basis of this law W. Arkadiew! performed a set of very 


1Physikal. ZS. Vol. 14, 1913, p. 832. 
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interesting model experiments. As an example let us consider the following 
macroscopic object: a dinner plate of ordinary size held by a hand. Ina 
laboratory at Moscow a distance a + 6 = 40m. between the light source 
and the photographic plate was available. At that distance the picture of 
the shadow (suitably reduced to the dimensions of the photographic plate} 
shows, of course, no diffraction pattern but corresponds to the shadow of 
geometrical optics. 


Fig. 66 2, b, c. 


Illustration of the similarity law of diffraction. Photographs by Arkadiew. 
a) @+6=>7km, b) 4+ 5=29km, c) a+ 6 = 235 km. 


We now inquire about the appearance of the shadow at a distance 
a+6=7km. In order to discover this pattern in the laboratory, we must 
use the reduction factor 


ao, eel 
77000" «= 147 33” 

where ¢ applies to the distances a, 6 and hence also to /; |g applies to all linear 
dimensions of the object. Arkadiew cut a model of the macroscopic object 
reduced by 1/13 out of thin sheet metal. The photographic plate showed the 
image pictured in fig. 66a: the plate has received a hole (Poisson spot) and 
a white edge; the wrist contains bright fringes; the sleeve below the wrist 
is fringed. 

Pictures of the shadow for a + 56 = 29km. and 235 km. are produced 
by models with the reduction factors 


1 . 
i | s000 oar = Vin 000 ~ a Rae 


In fig. 66b the whole arm contains diffraction fringes. Figure 66 c shows 
only slight similarity to the original: the Poisson spot in the center of the 
plate has become enlarged and a second bright spot has appeared in the sleeve. 
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36. Fraunhofer Diffraction by Rectangles and Circles 


To observe Praunhofer diffraction (tig. 58) one looks through a diffracting 
aperture at an infinitely far removed light source with the aid of a telescope 
which is focused at infinity. As shown in fig. 58 such a source can be realized by 
placing.a point source or an illuminated slit in the focal plane of a collimator 
lens. The position of the diffraction opening with respect to lens and telescope 
is in principle immaterial. However, in practice the opening is placed directly 
in front of the objective of the telescope so that waves which are diffracted 
at large angles will also enter the telescope. The eyepiece is focused on the 
focal plane of the objective (Z in fig. 58}. Every point P on this plane corre- 
sponds to a plane wave emerging from the diffraction opening. A corre- 
sponding plane wave enters the eye through the eye piece. (As was remarked 
in connection with fig. 58, the visual observer may be replaced by a photo- 
graphic plate in the focal plane £,) 

Because all ray bundles entering and leaving the opening are parallel, 
we must set R= R’ = co in eq. (34.13). As has already been noted in 
connection with (34.14 a), the phase ® then reduces to the linear expression 
(1) P=ai+by, a-a-o%, b= f-By 
and the evaluation of the integral in (34.14) becomes elementary. 

Let £,7 be the cartesian coordinates of ari arbitrary point in the diffraction 
opening (which we shall assume to be plane as before); «, 6, y are the direction 
cosines of a diffracted bundle of rays; a, 8, v9 are the direction cosines of 
the incoming rays which are all parallel because of the collimator lens. [f, in 
particular, the light source lies in the direction normal to the plane of the 
opening, then 4 = {y= 0, yy) = 1. 


A, DIFFRACTION BY A RECTANGLE 


Let the sides of the rectangle be 2 A and 2 B in length. The coordinates 
of the center shall be = 0, 7 = 0. Then we can write for (34.14) 
+A 


(2) v= cr f esne ag fea 

oA 
where C is a complex constant which is sepia to the amplitude of the 
incident light and is independent of the angle between the central ray and the 
direction of observation. The factor & outside the integral corresponds to 
the factor 4 on the left-hand side of (34.14), which has now been transferred 
to the right. Performing the integrations we obtain 


(3) »vacRgimésiny | 4=4AB= Area of the rectangle, 
x y ’ |x=kaA, y=kbB. 
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From this we obtain for the intensity J = |v|? 


| J. (sin x}? (sing 
5 a) Te. a2) eel. 


As is evident from (3), J, = (C # A)® is the intensity at the center a = 0, 
’ = 0 of the diffraction pattern, At that point also x=0, y =0. 
The behavior of the func- 


tion nem 
4 x sin a) a? | | 
(4) = (= 


is well known: its principal 
maximum lies at x = 0 and 
has the value 1. The minima 
of magnitude X=0Q are 
located equidistantly at the 
points wx=-+ 2, +2 %, 
+3,... There are sub- 
sidjary maxima at the points Fig. 67. 
where tanx = x, that is, at Distribution of light resulting from diffraction by 
points which approach 43/27, a rectangle. The maxima lying between the lines 
5/2 4 of minimum imtensity are symbolized by black 
+ 5/2%, ... ota and More circles. Actually they would look more like 
closely as x increases. The rectangles than like circles. The shape and 
values of the subsidiary orientation of the diffraction opening is shown at 
fined — der the left (not to the same scale, because the dimen- 
me oe ae oe sions of the diffraction pattern and the opening 


X = 0.047, 0.017, 0.008, ... ore Ooh come 
(4 a} 

Measured in terms of x the distance between the principal maximum and 
the first minimum is equal to. We shall now express this distance in terms 
of the angular measure a = a-a. From eq. (3) we obtain 


A 
(5) n= kad, hence a—=ss- 


The smaller the side 2 A of the rectangle is, the larger does the angular distance 
a become, The same is, of course, true for @ and B. 

At the left of fig. 67 we have drawn a diffraction opening in the shape 
of an upright rectangle, 24 <2. The diffraction pattern on the right 
is subdivided into rectangles which are geometrically similar to the above 
but which are in an oblong position. Four of these elementary rectangles 
make up the rectangular field of the central principal maximum, which is 
bounded by lines of zero intensity; two each belong to the fields which are 
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bisected by the axes a and } (these axes are shown dotted because they do 
not form part of the system of lines of zero intensity). A single such 
rectangle is also indicated in the upper left-hand corner bounded by the 
two systems of equidistant minimum lines whose spacings are z in the scales 
both along the x and y directions. In accordance with the equation tan +=x 
the subsidiary maxima lie approximately in the centers of their respective 
fields. 

The principal maximum. exceeds by far all subsidiary maxima in intensity. 
It forms an extended intensity maximum in the center of the diffraction 
pattern. The ratios of the intensities of the subsidiary maxima on the axes 
@ and } to the principal maximum are given by the sequence (4a). The re- 
maining subsidiary maxima are usually barely visible because the ratios of 
their intensities to that of the principal maximum are given by products of 
the already small numbers in (4). 


B. DIFFRACTION BY A SLIT 


Our rectangle 2 4, 2 B becomes a slit if we increase B until it is very much 
larger than A. As we increase B, the diffraction pattern parallel to the 6-axis 
will contract more and more. We shall assume that the light source is a distant 
luminous line whose separate line elements emit sncoherent light. Therefore, 
we shall have to add the intensities resulting from different line elements. 
Since the direction of the incoming rays is given by %, 8), we shall have to 
perform an integration with respect to } = #~ f, between certain limits + 6, 
which correspond to the length of the collimator slit. Hence, according to (3}, 
we mnust write 


+5 
siny _ i sin y _ 
[(eto-8J (2) ay where 4, = hb, B. 


Because of the large value of &, the limits of integration + y, may be treated 
as very large numbers, even though the values of B and? are experimentally 
limited, Therefore, except for terms which vanish as 1/y,, the above integral 


can be replaced by 
sin y 
ay= 
[ey or 
—% 


This value is most easily obtained by the method of complex integration; see Vol. Vi, 
exercise 1.5, where Dirichlet’s discontinuous factor 
method. 


(sin y/y} dy is treated by this 
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We see, therefore, that the intensity of the diffraction pattern is only a 
function of x = ka A and is identical with the expression X in (4) except 
for a constant factor. Thus the slit likewise produces a principal maximum at 
% = 0 and almost equidistant subsidiary maxima, the intensities of which are 
scarcely noticable in comparison with the intensity of the principal maximum. 

We shall now use this result to fill in a gap in Sec. 32. In eq. (5) of that 
paragraph we separated the intensity of the grating spectrum into two factors, 
the*second of which was calculated from the sequence of grating lines. The 
first factor /? («) which resulted from the width and shape of each individual 
grating line was left undetermined. At least in certain very simple cases this 
factor is given just by our expression X in (4); by definition of x, X is clearly 
a function of a = a-«a). We shall now investigate the influence of this factor 
on the intensity distribution of a grating (we may now set the intensity of 
the incident light equal to 1}. 

For this purpose we write down the more complete form of eq. (32.5): 


; A 2xaA 
F sin? N — * = 
P a sin? x 2 A 
(6) “a |, axed 
> ae 


The quantity 2.A, which above was the width of the slit, is now the width of 
each individual grating line; @ is again the spacing of the grating lines. In the 
gratings which Fraunhofer originally made, d was very large compared to 
2A. If this is so, then according to (6) x increases only by the small 
quantity A/d while A changes by 1, and the first factor on the right-hand 
side of eq. (6) varies slowly compared to the second factor. As was mentioned 
at the end of Sec. 32 A, this first factor has the effect of weakening the 
grating spectra of higher orders in comparison with the first order spectrum. 
The intensity pattern given by the second factor in (6) as represented in 
fig. 53 remains qualitatively unchanged. 

Just as the results on diffraction of a slit serve to complete our previous 
theory of the line grating, so the results on diffraction of a rectangle as given 
by eq. (3) yield the function / (a, 8) which was left undetermined in the 
theory of the cross grating, eq. (32.8). 


C. THE CIRCULAR APERTURE 


The circular opening is obviously of tremendous importance to the theory 
of the telescope, the microscope, and the photographic lens, as well as to the 
process of vision. 
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Clearly, we must introduce polar coordinates to replace the rectangular 
coordinates £, 7 and a, b of (1). We set 


£ = 7 COS”, @ = SCOS y, 
y= rsing, 6 = ssin y. 


r is the distance from the center of the opening; s is the sine of the deflection 
angle between the diffracted ray and the perpendicularly incident ray. 
Denoting the radius of the aperture by the, again available, letter a, we 
we obtain instead of (2) 


& +* 
(7) v= Ck [re fl go thracet(e—v} doy, 
0 -x 


The @ integral cannot be evaluated by elementary methods, but it is well 
known to us from Vol. II, Sec. 27 and Vol. III, Sec. 22 as the Bessel 
function Jy. For further details see Vol. VI, Chap. IV. We recall here the 
formulae 


_,__1 fp\?, 1 {p\*__1 fp\° 
© wel= tal) + all) -ainlG) + 
+a 
=> et ipcosa Jy 


-x 


3 4 
en rio 8(1-ha lf) +atglt) -.-)=-d rein 


and the differential equation 
d{ dfy 
{8 b) £ (pA) + o7=0 


from which the following relation is obtained: 


p 


(8 c) ‘i P’ Jy (e'}dp' = pj, (p). 


6 


We are also acquainted with the asymptotic representations for large p 
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Using these results, eq. (7) can be written simply as 


Rs 
2uCk 
(9) vm anc | Jothrsir arm FEC f Join p’ dp" 
a 
_ 2% £ a F-thea. 
For s = 0 ee of the diffraction pattern, « = a, 8 = A) (8a) yields 
(10) v=ma*C k. 


The zeros of v are given by the zeros of ¥ } Amplitude 
J, {p). The first of these is at 


(11) py = 3.95 = 0.61 x 2x, 4 = 0.614. 


This zero and all the more so the following 
ZeTOS py, pg, --. are given with sufficient 
precision by the asymptotic formula (8 d): 


mb-dan m-(-+$) 


(11 a) umn ad} e. 


The corresponding graph of v is shown 
in fig. 68. The resulting intensity pattern |v|* 
has again a towering maximum at the center 
which is surrounded by almost equidistant ,,, amplitude » behind a circular 
dark rings. Between the dark rings are weaker opening as a function of ksa. 
maxima which rapidly decrease in intensity. 

This central intensity maximum which is bounded by the first zero-ring 
determines the size of the central field produced by the droplets of Sec. 33. 
Indeed, we used the above expression (11) to calculate the sizes of the coronae 
about the sun and moon. Because of their weak intensities, the outer maxima 
indicated by fig. 68 generally do not affect thesé results. 

In Chap. Vi we shall discuss the fundamental importance of eq. (11) for 
the theory of the microscope. 

In principle it is not difficult to predict the diffraction patterns of other, 
particularly polygonally bounded, openings. This was first done by Schwerd} 
in an exemplary fashion. 


1¥, M. Schwerd, Die Beugungserscheinungen aus den Fundamentalgesetzen der 
Undulationstheorie analytisch entwickelt, Mannheim 1835. Schwerd was a high school 
teacher in Speyer. He painstakingly colored all the figures in the whole edition of his 
book by hand. 


228 THE THEORY OF DIFFRACTION 36. Lla 


D. PHASE GRATINGS 


In formula (32.3) we assumed the grating lines to be linear light sources 
which radiated in all directions when excited by an incident wave. The 
nonuniform distribution of this radiation for the various directions « was taken 
into account by the function f («) which remained undetermined there. 
Huygens’ principle has now enabied us to calculate this function f[eq. (6)] 
for slit openings of arbitrary widths by setting the field excitation in 
the opening equal to the unperturbed 
incident wave. In this way it has been 
possible to determine the diffraction 
field of wire gratings or of gratings 
which are ruled on asilver layer deposited 
on a glass plate. Fraunhofer produced 
such gratings which shall be called 
“ampliiude gratings”, because for perpen- 
dicular incidence the phase is constant 
Fig. 69. over the plane of the grating — the 


Step or echelette grating which has pane over which the integration is to 
been ruled on the lower side of a plane P hich the imtegra 


glass plate. The figure shows the ray be extended, according to Huygens’ 
incident on the upper surface OO, principle. On this plane only the arnplitude 
pi hacienda ioe Reateadhanp cris varies between zero at points which are 
at the angle g with respect to EZ, On the metal and some constant value 

at points on the glass. The situation is 

different with the modern very closely 
ruled gratings. In these, groove follows upon groove in such a way that one 
cannot speak of a plane surface. These gratings are illuminated fairly uniformly, 
that is, with essentially constant amplitude, over their whole extent. But 
the phase varies hecause the points of the grating surface penetrate to varying 
depths into the optical field in the medium of different index of refraction. 
A plane wave-surface which is perpendicularly incident on the grating 
meets these different points at dzfferent times. Therefore, different points on 
the grating surface radiate their elementary Huygens’ waves with different 
phases. Devices of this type are called “phase gratings’. The general grating 
properties derived in Sec. 32 remain unchanged for phase gratings, but the 
directional distribution of the radiation from any one grating element, that 
is, the function f(«), can be affected in many different ways. It is, for 
instance, possible to divert the major part of the incident energy into a single 
spectrum of a given order on one side and to suppress almost completely all 
other spectra, in particular that of zeroth order. 
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We shall now calculate the function /(«) for several shapes of grating 
surfaces. Since the surfaces are no longer plane, and we therefore do not know 
their Green’s functions, we are forced to use Huygens’ principle in the old 
Kirchhoff formulation of Sec. 34 B. 

Kirchhoff's assumption that the incident wave proceeds unperturbed up 
to the surface of the grating limits our calculations to derge grating constants 
@ >> A, to grating elements which are not too deeply cut, and to moderate 
angles of incidence and diffraction. Otherwise the‘radiation proceeding from 
one part of each grating element to another would affect the results of the 
calculation. In order to be able to apply previous results, we shall also limit 
ourselves to grating elements which are bounded by lane surfaces. 


First we consider a step profile P P which has been cut into the lower 
surface of a plane glass plate; see fig. 69. OO shall be the upper surface of 
the glass plate; EZ is the grating element under consideration. We 
illuminate the plate from above and observe the light below the plate. Just 
as Kirchhoff used the unperturbed unbounded wave as an approximation for 
the wave in the bounded diffraction opening, so we must use an unperturbed 
plane wave emerging from an unbounded glass plane to approximate the 
wave originating from our closely bounded plane surface E E {of width d@’), 
As a result we shall use in the Kirchhoff formula (34.4) the values » and au/an 
of the refracted wave emerging from the glass plate. The ray which is refracted 
upon incidence on the upper surface OO of the glass plate determines the 
angle of incidence y on the step EE. The angle of diffraction with respect to 
the step surface shall be py. We call the direction cosines of the incident and 
diffracted waves 


ay = COSGy,, &= COS, 
and gy, the angle at which the refracted ray (not drawn in the figure) 


would emerge if the plane E E were infinite: cosy, = "ay. - 
Referring to our very first treatment of the problem of refraction in Sec. 3, we 


* 


‘ ; : ; sin 
rewrite eq. (3.1a) in our present notation aa in place of hoc? ; because 


the ray emerges into air, we write & instead of &,; the x-axis lies now in the 
plane EE; hence y=0 on EE: 


E=:B8 ei k{xcosg, = ysing,) | 


Identifying » and @v/an with E and @E/ay, we obtain at y =0 


au ‘ ‘ 
v= Bettsae and Fy = Sing tke 


meee ee ay 
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The other wave function # which occurs in Green’s theorem as a “probe” 
can be written for the Fraunhofer mode of observation [limit as r + 9 jp 
(34.1)] as 
, ou ; . 
w=mettex and = = =-+singtkt. 
on 
Substituting this in (34.4), one obtains for the relative amplitude distribution 


at infinity 


ro] 


+ 


{(@)=4a2up=-ik B(sing, + sing) [ gik(na—a)s py 
Ye 


2 

sin {i (12 &@y ~ a) a 

=tkd' B{sing, + sing) S, a 
R (n &y ~ a) > 


The factor in front of the sine quotient 5S is slowly varying and causes a 
moderate attenuation for large angles of diffraction; we can disregard this 
2; factor. The function / (a) is, therefore, 

h= +f" (a) a 
~3-2-1 lo1 2 5 essentially given by 3. The curve for 5 
; is similar to that of diffraction by a slit 
| (36.6). Its principal maximum is at 
&@ = 4, or, what is the same, at p= ,, 
which is precisely the direction of the 
|  Yefracted ray as determined by geomet- 
rical optics. The zeros are arranged 
| symmetrically around the principal max- 

&=cCos ~ imum at 

Fig. 69 a. 


Intensity distribution for the step 


grating shown in fig. 69. The curve P . 
represents the diffraction pattern due On the other hand, let us now consider 


to of a single step. The ordinate at the grating spectrum which is produced 

k = 1 also gives the intensity of the according to (32.4) by the T sequence 

first order grating spectrum which is Pench s { ic dale sou q 

the only spectrum emitted by the ° pee grating elements ata spacing d. 
step grating. With the definition of d given in fig. 69 we 


Must write in (32.1) 
&=cosp=cos(p-6) and a) = cos yy = 1 cos (p,~ 4). 
The grating maxima (which, because of the large number N of grating elements, 
are very sharp) are at the positions 4/2 = 0 + hx, thus at « = a + hAfd. 


4 
! 
| 
if 
| 
i 
| 
t 
f 
l 


A 
&=Hagtv 7 v= Integer. 
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Their amplitudes are given by the function / («), which differs from / (a) 
only because the origin of the angles ¢, q is shifted by 5 with respect to the 
origin of y and yw. First we see that for d~ d’, that is, for small angles yo, 
y, and 4, the spacing of these spectra is the same as the spacing of the zeros 
of f (x). Therefore, if by suitable choice of 6 (or if 5 is given by suitable choice 
of Yo), one causes the first order maximum, 4 =-} 1, for instance, to coincide 
with the principal maximum of / («), then all other grating spectra coincide 
with zeros of f(z) and are completely suppressed, including the zero order 
spectrum. This isillustrated in fig. 69a 
where the intensity of the spectra, 

that is, the sguare of 7 (a), is plotted. 

A reflection grating which is ruled a ee iu 


on metal can also be treated by means g a 
of the above formulae if we formally set Fig. 70 
= -1. Then the principal maximum eae 


A so-called “laminary profile’ with 
lies, independently of wavelength, grating constant d and depth of slits g. 


in the direction of the geometrically 

reflected ray. Such gratings were used for the analysis of long infrared waves 
for which no suitable refracting material is available. Their grating constants 
amount to fractions of a millimeter. With these spacings the desired step 
profile is quite easily attainable; these are the so-called echelette gratings. 
Even in gratings suitable for visible light it is possible to favor one order 
quite strongly over all others by using a cutting diamond of suitable shape. 
As a second example we choose the rectangular laminary profile, fig. 70. This 
profile is produced by evaporating a transparent substance on a plane plate 
and ruling regular slits into the layer, 30 that the deposited substance 
is removed along equidistantly spaced lines. Let us call the thickness of the 
layer g and its index of refraction x. Then for small angles of incidence the 
wave falling on Aalf of the grating element d is retarded by 2 @ = (n — 1) gh. 
At a large distance the amplitude distribution f(a) arising from a grating 

element extending from ~4/2 to + 4/2 is given by 
d 
eo cf sn (04 +0) -sin 
} (a) == | gi (Gs 8} ax + 7 [ soso ax = a eee 
0 


a 
o> 


wpe 


where ®@ = & (n %~«), and where all nonessential terms have been omitted. 
This is the diffraction patturs. of a sizgle step element. Because the step 
elements are parallel, see fig. 70, the distinction between a2, 4 and «, a 
becomes meaningless. Therefore we shall henceforth write / («} in place of the 
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above f(a}. The asymmetry of this function with respect to the direction 
@ = 0 averages out in the spectrum produced by the whole grating; for, 
with perpendicular incidence, the directions @ d/2 = -+- 4x which go with 
the two spectra of equal order (+ A) always produce the same contribution 


F(a a) = “5 ((-1)* -1}sin @. 


t F(a) 
1 
h= 

—§ ~Z -3 ~2 ~1 28 4 6 
i } eons ee: ae 
| Pid 
| See 
| oe rl 
| PEE 
, -— rf 
| Pal 
ft tot 
| i ae 
| vas 
& =Kinay—a) 


Fig. 70 a. 


intensity distribution for the laminary 
grating shown in fig, 70. The curve 
represents the diffraction pattern due to 
a single grating element. The heavily 
drawn ordinates indicate the intensities 
of the grating spectra of orders A which 
are emitted by the entire array of 
grating elements. 


(For 4 = 0 the limit as ®—> 0 must 
be taken which yields / (a) = cos @.) 
The curve /? (x) is shown in fig. 70 4, 
and from it the intensities of the 
grating spectra of different orders can 
be determined. 

Because of its application to the 
microscope, a similarly designed amplz- 
tude grating is also of interest. Such a 
grating is obtained if, instead of a 
transparent material, an absorbing 
metallic layer is applied to the plane 


‘base. Mathematically this means that 


we must set O = 1 O' (@' is real). The 
ratio of the transmissivities of the two 
halves of a grating element is then e*®, 
and ©’ is directly proportional to the 
thickness of the absorbing layer. Thus 
we obtain for the zeroth order spectrum 
f(a) = cosh @’, and for the higher 
order spectra /(«,,) = [(- 1)*-1)> 
t 
th 
tion means that the light in the higher 
order spectra differs in phase by 2/2 
from the zeroth order spectrum. 
Therefore, the diffraction pattern of a 
phase grating can be changed tnto that 
of an amplitude grating simply by 


sinh ©’. The factor 7 in this equa- 


tnereasing or decreasing the phase difference between the zeroth order spectrum 


and all higher order speciva by n/2. 


This method can be used to replace the formerly very important staining 
process which used to be necessary in the microscopic observation of trans- 
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parent tissues whose constituents differ by very little in index of refraction 
but absorb, owing to their chemical difference, different amounts of dye. 
It is seen that actually the staining method also amounts to changing a 
phase grating into an amplitude grating. 


E. SUPPLEMENT TO SECTION 33 B. LIGHT FANS ARISING FROM POLYGONALLY 
BOUNDED APERTURES 


What is the relationship between the special results derived in A and B 
of this section and the general theory of the shadow which was discussed in 
Sec. 35 B? In order to answer this question we must first of all specialize 
eq. (35.12) to the present case of Fraunhofer observation with perpendicular 
incidence. In that case the point D in fig. 60a lies infinitely far away (if we 
disregard the center point a= f§=0). The former surfaces of constant 
phase are now planes, and the former intersection ellipses have become a 
family of parallel straight lines. The former parameter 4 of the system of 
ellipses is now proportional to the spacing of these straight lines as measured 
from one of them, for instance, the one passing through the center of the diffrac- 
tion opening. 

Let us first consider a rectangular opening and determine the shadow 
boundary in the direction perpendicular to one of the sides of the rectangle. 
The straight lines # = constant are parallel to this side, and therefore the 
segments cut out of these lines by the rectangle are all equal. Hence the 
fraction gy (p) which was introduced in fig. 60a becomes independent of 4. 
The same is true of the function F (f) occurring in (35.12). Thus F’ (6) = 0 
and the second term on the right-hand side of (35.12.a} vanishes. If, for 
convenience, we normalize # so that 4. = —/, =, then the first term yields 


F ikp up — 4* ,, A 
(12) int -¢€ )= —- sink). 


Eq. (35.12) (the factor 4 on both sides cancels) leads to the result that 
in the direction defined above a inght fan of finite intensity is radiated and no 
shadow appears. It shoald be emphasized that the sinusoidal variations in 
the amplitude which are indicated by (12) are blurred out if the light source 
is extended and not monochromatic. Our name “light fan” is descriptive of 
this fact. The same is obviously true for the light fans in the directions perpen- 
dicular to the other sides of the rectangle; it is »of true, however, in any’ 
other direction which is inclined with respect to these sides. For such direc- 
tions the values of #, and #, in (32.12 a) correspond to the corners of the 
rectangle at which the fraction » (p) continuously decreases to zero. Now the 
first term on the right-hand side of (32.12 a) vanishes; the second term has 
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a finite but small value, This is illustrated in our (very schematic) fig. 71a 
by the quadrants which are left unhatched; these quadrants indicate shadows. 
In the singly hatched strips a finite part of the boundary of the diffraction 
opening coincides with an effective wave zone, and therefore a noticeable 
intensity of diffracted light is present. This situation is similar to that of the 
circular opening in fig. 68. Figure 71a should be compared with fig. 67 where 
the same results are expressed more precisely for monochromatic light. 


Fig. 71. 
Light fans for polygonal apertures (indicated as shaded regions). In each case 
the apertures themselves are indicated underneath. 
a} rectangle. bb} triangle. c) curvilinear triangle. 


These results are independent of wavelength; this is true in particular 
for the intensities along the axes a, in our figure. This seems to be in 
contradiction to geometrical optics, i.e. the limiting case as A -* 0, according 
to which only the central field should be illuminated. The apparent contradic- 
tion is resolved by the fact that in this limiting case our light fans become 
infinitely narrow. This is indicated by the widths Aj/A and A/B which are 
taken from eq. (5) and are shown in the figure. Therefore in the limit also 
the energy taken from the central field and radiated in these directions becomes 
infinitely small. The situation is here the same as in the case of the Poisson 
spot which also remains present in the limiting case of geometrical optics 
but is reduced in size to a geometrical point. 
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If the opening is a parallelogram, then the two bright strips are not perpen- 
dicular to each other but are perpendicular to the sides of the parallelogram. 
In the case of a triangular opening there are three strips which are perpen- 
dicular to the three sides of the triangle, thus there are six light fans 
altogether, as shown in fig. 71b. A rectilinear polygonal opening with x 
sides has in general 2 such ray directions. 

If one looks at a light source through a small hole shaped like a 
parallelogram, and if the eye is not focused on the source (or the source is not 
sufficiently small), then the source appears as a star with four rays. Under 
the same conditions, a triangular opening yields a six-cornered star. An 
irregular opening usually yields a many-cornered star. It is to be noted that 
the diffraction pattern is very sensitive to small irregularities in the shape 
of the opening. It is because of small irregularities in the iris of the eye 
that a star seen in the night sky does not appear to be surrounded by circular 
rings, which would be the case with an ideal circular aperture; rather, the 
stars appear to us stellate and thus they have traditionally been represented 
in the art of all ages, The five-cornered star which is preferred in heraldry 
and in depicting the Christmas star is, incidentally, wave-optically impossible 
because the light fans must, necessarily, occur in pairs. 

So far we have limited ourselves to diffraction openings which are bounded 
by straight lines. What happens with curved boundaries? To treat these we 
must again return to fig. 60a, but for Fraunhofer diffraction we must replace 
the elliptic arcs in that figure by a system of parallel straight lines. For 
every position of the {infinitely distant) point D, there are two straight lines 
Py p; of the system which are tangent to the edge of the diffraction opening. 
Thus there are now no finite line segments along which the edge and a wave 
front coincide, as there were in the case of rectilinear edges. With curved 
Openings there are only infinitesimal points of coincidence, i. e. points of 
tangency. For this reason the intensities of the light fans are of a smaller 
order of magnitude than those produced by piecewise rectilinear edges. Let 
us estimate this order of magnitude. 

As was noted following eq. (35.12) g (f;) = (p,) = 0 at the points of 
tangency; therefore the first term on the right-hand side of (35.12 a) 
vanishes. In order to estimate the second term we replace the boundary 
curve at the point of tangency by its circle of curvature (radius p). We denote 
by 2 the central angles of the arcs cut out of this circle by the system of 
p-lines. We can choose the parameter ~ so that it measures the distance from 
the center of the circle; then # = pcos. The length of each chord is then 


(13) y (f) = 2psiny = 2) p?-p? 
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and therefore 


1 

(13 a} @ (p) =- 2p (p*-f%) ?. 
At the point of tangency {p = p) p' (f) and therefore also F’ (p) become 
infinite, but slowly enough so that the integral in question remains finite. 
An approximate evaluation shows that the intensity is proportional 
to Ap and thus vanishes in the limiting case of geometrical optics. On 
the other hand, we saw in (12) that for rectilinear edges the diffracted 
intensity is of the same order of magnitude as the intensity of the incident 
light. Though an opening with a curved edge also radiates diffracted light in a 
direction perpendicular to the tangent of the edge, its intensity is of a smaller 
order of magnitude than that of the diffracted light from a rectilinear opening. 
The diffracted intensity decreases as the curvature 1/p of the edge at the 
point in question increases. If we consider a curvilinear polygon}, see fig. 71 ¢, 
then each corner £ of the polygon has an adjoining shadow region; the inten- 
sities radiated in directions which are within these shadows are of the same 
order of magnitude as the intensities in the shadow regions of rectilinear 
polygons, and they decrease to zero with decreasing wavelength. 

Summarizing and completing the quantitative relationships we can say: 
every diffracting aperture produces a diffraction pattern which fans out from 
the central image; this pattern consists of light fans separated by shadows. 
If the angular separation from the central image is denoted by the (dimen- 
sionless) number a, and if A is used to denote the length of one side of the 
diffraction opening in the case of a rectilinearly bounded opening, and the 
same letter A denotes the radius of curvature (formerly p) in the case of a 
curvilinear edge, then the diffracted intensity is 


in the light fans Az az 
of rectilinear edges a a2 Ae 

in the light fans of re 43 
curvilinear edges “ae a3 As 


in the shadow regions wh : 
of rectilinear or = “a 
curvilinear edges . oo 


The diffraction opening in fig. Tic is a curvilinear triangle formed by three circular 
arcs. The three centers (centers of curvature) are indicated in the figure. The tangents 
which are drawn at the three corners are used to construct the boundaries of the Jight 
fans which appear in the upper drawing. 
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The expressions in the first column are the intensities expressed as frac- 
tions of the light energy incident per wnit area of the opening; they have, 
therefore, the dimensions of a length squared. The expressions in the second 
column are the intensities relative to the intensity in the middle of the central 
image; they are, therefore, dimensionless, 

We have neglected the interference fringes which traverse the diffraction 
image. As we have said before, these fringes are blurred if the light source 
is not 2 point or is not monochromatic. 


37. Fresnel Diffraction by a Slit 


The course to be followed in deriving the theory of pure Fresnel diffraction 
has already been indicated in Sec. 34D. The procedure is somewhat cumbersome 
and does not always lead to its intended goal. The points in the opening are 
described by coordinates &, 7, 
the origin of which lies at the 
point D at which the straight 
line connecting the light source 
P’ to the point of observation 
P intersects the plane of the 
screen S; see fig. 72. Then 
ax == Og, B= By, y= Yq (Ky Bp, 
vy, = direction P’D; «, 8B, 
y = direction DP), and the 
linear terms in the expression 


(34.13) for the phase ® vanish. 

This results, however, in the 

following difficulty: or very Fig. 72. 
eccentric positions of the Fresnel diffraction of a slit. 


point P [indicated by (P) in 

fig. 72], D will lie outside the opening, which must be assumed to be 
small, and then the coordinates £, 4 are no longer small as required in the 
Series expansion of ®, We must therefore restrict the position of P to a region 
(indicated by the curly bracket in fig. 72) which does not extend too far into 
the geometrical shadow. Outside that region it is impossible to represent @ 
by the quadratic terms alone. The pattern produced by the quadratic terms 
must then be supplemented by a diffraction pattern to be calculated in the 
Fraunhofer manner. A further inconvenience is that, even with this restric- 
tion on FP, the position of D varies with that of P so that every separate 
position of P requires its separate coordinate system &, 7. 
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The particular problem to be treated now is the diffraction pattern of a 
narrow rectangle (called a slit in the heading of this section). The plane of 
fig. 72 passes through the center of the rectangle and is paralle} to its short 
side 2 d; the long side 2 & is perpendicular to the plane of the drawing, The 
coordinates € and 7 are measured parallel to the sides of the rectangle. The 
observation screen which receives the diffraction pattern is parallel to the 
diffraction screen S; both are perpendicular to the plane of the drawing. We 
shall limit ourselves to points of observation P which are in the plane of 
the drawing. The light source P’ will be assumed to lie directly in front of 
the center of the rectangle. Then the line P’ P lies in the plane of the 
drawing, and since the y-axis and also the #-axis are perpendicular to that 
plane, we have 


(1) B-£y=0, at =a? =1-y?; 


as indicated in the figure, y is equal to cos (#, R), a fact which will be used 
in eq. (4). By means of (1), the expression (34.13) reduces to 


1/1 1 1/1 1 
(2) om-t( +p)e + 92a? BY} = i(k +3 (y? +7). 
Using the abbreviations 


(3) kG =-@, £-D, 7?, 


eq. (34.14) becomes 


+d-ép + % 
; aye. 
(4) f Aop = SF citiReR) { exp (1 Dy £*) dE | exp (i ®, n*) dy. 
-d-&p -h 


Let us remember the meanings of R and R’: R = distance DP, RF’ = 
distance D P’, where D, being the point where P’ P pierces the plane S, 
itself depends on the position of P: according to (3) the abbreviations D,, 9, 
therefore also depend on the position of P. This dependence also affects the 
‘limits of integration given in (4), Since ¢ is to be measured not from the center 
of the slit but from the point D which has the coordinate &p, these limits 


are not + d but + d4-£,. Because of symmetry this dependence on P does 
not affect the y-integral in (4). 
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A. FRESNEL'S INTEGRALS 
In order to conform to the historically established notation we consider 
the integral 
wv 
(5) F (w) = il 0 8” az, 


a 


We call it Fresnel’s integral. Ordinarily this name is reserved for the two 
real integrals 


(5 a} C (w= f cos Ze4) ae, s(w)= { sin( Zt) a 
0 0 


which evidently form the real and imaginary parts of F: 
(5 b) _ Fe €+isS, 


We wish to emphasize, however, that the separation of F into real and 
imaginary parts is absolutely of no advantage [we did not separate the plane 
wave exp (¢k x) into a cosine and a sine either!], The two integrals in (4) 
can be reduced to & by simple substitutions. One obtains 


| +d=tp _ 
f exp (6 Dp &) dé = Fg (w,) -F (w,)], wa 2 PH dbo) 
—t-En . 
+h 


[ewan = mF mM, W == 20 oh, 


-k 


For a slit k >> d and W >> we. We shall now convince ourselves that W may 
be set equal to infinity '. To show this it is convenient to introduce the quasi- 
focal length / which was introduced in connection with the similarity law, 
Sec. 35 E. Thus, in our case we set 


1 1 1 % 2 Vr 


In accordance with the similarity law, if the magnitude of d is just barely 
suitable for diffraction experiments, then W is so large that it doesnot produce 


1In the beginning of Subsection C we shall return to the question of the admissibility 
of such limit processes. 
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an appreciable diffraction effect of its own, and wecan therefore go to the 
limit A+0, W-+oo as in geometrical optics. Introducing at the same time the 
value of ®, from (6), we thus set 


+h 
(6a ee 
-h 
Correspondingly, we find 
+d-Ep | 
(6 b) f eoconar= 2/8 (ey -P wy), a | AaB, 
2 wy Af 

~t-$, a 

Flence, according to (4) 
gi k(R+R’ 


top= fa RR {F (we) -F (w@,)} F (00). 


This expressiqn simplifies if we immediately introduce the vatue F (00) = . as = 
a result which will be derived later, and return to the original definition (6) of /. 
For then 


1—i . th(R+R} 


(7) i= 4 Rie {F (we) ~F (w,)}, 
where 

AhIR+ RF) 

Rye =" 


is the optical field amplitude which would be observed at the point P if the 
intervening screen were removed entirely. Thus we can write for (7) 


ws — Up {F (ts) —F (w,)}. 


If we disregard the first factor which is of no interest for the present, we 
can say: 

The pattern produced on the screen B differs from the primary undiffracted 
field by a factor which is equal to the difference between the Fresnel integrals 
F (w,) and F (w,). 

We can be brief in our description of the analytic properties of the func- 
tion F (w). They correspond entirely to those of the Gaussian error integral 

* 
F (x) = f e-™ dr. 


o 
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a) F (w) is an entire transcendental function of w: by its definition (5}, 
F (w) can therefore be expanded in the following series which converges 
everywhere in the finite plane 


= Sg (A gay m a)” 
(8) F (w) olt4 tte (ee) - ii (t w +...J. 


This expansion follows directly from the exponential series. From it one 
obtains the respective series for C (w} and S (w). 


b) Of greater importance is the divergent (so-called asymptotic) series 
development of F (w) which yields a sufficiently exact approximation of the 
function for large values of w, provided that only a limited number of the 
terms of this series are summed. We obtain this development by setting 


F (w) = F (oo) - -f 7. dt = F (o)- -{ 2( 7) x. 


Upon integrating by parts this becomes 


ix 


i] 
Fw) =F (o) +2 ft" 
Ws Ole) ase 
wv 


a” = . 
aj{= dt 
— aly (a ed 
ae ES" aE (- lta 
and continuing the process of integrating by parts we get 


=z ws 
1 1+3 1-3°5 
i ied ee) +fe(t i+ T Gawh? (ta w?)® = (ix w)3 ae .). 
From this follow the respective asymptotic series for C(w) and S(w). 


c} In order to calculate F (00) we recall the well-known Laplace integral 


1]/z 
ae =-|//—, 
[- dt al? 


We need only set =-+ to find 
(8 b) Fid\e ol 22 Se 


This result can be checked by considering the integral in the complex plane 
of the variable + which we shall, however, omit here. 
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B. Discussion OF THE DIFFRACTION PATTERN 


We now investigate the intensity extrema (maxima and minima) in the 
diffraction pattern. That is, we seek those points on the observation screen 
which under monochromatic illumination will correspond to bright and 


; , : a: @ [o|? ; 
dark fringes. These points are defined by the condition 7 0, where x is the 


distance of a point on the observation screen from the center of the screen. 
According to fig. 72, x is related to the coordinate , which measures distance 


2 
from the center on the diffraction screen S. Therefore we may discuss ee = 0 


a jv? 


instead of > 0. Since : eccurs only in the limits of integration w, 


and w, in eq. (6b), and since =~ = ari 


i Ys ; ar 
o Ean? (7) , the following condition 


for the extrema? results: 

d 
9) ay (od -F te} =~ 
so that 


aii {F" (wa) -F’ (w)} = 0, 


4% P ix P 
exp > we = exp = : 


ps A 
(10) = (wy2—m,!) =-22g, — (wq~ wy) (Wa +m) =- 48 
where g is a (positive or er integer. Now, according to (6 b) we have 


(10 a) Dy-W, = 2 +B; pet 2 


w, 
ra Yae 
From (10) and (10 a} follows 
A} er D 2 yd > 
and the distance between two successive extrema is 
Af 

b i oes 
(10 b} A fp aya 

1Using temporarily the abbreviation f (+) = F (w,) —F (w,}, then 

bit=cr, Cali, Zp—c ( jth 4 


where /* is the complex conjugate of f. In eq. me we have satisfied the condition df/dx = 0, 
but at the same time also the condition dj*/dx = Q is fulfilled (interchange of + 4 with 
—# and —g with + g}. Therefore the condition d|z|*/dz = Q is fulfilled as well. Hence 
eq. (9} is not only the extremal condition for the amplitude v but also for the intensity |v!*. 


a7. 12 DISCUSSION OF THE DIFFRACTION PATTERN 243 


The separation between extrema decreases with increasing ¢ and increases 
with increasing A and j. The same is true of the separation Ax of the fringes 
on the observation screen. 

The discussion of the diffraction pattern can be well illustrated by means 
of Corns's spiral which is constructed by the following mapping process: 

We interpret F= C +S as a point on the complex F-plane, that is, 
as the point with the cartesian coordinates C and S, In addition we consider 
a complex w-plane in which, however, only the real axis is of interest. The 
equation / = F (w) represents a conformal (angle-preserving) mapping of 
the w-plane onto the /-plane. The real axis of the w-plane, which is the only 
part of that plane which will enter into consideration, is mapped onto a certain 
curve in the F-plane. We claim that this mapping is length-preserving. 
For we have 


to! aF 
(11} = e* , hence z| =1, (|dF| = |dz. 
Hence the w-axis and the F-curve are mapped on each other without 
stretching. We already know three points of this map, see eqs. (8) and (8 b): 


w= 0, w= Ww, i == — 00, 
Fao. Fides, Penjels, 


The length of the F-curve between the two end points F (- 00) is infinite 
as is the length of the #-axis. The curve is symmetrical with respect to the 
origin of the F-piane; for by eq. (8) 


F (~w) = -F (w). 


The tangent at the origin is horizontal; the curve has an inflection point 
there; for according to (8), we have at w == 0 


ar a°F 
wel Fat 0. 
For w = + © the direction of the tangent is indeterminate, according to (8 a). 
Asymptotically the curve approaches these points as a spiral. The entire 
curve is plotted in fig. 73. 

Not only does this curve illustrate the whole range of values which F 
assumes (for real w), but at the same time it also represents all of the 
amplitude ratios |»|/\x)| in the diffraction pattem. For from (7 a) 


(12) V2 |} flo] = |F (209) - F (wy)! 
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that is, the amplitude ratio (times |/2} equals the length of the chord which 
connects the two points representing w, and w, on Cornu’s spiral, By (10 a) 
the difference between the two w-values is 


hence it is independent of both &, and of the coordinate x of the point of 
observation. w,~w, is a certain segment on the real w-axis. The are of 
Cornu’s spiral between the endpoints of our chord has this same constant 
length. 


Id 
S(w) oT 
+0.8 Pa pied 
ny Fw;) 
—1.0 0.5 ee re Cle) 
~ 0.8 0 0.5 +1.0 
E(w) 
ee F-Plane 
-1873 
—0.5 
—~2.86-" =—1.6 
Fig. 73. 
Comu’s Spiral. 


In fig. 73 we have drawn the chord which corresponds to the point « = 0 
on the diffraction pattern. This chord passes through the origin of the F-plane 
and ends at two diametrically opposite points on the spiral which belong to 


the arguments w, = 


ad a 
ry wv =. [=< © li i i i 
Wp ql Vi 7B we shift the starting point 


of the chord by a certain distance, then we must shift the end point by so 
much that the are of the spiral has the same length as before. In this way the 
length of the chord is changed. This change implies a changed amplitude |»| 
at the new point of observation x which corresponds to the new position of 
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the chord. If we approach the upper limit point of the spiral with the starting 
point of the chord, then the end point of the chord will also approach this 
limit; the chord becomes progressively smaller, and so does the amplitude |v} 
which, in the process, goes through an infinite number of extrema of con- 
tinually decreasing magnitudes, 


C. DIFFRACTION BY A STRAIGHT EDGE 


If we make the slit infinitely wide (a ~ 0) by keeping one of the edges, 
e. g. the right-hand one, fixed and moving the left-hand edge off to infinity, 
then we have the simpler problem of the straight edge. To begin with it is 
to be noted that the various limiting processes pile up and seem to exclude 
one another; in the series development (34.13) we had assumed the opening 
to be ‘small’. In treating the slit we assumed 4 >> d and put kh = a. Now 
we also let d -- oo. In order to be mathematically precise, we would have 
to conduct a careful appraisal of these limit processes. However we shall 
omit this here, because the problem of the half-plane will be treated again 
with all desirable accuracy in Sec. 38. 

We further simplify the problem by letting the incident wave be plane 
instead of spherical; that is, we move P’ to infinity. We are, however, still 
dealing with Fresnel diffraction (see p. 206) if we observe the pattern on an 
observation screen 8 which is placed at a finite distanve a from the diffraction 
screen. In this case f-=a@ (because b= oO and 1/f= 1ja + 1/b). If the 
light is perpendicularly incident the coordinates — on S equal the coordinates 
xon Bandy= 1. If we place the origin of x on the boundary of the geo- 
metrical shadow, then 


x 
13 a= m= & =x x, hyn, 
(15) : | aaj2 
Setting #, = w, we obtain instead of (7 a) 


v 


U 


{13 a) 


“5 IF (w) -F (-c0}]. 


In the Cornu spiral construction the starting point of the chord is now 
fixed at the lower limit point of the spiral. Only the end point of the chord 
changes with x. In the region of the geometrical shadow (~0o < * <0) the 
length of the chord increases steadily, as indicated by the sequence of chords 
ending at the points 4, 6, c, d, ¢ in fig. 74. The point @ corresponds to the 
boundary of the geometric shadow. At that point # = 0 and F (w) = Qand 
1 1 | t+! 1 


=: san [FE {- 00)| = woe} = =~, according to eq. (8b). 
Te COT a3 . 


v 
M% 


(13 b) 


346 THE THEORY OF DIFFRACTION 37. 13¢ 


From there on the length of the chord keeps increasing up to the first maximum 
which is attained at the point f in the figure. Then the chord decreases to 
the first minimum at the point g, and after that the chord oscillates between 
alternating extrema of decreasing heights. The asymptotic value of |»/s,| 
for w = 00 is twice its value (13 b) on the boundary of the geometric shadow; 
it is given by 

(13 ¢) yg 00) - F (-00)| = 1, 


which corresponds to the full intensity of the incident light. The intensity at 
the shadow boundary is one-fourth of the incident intensity. The variations 
in the amplitude are shown in fig. 75. 


Fig. 74. 
Determination of the diffraction pattern of the straight edge by means of Cornu’s spiral. 


We have assumed the diffraction screen to be infinitely thin and at the 
same time opaque, Therefore these results cannot be realized experimentally. 
Under & microscope even the edge of a razor looks more like a parabolic 
cylinder than like a sharp half-plane. However, it is very remarkable that 
the patterns on precise diffraction photographs (see for instance, Arkadiew 
loc. cit. p, 225) exhibit almost no dependence on the material and shape of 
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the diffraction edge. Even a bent glass plate whose radius of curvature is 
several meters and which may or may not be blackened yields essentially 


the same diffraction fringes as the edge of a razor. In each case the pattern 
is that shown in fig. 75. 


fig $+ (Fin) -F-oe) 


“3 “e =? 


3 ¢ we 
geom. shadow 


v7 é 
boundary of shadow 


Fig. 75. 
Amplitude || behind a straight edge. 


$8. Rigorous Solutions of Certain Diffraction Problems 


We shall call a solution of a diffraction problem exact only if it satisfies 
Maxwell’s equations both outside and inside the diffracting object and if 
it satisfies the proper boundary conditions on the surface of that object. 
The solution must, furthermore, correspond to a given type of excitation 
(plane wave or point source). Such a solution can be found only for special 
shapes of diffracting objects, and certainly only if the wave equation can be 
“separated” in a coordinate system which is suited to the shape of the object. 

The simplest example of such an object is a sphere. The field outside a 
sphere can be represented by series of spherical harmonics and Bessel func- 
tions of half-integer indices. These series have been discussed by G. Mie! 
for colloidal particles of arbitrary compositions. But even there a mathematical 
difficulty develops which quite generally is a drawback of this “‘method of series 


1Ann. d. Phys. 26, p. 377. 1908. 
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development”: for fairly large particles (ka>1, @= radius, & = 22/4) 
the series converge so slowly that they become practically useless. Except 
for this difficulty we could in this way obtain a complete solution of the 
problem of the rainbow', the difficulty of which was pointed out on p. 179. 

What is true for the sphere is also true for a cylindrical wire of circular 
cross section. In that case the field can be represented by series of trigonometric 
functions and Bessel functions of integer indices. These series are entirely 
satisfactory in the domains of acoustic waves and Hertz waves* but they 
fail in the domain of optics. Debye overcame this difficulty by means of 
his famous asymptotic representation of the Bessel functions. Epstein’ 
reduced the problem of the parabolic cylinder to Hermite’s functions. 

The problem which includes all of these cases and which is in principle 
still separable is that of diffraction by a triaxial ellipsoid. This problem in 
its most general form leads to Lamé functions. The special case of the ellipsoid 
of rotation leads to products of a trigonometric function of the cylinder angle 
and two “spheroidal functions” which can be considered specialized Lamé 
functions or generalized spherical or Bessel functions. 

The circular disc and the complementary plane screen with a circular 
opening are special degenerate cases of the oblate ellipsoid of revolution. In 
order that it be at all possible for a disc or screen of vanishing thickness to 
influence the light field, the material must, of course, be assumed to be opaque 
(perfectly conducting). The general Maxwell boundary conditions reduce then 
to the requirement that E.,.entiaa = 0 and consequently that D ceuaiciiie = 0 
With these boundary conditions the treatment of the problem can still be 
made mathematically rigorous, but it is no longer rigorous in the physical 
sense as defined above, for the diffracting material is no longer physically 
realizable. The solution to such a problem can be considered physically 
rigorous only in the case of acoustic waves‘ or Hertz waves! (wavelengths 
large compared to the thickness of the diffracting object). 

The series of spheroidal functions which appear in these solutions again 
converge sufficiently well only if the radius a of the disc or opening is not too 
large compared to the wavelength. Even the case ka ~ 1 can be computed 


+The two papers which come closest to solving this problem are those by B. van der Pol 
and H. Bremmer, Phil. Mag. 24, p. 191 and 825, 1937 and by H. Bucerius, Optik, Vol. I, 
P. 181, 1946. Debye had previously treated the two-dimensional rainbow (diffraction 
by a glass rod), Phys. Zeitschr. 9, Pp. 775, 1908. 

*Schaefer-Grossmann, Ann. d. Phys. (Leipzig) 82, p. 454, 1910. Experimental 
verification with undamped waves: Schaefer-Merzkirch, Z, f. Phys. 28, p. 166, 1922 
and Schaefer-Witmsen, ibid. 24, p. 345, 1924. 

*P. S. Epstein, Dissertation, Munich, 1914. 

*0. J. Bouwkamp, Proefschrift, Groningen, 1941. 

J. Meixner, ZS. £, Natorf. Vol. 8a, p. 506, 1948. 
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numerically only with the aid of tables; here again asymptotic formulae 
of the type of Debye’s formula for the Bessel functions are needed for an 
approximative evaluation of the result. 

The problem of the slit and the complementary problem of the strip leads 
to Mathieu functions and has been solved numerically by Morse and 
Rubenstein! with the aid of tables of Mathieu functions. 

It is impossible to discuss these function-theoretical details here; they 
belong to the chapter ‘Eigenvalues and Eigenfunctions” of Vol. VI. 


A. THE PROBLEM OF THE STRAIGHT EDGE 


This problem also is physically not rigorous because we shall assume the 
screening half-plane to be infinitely thin but nevertheless opaque. We shall 
obtain a mathematically rigorous solution of the problem which will even 
be in closed form and easily applicable to all wavelength domains. With this 
problem it was first demonstrated® that Fresnel diffraction constitutes a 
well-defined mathematical boundary value problem. (Fraunhofer diffraction 
cannot be treated directly by this method but only as a limiting case of 
Fresnel diffraction.) 

We let the edge of the screen be the z-axis of a cylindrical coordinate 
system r,y, z; the front and rear surfaces of the screen shall be the surfaces 
g = 0 and y = 22, respectively. We assume that in the +, y-plane a mono- 
chromatic plane wave is incident on the front surface of the screen at an angle 
« (the angle of incidence measured against the normal to the screen is then 
x{2-—«). The wave shall be linearly polarized in such a way that the electric 
field is directed parallel to the z-axis. Then the diffracted electric field will 
also be parallel to the z-axis and the problem becomes two-dimensional; only 
processes in the 7,g-plane are involved. Therefore we can use a scalar 
function #; the part of this function which describes the incident wave will be 
(1) thy me A gn threes ipma), 

The negative sign in the exponent is due to the fact that we think of the time 
dependence as given by exp (~7 m2?) as usual, and that the wave propagates 
in the direction of the half-ray g 27 + «; see fig. 76 (the arrows originating 
from 0 pertain to the discussion in the later section D). The field # as modified 
by the presence of the screen must satisfy the following conditions: 

2 2 
(1a) the wave equation 44+ k®u=0, s=5 Le ae 


1Phys, Rev. 54, p. 895, 1938. 

*A. Sommerfeld, Mathem. Ann., Vol. 47, p. 317, 1896. A simplified presentation is 
to be found in chapter 20 of Vol. II of ‘Differentialgleichungen der Physik’, edited by 
Frank and von Mises, second edition 1934, first edition 1927 (Vieweg, Braunschweig). 
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{1b) the boundary conditions 4=0 for p= ‘ , (corresponds to Etan=0), 


(1c) the condition « is finite and continuous everywhere, including the edge 
of the screen, 


To these must be added the radiation condition! at infinity. Specialized 
to our case this condition must be formulated differently for the ‘‘itluminated”’ 
region + II and for the “shaded” region JZ of the r, p plane (the 
words “illuminated” and “shaded” refer to the geometrical optics point 
of view). These conditions are 


: vt _ _j¥-% for 0<gy<cx+e 
9) Limr (2 -é40} 0, =| “ for m+a<y< 27; 
or expressed in words: in the illuminated region the incident portion of the 
field is given precisely by ~, and the difference 4 — “, (reflected + diffracted 
wave) has the radiative character as required 
roy I by (1d); in the shaded region « itself is the 
i 


Prant G 
\ 


radiative field. 


Finally, we must complete our requirement 
(ic} with a statement about the behavior of 
yprad « at the edge of the screen, namely that 


(1 e) repradu —>0 as x +0. 


Accordingly, grad«# can become infinite at 


Fig. 76. y= but only “weakly” so. In the limit, 
The diffraction screen S with ; : ace 
the shadow boundary G; of the ygrad« must vanish. We shall see in sec 


incident ray and Gy of the below that when this condition is satisfied, the 

reflected ray. edge of the screen neither radiates nor absorbs 

energy. Therefore we can characterize the 

requirements (1d) and (1) as additional energy conditions which suffice 
to make the problem physically unique?. 


1This condition is fully discussed in Vol. VI, Sec. 28. The requirement is 
equivalent to demanding that if all light sources are situated in the finite regions of 
space, then the field at infinity must behave like an outgoing spherical ‘wave, 
exp (éhr)/y. This expression fulfills (1 d) everywhere when v = %). Separate formulations 
have to be given in (14) for the two regions because the incident wave is a plane 
wave originating at infinity. 

+ J. Meixner, ZS. f. Naturforsch., Vol. 8, p. 506 established a more general condition 
{that the energy density at the edge of the screen sh. ll be integrable with respect to 
space). In our case this condition becomes equivalent to (1e]. In three-dimensional 
cases where our condition (1 ¢) on the finiteness of « cannot be imposed, Meixner’s “edge 
condition” is not only necessary but also sufficient, 
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The problem obviously cannot be solved by means of the usual method of 
images, For, if we were to add to the incident wave (1) a reflected wave 


Up! = — A ethan +9) 


{direction of incidence y = 2% -«), our condition (1d) would be violated. 
Furthermore, the resulting solution would vanish not only on the half-ray 


= es but on the whole ray p = i , which would certainly be wrong. 


However, the method of images can be retained if one uses, instead of 
the ordinary plane wave wy (7, y) of period 2% (where y stands for y—«), 
a function U(r, y) which has the period 4x in the variable y and which 
satisfies the conditions (1a) and (1c) for all 
-2%< y<( 2a and the condition (1d) with +7/2 
y= U-w for [y| <a and with » = U for 
lpi >a. In the language introduced by 
Riemann for algebraic functions this means 
the following: U is a solution of our wave 
equation on a two-sheeted Riemann surface 
which has simple branch points at y= 0 and 
y=o. U is uniquely determined by its 
behavior at infinity (incident wave only in 
the sheet |y|< 2, no incident wave in the 
sheet |y| >) and by the requirement that it —/2 
shall be everywhere continuous. «Fig. 77. 

The usual model of this Riemann surface is eee ee 
familiar. It consists of two flat sheets which lie the half-plane. 
one on top of the other and are joined along the 
half-rays y =-+- 2, for instance. Instead, we shall represent the surface by a 
single plane defined by the angle y/2; see fig. 77. Every quadrant of this 
plane is, of course, a half-plane in the variable. The arrow! drawn as coming 
from the direction + «/2 corresponds to the incident plane wave U (7, p —«). 
The image-wave U (r,p +«) is represented by the half-ray -«/2 in the 
fourth quadrant. Since these two waves are symmetric with respect to «, 
they cancel one another on the symmetry lines ¢/2 = 0 and g/2 = + % which 


1J1n connection with fig. 77 it should be noted that the two straight arrows drawn 
there represent only the rays passing through the origin correctly; rays parallel to these 
would in the figure have to be drawn as parabolic curves (coordinates +, ¢/2 instead of 
y, 9). Further, it should be noted that the arrows refer only to the incident waves at 
infinity; our schematic figure does not represent the diffraction produced by the acreen 
at all. 


252 THE THEORY OF DIFFRACTION 38. 2 


represent the two surfaces of our diffraction screen » = 0 and y= 22. 
Therefore the solution of our diffraction problem is given by the formula 
(2) “= U{r,p—a)-—U (7,9 + 2). 

We now tum to the diffraction problem for the other polarization, 
that is, for light whose electric field is not parallel but perpendicular to the 
edge of the diffraction screen. Atl other geometrical conditions will be kept 
the same. In this case the magnetic vector H is parallel to the edge of the 
screen not only for the incident component but also for the reflected and 
diffracted components of the field. We now denote the magnetic vector by # 
and ask for the correct boundary condition which again follows from the 
requirement that Fy, rentis = 0. Lf we introduce, temporarily, the cartesian 
coordinates x, y in place of r,g, then we must require that in going from 
air into the screen 

E,;=Q and £,=0. 
The latter condition is automatically satisfied because of the given polarization 
of the E-component. The first condition requires, according to Maxwell, 
that on both sides of the screen 


oH, 0H, 
curl, H = ay -= = 0 

and hence, because H,=0, 2, =u: 

Ou 0 

ey a aes o=|o 
For this we can write also 

a 

(3) = 


where stands for the normals on both sides of the screen. We can satisfy 
this condition immediately by means of the sum 

(4) “= U(r,p-«) + Ulr,p +2) 

which is analogous to (2). We wish to recall here that the two Green’s func- 
tions G_ and G, of Sec. 34 G were formed by a method of images quite anal- 
ogous to {2) and (4). 

Fundamentally, our method has an even wider applicability. It can be 
extended without difficulty to the problem of the slit. In that case a Riemann 
surface with two branch points at the traces of the two slit edges would 
have to be used in place of the surface with a single branch point in the 
finite plane and another at infinity; besides, the ordinary polar coordinates 
would have to be replaced by bipolar coordinates. The method could even 
be extended, at least in the scalar {acoustic) case, to cover the problem of 


38. 7 CONSTRUCTION OF BRANCHED SOLUTIONS 253 


an arbitrarily bounded plane screen or a complementary opening. Here the 
two-sheeted Riemann surface would be replaced by a “Riemann double- 
space’, the two “sheets” of which would have a common “branch line” 
on the bounding curve of the screen or opening. The difficulty with these 
generalizations lies in the mathematical construction of the branched solu- 
tions. It has been possible to construct these solutions only for the simplest 
case of the half-plane. As we shall see presently, even here very special 
mathematical devices are required. 


B. CoNSTRUCTION OF BRANCHED SOLUTIONS 


The factor 4 in eq. {1) can be considered as an arbitrary function of the 
angle of incidence «. Replacing this a by a variable of integration § and 
integrating the expression with respect to §, we obtain the “wave bundle” 


6) #= fa () e threoste-2) ap. 


This expression is a solution of the 
differential equation (1a) for any 
arbitrary, possibly complex, path 
of integration. If the integration YA 
path is complex, then w represents GyGUY 
an “inhomogeneous” wave of the A 

type, for instance, which we have Vy 
encountered in total reflection, Let g U7 
us first choose a closed path in the y7/ 

complex -plane which encloses 
eee? oe ee ee Path of inte ane me B-plane used in 
that A (f) has a pole of the first the sopeesatation Ff tly. 

order with the residue 1/2 2 4 at a, 


then by Cauchy’s residue theorem (5) becomes the solution % given by (1), nor- 
malized so that A = 1. (Let #) henceforth denote this normalized solution.) 


In particular, we shall chose A (f) to be a periodic function of # with the 
period 22, namely 


WS 
WO 
WQQqo 

a 


SSS 


_ B-plane 


4 


WSS 


(6) Aine. 
27 eh ga 
Thus we obtain 
1 eA 
(7) ty ~iOatacomrn dp 


where f indicates contour integration around a closed path. 
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We can deform the path around the pole 8 = « in an arbitrary manner 
as long as it does not cross any other singularities of the integrand (that is, 
none of the points f =a+22,,%+42,...). If we wish to deform the 
path so that it goes to infinity, then we must make sure that the integrand 
vanishes in the limit along the path. In fig. 78 the regions in which cos (g — §) 
has a negative imaginary part have been shaded. These regions are bounded 
by straight lines. For positive values of ky the real part of — kr cos (gp — §) 
goes to -c as # goes to infinity inside the shaded regions; therefore the 
integrand in (7) becomes vanishingly small. At the corners A, B and M of 
the resulting pattern we have 


G-%....A 
(7 a) B= eta.... B. 
gp ....M@ 


The path of integration which has been drawn in fig. 78 consists of the two 
loops C and the connecting paths D, and D,. The latter two have been chosen 
so that they are brought into congruence by a displacement of 27%. Because 
of this and because the directions of integration are opposite for these two 
paths, their contributions to the integral cancel. Thus we need only integrate 
(7) along the two loops C; the path of integration will still be equivalent 
to the original circuit around g = « and the integral (7) will still be identical 
to the plane wave ty. 

With this preparation we can immediately find the desired function U 
on the Riemann surface. To do this we give the arbitrary function A the 
period 4% (instead of 2%) but still insist that it possess a pole with residue 
1/2 at the point £ =a. Thus instead of (6) we set 


1 e7 Ait 
(8) 4 (8) = aM ga 
Then we obtain in place of (7) 
1 et Ai8 F - 


where the path of integration is to be taken along the loops C (without the 
connecting paths D). This function is obviously also a solution of the wave 
equation because, like (7), it consists of a superposition of ordinary plane 
waves. 

The shaded pattern in fig. 78 depends on the value of the angle , as is 
evident from (7a). The whole pattern together with the integration 
paths shifts when ¢ is varied. This is inconvenient in the calculations to follow 
and can be avoided by replacing the integration variable £ with 
(10) y= B~-9, 
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which is advisable because the angles » and « can then be combined as before: 


(10 a) yoga. 
Writing (9) in terms of y and y, we obtain 
1 et vi2 
(11) U - 2: f cae en thr cosy dy. 


Cc 

This representation of U immediately shows us that U has the period 4x 
in p and is therefore double-valued on the simple vr, p plane; but U is single- 
valued on our Riemann surface. U also satisties the wave equation because 
it is, after all, only the function (9) written in a different form. 

We shall now explain fig. 79. The 
points marked Wy Yy Y 

y=+2,-zn, and 0 MY Yy VY) 

correspond, according to the eqs. (10) 2 Y Wy i y-Plane 
and (7a), to the points A, B, and M DG é y 
in fig. 78. The branches D,, D, of the #7 YU 
path of integration drawn in fig. 79 “KL gy = 
should be disregarded for the present. bY | LL 
The pole §=« in fig. 78 lies now at YY 7 
y=a-g=-y. It has not been drawn Uy y, Yy 

Cy yy 
in fig. 79 because we shall begin by iY 7 iy 4 Yj 
considering the case |y| >a for which “ih ZZ 
the pole lies outside the segment ee ne ies Seen 
—m%<y<+ta. Since the loops C go ee 
to infinity inside the shaded genie used in the representation of U. 
UY is certainly finite and continuous for all 7 > 0. Only the point ry = 0 requires 
special consideration. For here the factor exp (-* cosy) which insures 
convergence of the integral becomes equal to 1. Nevertheless, the integral 


converges because for y = Q it becomes, except for a finite factor -2 i, 
C, 


(12) [ Bea et] me a 
where z= e'"?, E=2e7*¥?_ C, and Cy, indicate the end points at infinity 
of the (upper and lower) loops C; z, and z, are the values of z at those 
points. But since z = ¢'”*, their values are z, = 2, = 0 for the upper loop 
and |z,| = co, |z,| = 00 for the lower loop. Therefore on the lower loop we 
can neglect ¢ in comparison to z, Thus we obtain 


(12 a) | %-f  Jlogi=o0 on the upper loop, 
z-¢ i log z,/2; = #2 on the lower loop. 
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The last value follows from the fact that according to fig. 79 the y-values 
of C, and C, differ by 2. Thus (12) and (12 a) constitute the proof for the 
convergence of the integral {11) at 7 = 0. 

Next, we must investigate the behavior of U as ry — oo. As 7 > 0, the 
integrand of (11) vanishes everywhere in the shaded regions and not merely 
in their infinitely distant portions. In the case |p| >a, which is represented 
by fig. 79, the two loops C can be deformed so that they lie entirely in the 
shaded regions. For instance, the upper loop can be made to coincide with 
the two previously used by paths D, and D, plus the segment of the 
real axis between —7 and +2; the lower loop can be made to coincide with 
the lower portions of D, and D, and the same segment + x to —2 of the real 
axis traversed in the opposite direction. Then the sum of the integrals 
over the two loops reduces to the sum of the integrals along the connecting 
paths D, and D,, with the direction of integration indicated by the arrows in 
the figure (opposite to that in fig. 78). The integrals along these two paths 
no longer cancel as they did before because the period of y is 4 2 and not 


2 2. However, the integrals along both paths are individually zero and 
therefore 


(13) =O for r—+o and |p|>z. 


If, however, |p| <2, then the pole of the integrand of (11) at y =~ y, lies 
on the segment between —z and + 2 in fig. 79. Therefore, if the loops C are 
again deformed so as to lie in the shaded regions, a positive circulation of 


the pole must be added. Because the residue is 1 at this pole the integral 
now becomes 


(13 a) Use *srosy for r+oo and = |y| <2 
instead of (13). 

Expressed in the language of the two-sheeted Riemann surface, we have 
an “upper sheet”’ || <i which is illuminated by the plane wave #, and a 
“lower sheet” |y| > 2 which lies in the shadow. These sheets are connected 
along the “shadow boundary” y=4+2. The contradistinction of “‘light 
and shadow” here finds its simplest mathematical formulation. For 
finite values of y the transition of U from one sheet to the other is continuous, 
and this transition constitutes the diffraction phenomenon. Actually the 
transition is also continuous for r ~ oo in spite of the apparent discontinuity 
expressed by (13} and (13 a}; (the transition region shrinks to zero only when 
Measured in terms of the angular scale y}. 

However, we are not finished with our investigation of the infinitely 
distant point. We must carry our analysis a step further and show that not only 
the conditions (13), (15a), but also the more stringent condition {1 d) is 
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fulfilled. This condition must be satisfied by »v = U - x, in the illuminated 
sheet and by v = U in the shadow sheet. Only then can we be sure that the 
function U which we have constructed is actually the unique solution of the 
diffraction problem demanded by nature. 

Hence, we must find an asymptotic approximation of the integral (11) 
for large 7. In the shadow sheet we obtain from the difference between 
D, and D, 


(14) 4nU= [ cir (7 dy, 
Z 
3 yi2 ry 
14.) Oy) == = 


ert e-ivlt ptvit + en vie 


In the second fraction which is due to D,, the sign of exp (i /2) is reversed 
because y is shifted by 2x with respect to its value in the first numerator. 
This has the effect of changing the sign of exp (-1w/2). The negative 
sign in front of the second fraction corresponds to the opposite directions of 
integration on D, and D, in fig. 79. The general method of evaluating (14) 
is the method of saddle-points, see Vol. VI, Sec. 19 E. We donot need to carry 
this out here, because we shall immediately develop a more convenient and 
even more precise method of evaluating this integral. We shall only make 
the following remark on the saddle-point method: from fig. 79 we see that 
in our case the critical saddle-point lies at y = 2, because at that point the 
path D, passes closely by two unshaded regions. For y = 2 the first factor 
of the integrand of (14) becomes exp (¢kr}; this factor can be taken out 
of the integral. The remaining integral which is to be computed only in the 


vicinity of the saddle-point yields the factor rt aside from a constant 
Y 


which does not interest us at present. Therefore, one finds that 


C 
15 uU = eikr ‘ 
(15) Rr 
This expression does indeed satisfy our radiation condition (14d). For, 
our = ERC ikr I tky tke 
yr thu = eee 538° é 


and this vanishes, even when multiplied by 7, in the limit as 7 +00. The 
difference U~«, in the illuminated sheet behaves in the same manner. 

We shall postpone the verification of the condition (1) as well as the 
complete proof of (15) until the end of the next section. 
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C. REPRESENTATION OF U py A FRESNEL INTEGRAL 


Our purpose in this section is to bring the above formulae into a form 
which is comparable to the expressions derived in Sec. 37 C. Unfortunately 
this transformation is of a somewhat lengthy and largely formal character. 

The expression (14a) can be rewritten 


2 ehtty-w) 
A a 


We introduce the new variable of integration 1 by setting 

y=ua+n and y=xz-» 
on the upper and lower half of D,, respectively. The sum of the values of ® 
at points with equal |x| is found to be 


- 4008 cos 2 


O (x +) +B (x-n) esp + corn” 


If we substitute this in (14), the latter becomes 


9 


» asia Y 
eng saa a thy cos 
(16) nrU t COS ef "Sony cong 


where the range of integration is to be taken from 7 = 0 to a value i0o —7’ 
and »’ can be any arbitrary real number < x (see fig. 79). 


The expression (16) suggests that, instead of U, the quantity 


U 
16 = — 
(16 a) V a 
be considered and that the factor 1/uy = exp (+ ¢%rcosy) be placed under 
the integral, for then the denominator of (16) disappears after differentiation 
with respect to r. Performing this differentiation, one obtains 


a : 
(17) X = =k cos f gtrear seen cost dn. 


Now it is possible to perform the integration with respect to 7. Since 
cos 4 = 1~2 sin? 4/2, the integral to be evaluated is 


—2ikrsint = 
{17 a) f PF cos ay 
which, because cos y = 2 cos? y/2—- 1, is still to be multiplied by the factor 


(17 b) exp (2i kr eost), 
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which is independent of 7. Upon making the substitution 


ei) | SL 
sca a aes 


(17 a) becomes an integral of the Fresnel type. For, introducing the above 
limits of integration, (17 a) is equal to 


2 


ieF ), F* (a0) = foo Fac =, see (37.8 b). 
a 


Multiplying now by the factor (17 b), we obtain for the value of (17) 


wr TVs y : 2 ¥ 
{18} 7a ar Pe 5) exp (2 Aron ¥). 


The right-hand side can be written as the differential quotient with respect 
to r of an expression which we can again write in the form of a Fresnel integral!. 
That is, (18) is equivalent to 


r) 
wv 1-2 f Se kr 
bape d = ie aie 
(18 a) ye ae tT @o=2 = 008 5 
-% 


This becomes, by integrating with respect to , 


P = 
(18 b) V x nS fl ei” de, 
—% 
and because of (16a) p. 
(19) U = thy +5 fF a, 


~ 0 

Because of the definition of p in (18 a), this representation of U is an analytic 
function of p with the period 4x. Therefore, it is valid not only on the 
shadowed sheet, for which (19) was derived, but also on the illuminated 
sheet of our two-sheeted Riemann surface, On the latter we obtain for 7 - 00 


oO. bad i 
Um ugtst fF amu ta f oF a 
— o 


= ty (1-2) F (c0) = thy Gop OF) oy 


, 


as required. 


11{ we were to choose the lower limit of the integral as zero, the ordinary Fresnel 
integral F (p) would result. But then an (easily evaluated) integration constant would 
have to be added to the right-hand side of (18b). With our choice of —oo as the 
lower limit this constant becomes zero. 
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We can discuss the representation (19) conveniently for both large and 
- small values of |p| with the help of the approximation formulae for Fresnel’s 
integral which were derived in Sec. 37. 


a) For large |p| in the region of the geometrical shadow (p < 0) we write 
e o 0 
= i} - f =F (00)-F (pl), 


—o -~o —el 


and hence, according to (37.8 a) 


Introducing the expressions for #, and p we find 


aye ®” — exp |—itrcosy + 2ikr cost S| = exp (Rr), 
and obtain 
1+? 


c(t - ! got +); 
4 Rr cos + als 


(20 a} U= 


If the correction terms inside the parentheses are neglected, this is of the 
same form as the asymptotic behavior which we predicted in (15); the 
factor C, which was there undetermined, now turns out to be a function of ». 


b) For large p in the illuminated region (p > 0) we substitute in (19) 
p 0 


f= [+ foresee =2F@-F @-Fio 
a 


=o =o 


and consider that 


1-3 _ a-j ti 


Using the same expansion as in a), we obtain from (19) 


(20 b) Fy ap ; + +) 
4 TERT cos 


1. 


This asymptotic expression is also in agreement with the remarks made 
following formula (15). 
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c) For small p acim or shaded sheet} we set 


e 


[- fa [=F + F (p) 


-> —% 
and by means of (37.8} we obtain from (19) 
(20 c) ase =! 


At the branch point itself p = 0, uw, = 1 and therefore 
(20 @) U=5 and  —— = —— a Hf cos 8. 


Thus @U/ar goes to 00 as y 0 but only so weakly that the product of » and 
the gradient remains finite as required by (1 e): 


(20 e) rygradU +0 as r—0. 


Thus we have finally shown that our branched solution U satisfies all the 
conditions as postulated in section A. 


D. THE DIFFRACTION FIELD OF THE STRAIGHT-EDGE 


Returning now to fig. 76 and the representations (2) and (4), we shall 
describe the field in the region of observation 0<g¢< 22. The plane is 
divided into three sectors I, II, III by the screen S, the shadow boundary G 
of the reflected wave and the shadow boundary G; of the incident wave. 
These three sectors have the central angles z-a, 2a, 2 + «, respectively. 
I is illuminated by the incident wave U (v,y-«) and by the reflected wave 
U (r,g +), Il belongs to the illuminated sheet of the incident wave and to 
the shaded sheet of the reflected wave, while [II is in the shadow of both 
the incident and reflected waves. The direction of incidence of the reflected 
wave does not lie in the region of observation. We must think of this 
direction as lying on a Riemann sheet which is connected to the region of 
observation along 5. 

Let us first consider sector III. Since we are only interested in 
distances 7 > A, we need to consider only large values of &r and large values 
of p (except in the immediate vicinity of the shadow boundary G, where 
cos y/2 = 0). Therefore, we may use the approximation formula (20a) and 
thus obtain by (2} and . 
1+ 2 ine 1 = 1 ; 
~ aV ake an cos i cos PS 


) (21) tt 
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The upper sign corresponds to the case where E oscillates parallel to the edge 
of the screen; the lower sign corresponds to the case where E oscillates 
perpendicular and H parallel to the edge of the screen (in this latter case 
represents not E but H}. The second term in the parentheses takes on 
appreciable values only at the shadow boundary G, and can therefore be 
neglected? in comparison to the first term. 


Since the value of the expression in the parentheses decreases slowly with 
increasing gy, we conclude that the light is diffracted far into the region of the 
geometrical shadow. The infinitely large value which this expression assumes 
on the shadow boundary is, of course, illusory and is due to the fact that 
our asymptotic approximation is not valid there. In this region the exact 
representation (19) should be used instead of the approximation (21); see below. 
Even more interesting than the y-dependence of eq. {21) is its r-dependence 


skr 


rd which has the character of a cylindrical wave emitted by the edge of the screen. 
r 


We have indicated this by the arrows emerging from 0 in fig. 76. A. Kala- 
schnikow* showed that these ray directions can be photographed. He inserted 
pins into a photographic plate which he then placed at an angle to the ray 
directions. After a sufficiently long exposure, radially directed shadows of 
these pins appeared on the plate. 

If one focuses the eye on the edge of the screen, this edge appears as a 
thin leminous line. This effect was described very early by Grimaldi, the father 
of all diffraction discoveries. The explanation is that the eye performs an 
inadmissible extrapolation. It infers from the asymptotic field, which is 
correctly represented by (21), that the field becomes infinite at r = 0, which 
is not true. In fact, the energy radiated into an angular region dg per unit 
length of the edge per unit time is, depending on whether E is parallel or 
perpendicular to the edge, 


a de cia 
-E.H Qty or 

(22} 85 = Sir dp =r be} - >| . 
EH: ‘ Her tb 


In the upper line (E = E,) we have used the equation B =--curl E, and in 
the lower line (H = H,) we have used D = curl H. The factors @/@r in both 
lines become infinite for y = 0 but only so slowly that 6S = 0; see (20). 
Hence the “luminous edge” is not real. 


lRetention of this term would yield a small difference between the cases E)) and 
E, ; and hence a small polarization effect. 
2 Journal of the Russ. Phys, Soc. 44, p. 135, 1912. 
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The factor 


(23) 1+i=|2e* 
in (21) is also of some interest. It shows that the phases of the diffracted and 
incident waves, the former extrapolated to r= 0, do not agree. The phase 
of ty is 

-ikycosy—iwié, hence equal to -¢mé at r=0, 
while that of (21} is 


P+ikr-iot, hence equal to eit at r= 0. 


Such a ‘phase jump” always takes place when light passes through ‘a 
focal point (or focal line in the case of our cylinder wave); see Sec. 45. But as 
in the case of the luminous edge, the phase jump is only a result of the 
extrapolation and is not real, Actually the phase, like the amplitude, is 
continuous at the origin, as far as it is at all permissible to talk of a phase of 
the complicated oscillations in that vicinity. 

Let us now turn to sector II. At some distance from the shadow 
boundaries G; and G, we can set 


Ulr.p-a)~m, Ulr,e-+a)~90: 
that is, we can disregard diffraction and obtain the pure field « = u) of the 
incident wave. 
We must proceed differently in the vicinity of G; Here we set 


(24) gy-a=n-~d, cos Sm sin, 


and call é the “diffraction angle’’ which shall be reckoned positive in the 
direction towards II and negative in the direction towards III. Then 


kr . 8 
(24 a) ps 2/2 si 5 


is finite even for large Av, provided 6 is correspondingly small. Therefore 
U (r,g—«) also has a finite value in comparison to which we can neglect 
Ui(r,p-+a). Using the exact representation (19) for U (r,@-«), we obtain 


25} U = gS EF (0) + Fel} 
for both cases (2) and (4). Calculating the ratio U/#_ we obtain 
(25 a) |= i (co) +F {p)l 
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Formally, this agrees exactly with (37.13). For, since Cornu’s spiral is 
symmetrical about the origin, F (co) =-F(-co}). There is, however, a 
difference in meaning between our present variable p and the previous variable 


(26) Y= scene 

Vaaj2 
as defined in (37.6 b). There, x was the distance of the point of observation 
from the shadow boundary, which we must now denote by 7 sin 6; a was the 
distance between the observation screen and the diffraction screen for 


perpendicular incidence; this we may now denote by 7. Thus we obtain 
from (26) 


(26 a) ie 22a | Le 
a 


A comparison with (24 a) shows that (26 a) contains the factor sin 6 1 place 
of our previous factor 2sin 6/2. For small values of 6, which are the only 
ones of interest in the vicinity of the shadow boundary, this represents only 
a difference of the third order. Therefore we can still use fig. 75 to represent 
the results of our present more rigorous theory. This figure correctly exhibits 
the positions and amplitudes of the diffraction maxima and minima on the 
illuminated side of the shadow boundary, as well as the monotonically de- 
creasing intensity in the region of the geometrical shadow. The intensity 
value 1/4 on the shadow boundary itself is also in agreement with the present 
theory. Leaving all numerical considerations aside, we nevertheless wish 
to point out that the occurrence of sin 8/2 in (24a) reflects a typical feature 
of our theory, namely that the diffraction angle has the period 4 2%. 

We add one critical remark regarding the use of Huygens’ principle. Let 
us consider in greater detail the half-plane » = 2 which is left open by the 
screen and plays the role of the “diffraction opening” in Huygens’ principle. 
According to our prescription of Sec. 34 C the “boundary values’” are 
chosen as the values %) given by the unperturbed incident wave; if, for 
simplicity, we assume perpendicular incidence (« = 2/2), then %== 1. In 
contrast to this assumption eqs. (19) and (18a) yield forg = 2 and « = 7/2 


e . 
1-¢ {f -2e ez 
U = -—— 2 = |/ —. 
5 ic at, p = 


This expression varies from the value U = 1/2 aty=0to V=1atr=oo 
and oscillates in between. These values are in greatest contrast to the assumed 
boundary value #= 1 which was used in applying Huygens’ principle. 
A corresponding result holds for the reflected wave U, in which case « must 
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be replaced by -2/2 and pby-V(2k r\jm, and therefore the contradiction 
applies also to the superposition of the two waves. Thus we can say that the 
boundary values used in Huygens’ principle differ from the (in our case) 
exact boundary values not only in the vicinity of the edge of the screen but 
even at large numerical distances kr from that edge. It is amazing that the 
classical diffraction theory nevertheless yields for all practical purposes 
satisfactory results. 

The sector I belongs, as we know, to the illuminated regions of both the 
incident and reflected waves. At the boundary G, of the latter region there 
occur, of course, diffraction phenomena which can be calculated in the same 
manner as those at the boundary G;. But these diffraction fringes are masked 
by the full intensity of the incident wave in that region; they have been 
investigated experimentally only in the case of “Fresnel’s mirror’ (two half- 
planes inclined at a very shallow angle with respect to each other) and have 
been introduced in the calculations as very small perturbations added to the 
ordinary interference of the two reflected waves, 


E. GENERALIZATION 


It is easy to make the transition from the two-sheeted to an 1-sheeted 

Riemann surface. It is only necessary to generalize eq. (8) to 
1 eftls 

(27) AO) = So eilin a gla 
Analogously to (9) this leads to a function U of period 2% with the help 
of which image problems in a scctorial space of central angle 2a n/m 
(m = integer) can be solved. Among these problems is, of course, that of the 
exterior of a rectanyular wedge for which + == 3, m= 4. The representation 
in terms of Fresnel’s integral which we treated in C is limited to the case 
where #== 2. W. Pauli? has shown that for arbitrary (even non-integer} 
values of 2, Fresnel’s integral is replaced by a confluent hypergeometric 
function. 


The limiting case » == 00 is of particular interest. It leads to the infinitely 
many-valued function 


(27 a) Pi gout [ go ihr cosy ay 
. deena 

which is here expressed in terms of the integration variable y of eq. (11). 

We regard this function as the best possible representation for the case of 

the conventional “dlack screen”: the wave which is incident at an angle g =« 


Phys. Rev. 64, p. 924, 1058. 
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on the front of the screen g = 0 enters the screen and loses itself among 
the infinitely many sheetsy <0, None of its energy is returned to the physical 
space via the infinite number of sheets y > 22 through the back side of the 
screen p=22. To understand this one should recall the experimental 
realization of a black body used in heat radiation measurements, that is, a 
cavity which is kept at a constant temperature and has a small hole. All 
tadiation entering the hole from the outside is reflected back and forth inside 
the cavity without ever again leaving it. The hole absorbs completely and 
acts, therefore, like a black surface. But the property “black” cannot be 
defined by boundary conditions within the realm of Maxwell’s theory. Therefore 
diffraction by a black screen cannot be formulated as a boundary value 
problem. Our formulation (27 a) is by no means unique or devoid of arbi- 
trariness. 

We shall indicate only briefly other possible generalizations of our method. 
First, there is the case of the cylindrical wave (luminous line in the finite region 
and parallel to the edge of the screen) for which our method also yields a 
complete solution of the diffraction problem in closed form!. The generalization 
to three dimensions is directly possible only for scalar (acoustic) problems. 
For these the diffraction of a spherical wave or a plane wave which is incident 
not perpendicularly but at an angle with respect to the edge of the screen 
can be treated by our method. 


F. BASIC REMARKS ON BRANCHED SOLUTIONS 


In electrodynamics there are two general types of problems: the summa- 
tion problems and the boundary value problems; see Vol. III, Sec. 7 and Sec. 9, 
When the distribution of charges throughout space was given, then we only 
needed to sum over all these charges in the proper way in order to obtain 
the complete electrostatic field. The same was true in the magnetostatic 
case when the magnetisation was everywhere known. However, when material 
bodies, such as conductors, dielectrics, or magnetizable matter with unknown 
charges and magnetizations were present, certain boundary conditions had 
to be fulfilled. We were then faced with the mathematically nruch more 
complicated boundary value problems. An obvious requirement on the correct 
formulation of these boundary value problems was that of UNIQUENESS. 

Huygens’ principle attempts to solve diffraction problems by the 
summation method. Since the boundary values to be prescribed in the diffrac- 
tion opening are fundamentally unknown, and a certain plausible yet arbitrary 


1For details see Frank-Mises, loc, cit., p. 826. 
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choice must be made regarding them, the correctness and uniqueness of the 
solutions obtained in this way may properly be doubted. In the case of the 
rigorously solvable diffraction problems which we formulated at the 
beginning of this section, the boundary conditions were clear on the basis 
of Maxwell’s theory. Supplemented by the radiation condition at infinity, 
these boundary conditions insured the uniqueness of our problem. In the 
conventional case of an infinitely thin screen one must go to the limit of 
infinite conductivity and use the corresponding limiting form of the boundary 
conditions. We have already seen that the dlack screen which is preferred 
in theory and in experiment cannot be described in terms of boundary condi- 
tions, and therefore the diffraction caused by it cannot be described by a 
uniquely defined boundary value problem. 


For a perfectly reflecting plane screen of arbitrary shape the method of 
images leads to the problem of constructing branched solutions of the wave 
equation such that the edge of the screen is the branch line. In two-dimensional 
problems (slit, parallel strip, half-plane) the range of values of the solutions 
is represented on a two-sheeted Riemann surface. In three-dimensional 
problems the solution is defined on a Riemann double space. The mathematical 
construction of the branched solutions is possible only for the case of the 
half-plane. Nevertheless, our method of the Riemann double space leads to 
quantitative results also for the problem of an arbitrary plane screen. In 
order to see this we need further preparation. 


It has been known since Euler that functions which are symmetric in the 
» roots ot any n™ degree algebraic equation are rational functions of the 
coefficients of that equation. The same is true for the branches of an aigedratc 
junction, i. e. for the roots of an n“* degree equation whose coefficients are 
entire functions of a complex variable z. Such an algebraic function is defined 
on an #-sheeted Riemann surface. If we denote an algebraic function by w ({z) 
and its » branches by w,, w@,,...,@,, then all symmetric functions of the 
Wh, Wy, ...,%, are single-valued in z and are rational functions of the 
coefticients of the defining equation. 


This theorem is used repeatedly in two-dimensional potential theory, as 
for instance in the mapping problems of hydrodynamics. If the velocity 
potential « (x, y) and the stream function v (x, y} are combined in the form 
w=t«%-+iv, one obtains a function of the complex variable z= x +i y 


whose real and imaginary parts satisfy Laplace’s equation 4 )"\n0. If w 
v 


is multiple-valued, then the symmetric functions of its branches w,,..., ™,, 
are singie-valued in 2 just as in the case of algebraic functions. From these 
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single-valued functions w, and therefore also « and v, can be calculated 
algebraically. 

Here we are interested in two-valued solutions U of the wave eguation 

where, in contrast to the solutions of Laplace’s equation, there is no tunction 
conjugate to U. Of the sytametric functions only the linear combination 
U, + U, needs to be considered. This sum is a single-valued solution of the 
same differential equation and can therefore be regarded as known. (The 
symmetric product U, Uy, is not a solution of the wave equation; otherwise 
the two branches U, and U, could each be calculated algebraically, and the 
construction of the branched solution would be simple.) Limiting ourselves 
to scalar problems, we consider in particular a plane wave in the Riemann 
double space, the branch line of which coincides with the edge of the screen. 
U, (P) shall refer to the first branch, U,(P) to the second branch of this 
space; the two branches are connected in the plane of the screen. We form 
(28) U, (P) + Uy (P) = tty (P). 
Then % {P) is a single-valued solution of the wave equation in the simple 
space and is identical with our previous function », which represented 
a plane wave with no screen present. This result is rigorous because the 
solutions of the wave equation are uniquely determined by the continuity 
conditions which must always be imposed and by the condition imposed 
on the behavior of the solution at infinity. (The same eq. (28) is obviously 
valid for an incident spherical or cylindrical wave as well as for a plane 
wave.) 

We shall first confirm eq. (28) by applying it to the explicit formulae for 
our double space with a straight branch line. It is convenient to start with 
eq. (19). Denoting by p the quantity (18 a) which is positive on the illuminated 


sheet, and hence denoting by - p the corresponding quantity on the shaded 
sheet, we obtain 


: i ?" ize 
(29) U, (P) + Uy (P) => tft [fetta 


We see immediately that by changing the sign of x in the second integral both 
integrals can be combined into 


i) mo 
$m ix 
fa ene fF te aF (oo) m1 43, 
—% 0 

and (29) becomes identical with (28). It should be emphasized that this proof 
depends in no way on the transformed form (19} but can be performed 
equally well using the original form (9). In this latter formulation the path 


38. 3Sla BASIC REMARKS ON BRANCHED SOLUTIONS 269 


of integration for U, is obtained by displacing the integration path for U, 
by 2m. The two paths, see fig. 78, combine then into two loops C which 
span a distance 47 instead of 27. Because of the periodicity of the integrand, 
the two loops can be transformed into a circuit around the pole g = «, so 
that the integral again yields #). In the same way it can also be seen that 
for the generalization embodied in (27) ( arbitrary instead of » = 2), the 
statement (28) is generalized to 
Uy (P) + Ua (P) +... + Un (P) = ty (P). 

Let us now compare (28) with our earlier formulation of Babinet’s principle 
(34.15). The formal similarity between these two expressions suggests that 
U, and UY, be associated with the diffraction patterns of two complementary 
screens I and II1+, This is however permissible only 
for the case of black screens which, like the branch cut 
of our Riemann surface, can absorb light but cannot 
reflect it. In addition, this association is subject to the 
same lack of uniqueness which the definition of the 
black body suffers. Therefore we seek a formulation 
of Babinet’s principle which is valid for the well-defined 
reflecting screen and which can be considered as a 
more precise formedation of the principle. By way of Babinet's principle: 
preparation we again consider the simple case of the directions to be used 
half-plane. for measuring the 


; ‘ kt : angles » and g’ for 
We compare the diffraction by the original half-plane 11° cases of the oan: 


(30) w= U(r,p-a) FU(rp-+o), O<p<can nal screen OF and 
. : : the complementary 

with that by the complementary half-plane which, in screen O II. 

the corresponding notation, reads 

(31) tr = U(r,’ - 0!) FU try’ +o’), O< gy’ <2. 


If the direction of incidence of the plane wave is the same for both screens, 
then we must make 


(31 a) a! == B= 0. 


The relationship between yp’ and ¢ can be inferred from fig. 80. It leads to 
the following compilation: 


Fig. 80. 


Front surface of the complementary screen g'=0, y= 7 (31b) 9’ = 9 
Front surface of the original screen y=n p= arr es 
Rear surface of the original screen y=un, pole 


Rear surface of the complementary screen go’ =22, p=2 ls cy’ = ing. 


‘Compare with the presentation by the author in Frank-Mises, Vol. II, Chap. XX, 
Sec. 1, ej. (15). 
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Equation (31 b) is the desired relation for the front surface of both screens; 
eq. (31¢) is the relation which applies to the rear surface. 
Substituting (31 a, b) in (31) we obtain for the front surface 


(32) wy = U (t,-p +a) FU, 22-g-a), 
Because of the property (28) of our branched solution 
(32 a) U (y,2-y—a) = ty (-p—%) — U (x, -p- a) 


and because of the right-left symmetry of both the branched and unbranched 
waves 


(32b) Utr,-p-a)=Ulpte), U%,-ptae)=U(7,¢-«), 
My {YP —ax) = thy (P + 4). 

Substituting (32 a, b) in (32) it follows that 
(33) y= U (r,p-a) £ U(r, + &) F uy (p + a). 
It should be noted that the sign of U (r,¢ + «} is now opposite to that in (30). 
Since, as we know, this sign is determined by the polarization of the incident 
wave (+ indicates that E is parallel or perpendicular to the edge of the screen, 
respectively), (33) tells us that we must compare the diffraction pattern of the 
complimentary screen illuminated by parallel polarized incident light (E,) 
with the diffraction pattern of the original screen illuminated by perpendicular 
polarized light (E,). Furthermore, the term -F uy (y -+ «) shows that for the 
complementary screen we must omit the reflected light wherever it is present 
for the original screen and that we have to add reflected light where it is 
missing for the original screen. This is understandable from the viewpoint 
of geometrical optics. 

A corresponding calculation using (31.4, c) and {31} yields for the rear 
surface 


w37 = U (¢,2x-p +a) FU l(r,4a+y+2), 
and applying the correspondingly modified eqs. (32 a, b) we obtain 
(34) ~ ta = U7, g-a) Ug + a} — ty (p-a). 
Thus we have the same interchange of polarizations as in (33); in addition, 
the incident wave must now be omitted for the complementary screen where 
it was originally present, i. e. behind the screen, and the incident wave must 
be added where it was missing with the original screen, i. e. in the shadow 
of the latter which by geometrical optics is the illuminated region of the 
complementary screen, 
_ The problem of the half-plane shares with other #wo-dimensional problems 
(shit, grating, ...) the feature that it can be treated as a scalar problem. This 
is not the case for the three-dimensional problems of optics (e. g. circular disc 
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or circular opening), To solve these problems vector calculations are necessary 
(or suitably defined potentials may be used). This is not so in acoustics where the 
scalar pressure (or the velocity potential) is treated. In the dissertation which 
was referred to on p. 248, Bouwkamp set up the rigorous form of Babinet’s 
principle for the scalar three-dimensional problem of an arbitrarily bounded 
rigid plane screen and its coplanar complementary screen. The statement of 
the principle is the same as in our two-dimensional problems, and the proof 
again relies upom the relation (28) for branched functions. The above method 
can be extended to the three-dimensional scalar case by considering the straight 
screen edge and the cylindrical surfaces surrounding it to be deformed in the 
manner of topology into the given arbitrarily shaped edge curve and the 
corresponding toroidal surfaces surrounding it. These surfaces can be dis- 
tinguished by assigning to them a parameter » which can be chosen so as to 
increase by 27 as it passes from one sheet of the double space to the other. 
If this is done, eqs. (30) to (34) can be interpreted directly as the expression 
of Babinet’s principle for the scalar three-dimensional case. 

The completely general, rigorous formulation of Babinet’s principle for 
the three-dimensional optical case has been given by J. Meixner’, Since in 
the incident wave E, implies H, and (retaining a right-handed system) 
Ei, implies -H, , we can replace our sign inversion -— — + in going from the 
original to the complementary screen by the following interchange rule: 

(E, H) ~(H, — E). 

Therefore, according to Metzner, one obtains the diffraction field E, H of the 
complementary screen from the diffraction field H, ~E of the original screen 
(provided the incident or reflected wave is cancelled or added at the front or 
rear of the screens in a precisely specified manner}. The proof holds for 
arbitrary distributions of light sources, not merely for a wave coming from 
infinity. It is based solely on the symmetry properties of Maxwell’s equations. 
We wish to note in this connection that fundamentally our representation in 
terms of branched solutions also implies a symmetry property of Maxwell's 
equations. 

Finally, we shal! establish the connection between our energy condition 
(1 e} and the theory of functions of a complex variable z, We shall again limit 
ourselves to the scalar case. Specifically, (1 ¢) is related to the Puiseux ex- 
pansion of a function about a branch point which replaces the otherwise 
valid Taylor expansion. If the number of sheets connected in the branch 


point z = 0 is”, and if this branch point is not at the same time a pole of the 
function w (z), then 


1Z, f. Naturforschung, Vol, 3a, P- 508, 1948, 
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w? {#) = Sue Sy ae 


t= 0 m= 


The corresponding expansions of solutions « of the wave equation are in terms 
of Bessel functions with fractional indices 


(38 wing) = DCnIu (ere. 


wt =O & 


Since J = (p) is proportional to p* for small values of p, this expansion 
% 
yields at the branch point r = 0 


4—1 
— __ fine Ou = ! i» 
(36} “= C,= finite value, but >> & DCm (Rrje ; 


mol 
éufor becomes infinite at y = 0 but only weakly, so that 
(36 a) Lim ¢ grad v = 0. 


r—>f) 


This condition was verified explicitly for # = 2 in eq. (20¢). It is reasonable 
to postulate this same condition also for the case of a spatial branch line’, 
in which case y would mean the shortest distance from the branch line. As a 
result our condition (1 e) turns out to be a mathematical consequence of the 
condition that « be everywhere continuous (also at the edge of the screen) 
and therefore {1e) can be omitted as a special requirement. 


1Compare A. Sommerfeld, Proc. London Math. Soc., Vol. 28, particularly p. 405, 1897. 
“Branched Potentials in Space” are treated there. 


CHAPTER VI 
ADDENDA, CHIEFLY TO THE THEORY OF DIFFRACTION 


39. Diffraction By a Vory Narrow Slit 


When the dimensions of the diffracting aperture become small compared 
to the wavelength or even only a few times larger, Huygens’ principle 
becomes meaningless. For in our applications of this principle (Sec. 34) we 
used only the unperturbed wave incident on the opening and meglected the 
effect of the edge zones entirely. Therefore our present problem in which the 
aperture consists, so to speak, mainly of edge zones belongs definitely to the 
category of boundary value problems; it is now necessary to determine the 
state of the field in the opening from the continuity conditions imposed on 
the total solution. Thus the distinction between the incident and diffracted 
wave breaks down. 


Lord Rayleigh! was the first to tackle this problem. With masterful 
brevity and clarity he reduced the problem to known solutions of hydrodynamic 
or electrostatic problems; he did this in particular for the case of a circular 
opening of radius a < 4 or for a sufficiently narrow slit. 


Bethe treated the problem of the small circular aperture independently 
from Rayleigh from an electromagnetic point of view and obtained substantially 
the same result. The work of Levine and Schwinger? is aimed at the more 
difficult goal of bridging the gap between the limiting cases «<A (Lord 
Rayleigh) and a > 4 (Huygens-Kirchhoff) by means of a variational principle. 
For the time being this work is restricted to the scalar acoustic case. 


We shall treat the experimentally important problem of the slit in which 
we May operate with scalar equations (see p. 277) by considering separately 
the two cascs E and H parallel to the slit edges. 


10n the Passage of Waves through Apertures in Plane Screens and Allied Problems, 
Phil, Mag. 43, p. 259, 1897, Scientific Papers, Vol. IV, p. 283. 

*H, A. Bethe, Phys. Rev. 66, p. 163, 1944. 

4H. Levine and J. Schwinger, Phys. Rev. 74, p. 958, 1948, 75, 1423, 1949. 
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A. THE BOUNDARY VALUE PROBLEM OF THE SLIT 


Let the slit lie in the xy-plane and let the slit edges be parallel to the 
y-axis. The screen shall be thought of as infinitely thin and perfectly 
conducting. The width of the slit shall be 2 a, and the edges are to be given by 
x= + 4, z= 0. A plane wave coming from the negative z direction is incident 
perpendicular to the plane of the slit. The problem is entirely independent 
of y and is therefore two-dimensional. 

The incident wave will be represented by A exp (i &2z). We shall assume 
first that E oscillates parallel to the edges of the slit, i. e. E ~£,. If there 
were no slit in the screen, the field would be given by 


4) v= A (eftt—e-tts} for zg 0, 
v= 0 for z>0. 


Because of the presence of the slit, (1) must be changed to 


ver A(eheie-th) iy = =for zo 0, 
0 = 4. for z>0. 


(2) 


We denote the value of v in the slit opening by #. Because of the continuity 
of the field 2 


(3) ty =U = & for ze). 


We call the x-coordinate of a point in the slit £ and write therefore u = % (é). 
If % (€) were known, then we could compute #, and «_ rigorously for all 
points z 20 by the general method of Green’s function introduced in 
Sec. 34 C. However, in the Green’s function (34.7) 


(a 2 rim (E-2)8 + (gy) + (6-28 

” 7’? = {E—x)* + (y—y)2 + (0 +2), 
we must now replace the spherical wave ¢'*"/y by the cylindrical wave H (k 7), 
where H = H,") is the Hankel function of the first kind of index zero. We 
must also interpret r in the two-dimensional sense (because of the nature 
of our light source, the integration over the coordinate y has, so to speak, 
already been performed implicitly in H (kr)). Thus we obtain in place of (4) 


_in : 7? = (F—x)8 + (0-22, 
(4a) G(R (kr) -H (br), io 


Equation (34.6) yields then 
+a 


{5} dane f 16 Sap 
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The factor 2x replaces the 47 of (34.6) because in the two-dimensional Green’s 
theorem the left-hand side of (5) arises from the integration over a circle 
of vanishingly small radius instead of over the surface of a sphere as in the 
three-dimensional theorem. #G/dx means the derivative with respect to the 


outward normal, as before; in our case @n=-0€ for u,, m= + Of 
for «_ and by (4a) 
aG tx @ , ina ; 
mo Tae FH AN-HEN) = t75 (Aer) + Hr). 
In the slit € = 0 and hence r = +’ and 
¥ aG = ; a 2 2 2 
(5 a} Gz iM kn), Yo? = (&- x}® + 27. 


Equation (5) becomes 
+e 
(6) vem Fid | WOR (era. 


Since @ (&) is actually not known, eq. (6) contains no information. 
This equation must be supplemented by the requirement that dv/dz be 
continuous at the slit; the continuity of v is already guaranteed by (3}. This 
continuity condition of dv/4z now takes the place of our original boundary 
value problem which has so far been solved only incompletely. 

According to eq. {2) 


ov F r] 
Pee RA as z—>@ from. z< 0, 
az oz 
; ou. 
Li = ace as z—~-0 from z>0. 
az @2 
Therefore we must require that 
Ce, tte ; 
(7} 5 aed 2th A for z=0, 


From this together with eq. (6) it follows that 
{-a 
az f _ 
(8) “33 #(é) A (kr) de> RA. 
This condition must be fulfilled for z =: 0 and for all values -@a<x< +a. 
It is to be noted here that according to (5a),7, depends on z and 
therefore the limit value 


(8 a) %y = {F=2| 
may be substituted only after the twofold differentiation indicated in (8) 
has been performed. 
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We can simplify the mathematical situation if we take into account! the 
fact that the cylindrical wave H {k7,) satisfies the two-dimensional wave 
equation 4H +k*H=0, Therefore also the integral in (8) satisfies this 
equation and we have 


2 = 3 ; 
(8 b) Bf [graf 


where we are now permitted to go to the limit (8 a) on the right-hand side 
and may also write d*/dx* in place of 4°/@x*. Thus we obtain from (8) 


d? . 
9) ( +h X=kA 
with the abbreviation 
+a 

(9 a) x= fa mele spas 

We integrate (9) using the rule for the integration of inhomogeneous 
differential equations. A particular integral of (9) is X = A/k; because of 
the symmetry of the problem, only that part of the general solution of the 
homogeneous equation which is even in +, that is Bcos k x, is to be used. 
Hence 
(9 b) X = Ajk-+- Beosk x. 


In order to determine the constant of integration B we set x = 0 and find 
using (9a, b), that 
+a 


B=-Ajk+ fae H (k |§}) ag. 
-a 
Substituting this value on the right-hand side of (9 b) and using on the left- 
hand side for X its value (9a), one obtains 
+a 


(10) 08) G2 lg 2) cos bx Hb 8p} a8 = 4 (1c 2). 
—s 

This 1s a linear integral equation for the unknown function @ (&) which must 
be satisfied for all values -a<%< +4. The “Kernel” of the integral 
equation is the expression inside the curly brackets in (10). A general rule 
is thus confirmed: the solution of a boundary value problem can be reduced 
to the solution of an integral equation, The solution of the latter can always 
be obtained numerically, but of course only for special values of the 


After the manner of Levine and Schwinger, loc. cit. eq. (A 3) for the analogous 
case of the circular hole. 
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parameters occurring in the equation (in this case the values of 2a and k x), 
This is of no help to us. In order to obtain a general solution one must in 
each case invent suitable approximation methods. In our case these have 
to arise from the assumption & a <1. Furthermore, we note that the kernel 
in (10) is unsymmetric in x and & while mathematical theory commonly 
deals with symmetric kernels. 

Before we proceed to solve the integral equation, we must briefly consider 
the other case of polarization. We now denote by v the magnetic vector H 
which, because E, = 0, must satisfy v/a = 0 on the screen. Calling the 
magnetic amplitude of the incident wave A’ 1, we set in place of {2} 


v= A’ (eis + erik) 4 y for 2<0, 
v= ty for z> 0. 
and obtain in place of (3) 
Ou, at. 


-==-——- = 0), 


"Os az 


where w@ = w (&) is now the unknown function to be determined. As the 
Green’s function we have to take 


(11) G =F (Hen + Har}. 


From it one finds, in contrast to (5) (compare with Sec. 34 G): 
+a 


+a 
(14 a} 27 3, = + f omcdg= Fin | (OH (en)ae; 


hence in the slit opening 
+a 


(11 b} aay = Fin f o(8) Hea) Ab 
—e 
Because of the continuity of v at the slit 
by ~t.= ths 
from this and (11 b) it follows that 
ag 
(12) | ao (6) H (Rk |E-4)) dé == 7 A’, 
The derivation and form of this integral equation is somewhat simpler than 
in the preceding case; also the “Kernel” H (k | - x|} of (12) is symmetric?. 


1The notation is the same as in See. 2; A and A‘ have different dimensions and differ 
by the “‘wave resistazce’, 


*This integral equation was first obtained by G. Jaffé, Phys. Zeitschr. 22, p. 578, 1921. 
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B. SOLUTION OF THE INTEGRAL EQUATIONS (10) AND (12) 


It will be necessary to make a hypothesis as to the form of the function 
% (£) in (10) such that it contains an infinite number of undetermined coeffi- 
cients and then to attempt to determine these coefficients from (10). The 
choice of form is limited by the following considerations: 


1. % (8) must vanish at = + @ because the solution must approach 
continuously the value v = 0 prescribed on the screen. 


2. Because of the symmetry of the problem, #@ (¢) must be an even 
function of é. 


3. In view of our treatment of branched wave functions and their 
representation at the end of Sec. 38, «(x,z) must change its sign for every 
complete circuit around one of the two branch points x = +. Together 
with the requirements 1. and 2., this leads to the form 


Se(ee" 


tual 


(13) 4G) = 


The C,, are infinitely many available complex coefficients. 

In an earlier acoustic work by the author!, which was also used as a starting 
point by Levine and Schwinger (see p. 273), a result analogous to (13) was 
obtained by a protracted calculation. This calculation at the same time 
provided the values of the C, in the form of numerically definite power series 
in the parameter a, which is the only characteristic parameter, It turned out 
that the series for C,, , starts with a power of a & which is greater by one than 
the power of the first term in the series for C,. Here we have been able to 
write down the form of the solution (13) directly on the basis of function 
theory so that it is valid for a slit of arbitrary width. For a very narrow slit 
ak <1, the above-mentioned result shows that C, is larger by one order of 
magnitude than all the other C,, Therefore we shall specialize (13) to 


% 
(13 a) wa =0,(1-§) 


Then the integral equation (10) reads 
- &3 % A 
(13 b) C, fll-s] Ki, 4) dé = z (1- cosh x) ~ A k x*{2. 


a@ 
6 


1Die frei schwingende Kolbenmembran, Ann. d. Phys. (Lpz.} 42, 389, 1943. 


39. 15 SOLUTION OF THE INTEGRAL EQUATIONS (10) AND (12) 279 


In contrast to (10) the interval of integration has here been restricted to 
Q<é< a; the interval -a< <0 must be taken into account by the 
following modification of the kernel in which x may be assumed to be 
positive: 
(3c) K(x, ) = A(R[E-x) + (RE + 2) -2c08k 2H (kG). 
We decompose this kernel into two parts 
(13 d) Ky; =H (k(§ + *)) + A (k|é- xl) -2H (ké). 
(13 e) Aur = 2 (1-cosk x) H (k &) ~ Rh? x? Fi (k 6). 

Since k a < 1, the arguments of all the H-functions are small in the whole 


interval of integration, and therefore we can use everywhere the approximate 
formula from Vol. eq. (22.5): 


(131) Hyp) =— 2 oght Ps logy == 0.5772 = Euler-Mascheroni constant. 
Then 

: 23, |e x4 2% yké 
(13 g) Ky; = aa log Bm” Ku= i x* log or} 


The logarithm in K, must be expanded differently depending upon 
whether <x or > 4%: 
2 2 1 gt 
[x2 24 — ey] log im -(& += zx +, ci for £ <. x, 


log =~ 
&* 1 x! 
-(4 Le +. teres 


Correspondingly, the integral (13 b) must be decomposed into two parts: 


(14) fuefot [ante 
o 3 ti] % 
2 {ee 
(14 a) j= f fosd- (5+ Le pas, 
0 
can ~- ff" (e+iss Ja 
-~ az 2 2 && he ‘ 


Since C, is independent of x, it is permissible to choose x so small compared 
to a that the factor (1~ &#/a*)"" in J, may be replaced by 1. This has 
already been done in (14a). 

By elementary integration one obtains 


1 1 1 
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Thus j, is proportional to x, while the right-hand side of our integral equation 
(13 b} was proportional to x*. In Appendix 1 we shall show that /, is cancelled 
by the contribution from the lower limit of the integral J,. It will also be 
shown there that the contribution from the upper limit of /, yields, except 
for terms of higher power in x/a, 


(15 a) =. 


According to (13 g) and (14) the entire value of K, on the left-hand side 
of (13 b) becomes now 


2¢ ex _ x* 
{16} Cpa get Cs 
The contribution of K,; to (13 b) follows from (13g): . 
(16 a) ron 2iaeat [(1- a log XS? ae. 
0 
If we introduce the substitution (25) from Appendix 1 and put 
nf 
(16 b) g= Sf costg log sing dg, 
0 
we obtain in place of (16 a) 
(17) 5G, Ata at [log he + log +4). 


#C. x? | + Ll {k a)? log 2a + lo a 
1 a 9 g Bat? . 


Because k a < 1, the second term in the curly brackets can be neglected; 
thereupon the integral equation (10) yields 


x3 x2 
(18) tCy 7 = Ake, Cy = -1tA kai2. 


We now turn to the integral eq. (12). As at the end of section 4, v and #, 
are magnetic vector components parallel to the y-axis, and w is the value 
of du, /dz at z = 0 inside the slit. First we seek the form of w which is 
analogous to (13). We assert that » is again given by (13), except that the 
lower limit in the summation must be replaced by » =. Thus in the first 
approximation 


(19) wo (g) = £2 f : ae 
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To justify this statement it is only necessary to remark that near the 
branch points x = + athe vector H behaves like the square root of the 
distance from the branch points, and therefore the gradient of H behaves 
like the inverse square root of that distance. We shall indeed see that (19) 
leads to the unique solution of our problem. The factor ain the denominator 
of {19} has been included in order that C, (as C, before) have the same 


dimension as our present #. w(é) is, as # (€) was before, an even 
function of &. 


We now rewrite the integral eq. (12) in the form 


a 


(20} fow (H (k\€-a}) + A(R E+ a)}dt = iA’. 


q 


The {...} is again called the kernel of the integral equation. In order to be 
able to use the above calculations we again separate this kernel into two parts 
(20 a) Ky, =H (k|E + x|) + A (k |&- x|) -2A (24), 

(20 b) Ky= 2H (ké). 

The first part is identical with K, in (13d). Therefore eqs. (14 a, b) are mutatis 
mutandis again valid; these yield now only terms proportional to x, the sam 
of which is zero; see appendix 2. Equation (20) therefore simplifies to 


: 9\- %4 
(21) | ote) Knde = 2 (1-§) H (kf) dé =i A’ 
0 r) 


and one obtains, see appendix 2: 


(22) C = 5 AB; p = log 224 = logha-0.81-in/2. 


C. Discussion 


In figures 81a, b the distributions of # (x) and w(x} are shown in 
comparison to the amplitudes of the incident waves A and A’, respectively. 
From (13a) and (18) or (19} and (22), respectively, one obtains for & = 0: 


——_ 
= es SS oe 


|# (x}] is a very flat ellipse. |w (x)| is the corresponding reciprocal curve 
which has a much larger value than [# (x)| at the center of the slit and goes 
to infinity at the edges. 
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From % and w one can compute #,. (¥,2) by means of formulae (6) and 
(i1 a), and thereby one obtains for the diffraction field 7: 


and 
a rm 
Co &\- 
=-— --;| 7 ad. 
eV - ( a (% rq) dé, 
—o2 

with 

fot = (x—§)}* + 27. 

Fig. #1 a. Fig. 81 b. 
Electric vector E parallel to the slit edges. Magnetic vector H parallel to the slit 
Graph of the amplitude of E = % (2) edges. Graph of the amplitude of 
in the slit opening; 4 a = 1/19, OHjdr = |e (s}| im the slit; &a@ = 1/10 
ii (s)—e ka A t= 43/02. PO ene ae 
2 2p yi ~ «4a? 


Since the point of observation x, 2 is at a distance of many wavelengths 
from the slit, we may use for H its asymptotic formula [see, for instance, 


Vol. ILI, eq. (22.7)], and we may take 4% =7 =|/x? + 2? independent of & 
in the integration. In this way we obtain 


m6 éer—niA) ft." d 
ona ‘s Es" loa} 
+e 
1-94 Reae 


and 
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Making the substitution § = 4 sin ®, as in the appendix, one obtains for the 
values of the above integrals an/2 and az, respectively. Then, if the 
differentiation with respect to z is performed only in the exponent, one finds 


z 1 : 
ve —-1@kh 0, —ee——ei ltr a), 
(28) ie \2akr 


and 


a. .4 
; = i (Rr mf h) 
(23 a) = Coll res? ‘ 


Thus we have obtained two cylindrical waves of different amplitudes which 
originate from the slit {or rather from its center line). The amplitude of the 
first of these waves contains the cosine factor 


cos 0 = = F (6 = angle of diffraction}. 


In order to make eq. (23 a} dimensionally commensurate with (23) (the former 
represents H, and not E, as does the latter), we compute the electric com- 
ponents E,, E, belonging to H,. We use Maxwell’s equation D == curl 7 


‘ CPed og / x 
~iweE,= +5" =+rko Hy E,=- fae y 


BE, =VES+EF = |/H,. 
&o 

With this wave resistance factor (f9/¢))* the amplitude 4’ occurring in Cy 
has the same dimensions as the A occurring in C,. Therefore equal intensity 
of illumination for both cases implies not A’ = A, but rather A’ (tep/tq)4 = A. 

We are now able to calculate the expected polarization of the diffracted 
light if the incident light is composed of equal intensities of the two modes 
of polarization. The polarization of the diffracted light is characterized by 
the quotient of (23) and (23a) which, taking (18) and (22) into account, is 
Cy 


Co 


(24) 3 k| a2 cos é = ; (ak)? |p| cos 5 Vpleg- 

Therefore for small values of & a much less light with E) passes through the 
slit than light with E,. The oscillations Z, are suppressed by the slit because 
of the boundary condition E,= 0. The oscillations £, induce charges on 
the slit edges, and these charges travel along the screen in the manner of 
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Hertz waves in wires; in this way they are able to overcome the curvature 
of the slit edges, This polarization effect is well known from Hertz’s 
experiments with gratings. 

The intensities for the two states of polarization exhibit notably different 
dependences on wavelength. For, according to (23) and (18) 


4 8 3 
Ji, is proportional to (Te) on ("5 “) 4 


while according to (23 a) and (22) 
1 \2 
is oportional to |—-——-~—~ 
ae br 7 
In both cases the behavior is different from Rayleigh’s A law for the blue 
of the sky. The latter is based on openings which are small in a? their 
dimensions (or on correspondingly small discs). Our slit which is narrow in 
only one dimension yields also a totally different behavior for different 
directions of polarization of the incident light. . 

Our expressions (23) and (23 a) for the diffraction field are in complete 
agreement with eqs. (53) and (47) of Lord Rayleigh, loc. cit. Rayleigh also 
remarked that for the complementary case of the metallic strip eqs. (53) 
and (47) interchange their roles. This, as we know, is the precise statement 
of Babinet’s principle; see Sec. 38 F. 


Despite its complexity our solution of the problem has the following 
advantages: 


na A eee Smee 
~ 20a flogafat...|?” 


1. Unlike Rayleigh’s method it does not require any previous knowledge 
of electrostatics or hydrodynarnics. 


2. Our method is capable of being generalized. 

One only needs to extend our one-term expressions (13 a} and (19) by 
adding terms with C,,C,,... or C,,C,, respectively, in order to extend the 
results to wider and wider slits. How this may be done will be shown in 
appendix 3. 

Appendix 1 


To evaluate the integral /, in (14b) the following substitution is made. 


2% 
(25) &=asin®, f -£) = cos @, d& = acos@ d@. 


If, at the same time, we put 


(25 a) x=asiny; pri< 
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in the lower limit of the integral, we are led to the following auxiliary 
expressions 
rf2 
‘ cos? © 
(26) ina | 228 a0 for w= 1,2,3... 
w 


Calling the corresponding indefinite integrals ties it is easily verified by 
differentiation that 


(26a) j,=@+ cot®, is= root &; Ja = zoo’ @ + Lcott@, 


From this and a recursion formula for the j.,, one concludes that all Jo, Vanish 
at the upper limit of the integral (26) with the exception of 7, which there 
assumes the value 2/2. Except for higher powers of the arbitrarily small 
quantity yp, the 7,, assume the following values at the lower limit: 


1 1 =1 ja\**-* 
= 2H#-1 et ee -24+1 pul 
2n- or ae 2n-1" al) 

Hence 
8n-1 
zz oa 1 a 
n= 37 y ine =— sts (4) , "ee 


Rewriting eq. (14.b) in terms of the j,, and substituting the above values, we 
obtain 


% 


x 
. x 1. «®t x? 1 
hang + 2 ging 75 tS aoa 
thm = 


The first term agrees with (15 a) while the second term combines with (15) 


to give 
1 1 
yi 
«|? ere act a st]| 


n 


The { } can be rewritten in the form 


i. =] 


cay (ch | ee: eC he ty ~ 
a ea ‘= Baa) Qn+1) a(} 1-3°3-5 5°7 ' 


see, for instance, Vol. VI, solution to exercise 1.3. Thus our statements 
following eq. (15) have been proved. 
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Appendix 2 


In the second (magnetic) case eqs. (14a) and (15} for 7, are unchanged 
because the kernel K, remains unchanged, and the difference between the 
assumed forms for w and % is insignificant in the interval 0< <x. The 
equations for J, simplify because upon making the substitutions (25) and 
(25 a}, one finds that 


Hence in terms of ® eq. (14b) becomes: 
nf? 


1 1 x4 | 
i=- | (Goo + so at saedt -) 
¥ 


Since 
a® am 1 
am 1 1 4 1 2 
[ pn-teoto (spt Sacrg +3). an 


all terms in J, vanish at the upper limit ® =27/2, In the approximation 
y<i, «<4 the lower limit contributes 


1 1 i! 
welts rset gat et 


which combines with J, in (15) to give zero; see (26). 
Hence, only K,, contributes significantly to the integral equation which, 
according to (20) and using the approximation (13 f) for H, now reads 


nf aff 
(27) £¢, J log FF ap + log sind aa} = A’ 
0 


The second of these integrals has the value 
~ 5 log 2. 


This combines with the value of the first integral to give 


me nae VRS , 
5? p = log T> as in eq. (22). 


Hence, according to (27) 
(27 a) 2210p ear A'. 
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Numerically, one obtains 


Pe. 4 7 
— =] —_—— = ae — 
{27 b) p-lgka= "84 7) Z = 0.577 ~ 1.386 -4 = 81 3° 


Our assertion (22) is thus verified by (27a, b). 


Appendix 3 


In order to demonstrate how our method may be generalized, we shall 
first consider the simpler case discussed in appendix 2. We extend (19) to 
= Cy £2 -% Cc; & +% 
(28) w= 2(1-8 +215) . 
We must also use a more exact approximation of the kemel K = K, + Ky 
of (20 a, b) by retaining the terms in &® x* and 27 £*. The integration is again 
elementary and may be carried out in the manner of Appendix 2. By equating 


the coefficients of x° and the coefficients of x? on the left- and right-hand 
sides, one obtains the two conditions 


k*a@ Rh? at Rk? a? 1 3 z 2 , 
ale b- Ae) + ae |+a[e(-Se)-p tate] =4 
Rk? at 1 kh? a2 
— Come ely +2] +6192] = 0. 
Solving these [in the second equation the approximation (27 a) for C, may be 


used], one finds 
= GS Ma 7 i). 


ixnA 


Ooms Ake eis - 201} 


which obviously agrees with the result of Appendix 2 when k? a* is neglected. 
In the case treated in Appendix 1, (13 a) must be extended to 


% 3/2 
(30) #9 =¢,(1-§) +6,(1-5 


In (13 b) and in the expansion of the kernel (13), not only 22 «® but also 
k4 x4 must be retained. Equating the resulting coefficients of x7 and x on 
the right- and left-hand sides of eq. {13 b), one obtains the two conditions 


cB a-n}ealS-Bire(1-$4)] = fare 


—C,k% a2 + Caf 12S tat] = +A kia’, 


(29) 
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In the second equation C, may again be replaced by its tirst approximation (18), 
and the second order approximation of C, is found from the first equation. 
Thus one obtains 


i 
ania 3 

Cy ABSA, 

(31) 


2 2 
GQ=s4 bali +H 5-2) 


as the improved ey. (18). For the calculations leading to these results the 
author is indebted to Dr. E. Ruch. 


Figure 82 illustrates the so-called transmission 
factor JT in the first and second order approxima- 
0 tions for the polarization H=H,. The transmission 
factor is defined as the ratio of the energy which 
. light of finite wavelength actually carries through 
the slit to the energy which would pass through 
the slit in the limiting case of geometrical eptics 
{(A-~ 0}. In both cases T is measured by the 
energy flow across a half-cylinder of infinite radius 
centered at the center line of the slit. One 
e ner al obtains in the first and second order approxima- 
; tions [corresponding to eq. (22) for Cy, eq. (29) 
Fig. 82. ‘ 
The transmission factor 7 ‘for Cy and Cy, respectively] 
as a function of the ratio of 


as 


slit width to wavelength in on 1 = 1 L g 
the first and second order 72 ™ 4ka|pl*’ ‘= 4kalpl? ( 7 4 va 3 
approximations. (31a) 


Curve 1 is valid only for extremely narrow slits (k a < 1/4). For larger values 
of k a curve 2 separates from 1 and exhibits a tendency to approach the value 
of geometrical optics (T = 1); curve 2 can be checked by comparing it with 
the work of P. M. Morse and J. Rubenstein! in which the problem of the slit 
is treated numerically and graphically by the theory of Mathieu functions 
with the help of tables of these functions. Our curve 2 agrees with the 
corresponding curve of the above authors sufficiently well for &a< 2. 
J. W. Miles* obtained about the same results as Morse and Rubenstein by 
means of a variational method, K. Schwarzschild® devised an approximation 
starting from the opposite limiting case, that of our solution for the half- 


1Phys. Rev. 54, p. 895, 1938; see in particular the top curve denoted by 90° in fig. 4. 
*Phys. Rev. 75, p. 695, 1949. 
3Mathem. Ann. 55, p. 177, 1962. 
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plane, by a method of alternating successive approximations. Despite repeated 
attempts, the author has been unable to apply the method of Sec. 38 
directly to the problem of the slit. But it should be noted again that the 
basic hypothesis (13) as to the form of the boundary values (which was also 
used by Levine-Schwinger) was prescribed by the method of Sec. 38. 


40. The Resolving Power of Optical Instruments 


The purpose of all spectroscopic apparatus is to obtain an increased 
resolving power. In spectroscopy “resolution” means the separation of two 
closely neighboring spectral lines, In the case of the microscope one is 
interested in distinct images of the structure of very fine tissues, while with 
a telescope one wishes to separate double stars, star clusters, discover new 
satellites, etc. 


”“ 


A. THE RESOLVING POWER OF LINE GRATINGS 


According to Lord Rayleigh two spectral lines 1 and 2 can be considered 
resolved if the principal maximum of the diffraction pattern of 2 (wavelength 
4 + 64) coincides with the first zero of the diffraction pattern of 1 (wavelength 
4). The density of blackened grains on the photographic plate corresponds 
to a superposition of the intensity contours of 1 and 2. This sum of the two 
intensities has a depression between the two principal maxima which is 
sufficient to enable the eye to see the separate lines 1 and 2; see fig. 83 (we 
shall discuss fig. 83a later on). We shall now show that the ratio da/A 
measured in this way has a fixed value depending only on the nature and 
method of use of the grating. The resolving power is defined as the reciprocal 
of this ratio. Two lines are considered resolved if their A/dA is less than the 
resolving power as defined. 


We refer back to eq. (32.5). The zeros of the diffraction pattern are 
obtained by setting the numerator equal to zero. Hence, the value of N A {2 
at the first zero exceeds the value of N A/2 at the principal maximum by a. 
At the principal maximum 


A = 22h, hence NA/2 = Nah, 


where A is the order of the grating spectrum in which the observation is being 
made, Therefore the value of N 4/2 at the first zero is 


(1) Nah+n=Nn5 (a-a). 
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The right-hand side of this equation follows from (32.1) and determines the 
angular deflection a—a, of the point in the spectrurm under consideration 
which is the first zero of the diffraction pattern of the line 1. Now it is required 
that the principal maximum of the line 2 shall fall in the same direction 
&—%, which means that 


 @ 
(2) Nah=Nx7-~y (e- ae) 
Dividing the left- and right-hand sides of (1) and (2) by each other one obtains 
Nhk+1_ A+é6A 
Nk ~ A 
and hence 
A 
(3) a Nh 


_ = Fig. 83 and §3 a. 
Rayleigh’s criterion for the resolution of two spectral lines, Fig. 83 a illustrates an 
almost equivalent criterion. 


In the second order spectrum, 4 = 2, the Tesolving power is twice that in 
the first order specirum, a result which is used a great deal by spectroscopists. 
The resolving power depends only on the total number of grating lines N and 
not on the line spacing d, The close spacing of lines in the Rowland gratings 
is needed in order to put a sufficient number of lines within the width of 
the incident light bundle. A closer spacing of lines also increases the dispersion 
that Is, the angular separation of different Spectral lines, but the spacing has 
nothing to do with the sharpness of the lines, i. e, with the resolving power. 
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This is the usual formulation of the theory of resolution for gratings. It is, 
however, valid only for spectra of Zow orders such as those which are used 
with Rowland gratings. The greatest possible resolution is attained in the 
spectrum of the highest possible order 4,,,, that is, when one observes at a 
very small grazing angle with respect to the grating surface. This order was 
denoted by 4,, om p. 182. For it « ~~ 1, and according to eq. (32.2) Fnax ow a/A 
for perpendicular incidence. From (3) follows therefore 


A Nd 
(4) aa imax N mw “T° 
Hence, the maxtmum resolving power of the grating depends on the dota! 
width Nd and not on the number of lines N or, more precisely, it depends on 
the path difference Nd/A between the rays coming from the first and last 
grating lines. In what follows we shall recognize this fact to contain the 
most general formulation of resolving power, a formulation which is valid 
for all spectral apparatus, 

When observed at a grazing angle, a grating with 10 lines spaced 1 cm 
apart resolves just as well as a Rowland grating with 100,000 lines which 
are 1 4 apart. While in the case of the latter one might observe in the second 
order spectrum, with the former the twenty-thousandth order would have 
to be observed. 

But observations of spectra of high orders have the serious disadvantage 
that with increasing order, spectra of neighboring orders overlap more and 
more. To show this we express the wavelength domain which can be observed 
without overlapping, say DA, in terms of the wavelength, the order number &, 
and the angle of deflection, or rather of its cosine, «: 

(a— tg) d= AR= (A+ DA) (A-1). 
From this follows 


DAa_ 1 1 
“A OB-1 OA 
This DA is also the wavelength interval 64 between neighboring lines which 
is just measurable without overlapping. Hence in the twenty-thousandth 
order it is just barely possible to observe the structure of one narrow multiplet, 
andall other light must be removed by pre-decompostiionin a prism spectrograph. 
The grating with few lines has another and more serious disadvantage; 
the amplitudes produced by the 10 line and 100,000 line gratings are in the 
ratio of 1: 104; hence the intensity obtained from the former is only one 10* th 
of that produced by the latter. Moreover, the ruling of the 10 line grating 
would have to be just as precise as that of the 100,000 line grating and 
would therefore be no simpler to manufacture. 
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B. ECHELON GRATINGS AND INTERFERENCE SPECTROSCOPY 


In our method of treatment the grating lines play the role of secondary 
light sources which are excited by the incident light wave and which, owing 
to their positions, have fixed phase differences with respect to one another. 
It is possible to obtain the same intensity with a smalier number of secondary 
light sources, provided that these sources act as directional radiators which 
send most of their energy into a spectrum of high order. In other words, the 
function / (a) in eq. (32.3) must have a pronounced maximum in the direction 
of the desired high order spectrum. A very narrow slit or a finely ruled line 
will not do this. Instead, one must use a sequence of narrow parallel mirrors 
or narrow prisms which are placed so that by geometrical optics they reflect 
or refract the light in the desired direction. The almost insurmountable 
difficulties of the manufacture of such a grating were overcome by Michelson 
in an elegant manner. He stacked glass plates on top of one another so as 
to form a series of steps, see Fig. 84a. In making a grating of this type the 


Fig. 84a. Ten-element echelon consisting of glass plates 1 ¢m thick, offset by 2 mm steps. 


plates are cut from a single plane parallel plate, the thickness of which is 
everywhere constant to within a fraction of a wavelength. The steps are 
about 2 mm wide and perhaps 1 cm high; they are the grating elements of a 
“phase grating”. With the help of a slit and collimator lens the grating is 
illuminated in a direction perpendicular to the surfaces of the glass plates, 
and the spectrum is observed through a telescope in the same direction. 
Thus the light rays form a very small angle with the surface of the siep grating. 
If all grating elements except one are covered, one observes the very bright 
image of the slit which is, however, widened by diffraction and looks like 
the diffraction pattern of a slit 2mm wide. When all the grating elements 
are uncovered, the image of the slit contracts to the image of the spectral 
line in one or two orders. As with all gratings, the resolving power of this 
“echelon grating’”’ is given by the difference between the phase of the first 
and last ray, which is 


; n = index of refraction of the glass 
(8) Sead oe N = number of steps. 
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Tn an echelon strips of the wave surface lying side by side interfere 
with one another. Therefore the wave surface must be made coherent 
throughout the entire extent of the grating by means of a collimator. As in 
the case of the line grating, the positions of the spectral lines depend on the 
direction of the incident light. If this direction is changed, then the phase 
differences between our secondary sources are changed; thus the positions 
of the sharp interference fringes are shifted. A wide collimator slit acts like 
the sum of many adjacent narrow slits; hence a wide slit causes the spectral 
lines to spread out to the width of the slit’s image, This is the qualitative 
geometrical interpretation of the blurring of interference lines caused by 
insufficient coherence (see, for 
example, fig. 2). 

This effect does not exist in 
“interference spectroscopy”’, 
by which we mean the spec- 
troscopes of Perot-Fabry and 
Lummer. With these spectro- 
scopes the positions of the 
interference fringes depend 
only on the wavelength and 
the thickness of the plate. 
The phase difference between 
interfering waves (though not 
their intensity) is independent 
of the position of the light 
source; in other words, the 
source may be extended 


without disturbing the inter- Fig. 84b. 

ference, provided only that Section from the field of view of a Perot-Fabry 
the source is sufficiently air plate. 

intense. 


As in the case of gratings the phase difference produced by interference 
spectroscopes changes as the angle of observation varies. To each angle 
between the wave normal and the plate surface corresponds a definite phase 
difference and therefore a definite wavelength. Thus, in the case of the 
Perot-Fabry interferometer the wave normals of a given spectral line lie on 
a narrow cone about the normal to the plate surface. This cone projects as a 
circle in the camera or on the retina. The different orders form concentric 
circles which are, however, visible only within the image of the extended 
source {all other wave normals are not excited}. A prism spectroscope may 
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be used for the necessary pre-decomposition. The interference spectroscope is 
placed between the prism and the telescope. The system of rings is bounded 
by the image of the slit which is made as wide as possible without causing 
disturbances due to neighboring spectral lines; see fig. 84b which is a schematic 
drawing of a Perot-Fabry spectrogram. In the case of the Lummer plate the 
wave normals of the spectral lines lie on a set of very wide cones about the 
normal to the plate and therefore appear on the photographic plate as a set 
of very flat hyperboias which are almost straight lines. 

While in gratings the amplitudes of the various interfering rays are equal, 
the amplitudes of the interfering rays of an interference spectroscope decrease 
exponentially. Hence the intensity distribution is no longer given by (32.5), 
but rather by (7.33). The small periodicity belonging to Nd in eq. (32.5) 
disappears, and only the long period which is determined by the J of eq. (32.1) 
Temains because the number N of interfering rays is, so to speak, infinite. 
Yet, because of the exponential decrease in amplitude, only a finite number 
of rays is “effective’’, the remaining rays being too weak; therefore the 
resolving power remains finite. 

Since no zero intensities occur in the fringe system of an interference 
spectroscope, see fig. 11, we define the resolving power in terms of the half, 
width 24, of the interference fringe; that is, the resolving power is that 
wavelength interval within which the intensity is greater than half the inten- 
sity at the maximum. A comparison of figures 83 and 83a shows that this 
definition is practically equivalent to Lord Rayleigh’s definition of the 
resolving power of gratings. 

The half-width for the Lummer plate was computed in (7.28 a). In order 
to convert the g-scale used there to the scale of wavelengths 4, we note that 
according to the definition (7.18a) @ is proportional to &, hence inversely 
proportional to 4. Therefore 


a da 
(6) £ , 


If we substitute for dA the wavelength difference 6A between the two spectral 
lines 1 and 2, then according to fig. 83a we must use for dp the half-width 
2 |4q| = 2 (1-71) [eq. (7.28 a)], and we must substitute form the phase 2x 
at the intensity maximum (see Sec. 7}. Thus we obtain from (6) (the nega- 
tive sign is immaterial) 
A n 

6 pee 

ee) 7 as re 
z represents the very high order of the interference fringe and corresponds 
to the order number #4 = 1,2,3,.., of gratings. A comparison of (6) 
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and (3} shows that the number of lines N of a grating is to be compared with 
the expression z/{1~7). The orders of magnitude of the two factors contri- 
buting to the resolving power are thus interchanged for the two types of 
spectroscopes: 

for a grating: N is very large, & is moderately large 

for a plate: »/(1-r) is moderately large, z is very large. 
{n order to complete the numerical comparison we recall the meaning of z 
in (7.28 a) and (7.18 a). If we disregard all insignificant factors in these formu- 
lae, then z is twice the plate thickness divided by the wavelength; hence fora 
1 cm platez~4 xX 10%. Ifr~0.9, then a/(1-7) ~ 30. According to (6 a) 
the resolving power of such a Lummer plate is then about 30 x 4 x 104~ 108. 
According to (3) this is the number of lines NV in a grating with the same 
resolving power in the first order (# = 1}. This means that if such a grating 
had 1000 lines per mm it would have to be 1 meter wide! 

For the Perot-Fabry etalon one obtains similarly from the half-width 
(7.34) the resolving power 


A 1 
(7) aa itee 


z is again the order number of the interference fringe and is therefore 
a very large number. The first factor, on the other hand, is only a 
moderately large number since the required light intensity limits the amount 
of silvering that can be applied to the surfaces. If we estimate g to be 9, 
then the first factor becomes 5. z being twice the spacing of the plates divided 
by the wavelength becomes 2 x 10° if we assume the plates to be 5 cm apart. 
The product of these two factors is 10*, the same as for the Lummer plate 
considered above. The resolving power of both plates exceeds that of the Rowland 
grating. Because of its greater simplicity of operation, the Perot-Fabry etalon 
seems superior to the Lummer plate. 


41. The Prism. Basic Theory of Resolving Power 


We shall assume that the collimator lens provides completely parallel 
and monochromatic light. The telescope and collimator lenses will be assumed 
to be larger than the projections of the prism in the directions of the incident 
and refracted rays. Then the size of the ray bundle is limited by the size of 
the face of the prism through which the light emerges, see fig. $5. This surface 
is a rectangle which is perpendicular to the plane of the drawing and makes 
an oblique angle with the direction of the emerging ray. Using the notation 
of Sec. 36 A, the height of the rectangle $s 2B and its width 2A. This width 
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equals the side 2-3 of our prism cross section and is also equal to 1-3. The 
height 2B of the rectangle cannot be shown in the figure and is also immaterial 
to the following considerations. The Fraunhofer diffraction pattern of this 
rectangle appears in the focal plane of the telescope. If the prism is illuminated 
through a slit which is parallel to the refracting edge, then the intensities of 
the patterns due to the elements of the slit add up along the direction of the 
height of the rectangle 2B. The intensity distribution in the direction of the 


Fig. 85. Cross section of an isosceles prism, paralle] 
to its base, with symmetrical light path. The 
emerging rays are drawn in the sense of geometrical 
optics without consideration for the diffraction at 
“a, the edges of the prism. [a,] means cos—la, for 
both the incident and emerging rays. 


width 24 of the rectangle is given in Sec. 36 by eqs. (1), {2}, (3). We note 
that this distribution almost agrees with that of a grating of width Nd = 24, 
because in the vicinity of the principal maximum the factor sin A/2 in the 
grating formula (32.5) can be replaced by 4/2. The remaining calculations are 
similar to those in Sec. 40 for gratings. The positions of the first zeros to 
the right and left of the principal maximum are given by 


(1) 27 A (a1, -%)/4 = tm. 


% is now the direction cosine of the emerging ray with respect to the surface 
of emergence of the prism; % 2 are the direction cosines for the first zeros 
to the right and left of the ray a. 

Let us now consider a second ray whose wavelength differs by dé from 
that of the previous ray. Because of dispersion this new ray will have a 
different index of refraction »' and a different direction of emergence «,'. 
We want to know the value of 62 for which the Principal maximum of the 
second ray (direction a’) will coincide with one of the two zeros a, M&. 
% and a’ are determined by the law of refraction.’ From exercise (III,2) 
we know that for symmetric path in a prism of refracting angle 2y 


(2} &) = nsin y. 


This relation holds for both refracting surfaces 1-3 and 2-3. The ray with 
wavelength 4 + 64 and with the same incident direction is no longer refracted 


1 Note the changed notation: The refracting angle which previously was yp is now 2 y; 
Previously «, 8, x’, 8’ were the angles of incidence and refraction, now Xp, Oy’, x are the 
direction cosines of the emerging (or diffracted) rays. 
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exactly symmetrically. It forms a small angle « with the symmetry line so 
that on the surface 1-3 


(2a) dy = n' sin (p + 6) 
and at the surface 2-3 
(2 b) ty = #' sin (p-e). 


From (2a) and (2b) one finds 
ty + &y = 2n' sin ycose; 
subtracting from this equation twice the expression (2) for a, and calling 


an 
Gi 6A, 


the change in the index of refraction resulting from dispersion 
we obtain, neglecting terms of order ¢* 
hy —% = 2 (n’ cose—n) siny~ 2S 6a sin y. 


According to Rayleigh’s criterion for the resolving power, this difference must 
now agree with the value of a, »- a as given by (1). It follows that 


A an ; 
or 
A an. an 
(3) aq = 44 By ane = oT 


G = 4A sin p (see figure) is the dase Hime of our prism cross section. Only 
this base line and the dispersion of the glass dnj/dd affect the resolving power. 
The larger the refracting angle 2 y, the smaller may we make the height of the 
triangle and the diameter of the lenses without decreasing the resolving power. 
As we approach the limiting angle of total reflection sin y == 1/, the resolving 
power becomes 

A 2 dn 

Ba An aa 

The contribution 2A of the width of the prism surface is analogous to the 
contribution Nd of the width of a grating. The length / = n/2 dij/dn now takes 
the place of the wavelength 4 occurring in eq .(40.4) for gratings. For green 
light (A= 0.54) and heavy flint glass one has » = 1.77, dajdd = 0.23 u7, 
1 = 3.844. Thus! is about eight times the corresponding wavelength A== 0.5 yu. 
Therefore, with equal surfaces of emergence a prism attains only 1/8 the 
resolution attained by a comparable grating; but the prism is free of the 
superposition of the spectra of higher orders. This superposition, as well as 
the zeroth order spectrum, causes a considerable intensity loss in gratings. 
Therefore a prism spectrograph produces greater intensities than a comparable 


(3 a) 
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grating. Theoretically a prism could even have better resolution than a 
grating if it were possible to approach a characteristic frequency of the 
prismatic material sufficiently closely; for in the vicinity of such a frequency 
anjdj becomes very large. Unfortunately, the strong absorption in the vicinity 
of a characteristic frequency prevents the utilization of such a region. An 
indication of this increased resolving power is already apparent in the violet 
(A = 0.414) where for the above-mentioned glass / = 1.84; the resolution 
is here almost twice as good as in the green. If, instead of glass, quartz or rock 
salt is used, 7 is diminished still more, until in the far ultraviolet a rock salt 
prism becomes as good as a grating. 


A. GENERAL CONSIDERATIONS REGARDING RESOLVING POWER 


Let us compare the two following limiting light rays: one ray which 
when going from slit to crosshairs of the spectrograph passes through the 
vertex 3, and on the other hand, one which goes along the base 1-2. It 
suffices to measure the light path lengths from the wave surface 11' which 
passes through the front edge of the prism to the wave surface 22’ which 
passes through the rear edge. We may limit our considerations to these por- 
tions of the rays because all rays from the slit to 11’ have the same path 
lengths and the same is true for all rays from 22’ to the cross hairs and therefore 
these portions of the paths do not contribute to the path difference between 
the rays. The extreme ray paths between the wave surfaces 11’ and 22’ are 
denoted by F and G in fig. 85. Their lengths measured in wavelengths shall 
be H, and H#,, respectively, and their difference shall be H. For the rays 
drawn in the figure which belong to the wavelength A the value of H is, of 


course, zero because all rays have the same optical path length between two 
wave surfaces: 


G F 
(4) H =n 7 "7 zz (), 
The same holds true for the ray paths belonging to the wavelength 4 + 62 
(not drawn in the figure) which terminate on another wave surface which is 
inclined with respect to 22’. But if we consider the path difference H for the 
changed wavelength along the original ray paths instead of along the changed 


paths (the geometrical paths F and G are kept fixed), then by varying A we 
obtain from (4}: 


dn dA 
4 > J oe eee ob = — FG —. 
ee oe ( Ls _ sear Say 
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Hence the above expression (3) for the resolving power is equivalent to the 
statement 


(5) 6H = 1, 


These considerations, first of all, explain the presence of the factor G in 
eq. (3) which may have seemed surprising at first glance: the larger G is, 
the easier it becomes for the dispersive power of the glass to produce the 
optical path difference between neighboring wavelengths which is necessary 
for resolution. Furthermore, the reasoning which led us to the criterion (5) 
can now be visualized and also generalized in the following way: 6H = 1 
means that the two extreme rays F and G, which arrive simultaneously at 
2 and 2’ if they have the wavelength A, have an optical path difference of 
exactly one wavelength if their wavelength is 4 + 6A; and this path difference 
is a linear function of position along the original wave surface 22’. This means 
that in the focal plane of the telescope the rays with wavelength A + 6A 
are extinguished where the rays with 
wavelength 2 which have equal phases along 
22’ produce their diffraction maximum and 
vice versa. In other words, the criterion (5) 
as equivalent to Ravyleigh’s criterion. 


B. APPLICATIONS TO GRATINGS AND 
INTERFERENCE SPECTROSCOPES 


The applicability of the above criterion 
to line gratings will be tested by means of 
fig. 86. 12 represents the trace of the z . be ie : - 

‘ : ross section through a line uy-4 
grating on the plane of the drawing. For a (heavy line), The an pabsdlesirae 
plane wave incident from the left, 1 is the wave incident from the left at the 
extreme left grating line and 2 is the extreme angle {%q] and its phase plane 11’. 

icht tine lines 147 dhe “lank OF The wave is diffracted into the 
ete soeaccem gla adie a P angle («]; the phase plane of the 
constant phase for the incident wave and 22’ diffracted wave is 22’. 
the plane of constant phase for the diffracted 
wave under consideration. [a)} and [«] are the direction cosines of these 
planes with respect to the plane of the grating. The optical path lengths of 
the extreme left- and right-light paths between the two phase planes are 


Feit=aNd, G=12=0,Nd 


where Nd is the width of the grating. From this it follows that 


G-F Nd 
scl i a aaa 
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and (the directions «, a are being kept fixed !) 


aH Nd 
But according to the basic grating formula (32.2): a-a) =A Ajd (hk = order 
of the spectrum) and therefore 


8H = Nh. 


From this and our criterion (5) follows indeed the resolving power of the grating 


(6) a = Nh as in (40.3), 

Regarding interference spectroscopy a few words about the Perot-Fabry 
plate will suffice. We shall consider the ray which passes only once through 
the plate and then emerges as the “first tay”. It follows the path F. We call 
the ray which traverses the plate 2 & + 1 times, p + 1 times in the forward 
direction and # times in the reverse direction, the “last ray" and the 
path it follows we call G. The number ~ depends on the amount of 
silvering and the weakening of the light caused by it. With our former 
notation of 24 for the length of one forward and back path through the 
plate one obtains 


Fa sed, a=(s+2ea H= pz 
and for fixed F and G 


dz 6A bA 
zap? (Hl =e |= pe. 


From this, and according to (5), the resolving power becomes: 
A 
(7) aq = P* 


This result is to be compared with €q. (40.7) where the quantity g-+ 1 
takes the place of our present 2p. According to the discussion following 
eq. (7.29), g is a measure of the conductivity and the thickness of the silver 
layer, hence g is a measure of the reflecting power of the surface. Qn the 
other hand 2¢ is the number of reflections which can be observed without 
excessive weakening of the light [the notation is the same as in eqs. (7.20) 
and (7.21)]. Thus g and 24 mean qualitatively the same thing. Therefore, 
our present statement (7) agrees qualitatively with the statement (7) in Sec. 40. 
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42. The Telescope and the Eye. Michelson’s Measurements of the Sizes of 
Fixed Stars 


Let us assume that a telescope is directed at a pair of stars 1, 2 in such 
a way that the axis of the telescope points to 1. Then 1 produces in the fecal 
plane a diffraction pattern of the type shown in fig. 68. According to eq. (36.11) 
the position of the first diffraction minimum is given by 


A 
{1} y= 0.617, 


where @ is the radius of the objective, A is a mean wavelength of the star’s 
light, and s is defined as in (36.7) as the angle between the ray under observa- 
tion and the direction of the principal maximum. The number 0.61 corresponds 
to the first root of the Bessel function /, and is approximately equal to 5/8; 
see (36.11 a). 

If we agree that star 2 is clearly distinguishable from star 1 (either visually 
or on the photographic plate) only if its principal maximum is further away 
from the principal maximum of 1 than the first minimum of 1, then we see 
that the formula (1) also contains a measure of the resolving power of the telescope. 
The smaller s, is, the larger is the resolving power. Therefore we shall define 
the resolving power of the telescope as the reciprocal of the smallest resolved 
angular distance between 1 and 2 as determined by (1); that is, as the 
dimensionless number 


1 a 

(2) OTA 

From this we conclude: the resolving power is proportional to the stze of 
the objective. This fact is the reason for the giant telescopes on Mt. Wilson and 
for the large mirror at the Palomar observatory; in the case of the latter, 
2a = 200 in. ~5 meters! We note further that the resolution is somewhat 
better at the short wavelength end of the spectrum than at the long 
wavelength end. 

In the eve the pupil takes the place of the rim of the objective; its diameter 
2 @ varies between 1 mm and 8 mm depending on the brightness. It follows 
that for a medium value of A equal to 5 x 10°*mm 


10-* > > 1.2 < 10-%, 


thus 
6: 10-4 > s, > 0.7K 10-4 
or in degrees instead of radians 
2’ > s, > 15". 
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Therefore, quite aside from the cellular structure of the retina, diffraction 
imposes an upper limit on the resolving power of the eye. With strong 
illumination {small pupil) only differences in direction that are of the order 
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Fig. 87. 

Diffraction of the light from a binary star 1, 2 
when Rayleigh's criterion is fulfilled. Construc- 
tion for the calculation of the difference F -G 
between limiting rays. 


of magnitude of one minute or 
more of arc can be perceived. 
Equation (2} can also be 
understood from the general 
point of view of optical path 
differences as formulated in eq. 
(41.5). Returning to the telescope 
we consider the two “limiting 
tays’’ which pass through diame- 
trically opposite points at the 
rim of the objective. In fig. 87 
these rays are drawn as full 
lines for star 1 and as dotted 
lines for star 2. P is the image 
of 1 in the focal plane; P’ is the 
image of 2, The significant path 
lengths of the limiting reys from 
star 1 are 
G=WP, F2HVY¥X+XP, 
where, of course, F = G because, 
being the image of 1, P is that 
point where all the light from 1 
arrives with the same phase. 
Therefore 
{3} Y¥X+XP-WP=6. 


But we are interested in the light paths of the rays from the star 2 to P 


which are 

| G=WP, FaZX+XP 
and so taking (3) into account 
(3 a) F-G=ZX4+XP-wWP 


=ZX-YX+(¥X+XP-WP=ZX-YX. 
The right triangles WZX and WYX show that 


ZX =2asing; 
Therefore, by (3 a} 


YX=2asina. 


(3 b) F-G = 2a (sina—sin a») 


42. 4 THE TELESCOPE AND THE EYE - 303 


and 


F-G 
(3c) Ha = 5 (sing -sinay). 


This ye § value musc now be varied by varying the position of the object, that 
is by varying «, and not by varying 4 as was done in the case of spectroscopic 
apparatus. This variation yields 

(3 d) a8] = “- 5 sin a 


According to our condition |8H| = 1 two objects would be resolved or not 
resolved depending on whether 


. A 
6 sin Xy = vi . 
The resolving power is therefore 
(4) were aie, 
dsina, A 


The difference between this and our definition (2) for the resolving power is 
trivial because it consists only of a numerical factor of 2 x 0.61 = 1.22. 
{The same trivial factor would appear in the resolving powers of spectro- 
scopic devices such as gratings, prisms, etc. if the diffraction opening were 
bounded by a circle instead of by a rectangle. As an alternative we could 
replace the condition 6H = 1 by 6H = 1.22.) The intensity curve for the 
light of star 1 drawn at the bottom of fig. 87 indicates that our construction 
using limiting rays is equivalent to Rayleigh’s condition: the image of star 2 
coincides with the first minimum of the diffraction pattern of star 1. 

The situation is different when “resolution” does not require (almost 
separate) images of the two stars but only some indication of whether or not 
a binary star is under observation at all. In that case it is possible to attain 
a much larger path difference of the limiting rays without having to require 
precision to within a wavelength for all rays over the entire surface of an 
objective. This leads to an arrangement of mirrors which had already been 
proposed by Fizeau but was first constructed successfully by Michelson; 
see fig. 88. 

The two outer mirrors S, S’ are a distance 6 + 0’ of several meters apart; 
the spacing of the two inner mirrors lies within the diameter 2 ¢ of an ordi- 
nary telescopic objective, i. e. is of the order of a few inches. 

Let us first consider only the component 1 of the twin stars and the light 
reaching the telescope from that star by way of S,s. The resulting diffraction 
pattern is determined by the cross section of the light bundle (which, in tum, 
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is determined by the sizes of the mirrors S, s and by the diameter 2 a of the 
objective). This diffraction pattern consists of a system of rings of the type 
described in Sec. 36 C. The same is true for the light reaching the telescope 
from the component 1 by way of S‘, s’. Since this light originates from the 
same source 1 as the previously considered light, the amplitudes of both 
the central spot and the system of rings would be doubled provided the 
arrangement of mirrors were per- 
fectly symmetrical. Actually, the 
two mirrors S, S’ are never exactly 
symmetrical with respect to the axis 
of the telescope and are never 
inclined at precisely 45° to that 
axis. Therefore there is also present 
a system of equidistant rectilinear 
interference fringes of the type 
which is already known to us from 
the Michelson experiment of Sec. 14 
{these fringes are lines of equal 
optical path difference}, Because 
of the lack of symmetry of the 
altangement, we have denoted the 
distance S’s’ in the figure by 5’ 
to distinguish it from Ss = 5, The 
position of the system of fringes 


Fig. 88, j 
Michelson’s Mirror Experiment. depends on the quantity 
(-- b’){2, 


Depending on whether this ratio {for a given A and for a given position in the 
ray bundle between S ¢ and S’ s’) is an integer or half-integer, we have a 
bright or a dark fringe. 

Let us now turn to component 2 of the binary star. It yields a diffraction 
pattern of the same type as that produced by component 1. There are again 
@ central spot, diffraction rings, and linear interference fringes. The central 
Spots and rings of the two component stars coincide because it is assumed that 
the cross section of the ray bundle, or the diameter 2 a of the objective, is 
not sufficiently large to resolve the double star. The central spot and diffraction 
rings of 2 are superimposed on those of 1 (of course they add intensity-wise 
because of the difference of the light sources), But the position of the system 
of rectilinear fringes from component 2 differs from that due to 1. The path 
difference responsible for these fringes is affected not only by the positions of 
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the mirrors but also by the direction of the incident light. As in (3d) the 
difference in the directions of incidence of the light of components 1 and 2 
produces a path difference of 


(5) b+. d’ 


Hence in general the two systems of fringes do not coincide but are displaced 
from one another by the amount given in (5). The mirrors S, S’ are mounted 
on a rigid support and can be moved parallel to themselves so that the total 
distance B = 4 + 6’ between the mirrors can be changed. In this way the 
shift between the fringe systems is also changed. Let us assume that at a 
given value of B = B, corresponding to a path difference of ~ wavelengths, 
the two systems of fringes coincide. Then 

(5 a) = ésin a = 2, 


If the mirrors are now shifted until the next coincidence of fringes is observed 
at B= B,,,, then 


{5 b) Pat} § sinag = +1. 

Subtracting these two equations and letting 4 B = B,,,— B,, one obtains 
= 6 sin % = 1 

and thus 

(6) 8 sing, = 4/A B. 


4B can be measured precisely; a mean wavelength must, of course, be 
substituted for 1. Owing to the enlarged scale B of the interference phenomenon, 
the existence of a binary star can be ascertained and the angular distance between 
the two components can be measured even tf the resolving power of the telescope 
being used ts insufficient. 

The same method can be applied to measure the size of a single fixed star 
of exceptional size which in the mirror arrangement behaves no longer like a 
point source but rather like a small disc. The stars which can be measured 
by this method are the so-called red giants (low temperature, hence the red 
color, but nevertheless great brightness because of the enormous luminous 
surface); see examples below. Such a small disc can be thought of as divided 
into a left, a right and a middle third, and the two outer thirds can be treated 
like a binary system; the light from the middle third will weaken the contrasts 
of the interference fringes belonging to the left and right thirds, but they will 
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not be extinguished. A study of the fringe coincidences as described by eq. {6} 
jeads to an estimate of the angular distance between the edges of the star. 
Michelson obtained the following values in seconds of arc: 


Betelgeuse 0.047”, 
Antares 0.040”, 
Arcturus 0.0622”. 


Since the distances of these stars from the solar system (their parallaxes} are 
known from other measurements, their linear diameters can be calculated. 
These diameters turn out to be of the order of 10° km, which is about one 
hundred times the diameter of our sun and about equal to the diameter of 
the earth's orbit. 


43. The Microseope 


Helmholtz’ treated the resolution of the microscope in the same way as 
that of the telescope. For an object let us take two luminous points a distance 
d apart and located in the lower focal plane F, of the objective; see fig, 89. 
The objective produces an image of these points 
at infinity because the spherical waves emitted 
by the two points leave the objective as plane 
waves forming two bundles of parallel rays, the 
directions of which differ by an angle a. If the 
medium on both sides of the objective is air, then 
this angle is the same as the angle between the 
two central rays from the objects to the optical 
center of the objective. The value of this angle 

Fig. 89. is d/?, where f is the lower focal length of the 
Paths of tave in a micro. Cvective. If a medium of greater index of 
ys in a ce) . 
scope. F, and F, are the refraction "> 1 occupies the space between the 
front and rear focal planes. object and the objective (immersion in oil), then for 
small angles of incidence the law of refraction gives 
{1) andl}, 

We assume that the objective is, from the point of view of geometrical 
optics, a perfectly corrected system of lenses. The rim of the objective and 
all other diaphragms are projected as geometrical images (real or virtual) 
by the succeeding lenses. The smallest of these images is called the “exit pupil’ 


1Die theoretische Grenze fir die Leistungsfahigkeit der Mikroskope, Ann. d. Physik, 
1874. Fraunhofer stated much earlier (Bayerische Akademie June 14, 1923) that the 
limit of effectiveness of a microscope depends on diffraction. 
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of the lens system and it limits the size of our ray bundles. In general the 
exit pupil is the virtual image of the rim of the front lens. Let the radius 
of the exit pupil be a. 
n 

{2) A= =F 
is called the “numerical aperture’; from the elementary geometrical optics 
of lens systems (sine condition, Sec, 48) it follows that 4 = /sin «, where 2 % 
is the angle of opening of the object ray cone. Hence, the definition (2) of A 
becomes 


(2 a) A=nsinu. 


Each of our two ray bundles produces at infinity the Fraunhofer diffrac- 
tion image of the exit pupil as described by eq. (36.9). Hence the microscope 
reproduces each of our luminous points in the form of a diffraction pattern 
(central field plus diffraction rings). In order to render these patterns obser- 
vable at a finite distance, the eyepiece contains a converging lens on whose 
focal plane the diffraction patterns are reproduced. This image is observed 
through the eyepiece which acts as a magnifying glass. 

This projection of the image upon a finite plane is of no concern to the 
theoretical investigation of resolution. Instead, the original diffraction pattern 
at infinity can be treated directly. As in the case of the telescope, eq. (42.1), 
we are then led to the result 24/f = 0.61 A/a, which, according to the 
definition (2) of A, we can also write in the form 


A 
(3) d = 0.61 rh 


Two luminous points are resolved only if the distance hetween them ts greater 
than that given by (3). 

Recalling the meaning (2 4) of A, we note that while the resolving power 
of the telescope depends on the size of the objective, the resolving power of the 
microscope depends on the angle « subtended by the objective at the specimen. 


A. ABBE’S THEORY OF THE MICROSCOPE 


With Helmholtz’s theory the question of the resolving power of the 
microscope is essentially settled. What remains to be explained is the 
remarkable effect which the manner of illumination (bright or dark field) 
has on the resolution of different tissue structures even though it does not 
influence the resolution of two-point objects. This is where Abbe’s theory is 
of importance. Abbe regarded the object as a diffraction grating (amplitude 
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or phase grating). Because of the thinness of the specimens observed and the 
low depth of focus of powerful objectives, these gratings can be considered 
plane and their extent as to depth can be neglected. If we illuminate the 
object with coherent light parallel to the axis of the microscope, then plane 
waves emerge from the object in the directions of the grating spectra of various 
orders. Those orders which are emitted inside the angle of opening » are 
collected in the form of a Fraunhofer diffraction pattern on the upper focal 
plane F, of the objective which is located above the objective and very close 
to it. This pattern is easily observed with the eye piece removed. But the 
rays continue, and at infinity or on the focal plane of the collector lens they 
combine into a more or less faithful image of the object grating. 

If the spectra on the upper focal plane of the objective are stopped down 
even further than this is done by the exit pupil, or if an objective of smaller 
aperture is used, the image becomes less distinct. If with oblique incidence, 
for instance, at least two spectra are present, then one only sees a sinusoidal 
structure without other details. Ii only ome spectrum is admitted, the image 
disappears in a uniformly illuminated surface. It is also possible to simulate 
a structure that does not exist. If, forinstance, the first order spectrum is stopped 
but the second order spectrum is allowed to pass, a grating with twice the 
actual number of lines appears. For the correct grating period to be just 
visible, at least both first order spectra must appear at the edge of the exit 
pupil of the objective; this means that the first order spectra may emerge 
from the objective at angles of at most + #. From the formula for the grating 
spectrum (52.2} we obtain for air and perpendicular incidence? 


(4) sin“ =a = a . 
ad 
If, on the other hand, the object and the first lens of the objective are 
embedded in a medium of index of refraction » (immersion), then 4 must be 
teplaced by the smaller wavelength i’ = jn; the grating spectra then crowd 
closer together, which explains the significance of immersion from the point 
of view of Abbe's theory. The condition (4) becomes now 


y AOA 
(4a) sinu 2a= += -—. 
By (2a) this means 
A 
(5) A=nsinuS =. 


* « and a, continue to stand for direction cosines; see footnote 1, p. 808. 
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We can now explain the advantage of oblique illumination. Let us assume, 
for instance, that the zeroth order spectrum falls on one edge of the exit pupil 
and that the first order spectrum falls on the opposite edge; this situation 
still suffices to show the existence of a structure and to reproduce its correct 
grating constant but no other details. The angle between the two spectra 
can now be twice as large as before or the spacing of grating lines can be half 
that of before. In place of eqs. (4a) and (5) we obtain 


: A’ A 
1A z 
(6 a} A=nsnu=>7, hence d=0.57> 


which involves only the small improvement in the ratio 0.5: 0.61 over (3). 
Tf, instead of the spectra of zeroth and first order, the first and second order 
spectra or spectra of two still higher orders are used, then one speaks of 
“dark field illumination”. The direct light (zeroth order spectrum) does not 
enter the objective and with no object in place the field of vision remains 
dark. For» ~ 1.6, sin «7 ~ 1, A ~ 1.6 a numerical estimate yields according 
to eq. (6a) 
A 


a 


Smaller spacings can be resolved only by the use of shorter wavelengths: 
an ultraviolet microscope equipped with quartz and fluorite lenses which is 
effective down to 4 = 0.24 or an electron microscope. In the case of the 
latter the use of hard cathode rays makes the resolving power theoretically 
almost infinite. 


These considerations are valid not only for the one-dimensional gratings 
which we have had in mind so far, but also for arbitrary plane structures 
which, according to the Fourier theorem for two dimensions, can always be 
considered as a superposition of cross gratings. The structure of the object 
and the structure of the diffraction image in the objective focal plane are 
“reciprocally” related to one another; one is the “‘Fourier-transform” of the 
other; see Vol. VI, eq. (4.13). This “reciprocity” means that the diffraction 
image of the second of the above structures again yields the structure of the 
original object. Also in the case of two-dimensional structures any loss of 
diffraction spectra resulting from stopping down reduces the similarity between 
the final image and the structure of the object. 
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B. SIGNIFICANCE OF PHASE GRATINGS IN MICROSCOPY 


As an example, we shall consider the “laminary profile’’ of fig. 70. Like 
any pure phase grating, it is completely invisible if the image is perfect, for 
neither the retina nor the photographic plate can perceive phase differences. 
We would like to be able to see this grating as a set of bright and dark 
fringes, that is, as an amplitude grating. To accomplish this it suffices, according 
to the concluding remarks in Sec. 36 D, to shift the phase of the zeroth order 
spectrum by 2/2 with respect to the phases of the spectra of higher orders. 
F. Zernicke* produced this phase shift in the following way: a glass plate 

is placed in the focal plane of the objective. A thin layer of transparent 
" material is attached to the center of this plate where for axis-parallel illurnina- 
tion the spectrum of zeroth order appears. While the spectra of higher orders 
are unaffected, the phase of the zeroth order spectrum is changed by an 
amount which depends on the thickness of the thin layer and its index of 
refraction relative to the surrounding medium. In order for the phase change 
to be #/2, the path difference must be 4/4 and the thickness 


d=4/(n-1). 


This is a real “quarter wave plate”; the layer is less than 1 & thick in contrast 
to the ‘quarter wave plate” of crystal optics, see Sec. 30 B, where the thickness 
was determined by the small difference , ~ #, between the indices of refraction 
in the two principal directions of oscillation rather than by the much larger 
difference »—1 between the indices of refraction of the plate and its 
surroundings. 

This phase contrast method of Zernicke is perhaps the most sensitive 
way of making very weak phase structures visible. Previously microscopists 
had been obliged to use more or less oblique illumination. The resulting loss 
of several spectra caused blurred images of the object. The Zernicke method, 
on the other hand, fully utilizes the tissue structure and makes it visible to 
the eye in the same way as an ideal staining method would do. 


C. LuMINOUS AND ILLUMINATED OBJECTS 


Because of the great successes of Abbe’s theory, it was thought for a long 
time that Helmholtz’s theory applied only to deminous sources, while in the 
treatment of iliuminated objects only Abbe's theory was believed to hold®. 


1Z. f, techn. Physik, Vol. 11, 1935. 
*Such as in the review article by O. Lummer and F. Reiche: Die Lehre von der 
Bildentstehung im Mikroskop yon Ernst Abbe, 1910. 
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However, Laue’ proved by means of a simple hypothetical experiment that 
the image of any small luminous object, for instance a glowing Wollaston wire, 
is perfectly complementary to the image of the same object when illuminated 
by an external source. If the wire is in a cavity of constant temperature, then 
according to the laws of radiation it is entirely invisible. The radiation 
emitted by the wire and that originating from the walls of the cavity and 
absorbed and re-emitted by the wire combine to produce the same radiation 
density as that of the backgrqund. The same holds for observations with a 
microscope: the images resulting from self-luminous objects and those resul- 
ting from homogeneous illumination of equal brightness of the same objects 
must structurally complement one another entirely. The resolution of neigh- 
boring objects must be the same in both cases. 


To be sure, the illumination is not homogeneous in the case of a microscope. 
With the usual arrangement of a lower illuminating mirror, the illumination 
is merely as uniform as possible within the aperture. However, the illumina- 
tion from above is missing, but this cannot make much difference as long 
as the object is not (or only slightly) reflecting. We may think of this illumina- 
tion from above as added or we may just omit it. The rays which do not 
enter the aperture are equally insignificant. Therefore Laue was justified 
in applying the law of black-body radiation to the microscope. 


The superiority of Abbe’s point of view becomes apparent only with 
oblique illumination of the type used in dark field observations. For, 
Helmholtz’s theory assumes that all points of the object radiate uniformly 
in all directions, and this is generally not true for the elements of a tissue 
structure. 


44, On Young’s Interpretation of Diffraction 


Even before Fresnel, Thomas Young" attempted to find a wave-theoretical 
explanation for the diffraction phenomena which had been discovered by 
Grimaldi. Young assumed that the incident light undergoes “‘a kind of 
reflection” at the edges of the diffraction opening and he explained the 
diffraction fringes in terms of the principle of interference which he had 
discovered as caused by the interaction between these edge rays and the 
incident light rays. In this way he achieved a qualitative understanding of 
the diffraction pattern of the slit in particular. However, Fresnel in his prize 


1M. von Laue, Zur Theorie der optischen Abbildung, Ann. d. Phys. Lpz. 48, 1914. 
?Phil. Trans. Roy. Soc. London 20, 1802. 
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essay of 1818 showed that Young’s assumption did not suffice for a quanti- 
tative explanation, and as a result Young's theory was forgotten for a long 
time. 

In this connection we wish to recall our treatment of the hatf-plane in 
Sec. 38, The light entering the geometrical shadow is a. cylindrical wave wh ich 
appears to originate on the edge of the screen; the diffraction fringes in the 
illuminated region were calculated from the interaction of this cylindrical wave 
with the incident light. The cylindrical waye does not, of course, radiate 
uniformly in all directions; rather its intensity depends in a definite way on 
the angle of diffraction. Furthermore, the edge of the screen is not an actual 
light source with infinite amplitude but only appears as such to 4 suff iciently 
distant observer because of a representation of the light field which is 
valid only asymptotically at large distances. From this we see the following : 
if we wish to talk of a reflection of the incident light as Thomas Young did, 
then the “kind of reflection” is very specialized and must be defined precisely. 

The question arises whether and in what way Young's interpretation may 
be extended to arbitrary diffraction screens, This question was answered 
conclusively by A. Rubinowicz}. 


A. REFORMULATION OF KIRCHHOFE’S SOLUTION OF THE PROBLEM OF 
DIFFRACTION 


We shall make the following assumptions: 


1. The screen shall be arbitrarily bounded. We apply the Kirchhoff 
formula (34.4); we cannot use the simplified representation (34.6) in terms 
of the Green’s function of the half-space because (even in the case of a plane 


screen) we will have to integrate not only over the diffraction opening but 
also over the surface of a cone. 


2. Let the light source be a luminous point at a finite distance as in (34.4 b). 
We shall change the notation from 7’ (distance of a point on the surface of 
integration from the light source) to p. We shall not carry out the specialization 
to an incident plane wave {p — 00) because this would complicate rather than 
simplify the presentation. 

3. We shall regard the light field as scalay, just as Kirchhoff did. Thus 
we shall actually discuss the diffraction problem of acoustics rather than the 


vectorial problem of optics. However, this will suffice to point out the essential 
features of Young’s interpretation, 


tAnn. d. Phys. Lpz. 58, 1917 and 78, 1924. 


44, 4 REFORMULATION OF KIRCHHOFF’S SOLUTION 313 


4. Upon applying eqs. (34.4 b) in which we can set A = 1, the integrand 
in Kirchhoff’s formula (34.4) becomes 
gear a etke gike o eikr 
(1) Sta. og an ee” 
pp r 


where r is the distance of the point of integration from the point of observa- 
tion P. First we perform the integration in the manner of Kirchhoff over a 
surface ¢ which in some way-spans the diffraction opening. This surface 
together with the diffraction screen $ will separate a region of space con- 
taining the light source P’ from a portion which contains P. Equation (34.4) 
then reads 


(2) tnep= | Ja 


The following calculations serve only to transform this Kirchhoff formula 
and will not improve it or change its essence, 


We adopt the following point of view: the surface ¢ over which (2) is 
to be integrated is entirely arbitrary; its choice is limited only by the 
requirement that o shall pass through the curve s which forms the boundary 
of the diffraction opening. Hence (2) depends only on s and not ono. Therefore 
it must be possible to transform the surface integral J do into a line integral f ds. 
To accomplish this we construct the cone formed by the rays emitted by P’ 
and passing through the boundary of the diffraction aperture, see fig. 90. 
We call the surface of this cone / and its surface elements 47, We now consider 
the space bounded by o and f and apply Kirchhoff’s eq. (34.4) to this region. 
The boundary values to be used on / are_ 

eke av a ete 
v= a, and on = a oe. =, 
the latter because dn is perpendicular to dp and e***/p is only a function of p. 
The integrand of {1} simplifies to 
eke F;] gar 


) Jin-— = 


For this region bounded by o and / we obtain in place of eq. (2) a value 
differing from vp: 


(4) tnvy= [aos f rat 
¢ f 
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However, we know the exact value of vp’. If P lies inside our truncated ray 
cone, then 

: gike 
(4 a) vp = Pp. ) 
if P lies outside this region and also outside the region which is directly 
illuminated by P’, then 


{4 b) up = 0. 


B Indeed we have incorporated into (4) the 
exact boundary values on both o and f 
of the solution « = ¢**/p of the wave 
equation 4 4-+-k? #= 0. Since by Green’s 
theorem Kirchhoff's equation follows 
rigorously from this wave equation when 
the exact boundary values are known, | 
vp agrees exactly with the solution 
“= ¢'**!y inside the truncated cone and 
vanishes outside it. If we substitute (4 a, b) 
and (2) in (4), then for interior points 


Me 


ene ; 
(5 a) eS aa Jaf, 
f 


and for exterior points 


1 ’ 

Fig. 90. (5 b) »=- TF fs af. 

Concerning Thomas Young’s theory } 

of diffraction. Transformation of the : ; P 

surface integral into a line integral This completes the first step in trans-. 
by the method of A. Rubinowicz, forming the Kirchhoff integral (2). 


B. REDUCTION OF THE SURFACE INTEGRAL OVER THE CONE TO A LINE INTEGRAL 
OVER THE BOUNDARY OF THE DIFFRACTION OPENING. SHARPENING OF 
YOUNG’S THEORY 


In fig. 90 we have drawn two neighboring generators of the cone / which 
enclose an angle dp. In the lower part of the figure we have drawn the 
intersections of the spheres p = constant and p + dp = constant with the 
cone surface. The shaded surface element df in the figure is then 


df = pdpdy. 
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We now replace dp by the element of arc ds’ which the sphere p = p, intercepts 
at the point Q’ on the diffraction edge. Next we express ds’ in terms of the 
line element ds of the boundary curve: 


ds’ = p, dp = ds cos (ds’, ds) == ds sin (ps, a5). 
Thus we obtain 


6) df= sin (ps, ds) dp ds. 

We then evaluate the differential quotient occurring in (3) at the point Q on df 
a gtr = Qt ogthe tk 1\. 

(7) a= {n,7) = (2. x) eer cos (”, 7), 


where » is the direction perpendicular to df at the point @ and 7 is again the 
distance of the element of integration from the point of observation P. 
Besides this distance r, we have also indicated in the figure the distance 7, 
of the point of observation from Q’, that is, from the vicinity of the boundary 
element ds. It is seen then that 


(8) r cos (1, 7) = 7, cos (%, 7s); 


indeed, the left- and right-hand sides of this equation are both equal to 
the shortest distance from the point of observation to the surface of the 
cone: it should be noted here that the normal » to the cone surface at Q is 
parallel to the normal to the cone at O. 

From (3), (6), (7) and (8) we finally obtain 


@ 
1 ee, : Le ey (cee 
(9) “fs aja gh { assin (pn ds) cos (m7 nfo ° sos dp. 
; 5 


Ps 


The integrand of the first integral on the right-hand side consists of factors 
which depend only on the boundary curve s. The second integrand contains 
all the factors which are functions of the element df and of p; among these 
is also r because of the following relation which is derived from the triangle 
QO PQ’: 

(10) 7? = 7,2 + (p— pa}? + 215 (p— ps) COS [Fs Pa)» 


From this there follows by differentiation with respect to p, keeping p, and 7, 
fixed (shifting Q with unchanged positions of P and Q’) 


a 
r= pops +7008 (7s, ps). 
p 
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Hence also 
a: 
(10 a) {1+ 4} =F + P— ps + %5 COS (75, Ps). 


We now claim that the integrand of the p-integral in (9) is a perfect 
differential quotient, specifically, that 


tk 1 a 
(11) efttet 7} (3-4) = ap fenven | ’ 


where [ ] symbolizes the right-hand side of {10 a). For, upon carrying out 
the differentiation with respect to p on the right-hand side of (11), one obtains 
the following three terms, which can immediately be simplified by applying 
eq. (10a): 


“ dy 4 y tk ¢ r 
(a) inns 1) ates ir (Je ipetor ), 
dr 1. dy }dp 
— piklptr)g—2 am = oe oth lote) 
ae ie Zl | pa Tara 
dy 1 1 
metklp+ rl ypnmd | 2 ~ — gikle+r) — 
{c) é r (2 + i [J et itdrjdp 


The sum {a} + (5) + (c} indeed equals the left-hand side of (11). Thus the 
value of the p-integral in eq. (9} becomes 


(12) ferornay mf =: a : 
as r,* (1 + COS (%, ps)) 


As a result the right-hand side of (9) becomes a single integral over the 
edge of the diffraction opening: 


13 Sines er Peete cterdh i eh ds), 
19) 4x Ps ¥% 1+ 08 (rs, mee $) 
$§ 


The first factor in the integrand represents the phase and amplitude of the 
wave incident on the edge; the second factor corresponds to the phase at 
the point of observation of the spherical wave reflected by the edge; the 
third factor determines the rather complicated angular dependence of the 
reflected wave. (r,,'p,) is the angle of reflection at the edge; (x, 7,) is, so to 
speak, the angle of reflection at the surface of the cone; (p,, ds) is the angle 
of incidence at the curve element of the edge. 

Returning to eqs. (6 a, b), we can say in agreement with Thomas Young: 
according to eq. (5a) the diffraction fringes in the illuminated region result 
from the interference of the incident light with a wave which is reflected by 
the edge; according to eq. {5 b) only this edge wave is present in the shadow 
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region. We have improved Young's qualitative statement by defining the 
kind of reflection at the edge quantitatively in such a way that in both regions 
the resulting excitation up agrees exactly with that found by means of the 
Kirchhoff-Huygens theory. We have not, however, gone beyond the limits 
of validity of the Kirchhoff theory. Therefore the new formulae which have 
been adapted to Young’s point of view are valid only if the wavelength is 
small compared to the diffraction opening and if the vectorial character of the 
electromagnetic problem does not come into play; see Sec. 46. 


C. DISCUSSION OF THE CONTOUR INTEGRAL 


Rubinowicz approximates the contour integral (13) by the method of 
stationary phase (the saddle-point method, simplified and adapted to a 
real domain): only those points on the boundary curve yield a substantial 
contribution to the integral at which the phase is stationary with respect to 
translation along the curve; the contributions of all other portions of the curve 
are small of higher order because of interference with the contributions of 
neighboring line elements. According to (13) the phase of the integrand on 
the boundary curve is 


th (ps + 1s). 

This remains constant under translation along the contour when 
dps ar; 

(14) ds <a as ; 


or, what is the same, when the “reflection condition” 
(14 a) COS (ps, ds) == — cas (75, ds) 


is satisfied. There are in general a finite number of points s = s,, So, ... 
on the curve which satisfy this condition. Each of these points radiates a 
substantial intensity to the point of observation P, and the line integral may 
be evaluated with sufficient accuracy as the sum of these radiations. The 
locus of points P which receive radiation from any one point s, on the edge 
is a circular half-cone with the apex at s, and with the axis ds. This has 
been proved experimentally by E. Maey! for the simple case of the half- 
plane, for which there exists only one such point sy. 

Thus Young’s point of view, when analytically formulated, also leads to 
a quantitative explanation of diffraction phenomena — however, only within 
the same limits of applicability which already restrict Kirchhoff’s method. 


Ann. d. Phys. (Lpz.) 4%, p. 93, 1893. 
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It is to be noted that the discontinuity of the diffraction fiekl at the shadow 
boundary, which a comparison of {§ 4) and (5b) seems to indicate, cloes not 
in fact exist. This apparent discontinuity is exactly compensated by a jump 
in the value of our line integral, which is due to the fact that the denominator 
1 + cos (7,, p,) in eq. (13) vanishes as one passes through the shadow boundary. 


Finally, we recall our consideration of ‘‘light fans” in See. 36 E, where these 
were explained from the point of view of Fresnel’s zones. We now see that 
this phenomenon can be understood particularly well in terms of Young: 
Rubinowicz, reflections. Each point s, on the diffraction edge radiates a 
conical light fan; when there are not merely diserete points s, but continuous 
sequences of such points, the light fans become purticularly strong. “This is 
the case for rectangles and more generally for polygonally bounded dilfraction 
apertures, for then our cone surface / consists of plane portions which satisfy 
the reflection condition (14 a} along finite line segments, The specific inten- 
- sity in these light fans is of the same order of magnitude as that of the inci- 
dent light; the phenomenon of shadow formation thus disappears. 


45. Diffraction Near Focal Points 


From daily life we are well acquainted with the variously shaped caustics 
(focal lines) which appear within a teacup iHuminated by a puint source. 
These curves can be constructed by geometrical optics as the envelopes of 
pencils of rays. A more exact investigation of the vicinities of such lines leads 
to diffraction problems which have been treated particularly by Airy. 


According to geometrical optics a focal point is an infinite concentration 
of rays. Wave optics resolves this (physically obviously inadmissible) 
singularity into a strong light concentration of finite amplitude and finite 
extent. In passing through a focal point a phase jump of magnitude 7 occurs. 
This jump has been studied experimentally by Gouy a d Sagnac, among 
others. In the case of a focal line of the type which results, for instance, from 
the convergence of the rays of a cylindrical wave, the phase j mp is 2/2 
instead of. Rubinowicz! used his line integral (Sec. 44) as astarting point for 
the theoretical explanation of these phase jumps. He considered a ray bundle 
selected from a converging spherical or cylindrical wave by means of a dia- 
phragm and treated its further course as a diffraction problem. 


1A, Rubinowi 
we nowicz, Phys. Rev, 84, 931, 1938; see alao C. J. Bouwkamp, Physica 7, 
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We shall adopt a simpler method which is due to Debye*. He removed 
the diaphragm to infinity and in that way obtained a solution of the differ- 
ential equation of optics which is valid in the whole space and exactly 
describes not only the phase jump but also the diffraction patterns in the vici- 
nity of the focal point (or line}. Debye’s method is not limited to Kirchhoff’s 
approximation but is based on the fundamentals of wave optics. His solution 
can claim the same degree of exactness as, for instance, our treatment of the 
problem of the straight edge in Sec. 38. There we had assumed as given the 
incident light at infinity in one half-space (plane wave) and had required 
that in the other half-space the radiation condition be fulfilled (hence no 
incident light). Correspondingly, Debye prescribes incident light (as a con- 
verging spherical wave} in one portion of infinity and requires that every- 
where else at infinity no light shall be incident but shall only emerge. 


A. THE HYPOTHESIS OF DEBYE 
The expression 
(1) uw == threes® cos O = cos H cos #, + sin? sin By cos (p—Pp) 
represents a plane wave coming from infinity, which is incident from the 
direction # = #), @ = y, and which, after passing through the point r = 0, 
radiates toward infinity in the direction ?=@%)+2, g=g. As always, 
the time factor exp (- i @ @) is to be thought of as added. 7 cos @ is a linear 
function of the coordinates | 
x=rsin@cosp, y=rsinésing, z=rcosé 
having the coefficients 
a=sin#,cosm, P=sind®sing, y=cosd,, 
the sum of the squares of which equals 1. Hence « satisfies the wave equation 
Au + k*« = 0 in the whole x, y, z space including the point 7 = 0 which is 
not a singular point of w. 
The same is true for the wave packet 


(2) U= f f e-ikres@ dQ, dQ) == sin dy dy dary, 


which represents i#cident waves only within the (arbitrarily defined) solid 
angle ©. However this same expression (2} yields divergent waves for all 
#, y outside the solid angle (and not merely in the solid angle which is 
diametrically opposite to 0). This is due to the manner in which (2) was 
constructed as a superposition of the waves (1). Since it is an exact solution 
of the wave equation, U contains the answer to all questions regarding the 
behavior of the wave bundle in the vicinity of the focal point r = 0. 


2Das Verhalten von Lichtwellen in der Nahe eines Brennpunktes oder einer Brenn- 
linie, Ann. d. Phys. (Lpz.) 80, 755, 1969. 
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It should be noted that no boundary conditions of any kind need to be 
satisfied, It is just this requirement, that boundary conditions be satisfied, 
which in other problems makes solutions in closed form impossible, Thus 
in contrast to other diffraction problems, Debye’s formulation of the problem 
of focal point diffraction involves a simple summation method, as is brought 
out clearly by the form of (2). To be sure, we have performed only a scalar 
summation in {2} and not a vector summation as required by the directional 
character of the electromagnetic light field. But Debye has shown that his 
expression can be applied without change to describe the rectangular com- 
ponents of the Hertz vector from which the vectorial optical field can be 
derived. 


B. THE DIFFRACTION FIELD IN THE NEIGHBORHOOD OF THE FOCAE POINT 


First we shall show that the singularity of the light field at the focus which 
results from geometrical optics does not really exist, that according to wave 
optics the field is entirely regular. For the sake of brevity we shall make 
reference to several formulae from Vol. VI. According to eq. (VI. 22.35) 


] 


(3) e~t9ce68 = "(2% + 1) (~ i)" wo (p) Pn (cos 6). 


raf 


where p=kr. The P, are the Legendre polynomials 
(4) Pol=1,  Py(x)ax, Py (x) =3(3 “2 1), ...,% 008 @; 
according to Vol. VI, eq. (21.11) the y, are the modified Bessel functions 


= Sem AES LeeeNey [ee ee 
(5) Ym (p) Fs Ivn 0) = g(t saerat--} 


sin SiN p- pcos 
¥o (p) = —*, v1 (p) =A 


If we neglect in (3) all powers of » higher than the second and perform the 
integration with respect to Q indicated in (2), then we obtain, by using 
(4) and (5) 


(6) = (1-2) [aa-ip f cosoan-2f p,(eooyan 


For convenience we define the solid angle © as the interior of a circular 
cone with its apex at the focus. Thus the integration is to be extended over 


O<H<a, -t<gy< +z. 


p+ eae 
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Then 
fe = 22 | sind, dd, = 2x (1-cosa) = 2, 
6 


and recalling the meaning of cos @ from eq. (1} [the term containing cos (p— Po} 
vanishes in the integration with respect to y] 


fees 0 a0 = 2x e000 | cos 0 sing dg =z cos (1 -c08 
g 


= 5008 8 (1 + cosa) Q; 


furthermore, using the addition theorem for spherical harmonics [Vol. VI, 
eq. (22.36)] 


f P, (cos @) dQ = 27 P, (cos 8) { P, (cos Bp) sin By ay 
0 


=2P, (e080) | (808885 1) sin 6) a0, =x P? (cos 8) cosa {1 — cos® «) 
6 


= . P, (cos) cos a (1 + cosa) 2. 
Substituting this in (6) one obtaims 


U_, fee p* 
(7} a 1 “et 5 cos 6 (I +- cos a) — 7 P, (cos 9) cos (1 + cose}. 
For p = 0, the fimtie value 
(8) U =xQ 


is obtained (for our particular normalization of the incident amplitude). 
Hence, in contrast to geometrical optics there is no singularity. Going on from U 
to determine |U|?, one finds, consistently disregarding higher powers of p 
than the second, 


(9) |U |2/2 = 1- ay p® + a p® cos*d, 
AA i 2 - a, = (1- cosa)? 
a, = | cosa (I + cos), ay =F (1-C08 a}, a= 55 (1-cosa)*. 


We are interested in the region of large amplitude surrounding the origin 
which represents the wave-optical spreading of the focal point of geometrical 
optics. We consider the first surface of extinction U = 0 as the outer limit 
of this region. Calculating it from the approximation (9) and setting 


p® = k? (x? + y? + 23), pcosd = kz, 
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we obtain 
(10) BB ay (x? 4 y%) + RE (ay— ag) 2? = 1. 


This is the equation of an ellipsoid of revolution which is elongated in the 
direction of incidence. The smaller « is, the larger are the principal axes 
1 | ka, 1 | kia, - a. This means that the focal region becomes more extended 


as the incident bundle of rays becomes narrower. It decreases in size with 
decreasing wavelength (increasing 2). 


C. AMPLITUDE AND PHASE ALONG AND NEAR THE AXIS OF THE LIGHT CONE 


On the axis of the light cone # = 0 in front of the focus and # = x beyond 
the focus. Hence on the axis cos @ = + cos %. For these values the integra- 
tion in (2} can be carried out by elementary methods and yields for # =~ 0 


a 


Uy 2 snronti : = gevihr — eum tkrcosa 
(11 a) Ha fe sin J dy = ———>_—_, 
: 0 
and for =x 
U : et ihe . et sky cosa 
ovis’ jm + ikrcosd, oF — — 
(11 b} 7 Je sin }, dB, "hear. che 


Both expressions agree for r = 0 with the value of U given by (8). They 
remind us of the elementary representation of the diffraction pattern along 
the central axis of a circular disc or opening which was derived in Sec. 35C 
and D, Like the latter expressions, eqs. (11 a, b} are valid only on the axis of 
symmetry of the light bundle. We know from Sec. 35 C that the “Poisson 
spot’ disappears only a short distance off the axis. The same is true of the 
interference patterns given by (11a, b). 

We shall prove this in a somewhat indirect way by differentiating eq. (2) 
with respect to the angle «. In the case of a circular light cone which we are 
now considering, « appears in (2) as an upper limit of integration. Thus the 
integration with respect to #, is to be omitted and the integral with respect 
to % can be written in terms of the Bessel function Js: 


eu 

~~ == g—tkr cos? cosa shy sin $ sin a cos (p~9,) os 

rae e P-#) sin a doy 
* 6 


== 2a sin « e thr cos Ponte 7, (ky sind sin a). 
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For all values of 7 which are physically of interest the argument of Jy is a 
very large number except when @ == 0 or x {or also when « = 0 or 2). We 
know, however, that J, vanishes for large real arguments; see, for instance 
Vol. VI, eq. (20.57). Therefore 
a0 for all @ except @=0 and @=z. 

Except on these two half-rays U is, at infinity, independent of the angle «. 
From this we conclude that on the right-hand sides of (11 a) and (11 b) the 
second term in each of the numerators is to be neglected. Thus we obtain 


ikr 

(t2 a) - = ee for 0< 9S 2/2, 
+ ihr 

(12 b) eer for aj2SO<z. 


In both cases the interferences have disappeared; at large distances in front 
of and behind the focal point the light propagates as a spherical wave just 
as im geometrical optics. 

We are mainly interested in the phase factors in eqs. (12a, b), namely 


-7 = tint in (12a) and +5 —e-i!2 in (12). 


The phase jumps by a at the focal point as stated at the beginning of this 
paragraph. Since this phase change is in no way connected with the amplitude 
pattern at the focus but refers to the state of the spherical wave at large 
distances from the focus, we are justified in considering it as a property of 
geometrical optics; see Rubinowicz, loc. cit. 


D. THE CYLINDRICAL WAVE AND ITS PHASE JUMP 


The two-dimensional analogue of the above phenomenon concerns a ray 
bundle propagating in the r,g-plane 


+a 


(13) U = / e~ ihr con (0-0) dopg, 

-a 
which, coming from infinity within the range -*<%< + 4, proceeds 
toward the origin. In the language of three dimensions this origin is a 
geometrical focal line which is perpendicular to the r,g-plane. We shall see 
again that wave-optically no singularity appears. For the proof we use 
formula (21.2 b) of Vol. VI: 


(14) eiocosv = Typ) +2» (-4)* J, (p) cos my. 


aml] 
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The J are ordinary Bessel functions with integer indices. Neglecting higher 
powers of p, we approximate these Bessel functions by 


2 2 
jon -(B), I=5. n=} (2 
and obtain from (13) and (14) 


U p* sing p? sin 2 ot 
(15} Sa ag hone 0s 2 9 ———— xa 
At p= 0, U has (in contrast to geometrical optics) the finite value 
(15 a) U =m 2a. 


In order to find the intensity distribution for small p, we calculate {U|?, 
limiting ourselves consistently to quadratic terms in p. Using & x = pcos, 
ky = psing, we find 


(16} [U]2/4 oo? = 1-2 a, x? ka, y?, 
1 sin2a , sin? « 1 sin 2a 
an t{t+ 2a ad |, att 22), 


Setting |U| = 0 we obtain a measure of the size of the focal spot in the 
%, y-plane, According to (16), |U| = 0 on an ellipse whose major axis 1 / kV ay 
lies in the direction of incidence. 

While in the three-dimensional case we obtained incident and radiating 
spherical waves (12 a, b) at large distances in front of and behind the focus, 
we now obtain for & >> 1 unperturbed convergent and divergent cylindrical 
waves in the region of the light bundles. These are represented by Hankel 
functions of the second and first kind, respectively, 


a. ss 
{17 a) Hy? (kr) \z - e-iltr—nid) 
and 
2 
1 a —— et ilkr-af® 
(17 b) Hy) (Rr) = Ere : 


Here we have restricted ourselves to the asymptotic representations of Vol. VI, 
eqs. (19.55) and (19.56), which are the only ones of interest to us. From these 
we conclude that in passing through the focus the phase jumps irom 
exp (+ ¢2/4) in eq. (17a) to exp (-¢n/4) in eq. (17 b). The phase jump in 
a cylindrical wave amounts to n]{2. 

Actually the phase, like the amplitude, varies continuously in the vicinity 
of the focus; the “phase jump” appears only because in (12 a, b) and (17 a, b) 


we have compared the phases at points very far in front of and behind the 
focus. 
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46. The Huygens’ Principle of the Electromagnetic Veetor Problem 


We have at various times pointed out the difference between the scalar 
acoustic and the vectorial optical problems. By limiting ourselves to a two- 
dimensional case in deriving the exact solutions of Sec. 38 and 39, we were able 
to reduce the vector problem to that of two scalar problems which described 
two different polarizations of the incident light. Huygens’ principle is entirely 
scalar from the very beginning, so is the Fresnel-Kirchhoff application of 
Huygens’ principle. We shall here, very briefly, discuss the vectortal formula- 
tion of this principle. 

The problem is to calculate the vector fields E, H behind a diffraction 
opening o in an opaque screen when the tangential components of E and H 
in the opening are given. We shail denote the latter, considered as vectors, by 
E, and Ho. If these were known exacély, then it would be possible to calculate 
E and H exactly. If, instead of the exact values, the unperturbed E, H-values 
of the incident wave are used, one obtains only a first approximation which 
is valid for small wavelengths, just as in the Fresnel-Kirchhoff treatment. 

First, we shall state the formulation of the vectorial Huygens’ principle 
which is due to W. Franz?: 


z gkR a, eee gid 

(1) 4x E = curl | [de x £] Se ~ F Gy Cun cur [do x Ho] > 

2 Hi aie | (ae ae) Shins ee oadl | fae OE oe 

(2) 42H = curl | [do x lp t+ p55 curl f [de x 7 
g ¢g 


The following will explain the notation: 


a) do is an element of area with which is associated the direction perpen- 
dicular to the surface ¢; the vector product of da and E, is therefore a vector 
lying in the tangential plane of ¢. The normal component of E, does not enter 
into the calculation of this vector product. The same holds for the vector 
product of de and H. 


b) R is the distance from the point of observation x, y, z to the point of 
integration , 7, £. E&,H are functions of x,y,z; Eg, Hy are functions 
of &, 9, ¢. 


4ZS. f. Naturforschung, Vol. 8a, 500, 1948; we cannot here discuss the resulting 
corrections to the Kirchhoff diffraction calculations, See also Stratton and Chu, Phys. 
Rev. Vol. 56, 99, 1939, as well as the book by J. A. Stratton, Electromagnetic Theory, 
Internat. Series in Pure and Appl, Physics, New York, 1941. 
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c) The eqs. (1) and (2) therefore represent superpositions of spherical waves 
radiating from the points ¢, n, { just as in the elementary Huygens’ principle; 
these waves interact at the point x, y, z, but now they combine vectorially. 


d} The operation curl is everywhere to be performed with respect to the 
coordinates of the point of observation x, y, 2. If cartesian coordinates are 
chosen, the identity 


(3) curl curl = grad div- A 
may be used, as is done in the following. 


e) In Franz’s work the arrow of do points toward the back of o, that is, 
into the region where E and H are to be determined. 


f) The values of ¢, 4 are everywhere constant and can be identified with 
the values in vacuum. 

We now show that the E and H as defined in (1) and (2) satisfy Maxwell's 
equations. We write the latter for a purely periodic state of frequency w: 


{4) curlE=iwnuH, culH=-—éwe E. 
Next we form curl E from eq. (1). Then the first term on the right-hand side 
becomes identical with the second term of eq. (2) multiplied by ¢ wy. Using 


cartesian coordinates temporarily and applying (3), the second term of curl E 
becomes 


Y aui(gaa di 4) | tio H.) 
Fag Cull (grad v—4) |} [de x Hy] =. 


Curl grad vanishes and there remains 


1 aren gikR pe gikR 
(5) ; cur. [ x 9] 4 “R= "Top ul [do x Ho] ~p-> 


twee 


since « = ¢*"/R satisfies the wave equation 4 «+ k®% == 0. Moreover 
RP=omyc=senm*, hence -Riwemionu. 

Accordingly, (5) is identical with the first term on the right side of (2) multiplied 

by i wu. Thus we have proved that eqs. (1) and (2) satisfy the first Maxwell 


eq. (4). Quite analogously it can be verified that the second eq. (4) is also 
fulfilled. 


But as Franz points out, this representation satisfies the boundary 
conditions 


(6) E-E, H—+H, as +*,¥,%—-a 
only approximately, 
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In contrast to this we now show that the integral representation 


: ghR 
(7) 2m Em curl { {da x os a 


e 


git k 
{8) . 22H = curl [da x Hol = 


satisfies the boundary conditions (6) but not the differential eqs. (4). 

We shall merely make this statement plausible by assurning that E,, H, are 
differentiable functions of position everywhere in the opening (including its 
boundary!) and by restricting ourselves to the case of a plane screen and 
hence a plane opening o. We choose as the origin of a cartesian ¢, », ¢- 
coordinate system the point 0 on o, which is the point that P is to approach. 
The ¢-axis is to be perpendicular to de, and its positive direction is to coincide 
with the direction of do. The x, y, z-system in which the point of observation P 
is defined shall be parallel to the &, 7, €-system. With this choice of coordinate 
system the three components of the vector product [de x E,] have the values 


(9) (— Evy, Eo x, 0) dé dy. 
We now form 
gikR 3 a] cit 
(9 a) cur | x &] “| = {i x Egle gy ~ [de x a oe 
According to (9) this is equal to 
ot 
= —a§ dn Ey *3R’’ 
where, in this last expression, we have set e**® ~1 in the neighborhood of 0. 
We now calculate the right-hand side of the x-component of (7) and obtain: 


3 dé d 
(10) -{ fasan Eee =f f eR. 


On the right, z/R is the cosine of the angle between the directions z and R; 
hence dé dy z/R is the projection of dé dy onto the sphere of radius KX centered 
at P, Divided by R? this yields the solid angle which ¢§ dy subtends at P, 
As P +0 this solid angle approaches 2 in the vicinity of O; in the more 
distant parts of the , y-plane it goes to zero. Hence (10) becomes equal to 
22 Eo,. In the same way the y-component of (7) may be checked. 

The same calculation, applied to (8} shows that the boundary condition (6) 
is satisfied also for H. If one substitutes the expressions (7) and (8) into the 
differential eqs. (4), and if one performs suitable integrations by parts and 
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applies eq. (34.20), the resulting surface integrals on both sides are found to 
be equal. . But there also appear line integrals over the boundary of o 
(“magnetic currents” as Stratton calls them, loc. cit.) which do not compensate 
oné another. 

The above remarks do not, of course, solve the problem posed in this 
paragraph; they only describe its general aspects. In any case, an exact 
solution of the diffraction problem could be obtained only if the exact boundary 
values Ep and Hy (or more correctly E, or Hy) were known. This is, of course, 
not the case. Rather, these boundary values can only be found simultaneously 
with the solution of the diffraction problem. Even in the case of the circular 
opening, the two auxiliary functions (potentials) which must be introduced 
to salve the problem are coupled in a complicated manner!, The vectorial 
Huygens’ principle is no magic wand for the solution of boundary value problems, 
but it is of interest as a generalization of the time-honored idea of Christian 
Huygens. 


47. Cerenkov Radiation 


According to the theory of relativity a material body cannot possibly move 
with a velocity v greater then the speed of light c. However, we know that 
in a medium of index of refraction », light propagates with the phase velocity 
4 = cin <c; see Sec. 2. Hard cathode rays and Compton electrons produced 
by very hard y-rays can attain velocities in the range 

4DVe, 
What happens in this velocity range? 

We might expect to find phenomena which are known to us from the 
field of ballistics: see Vol. II, fig. 45a, b: The Projectile overtakes the 
pressure wave which it produces and thus causes a Mach cone with the 
characteristic angle sin & = cfu (¢ = velocity of sound), While this 
Phenomenon can be derived only with some difficulty from the non-linear 
equations of aerodynamics, the corresponding electro-optical phenomenon 
follows simply and rigorously from Maxwell's equations. 

The following discussion will adhere closely to an early paper by the author 
which was communicated to the Amsterdam Academy? by H. A. Lorentz; 
the only difference being that where that paper (which preceded the theory 
of relativity!) deals with velocities below and above that of light, v < ¢ and 
o>, we must now substitute <i w and «<1 <c, respectively. For 
velocities below that of light the electron carries its own field with it and no 


1]. Meixner, ZS. f. Naturforschung, Vol. 8a, 606, 1948. 
*Proc. Nov. 26, 1904, particularly Pp. 359 where older papers by Heaviside and 
Des Condres are referred to; see also Géttinger Nachrichten 1905, p. 201. 


47. 3 CERENKOV RADIATION 329 


energy is radiated; see Vol. III, Sec. 30 A. However for velocities above that of 
light the electron leaves its field behind in the shape of a Mach cone. The 
field radiates in directions perpendicular to the surface of the cone, and be- 
cause of the nature of dispersion, this radiation consists mainly of visible light. 
Since the electron looses energy in the form of radiation, its velocity 
decreases rapidly to the value of the light velocity v = «. The radiated light 
is polarized so that the 
electric vector lies in the 
plane passing through the 
trajectory of the electron. 
This radiation, then an 
unheard-of optical pheno- 
menon, was first observed 
in 1934 by P. A. Cerenkov’. 
At first he used Compton 
electrons and later many 
different types of cathode 
rays. These observations were 
soon thereafter explained by 
Frank and Tamm® in the 
manner here indicated and 
were compared quantitatively +1. nach cone of 


Pig. 91. 
: the Cerenkov electron and its 
with the theory. radiation vector S. 


A. THE FIELD OF THE CERENKOV ELECTRON 
Let us assume that an electron moves with a velocity v (to be thought of 
aS Constant) through a medium of refractive index » > 1 such that 
(1) BUS, =e men. 
At the time ¢ = 0 let the electron be at the point O, and let Q be the position 


of the electron at the earlier time + <1 0. We are to find the field of the electron 
at an arbitrary point P at the time #=0. Let 


(2) y=distanceOP, %= angleQOP 

(see fig. 91). Choosing the x-axis in the direction of motion of the electron, 
we denote the space-time coordinates of P by 

(3) x, =-rcost, xzgs=rsinécosy, x =—rsindsing, =tct=0 


1Ac. Sci, USSR., 2, 451, 1934, 8, 414, 1936, 20 et seq. Phys. Rev. 52, 378, 1937. 
2C, R, Ac. Sci. USSR. 14, 109, 1937; Tamm, Jour, of Sci, USSR. 1, 409, 1939. 
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and those of Q by 
(3a) &=vr< 0, i= &, = 0, &,=tcr. 

As we saw in Sec. 2, in a medium of refractive index « the light velocity ¢ 
occurting in the wave equations for E and H is to be replaced by the phase 
velocity « = c/n. The same substitution must be made in the differential 
equations for the retarded potentials in Vol. ITI, Sec. 19. Since the velocities v 
in question are close to ¢, it is natural to use the four-dimensional potential Q 
of Vol. IiI, Sec. 29 instead of the three-dimensional retarded potentials. 
The symbol () which was introduced there must now be amended to mean 

a2 3g? a? a 
= ——— ia o's 

ax,7 = Oxy” . ax," at ax,2 


(4) , D 


for, indeed, the fourth term in this expression is 


as it should be according to our present differential equations for the retarded 
potentials. 

Correspondingly, we must continue to replace ¢ wherever it occurs by 
« = e/n. Thus the “current density four-vector 1” introduced in Vol. III, 
eq. (28.16) is now defined as 


(4a) I= (pv,tt p) = (pv,0,0,7  p), 
where p is the charge density of the electron. The connection between 2 and 


the retarded potentials A and y which in vacuum was Q = (A, ¢ w/c) by eq. 
(26.4), Vol. III is now to be changed to 


(4b) O = (A, tin). 
With these changes in the definitions, the differential equation of our problem 
reads exactly as in Vol. III, Sec. 26: 
(4c) O2=-p Ll. 
In order tointegrate (4 c) we require, as in Vol. JIT, Sec. 29, asolution of the 


differential equation (] U = 0 which is infinite at P =Q. This solution is 
now defined by 


(6) Ueqe R= E- a) + amd t (el + Gan 20 


The reader may convince himself that this function satisfies the differential 
equation (| UY = 0 in both sets of quadruple variables except at P = Q. 
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Applying Green’s theorem, one obtains an expression identical with 
eq. (29.6), Vol. IIL except that the factor ¢ occurring in & must again be 
replaced by « == c/n. This results in the occurrence of the denominator # 
in the following equation: 

db, ab, dé, af 
4a? Qi ty = | I eos) ieee . 
If the electron is considered to be a point and the integration with respect to 
&,, &, &, is carried out, one obtains 


a 
(6) 4n?Q,} -— ar} QO, = Q, = 0, 
dalOijaoaat(® | Si 


As shown in the text accompanying fig. 44, Vol. III, the integration with 
respect to é, must be performed by evaluating the contour integral around the 
negative-imaginary &,-axis because the position of the electron is given only 
for 7+ <0. This integral is non-vanishing only if there are points on this 
semi-axis at which the denominator R* vanishes. According to (3), (3a} 
and (5) the condition for this is 


(7) R? = (vy? 4%) 2 + 2urrcosB + r27=0, 
The roots t, of this quadratic equation are given by 


(7 a) (u® — 2?) 7. =-v7(cos0 x |/4-sinto} 


We see, therefore, that for 
(8) O> Om, where $4 = Mach angle, sin #4 = =; 


no real roots of (7) exist. Therefore, im this region the integrals in (6) vanish 
and hence not only 2, = Q, = 0 but also Q,=Q,=0. The field ts zero 
everywhere outside the Mach cone. 

On the other hand, for all points P within the Mach cone, (7 a} has two 
real negative solutions (also t_ is negative because v > «); both points for 
which R = 0 lie on the negative imaginary §,-axis and herice contribute to 
the integral. These contributions are, moreover, equal when the integration 
is performed in opposite directions around the two points+. An electromagnetic 
field exists everywhere in the interior of the Mack cone. 


1}{ the directions of integration were the same, the sum of the two contributions 
would be zero. Thus we would not obtain an actual solution of the differential eq. (1). 
Therefore the path must be defined ag a lemniscoid loop about the two points ty; this 
is certainly permissible, 
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Before determining this field, we shall consider the connection between the 
times +, calculated in (7 a) and the so-called relaxation time of the retarded 
potentials, the “retardation” time of Vol. III, eq. (19.13 ¢) 

(8 a) t= rpole. 
Here we have used rp instead of the letter r of Vol. III in order to emphasize 
that what is meant is the distance between the position Q of the electron at 
time ¢ = t and the point P at which the field is being observed at the time 
#= 0. Using the notation of fig. 91 this distance is, according to the theorem 
of Pythagoras (r means here the distance PO}: 

rpg = Vor EP Dor cos 8. 
This, substituted in {8 a}, where however ¢ is replaced by #, yields indeed 
eq. {7). We note in this connection that both light points L and L’ of fig. 41 
of Vol. III are given by one and the same quadratic equation, namely our 
eq. (7}; the only difference is that while the two points had different signs 
in Vol. III, they are now both negative. We also note that for «= c the 
Mach angle (8) becomes imaginary and that is why there was »o Mach cone 
in the problems in Vol. ITI. 

We return now to the representation (6) of the four-vector potential. In 


order to evaluate the integrals involved we rewrite the expression (7) for & 
in the form 


R® = (v2 - 4?) (c-1+) (¢-7-). 
In evaluating the loop integral around r = +, we can replace the factor t — t_ 
by t,-—t_. If we also write d&, = ic dz, we obtain 
(9) f ae, _ te ae = —2%¢ ; 
Ri fy?) (cy —t-) Pott, (v8 -w*) (ry. - 7} 
According to (7a) the denominator of this fraction is equal to 


2 % 
—2er (3 -sin? 0} 
0 
and therefore (9) becomes 


a& ze{ue . —t 
pS — 2 (4 sito] 


If we carry out the same calculation for the zero r=+_, then t_-7, takes 
the place of +, -—7_ in the denominator of (9). Therefore, with opposite 
directions of integration the two contributions are equal as stated above, 
One obtains therefore from (6} 


2 at 
(10) 22 Qifpge ws = 2AOy uy te wae (<i-sinea| 


= (u? +2 — vy? y? sin? §)-%, 
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or written in terms of the coordinates +, %, %, of the point of observation 
(10.a} 27 OQyfppe wy = 2rO lag tee? = {42 x2 (v®- 43) (x42 + 242)}-%, 


The equipotential surfaces are hyperboloids; they take the place of the 
Heaviside ellipsoids of Vol. IEI, Sec. 242, footnote 1. The field is finite and 
continuous everywhere inside the Mach cone; the reason why according 
to (10) the field becomes infinite on the surface of the cone (sin # = #}v) is 
that we have assumed the electron to be a point charge; for an electron of 
finite radius a the field would attain only a maximum of the order of 
magnitude 1/a 1. 

We have derived the existence of the Mach cone from the phenomenological 
theory of a continuum. Physically, the cone, like the refractive index is 
caused by the molecular structure of matter. We need only consider that 
the electron moving with the velocity v > « arrives at the molecules jn its 
path sooner than the radiation emitted by the previously excited molecules. 
If dispersion is taken into account (see below), then the difference between 
the phase and group velocity affects the size of the Mach cone in an interesting 
way: The velocity of the wave fronts emitted by the previously excited 
molecules is not equal to the phase velocity #, but according to Sec. 22, it equals 
the group velocity g<«. Therefore the Mach angle is somewhat smaller 
than the value given by (8) because «# must be replaced by g. A precise 
measurement of the angle of the Cerenkov waves (see fig. 92 below) should 
show this*®. 


B. THE RADIATION OF THE CERENKOV ELECTRON 


So far we have considered only the instantaneous picture of the field 
produced by the electron which we were able to characterize arbitrarily by 
the time coordinate ¢ = 0, Therefore the field has apparently been independent 
of ¢ But for an observer in the laboratory, the field obviously depends on #. 
If the observer is at the point P’ in fig. 91, he sees nothing until the surface 
of the Mach cone reaches him. For convenience fig. 91 has been drawn as if 
the observer were travelling into the cone along the dotted straight line P’ P 


1See the above-mentioned paper in the Proc. of the Amsterdam Academy. There 
it will also be seen that the Mach cone is surrounded by a marginal zone of width 2a 
in which the field decreases continuously from its maximum on the cons to zero on the 
outside. 

44 full discussion of this statement has recently been given by H. Motz and 
L. I. Schiff, Am. Journ. Phys. 21 (1953), p. 259. This paper also shows that the dis- 
cussion given in the following sections B.-D. cannot be accepted without modification. 
(Translator). 
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with a velocity opposite to v. At the point P, on the surface of the cone the 
observer perceives the maximum field (in our approximation, actually an 
infinite field). Also at all interior points P a field is observed which becomes 
weaker with increasing distance from P,. 

Mathematically, we obtain this time dependence simply by replacing in 
the above formulae 

Xy by x—vi. 

That is, we consider the point O in fig. 91 not as fixed but as moving with time. 
Tn addition we shall write y, z instead of Xe, Xz and express Q in terms of the 
real potentials A, y in the manner of eq, (4b). Then eq. (10a) becomes 


(11) 2% Aslug ev = 27 plug eu? = {u9 (x— yf)? (u? — 46) (y2 4 22}-%, 
From this it is easy to establish the validity of the relationship 


Fr v= 2 
(12) a = -Astr?- 
We use this to calculate the electric field E from the relation in Vol. III, 
eq. (19.7) E=-A-P y and obtain 


2% 
‘ eu —4fy 
(13) E= - we te ota 9| , 
, 8 =}, 
E,= - Ba EE uns , 


where { } stands for the expression inside the curly brackets of eq. (11). 
Thus the electric field has the direction of the vector 


x—vt, ¥, 2 
which points from the instantaneous position of the electron to the point of 
observation. JI}, in particular, the latter has the postition P, of fig. 97, then the 
direction of the electric field coincides with a generator of the Mach cone. 
To calculate H the relation of Vol. III, eq. (19.6) B = curl A is used. 
According to (11) this yields besides H,=0 


—4, 
yo EE = SE us| , 
(14) Mp 32 276 
1 3A, euv "hs 
He Se Oy I 


The magnetic field lines therefore form circles around the trajectory of the 


electron. At the point Py the direction of His langentzal to a circular cross-section 
of the Mach cone. 
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The directions of E and H determine the direction of the ray S = E x H. 
At the point P, the ray direction is perpendicular to the Mach cone. The radiated 
light is polarized; the electric vector lies in the plane passing through the 
trajectory of the electron. Thus we have proved our initial statements about 
the character of the Cerenkov radiation. We still have to show that the 
spectrum lies principally in the vistble frequency range. We note also that the 
radiation proceeds almost like a shock wave because the factor { }"? which 
occurs in the product of E and H is large only in the immediate vicinity of 
the surface of the Mach cone. 
To produce Cerenkov radiation it is best to 
SS use a thin resin plate on which the electrons 
SS impinge perpendicularly. Thus only a smail 
portion of the Mach cone appears. The emitted 
Sa radiation fills a thin annular cone perpendicular 


I 


i HS 
| ES to that portion; see fig. 92. The exposed area 
Mia on a photographic plate placed- behind the resin 
ates ia plate renders the annular trace of this cone 
lane visible. 
Wie, Se C. CERENKOV RADIATION WITH DISPERSION 


TAKEN INTO ACCOUNT 


tis So far we have carried out all calculations as 
ao 


if the index of refraction were a fixed number. 

Actually the refractive index is a function of 

Fig. 92. frequency which rapidly approaches the value 

Bi madiigrate cn are 1 in the far ultraviolet. But as » approaches 1, 

large dielectric constant. the interval «< v<c in which the Cerenkov 

effect can take place shrinks to zero. 

Therefore our previous treatment does not yet suffice for a quantitative 

analysis of experimental observations. In order to complete the calculations 

we would have to decompose the time dependence of the radiation field into 

its Fourier components in terms of w é, and each of these components would 

have to be provided with its own (@). We would then find that only those 

Fourier components which lie in the visible spectrum make a noticeable 

contribution to the Cerenkov effect, while the ultraviolet spectrum is unable 

to excite Cerenkov radiation. Therefore we can state what has already been 
indicated in the introduction: the Cerenkov effect makes electrons vistble. 

However, owing to the singularity of the field on the Mach cone, the 

Fourier analysis involves certain formal difficulties. These can be avoided if, , 

instead of a point-electron, an electron of finite extent (radius a) is used (see 
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footnote 1 on p. 341), for then the singularity is smoothed out into a transition 
zone with finite field strength. We cannot present these somewhat involved 
calculations here. Tamm (loc. cit.) overcame the above-mentioned difficulties 
by using so-called 6-functions'; but these calculations, too, are complicated. 

It is interesting to note that because in quantum mechanics one is forced 
to decompose the electromagnetic field into its Fourier components from the 
very start, the quantum-mechanical treatment of the Cerenkov effect? leads 
directly to a representation of the field in which dispersion can be taken into 
account, and therefore the visible character of the Cerenkov light is directly 
put in evidence. 

Finally we wish to mention that in the author’s work of 1904 a simple 
relation was derived for the force F which, because of the radiation, acts to 
decelerate the electron. If ¢ is replaced by the phase velocity «, assuming again 
a constant refractive index, and if the electron is treated like a nigid 
sphere with uniform spatial ge distribution, this force is given by 


22 “2 
(15) 4 |F| = ae. 1-4). 


An equivalent expression was derived by Tamm (loc. cit.). For an interesting 
application of eq. (15) to ballistics see F. Klein and A. Sommerfeld, Theorte 
des Kreisels, IV, p. 925, Leipzig, 1910. 


D. A FINAL CRITICAL REMARK 


We have used the formalism of the special theory of relativity to achieve 
a simple integration of the wave equation for the case of the Cerenkov 
electron, But in this formalism we have everywhere replaced the light velocity 
c by the phase velocity «. This change must also be made in the equation 
Div Q = 0, Vol, IIT, eq. (26. t which therefore becomes 


(16) dwA+22°¥ = divA + y/u? = 0. 


This form of the equation was implicit in the above calculations. 

However, we must note that the four-component quantities Q, 27” which 
we have used are not really four-vectors; they are not relativistic covariants. 
Rather, they are based specifically on the system of the stationary dielectric 
medium in which the electron is moving. In order to change from this reference 
system to another (such as the rest system of the electron, for instance), one 
should not use the usual Lorentz transformation but rather Minkowski's 
electrodynamics of moving media (Vol, III, chap. IV). 


1Similarly in G. Beck, Phys. Rev. 74, 795, 1948. 
2K. M. Watson and J. M. Jauch, Phys. Rev. 75, 1249, 1949. 
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48. Supplement on Geometrical Opties. Carved Light Rays, Sine Condition, 
Lens Formulae, Rainbow 


In Sec. 35 A we based geometrical optics on the existence of the ethonal, 
that is, a system of surfaces 
S (x, y, 2) = constant 


the orthogonal trajectories of which are rays. According to (35.3) the equation 
of the eikonal is 

D (S) = (grad S + grad S) = n?, (4 = refractive index). 
The unit vector! in the ray direction, hence the normal to the eikonal surface 
passing through the point in question, is given by 
(1) pa eee ag 

p(s) * 

From this follows 
(2) curl (”s) = 0. 
This condition is equivalent to the existence of the eikonal. AX ray bundles 
(straight or curuilinear) realized in geometrical optics are normals to surfaces 
and are distinguished from more general systems of curves in that they 
satisfy the condition (2). 

Parallel rays and rays diverging from a luminous point source, which are 
the types of rays usually considered, obviously have the property of being 
normals to surfaces, A theorem which had already been stated by Malus says 
that this property is preserved under arbitrary reflections and under refractions 
in arbitrary lens systems. This theorem is self-evident to us because of the 
existence of the eikonal before and after every reflection or refraction, and it 
is also expressed by (2). 

The following integral requirement is equivalent to the differential condi- 
tion {2): 


(2 a} Gp sede + spay + sd = 9. 


We can also abbreviate this as follows 


{2 b) hast —o. 


As a consequence 
(2 c) fasdas.s, 


1On its use is based the work by Sommerfeld and Iris Runge cited on p. 201. It will 
also simplify and clarify the following presentation. 
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That is, the line integral from a point 1 in the field toa point 2 isindependent 
of the path and is equal to the difference between the values of the eikonal 
at the two points. Later we shall call the starting point 1 of the integral the 
“object” and the end point 2 the “image’’. 


A. THE CURVATURE OF LIGHT RAYS 


At the point P under consideration we construct the osculating plane to 
the curved light ray. Next we construct the tangent unit vectors s at P 
and s’ at a neighboring point P’ lying on the same ray. The curvature of the 
ray is defined as the angle between these two vectors divided by the distance 
PP’ =ds. Since |s| = 1 the above angle equals the vector difference s‘—s 
which we call ds. Hence we define the curvature as 

ds 


(3) Kms. 


The absolute value of this vector gives the magnitude of the curvature; the 
direction of ds in (3) gives the position of the radius of curvature in the 
osculating plane. 


For clarity we temporarily use cartesian coordinates? to transform the 
right-hand side of (3): 


ds_ a dx | a dy , ade 

ds dxds ' ay ds | dzds’ 
The factors dx/ds... are nothing else but the components of the unit vector s. 
Hence we have 


ds 
(3 a) aon Sx +o 8% += 
In addition, it follows from a =1 fie every direction of the gradient: 
(3 b) 0= i grad |s\? = s, grads, + s, grad sy + s, grad sz. 
Subtracting this from (3a) one obtains 
ds as ds as 
(3 ¢) qm 8 (% — grad s + sy (%. - gra 5) ++ Se (= ~ grad +) , 


The x-component of this vector equation (put s=s,, grad = 0/@x) reads 


== —s,curl,s +s, curl,s = (curls x s),, 


1Otherwise we would have to use tensor calculus which we wish to avoid. 
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and corresponding results hold for the y- and z-components of (3 c). Combining 
these into a single vector relation we have 


ds 
{4) ae curls x s. 


This is true forevery unit vector s and not merely for the surface normals 
of optics. 
We now use the fundamental eq. (2) which characterizes the light vector s 
and which may be written in the form 
ncurls—s x gradu = 0 
or 


{4 a) curls = ms Xx grad #. 


We substitute this in (4) and form the absolute values of both sides. We note 
that according to (4a) curls is perpendicular to s and that therefore the 
absolute value of the vector product in (4) is equal to the product of |curl s| 
and. |s|. Thus we obtain 


6) - 


According to (3) this is equal to the curvature 


ds 


1 
=—|s x grad zt]. 


(6) K =: ls X grad 2] = S \grad m|sina,  « = angle (s, grad %). 


For the direction of the radius of curvature we obtain from (4) and (4): 


—~ 


1 
= = [s X grad#] Xs, 
or, using a well-known vector theorem, 
(6 a) nK = grad ns (s- grad 2). 


From this we see that the principal normal KX, the tangent s, and the gradient 
of » all lie in one plane, namely the osculating plane. Or, to say it better, 
if we consider as given not the osculating plane but the gradient of # and 
the direction s of the light ray, then the osculating plane passes through s 


and the gradient of #. The principal normal K also lies in this plane. According 
to (4) the binormal has the direction of the (axial) vector curl s. 
Equation (6) contains a theorem which was already used in 35 A: tm @ 
homogeneous medium (n = constant) the light rays are straight lines (K = 0). 
As an example of an optically inhomogeneous medium, let us consider the 
earth’s atmosphere at sunset. The refractive index » of the air decreases 
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with altitude; therefore the gradient of » points toward the center of the earth. 
The plane of the drawing in fig. 93 is the osculating plane of the curved light 
ray shown; this plane is perpendicular to the earth’s surface. The direction of 


K is essentially given by the first term on the right-hand side of (6 a) because 
the second term is directed 
almost horizontally. Hence 
the light ray is curved 
concavely toward the earth. 
In a more elementary way 
of speaking the light ray 
is “‘refracted” in the direc- 
tion of increasing air den- 
sity. It follows that the 
setting sun appears elevated 
as indicated by the dash- 
dot tangent at the point 


Pig. 93. - f in the figure. 
Curvature of the sun’s rays in the atmosphere 
af tiacencth: In the present example 


of a medium with parallel 
strata, the equation of the curved ray can be written explicitly directly from 
the law of refraction in the form 
(6 b) ' #sing = const. 


It is easy to ‘show {by logarithmic differentiation and evaluation of 
K = dajds) that this equation agrees with the generally valid eq. (6). 


“a Ys . B. ABBE’S SINE CONDITION 
Lp ‘ , 

——————— Let us consider asystem 

Q Y ae (2 of lenses which is symmet- 

g rical about an axis P P’ 

Fig. 94. and which, by means of 

On the sine condition bundles of rays of finite 

opening, maps the points 

onthe plane P P, in the object space as (almost) faultless images onto the plane 

P’ P,' in the image space. Let « and «' be the angular apertures of the 

bundles; let and »’ be the indices of refraction in front of and behind the 

system of lenses; % >’ implies immersion. 
Let (1) be the axial ray from P to P’ and (2) the limiting ray of the bundle 
emitted by P (because of the rotational symmetry only one meridian plane 
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need be considered, see fig. 94}. The object point P, is at a distance? from P; 
the rays which are emitted by P, and are parallel to (1) and (2} shall be called 
(3} and (4). Let the distance of the image P,' from P’ bel’. We are not 
concerned with the (possibly curved) ray paths inside the lens system; outside 
the lenses the rays are straight. 


According to eq. (2c) two Hine integrals i ns-ds between the same 
beginning and end points are equal to one another and to the difference between 
the respective values of the eikonal 
- {7) (1) = (2) = S (x’,0)-S (x, 0), 

(3} = {4} = s (2, A) ~S§ (x, 2), 


where x and x’ are the abscissae of object and image measured along the 

ceniral axis. We wish to find the difference (3) - (1) and the equal difference 

(4) - (2). | 
From (7) there follows for sufficiently small /’ and / 


(8) (3) — (1) == S (x", 2) -S (x’, 0) ~ {S (x, -S (x, 0)} 


& ) 
= I — $ (x, y'}-1 —S (x, with y’=y=0. 
r ( } ay (x, ¥) ymy 


The two differential quotients, originating as they do from a Taylor expansion, 
are to be evaluated on the path 1. The first derivative is to be evaluated in 
the image space at the point P’, the second in the object space at the point P. 
On the other hand, because S is the line integral of = s, these two differential 
quotients are equal to 


(8 a) n'syin P’ and sy in P, respectively 


Since they are evaluated on the path (1) where s,= 0, they are both zero, 
Therefore 


{8 b) (3)-(1) =0. 


If we calculate (4) - (2) by the same method, we again obtain from the 
Taylor expansion the right-hand side of (8) where, however, the derivatives 
with respect to y are to be evaluated on the path (2) in the image and object 
Space, respectively; on the other hand, by the definition of S as a line integral, 
these derivatives are again given by the values (8 a) but are now taken for 
the path (2). These are, see figure, 

n' $y = »’ sin uv’ and ws, = sin, respectively. 
Hence one obtains 


(9) (4) -(2) =/' n’ sin wu’ -—i nm sin x. 
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But according to (7), (4) - (2) = (3)-(1) and since (3) -—(1) = 0 by (8b), 
also (4)-— (2) =06. This is Adbe’s sine condition which we had anticipated 
on p. 307: 

(10) wl’ sin #’ = nisin w. 

As was shown by Straubel}, this theorem is contained in a general recipro- 
city theorem of geometrical optics, 

A similar theorem can be derived by considering two points P and P, 
which are axially displaced with respect to one another instead of being 
displaced transversely as before. The assumption now is that light bundles 
of finite opening project these points onto two image points P’, P,’ which 
are also axially displaced with respect to one another. The only difference 
in this arrangement is that in all the above formulae the derivatives of the 
eikonal are to be taken with respect to x and x’ instead of y and y’. The 
result is 

(§)-() =-ni+an'l, 
(4) —(2) =-nicosu + n'l' cosw’, 
which yields the relation 
(21) n'l’ (1-cos wu’) = #1 (1-cos x). 
The incompatibility of this expression with the sine condition {10} makes it 
clear that no optical system can simultaneously produce sharp images of 


transversally and axially neighboring points by means of ray bundles with 
wide angles of opening. 


C. ON THE STRUCTURE OF RECTILINEAR RAY BUNDLES 


Ray bundles in homogeneous media and consisting of straight lines are, 
of course, of special interest. Kummer investigated the most general, not 
necessarily normal, bundles of straight lines. We shall limit ourselves solely 
to bundles which are possible in optics, that is, to those which for » = constant 
satisfy the condition [eq. (2}] 

(12) curls = 0. 


We call one ray the central ray and consider only those rays which 
deviate a very slight distance from the central ray. That is, we consider an 
infinitesimally thin bundle. We construct a plane EZ perpendicular to the 
central ray and mark the points at which the rays of our infinitesimally small 
bundle intersect the plane. We do the same with a parallel plane 2’ which 
is located at the (small) distance 5 from E. The corresponding points on the 
planes E and £’ are related to one another by an affine transformation. 


1K, Straubel, Physikal. ZS. 4, 114, 1902. 
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According to the fundamental theorem of the kinematics of continuous media 
(see Vol. II, Sec. 1, specialized to a two-dimensional continuum), this trans- 
formation is composed of a deformation in two mutually perpendicular 
directions {symmetrical transformation coefficients) and a rotation about the 
axis perpendicular to these directions (antisymmetric transformation). A small 
circle drawn about the intersection of the central ray on the plane £ is trans- 
formed into an ellipse by the deformation, and this ellipse is rotated by the 


rotational transformation through an angle given by : curl s. This rotation 


is analogous to the angular velocity in hydrodynamics. Our condition (12} 
applied to the central ray states that the rotational component of the trans- 
formation vanishes and that therefore the principal axes of the deformation 
ellipses are parallel for all planes E, FE’. These axes lie in two fixed mutually 
perpendicular planes which are the symmetry planes of the sivucture of the ray 
bundle. 

As such they must contain the two degenerate cases of the deformation 
ellipse in which one of the two principal axes shrinks to zero. These degenerate 
ellipses are called the focal lines of the ray bundle. They are perpendicular to 
one another and io the central ray (Sturm’s theorem). The points where the 
focal lines intersect the central ray are called the focal points of the ray bundle. 
The distance between the two focal points is called the astigmatic dtfference a. 
(In the case of general Kummer rays the two focal lines are not necessarily 
perpendicular; non-optical ray complexes have no symmetry planes but, 
since curls +0, they have a positive or negative sense of rotation.) 

From p.208 we know that to every optical ray bundle there correspondsa 
system of parallel surfaces, the surfaces S = constant. In the simplest case 
of the spherical wave (and its special case, the plane wave) these surfaces are 
concentric spheres (or parallel planes). In this case the positions of the 
symmetry planes and of the perpendicular focal lines are indeterminate, The 
two focal points coincide, forming only one focal point; @ becomes zero and 
the ray bundle converges to the focal point. This situation is characterized 
as anastigmatism. 


D. ON THE LENS FORMULA 


In high school one Jearns the lens formula 


eres oe | 


a= distance from object to lens 
b = distance from lens to image 
} = principal focal length of the lens; 1/f = (m- 1) (1/R, + 1/R;). 
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We shall show that this formula can be proved by the above method without 
recourse to trigonometry, to the law of refraction or to special graphical 
constructions. 

The object point P emits spherical waves. According to (35.6) their eikonal 
for # = 1 (air) and the origin at P is 


SalP+ yee 
We consider the anastigmatic bundle which falls perpendicularly on the lens 
and place the z-axis along the central ray of this bundle. Near the lens 
{z = a+ ¢) we have, neglecting higher powers of x, y and ¢, 


z 
a4) saa(r4teto") ae ne 


We now continue the bundle into the interior of the lens. Let the front surface 
of the lens be a sphere of radius FR, with its center at x = y= 0, z= a + Ry 
Its equation is therefore 


(14a) x + y? + (z-a- Ry)? = Ry*. 


The point where the central ray intersects this sphere shall be called 74. 

We assume that the perpendicularly incident bundle remains anastigmatic 
after being refracted. (This is not the case for oblique incidence.) The proof 
that this assumption is correct lies in the fact that it permits us to satisfy 
the boundary condition (continuity of S in passing through the spherical 
surface R,). We think of the refracted bundle as rectilinearly extended 
backward through the boundary surface to its point of convergence Q,. The 
distance Q, T, shall be p,. The eikonal of the ray bundle emerging from @, 
is analogous to (14), where however a is replaced by p,: 


(14 b) san(nte+2t"l +s, 


The factor » takes into account the fact that this ray bundle must be thought 
of as propagating in glass not only inside the lens but also outside it, since the 
bundle was constmicted by a rectilinear extension across the boundary surface. 
The term Sy is the integration constant available to us in integrating the 
differential equation of the eikonal. 

We require that the eqs. (14) and (14.b) connect continuously with each 
other on the sphere (14 a) not only at the point 7, on the central ray (¢ = 0, 
x = y = 0) but also at points in its vicinity. If, as before, we set z = a + €, 
these latter points are, according to (14a), characterized by 


- x? 4 vy? 
{14c¢) [- 2B 


48. 17 ON THE LENS FORMULA 345 


Substituting this in (14) and (14 b) one obtains 


2 2 % 3 
Pap glean 2a ida 


2R yy 
{15) S= - : , 
x?+y x* + vy? 
ae ders Pa laa Ie 


The available constant Sy is chosen such that the constant terms in both lines 
are equal. A comparison of the variable terms yields 


2R on a 
and hence 
n—-1 1 7 
16 See 
ie Ry a | 


Next we consider a situation where the image point P’ is the source of 
spherical waves which are refracted at the rear lens surface of radius Rg. 
The point where the ‘central ray intersects this spherical surface shall be 7,4. 
Ii Ry, @, p; are replaced by Ry, 4, ps, then eq. (15) is again valid. p, is now the 
distance between T, and the convergence point Q, of the bundle refracted 
at the rear surface of the lens. Equation (16} becomes then 


(16 a) *-1 i_* 


R, 2% ps 
But since P’ is to be the image point of P, the rays emerging from P’ 
must coincide inside the lens with the previously considered rays emitted 


by P. Hence Q, and Q, must coincide, and if we write henceforth Q, =Q, =@, 
we obtain 


{16 b) OT, = OT, + 7, Ts, 


From it follows for 7, T, = d = thickness of the lens and with the same 
meanings of p, and p,, that 
(17) —P,= pi, +4. 

A negative sign appears on the left because with respect to the rear surface 
of the lens the convergence point @ has the opposite position from that with 
respect to the front surface. 

For a “thin” lens (d@<p,,} one has pp=—p,. The sum of the two egs. 
(16) and (16a) yields directly the lens formula (13) which was to be proved. In 
order for the fatter to be valid, it is not at all necessary for @ to be small 
in any absolute sense. Our derivation requires only that d be small com- 
pared to the radii of curvature R,, R, (or, what is approximately the same, 
with respect to p,, pq). 
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In order to progress somewhat beyond the usual school curriculum we 
shall also find the generalization for a lens of finite thickness. 
For this purpose we calculate from (16) 


dp Fee 
=i / (5 x} 


and from (16a) and (17) 


Adding these two equations as we previously added eqs. (16) and (16 a}, we obfain 
as a generalization of (13) 


wo Saul anid) 


We have restricted ourselves to the case of a single lens (same ™ in 
front and back). The result for a system of lenses is, of course, less simple 
than eq. (18). ' Furthermore, we have considered only the perpendicularly 
incident bundle. As was remarked above, an obliquely incident bundle does 
not remain anastigmatic after refraction; the resulting astigmatic ray 
structure has two focal lines, one of which lies in the plane of incidence and 
the other in the perpendicular plane. We wish to remark that the astigmatic 
bundle is decidedly the #ormal case: only with special axially symmetric 
arrangements is the anastigmatic character of the incident plane or spherical 
wave preserved. 

As was noted above at eq. (13), it has not been necessary to make explicit 
use of the law of refraction in this entire section C. This is because the law 
of refraction by its very derivation (see beginning of Sec. 3) guarantees the 
equality of the phases of the incident and refracted waves. On the other hand, 
the eikonal, see Sec. 35 A, represents nothing but the phase of the wave; thus 
our requirement that the eikonal be continuous at the boundary surfaces of 
the lens represents an entirely valid substitute for the law of refraction. 
Indeed, the law of refraction can be obtained directly from our present eq. (2 b). 
It is only necessary to apply the latter to a shallow rectangle which surrounds 


and cuts across an element of surface of the refractive medium. Then (2 b) 
reads 


(18 a) My Sy = The Se, 


where s, and s, are the tangential components of our unit vector and hence 
S$; = sina, Ss, = sin £. Thus eq. (18 a) is indeed Snell’s law of refraction. 
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E. PRODUCTION OF CURVED LIGHT RAYS BY DIFFUSION AND A REMARK ON 
THE THEORY OF THE RAINBOW 


By means of a diffusion experiment it is possible to construct an optically 
inhomogeneous medium whose index of refraction varies in space in a simple 
and easily represented manner. A narrow tall parallel-walled glass tank 
is filled in its lower half, x < 0, with glycerine and in its upper half, x > 0,. 
with water. While initially (¢— 0} there 
exists a sharp plane of separation between 
the two media {x= 0), this separation 
becomes less and less distinct owing to 
diffusion. At x= 0 the concentration « 
always retains the value « = 1/2 which 
corresponds to a perfect mixture. At this 
point also the concentration curve (x) 
has an inflection tangent whose slope 
gradually increases with time. (Curves 1 
and 2 in the figure.) At large positive values 
of x the curve # (x) approaches the value 0 
while at large negative values of x it 
approaches 1. As ¢ > 00 (perfect mixture if 
the very small effect of gravity is neglected) 
#%— 1/2 (the line oo in the figure}. ufe)=0 

We may assume that the refractive nfajon, 
index # behaves qualitatively like «, so Fig. 95. 
that fig. 95 may also be used to represent ». Variation of the concentration « 
Then we need only to read the figure with 2" abr soca en Agen 

‘ , ; iffusion experiment. 
the following new designations: 


} 
{ 
| 
t 
} 
| 
! 
' 
! 
I 
| 
| 
1 
| 


the straight line #=+=0 becomes ” = twater = %, 
the straight line #=1 becomes # = Hele, = My, 


the straight line «= 4 becomes n =+ (m4 + %,). 
The significant point of this (x} diagram is the inflection point 
(19) x=0, x(Q)= mi: where 2’ (0) = maximum of 2’ (2). 
At this point the optical inhomogeneity of the medium, as represented by the 
gradient of #, is greatest. The inhomogeneity vanishes only at # = 00. 
Let us now paste tinfoil on the front surface of the tank so that this 


surface becomes opaque except for a narrow slit which is inclined 45° to 
the horizontal. Let us also illuminate the rear surface with perpendicularly 
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incident light {arc lamp with collimator). One might think that a rectilinear 
image of the 45° slit should appear on an observation screen placed in front 
of the slit because each incident light ray at its position x passes through a 
horizontal layer with constant » = (x). But this is not so; the light ray 
is curved because #’ (x} 0, and because of the direction of the gradient of #, 
the center of curvature of the ray lies in the lower part of the trough; the 
center lies higher where the gradient of is greater. Since the tank is very 
narrow, the curved light path is 
very short, and we may approximate 
it by a circular are with a horizon- 
tal tangent at the rear wall of the 
trough and a downward sloping 
tangent at the front wall. If @ is 
the inside width of the trough and 
R the radius of the circular path, 


Fig. 96. the slope of the tangent at the 


The light deflection in the diffusion experi- front wall is y == 4@/R. According 
ment. The dashed lines indicated below the 


points of maximum light deflection should to eq. (6) 
be imagined as colored in the rainbow colors, 1 1\|dn 
(19 a) — = —|—| 
R nm | ax 
because the angle « in eq. (6) is equal to 2/2 (the gradient of » is perpendicular 
to the approximately horizontal light path). On emerging from the trough 
the slope y is increased by a factor » (refraction at the interface with the 


thinner medium air). Hence the slope of the emerging light rays is given by 


tt é¢ =f 7 ¢@ minutes 


{19 b} y =ny=d|—— 


* 


The image point on the observation screen is deflected downward a distance 
corresponding to this angle. The deflection is greatest at the level + == 0; 
for large positive and negative values of x the deflection goes to zero so that 
the upper and lower ends of the image curve form a straight line inclined at 45°. 

Figure 96 shows a sketch of the time variation of the image curve which 
was prepared during a seminar demonstration by H. Ott, who was at 
that time an assistant at our institute. In this figure 1 is the shape of the 
curve immediately after the start of the diffusion process; 31 isits appearance 
30 minutes later, 61 is its appearance another 30 minutes later and 181 is the 
curve two hours later when the mixing process is almost complete. This 
experiment was first performed by O. Wiener? and is described by 


10. Wiener, Ann. d. Phys. (Lpz.) 49, 105, 1893. 
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Kohlrausch in ‘‘Praktische Physik” as a method of measuring the diffusion 
constant A. In order to explain this application we must digress very 
briefly into the theory of diffusion. 

In the one-dimensional case the differential equation of diffusion is 


ou O24 


2 Lid Cle 
(20) at ax? 


If the following substitution, which suggests itself for dimensional reasons, 
is made 


(20 a) u=/ (8), f= oe 
then 
aes g. a2 soe Oa 
a es (f), i ae a7/ (é) 
and by (20) 
i () = E18). 


It follows that 
ff) = Aer, 


where 4 is a constant of integration. Hence from (20 a) 


On 1 
20 b mS ee A emt tht 
(20 b) ae ¥ Ae 
(20 ¢) - 7 Ag -sah?, 


Ox® 2 (Ri) 


As a consequence of (20 b) « can be represented by the Gaussian error integral, 
a representation which is similar to that derived in Vol. VI, eq. (15.19) for an 
analogous diffusion problem. For, if B is a second constant of integration, 


> 4 


waa ferment B = aA ® (x/2 Vh4) + B, 
ot) 


ad 
(9) = feed 
a 


Rewriting the above equations in terms of the refractive index » in place 
of w, we conclude from the initial conditions for 


(20 d) 


=n for i= 0 and x > 0, 
n=n, for t=0 and %<=0 
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and from (20d) that 
m= |xA+B, =-|xA+B, 


My — Hy -}- My 
21 Ast, B=, 
From this it follows according to (20d) that for x = 0 and arbitrary ¢ 


(21 a) n (0) = mee 


which agrees with our assertion (19). Next we calculate from (20 b) and (21), 
again at « = Q, 

On = yy — Me 
2ib —= 
a ax 2 Vx kt- 
From this the maximum angle of emergence y’ of the light ray is found by 
{19 b) to be 

-n,) a 
(21¢ re Meme, 
v2 eet 

which determines the maximum deflection of the light ray on the curves in 


fig. 96. This deflection decreases with time as 1//#, Lastly, we conclude from 
(20 ¢) that 


(21 d) 


O79, x -n 

a4 = Teo ye for x= 0 and all ¢. 

The curve of the index of refraction plotted as a function of x has a permanent 
inflection point ai x= 0. 

Wiener used eq. (21¢c) to calculate the diffusion constant & from the 
measured deflections y’, In order to obtain a sharp deflection curve with a 
well-defined maximum deviation, he used monochromatic light. However we 
are interested in a phenomenon which appears when white light is used: 
the lowest point of the deflection curve, particularly of curve 1 in fig. 96, 
is decomposed into a horizontally narrow but vertically well-separated 
spectrum, which is indicatedin the figure by seven horizontal lines (the “‘seven”’ 
colors of the rainbow starting with red at the top and ending with violet at 
the bottom), This spectrum rapidly contracts as the diffusion process proceeds 
in time and is just barely recognizable in curve 2 of fig. 96. At a small distance 
from the point of maximum deflection the spectrum is quite indistinct even 
in curve 1. All other points on curves 1, 2, etc. appear white. Let us interpret 
this phenomenon on the basis of the wave theory. 

By (21¢} the angle y' depends on wavelength, because of the dispersion 
of #, and #2. Therefore the various colors are deflected in different directions 
and appear on the observation screen in sequence from red at the top to violet 
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at the bottom. We can no longer restrict ourselves to the layer at x = 0 as 
before, but in order to obtain a finite color intensity on the screen we must 
also consider the neighboring layers. If we denote by » (x, 4) the dispersion 
of the ray passing through the layer at x, then not only » (0, 4) but also the 
behavior of » {x, A) in the vicinity of + = 0 is of importance. 1% is stakonary 
at x= 0 and only there. The curve (x, A) has, according to (214d), an 
inflection point there. This means that in the immediate vicinity of x = 0 
the deflection angie y’ [see eq. (19 b)] is the same as at x = 0. Here the color 
effect is amplified while at points x + 0 it is extinguished owing to super- 
position. Only at the very beginning of the diffusion process does the resulting 
spectrum show considerable extension. The denominator Yr tis (21) causes 
not only the deflection but also the dispersion to decrease rapidly. The latter 
is already considerably reduced in curve 2 of fig. 96 as compared to curve 1. 


We have treated this example in some detail in order to illustrate the 
essential idea of the theory of the rainbow. In order for the rays which are 
reflected, refracted and dispersed in the water droplets to enter the eye as 
parallel rays with sufficient intensity, the wave front (or rather its trace on 
the plane of incidence) must have an inflection point. (Since we are here 
dealing with geometrical optics, we should really say “eikonal surface” instead 
of “wave front”.} This necessary and sufficient condition fixes the radius of 
the principal rainbow (single reflection in the interior of the droplet) at about 
41° and that of the secondary rainbow (double reflection) at about 51°20’. 
It is therefore clear that the rays contributing to the rainbow have an extremal 
deviation compared to all the other diverging rays which emerge from the 
droplets; for, indeed, the deviation of the inflection tangent perpendicular 
to the rainbow is an extremum compared to that of all other tangents. (In 
our diffusion experiment this was shown by the fact that the color spectrum 
appeared only at the lowest point of the deflection curve.) From this extremal 
position of the effective rays it follows that for the principal rainbow the 
diverging rays form a smaller angle with the incident rays of the sun than do 
the parallel rays and that therefore the diverging rays reach the eye from 
below the rainbow; it further follows that for the secondary rainbow the 
diverging rays form a larger angle with the incident radiation than do the 
parallel rays and that therefore the diverging rays reach the eye from above 
the bow; therefore the zone between the two rainbows appears darker than 
the regions below the principal and above the secondary rainbow. 


We have emphasized before (p. 179) that, strictly speaking, the rainbow 
tepresents a difficult diffraction problem whose character changes from one 
case to the next depending on the sizes of the drops. As for the wave- 
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theoretical treatment of the rainbow, we shall limit ourselves to a result which 
is directly connected with the existence of the inflection point. If we wish to 
investigate the propagation of a cylindrical wave surface, for example by 
the saddle-point method, and represent the trace of the wave surface by 
y == § (x), then we must look for the point * = % where S’ (x,) = 0. To do 
this we develop 5 (x) in a Taylor series about this point: 
2 = ¢,\3 
y= Sm) + 27 5” ty) + FEA gm a) to... 

The radiation is in general determined by the curvature of the trace of this 
wave surface as given by S” (x9). Since we are concerned with the approxima- 
tion of an integral of the form 


| exp (1 R y) dx, 
we are led to a Fresnel integral 


[expirernar T= XN, a= = S" (%4). 


But if the trace has an inflection point 5” {x,) = 0, that is, if its curvature 
vanishes, this approximation breaks down; in place of the Fresnel integral 
one is then led to an Airy integral of the form 


[epieeryar T= K-Xp, a= 2S" (x). 


This could also be called a “rainbow integral”, for it is characteristic, of the 
quantitative investigation of the color distribution in the rainbow and of all 
similarly degenerate wave problems. One of these latter problems is 
discussed in detail in connection with the asymptotic representations of the 
Hankel functions in Vol. VI, Sec. 21D; see in particular the final remarks in 
that section. Here we have only been interested in showing that the principal 
features of that most impressive of celestial phenomena, the rainbow, can be 
understood at least qualitatively in terms of geometrical optics and that, 


moreover, geometrical optics provides us with a hint for the quantitative 
treatment of the problem. 


49. On the Nature of White Light. Photon Theory and Complementarity 


In the historical chart of Sec. 1 we have listed an important achievement 
of Lord Rayleigh in the field of optics: his theory of natural white light as a 
completely random process. We shall first quote a remark made by Rayleigh! 


which concerns the opposite of white light, that is to say, regular monochromatic 
waves. 


1Phil. Mag. 50, 135, 1900, Sci. Papers, Vol. IV, p. 486, 
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“To suppose, as is sometimes done in optical speculations, that a train 
of simple waves may begin at a given epoch, continue for a certain time 
rer and ultimately cease, is a contradiction in terms. A like contradic- 
tion is involved if we speak of unpolarized light as homogeneous, really homo- 
geneous light being necessarily polarized.” 


Regarding the last point in this quotation we refer to our Sec. 2 where 
the elliptic polarization of an ideal monochromatic and plane wave was proved 
to be a mathematical consequence of Maxwell’s equations. The first sentence 
quoted has been taken into account in Sec. 22 where a wave train of the type 
described by Rayleigh was decomposed into its Fourier spectrum and was 
therefore treated not as monochromatic but rather as polychromatic. 

Concerning the problem of white light we again quote a remark? by 
Lord Rayleigh which refers to the then recent discovery by Réntgen: “The 
conclusion of Stokes and J. J. Thompson ‘that the Réntgen rays are not 
waves of very short wavelength, but impulses’, surprises me. From the fact 
of their being highly condensed impulses, I should conclude on the contrary 
that they are waves of short wavelength... What then becomes of Fourier’s 
theorem... ?” 

“Is it contended that previous to resolution (whether merely theoretical, 
or practically effected by the spectroscope) the vibrations of ordinary (e. g. 
white} light are regular, and thus distinguished from disturbances made up 
of impulses? This view... has been shown to be untenable by Gouy, Schuster, 
and the present writer. A curve representative of white light, if it were drawn 
upon paper, would show no sequences of similar waves.” 

We wish to add that Emil Wiechert, independently of Stokes, advanced 
the same hypothesis regarding the nature of Réntgen rays and that the author 
cooperated with him on several papers at the beginning of this century. In 
contrast to these theories, Planck, in connection with his discovery of the 
quanturn of action (see p. 9), recognized the necessity of assuming the complete 
phase independence of ‘natural light’. Laue’s discovery subsequently put 
the individual Fourier components of the continuous Réntgen spectrum into 
direct evidence and proved the distinction between pulsed and wave radiation 
to be meaningless, in complete agreement with Rayleigh. 

We use the words white light and natural light synonymously. We 
perceive the sun’s natural light as white, i. e, as lacking all spectral colors, 
because the eye is adapted to the sun; that is to say, because our eye and 
the associated physiological-psychological vision apparatus has in its evolution- 


*Réntgen Rays and Ordinary Light. Nature 87, 607, 1898 and Sci. Papers, Vol. IV, 
Pp. 353. 
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ary development adapted itself to the spectrum of the sun. If we lived in the 
vicinity of a red giant, we would presumably perceive its red color as the 
normal white. As is well known, Goethe abhorred the theory that white light 
is a mixture of the seven colors of the rainbow (he was certainly correct in 
regard to the white-sensation which he had primarily in mind). But the 
rainbow should have convinced him that white light is decomposed into colors 
by a spectral apparatus (in this case water droplets). In this decomposition 
the periodicity originates not from the primary sun light but from the 
frequency-sensitive spectral apparatus. 

Gouny (1886) was probably the first to ascertain that a line grating diffracts 
a single “plane” pulse! in the same manner as a plane wave. An oblique- 
ly incident primary pulse (or a random sequence of mutually independent 
pulses) impinges on the various grating lines at rhythmically equal time 
intervals. Thereupon the grating lines emit a staggered sequence of second- 
ary pulses*; one may refer to fig. 37, bearing in mind, however, that it 
describes continuous waves, while we are now dealing with a discrete se- 
quence of secondary cylindrical excitations. At a sufficiently large distance 
from the grating and in any given direction these pulses are spaced a con- 
stant distance 


A=d(a-o) 


apart (« is the direction cosine of the incident pulse with respect to the plane 
of the grating). This is our former grating formula (32.2} for k = 1. However 
A is now not the wavelength of a monochromatic sinusoid but is the distance 
between pulses. The white character of the light has thereby not been lost 
entirely. Our sequence of secondary pulses is still far from being monochro- 
matic. The periodicity originates in the grating and not in the primary pulse. 
It differs for different directions of observation. The higher order spectra 
{4 > 1} would be obtained if the secondary pulse were decomposed into pure 
siné waves in the manner of Fourier, that is, into a fundamental oscillation 
of wavelength A and harmonics of wavelengths A/h. 

But what is the situation in the case of a prism which also produces 
monochromatic waves from white light without seeming to possess any 
periodic structure as the grating does? Gouy answers this question in the 


1By “plane pulse” we mean the counterpart of a “plane wave’’, that is to say an 
electromagnetic disturbance which has an appreciable intensity only between two 
parallel infinite planes a small distance apart and which has a constant instantaneous 
value on every plane parallel to these two. 

*By a ‘‘secondary pulse’ we mean an excitation which has an appreciable intensity 
only between two coaxial cylinder surfaces centered about a grating line and which 
propagates outward in this cylindrical shape with the velocity of light. 
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following manner: a wide spectral line, i. e. a certain portion of the continuous 
spectrum, represents from a wave-optical viewpoint a modulated wave train 
{with beats between neighboring frequencies). These beats propagate with 
the group velocity and therefore lag behind the wave train which propagates 
with the phase velocity. This results in a periodic variation of the shape of 
the wave train: the wave train assumes the same shape only when the group 
has lagged behind the phase by one whole wavelength. The light path inside 
the prism increases continuously from the edge to the base. Those light paths 
which satisfy the above condition for any given wavelength define on the 
surface of emergence a sequence of equidistant parallel lines comparable to 
the grating structure. The resulting regularity of the emerging waves is thus 
due to the difference between group and phase velocity or, as we may also 
say, it is due to dispersion. Again the regularity originates in the prism and 
not in the incident (more or less white or colored) light. 

With this concept of pulses we have extended the older, overly restricted 
conception of the wave theory in such a way that it comes closer to Einstein’s 
hypothesis of the light-quantum. Indeed the mechanics of light quanta 
has haunted the science of optics from its very beginning. 

What else is Fermat’s principle of the shortest time of arrival but the 
principle of the shortest (geodetic) line in the mechanics of a force-free mass 
point? Both give the same result because in the force-free case the time of 
travel and the path length are proportional to one another. The same holds 
for the principle of least action because of the constancy of the kinetic energy, 
see Vol. I, eq. (37.1) and (37.2). Fermat's principle provides us with a truly 
popular exercise in the method of maxima and minima: given the starting 
and end points of the path and given the velocities in the first and second 
media, the incident particle of light travels along that path by which it 
reaches the end point in the second medium in the shortest possible time. 
The same is true if the end point also lies in the first medium and the accessory 
condition is added that the particle shall touch the surface separating media 
1 and 2. Let us here use this principle to calculate the curvature of the 
trajectory in an inhomogeneous medium which we calculated in the preceding 
paragraph by means of the theory of the eikonal. 

We start with the principle 

P 
(1) é ii di = 0, 
P, 


where Py and Pare the prescribed starting and end points of the path. Let us 
consider a stratified medium in which therefore the velocity « of the light particles 


356 ADDENDA, CHIEFLY TO THE THEORY OF DIFFRACTION 49, 3 


(phase velocity of the light} is a given function of the coordinate x alone. 
We replace # by the velocity ratio # (x) = ¢/u (x) where ¢ is a standard 


velocity, the magnitude of which is of no importance here. (1) becomes then 
P 


(2) 13 { niaar=o, 
P, 
which we write in the form 


bf Fiasyarno, F (x, y') == n(x) I+ 9. 


The Lagrangian derivative for this variational problem reads 


a FF 
dx ay’ ay 
and hence, since F is independent of v 
d oF a y’ dy yo 
(3) ax oy" = n {x) aVity? aw 3 ax V1+y" ea v2 = 0. 


If « is the angle which the tangent to the curve y = y (x) forms with the 
x-axis, then 

ae Aree ; ee pas = ie Sa 
y1+y% dx dx Vy 4 y2 
Therefore the last term in the double eq. (3) equals sin « du/dx, the next to 
the last term equals (x) cos « dajdx, and eq. (3) becomes 


(4) tana= y’, sing = 


de : an 
{5) m (x) cosa S++ sina > = 0. 
But now 
dy ade 
(6) ax = cosa ds, hence COS eal: al K, 


where K is the curvature of the curve y (x). Combining eqs. (5) and (6) we 
obtain 


(7) [| = + jgrad »| sin a. 


This is our eq. (48.6}. As Hamilion had already recognized, geometrical optics 
ts identical with the ordinary mechanics of mass points not only for homogeneous 
but also for inhomogeneous media. 

However to pass from this primitive corpuscular theory of light to the 
modern “photon theory” required a bold step into quantum theory, a step 
which was taken by Einstein in 1905: the energy of the photon had to be 
set equal to Av and its momentum to Ay/e. Only in this way does one obtain 
the energy relations which are so drastically brought into evidence in the 
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photoelectric effect, the Compton effect, and in the short wave limit of the 
continuous X-ray spectrum. Only in this way can classical optics be brought 
into harmony with atomic physics. 

It is significant that Einstein made this advance in the quantum theory 
in the same year in which the theory of relativity was created. L. de Brogtie? 
emphasizes that only relativistic mechanics satisfies the requirements of the 
photon theory. According to classical mechanics we would have for a photon 
of energy W, momentum g and velocity « 


4 


Wa > “", g= mu, hence e=V2mW. 


If we substitute for the mass the value obtained from the generally valid 
telationship W == mc?, then we obtain 


ws — Ww 


and not 


as required by the photon theory. A similar discrepancy by a factor 2 appears 
in the expression for the light pressure, depending upon whether it is calculated 
from classical mechanics or, as in Vol. LIL, Sec. 31, eq. (15}, from relativistic 
electrodynamics. 

The photon theory is a corpuscular theory of light such as the one which 
Newton envisioned. The wave theory of light has equal status with the 
photon theory. Which of the two will give the correct answer depends on 
the question that is posed in each particular experiment. Each completes 
the other — they are complementary. At the end of Chapter II we discussed 
the fact that the two theories do not contradict one another, and we 
mentioned the resulting far-reaching philosophical consequences. One is 
taught in school that the eye “sees the light waves’. That is a 
myth. What our eye “sees’’ is the photoelectric processes taking place 
in the retina which, depending on the magnitude Ay of the incident 
light quanta, produce the varicolored world of our visual impressions. 
Certainly as far as our primary sensations go, there is no preference for a 
wave structure of light (however imbued we may be with it) over a quantum 
structure. It is fitting that we should conclude our volume on Optics by 
emphasizing once more that most remarkable and epistemologically most 
important result, the complementarity of wave and corpuscle. 


1Rev. Mod, Physics Vol. 21, p. 345, 1949, on Einstein’s seventieth birthday. 


PROBLEMS 


CxArTer [. 


I.1, Superposition of two parallel linear oscillations of equal frequency. 
Let the two oscillations (in real notation) be 
(1) *, =a, cos (@t+ wy), He  &,008 (wt + a) 


By forming the vectorial (complex) sum of these oscillations, find the amplitude 
a and the phase « of the resulting oscillation 


{2} # =x, + % =acos (wt + a). 
1.2 The curve described by the electric and magnetic vectors of a plane wave 
during one period. . 


In the ideal case (perfectly plane and perfectly monochromatic wave) this 
curve is an ellipse. Under what conditions does this ellipse degenerate into a 
circle or a straight line? 


1.3. Concerning the surface charge on the boundary between J and If. 


Show that the boundary surface must be free of charges in Sec. 3 B as well 
as in Sec. 3 A, 


I.4 A check on figure 4. 
Find the equations of the parabolas Ry and R, as functions of «. 


1.5 On the calculation of the reflective power r and the transmissivity d. 
Confirm the energy theorem ¢ + ¢@ = 1 for arbitrary material constants ¢, 4. 


I.6. Elliptic polarization of light through total reflection. 


Starting with eq. (5.11), prove eq. (5.12) for the maximum phase difference 
y - 6 and the associated angle of incidence amas. 


1.7. The Perot-Fabry maxima considered as a resonance effect. 


Following a suggestion by Kossel!, investigate the electromagnetic etgen- 
vibvations of the Perot-Fabry air space between the silvered plates of the etalon. 
Consider only the case where the field depends only on the y-coordinate (perpen- 


1W. Koasel, Ann. d. Phys. (Lpz.) 36, 1939; see remark at the bottom of p. 191 
and top of p. 192 of that paper. 
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dicular to the pilates} and where the silvering is so heavy that, for instance, the 
electric vector E oscillates everywhere parallel to the plates. Determine the 
frequency of this free oscillation and show that it agrees with the frequency of 
the maxima of the forced oscillation which is excited by a perpendicularly incident 
p-polarized wave. 


1.8 Wiener’s experiment with obliquely incident light. 


Investigate the appearance of interference fringes for arbitrary angles of 
incidence « and for both cases of polarization. 


CHAPTER III. 


TII.1. The reduced mass in the problem of intra-molecular oscillations. 


For a molecule consisting of a positive ion of mass M, and a negative ion of 
mass JMf,, prove the expression 
1 1 1 
MM," M,’ 
which was used in (18.3). The ions are to be thought of as idealized mass points 


which attract one another with a central force. The same expression appeared 
in connection with the inelastic collision of two mass points in Vol, I, eq. (3.28 b). 


{1I.2. The deflection angle 4 of a prism. 
Prove that the deflection angle is a minimum for symmetrical ray paths, 


III.3 Direct vision and achromatic prisms. 


For small prism angles and small angles of incidence calculate the deflec- 
tion 6 due to a double prism composed of two different glasses (refractive indices 
%), My; prism angles y,, y,); prism 1 is upright, prism 2 is upside down so that 
its edge adjoins the base surface of 1. Determine the ratio p/p, for 6 = 0 (direct 
viston prism) and for dé/dA = 0 {achromatic prism). 


IIl.4. Zeeman effect and Larmor precession. 


Treat the motion of an electron in an arbitrary atomic field describable by a 
potential V (rv) a) when an additional homogeneous magnetic field B is present and 
b} when, instead, the motion is referred to a coordinate system which rotates with 
the angular velocity @ about the direction of B as an axis. Show that the motions 
a) and b) are the same when 


1 P 
© = ry = B {Formula of the Larmor precession). 


Assume that the ordinary centrifugal force is negligible compared to the Coriolis 
force. 
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CHAPTER LY 


IV.1. Geometrical derivation of the normal surface. 


In Vol. II, solution to exercise 1.6, the following two theorems were derived 
from the invariants of a tensor surface represented by an ellipsoid with principal 
axes @, b, ¢: 


a) The sum of the inverse squares of any three mutually perpendicular semi- 
diameters is independent of the spatial orientation; hence, in particular, it is 
equal to 

1 ? 1 
a Bt gk 

b} The volume of any circumscribed parallelepiped of the ellipsoid is inde- 

pendent of its particular position or shape; hence, in particular, it is equal to 


24-26-26. 


Apply these theorems to the index ellipsoid and to the construction described 
in Sec. 25, eqs. (12) to (19) and derive in this way the equation of the norma) surface. 


IV.2 Elementary geometrical derivation of the ray surface. 


Apply the theorems a}, b) of the previous exercise to Fresnel’s ellipsoid and 
supplement the construction of Sec. 25 by a corresponding construction for the dield 
vector E. In this way obtain the equation of the ray surface. 


IV.3. Proof of the approximate formula (31.9) for the phase difference due to the 
iNumination of a crystal plate with converging light. 


A sufficientiy good approximation is obtained if in the exact formula for the 
phase difference between the two rays 4 BD and AC in fig. 47 one replaces 


and f, by a suitable mean angle f and if one treats both #, and #, as small 
quantities, 
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L1. The usual method would be to set 


#, =* &, COST, X%_ = a,cos {t + 4), r=o@t+ «4, b = Gy —%3, 


ty + %_ = (4, + a, cos 8} Gost — a, sin 6 sin T. 


Comparison with eq. (2) in the exercise yields then 


@, + a,cos 6 = a cos (a —%), a,sin d = @ sin (4 =) 
hence 
(1} a? = (a, + a, cos 6)}* + a,%sin? 6 = 4,7 + a," + 2a, a, c0S 4, 
a, sin 6 
2 tan {a-—«,) = ——~——_; 
(2) { y &, + a,cos dé 
‘ ; . imag. 

It is much simpler, however, to proceed in the & 
following manner: omitting the common factor \ 
et one writes: é Sp 

%, = 28, 6%, Ka = By e%, x = Ge, saad 
g real 


where 7,, #, represent the vectors OP,,O FP, of lengths ; 
a,,@, in the complex plane. Their sum is represented Fig. 97. 

in fig. 97 by the diagonal OQ of the parallelogram Superposition of two 
formed from x, and x. By the theorem of Pythagoras parallel oscillations of 


the length @ of the diagonal is given by different phases in the 
complex plane. 
{3} a? = a,* + a,? + 24,4, c0s 6 


as in eq. (1). The angle «-«, between OQ and OP is calculated from the right 
triangle OO R to be 


@, sin 6 
4 ta’ = ey 
( ) = . m) ay _ ao cos 3 


as in eq. (2). 
For a, =, and § =2-A it follows from (3) that 


A 
(5) a* = 2a,*{i-ces 4), a= 2a,sin->. 
We shall meet this formula again in an interference problem in Sec. 31. 


1.2. Substituting in (2.1) 
Ey =%, E, =, Ay= Aa, A, = Be-*h 
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then in real notation; 


” = A cos (t- 4}, & = Bos (x— f}, tr=Rkx-wet, 


By eliminating sint or cosy one finds 


Pad 
cos tsin (f—a) = 4 sin f - 7p sina, 


sin t sin (8 ~«) =~ eos 8 +e cos 0 


"and by squaring and adding one obthins 
2 3 
” ¢ nf sn 2s, 
(1) (2) +({ 277 B cosy = sin ¥Y% y= fP-a. 


This is the polar equation of an ellipse. The two principal axes are in general 
rotated with respect to the y- and z-axes: they coincide with the latter only 
when y= + 2/2. 

If in addition A = B, then the ellipse becomes a circle, which corresponds to 
criterion (2.6) for circular polarization. 

The polarization is linear when y = 0 or x. For then (1) becomes 


7 _ ¢/ 
which corresponds to criterion (2.6 a). 
In view of (2.5) the same calculation yields for the magnetic vector y= %, 


H,=¢ 
. 2 £ 
n= - B/S cos a, p= Ecos (ea 
e i 


and hence in place of (1) 
z a 
7] c 7 ¢ eae 
(2) (2) +(§) nee ee? sin*y. 


Thus the curve described by the magnetic vector becomes a circle or a straight 
line under the same conditions which hold for the electric vector. 


I.3. The general proof of the non-existence of a surface charge rests upon the 
following considerations: from Maxwell’s equations for non-conducting media 
it follows that divD = p is independent of ¢. But since the field is assumed to 
be purely periodic in time, p =f (x, ¥, 2) is excluded and only p = 0 remains 
possible. The same statement holds for the surface divergence w = D, — Dy’. 


This can be formally verified for the case of Sec. 3 B in the following way; at 
¥ = O (see fig. 3b} 


. (4 + C)sinaeh*sine in medium I. 
7 | Bsin ff Asins in medium ITI, 
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From this, the law of refraction, and the relation D = ¢ E follows 


D.= & (4 + C)sin a eth, «sine, 
”” le. B sin B 


From eq. (3.14 a), the law of refraction and the definitions of mt. and #,, it is 
easily shown that these two values of D, are equal. 


1.4. From the faw of refraction it follows that for small « in second approxima- 


tion: 
p* tt a? 
at Fe...| (1 P.), 


and hence, consistently neglecting higher powers of a, 


n 
(1) a+ p =e} 2i(-33 «‘} 


Thus one obtains to the same order of approximation 


Cre 
sin (x - B) wat 63 (x ~ 1- (n- 1°) 
(2) sin (a + ) 


a? 
sa oar re) Sel 1)*) 


n= 1 at a | o* 
= —— (2% + 4) } = ———_ ] 1 4-— 
Pos 4 ent am) ete 42), 
which is given by (4.4) as the expression for Rp. 
From (1} one obtains in the same approximation 


cos (a + §) 2 a 
su cos e-p) 


and the negative product of (2) and (3) is 


as in (4.9). 


1.5. In order to give a general proof (mot only for the special case wy = #, COn- 
sidered in Sec. 4) we rely on eqs. (3.9) and (3.15). By (4.18} the equation to 
be proved becomes 

B 3 


A 


COS % 


3 
sf 
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Dividing by |B/A|? it can be rewritten 
Cc 2 


B 


cos £ 


A 
1% —- == |—}- 
COs & B 


According to (3.9) this equation becomes for p-polarization 
2 
(1 me) 4g amit a + mse) 
COS a COS & 
and according to (3.15) it becomes for s-polarization 


( cas } cos B ( cos \ 
m—-——} + 4m — = [me 4+ —— 
COS & Cos « COS & 


Both equations are clearly identities. 


1.6. By differentiating (6.1 1) with respect to « and setting the resulting differential 
quotient equal to zero one obtains [using the upper signs in the numerator and 
denominator of (5.11)1 

cos (2 - if f 22) gin (« ip’) 


~ sin (e+ if) da} sin? (a+ip) 


ap’ 


(1) cose +689 +f). 


By differentiating the law of refraction sina = cos7f’ one finds 


Substituting this in (1} one obtains 


sin 2 acosa 


0 <= sin 2¢f’ +.” ory 
A second judicious application of the law of refraction yields 


O = 2 (2 (mn + 1) sina}, 


which contains the second formula (5.12) which was to be derived. Rewriting 
now (5.11) in the real notation and letting 4 =y-6 one writes 


gid — Y cos « sin i* 
e441 sin « cus 78’ 


or the identical expression 


A 
itan = = - cot «tan if’. 
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From the above-derived value of Sin ame, and the law of refraction the two 
factors on the right-hand side are found to be equal to 


| fn? -1 ; 4 | jn®—1 
cot¢ = —-—-» fanip’ =— : 
r 2 ap ” 2 


Thus also the first formula (5.12) has been proved. 


L.7. If in the general trial solution of Sec. 7 A the coelficient A is set equal to zero, 
that is, if the continuous excitation supplied by the incident wave is omitted, then 
the solution of the problem of the plane parallel plate represents the free oscilla- 
tions in the plate instead of the forced oscillations. The wave of amplitude C, which 
had previously been called the reflected wave, now represents, like the D-,wave 
the radiation emitted by the free oscillations into outer space. This radiation 
must clearly be present if the silver layer is not totally reflecting. Let the thickness 
ot the air plate again be 24. The formulae of Sec. T are based upon the same 
?-polarization which is assumed in the exercise, but because of the given geometrical 
characteristics of the free oscillations {independence of x), one must now set 

=f =y = 0, Furthermore, since all three media J, IJ, and IZ are now air, 
m= = 1. 

Therefore the four equations (7.50) and (7.31) simplify to 


(2) —Deti®b. Ee ikk 4. Bettkk = gD ettk&h eg (E etka 4 B ettkhy | 


This way of writing the equations shows that the problem has become symmetrical 
in C and D as well as in B and E, which is due to the fact that the incident wave 
has been omitted. Therefore one can set (symmetrical type of solution} 


(3) D=C, E=wBs 
whereby {2) and (1) become identical so that only oxe double equation Temains 
(4) -C ehh 2iBsinkh =yC &** = 2¢ B cask kh. 

By eliminating either B or C one obtains 


(5) tankh= =. 


Alternately, one can set (antisymmetric type of solution) 
(3 a) D=-C, E=-8. 


Equations (1) and (2) again become identical except for the sign. In place of 
(4) and (5) one obtains 


(4a) _Cetkh_aBeooskh =e Cetht = ~2igBsink kh, 
(5 a) tan kk ot 
a(1+2) 
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Setting 

6 ‘Gebel ne aie oe 

(6) gmkh, an ie@tpeis’ 8 > Pee ’ 

(5 a) yields 

(7) ets FP ii og = 2642m23) 
1-8 : 2i 

and (5) yields 

(7 a) PE we (+ 28 Fo (28+ (2m + Dai). 

From (7) and (7 a) follows, with § and 8 as defined in eq. (6) 

(8) kh amn-ifg, 

(8 a) kh= (rn hai 


The symmetrical and antisymmetrical eigenvalues of kA form an equidistant 
sequence with the spacing 2/2 between neighboring values. This result is in complete 
agreement with the forced etalon-oscillations as represented in fig. 11. 

According to (8) and (8 a} the damping constant 1/g is the same for all free 
oscillations. From this one concludes that the half-width is also the same for all 
forced oscillations as indicated in fig, 11. To prove this it is only necessary to 
compare the results for the simplest mechanical type of damped free oscillations 
and damped forced oscillations as derived in Vol. I, Sec. 19. 


[.8. According to the general expression (3.1), the incident and reflected waves 
for arbitrary angle of incidence a are represented by 


E;aA eth (xsin x — ycos a) 
ga twot. 


tom iG etk (sina ycosa) 


(1) 


With p-polarization E is parallel to the z-axis and, because of the boundary condi- 
tion at y = 0, C =-A as in (8.3). Therefore 


Re (E; + E,) = 24 cos (wi-h xsina) sin (h y cos a}. 


The locus of points of maximum electric field strength (maximum photographic 
effectiveness) is the system of parallel planes 


(2} nycose = (m+t}e 


The spacing of these planes is larger than the spacing 4/2 for perpendicular 
incidence (~ = 0). In particular, for « = 2/4 it becomes equal to 4/2. 

With s-polavization H is in the z direction, and E has components in the x and ¥ 
directions, From the boundary condition 


Exi t+ Exe =0 for y= 0 
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llows that C =-A (see fig. 3b) and according to (1) for y > 0: 
Re (E; + £+)y = 2A sing sin (wt-k sin x) sin (2 y cos a), 
Re (E; + Erhy = 2A cos cos (wti-k x sin x) cos (& y cos x). 
time average of the sum of the squares of these components gives 
J =2A* {sin! « sin* (k y cos «) + cos* «cos? (Rk y cos a)} 
=: 2 A* {cos? «cos 2 asin* (ky cos a)}. 


s, for the angle of incidence « = 2/4 which was used by Wiener one has 
, At; no fringe system results and the illumination is uniform. For other 
les of incidence weak fringes appear superimposed on uniform brightness. 


1. If the central force divided by the distance between the two mass points 
enoted by f, then the equations of motion, written in terms of the cartesian 
rdinates ¥, y and *,, vj are 

M,%, =f (%_-%) M9. =f (te-W), 

My, %_ =f (%-%), My V4 =e} (Yi - ¥2)- 
Jition of the equations in each column vields the equations of motion of the 
ter of mass; subtraction yields the equations of the relative motion of the two 
$ses: 


. 1 i “ 1 1 &=4,—-*y 
t=-(3+0) §, =-(h+z) ' | 

M, Ms, f M, M, : Yo Vi Ve 
the definition of M is that given in the exercise, these equations describe the 
ition of a mass point M with coordinates §, y. If the binding force is quasi- 
stic as we had generally assumed it to be in our dispersion calculations, then 
» const. and from (2) follows 


E+ ati=0, gtain=0, ot = 71M. 
ius the motion is simply periodic with the frequency ,. The same is true in 


e case of Coulomb attraction {f proportional to 7*) but not for arbitrary 
ntral forces. 


1.2. Applied to the front and rear surfaces of the prism, the law of refraction 
quires that 

sin a Pe sin x” - 
sin B ’ sin p’ 
here 2’ = 1/7 if both surfaces border on air. From the sum of the angles in the 
iangle formed by the prism faces and the interior ray follows 
‘ y= P+ a’. 
t the front face the incident ray is deflected by 6, = «— B; the emerging ray 
deflected by 6, = f’-«’ at the rear surface. The total deflection is therefore 


6 = b+ bya Pt fi’ 


- 
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and because of (2) 


(3) d=a-+ f’-o. 
Substitution in (1) yields 

4) sin « m Sin «’ _1 
( sin (p-«’) , sin(6+y-«) 2” 


Therefore, by eliminating «’, 6 can be represented as a function of a. 
Differentiation of (4) with respect to « (before eliminating «’) gives the 
following conditions for the minimum deflection dé = 0: 


cos «dex ++ #008 (p - «’} dx’ = 0, 
cosa’ de’ + cos{é + p-a) da = 0. 


These can be satisfied only if 
COS a cos {p = «’) 
cos (6+ @-a) cos’ 


(5) = 0. 


Equating the terms in the first and second column gives « =: (5 + g)/2, a’ = g/2 
and applying (2) and (3) yields 8 = «’, f’ = «. Hence, if the ray is symmetrical 
with respect to the bisector plane of the prism angle, one obtains by substitution 
in one of the eqs. (1) an equation which is much used in the determination of ”: 


ee . 1 
{6) nasind (+o) /sinde. 
III.3. For small angles «, », «’ it follows from the two eqs. (4) of the preceding 
solution by eliminating « + ~«’ that 
6 = (n-1)9. 


In order to be able to apply this result directly to the twin prisms, it is convenient 
to imagine prisms 1 and 2 as separated by a narrow air space. Thus, taking into 
account the opposite positions of the two prism edges, one obtains for the total 
deflection 


(1) 6 = 6, - 4, 6, = {n,- 1) 9, 5, = (%q—1) pe 
a) For a direct vision prism it is to be required that 


‘ -1 
(2) 6=0, ie (m-Ia-im-Iaeo, S-3—. 
f. %-1 


Since », and », depend on the wavelength, this condition can only be satisfied 
for some average wavelength such as 4 = 0.590 x. 
b) For an achromatic prism one requires that 


dé dn an dn ida 
(8) dan’ aM" are ¢, dnfda 
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Also this condition may in particular be satisfied for A= 0.5904. The table 
below lists the refractive indices , of light boron crown glass and #, of heavy 
flint glass for various wavelengths. For A = 0.590 eqs. (2) and (3) yield 


@_ 0.5103 418 
4a Soe SS, b) 2 ; 
ce 9, 0.7562 Ob) 5 asa 


In the case a) the value of dis small everywhere in the spectrum but it does depend 
strongly on color. In the case b) the (also for A = 0.690 4) non-vanishing deflec- 
tion is quite independent of color (only at the violet end of the spectrum does 
the deflection decrease slightly). Once the angle ¢, is arbitrarily chosen (though 
it must be small), the angle g, is determined by (4 a, b}. 


Dispersion of crown glass (m,) and of flint glass (73) 


A Ry Ry 
0.761 1.5050 1.7390 
0.656 1.5076 1.7473 
0.590 1.5103 1.7562 
0.486 1.5156 1.7792 
0.397 1.5245 1.3403 


A much more important problem is that of achromatic lenses. For these a 
condition similar to (3) must be satisfied. 


ILI.4. In case a) the inertial force tending to deflect the electron from its orbit 
must be balanced by the force ~8Vjar of the atomic field and by the Lorentz 
force K =ev x B. We do not need to go into the shape of the orbit or the 
velocity variations along it. In case b) the ordinary centrifugal force 


|Z|=mpo*  (p distance from the axis of rotation) 
and the Coriolis force 


—> 
C=2mvxo  (v velocity relative to the rotating system) 


take the place of K (see Vol. I, Sec. 29), while the force due to the atom - oV jar 
is the same as in a). It is to be assumed (see wording of problem) that Z is negligi- 
ble compared toC. Then one obtains equilibrium in case b} by setting C = K. 
This yields 
: ~ 1e 
2m¥ Xwoev x B; o=——B 
2m 


which proves Larmor's theorem. 
In order to be able to neglect Z we must have 


mpwr<2m |y| ow. 


This is equivalent to saying that the velocity p w imparted to the electron when 
the magnetic field is switched on is small compared to the velocity \yj which the 
electron would have without the magnetic field. For practically attainable fields 
B this condition is always fulfilled. 
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We conclude therefore that the theory of the Zeeman effect developed in 
Sec. 21 remains valid when the quasi-elastic binding, there assumed, is replaced 
by a Coulomb field (hydrogen atom) or by an arbitrary atomic field V (r}. In 
particular the theorems on the normal Zeeman effect [4 @ = 0 for longitudinal 
observation, 24 o = + (e/m) B for transverse observation] are preserved because 
of the general validity of Larmor’s theorem. 


IV.1. The index ellipsoid [normalized in accordance with (25.12)] 


(1) 4,8 #19 4 tag? 24% + 4? 247 = C, C= 2Wel pty 
and the plane £ perpendicular to the wave number vector k 
(2) ky # + ke %y + hy x, =0 


intersect in an ellipse. As in (25.19) we denote the reciprocals of the principal 
axes of this ellipse by wiVC, 0 {VC without, however, presupposing the former 
definitions of «’, «’’, as wave velocities to hold. We construct a third axis 
perpendicular to these two and call its length from the origin to the ellipsoid 
OP =i. The coordinates of P are 14 =74;jk. Substituting these in (1) one 
obtains 
c 1 
(3) a" D> wit hit. 


Then theorem a) gives the following relationship between the three axis lengths 


Yew, VEjur, + 


1 1 1 
GWE Tw) be ee (+ tea? to), 
and hence by (3) 
(4) Agut a Dut (1-28 
we us = 2 Hy ~Sr}" 


Tn order to be able to apply theorem b) we must construct the plane E’ which 
is tangent to the ellipsoid (1) and parallel to E. The equation of any arbitrary 
tangent plane with the point of tangency §, &, &, is 
(5) D>, Wi &:(x- 6) =0. 

If this plane is to be perpendicular to K, then 
(5 a) uj" §; = p hi, (p = constant of proportionality). 
Since, in particular, the point € must lie on the ellipsoid (1): 


ke,” 
Because of (5 a) and (1), eq. (5) becomes 


(7) PD) himi-C =0. 
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By the rules of analytic geometry the distance of this plane E’ from the center 
of the ellipsoid is 


Cc 1 
{8} p= vy, and hence by (6) p= z VOL RA ei. 


£’ and its diametrically opposite parallel plane E”, together with the planes 
which are tangent to the ellipsoid at the end points of the principal axes of the 
intersectional ellipse, form a circumscribed parallelepiped of the ellipsoid. Its 


vohime is 
%, 
2p ks ele : aie — VER Aus, 


According to theorem b) this volume equals the volume of the rectangular 
parallelepiped formed by the three principal axes of lengths VE pre; of the ellip- 
said; that is, it is equal to 8 C!s u, ug %,. It follows therefore that . 


tin * Hat tee? het 
(9} 14/2 4’? es a Fi 

The two symmetric functions «’? 4- %’?, eq. (4) and w’?w’’3, eq. (9) yield a 
quadratic equation in «*, the roots of which are «’4 and 4’’*. It is easy to show that 
this equation agrees with the eq. (26.19 b) of the noymal suryface when in the latter 
the expressions (26.19) for the 4; are substituted. 


TV.2. The equation (24.6 a) of the Fresnel ellipsoid is written in a form analogous 
to eq. (1) of the preceding problem 


% t t 
(1) al east nee ee OE CT 


where the x; now denote the components of E. Since E is perpendicular to the 
ray vector 5, hence also to the parallel unit vector s = $1, 5, 53, one must now 
cut the ellipsoid with the plane 


(2) Sy ¥y + Sp %e + Sy %y = 0 


and calculate the principal axes of the intersectional ellipse so formed. Except 
for the changed form of the subsidiary conditions {f) and (2), the extremum 
problem to be solved here is the same as that in Sec. 25. 


Let the principal axis lengths of the intersectional ellipse be Ver, \oo: 
‘let 2 be the length from the origin to the ellipsoid of the axis perpendicular to these 
principal axes, Since its end point has the coordinates & = 7 s;, eq. (1} yields 


c s;* 
(3) = =D) a 


Theorem a) gives the following relationship for the three axis lengths 


VC’, Veo", C: 
oi 1 I 1 1 
S(+a)+3-32 wi 
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and hence by (3) 


1 1 1 -s;? 
(4) satya 7 Tile 


Theorem b) concerns the tangential planes £’, E” of the Fresnel ellipsoid 
which are parallel to our present intersectional ellipse. The equation of one of 
these planes is 


E; 
Ce Peta y= 0 
or, see the preceding problem, 
(6) p>, i %-C m0, where (7) pt > ujts;t=C. 


Tt follows that the distance of the plane from the origin is 


(8) po = Crstue 


p 
and the volume of the parallelepiped to be considered here is 
2p: 2//Cu- 2\/Cu = 8 Ciley’ v” /2s22,2. 


From theorem b) one obtains therefore 


(9) 1 2 s;2 uj? 


re Pe PP 
wd pS 4 Bee? 1448 


From (4) and (9) it follows that v’*, v’’* are the roots of a quadratic equation in 
v4 which we may write 


1 1 1 1 1 #1 1=s,2 1 
§ = |— --..] | —- - —— el es eee es ces $38 4 
( a (4 a} hae ys pi u,? + 1,3 WH,” UH," S ; Ui 


It is easy to verify that this equation is identical with the equation (26.13 b) of the 
ray surface 


TV.3. From fig. 47 one finds that 
(1) AC mdjcosf, AB=dfcosf, BD=BCsing, 
(1a) . BC =EC-EB = (tan f,-tan f,)d 


while from the Jaw of refraction it follows that 


k k 
(2) sin& = sin fy > msin Ay >. 
Hence 
: sin? f, k sin? A, R. 
Ce, Pease 2 ale sin atan fy = Bak 


cos B, & cos f, k- 
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where the wave number & refers to the surrounding air, and #, refers to the more 
strongly and &, to the less strongly refracted ray. Therefore by (1} and {1a} 


d@ {sin® £, sin? 8, 
BD =--|———&, - k,]- 
k (ee +" "cos B, 


The total phase difference 4 is found to be 
A=kh,AC-h, AB-RBD 
is) _ he kh,  kpsin®B, | ky sin? s : 


cos By ~ 0s B. cos Be cos B, 
= (k, cos 8, -%, cos f,) 4. 


This result is to be specialized to small angles of incidence «, hence also to 
small f,, f,. A mean angle of refraction defined by 


sin 8 = Vsin B, sin fy 


is to be introduced. By multiplying the two laws of refraction {2) we obtain 


: ; Ry Rg 
sin® a = sin? 8 —~ 
and 
1 k3 ~% 1 #? 
————— — ere j 2 wr —|—oo i a eee 
(4) mae i 9 ga «| I+ 2 hy sin? « -+ 


On the other hand, we have for 7 = 1, 2 


cos Bj = 1 1 in? B; + | Lite + 
: 2 pate 2 ke 


hk, cos §, -—F, cos 8, = Ay -F ee ein® ae 
3 & 1 7 = fa T 2 a * he R, 


(Ry ~ Ry) 41 LS ee 
= - = oo m* aoe ft 
. . 1 Sih 


Substituting this in (3) and applying (4) one obtains 


(key) @ 


(5) Ae a8 


which agrees with eq. (31.9). 
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Author’s Preface 


Thermodynamics is a perfect example of a science which is developed 
from axioms. In contrast to classical mechanics, thermodynamics has with- 
stood the quantum revolution without having its foundations shaken. In 
the course of the century of its existence it sprouted only several vigorous 
offshoots: Nernst’s Third Law, Section 12, the theory of dilute solutions, 
Section 15, the application of the Second Law to electricity and magnetism, 
Sections 18 and .19. We consider that the thermodynamics of irreversible 
processes, Section 21, constitutes a promising extension of the classical 
thermodynamics of equilibria; it is based on Onsager’s reciprocal relations 
and attempts to describe real processes which occur at finite velocities. Even 
Kirchhoff, as related by Planck in his autobiographical paper (Naturwissen- 
schaften 19), restricted the concept of entropy to reversible processes; the 
firm belief in the general validity of this concept, which Planck stated as 
early as his doctoral thesis, led him in 1900 to his law of radiation and to 
quantum theory. 


In any case, we do not propose to adhere so rigorously to the axiomatic 
mode of presentation as to endeavor to develop the science from the smallest 
possible number of axioms, This was achieved by Carathéedory in his proof 
of the Second Law which we shall, it is true, duly outline, but to which we 
shall not accord any preference over the Carnot-Clausius proof. The latter 
contains so much that is instructive and thoughtful that we consider it 
indispensable in an introductory course of lectures, The fact that it makes 
use of concepts derived from engineering is, in our opinion, an advantage 
rather than a matter for reproach. After all, thermodynamics did originate 
from the needs of steam engine builders. 


Epistemologically there 1s a certain rivalry between the consideration of 
eycles and the method of thermodynamic potentials. The former are preferred 
in engineering because of their greater appeal to intuitive imagination. 
However, we shall almost exclusively make use of the latter method. It is 
much shorter and less arbitrary because it need not rely on artifically invented 
cycles. Moreover, we shall accord equal prominence to the four Gibbsian 
potentials, Section 7, although in the applications, the Gibbs function (also 
known as free enthalpy, or, simply, as the thermodynamic potential) is by 
far the most important one. 
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The experimental material which we include is very incomplete. In the 
case of real gases we restrict ourselves to the consideration of the van der Waals 
equation; in spite of its very simple form and in spite of the fact that it makes 
use of only two empirical constants, it reproduces the main outline of the 
behavior of liquids and their vapors in a very satisfactory manner. In the 
field of ferromagnetic phenomena Weiss’ theory plays a similar part and 
succeeds, with its single constant of the internal field, to render similar 
services. A critical re-examination of these two theories must be left to more 
specialized treatises, 

In my original University lectures I used to devote more time to statistical 
mechanics as compared with classical thermodynamics because I was personally 
drawn more to the former on account of its relation to quantum theory. In 
the present formulation quantum theory must, in principle, be left out and 
can only occasionally be drawn in as a supplement to Bolizmann’s statistics. 
For this reason, the chapters dealing with thermodynamics, Chapters I and IJ, 
occupy an increased proportion of space, as compared with Chapters III, 
IV, and V. Fermz’s statistzcs comes into the fore only on the occasion of a 
short account on metal electrons. 

Chapter III contains a preliminary introduction to statistical mechanics, 
as far, that is, as is possible with elementary methods. The examples quoted 
in this connection (van der Waals constants, Langevin’s theory of paramagnetic 
phenomena) serve to fill in some of the gaps left open in the sections on thermo- 
dynamics. Brownian motion, which is the most important example of 
statistical fluctuations, is treated together with the theory of the torsional 
balance. The problems arising in connection with the mean free path are 
only mentioned and not presented fully because they belong to the most 
difficult problems in statistical mechanics. 

‘Chapter IV constitutes the summit of our consideration of statistical 
mechanics. I am of the opinion that Boltzmann’s combinatorial method, 
when it is restricted to stationary processes, surpasses in fruitfulness and 
boldness its rival, the dynamic method based on Boltzmann's collision equa- 
tion. In fact, in the first sections of this chapter we shall describe the combina- 
torial methed in the original form given to it by Boltzmann, in which the 
molecules of a gas are endowed with a physically real existence. We shall 
free it from the resulting blemishes in Sections 32 to 35 when we shalt introduce 
discrete energy levels of quantum-mechanical origin. However, in this way 
we are not yet led to quantum statistics proper. Since, in the realm of quantum 
mechanics, molecules are indistinguishable from each other, the onginal 
method due to Boltzmann (distribution of particles over the states) becomes 
illusory. Moreover, from the point of view of quantum mechanics the states 
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are given first; the various numerical combinations which govern the way 
in which the mutually indistinguishable particles are distributed over the 
states constitute the substance of the new statistics. We reach these points in 
Sections 36 and 37. Suitable examples are given in Section 38, light quantum 
gas, and in Section 39, metal electrons. 

It is perhaps necessary to apologize for the fact that we have not placed 
this proper quantum-statistical treatment of states at the very beginning, 
starting instead with the undoubtedly obsolete method of Boltzmann’s 
statistics of particles. The reason for it is purely didactic. The original method 
due to Boltzmann achieves so much and is so lucid that it still seems to provide 
the indispensable foundation for the understanding of the new statistics of 
states. 

Chapter V has been kept very short in comparison with Chapter IV. The 
assumption of molecular models required here is of a much more specialized 
nature, the resulting calculations are so much more tedious, than those in 
the combinatorial method. It is true that in the hands of Hilbert they have 
led to a consistent theory of such irreversible processes as friction, the conduc- 
tion of heat, etc. which Maxwell and Boltzmann repeatedly tried to achieve 
without success. In addition to this, the method due to Chapman and Enskog 
has been developed numerically to a point where comparison with observation 
becomes possible. However, such applications by far exceed the scope of a 
general course of lectures; they illustrate the great difficulties attendant on 
the exact mathematical development of the problems of the mean free path, 
which were only cursorily mentioned in Chapter III. Our presentation must 
necessarily restrict itself to an elucidation of the central problem which 
Boltzmann posed in his work with statistical methods: to clarify the 
contradiction between reversible mechanics and the Second Law of thermo- 
dynamics, 


Arnold Sommerfeld 


Editors’ Preface 


Fate prevented Sommerfeld from completing his treatise on theoretical 
physics. He died following an accident while he was working on Volume V, 
the volume on thermodynamics and statistical mechanics, The Editors were 
entrusted with the task of completing and publishing this volume on the 
express wish of the Author. 


The sections on thermodynamics had then been virtually completed. 
Unfortunately, the Author could not read Section 21 which had been outlined 
by one of the Editors. Section 8 existed in two formulations and was 
completely recast. 


The sections on kinetic theory and statistical mechanics existed up to 
and including Section 35; Section 37 had also been nearly completed. It was, 
however, clear from the many discussions with the Author that he was not 
completely satisfied with this portion of the book. We have tried to take this 
into account by including Section 36 on Gibbs’ method, but we realize that 
the Author might have adopted a different course. The subdivisions and the 
contents of Sections 38 to 40 had been discussed with the Author, but they 
could not be written down in time. 


Except for the remarks in the Author’s Preface there were no clues as 
to Chapter V. The Author had not yet made up his mind about the contents 
of this chapter and mentioned casually that it could be included by the editor 
of future editions. The account of the electron theory of metals is based on 
the well-known article written by Sommerfeld and Bethe for the Handbuch 
dey Phystk. 


Some of the problems have been taken from the Author’s collection. 
Additional problems have been included following his wishes, which he 
expressed at one time, Some of them had been brought to his attention, but 
he could not express his views about them. 


Professor G, V. Schubert helped the Author both actively and with advice 
while Chapters I to III were being written. Professor E. Kappler cnitically 
examined the section on Brownian motion, The Author discussed with 
Professor F, Sauter the contents of Section 26 by correspondence, We are 
indebted to Messrs. Herbert and Baldus for most of the figures in Chapters I 
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to III. Dr. Mann assisted with the work of proof reading, as on many previous 
occasions, and made valuable suggestions and useful criticisms. It is possible 
that, unknown to the Editors, additional acknowledgements should be made. 
We wish to thank the Publishers for their willing cooperation, 


November 1952. 


F. Bopp J. Meixner 


Translator’s Preface 


The present book constitutes as nearly a literal translation of Sommerfeld’s 
Fifth Volume as I could make, without impairing its fluency. Changes, if any, 
were slight and unimportant. 


I would not have been in a position to undertake the translation of this 
volume, particularly of the chapters on statistical mechanics, were it not for 
the generous help and assistance which I received from Dr. G. F. Newell of 
Brown University. He has carefully read and criticized the manuscript and 
suggested many changes and improvements. I am also indebted to Professor 
F. Bopp, one of the editors of the German edition, whe kindly consented to 
read the galley proof and to clarify many difficulties, Mr. J. R. Moszynski 
of Brown University read the page proof and prepared the Index. The 
Publishers spared no effort to meet my wishes. 


The responsibility for any errors, mistakes, and omissions which still 
remain is, of course, my own. 


Providence, R. I. October, 1955. 
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CHAPTER I 


THERMODYNAMICS. GENERAL CONSIDERATIONS 


1. Temperature as a property of a system 


The science of thermodynamics introduces a new concept, that of tem- 
perature, it is absent from classical mechanics, as well as from the theory 
of electricity and magnetism and from atomic physics (with the exception of 
Joule heat, intensity of spectral lines conceived as interactions between a 
large number of material particles). Our sense of heat furnishes a qualitative 
measure, and a quantitative measure, albeit fortuitous to a certain extent, 
is given by any thermometer. A body which is in thermal equilibrium has the 
same temperature everywhere, The same is true of two bodies which have 
remained in thermal contact for a sufficiently long time. Equality of iem- 
perature 1s a necessary condition of thermodynamic equilibrium. 


Temperature is a property or parameter of state. It is independent of the 
previous history of the body and is defined solely by its instantaneous state. 
It is associated with the behavior of the body at the instant under considera- 
tion, or else, it is measured with reference to the instantaneous indication 
of a thermometer. 


The science of thermodynamics, as already stated in the preface, is an 
axtomaite sctence. In accordance with its spirit we introduce the concept of 
temperature by stating the following axiom: 


There exists a property —- temperature. Equality of temperature is a 
condition for thermal equilibrium between two systems or between two parts of 
a single system. 

The preceding statement was purposely formulated in the same way as 
those which will be used later to state the First and Second Laws of thermo- 
dynamics and, following a suggestion by R. H. Fowler,' we shall refer to it 
as to the “Zeroth Law” of thermodynamics. 


1When giving an account of the book on thermodynamics of the great Indian 
astrophysicist M. N. Saha and his collaborator’s, B. N. Srivartava, Allahabad 1931 
and 1935. 
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In order to give a rigorous mathematical definition of the concept of a 
thermodynamic ‘‘property”’’ or ‘‘parameter of state’ it is necessary to consider 
its differential. With two independent variables x, y, which must themselves 
be measurable properties or characteristics of the system (e. g. pressure and 
volume), we can write it as 


aT yg COE 
(1) aT =Xdx+ YV dy; ere aaa 
Evidentiy we then have 
aX ay 


which is the necessary and sufficient condition for the expression X dx + Y dy 
to be a perfect differential. It is equivalent to the statement that 7 is a property. 
The same condition can be also written in integral form 


(3) har is 


for any closed path in the x, y-plane. Denoting the two-dimensional vector 
which is defined by its components X and Y by the symbol Z we can apply 
Stokes’ theorem for a two-dimensional field to the expression in eq. (3), 
obtaining 


(4) Pras= f cutzaxay 


Since curl Z vanishes by eq. (2) it is concluded that statement (3) is, in fact, 
equivalent to the assertion that T is a property. 

The condition for a perfect differential with 2 independent variables is 
the vanishing of the ~-dimensional curl and can be represented by {x — 1)/2 
equations of the form (2). Statement (1) generalized in this manner is known 
as “Pfaff's differential.” When there are two independent variabies it is 
always possible to transform the expression X dx + Y dy into a perfect 
differential, by dividing it by a denominator N{x, y), even if it was not one 
originally. 

With three independent variables x, y,z this is not, generally speaking, 
possible. The requirement of integrability imposes certain conditions on the 
components X, Y, Z of a three-dimensional vector Z which have been investi- 
gated in Problem I.7, Vol. II. It was found then that the vector must be 
normal toe its curl: 


(4 a) ZcurlZ = 0. 
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It was further shown on the example of a field of forces and its potential that 
this requirement did not uniquely determine the “integrating denominator” 
{‘‘multiplier” as it was then called) and that any function of one was also such 
a denominator (multiplier). 


These preliminary remarks will help to understand the considerations 
connected with the Second Law in Sec. 6. 


We shall regard the new concept of temperature as a fourth dimension 
in addition to the mechanical quantities of length, mass, and time in the same 
way as in the science of electrodynamics when we considered the then new 
concept of quantity of electricity or charge as a new fourth dimension. 
Naturally, in problems of electrochemistry we shall have to deal with five 
fundamental dimensions, i. e. we shall include the charge. We shall denote 
the dimension of temperature by the abbreviation ‘‘deg’’ rather than by a 
new symbol. 


In Vol. I we have introduced the concept of a ‘‘mechanical system” and 
understood it to mean a collection of material points or bodies which could 
be described by specifying geometrically definable links or forces. We shall 
speak of a ‘‘thermodynamic system’’ when, in order to describe its state, it 
is necessary to specify in addition the temperatures of its components as well 
as the details of the quantities of heat transferred between them. 


A homogeneous fluid affords the simplest example of a thermodynamic 
system and we might remark here that this definition will include the special 
cases of gases and vapors. A fluid possesses only one mechanical degree of 
freedom, its volume, and only one thermal degree of freedom, its temperature. 
The volume, V, (extensive property) is associated with its canonical conjugate? 
the pressure, #, (an intensive quantity, also known as tension if its sign is re- 
versed). The temperature T is to be regarded as a thermal intensive quantity ; 
the extensive quantity which constitutes its conjugate will be discussed in 
Sec. 5D. Generally speaking # is a function of T and V. The relation 
p = f(T, V) is known as the equation of state, or the characteristic equation. 


The three quantities V, ~, and 7 which have just been introduced can be 
combined in the coefficient of thermal expansion, a, and the coeffictent of 


The term originates from Hamiltonian mechanics, Vol. I, Sec. 41. The coordinate ¢ 
{extensive quantity) and momentum (intensive quantity) were there described as canon- 
ically conjugate quantities. The term was, further, extended to include the more general 
pair of quantities Q, P. This note will suffice to explain the corresponding term in the 
Present text, For more detail see Secs. 7 and #4 of the present volume. 
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tension, 8, the two expressions being referred to the instantaneous values of 
V or # respectively: 


1 fav\ - 1 { a 
" clin: #5), 
The suffixes denote that in the process of differentiation with respect to 7, 
is kept constant in the one case, and V is kept constant in the other. Both 
coefficients have the dimension 1/deg, and their values for gases will be 
discussed presently. A further derived quantity, the fisothermal) com- 
pressibility coefficient, x, is given by the definition 


1 foV 
_ i ~-7 (5), 


The coefficients x, 2, and x satisfy a remarkable relation (see Problem I.1). 
Processes during which 7, #, or V remain constant are usually called an 
isothermal, an isobaric and an isochoric or isopiestic process, respectively. 


2. Work and heat 


Let a fluid occupy a cylindrical vessel of cross-sectional area A and let the 
vessel be closed by a piston touching the liquid. The piston is acted upon 
by the fluid with a force ~ A. If the piston is moved by A, the fluid will 


perform the work 
{1} aw=—pAdh =paV. 


This expression is valid not only for a positive dV, lifting of the piston, 
but also when it is lowered, i. e. when dV is negative, not only for a cylindrical 
vessel, but also for any boundary and for any change of shape of the surface 
of the fluid, when it is only necessary to perform an algebraic summation of 
all volume changes and to extend it over the boundary. 

Equation (1) defines dW. Does it imply that a property W exists? Certainly 
not, as in such a case dW would have to be a “perfect differential,’ and 
according to (1.3) we should obtain 


(1 a) haw =o 


when the fluid is subjected to a cycle, i. e. when it is made to reach the initial 
state after having traversed an arbitrary path. Such cycles can be represented 
graphically in a plane for the systern under consideration, i. e. for one with 
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two degrees of freedom. The system of coordinates will correspond to any of 
the two properties chosen as independent variables, such as e. g. the pair V, T 
fone mechanical and one thermal variable), or the pair V, # (two mechanical 
variables). The latter pair of variables is used in the well-known indicator 
diagram which was introduced by James Watt as early as 150 years ago 
and which is automatically traced by every 
reciprocating steam engine, Fig. 1, P 

The steam cylinder is put into com- 
munication with the boiler along the P=p, 
upper horizontal straight line » = ,, 


Expansion 
whereas along the lower line ~ = p, 
it communicates with the atmosphere 
or with the low-pressure boiler (con- Z: 
denser). The descending and the ascend- ——— 
ing branches of the curve correspond Compression v 
to expansion and compression respec- Fig. 1. 


tively. The abscissa is proportional to Indicator diagram of a steam engine. 
the instantaneous distance A between the 

piston and the dead center and, hence, to the volume of the cylinder which is 
filled with steam at the moment. The area enclosed by the diagram gives 
a measure of the quantity 


(2) prav= haw 


and is, evidently, different from zero. In accordance with (1 a) we must say 
that a property W which would correspond to dW does not exist. 


The steam engine performs the work (2) at the expense of the heat 
introduced. The reverse transformation of work into heat occurs during every 
process involying friction. The most impressive and the historically most 
important experiment illustrating this was performed in Munich by Count 
Rumford (1798): he caused water to boil when a cannon barrel was being 
bored. 


1Here it is necessary to overlook the fact that the quantity of steam contained in the 
cylinder is changed as the valves are opened and that it remains constant only during 
compression and expansion. In all processes which we shall] discuss later the mass of the 
system will remain constant. The mass can be rendered constant in the steam engine 
example, actually or in the imagination, by condensing the steam as it leaves the cylinder 
and by returning it to the boiler. In any case the indicator diagram is a classical example 
of the representation of a cycle in the ~,V- plane. 
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The instantaneous quantity of heat introduced will be denoted by dQ. 
As far as its measurement is concerned, it is, as is well known, reduced to 
that of temperature by adopting the definition: The quantity of heat which 
raises the temperature of one kilogram of water under atmospheric pressure 
from 14.5 to 15.5 C is called one (large) calorie (denoted kcal or, sometimes, 
Cal}. We now recall the definition of specific heat, which we shall also base 
on the mass of 1 kg. Denoting the quantity of heat added by dg we put: 


(3 a) adg=¢,aT Cy = specific heat at constant volume, 
(3 b) dg = c,pdT cp = specific heat at constant pressure. 


The distinction between ¢, and c, is essential in the case of gases. It may be 
neglected in most cases as far as liquids are concerned. Substituting 
dg == 1 kcal/kg and dT = 1 deg into eq. (3.b), we find that for water at 15 C 


keal 


(4) Cp = 1 deg: kg 


This statement is, evidently, equivalent to our previous definition of one 
calorie. 

It is found that during all processes involving friction the quantity of work 
used, dW’, bears a definite ratio to the quantity of heat generated, dQ, 
irrespective of the conditions of the experiment. Joule gave a quantitative 
proof of this statement by numerous, if at first imprecise, experiments. In 
particular he performed measurements on the heat generated by an electric 
current (Joule heat). Somewhat earlier Robert Mayer satisfied himself that 
water becomes heated on being shaken'. We write 


(5) dW = J dQ 
where j is called the mechanical equivalent of heat. Its numerical value is 
(6) J = 427 kg mjkcal 


if dQ is measured in kcal and dW is expressed in the engineering units of 
work - kgm. In this context the word “kilogram” denotes, as is known, the 
kilogram weight, for which it is preferable to use now the designation 


1In a letter dated September [841 Mayer states that he performed this experiment 
on many occasions always obtaining a positive result, See Ostwald ‘'GroBe Manner”, 
Leipzig, 1905, p. 71. In this connection attention may be drawn to a hypothesis 
expressed by Albrecht von Haller (1708-1777) in accordance with which animal heat 
was to have been generated by the friction experienced by the blood in the veins. This 
hypothesis persisted well into the 19-th century. 


2.7 WORK AND HEAT 7 
‘‘kilopond’’ = kp #, reserving the abbreviation kg = kilogram mass for the 
unit of mass in Giorgi’s MK S-system of units. We would thus have 

1kp = g x ikg = 9.81 MKS~? = 9.8] Dyne. 


Dyne denotes in this system the unit of force = 105 dyne. Following R. W. Pohl 
(Mechanik p.24) we shall call it the “large dyne’’. Hence 


M?K S72 Erg 
=e gi =i = "3 
(7) J = 4.19 x 10° 4.19-— 


Giorgi’s unit of energy Erg = largeerg, is equal to 10’ erg = 1 Joule = 
= 1} watt sec. The abbreviation cal = small calorie refers to 1 gram of water, 
in the same way as 1 kcal referred to 1 kilogram of water. 


We shall presently revert to the experimental justification of (7). Fur- 
thermore, we shall] later be in a position to dispense with the use of the special 
units of heat, kcal or cal, by putting 1 kcal = 427 kgm or 1cal = 4.19 Erg, 
in accordance with {6} or (7), respectively, implying that J = }. 


At this point it is essential to deduce from eq. {5) that: The quantity dQ 
is not a perfect differential in the same way as dW was not one. There is no 
property Q, there is no characteristic heat content which would simply describe 
the instantaneous state of the system. It is necessary to point out clearly that 
our previous definition of a calorie constitutes only a rule for the measurement 
of the guantity of heat dQ (or Q when it is a finite quantity) introduced 
into the system in some way, but mo? for the quantity of heat contained 
within the system. Equations (3 a) and (3 b) show clearly that the manner of 
introducing heat is important in this connection. 


In many text-books the use of the symbols dQ and dW is avoided and, 
for example, the symbols 60, 6W or dQ, dW are used instead, in order to warn 
the reader against erroneously regarding them as perfect differentials. We 
do not think this necessary because we take the view that the existence of a 
property and of its subordinated perfect differential constitutes a fundamental 
peculiarity which we shall always stress explicitly, as we have done in Sec. 1. 


'This suggestion emanated from Germany and has not, so far, gained universal 
recognition (Transt.} 
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3. The perfeet gas 


A gas is, so to say, the more perfect, the more difficult it is to liquefy it 
at a normal pressure of 760mm Hg = 760 torr, i. e. the lower its boiling 
point. The degree of perfection is illustrated by the following boiling points 
in deg C at 760 torr: 


He Hi, N, O, CO, H,0 
—-269 -259 -210 ~218 -785 + 106 


Steam, shown at the end of the list, does not, evidently belong to the class 
of perfect gases. The perfect gas is a demiting state to which a real gas will 
tend as it is expanded indefinitely. The following laws apply to this ideal, 
limiting state. 


A. Boyle's LAW (THE LAW Of BoYLE AND MaRIOTTE) 
{1} pV = const, 


which is valid provided that the temperature is kept constant. The pressure 
f is usually measured in atmospheres. One atmosphere denotes either the 
pressure in the surrounding air when the barometer reads 760 mm = 760 torr 
(physical atmosphere = 1 atm), or, more recently, one engineering atmosphere 
has been defined as the pressure exerted by 1 kilopond on 1 cm, It is almost 
exactly equal to the weight of a column of water 10 meters high acting on an 
area of 1 cm*, We can express this engineering atmosphere as follows: 


cm . 
1at — 981 —— - 1000 a, 
a 98 seck 000 g/cm 
The first factor denotes the gravitational acceleration, g, the second denotes 


the mass of the column of water under consideration, the division by cm? 
denoting that weight has been replaced by pressure. Thus we have 


(2) lat = 0.981 x 10° “yn = 0.981 bar. 
Correspondingly 
(2 a) 1 atm = 1.013 bar. 
The unit of 1 bar introduced here denotes 
dyne . 


1 bar =~ 108 spre 
cm 
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One thousandth part of this unit constitutes one “millibar,” a unit of 
pressure now often used by meteorologists. In our MKS system, we have 


Dyne Dyne 
(2 b) 1 bar = 10 —4- = 10° 4g 


If the density p = mass/V is introduced into eq. (1) instead of V, we have 


(3) p= p X const, 


B. CHARLES’ LAW (THE LAW OF Gay-LussAc} 
(4) oV=CT. 


C is a temporary constant which we shall presently express in terms of the 
universal gas constant, R. We must begin by discussing the temperature 
scale J defined through eq. (4). According to experience T is the same for 
all (perfect) gases if C is suitably chosen. To do this we refer to the coefficient 
of expansion defined in eq. (1.5). Using the same temperature scale as in (4), 
we find that it can be written as 


™ _ifav)_ 1c 4 
( <=Tlerh Ve T 


According to this equation, « is independent of the nature of the gas, 
being only a function of temperature. The same is true of the coefficient 
of tension 


1 {ap iM oe | 
ia rl eae, 
Equation (4) still leaves the scale unit free. If this is selected so as to obtain 


the unit on the Celsius (or centrigrade+) scale, then the melting temperature 
of ice (at 760 torr) becomes 


(5) T, = 273.15 deg. 

Generally we have 

(5 a) T=T,+4, ¢=temperature on Celsius scale, 
and the coefficients of thermal expansion and tension become 


(6) a = f = 1/273 deg = 0.00366 deg! 


? According to the 1948 International Temperature Scale the term ‘‘centrigrade scale” 
is now obsolete (Travsi.). 
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The temperature scale introduced in our eqs. (4), (5) and (5a) is the gas 
thermometer temperature scale. Equation (5) shows that its zero-point is shifted 
by 273 {more precisely by 273.15) deg with respect to the Celsius scale. 

The air thermometer (or better still, a hydrogen or helium thermometer) 
can be arranged to measure at constant pressure or at constant volume, 
the latter arrangement being more convenient. According to eq. {4} T is 
then proportional to the pressure, ~, of the gas. The pressure difference 
f-f>) is measured with the aid of a suitable barometric arrangement by 
noting the position of a column of mercury at a temperature 7 of the gas as 
compared with that at a temperature 7. The definition of a temperature 
scale with the aid of an air thermometer is sufficient for most practical purposes. 
The limit of its usefulness is attained at low temperatures when the air ceases 
to behave like a perfect gas. We shall see later how the temperature scale 
{Kelvin scale) should then be defined. In the case of a real gas (or in the case 
of a perfect gas at low temperatures) the Charles-Gay-Lussac equation (4) 
must be replaced by the already mentioned general equation of state of a liquid 
or gaseous system 


(6 a) T =F (p,V). 


C. AVOGADRO’S LAW AND THE UNIVERSAL GAS CONSTANT 


Dalton’s law of multiple proportions which is valid for all chemical 
compounds is supplemented with Gay-Lussac’s law of integral volume ratios 
when gases are involved, 

By way of example we take: 

1 liter hydrogen + 1 liter chlorine = 2 liters hydrogen chloride, according 
to the chemical formula 


H, + Cl, = 2 HCL 


Another example: 


2 liters hydrogen + 1 liter oxygen = 2 liters steam, written in chemical 
form this becomes 


2H, + O, = 2H,0. 


The laws of Dalton and Gay-Lussac can be combined inte one comprehensive 
rule due to Avogadro (1811): Under ihe same external conditions of pressure 
and temperature all gases contain equal numbers of molecules in equal volumes 
{Avogadro used the term corpuscles instead of the modern term—molecules). 
This rule remained ignored for a very long time, but since about 1860 it forms 
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the foundation for all determinations of molecular weights. Nernst gave it 
prominence when he gave his great text-book the title “Theoretische Chemie 
yom Standpunkt der Avogadroschen Regel und der Thermodynamik’’), 

The atomistic, microscopic point of view is alien to thermodynamics. 
Consequently, as suggested by Ostwald, it is better to use mols (moles) rather 
than molecules. As is well known one mol {see also vol. II, Sec. 7 footnote?) 
represents a mass of as many grams or kilograms (we then differentiate between 
the gram-mo! = mol or gmol, and between the kilogram-mol = kmol) as there 
are units in the sum of the atomic weights of the constituents of the substance. 
Thus one gram-mol of O, in gaseous form is equal to 32 g, one kilogram-mol 
of H, is approximately equal to 2 kg, one gram-mol of HCl is equal to 
(1 + 35.5) g in round figures. It is necessary to remember at this point that 
the fact that hydrogen is diatomic was recognized precisely with the aid of 
Avogadro’s rule; as late as around the year 1850 the chemical formula for 
water was mostly written HO. 

If we introduce the molar (or molal) volume as a natural unit of volume and 
if we define it as the volume occupied by exactly one mol of a gas under the 
given pressure and at the given temperature, then we can put Avogadro’s 
rule in the following simple form: Under identical external conditions all gases 
have equal molar volumes. It is evident that the last statement, just as the 
preceding ones, is restricted to perfect gases. It may be extended to real 
gases or even to vapors but only with caution. 

We shall calculate the magnitude of this molar volume under a pressure 
of 1 atm and at a temperature of 0C. We can utilize the fact that under these 
conditions the density of H, is fairly accurately equal to (see e.g. Vol. IV, 
eq. (17.14)} 


k 
9.00 x 10-2-& — 9.00 x 10-2 8 
m liter 


It follows that 2 g of H, occupy a volume of 


(7) a = 22.2 liter. 
The accurate value is somewhat higher on account of the atomic weight of H; 
thus, more precisely 

liter m* 


V mot = 22.4 —— = 22.4 


= at 760 torr and 0 C. 
mol kmol 


According to Avogadro this value of the molar volume applies not only to H, 
but is universally valid for all perfect gases. 
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The equation of state also assumes a universal form if the molar volume is 
used. We can write it as 


(8) b Vina = RT 


where FR is called the wiversal gas constant. Substituting the value (7) into 
eq. (8), we can evaluate it as follows: 


k D 
p = 760 torr = 1.03323 —P, = 9.81 x 1.03323 —=", see (2) and (2a) 
em em 
T = Ty = 273.15 deg see (6) 


V mot == 22.4 liter/mol = 22.4 m®/kmol. 
Consequently 


(9) R __ 9-81 x 1.03523 x 224 Dyne x m = 881 Erg 


273.15 deg x mol deg x mol_ 
Erg is the unit of work in the MKS system and has already been used in (2.7). 
Applying (8) to a volume consisting of » mols we obtain, evidently, 
{10} pV =nRT 
so that the value of the gas constant C used in {4} becomes 
(10a} C=anR. 


If v denotes the so-called specific volume, i. e. the volume of a unit of mass, 
we have 


{11} V mot == fev 


where yx is the molecular or, better, molar ‘‘weight’”’ (actually the mass of one 
mol} of the gas under consideration. Thus, for example, it is $2 kg/kmol for O,. 
Substituting (11) into (8}, we obtain 


11 Y=—T 
(11a) are 
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4, The First Law. Energy and enthalpy as properties 


The so-called “mechanical theory of heat” replaced the theory that 
regarded heat as a substance, after the latter proved untenable. As the name 
of the present theory implies, heat is regarded as a manifestation of the random 
motion of material particles being given by their energy (vzs viva) or living 
force. Following these ideas, Helmholtz gave to his book which appeared 
in 1847 the title: ‘Uber die Erhaltung der Kraft.” It is based on the 
assumption that the whole of the science of physics can be reduced to me- 
chanics and that the interaction between the material particles is due to 
forces passing through their centers. 


The designation ‘‘mechanical theory of heat’’ is evidently too narrow. 
Solar radiation certainly belongs to the heat balance of the earth and, equally 
certainly, it is not a mechanical process. For this reason the less vivid designa- 
tion of “thermodynamics” is preferred nowadays. The ambiguous expression 
“ots viva’ has been fortunately replaced by that of “kinetic energy”, as 
suggested by Sir William Thomson. The word energy occurs already in 
Aristotle's writings; it was introduced into the language of science by 
Rankine (1853}; he also used the expression “‘energetics’’. Robert Mayer’s 
(“Uber die Krifte der unbelebten Natur,”’ 1842) bold ideas went beyond the 
framework of classical mechanics and completely corresponded with the 
modern interpretation of the energy concept, even if he did not yet give them 
as precise a mathematical formulations as that achieved later by Helmholtz. 
One of Mayer’s outstanding achievements was the emphasis he put on processes 
involving release (seemingly contradicting the energy principle) which are 
now so important in the understanding of catalytic phenomena. 


We introduce the concept of energy axiomatically and without reference 
to mechanics and thereby state the First Law of thermodynamics: Every 
thermodynamic system possesses a characteristic property (parameter of state) — 
ats energy. The energy of the system ts increased by the quantity of heat, dQ, 
absorbed by it and decreased by the external work, dW’, performed. In an isolated 
system, the total amount of energy is preserved. 


A. EQUIVALENCE OF HEAT AND WORK 


Introducing Clausius’ symbol U to denote energy we can give the following 
mathematical formulation to the First Law: 


{1) dU = dQ—dw. 
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Here @U’, unlike dQ or dW, is a perfect differential. Hence for any cycle we 
must have 


(1 a) havo 


The quantity of heat dQ which appears on the right-hand side of (1} need not 
be measured in calories; we may assume that it has been converted to 
mechanical units in accordance with eq. (2.6) or (2.7). 


We shall now apply eq. (1) to the simplest possible thermodynamic 
system, namely to a unit of mass of a homogeneous fluid. The corresponding 
energy is called specific energy and is denoted by w, in analogy with the 
symbol v used to denote the specific volume in eq. (3.11 a), or the specific 
quantity of heat added, dg in eq. (2.3. a, b). Thus 


(2) du = dg—pdv. 


First of all we shall use this equation to determine the mechanical equivalent 
of heat, 7, and hence to verify eq. (2.7). In order to do this we consider two 
processes. The first will take place at constant v, changing the state of the 
system from v, J to v, 7+ dT. The second process will take place at 
constant p, the state changing from v, T to v + dv, T + dT with the same T 
and dT as in the first process. Taking into account the definitions (2.3 a, b) 
we have: 


(3) du, = c aT, 
(3 a) duty = Co dT —pav. 


We now assume that our system is a perfect gas. Then we may apply 
eq. (3.11 a) to the second process, or 


pdv= = aT 
so that eq. (3a) transforms to 
(3b) diy = («- ) aT. 
be 
At this stage we supplement the definition of a perfect gas by an additional 
condition of a caloric nature: The specific energy u (and, evidently, the total 


energy U} is a function of temperature T alone, or, in other words, it is inde- 
pendent of volume or pressure at a given 7. Then, according to eq. (3), ¢, is 
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also a function of temperature only {= dujdT = u’(T)) and eq. (3) can be 
written at once in integral form 


(4) wna foner 
Since # 1s a property, the nature of the path, whether at constant or variable 
volume, is irrelevant. 


An experimental and theoretical justification of our additional caloric 
requirement in the definition of a perfect gas cannot be given here. We shall 
revert to this point in Secs. 5 C and 7. 


Owing to the assumed equality of 7 and dT for our two processes, we can 
now write 


(4a) du, = du, = u'(T) aT. 


From (3) and (3 b) we thus obtain 


R 
(5) Co = Cp -— 
a, 
and also 
(5 a) ue (cp-c) = R. 


The left-hand side contains the difference of the two molar specific heats 
which has the numerical value of approximately 2 cal/deg x mol for all perfect 
gases; hence 


kcal 


(5 b) (cp — Cz) mol —=-2 cal/deg m4 mol = 2 kmol x deg’ 


Substituting this value into eq. (5 a) and using the value of R from eq. (3.9), 
we obtain 


(6) 1cal = 4.16 Erg 


which agrees with our previous statement to within 1%, the discrepancy being 
due to the inaccuracy in the value of 2 in (5 b). 


We can consider the same example and express the unit of work in terms 
of calories. In this manner, taking into account eq. (5 b}, eq. (5a) gives 


cal 


7) i den onal 
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and the equation of state (3.8} assumes the rather odd form 


cal 


{8) P Usmot = 2 denise ail 


where the pressure is measured in calfunit of volume. 


B. THE ENTHALPY AS A PROPERTY 


Along with energy, we introduce a new property which is particularly 
important in engineering applications; it is given the name of enthalpy and 
is defined as 


(9) HEU 2SY. 


The term enthalpy means “heat function,” and the symbol H (originally the 
Greek letter 7 was meant to be used) has been introduced in the American 
standard text-book on thermodynamics by Lewis and Randall; alternative 
symbols will be listed in Sec. 7 where we shall also deduce the definition in 
eq. (9) fram a general mathematical concept. 

From eq. (9), with dU = dQ-pdV we have 


(10) dH = dQ + V dp. 


At a constant pressure (¢@f = 0} dH is equal to the quantity of heat introduced 
to the system from an external source, which explains the name of “heat 
function”’ (or “‘total heat’) given to it. 

The enthalpy per mol (on occasions also that per unit mass) will be denoted 
by #4, so that 


(9 a) h=u+fpu 
(10 a) ah = dg +udp. 


It follows" that the molar specific heat c, is given by 
ah aq 
(i), ~ at 


1Iin eqs. (11) and (1t a) as well as in succeeding equations we shall avoid writing 


la), (et 


= Cp. 
{?=const} 


because g is not a property. 
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As a corrollary to eq. {4.a), we can write more fully that 


au ag 

(11 a) (=F), — aT 
In the case of a perfect gas pv = RT and hence A is a function of T 
alone, in the same way as %; consequently, we are justified in dropping the 


indices # and wv on the left-hand sides of eqs. (11) and {11 a) respectively. 
Subtracting {11 a) from {11}, we obtain 


= fy. 
{e=const)} 


a(h — x) 
aT 


Cp — Cy = 


which is identical with {5a) because A-w = pu= RT. 


The concept of enthalpy is particularly important in engineering applica- 
tions because it is directly connected with the flux of energy during a steady- 
state process involving the performance of work. Imagine a steam turbine 
which receives high-pressure steam at a constant rate per unit time. The 
steam is expanded, cooled and rejected by the turbine. We shall now consider, 
quite generally, the energy balance of an arbitrary machine which functions 
in a steady manner. We shall assume that all thermal quantities and that all 
quantities of work have been referred to a unit of mass of the gas (in general — 
the working fluid) supplied to the machine. 


Consider a cross-section 1 (area A,) through the inlet pipe of the machine, 
and assume that one unit mass has just crossed it. In this way a quantity #, 
of internal energy (the subscript 7 refers to the state of the gas at cross- 
section 1 of the pipe) has been transported through A,. The body of gas, 
which follows and whose pressure is #,, will have been displaced by a distance 
v,/A,, because the volume of a unit mass of gas at cross-section 1 occupies a 
volume v,. The external pressure (e. g. the boiler pressure} has thus performed 
a quantity of work == force x distance = (f, A,) (v,/A,) = p, 21. The flux 
of energy through A,, neglecting the kinetic energy, is 


H+ py, = Ay. 


The same reasoning can be applied to cross-section 2 imagined taken through 
the exhaust pipe. Assume that the machine performs work (per unit mass of 
gas) at a rate w (useful power) and that, for the sake of generality, it consumes 
heat at a rate g. (In particular cases g can be equal to 0.) 


The energy equation assumes the simple form 


(12) A, tq=w- Ag. 
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This form of the balance equation has the advantage that any specific processes 
which may be taking place inside the machine do not come into evidence in it. 
We shall revert to this example in Sec. § C when we shall consider a very 
important physical process. 


C. DIGRESSION ON THE RATIO OF SPECIFIC HEATS Cy AND ¢, 


At this stage we are compelled to make a digression which falls outside 
the field of thermodynamics. The science of thermodynamics can supply 
relations between properties only, such as e. g. eq. (5 a), but not their absolute 
values, In order to obtain the latter it is necessary to adopt microscopic 
models, as is done in the kinetic theory of gases. According to the law of 
equipartition of energy of the latter theory (see Sec. 31 B, ahead of eq. (9}), 
the molar specific heat of gases or vapors is given by 


{13) t= hf R. 
Here / denotes the number of degress of freedom and is: 


f= 3 for monatomic molecules; here only linear translations count, rotations 
being of no importance; 


f=5 for diatomic molecules; they can be regarded as possessing the 
symmetry of a dumb-bell so that it has two rotational degrees of 
freedom in addition to the three translational ones; rotation about the 
link of the atoms is unimportant. At the same time the possibility of 
the two atoms vibrating with respect to each other, which affects the 
specific heats only at high temperatures, is here disregarded; 


f = 6 for more general molecular arrangements, i. e. 3 rotational degrees of 
freedom +- 3 translational degrees of freedom, the possibility of internal 
motions being again disregarded. 


Equation (13) shows that c, is a characteristic constant for each gas, i. e. 
that it is not only independent of v, but also of 7. The corresponding value 
of c,, also per mol, is obtained from eq. (7} and is 


(13 a) on(r+ die, 
From (13) and (13 a} we find 


(14) AL aie ee, pe 


5. THE REVERSIBLE AND THE IRREVERSIBLE ADIABATIC PROCESS 19 


The numerical value of y, which is the same for the specific heats referred to 
a unit mass and a mol, is 


f 3 5 6 


2 2 2 
a 1+ = 1.66 bah I+ o= 135 


Examples for f = 3: mercury vapor and the noble gases He, Ne, A,.... 
Examples for f = 5: Hg, Ng, Og,..., air. 
Examples for { = 6: all polyatomic gases. 


The thermodynamic relation (5) is exact and remains unaffected by 
quantum corrections. On the other hand the values (13) and (13 a) are more 
or less accurate approximations and must be refined with the aid of quantum 
theory. In particular, y = 1.33 is only a mean value about which the ex- 
perimental values for polyatomic gases group themselves more or less closely. 
It is, however, remarkable that the case f= 4, y = 1.50 which does not 
correspond to any geometrical model or to any type of molecular symmetry 
does not occur in nature. 

The purpose of the present digression was to throw some light on the 
strong and weak points of the science of thermodynamics on the one hand, and 
of the kinetic theory of gases, on the other. 


5. The reversible and the irreversible adiabatic process 


We shall begin by emphasizing the difference between reversible and 
irreversible processes. 


Reversible processes are not, in fact, processes at all, they are sequences 
of states of equilibrium. The processes which we encounter in real life are 
always irreversible processes, processes during which disturbed equilibria are 
being equalized. Instead of using the term “reversible process” we can also 
speak of infinitely slow, quasi-static processes during which the system’s 
capacity for performing work is fully utilized and no energy is dissipated. In 
spite of their not being real, reversible processes are most important in thermo- 
dynamics because definite equations can be obtained only by considering 
reversible changes; irreversible changes can only be described with the aid of 
inequalities when equilibrium thermodynamics is used. 

The actual criterion for a process to be reversible states that during its 
course there are no lasting changes of any sort in the surroundings if the process 
is allowed to go forward and then back to the original state. 
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A. THE REVERSIBLE ADIABATIC PROCESS 


The term adiabatic implies: exclusion of heat transfer to and from the 
bedy; in this connection the thermos flask invented by Dewar may be thought 
of. The opposite case is that of an isothermal process; in order to maintain 
the temperature it is necessary to allow heat to be transferred; in this 
connection one may imagine a water bath in which our quantity of gas is 
immersed. 

Consider a unit mass of a perfect gas and substitute 


ag=QO du=—c, dT 
into (4.2}, taking into account (4.4). We then have 
(1) c,dT =-pdv. 
In order to transform this into a relation between v and p we use the equation 


of state (3.11.4). Instead of (1) we may write 


Fate (pav + udp) + pdv=0 


tA) pa+ evapo 


so that in view of (4.5) 
ce pdu+e,vdp=0O, 


or, considering (4.14): 


dp 
(2) 3 + 


av 
2 = 


0 


We now assume y to be a constant, see end of Sec. 4, so that we actually 
exceed the caloric assumption according to which # and hence ¢,, ¢, and y 
depend on T alone. In this case eq. (2) can be integrated directly, so that 


log # + y log v = const. 


This is Poisson’s equation of a reversible adiabatic (isentropic) process. It can 
be written 


(3) pv’ = const. 


Poisson’s equation is very important in meteorology. We may also recall 
the calculation of the velocity of sound in Vol. IJ, eq. (13.17 a), with the aid 
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of Poisson's equation (described as the equation of a polytrope whose ex- 
ponent ~ = y). Transforming the equation to T, v or T, # coordinates with 
the aid of the equation of state (3.11 a), we obtain 


(3 a) Tv’'= const, or Tp” = const, 


respectively. The constants in eqs. (3) and (3a) can be expressed in terms 
of the initial state pg, vy, 7, as follows: 


const = ppt” or Ty Uy?" or Typ gh 


According to Boyle’s law, isothermals are represented by equilateral hyperbolae 
in the #, V-plane; on the other hand, according to Poisson's eq. (3), isentropes 
are steeper downwards (see Fig. 2). In the 7, V-plane the isentrope is, evidently, 
less steep because of the exponent y 1 in eq. (3), see Fig. 2a. 


V 
Fig. 2. Fig. 2a. 
Reversible adiabatic (isentrope), A, and Reversible adiabatic (isentrope), A, and 
isothermal, 7, for a perfect gas in the isothermal, 7, for a perfect gas in the 
p. V-plane. T, V-plane. 


In order to obtain a clear idea of the veverstble nature of a process we 
imagine the gas to be confined in a cylindrical vessel of cross-sectional area A. 
The vessel is, in turn, enclosed by walls which prevent any exchange of heat, 
and the gas is contained at the top by a weightless piston. The piston is 
Maintained in equilibrium by a weight P= 7A which balances the gas 
pressure, We imagine P to be subdivided into many small weights 6P which 
will be removed one by one. This causes the piston to rise each time, its 
pressure / decreasing. Each weight 6P is placed outside the vessel at the same 
level at which it has been removed so that no work is gained or lost in the 
process, The gas pressure will fall from its initial value # (e. g. 2 kp/cem?} 
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to a final value #, (say 1 kp/em?), and the volume will increase from an initial 
value V (e. g. 1 liter) to a final value V’, {in our example 2” liter). The center 
of gravity of each 6P has been raised compared with its original level. This 
work against the forces of gravity stems from the work performed by the gas 
on the piston. It has not been lost, being found stored in the raised 6P’s. 
If we now replace these weights one by one on the piston, the gas will be re- 
compressed and heated and will revert to its initial state. The process ts 
reversible on condition that it has been carried out in infinitely small steps and 
sufficiently slowly, 1. e. with a sufficiently fine subdivision of P into elements 
of 6P each. 


B. THE IRREVERSIBLE ADIABATIC PROCESS 


If the piston {together with the weight P) is raised suddenly the gas will 
first flow into a vacuum performing no external work. The resulting turbulent 
motion gradually subsides, the gas coming to rest. What is the final state of 
the gas? Has it become heated owing to internal friction or has it become 
cooled owing to its having expanded? None of the two: As far as the final 
state is concerned the process is not only adiabatic but also isothermal, the 
approximation being as good as that of the gas under consideration is to a 
perfect gas. 

The preceding experiment was first performed by Gay-Lussac in 1807 
(flow experiment) and then repeated by Joule with an increased accuracy. 
Instead of the original cylindrical arrangement two glass jars were used; they 
were connected through a narrow tube equipped with a cock. One jar was 
evacuated and the other was filled with the experimental gas. After the cock 
had been opened and after equilibrium had set in, it was observed that the 
final temperature, particularly with air or hydrogen, was substantially the 
same as that at the beginning, 

Anticipating this result we shall first consider the cycle which Robert 
Mayer” used for the calculation of the mechanical equivalent of heat and was 
thus led to the First Law. At the initial state 1, Fig. 3, the gas is under the 


1A reversible process must be carried out infinitely slowly. The reverse is, however, 
not true, as an infinitely slow process need not be reversible. Example tilustrating the 
latter case: Discharging a condenser through a very large resistance. 

*The same calculation, based on specific heats, was found in the papers left by Sadi 
Carnot, {1796-1832} who died at a young age. He was the son of the geometer and general 
Lazarus Carnot mentioned in Vol, I in connection with eq. (3.28 b). Hence Sadi Carnot 
can be regarded as having paved the way not only to the Second Law, but also to the 
first part of the First Law. 
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atmospheric pressure #, and has the volume V,. It is heated at constant 
volume V’, until its pressure is changed to #,, point 2 in Fig. 3. It now expands 
to V, by being allowed to flow from one vessel to another. Neglecting turbulent 
deviations, it will reach a state along the isothermal equilateral hyperbola 
passing through 2, This element of the cycle is shown by a broken line because 
it is not defined in detail; only the portions of the hyperbola which lie on the 
other side of points 2 and 3 have been 
drawn in full. The gas can now be 
re-compressed at constant pressure , 
to its initial volume by performing work 
on it, if Vs has been so selected as to 
make the corresponding pressure equal 


to pj. 
The change in energy per unit mass 


Pp 


Ps 


p 
of gas along the three paths 12, 23 and 31 is 
As “4 Vv, V3 V 
fear; 0; fears, (v, - U9). Fig. 3. 
. 5 Cycle for the determination of the 


ty T, 

(4) 
According to (4.1. a} the sum of these terms must vanish. Thus we are led 
to {4.5 a) and to the value of the mechanical equivalent of heat in (4.6) if we, 
in addition, take into account the equation of state of a perfect gas and allow 
the temperature difference 7, - 7, to become vanishingly small. 

It is evident that the cycle under consideration must give the same result 
as our differential method in {4.5a), because both are based on the same 
assumption, namely on the premiss that the energy of a perfect gas is a pure 
function of T. 


mechanical equivatent of heat. 


C. THE JOULE-KELVIN POROUS PLUG EXPERIMENT 


In order to refine the experiment in which a gas is allowed to flow into 
an evacuated vessel, William Thomson devised the porous plug experiment 
and carried it out experimentally in collaboration with Joule. In the experiment 
the gas is forced through a plug made of cotton wool, the stream being slow 
and well regulated and proceeding from a higher pressure ahead of to a lower 
pressure behind the plug. On passing through the cotton wool plug which 
was accommedated in a pipe made of beechwood, which is, to all intents 
and purposes, a heat insulator, the gaseous stream became slowed up. After 
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a steady-state has set in, the temperature in the plug becomes steady, 
irrespective of how complicated the temperature distribution in its interior 
is, and the same is true of the temperatures to the left and to the right of 
the plug. 

We shall consider the mass of gas, Fig. 4, contained between an arbitrary 
section A and the right-hand end of the plug, B, and we shall follow its motion 
until it reaches the position A’ B’, when the particles at A have reached the 

left-hand end of the plug. During the 
motion the mass of gas is acted upon by 


A A’ B B 
Y, a force ~A from the left (d = cross- 
rr ee yr —. section of the pipe}. The opposing force 
Y is p'A. The path traversed is V/A on 


Fig. 4. the left and V’A on the right, so that 
Tis joule Relig porsun-pie the total work performed is 
experiment. 
(5) aw=—pV-p'V’. 


On the other hand there is no transfer of heat either through the gas on the 
left or on the right, or through the beechwood pipe. Hence 


(5 a) if a? = 0, 
According to the First Law 
(6) U-~-U'=-pV+p'v'’. 


So far our reasoning applies to any gas. Thus we note the following general 
result of the Joule-Kelvin porous plug experiment: 


(7) UtpVaU'+p'V' or HH’ 


In words: The jfoule-Kelvin experiment 1s characterized by the fact that the 
enthalpy of the gas is preserved as it flows through the porous plug. We recall 
here the final remark in Sec. 4 B concerning the flow of energy in the inlet 
and exhaust pipes of a steam engine. It is evident that the quantity of energy 
calculated in {7) represents the previously considered energy flux (provided 
that the unit of energy has been suitably chosen), and our present example 
can be used as a special illustration of the preceding general theorem. 
In particular, for a perfect gas the right-hand side of (6) becomes 


M pir’-T) 
7 


where M denotes the mass of the gas contained in the volume A B, 
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In actual fact the Joule-Kelvin experiment showed a very small difference 
between 7 and 7” in the case of air, whereas for hydrogen the difference was 
hardly measurable. From this result we conclude that: In the ideal, Umiting 
case we have 


(8) U'=U independently of V, 


which is the same result as that from the Gay-Lussac experiment, except 
that it has now been deduced with a much higher degree of accuracy. It is 
only now that we have based our additional caloric condition in eq. {4.4} 
on a sure experimental foundation. 


D. A CONCLUSION OF GREAT CONSEQUENCE 


We shall now consider the First Law and we shall apply it to a reversible 
process in a perfect gas, e. g. to a unit mass of gas. In view of the now 
established relations: «= #(T), ¢, = c, (7), dw == c, (7) dT and the equation 
of state, we write 


ae @ 


(9) ee Ee ee 
Dividing both sides by 7 we obtain 
dg aT  Rdyv 


(9 a) 


We know that dg is not a perfect differential, but eq. (9a) shows that dg/T 
is integrable. Putting ds = dg/T we obtain by integrating {9 a) that 


T,v 


lr R v 
(10) fas=s-s~ clot + Soe? 


Ts Ve 


We have assumed here that c, = const, which was convenient but not 
necessary; sts a property which ts independent of the path between the intiral 
and final state and depends only on the insiantanecus values of the properties 
ZT, v if the initial properties are fixed at an arbitrary state. With Clausius 
we shall call this new property exiropy. The term means “transformability-” 

In order to recognize, at this stage at least, the formal meaning’ of entropy, 
we write the energy equation {9} in the form 


(11) du = T ds—padv, 


26 THERMODYNAMICS. GENERAL CONSIDERATIONS 6. 


since dg = IT ds. We conclude that s is conjugate to T in the same sense 
as vis to p: s ts the extensive property which corresponds to the intensive 
property T, the problem of finding it having been mentioned already in Sec. 1. 

It is evident that the definition of entropy (16) can be extended from a 
unit of mass to one mol and to any mass M (in which case instead of the lower 
case symbols we use S, V). 

The adiabatic processes which were considered in Section A can be also 
called “‘isentropic’’ because dg = 0 implies that they are curves of constant 
entropy. In fact it is easy to convince oneself that the above eq. {3 a) in 
the 7, v-plane is identical with the equation s = const from (10). 


6. The Second Law 


In order to present the most essential considerations in the science of 
thermodynamics we shall follow the classical path which was initiated by 
Sadi Carnot in 1824 and then followed by Rudolf Clausius from 1850, and by 
William Thomson from 1851 onwards. The title of Carnot’s paper “‘Réflexions 
sur la puissance motrice du feu et les moyens propres a la développer’’ gives 
expression to the historical connection between thermodynamics and the 
development of the reciprocating steam engine. 

Carnot based his considerations on the hydraulic analogy: he thought 
that the heat substance is capable of performing work on passing from a higher 
to a lower temperature in the same way as water can perform work when it 
flows from a higher to a lower level. The weakness of this analogy is evidently 
derived from the fact that no indestructible heat substance exists. In spite 
of this, however, Carnot’s argument proved to be. one of permanent value 
having become essential in the development of the Second Law which was 
not discovered until 25 years later, 

We shall state the Second Law in an axiomatic way, just as we have done 
with the First Law in Sec. 4 {and with the “zeroth” in Sec. 1): 

All thermodynamic systems possess a property which is called entropy. It 
as calculated by imagining that the state of the system is changed from an arbi- 
trarily selected reference state to the actual state through a sequence of states of 
equilibrium and by summing up the quotients of the quantities of heat dQ introduced 
at each step and the ‘‘absolute temperature’ T; the latter is to be defined 
simultaneously tn this connection. (First part of Second Law.} 

During real (i. e. non-ideal) processes the entropy of an isolated system 
increases. {Second part of Second Law.) 

In what follows we shall provide a “proof” of this proposition, but this 
can only mean that we shall reduce it to simpler, apparently evident, 
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assumptions which, by their nature, cannot be proved in turn. The simplest 
of these seems to be: Heat cannot pass spontaneously from a lower to a higher 
temperature level (Clausius). In this connection it is necessary clearly to define 
the meaning of the word “spontaneously,” and we shall take it to mean that 
except for the bodies taking part in the exchange of heat there are no per- 
manent changes of any sort caused by the process. The following postulate, 
due to Kelvin, is equivalent to that due to Clausius: Jf ts impossible con- 
tinuously to produce work by cooling only one body down to a temperature below 
the coldest part of its surroundings. If that were not so it would be possible 
to convert the work into heat, for example through friction, and so to bring 
it to a higher temperature level. Ostwald expressed this principle in a form 
in which it is now normally quoted: J? 1s rmpossible to design a “perpetual 
motion engine of the second kind,” 1. e, a machine which would work periodically 
and which would cause no other changes except the lifting of a weight and 
the cooling of a heat reservoir.) (As is well known the First Law expresses. 
the impossibility of building a perpetual motion engine of the first kind.) 


A. THE CARNOT CYCLE AND ITS EFFICIENCY 


We shall use an arbitrary, but homogeneous working fluid. The term 
“homogeneous” denotes that its state is described by indicating only its two 
mechanical variables, V and #; these » 
in turn determine the thermal variable ¢ 
with the aid of some general equation of 
state. The symbol @ instead of 7 gives 
expression to the fact that temperature 
is, at first, measured with the aid of an 
arbitrary calibrated thermometer (say a 
thermocouple, etc.). 


The path of a Carnot cycle (see Fig. 5) 
consists of two isotherms 12 and 34 and 
of two isentropes 2 3 and 41. Along 1 2 


an : . Fig. 6. 
it is necessary to adda certain quantity The Carnot cycle. 


of heat Q from the “‘boiler’’ (heat reser- 
voir of temperature 9,) and along 3 4 it is necessary to reject a quantity of heat 
Q, to a cooler (heat reservoir @,). The total amount of heat transferred is 


fo _ @1-Qe- 


1Formulation due to Planck, Thermodynamics, 8-th German ed. Sec. 116, English 
ed.“‘Treatise on Thermodynamics,” 3rd. ed. p. 89. 
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The work performed by the working fluid is equal to 


hav =feav=w 


in the same way as for the indicator diagram in Sec. 2. 
According to the First Law 


(1} W=0,-02 


since the internal energy U returns to its initial value at point 1. The efficiency 
of the cycle is defined as 


(2) _ work performed W Os 
We ~featadded = 0, —SQy 


1. e, in the same way as for a steam engine. 

Carnot considers an engine E which realizes the process 1 2 3 4 infinitely 
slowly (without frictional or radiation losses) so that the working fluid is 
always in thermal equilibrium. (In such a case the isentrope must be quali- 
tatively the same as that described in Sec. 5 A in connection with the special 
case of a perfect gas.) Such an engine is called reversible: It can equally well 
traverse the sequence of states of equilibrium in the direction 1 432 in which 
case it does not operate as a prime mover but as a refrigerator (W < 0,0, > Q,; 
it is now necessary to add the amount of work {W| in order to depress still 
further the lower temperature level of the cooler). 

Carnot shows that the efficiency of such an engine is independent of the 
properties of the working fluid. In order to do this he considers two engines 
E and E’ which operate on different working fluids but between the same 
heat reservoirs 6, and @, developing equal power W. The quantities of heat 
processed by E’ are denotes by Q,’ and Q,’ respectively. Let us assume that 


(3) n > 9. 


In this case let us arrange E and E’ in such a way that E operates as a 
refrigerator, i. e. in the direction 1 4 3 2, being driven by E’. From (2) and (3) 
we have 

[Wiel 

‘—— >, ie. > Q,'. 

OO a, 
The hotter reservoir receives more heat from E than it loses to E’. Owing to 
the simultaneous operation of E and E€’, this difference JQ = 0,-Q,' is 
taken from the lower level @,. The total effect is to transfer the quantity of 
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heat A 2 from the lower level 6, without the performance of work and without 
making any permanent changes in E, E’, or in the surroundings. According 
to the preceding postulate this is impossible. Thus assumption (3) is untenable. 


The assumption 7 > 7’ is equally untenable: It suffices to interchange 
the roles of E and E’ in oder to arrive once more at a contradiction with our 
postulate. Consequently we must have 


(4) 4 = 1)". 


All reversible engines which exchange heat only at two temperatures 0, and 0, 
have equal efficiencies. In view of {2}, eq. (4) can be replaced by 


6) Lt = 4 (6, 6), 

Qe 
where / denotes a universal function which is independent of the working 
fluid and of the design of the heat engine. 


B. THE FIRST PART OF THE SECOND LAW 


In order to split the function of two variables /(6,, 6,) into two functions 
of one variable each it is necessary to span two reversible Carnot cycles between 
the two temperature levels @,, 6, and a heat reservoir of an arbitrary but 
constant intermediate temperature @, so that the heat reservoir 6 acting 
as a cooler for one cycle absorbs the same quantity of heat, Qo, as it is forced 
to reject when serving as a heater for the other. In this manner the reservoir 69 
will not enter the heat balance equation and the simple cycle (6,, 4) is seen 
to operate with the same quantities of heat as the compound cycle (@,, @)) + 
+ {8, 4,). In addition to eq. (5) we can write the equations 


?, . Qo 
6 —t=/ (8,9); <— =f (8,6 
{6) 00 f (8,, 9) 0, f (8p, 9) 
in which the same quantities of heat Q, and Q, appear. On multiplying, we have 
or _ 7 6,,.65) x 1 (6p, 8 
(6 a) oe o) X f (8, 85). 


Comparing with (5), we find 


{6 b) f (8, 8g) = 7 (A,, A) x f (By, A). 
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Inserting 6, = 8,1 as a special case, so that according to (5) we also have 
(9, 9,) = 1, we have 

f (8g, 82) = Uf (8, 9). 
Consequently, eq. (6 b) can also be written as 


a } (0,, Y ) 
{6 c) f (0, 8) = 1 (8», a, 


Since §, cancels out, eqs. (5) and (6c) lead to 


Q, _ 4 (6) 
QO,” o (6) 


With the intrinsically arbitrary temperature scale @ we can now associate an 


absolute scale in such a way that to each mark on @ there corresponds the mark 
\ 


(7 a) T= $ (0) 


(7) 


on the latter scale. We shall see in Sec. 10 how this can be done in practice. 
At the moment we shall only remark that this absolute temperature T coincides 
with the temperature measured on a gas thermometer over a range in which 
the thermometric substance behaves like a perfect gas if a suitable value is 
chosen for the still arbitrary constant factor in 4(@). The proof of this proposi- 
tion will be advanced in Problem 1. 


Equations (7) and (7 a) can be combined into the Carnot ratio: 
(8) Q,°0,= T,: Ts. 
From this we deduce the formula for efficiency, viz. 


T,-Ts 
(8 a) ee a 
and applying it to an infinitely narrow Carnot diagram (finite temperature 
difference, but infinitely small quantities of heat added and rejected, dQ, 
and @Q,), we obtain 


1It will be noticed that we now abandon the stipulation that 4, is intermediate 
between 6, and @,, but this point has no bearing on the result. 
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We shall consider an arbitrary, but still reversible cycle. We shall represent 
it with the aid of the continuous contour in the ~, V-diagram of Fig. 6, and 
select two arbitrary points A and B on it. We now replace the process by 
infinitely narrow Carnot cycles. The fact that the continuous contour is now 
replaced by a sequence of small saw-teeth, as shown in Fig. 6 at A and B, 
makes no difference for the integration. If 
we consider that the rejected heat dQ, is dQ, 
negative, which is entirely consistent, we . 
obtain at once from (8 a) that 


(9) eo 


where integration is carried out over the 
whole contour. The subscript of dQ expli- 
citly stresses the reversible nature of the 
cycle under consideration. According to 
Sec. 1 eq. (9) is the necessary and sufficient 
condition for 


Fig. 6. 


Representation of an arbitrary 
reversible process as a sum of 
infinitely narrow Carnot cycles. 


_ dQ 
(10) aS == 


to be a perfect differential, provided that dQ is added reversibly (utilizing the 
available work in full}. Reversibility is assured if we put dQ = dU + dW 
according to the First Law, i. e. if instead of (10) we write (10 a} 


dU + pav 


(10 a) dS = 


for the simple working fluid now being considered. The absolute temperature, 
see eq. (7a), defined in the above sense is seen to be the ¢mtegrating denomi- 
nator of the incomplete differential which appears in the numerator of (10 a). 

Equation (9) has been shown to be true for a general path of integration 
but it still applies only to a very special thermodynamic system (homogeneous 
fluid). It is, however, true for any system, composed of different substances, 
appearing in different phases, and possessing any number of degrees of freedom 
(e. g. electrical or magnetic), provided that the system does not perform any 
irreversible processes, such as friction, Joule heat, etc. 

If we first consider a single, say the 7-th homogeneous component of the 
system possessing two degrees of freedom, we find according to (10) that 


(10 b) as, = 
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is a perfect differential; here 7, denotes the absolute temperature of this 
i-th component and dQ; denotes the total quantity of heat added reversibly 
to it, whether externally or by the other components of the system. 


We now form the sum 


(10 ¢) aay gs 


ans 

! 
and find that it is also a total differential independently of the choice of the 
variables of the system to describe the processes. This sum is simpler than 
the sum of the individual expressions in (10 b), because in (10 ¢} the quantities 
of heat transferred between the individual components need not be included. 
Since such transfers of heat have been assumed reversible they must take 
place between the components at equal temperatures (ordinary conduction 
of heat must be excluded!). Denoting two such sub-systems by 1 and 7’ we 
have 7, = TJ, and dQ; = — dQ,, {the heat added to 7 is rejected by 2’). It 
ts thus seen that the terms which are due to such transfers cancel each other, The 
same is true of the quantities of heat transferred at phase equilibrium which, 
as will be stressed in Sec. 8 B, stipulate equal temperatures for the two phases. 
Consequently we may restrict the meaning of dQ; to denote only the heat added 
externally to the 1-th component. 


In principle an inequality between 7, and 7), is not excluded if the two 
sub-systems are separated from cach other by an adiabatic wall. This would, 
however, necessitate fairly artificial combinations of the sub-systems. Normally 
we shall find that there is thermal equilibrium not only throughout a single 
component {7, constant within z) but throughout the whole system, (7, = T). 
In such cases (10 ¢} reduces to 

ee | a 
(10d) = 7d im F 
which is identical with (10}; dQ denotes here, as in eq. (10), the quantity 
of heat added reversibly to the whole system from the external surroundings. 
Equations (10), (10a), as well as the slightly more general eq. (10 c), 


directly demonstrate the existence of entropy S as a property of the system and 
thus gives the proof of the first part of the Second Law. 


1When more than two degrees of freedom are present it is possible to fix all degrees 
of freedom except two, using different combinations, and to apply eq. (10} to each partial 
process, 
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The difference in the entropy between two arbitrary states A and B is 
calculated with the aid of the equation 


B 


(11) ep aeys | “o 


a 


We wish to emphasize the fact that the path of integration bears no relation to 
the way in which the system reaches B from A in actual fact. Real processes 
are always at least partly irreversible. Our rule (11) demands, however, the 
selection of an imaginary reversible path. The actual path selected is immaterial, 
because S is a property, and as such it is independent of the path. 


The simplest example of such a calculation is afforded by the porous 
plug experiment described in Sec. 5 C, Fig. 4, where the points 2 and 3 in 
the sketch correspond to states A and B in eq. {11). Since the process is 
adiabatic, we have d? = 0, so that for the rea? process 


3 
aQ 
[Bq 
2 


independently of how much the instantaneous temperature which prevails 
during the turbulent transition departs from the isotherm (shown dotted in 
the sketch, Fig. 3). On the other hand for the imaginary reverstble process, 
which we may select along the isotherm, we have dU = 0, dQ,,, = dU + 
+pdV = pal, so that per mol of gas flowing: 


3 3 
dV . 
as = s,-5,= [PF = o Rie 
J ov v 
3 


2 


We shall, obviously, find the same value if we integrate along 23 + 31 in Fig. 3 
instead of the isotherm, as can easily be verified. Attention may be drawn 
to the fact that the preliminary evaluation of entropy in eg. {3.10) made 
use of the heat added reversibly in the sense of the preceding eq. (104), 
and the same is true of the van der Waals gas in Sec. 9 B. 


Our example shows clearly that the existence and the value of entropy 
at the final state depend only on the state itself and not on whether it has 
been reached reversibly or irreversibly. Its value, denoted here by Sz, 1s 
determined except for a constant, denoted here by Sy. 
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In connection with the transition from eq. (10 b) to (10c) we wish to 
remark that it implies that parital entropies are additive. This is usually assumed 
in classical thermodynamics, but from the higher point of view of statistical 
mechanics it is not necessarily so, see Sec. 31 A. 


A system will be termed :solated when it does not interact with the 
surroundings, i. e. when no heat is transferred and no work is performed. 
The exergy of such a system is constant, because 4? =Q and 4dW = 0. 
According to {11) the exivopy of such a system would also be constant: 


(12} Sa = Sa. 


This is a paradox and it seems to contradict the second part of the Second 
Law. The reason for it lies in the too narrow interpretation which we gave 
to the concept of a ‘‘thermodynamic system” in eq. (10b) and following, 
because we have excluded all irreversible interactions between the com- 
ponents of the system thus implying thermodynamic equilibrium. It was 
in fact necessary to do so to calculate the entropy difference in (11). The 
proposition contained in (12), namely that the entropy of an isolated system is 
constant, the system being in thermal equilibrium, is true only under the above 
restrictive assumption. 


C. THE SECOND PART OF THE SECOND LAW 


We now assume that of the two engines E and E’ considered in Section 
A one, say E’, is ot reversible. In this case we can still achieve the mode of 
operation assumed in (3) when E driven by E’ worked as a refrigerator between 
the same temperatures as E’, and can thus prove the impossibility of 9’ > », 
but the reverse operation is not possible. Instead of eq. (4) we now have, 
therefore, 


(13) n> 1! 


because 7 = 7’ is also excluded by the assumption that E’ is irreversible. 
The reversible Carnot cycle has a larger efficiency than an irreversible Carnot 
cycle which operates between the same temperatures and produces the same 
power. The latter is less economical than the former; it requires a greater 
expenditure of fuel for the same power: Q,’ > Q,. 


Retaining the definition of absolute temperature given in (8) and in accord- 
ance with (8 a) and {2} we conclude from 1-7 < 1-77 that 


T/T, = QofQ@1 < 2e'/Oy' 
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and consequently 


Qt 

13a (<= 

ne 0 <7, 

For an infinitely narrow Carnot diagram we have 
dQ," _ aQ2' 
qT, i rs 


instead of (8b). Following the same reasoning as before (namely by sub- 
dividing into infinitely many cycles) we can prove that for an arbitrary cycle 
which is partly or wholly irreversible we must have 


(14) h 2 <0, 


if rejected heat quantities, dQ,’ etc., are considered negative. We now split 
this cycle into two segments, A ~ B and B > A and we assume that segment 
B — A consists of infinitesimal reversible processes only, whereas all irreversible 
processes take place along A + B. Applying eq. (11) to the segment B > A 
we can rewrite eq. (14) to read 


B 


ay’ ‘ . 
{ F + S4-Sze<0 


or 
B 
a dQ’ 
(15) Sp-S4 >| e : 
A 

This inequality applies to any kind of system. To be consistent we can 
now lift the restriction placed in connection with (10 c} and allow irreversible 
processes to take place within it. Consequently dQ’ can be represented as 
the sum of dQ, (heat introduced from the outside) and dQ, (irreversible transfer 
of heat within the system). For an zsolated system (dQ, = 0)) we can write now 


# 
(15 a) sa-sa> 3 | & 


For each individual process dQ; the integral in (15 a) is positive because dQ, 
appears twice, once as a positive quantity, and once as a negative quantity, 
the denominator being smaller in the former case (an example is afforded 
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by the porous plug experiment or by the conduction of heat under a finite 
temperature difference). Thus @ fortiori 


(16) Sp > Sq. 


The entropy of an isolated system can only increase. The Second Law ascribes 
a definite direction to natural phenomena which was absent from the 
mechanistic point of view. 


In order to clarify the conflicting statements in eqs. (16) and {12) we shall 
introduce the concept of retarded equilibrium. We shall assume that state 
A is one of equilibrium both in (16) and in (12), but we shall suppose that it 
contains different components which can be prevented from interacting with 
each other by the application of artificial devices. In this connection we may 
think of an impermeable wall which separates two gaseous phases and prevents 
their mixing. If such a wall is removed, it being possible to do so with an 
arbitrarily small expenditure of work (e. g. the opening of a valve, the closing 
of an electric contact), an irreversible process will set in and it will continue 
until a new state of equilibrium, B, has been reached. We may also think 
of two substances which cannot combine chemically under the conditions 
prevailing at A but which can be prompted to react in the presence of a 
catalyzer. The latter takes no part in the transfer of energy but it makes an 
irreversible chemical process possible so that transition to a new state of 
equilibrium, B, takes place. The Second Law makes no statements about 
the details of such processes but it enables us to calculate the change in entropy 
on transition from equilibrium state A to equilibrium state B. In order to 
do this it suffices to think of any reverszile process which leads from A to B 
and to form the integral ; 


& 


AD yee 
Se-Sa= f e , 


A 


its value is independent of the particular choise of the reversible path between 
A and B. 


The conditions of equilibrium at state B in eq. (16) are now different 
from those at state A, In this manner an irreversible retarded process at A 
becomes possible and a new state of equilibrium B with S, > S, can be 
reached. 
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D, SIMPLEST NUMERICAL EXAMPLES 


According to {8 a), the efficiency of a perfect steam engine would be 
(17) 9S a = ez = 22%, 


if it operated on a Carnot cycle. We have assumed here that 7, == 100 C 
and that 7, = 20C. The real indicator diagram of a steam engine is not 
identical with the Carnot cycle (Fig. 1 compared with Fig. 5); nevertheless, 
the high-pressure line in Fig. 1 is identical with the isotherm of boiling water 
and the low-pressure line is approximately that of atmospheric temperature. 
The indicated limit of 2296 is reached approximately in modern designs but 
it can never be exceeded. 


If we assume that 7, is kept constant in {17), we find that » increases 
with an increasing temperature T). 


Superheated steam (locomotive) is more effective than steam at a normal 
boiling temperature. However, there are certain limits to the magnitude of 
pressure used in engineering practice. For this reason the work of developing 
mercury vapor turbines was initiated in the USA many years ago. By coupling 
a Mercury vapor turbine with a steam turbine it is possible to obtain a unit 
which operates between 535 C and 35 C. This corresponds to an ideal efficiency 
of 


y= 62%. 3 


The diesel engine (ignition temperature 400 C) operates at a larger tem- 
perature difference than the steam plant and has a considerably larger ideal 
efficiency. We remark here that the efficiency of a diesel cycle cannot be 
inferred directly from a Carnot cycle because its indicator diagram differs 
too much from the latter. 


It is possible to state generally: Heat at a higher temperature is more 
precious than at a lower temperature. Work can be regarded as being equi- 
valent to heat at an infinitely high temperature. 


An efficiency of 7 = 100% could be attained in a prime mover if it were 
possible to maintain absolute zero in its cooler. We shall discover in Sec. 12 
that, strictly speaking, such an efficiency cannot be achieved. 


1These remarks are not quite relevant at the present time, as modern engineering 
practice has developed means of handling steam at very high {near-critical and super- 
ctitical) pressures and temperatures exceeding the 535 C quoted. (Tvrans?.). 
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At this stage we shall interpose a remark of a historical nature. Written 
in terms of our original 6 temperature scale, and assuming an infinitely small 
temperature difference 6, = @ and 6,= @-44, the efficiency from eqs. 
(2) and {7} is given by 


g(G-db) _ $'(8) 
17a = 1-——,,—_ = 43 46 = C(6) a6. 
oe ’ Hy gi) VO) 
The function C{ 4) = $'( 6)/d( 6) is designated as ‘“Carnot’s function’ in 
older references. The same designation in the absolute temperature scale 
belongs to the function 


(17) C(T)= =. 


A slightly unexpected application of the Second Law to the derivation 
of algebraic inequalities is contained in Problem 4. 

We shajl refrain here from discussing the application to the universe which 
was already given by Clausius and which predicts its “thermal death.’’ The 
increase in entropy is supposed to equalize all temperature differences so 
that the performance of work will supposedly become impossible. We think 
that the nature of the universe, i. e. whether it is open or closed, expanding 
{even pulsating!) or stationary is still too much in doubt to enable us to discuss 
this problem. 

Planck! opposes (and rightly so) the view of certain physicists that the 
essence of the Second Law consists in the statement that energy tends to 
degrade. Evidently an increase in entropy causes in many cases a decrease 
in the available temperature difference and hence also in the availability of 
work. Planck quotes the obvious example in which heat is transformed into 
work completely, namely the example of an isothermal expansion of a perfect 
gas with heat transfer from a reservoir of higher temperature and with complete 
utilization of the pressure of the gas to perform work. In this process energy 
is not degraded but quite to the contrary, it is ennobled (heat completely 
transformed into work). 

In our and in Planck’s opinion, the essence of the Second Law consists 
in the existence of entropy and in the impossibility of its decreasing under 
well defined conditions. 


I"'Theorie der Warme"’, Vol. V of Einfiihrung in die theoretische Physik, Sec, 36, or 
“Thermodynamik”, Sec. 108. See also engl. transl. “Theory of Heat’, Vol. V of 
“Introduction to Theoretical Physics’, p. 50, or ‘Treatise on Thermodynamics”, 3rd. 
ed. p. 81. 
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E. REMARKS ON THE LITERATURE OF THE SECOND Law 


Our proof of the Second Law was based on that due to Clausius.! The proof 
given by Planck (/.¢.) is perhaps simpler and certainly more precise; it is, 
however, more abstract and less instructive than ours. The proof given by 
Carathéodory” is even more abstract and, at the same time, simpler if the 
simplicity of a proof is judged by the small number of assumptions required. 
In fact, using a system of two fluids which can be separated by a heat conducting 
or a heat insulating wall, as required, Carathéodory needs only the assumption: 
in the neighborhood of every state which can be reached reversibly there exist 
states which cannot be reached along a reversible adiabatic path, or, in other 
words, which can only be reached irreversibly or which cannot be reached at all, 


This exceedingly economical postulate suffices to provide a mathematical 
proof of the existence of the property known as entropy. 

We shall now quote the point of view which was adopted by Carathéodory 
in his inaugural address to the Prussian Academy:* ‘‘It is possible to ask the 
question as to how to construct the phenomenological science of thermo- 
dynamics when it is desired to include only directly measurable quantities, 
that is volumes, pressures, and the chemical composition of systems. The 
resulting theory is logically unassailable and satisfactory for the mathe- 
matician because, starting solely with observed facts, it succeeds with a 
minimum of hypotheses. And yet, precisely these merits impede its usefulness 
to the student of nature, because, on the one hand, temperature appears as 
a derived quantity, and on the other, and above all, it is impossible to establish 
a connection between the world of visible and tangible matter and the world 
of atoms through the smooth walls of the all too artificial structure.” 

In connection with the last question Planck* makes the casual remark: 
It is true that the First Law applies to 10 molecules enclosed in a fixed volume, 
but with the aid of such a system it is impossible to build a heat engine owing 
to excessive fluctuations. Applied to such a system the Second Law loses 
its sense. Carathéodory’s proof does not exclude such systems in advance; 
it requires additional restrictive assumptions in order to adapt itself to reality. 


1R. Clausius: Mechanische Warmetheorie, 1876. 2nd. ed. of ‘“Abhandlung iber 
mechanische Warmetheorie”. 

*¢. Carathéodory, Math. Ann. 67, 1909 and Prussian Academy, Jan. 1925. Reference 
should also be made to M. Born: Natural Philosophy of Cause and Chance, Oxford 1949, 
who, in Caratheodory’s own judgement, has given a particularly clear presentation of 
his method. 

*Sitzungsberichte of 3rd. July 1919, No, XXXIII. 

4Jbid. 1921, p. 453. 
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In order to obtain at least an approximate idea of Carathéodory’s method 
let us consider the two fluid systems already mentioned, namely 2, and 24, 
whose states will be described by pressure, volume and an additional parameter 
6. These properties are related through an equation of state each of which 
we can write in the form: 


6, = Fy (p,, Vy); OB. = Fe (pg, V9). 


Let the two systems be brought into thermal contact which may be defined 
by stipulating 6, = 0,. The thermally coupled system Y = 2, + 2, satisfies 
the equation 


Fy (py, Vy) = Fa (De, Vo), 


so that of the four variables only three are independent. We can choose them 
arbitrarily and we may denote them by x, y, and z, The First Law states 
then that the quantity of heat added to the system during a reversible process 
is given by Pfaff's differential expression (see Sec. 1): 


(18) a= Xadx+ Y¥dy+4+ Zdz, 


whre X, Y, and Z denote functions of x, y,z. Generally speaking dQ is not 
a perfect differential, as seen from eq. (4a) in Sec. 1. The corresponding 
Pfaff differentials for sub-systems 2,, 2, containing two variables each can 
always be transformed into perfect differentials by the adoption of an inte- 
grating denominator, as also mentioned in Sec. 1. From this, together with 
Carathéodory’s postulate, it is possible to conclude that the expression (18) 
also possesses an integrating denominator (in fact a family of them). This 
proves the existence of absolute temperature and of entropy and the fact 
that they are properties. 


F. ON THE RELATIVE RANK OF ENERGY AND ENTROPY 


We quote here a note! by Robert Emden whose deep understanding of 
thermodynamics has withstood the test of time in fundamental papers on 
astrophysics (gaseous spheres!) and meteorclogy (grey atmosphere): ‘“Why do 
we have Winter Heating? The layman will answer: “To make the room 
warmer.’ The student of thermodynamics will perhaps so express it: ‘To 
impart the lacking {inner, thermal) energy.’ If so, then the layman's answer 
is right, the scientist’s wrong.” 


1Nature, Vol. 141, May 1938, p. 908 entitled: Why do we have Winter Heating? 
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“We suppose, to correspond to the actual state of affairs, that the pressure 
of the air in a room always equals that of the external air. In the usual 
notation, the (inner, thermal} energy is, per unit mass, 


u—cT. 


(An additive constant may be neglected}. Then the energy content is, per unit 
of volume, 


or, taking into account the equation of state, we have 


{20} My = Cop PIR. 


The energy content of the room is thus independent of the temperature, solely 
determined by the siate of the barometer. The whole of the energy imparted 
by the heating escapes through the pores of the walls of the room to the 
outside air.”’ 


“T fetch a bottle of claret from the cold cellar and put it to be tempered 
in the warm room. It becomes warmer, but the increased energy content is 
not borrowed from the air of the room but is brought in from outside.” 


“Then why do we have heating? For the same reason that life on the 
earth needs the radiation of the sun. But this does not exist on the incident 
energy, for the latter, apart from a negligible amount, is re-radiated, just as 
a man, in spite of continual absorption of nourishment, maintains a constant 
body-weight. Our conditions of existence require a determinate degree of 
temperature, and for the maintenance of this there is needed not addition 
of energy but addition of entropy.”’ 


“As a student, I read with advantage a small book by F. Wald entitled 
‘The Mistress of the World and her Shadow’. These meant energy and entropy. 
In the course of advancing knowledge the two seem to me to have exchanged 
places. In the huge manufactory of natural processes, the principle of entropy 
occupies the position of manager, for it dictates the manner and method of 
the whole business, whilst the principle of energy merely does the book- 
keeping, balancing credits and debits.” 


Numerical examples and critical remarks are given in Problem 2. 
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7. The thermodynamic potentials and the reciprocity relations 


We have at our disposal two pairs of variables 
p,v and Ty,s 


for each simple, homogeneous system {possessing one mechanical and one 
thermal degree of freedom, e. g. a gas, a vapor, or a liquid). The First Law 
expressed in terms of them, whether per mol or per unit mass, see Sec. 5 D, 
eq. (11), has the form 


(1) du = T ds— dv, 


The two “extensive” quantities, s,v, are the independent variables, the two 
‘intensive’ quantities 7, # being conjugate to them. The internal energy, #, 
is to be regarded as a function of the variables s, v: 


% = 4 (s, 0). 


According to (1) the remaining two variables are given by 


ou au 
a r~{3). -»=(F), 


However the selection of independent variables is largely a matter of free 
choice. There are four possibilities of making such a choice with one mechanical 
and one thermal variable in the pair: 


(3) Sv? Sp: yi T, p. 


At this point we recall the Legendre transformation whose great importance 
for analysis, for mechanics and for thermodynamics has already been stressed 
in Vol. I, Sec. 42. It gives us the rule: J/ i ts destved to replace one of the 
independent variables (e. g. s}in a Pfaff differential of the form {1) by its conjugate, 
it is necessary to subtract from the dependent variable (in our case u) the product 
of the two conjugate independent variables {in our case T s). 

A corresponding rule applies when it 1s desired to substitute both initial 
variables and when there are more variables than two. In this manner there 
are four expressions associated with the four possibilities (3), namely 


(4) u(s,v); Ais p)=ut+pu;, f(Tv=—u-Ts; g(T,p)=u-Ts+pu. 
energy enthalpy free energy ’ free enthalpy 


The expression for #, taken per mol or per unit mass, corresponds to the 
quantity H introduced previously in eq. (4.9). The remaining symbols and 
definitions are summarized in Table (6) below. 
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We shall now clarify the usefulness of the preceding definitions in a purely 
formal way by forming the corresponding differentials and by substituting 
du from {1}: 


dh=dutpdvtvdp= Tds+vdbp, 
{5} df = du-Tds-sdf =-pdv-sdT, 
ag=—du-Tds-sdT + pdv+vdp—-sdT +2 ap. 


The last terms show that the differentials dh, df, dg have the same simple 
form when expressed in terms of the independent variables associated with 
them as du has when it is expressed in terms of the variables s and v, The 
expressions (4) are known as the thermodynamic potentials because the variables 
can be deduced from them by differentiation with respect to the independent 
variable associated with them in the same way as the components of a force 
are derived from a force potential. The same designation can be properly 
applied to energy as seen from eq. (2). The corresponding equations for 
the potentials 4, /, and g will be found in the Table. We should like to stress 
here that the choice of a potential determines the choice of the associated 
variables. For example the free energy / possesses the properties of a potential 
with respect to the variables v, JT; it loses this property with a different 
choice of variables. 

From the representation in (2) and from the analogous expressions given 
in the Table there follow the most important and significant thermodynamic 
relations summarized in the fourth column of our Table. 

We shall begin by considering the third of these relations: 


ap ds 
@) (34), - (=). 


Substituting ds = dg/T, we obtain 
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T = tonst 


The left-hand side is the coefficient of tension, , from eq. (1.5), except for 
the # in the denominator. The second factor on the right-hand side is the 
“isothermal heat of expansion”! which must be introduced during the expansion 
to maintain a constant temperature. 


1The symbol M was used to denote it in older papers and it was measured in calories. 
Introducing the Carnot function C(T) for 1/T, eq. (6.17 a) and denoting the mechanical 
equivalent of heat by J, we find that the right-hand side reads J.C.M. This is the reason 
for which James Clerk Maxwell used dpjdt as his pen name. {Mnemonic rule for 
examinees who were asked for Clapeyron’s equation.) 


44 THERMODYNAMICS. GENERAL CONSIDERATIONS 7. 


(6) Table 
Independent | Conjugate | Thermodynamic Detinitions 
Potential ; , | : and 
variables variables | relations tation 
us fre(S) | (27) = (22) | Boe 
U, see =e PE ig (Clausius) 
Hota va Poel ie 
“= s-pdu|p=- ras oar a Pl € (Gibbs} 
Enthalpy 
Huh ps r= (#1) | (24 -(*} H (Lewis and Ran- 
s fp ep}, as fp dall) 
X (Gibbs) 
oh ah J (Heat engineer- 
h=u+pul\dh=Tds+ugp| v = |— = ter : 
ap}, ep as ing in certain 
countries) 
Ff v.T rouse (2) ( = em (2 Free energy 
. os al ’ | F {Helmholtz} 
fj=u-Ts |\df=-sdT-padv| p= af = of : 
= = pav| p= dv ty Sar yw (Gibbs) 
G, 8 | eg as au Free enthalpy 
Pick: | $= ~|— —-} =.]/——~ 
fuk ts OTfy| \ap fr dT },| € (Gibbs), also 
=/{+pu | called thermo- 
= - -- a d i t _ 
“-Ts-+ dg =-sdT+udp = (# a = ge 
+pu pr ap a1 ia 


It is remarkable that the relation (7 a) which we have justified for homo- 
geneous systems contains a statement which is true for the transition between 
two homogeneous systems, namely two different phases. Equilibrium between 
water and steam is of particular interest. Equation (7 a) becomes identical 
with the famous Clapeyron equation which played such an important role 
in the development of the steam engine (see Sec. 16) if we interpret # as the 
vapor pressure at temperature 7 and replace (dg/dv), by Ag/Adv, where now 
Ag denotes the heat of evaporation per mol (or per unit mass). 

At present eq. (7) is used to obtain a remarkable formula for c,-c¢, of 
general validity. Assuming that T is kept constant we can obtain from the 
First Law written in form {t) the expression 
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In view of (7) we have 


au 
_ (4) a as (4). 


On the other hand the First Law can be written as: 


dg = du+pdv = (24). iy ik (24) ar. 
and at constant v we have 
v=cone ATF, 
whereas at constant # we obtain 


_ dg} _J fa dv au 
a 0 Theta} 


Subtracting {8 b) and (8a) we find 


oe ional (Cs aad ta) 


and from (8} 


ep dy 
— ao are (7) Fr), 


The last two factors represent the “coefficient of tension $”’ and the “‘coefficient 
of thermal expansion a,’’ respectively, provided that the factors # and vr 
appearing in the denominator of eq. (1.) are taken into account. Thus eg. (9) 
can also be written in the form 


dq 


(8 a) ty = at 


{9 a) Cp—-ty=afvpT 
For a perfect gas we had « = # = 1/T and eq. (9a) takes on the form 


pv ie for one mol 


(9b) a ae es Riu for a unit of mass, 


as it should, in accordance with Sec. 3. 
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It will be noted that in deducing eq. (9b) for the perfect gas there was 
no need to make use of the additional caloric condition of Sec. 4 A which 
stated that the internal energy of a perfect gas depended only on its temperature. 
This is due to the fact that the caloric condition does not really constitute a 
new requirement imposed on the gas but represents a property of the perfect 
gas which is a consequence of the Second Law. In order to see this it is 
sufficient to express the pressure on the right-hand side of eq. (8) in terms 
of the equation of state of a perfect gas; we then have (@f/0T), = p/T; 
hence eq. {8) leads to (d%/dv), = 0 which means that the internal energy 
is independent of the volume, being a function of temperature alone. 


We now propose to examine more closely the last thermodynamic relation 
in our Table. Replacing once more ds by dg/T we obtain 


dv 1 aq 
“ (ir), 3a 
The left-hand side is the product of the coefficient of thermal expansion 
and volume. The last term on the right-hand side is known as the “isothermal 
heat of compression”. It is, generally speaking, negative, which means that 
heat must be rejected if the system is to be maintained at the same temperature 
at a higher pressure. If this were not so it would become heated on compression. 
Correspondingly « is, generally speaking, postéive (two negative signs in (10) 
cancel each other). There are, however, exceptions. The best known exception 
is water between 0C and 4C. Equation (10) shows that in this interval the 
heat of compression is fosztive: it is necessary to add heat in order to prevent 
the water from cooling on compression. (See also Problem 1.6) The same 
is true of raw rubber and stluer 1odide in certain temperature intervals. The 
anomaly of water has led Roentgen to suppose that water tends to polymerize 
in the neighborhood of its freezing point, the supposition having been confirmed 
later by others. Thus the process of crystallization which takes place at 0 C 
occurs to a certain extent before it. 


T=cons 


All four thermodynamic relations were deduced by Maxwell in his “Theory 
of Heat,’’ London, 1883, from an elementary geometrical figure; he also stated 
them in words. It is evident that he felt himself that in this case the differential 
representation is much simpler than the elementary treatment given in his 
text-book; for this reason he appended the analytical formulation contained 
in our Table in a remark to Chap. [X. An intuitive understanding of the 
signs in these reciprocity relations is contained in the principle due to Braun 
and Le Chatelter somewhat in the manner of Lenz’s rule in electrodynamics; 
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it does not, however, attain the same degree of precision as that possessed 
by the statements in our Table.! 

Theimpressiveregularity of our Table is due to the great student of thermo- 
dynamics and statistical mechanics —- Willard Gibbs. His papers, which 
were at first buried in the Transactions of the Connecticut Academy of 1876 
and 1878, became generally known only after Ostwald published them in German 
in 1902 under the title ““Thermodynamische Studien.’" Adopting Gibbs’ point 
of view we consider that the “four potentials” wu, #, /,g, or U,H,F,G, are 
equivalent, the choice between them depending on the choice of independent 
variables, eq. (3). We have already stressed in eq. (5.7) that the simplest 
formulation of the theory of the Joule-Kelvin porous plug experiment is 
obtained in terms of enthalpy, H, which is equal on both sides. In relation to 
phase equilibria the same simplification is achieved by the use of the /ree 
enthaipy, G. The free energy, F, is the principal potential in physical chemistry 
and in electrochemistry. It furnishes a measure of chemical affinity. Planck 
prefers, as a rule, to use the “potential function” 


which is in fact convenient in problems involving statistical questions; it 
does not, however, fit Gibbs’ beautiful system. 


8. Thermodynamic equilibria 


A. UNCONSTRAINED THERMODYNAMIC EQUILIBRIUM AND MAXIMUM OF 
ENTROPY 


We have found in Sec. 6 C that the entropy of an isolated system cannot 
decrease. A system was called isolated when it absorbed no heat and per- 
formed no work. These conditions are equivalent to stating that the internal 
energy U and the volume V are kept constant (4U = 0,aV = 0). An isolated 
system will tend to a final state at which the entropy has a maximum if all 
constraints within the system are removed. We shall call this a state of 
unconstrained thermodynamic equilibnium. 


1In this connection see: P. Ehreafest, Z. Phys, Chem. 77, 1911; Planck, Ann. d. Phys. 
19, 1934 with an Appendix 2did 20, 1935; further Mrs. Tatiana Ehrenfest and Mrs. de 
Haas-Lorentz, Physica 2, 1935 with reply from Planck, ibid. The main problem during 
this discussion was the distinction between intensive and extensive properties which is 
of paramount importance for aneunambiguous formulation of the principle of Braun-Le- 
Chatelier. 
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A process which starts spontaneously from a state of unconstrained 
equilibrium is impossible; if this were not so the entropy would have to increase 
again in contradiction to our assumption that the entropy already has a 
maximum value. We can, however, consider virtual processes 6 which are 
compatible with the restrictions dU = 0,dV = 0 and which cannot, evidently, 
occur spontaneously. (Example: let a vessel be filled with a gas whose pressure 
and temperature are constant; we now let half of the gas be heated to a 
temperature J + 67, the other half being cooled to J ~67.) Such virtual 
changes of state from unconstrained thermodynamic equilibrium satisfy the 
relations 


{1) 65<=0 when 6U=06; 46V =0, 
or, in another form 
(1 a) S=Smax when U =const, V =const, 


If it were possible to indicate a process with 6U = 0, 6V = 0 for which 
6S > 0, we would conclude that the initial state was not one of unconstrained 
equilibrium, We would conclude that there existed constraints whose removal 
caused the entropy to increase further. Equation (1), or eq. (1 a), constitutes one 
of the two conditions of equilibrium established by Gibbs. The second, 
which is less important to us, has the form 


(2) 6U 20 when 6S=0, 6V=0. 
The condition 


(2 a) U = Unn when S=const, V = const. 


is equivalent to it. Af a@ state of equilibrium the internal energy assumes a 
minimum value. This last proposition is reminiscent of the criterion for 
equilibrium in general mechanics which requires the potential energy to 
assume a minimum value (see e. g. Vol VI Sec. 25). 


B. AN ISOTHERMAL AND ISOBARIC SYSTEM IN UNCONSTRAINED THERMODYNAMIC 
EQUILIBRIUM 


It follows from the characteristics of the state of an unconstrained 
equilibrium in eq. (1) that the pressure and temperature throughout the 
system are independent of space coordinates. If this were not so we could 
select two elements of space in which the temperatures were 7, and T,, say, 
the corresponding pressures being ~, and #,. We could now assume a virtual 
process during which the energy of the first element changed by 6U, its 
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volume changing by 6V,. The corresponding variations for the second element 
of space would then be 6U, = - dU,, 6V, = - 6V, if the conditions in (1) 
were to be satisfied. Changes in concentration or of the masses contained 
in the individual phases present will now be excluded. According to (1) we 
must then have 


0 > 6S = 8S, + 6S, = 7 (6U, +P 4V,) + 2 (BUg + fy 8¥,) = 
1 2 


oe fs _trl ; 
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The virtual changes 6U, and 6V, are arbitrary and independent of each other. 
The above inequality cannot, therefore, be satisfied for T, + Ty, p, ~ fo. 
if 6U,, dV, are to have any values, contrary to our assumption. 


C. ADDITIONAL DEGREES OF FREEDOM IN RETARDED EQUILIBRIUM 


The state of a system which is in unconstrained thermodynamic equilibrium 
is often specified by indicating the internal energy, U, the volume, V, and the 
masses of the independent components (cf. Sec. 14). We shall now consider 
a system 2’ which is not yet in equilibrium. Its state can only be determined 
if in addition to U, V and the masses of the independent components we 
specify further quantities x,; these may denote, for example, the distribution 
of the independent components over the phases and the concentrations of 
the individual components which can interact chemically; they may, further- 
more, describe local differences if the system is subdivided into sufficiently 
small elements of volume, and if the preceding quantities are specified for 
each element. We shall consider only states of disequilibrium of a kind, and 
this is an essential assumption for Sec. 21, which can be interpreted as states 
of constrained equilibrium, in which the x, are kept constant, so that the 
entropy of the system may be taken to be the sum of the entropies of all volume 
elements for such a state of constrained equilibrium. We shall restrict ourselves 
to the consideration of isothermal and isobaric systems. On transition from 
constrained equilibrium U,V, x; to the constrained equilibrium U + dU, 
V+ aV, x; + dx; the change in the entropy must be calculated from 


(3) TdS =dU+paV + DS” Xian, 


which is a generalization of eq. (7.1). The kind of process taking place, 
whether reversible or irreversible, is here of no importance, because dS denotes 
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the difference between the entropy of the final and initial state, both (only 
infinitesimally different) being constrained equilibria. The coefficients X; 
will be called forces associated with the additional degrees of freedom x,. 


D. EXTREMUM PROPERTIES OF THE THERMODYNAMIC POTENTIALS 


We shall now add to Z a “surroundings” which we may imagine in the 
form of a very large heat reservoir, Xy. All quantities referring to Zy will be 
denoted by the subscript 0; the combined system consisting of 2 and 2, 
will be assumed to be thermally insulated; under these assumptions the 
total entropy cannot decrease: 


(4) aS + aS, >0. 


The sign of equality will be excluded by assuming that the changes of state 
which take place in 2 are irreversible like all real processes. As already 
mentioned, we assume that the system 2 is isobaric and isothermal which 
means that it is in mechanical and thermal equilibrium but not necessarily 
in chemical or phase equilibrium. The transfer of heat between XY and 2, 
will be allowed only on condition that 2’ has the temperature J, of the heat reser- 
voir. We assume that the system 2, is so large that it can exchange reverstdly, 
i. e. absorb or reject, a quantity of heat with 2 without markedly changing 
its own temperature. Thus 
dQo 

{5) aS, = 7 
The changes in volume in 2 are assumed to take place at a pressure ~ which 
is always equal to that outside. Applying the First Law to 2 and to the 
quantity of heat 4d? =~ dQ, transferred to 2 from 2, we obtain 


{6} au + paV =-dQ, 
Consequently 
(7) aS > 4 (dU + pav) 


because, according to our assumption, 7 = 7, when there is a flow of heat, 
and eq. (7) follows from (4), (5) and (6). If, however, T ~ T, then there 
is no exchange of heat, dU + dV vanishes according to the First Law, 
and {7) states simply that @S > 0, as already derived in (6.16) for an isolated 
system. Hence eq. {7) is true for any process involving the transfer of heat 
and the performance of work by our system. 
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From {3} and {7} we infer that for any process dU, dV, dx, which can 
take place spontaneously we must have 


(8) > Xidxi> 0. 


In the case of reversible processes of the combined system 2 + Jy and 
of the system 2 alone we must have a sign of equality in eq. (4), which leads 
to a sign of equality in (8). We can now make the following statement: 


The necessary and sufficient conditions for a process in an isothermal and 
isobaric system & to be reversible, are: heat must be exchanged with the surroundings 
in a reversible way (1. €. at a temperature T of L equal to that of the surroundings), 
the internal pressure p must be equal to the external pressure and, in addition, 
we must have 


(9) D> Xidx; =0 


during the whole process. 

The latter condition is satisfied, for example, when all x; are kept constant. 
It is also satisfied when non-vanishing x, ’s are associated with vanishing X;,' s. 
Any transition from state 7 with U,, V,, x, to a state 2 with U,, Vy, x,,can 
be conducted in many different ways and always so that condition (9) is 
satisfied during the whole process. An application of this rule to an actual 
example is given in Section £. 

Let us now consider an isothermal system of fixed temperature and volume 
(e. g. a system immersed in a bath of constant temperature 7); the differential 
of free energy is then dF = dU-T dS. If the changes in F, U, S refer to a 
spontaneous process we can apply eq. (7) with dV = 0 and we obtain 


(10} dF <0. 


The free energy decreases.) There exists a minimum of free energy beyond 
which no spontaneous changes of state are possible. The condition of 
equilibrium of the present system is 


(11) F=Fy. when Y= const, V =const. 


1The condition that the pressure is constant throughout the system (see C infra) is 
not required for the validity of this result because the existence of any differences in 
pressure between different parts of the system has no influence on the result in (7) owing 
to dV = 0. 
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The condition that for any virtual process 


(11 a) 6F >0 when 87=0, 6V=0 


is equivalent to that in {11). 


In the case of an isothermal-isobaric system (for example one immersed 
in a heat bath of temperature 7 and pressure / in a way that ensures thermal 
and static equilibrium with the system} we make use of the free enthalpy 
G=U-TS+4V. Its differential is dé = dU-TdS+4aV because 
a? = 0,dp =. If the changes in G, U, S, V, refer to a spontaneous process 
we can apply eq. (7) once more, and we obtain 


(12) aG <0. 


The free enthalpy decreases. There is a minimum of free enthalpy beyond 
which spontaneous changes are no longer possible. The present condition 
of equilibrium is 


(43) G=Gwin when T—=const, #—=const. 


The condition 
{13 a) 6G >0 when 6T=0, é=+0 


is equivalent to it. 


This last statement is most important in the theory of processes which 
involve transformation of substances into different forms. It will be seen 
later that of the four potentials introduced in Sec, 7, the free enthalpy will 
prove, generally speaking, to be first in importance. 


The proof of eqs. (2) and (2 a), as well as the derivation of an extremum 
property for the enthalpy H of an isobaric system under the conditions 
dS =0, 66 =0 are left to the reader. 


E. THE THEQREM ON MAXIMUM WORK 


We now propose to calculate the quantity of work which a system 2 
can perform on its surroundings when it passes reversibly from a state 7 of 
given temperature 7, to another state 2 of equal temperature. We assume 
that the transition need not be isothermal but we postulate that Y may 
exchange heat with its surroundings only at that temperature 7); in other 
words, in ranges where T + Ty, the processes must be adiabatic and reversible. 
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Making use of the definition of free energy F = U--7S we find that 
according to (3) we may write 


(14) dF =dU-TdS~SaT =-SdT-paV—_»’ X;ax; 


é 


for an elementary process. The requirement of reversibility means that the 
sum 2 X,;dx, = 0 during the whole process of transition 1 +2. Thus the 
quantity of work performed by the system becomes 


2 
| pav = F,-F,- | S aT. 
i i 


We now assert that 


{15) fewer 


1 


i. e. that the integral of S dT vanishes under ovr assumptions. This results 
from the following argument: The transition 7 + 2 may contain isothermal 
components at temperature T,; along these we have dT = 0. In addition 
it contains one or more adiabatic and reversible components each of which 
corresponds to a constant entropy and to a temperature Ty which is the same 
at the beginning as at the end. Hence such an adiabatic segment satisfies 
the relation 


Ts vr, 


[sar=sfarmo 


T, T, 


If the process is irreversible the quantity of work performed is smaller 
than #, -F;. If this were not the case we could bring the system to its initial 
State in a reversible way performing a quantity of work which is > @ at the 
expense of an equivalent quantity of heat from the surroundings at T). This, 
however, contradicts the Second Law. For this reason the change in the 
free energy is also described as the maxtmum work which the system 2 can 
perform on its surroundings when it undergoes a process during which its 
initial and final temperature is equal to that of the surroundings, Jy, on 
condition that it exchanges heat with the surroundings only at that 
temperature. 
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In many text-books on thermodynamics the above proposition on maximum 
work is stated on the additional restrictive assumption that the transition 
7 +2 is isothermal. Our formulation goes further because for some systems 
it is impossible to find a reverstble tsothermal process 7 -» 2. In spite of that 
the maximum of work can be produced. Helmholtz’s term “‘free energy” 
derives from eq. (15); its difference between two states 7 and 2 of equal 
temperature 7, represents that portion of the change in energy, U, - U,, 
which can be converted into external work (which is “available’’) during a 
reversible process / > 2, or that which it is necessary to perform externally 
on the system during the reverse process on condition that heat is exchanged 
with the surroundings only reversibly at a temperature 7,. Consistently 
we can call U-F = TS the “bounded”, or “unavailable” energy. 


We shall now show with the aid of a simple example how it is possible to per- 
form the process 7 > 2 in a way which will ensure that 2X, dx; = 0 along the 


whole path; the specific example has been chosen so that it is representative 
of the general case. For this purpose we shall consider a dissociating gas 
whose velocity of dissociation we can impede at will. Let x denote its degree 
of dissociation; its value at the state of unrestrained equilibrium will be 
denoted by x (T, V). Instead of (3) we can write TdS = dU + padV + X dx. 
The initial state is given by Tp, V,, x,, and the final state is denoted by 
To, Vo, %_- Of the two degrees of dissociation x, and x, at least one will be 
assumed to correspond to a deviation from equilibrium; otherwise the 
succeeding argument would become trivial. The first process is assumed 
to be adiabatic and reversible from To, V,, x, at constant x, (i. e. dx, = 0) 
to such values 7’, V’ for which x, = x (7’, V’}). In other words we are asking 
for those values of 7 and V for which the prescribed value x, denotes the 
degree of dissociation in unconstrained equilibrium. We can now remove 
the restraint which kept x, constant without causing any further changes 
in the system. Next we perform an adiabatic reversible change from 7’, V’’ 
to such values 7”, V’ as to effect a change from x, to x, = % (7, V"). 
All along the path of change the equilibria are unconstrained so that according 
to (9) X dx vanishes at all points (it is seen that X = Q is the condition of 
dissociation equilibrium owing to dx 30). We now maintain x, = const 
and perform a further adiabatic and reversible change from 7”, V” until 
the initial temperature 7, and a volume V’’” are reached. Finally we perform 
an isothermal reversible process at constant x, during which V” is changed 
to the desired volume ’,. In the preceding example the whole process could 
have been performed isothermally because dissociation equilibrium depends 
on pressure. In order to achieve this we can perform a reversible isothermal 
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process changing the pressure #, at constant x, until x, = ¥ (Ty, ’} or, in 
other words, until dissociation equilibrium is reached at the prescribed value 
of x, At this stage we again remove the constraint and change p' to p”, 
where ~” is so chosen that x, = x (7), ~") and X = 0 during the process. 
Finally we again keep x, = const and vary the pressure until the prescribed 
final volume V, has been reached. 

In conclusion we shall make the following remark. The maximum work 
which can be made available during an elementary process with equal initial 
and final temperature 7, is dV + 2 X;dx;. For this reason the preceding 

t 


expression is known as the generalized differential of work. It is a perfect 
differential and there exists a property, our free energy # at constant tempera- 
ture Ty, whose difference is equal to its integral. 


9. The van der Waals equation 


We shall now consider real gases, having so far devoted our attention to 
perfect gases, and we shall base our description on a dissertation entitled 
“The continuity of the gaseous and liquid states” published by van der Waals 
in Leiden in the year 1873. 

In fact van der Waals succeeded in establishing an equation of state which 
reproduces qualitatively the process of liquefaction (condensation) of a gas 
and which introduces a quantitative correction into the equation of state 
of a perfect gas. Boltzmann! described van der Waals as the Newton of real 
gases. 

Written for one mol, the equation established by van der Waals has 
the form: 


RT 
(1) p= -< 


ye 

The constant 6 introduced here is due to the volume of the molecules; the 
constant a@ is a measure for the forces of cohesion between the gaseous 
molecules and is connected with the capillarity of the free liquid surface. 
(The atomic significance of a and 6 is discussed in Sec. 26.) Fora =b= 0, 
or, which amounts to the same, for sufficiently large v eq. (1) transforms 
into the perfect-gas equation, as it should. Instead of (1) we can also write 


(1 a) (b+ pa) (v-2) = RT, Pa~ajv® 


1Enzykl. der Mathem. Wiss., Vol. V. 1, p. 550. 
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The quantity #, denotes the “cohesion pressure’ which must be added to 
the “kinetic pressure’ #. We shall begin by calculating the coefficient of 
thermal expansion from (1). Putting 2) = @ and differentiating (1), we obtain 


and consequently 
1 jf av v—-d 

(2} “= — (=) = —_—_—_- 

v \or _ pl? 

- p28 (° s 


which is a generalization of the value « = 1/T for a perfect gas and which 
can be obtained from (2) by substituting a = b = 0. 
We shall also calculate the difference 


oe ft h/ oa} 


This can be simplified by retaining only the first powers of the parameters 
a,b implying v > b, RTvu> a: 


1 2a / 

{2 b) I R= (24-4 a ae 

For most gases, e. g. QO, Ny, the right-hand side of (2) is positive in the 
range of ordinary temperatures, meaning that the coefficient of expansion 
is larger than that for the perfect gas. Hydrogen H, and the noble gases are 
the only exceptions. The forces of cohesion of these gases, as defined by a, 
are so small that the right-hand side of (2 a) becomes negative at ordinary 
temperatures. For this reason H, was designated in the past as a “gaz pius 
gue parfait.” 


A. COURSE OF ISOTHERMS 


Figure 7 shows the course of the van der Waals isotherms. The v-axis and 
the straight line v = 4 parallel to the p-axis are their asymptotes. Equation 
(1} has no physical meaning for »v <6. According to (1) the points of inter- 
section of an isobar 6 = const with an isotherm T = const are determined 
by a cubic equation. This has either one or three real roots. The limit between 
these two cases lies along the critical isotherm JT = 7,, on which the three 
points of intersection coalesce into one point of inflection with a horizontal 
tangent — the critical point u=v,, p = p,,. 
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In order to determine v,, and 7,, we 


calculate from (2): 


oP) Se, eee ES 
wo woe a8  Qavt  G 


It follows that 


Ot. 3.6, 


(3) 
RT =RT, 


The corresponding value of ~ is found 
from {1} 


(4) b= fr aa. 


Since the constants a, b can be expressed 

in terms of the critical parameters eq. (1) 

can be rewritten to contain only the ratios 
v p T 


rer ete. ig 


, P , — Fy: 
Ver Per Y 


We then obtain 
3 
(5) (>+ 3) (v-1 ae 


The preceding equation expresses the Jaw 
of corresponding stafes due to van der 
Waals and establishes a universal law 
of similarity; its accuracy is the same as 


8 
Oe 


a 
b 


Por 


v=B Ver v 
Fig. 7. 
The van der Waals isotherms in the 
pu plane 


that of eq. (1). Incidentally, we may note that an analogous law of similarity 
can be established for any equation which contains only three individual 
constants.! It suffices to eliminate these three constants by introducing new 


dimensionless properties v, p, t. 


B. EnTRopyY AND THE CALORIC BEHAVIOR OF THE VAN DER WAALS GAS 


In discussing the behavior of a perfect gas in Sec. 5 D we have proved 
the existence of entropy from our additional caloric condition, but in the 
case of the van der Waals gas we shall proceed in a reverse manner in that 


1J. de Boer and coltaborators, Physica 14, 139, 149, 320 (1948). 
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we shall deduce its caloric behavior from the proposition on the existence 
of entropy. In the case of a perfect gas this was defined by eq. (5.7 a}, i.e. by 
du/dv = 0; im the present case we shall be led to the more general condition 


eu 


This condition is physically revealing: the internal energy of a gas is 
now seen to consist not only of the kinetic energy of the molecules but also 
of the potential energy of their forces of cohesion which is associated with 
the constant @. As is the case with a gravitating system of mass points, this 
energy is negative and approaches zero with increasing expansion. Consequently 
the energy # contained in the gas must increase with v, as borne out by our 
eq. (6). 

In point of fact when van der Waals established his equation he was 
already in full possession of the fundamental propositions of thermodynamics. 
He was thus able to adapt the form of his equation to the entropy principle. 
We shall demonstrate that eq. (6) can be deduced from that principle. 

According to the definition in eq. (6.10a), we write 
= du + paV 
sani sami 
Inserting the value for # from (t) and considering # to be a function of 7 
and v, we obtain at first 


1 | Ov Ou R a 


1 ax 1 {ou R a 

mas a 7(% aes ty ic 
The necessary and sufficient condition for this expression to be a perfect 
differential is: 


(7) ads 


(9) 1 a7 _ 9 1 ou R a 
Tavat aT\T av | v—-b v2 Tf 

In carrying out the differentiation indicated on the right-hand side it is 

noticed that the middle term vanishes and that the last term gives aju® T?; 

the first term gives rise to two, one which cancels the left-hand side, the 


a 
other being equal to -= |r Thus eq. (9) becomes 
i 


1 ou 1 @ 
T4 dv  Ttvy 


This is identical with eq. (6) which we seek to prove. 


{9 a) 0= 
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By partial differentiation we can deduce from (6) that 


acy O24 da 


(10) we OF ~ aT 


0, 


so that ¢, is a pure function of 7, as for a perfect gas. 


We shall now proceed to calculate the difference between the molar heats 
¢,—¢, Which for a perfect gas was equal to the characteristic value X. With 
reference to the general eq. (7.8c), we obtain 


anal ol 


The value of (d/@f)}, can be taken from (2), that of (@/@v) > follows from (6). 
Hence for a van der Waals gas we find that 


2a (y—by? 
{12) gna aR | (1-25 0) 


In this equation a may be considered small and the product of the small 
quantities a4, 6 may be omitted. Equation (12) now becomes 


i 
} 2a 
(13) Sak (1-24) 


Reverting to the expression for entropy in (8) we can simplify it to 


c, aT Ra 


(14) ds = - a 


in view of (6} and (10). Integrating on the assumption that the molar specific 
heat c, is almost a constant, as for a perfect gas, we obtain 
Tv 
v-~6b 
Vo = b 


{15) [sss = clog t+ Rog 
Py 


Tayo 
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10. Remarks on the liquefaction of gases according to van der Waals 


A. THE INTEGRAL AND THE DIFFERENTIAL JOULE — THOMSON EFFECT 


The condition that the enthalpy H is constant is valid for any equation 
of state and not only for perfect gases; this has already been stressed in 
eq. (5.7). From the Table in Sec. 7 we obtain 


(1) — Ak=TAs+uzAp 
if the infinitesimal quantities ds, dp are extrapolated to small finite differences 


As, Ap by the way of an approximation. Changing from the variables s, p 
to the variables T, we may put 


sim (3 rT +(a5),4 . 


Recalling the significance of c, we have 
as ka lp 
aT}, =F ah T 


Making use of the relation 
as) __ (a 
apfr aT}, 


from our Table in Sec. 7 we can transform eq..(1} to read: 


(2) Ah=cpAT +|0- r(% +] [ae 
Thus the fact that the enthalpy is constant gives 
Ar 1 dv vt 1 
ere my apy peaked (PEG y [emepeacesnt [peep 
ie Ap | (Fr), | Cp (« r) 
where « denotes the coefficient of thermal expansion. We restrict our attention 


to the van der Waals gas in that we substitute the special value for a from 
eq. (9.2). Taking into account eq. (9.2 b) we obtain 


AT 2a / 
ap ~ler-))/* 


10. 6b EIQUEFACTION OF GASES ACCORDING TO VAN DER WAALS 61 


from which we conclude: When the gas is expanded, 4f < 0, there will be 
cooling, AT < 0, if 


(4 a} == > b. 


This is the case with air and with most other gases. Azr can be cooled at will 
by repeated expansion and can finally be liquefied. 

The industrial production of liquid air (and its separation from, Ne, A, ...} 
in Linde-type plants need not, of course, be restricted to an exact realization 
of the Joule-Thomson effect in all its details. Instead of “porous plugs’’ 
throttling valves are used and the performance is improved by Linde’s 
regenerative counter-flow heat exchanger. 

We shall encounter eq. (3) once more in Sec. 11. It represents the fenzte 
Joule-Thomson effect. It originated by extrapolation from the dz/ferentzal 
Joule-Thomson effect which has been rigorously defined earlier. From eq. (3) 
we find that for the latter 


aT i 1 
. (i), ~ ea} 


B. THE INVERSION CURVE AND ITS PRACTICAL UTILIZATION 


We shall now try to determine quite generally the region in the #,7 plane 
in which expansion (4 ~ < 0) is associated with a decrease in temperature 
(A T < 0), as in eq. (4a) or, inother words, where (@7/2), > 0. This, from 
the point of view of practical applications, desirable region will be called 
positive. It is bounded by the txverston ceerve on which (87/2), = 0, so that 
from (5) we see that it is given by 


1 

(5 a) a (p, T) = 
It separates the desirable from the undesirable, zegative region. As mentioned 
previously the states of air and of most other gases which correspond to ordinary 
conditions of pressure and temperature always lie within the inversion curve. 
This is confirmed by Fig. 8. 

Making use of the accurate van der Waals equation we obtain the following 
expression for the inversion curve from eq. (9.2 a): 


_ ne 
6H a(S) ~* 
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where it is only necessary to express v in terms of # and 7. Introducing at 
the same time the reduced coordinates p and t we obtain after some 
rearrangement: 


(5c) p = 24/3 t-12t-27- 


Figure 8 contains an inversion curve determined experimentally for H, 
(W. Meissner) in addition to the inversion curve from eq. (5c). The 
conversion data for hydrogen and air are given in the caption to the figure. 
It is seen that (o7/@), for air is positive at room temperature up to 
450 at; on the other hand for H, 
at room temperature it is always 
negative. This circumstance was 
responsible for many accidents due 
to the fact that highly compressed 
hydrogen spontaneously 
when leaking from damaged pipes. 
Hydrogen can be cooled on sudden 
expansion (‘‘throttling’’) only after 
its temperature had been reduced 


ignited 


Fig. &. 


Inversion curve for the differential Joule- 


Thomson effect in reduced coordinates: 


— determined experimentally for H, by 
W. Meissner 


------ calculated for a van der Waals gas 


below - 80 C. 

Returning to the performance of 
a machine operating on the Joule- 
Thomson process we find that it 
depends on the integral foule- 
Thomson effect 


from eq. (10.5 ¢) 


Forair: T= 132.5xX%tK; p= 34.5 « pat. 
For Hz: T= 332x tK; p= 13.2 x pat. 


; aT 
(5 d) (T,- fF) = (3). dp i 


In practical applications the pressure #, after expansion is, in most cases, 
approximately equal to atmospheric. The temperature 7, is determined 
essentially by the choice of the fluid for pre-cooling (for the liquefaction of 
air cooling water is used, whereas liquid nitrogen is used for the liquefaction 
of H,). The pressure ~, at which the gas enters the liquefaction chamber is 
the only vanable which may be adjusted freely within certain limits. We shall 
now try to determine that value for #, which leads to a maximum cooling 
effect. Differentiating the integral in (5d) with respect to the lower limit 
and equating to zero we have 


eT 
(27) =0 for p = Py; i= fT). 


10. LIQUEFACTION OF GASES ACCORDING TO VAN DER WAALS 63 


This, however, is exactly the condition for the state #,,7, to lie on the 
inversion curve of the differential Joule-Thomson effect. In designing a 
liquefaction plant it is necessary to satisfy this condition. For example, it 
is found that the most favorable temperature of pre-cooling for the lique- 
faction of H, is 64.5 K {it is generated by evaporating liquid nitrogen under 
reduced pressure). The corresponding favorable pressure is found from the 
inversion curve to be 160 at. In practice the values of 72 K and 140 at are 
often selected for operation, In the case of helium a temperature of pre- 
cooling of 14 K and a pressure , = 29 at is used. The temperature of 14 K 
is produced either with liquid H, which is allowed to boil under a reduced 
pressure (Kammerlingh-Onnes), or, more recently, with helium gas which 
is cooled with the aid of a reversible adiabatic process {performance of work 
in an expansion engine). (Kapitza and Meissner; the latter gave a complete 
analysis of the required thermodynamic conditions.) 


C. THE BOUNDARY OF THE REGION OF COQ-EXISTING LIQUID-VAPOR PHASES 
IN THE ~,U PLANE 


The word phase has several meanings; generally speaking it denotes the 
‘form of a phenomenon,” In this connection we may think of the phase of 
an optical vibration, of the phases of the moon, of the various phases in 
a political development; later we shall speak of the multi-dimensional 
“phase space” in statistical mechanics, In thermodynamics the term “‘phase”’ 
is used to denote the different states of aggregation of a single substance 
including the various structural forms of the solid {crystal structures, 
amorphous structures). When applied to several substances the term 
includes the different chemical groupings of which they are capable. 

In the theory evolved by van der Waals we shall study the equilibrium 
between the gaseous phase 2 and the liquid phase 7, i. e. that between a 
saturated vapor over its liquid. Equality of pressure constitutes the 
mechanical condition for such equilibrium and eyuality of temperature is 
the thermal condition of equilibrium. Of the four potentials listed in the 
Table in Sec. 7 the free enthaipy G is the one most suitable for use when 
p and 7 are constant. According to eq. (8.13.a} the equality of p and T 
carries with it the equality of g in both phases: g, = g. If the masses of 
substance contained in the two phases, 7 and 2, are denoted by m, and m, 
then according to eq. (8.13. a} we may write 


OG = Olmty By + Mz Bo) = (81— Be) Om, = 0 
because 6m, = -— dm,; the total mass m, + m, remains constant during the 
variation. 
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With reference to Fig. 7 we consider an isotherm 7 < 7,, and make 
it intersect with an isobar p< %,. Of the three points of intersection we 
shall denote the two external ones by A and B, Fig. 9, the corresponding 
values of g being denoted by g, and g,. These 
are also equal because they belong to the same 
pand T. The equality of g, and gp, leads to 


{6} us —us—T (Sa-Sa) + p (¥p-va) = Q, 


because g = u-7T s+ pv. The differences, -s, 
can be taken from eq. (9.15) Taking into account 
the equality of J at both points of intersection 
A and B we find that 


Supersaturation 
p B 


Undercooling 


Va—bd 
v4 —d- 


{7) Sa-Sa = Rlog 


We now calculate u,—u, integrating ds along 
the isobar # = const (any other path of inte- 
D c v gration would lead to the same result): 


it B 
Fig. 9. { ou ay 
Definition of Maxwell's line. 4p-—ta = | du = | (2) dv + (24) a 7} 
A A 


Making use of eqs. (9.6), (9.10) we have: 


B B 
un-Ua = [ Sas f earar. 
A A 


where the second term on the right-hand side vanishes as 7, = Ty. The 
first term gives: 


(8) ug- ua =-—+-—. 
UB VA 
Substituting (7) and (8) into (6) we find: 
{9} ~ = -R T log (vg — 5} $+ + RT log (ug —5} + p (va -va) = 0, 
A 


We now calculate the area in the #,v plane bounded by the isotherm 
T = const, the axis of abscissae and the two straight lines v = v4, v = vg. 
According to the van der Waals equation this area is equal to 
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A B B 
av dv af’ “8 
{10} [ow=rrf =F -af % =| Rig 9 + 2) 
B A A 


The expression on the right-hand side is equal to the first four terms in 
eq. (9}, except for the sign. Substituting (9} into {10} we have 


B 


(11) | pev=ptoa-vn. 


A 


Geometrically p(v, —v,) represents the rectangle A BCD in Fig. 9. According 
to (9) its area is equal to that between the isotherm and the axis of abscissae 
considered in (10). Hence the two crescents shaded in the figure must have 
equal areas. This rule gives a convenient graphical method of determining 
the boundary points A and B for phase equilibrium. It was first given by 
Maxwell (Nature 1875); the line AB is known as ‘“Maxwell’s line.” 
Carrying out the above con- 
struction for every isotherm below 
the critical in Fig. 7 we obtain 
the boundary enclosing that 
region in the #,v plane within 
which the two phases, fiqgurd 
and gaseous, co-exist in equi- 
hbrium. The boundary is shown 
sketched in Fig. 10. To the right 
of this line only gas can exist, 
whereas to the left of it only the 


liquid will be present. The vertex Fig. 10. 
of this region coincides with Boundary of the region of co-existing phases 
the critical point v,, ~,. The gas + liquid in the #,v plane, 


two branches of the boundary 
curve meet at that point. The locus of points A is the water (or liquid) 
line, and that of points B is the steam (or vapor) line. Proceeding from 
the gaseous phase we find that the first droplets of liquid appear on the vapor 
line; proceeding from the liquid phase we shall notice the first bubbles of 
vapor on crossing the liquid line. 

Let us return for a moment to Fig. 9 and let us inquire into the physical 
meaning of the points along Maxwell's line AB. They are points of varying 
volume but equal pressure and temperature. The variation in volume is 
produced by the varying proportions of the liquid and gaseous phase present, 
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At B we have pure saturated vapor of molar volume vz, whereas at A we 
have pure liquid of molar volume v,. Denoting the relative mass of the liquid 
by « and that of the vapor by 1 — x, we find that at A * = landat B x = 0. 
At an intermediate point P we have 


Up = Xv4q + (1- x) ve. 
It follows that 


Up—Up PSs . vp-v4 AP 


ace ae . 


(11 a) i= 


vp—t, AB’ 


The parts x and 1-4 can be inferred from the diagram as they are equal 
to the ratios PB/AB and AP/AB respectively. 

We shall now explain the meaning of the captions ‘supersaturation’ and 
“undercooling”’ in Fig, 9. They denote unstable states of equilibrium, which 
are not states of frue equilibrium like those ‘corresponding to the points on 
Maxwell’s line. Under favorable conditions (for example steam in dust-free 
atmosphere} it is possible to obtain supersaturated steam when at constant 
temperature the pressure assumes a higher value than that at point B on the 
vapor line. Similarly the liquid state can be maintained at a temperature 
which exceeds slightly the boiling point if heated in a vessel which is completely 
free from vibration. At a temperature equal to that at point A the pressure 
decreases. It must be realized, however, that these unstable extensions over 
the limits on the boundary lines are very small and the states between A’ 
and B’ cannot be attained at all because they correspond to an isothermal 
increase In pressure upon expansion, It is very remarkable that the theory 
due to van der Waals is in a position to predict, at least qualitatively, the 
existence of the unstable states along the branches AA’ or BB’. 

We now return to Fig. 10 and directly deduce from it the following facts: 


1. At temperatures T > T,, it is impossible to liquefy a gas however large 
the compression. 


2. In order to liquefy a gas it is not enough to reduce the temperature 
to 7 < T,; according to eqs. (5b) and (9.3) the inversion temperature 7, 
is about seven times larger than T.,. It is, however, possible to liquefy a gas, 
as was the case with air, by a succession of Joule-Thomson expansions and to 
reach the range of partial and, finally, total liquefaction, provided that T < T, 
has been attained. 


3. It is possible to reach the liquid region at the lower left-hand corner 
of the diagram in Fig. 10 directly from the rarefied gaseous state at the lower 
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right-hand region without crossing the shaded two-phase region by following 
a path which traverses the region above the critical point. According to the 
van der Waals equation the states along such a path form a continuum of 
states of stable equilibrium. There is no discontinuity even on crossing the 
critical isotherm T = 7, either on its lower branch where p < #,, or on its 
upper branch for which f > #,. This behavior explains the title of van der 
Waals’ paper “The continuity of the gaseous and liquid states.”’ 


4, In particular we can traverse from one end, B, of a Maxwell line to the 
other at A along the path shown by a brvken line in Fig. 10. The analytic 
expression for g, will vary continuously until the value g, is attained. This 
has been anticipated in eq. (6). Strictly speaking we could have added to 
this equation a linear function of T owing to the fact that the zero levels of 
energy and entropy are undetermined. Our considerations of continuity do, 
however, demonstrate that this should, in fact, have been set equal to zero. 


In the preceding description the concept of the critical point, as well as 
that of Maxwell's line, have been explained with the aid of the idealized model 
of a van der Waals gas. 


In actual fact the course of the isotherms of a real gas shows qualitative 
agreement with the van der Waals model. In particular the existence of a 
critical point is always observed being determined by the condition from 


Sec. 9, namely 
a) _ 9. (2) _, 
av rt F au r 


together with the equation of state p = p{v, T}. Moreover, for analytically 
formulated equations of state the relation (11) for Maxwell’s line remains true 
in general, as it is easy to prove. 


In order to do this let us consider an isotherm below the critical whose 
shape is qualitatively reproduced by that shown in Fig. 9. From the equality 
of free enthalpy at A and B we have that 


(12) jatprs=fat pup 
since g = /+ pv. On the other hand 


B 


(13) itn = { (2) aw 


A 
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According to our Table in Sec. 7 we find that (@//@v), = - % so that eqs. (12) 
and (13) yield 


B 
pteenn) = f pav 
a 


where the integral extends over the extrapolated isotherm AA’B'B. This 
proves that (11) is true for any analytic form of the equation of state. 


11. The Kelvin temperature scale 


The absolute temperature has been defined in Sec. 6 as that function 4(0} 
of an arbitrary, conventionally measured temperature @ which satisfies 
Carnot’'s ratio 


() Gr gO) Te 


This definition was proposed by Thomson as early as 1848. It has also been 
pointed out that a temperature measured with the aid of a gas thermometer 
would satisfy condition (1) with a degree of precision which is directly related 
to the deviation of the thermometric substance within the range under con- 
sideration from that of a perfect gas. We now proceed to show how the tem- 
perature @ measured with the aid of a real gas thermometer can be reduced 
to the absolute temperature 7. 

Evidently eq. (1) is not very suitable for this'purpose because it is not 
possible to measure Q calorimetrically with a high enough degree of precision. 
In its place, however, we may use any relation deduced from the Second Law 
which contains the absolute temperature. Lord Kelvin recognized that his 
analytical formulation of the Joule-Thomson effect given in Sec. 8 was 
particularly suitable. Clapeyron’s equation given in Sec. 14 constitutes 
another practical starting point. 


Equation (10.3) had the form: 


AT vT 1 

7 tp 7 (eT): 
The quantities c, and a, which have been defined with the aid of derivatives 
with respect to T can be rewritten in terms of derivatives with respect to 6, 
because T = ¢{9} is a pure function of @: 
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—1fa\ 1fe)\ a, ao. 
may ar}, v\ae},dt aT’ 


: -(*) - (2) a _ a8 
NOT mien Wisacaa@l ar 


The newly defined quantities’ and c,’ are to be regarded as being empirically 
determined functions of @. Dividing the numerator and denominator on the 


right-hand side of eq. (2) by d@/d7 we find that it is equal to 
orf. tat 
(2 a} tp (2 _ a ot) F 


The left-hand side can be rewritten as 


A6§ aT 
(2 b) Ap a6 
where the quantity 46/Ap is an empirically given function of @, namely that 
measured with the aid of the Joule-Thomson effect. Equating (2 a) and (2 b) 


we have 


AOL aT _ ify 1 aT 
?ApT ao \" TF G0 
so that 
1 4T va’ 
(3) Tao 48" 
? Ap 
or 
G 
(4) ogee: | ead 
Ly at Wl 
%, PAD 


In general the integration must, of course, be carried out numerically because 
it involves only empirically determined functions of 8 {v also belongs to this 
group). If 4 is measured in deg Celsius and if the unit on the scale of T is 
suitably chosen then we have the correspondence 


6=0 and T=7,, 
§8=100C and T=7,+ 100C. 
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In order to determine 7,4 we can use eq. (4), or 


100€ 
(4a) oe (1 +m - i a Se? 
Ty ‘ 


0 ov + Cp ae 


The scale of temperature defined above is now universally known as the 
Kelvin temperature scale, and we write T = ... K. In the interval 0 to 100 C 
the differences between T and @ are very small for most thermometric sub- 
stances. In accordance with the determinations carried out by the German 
Physikalisch-Technische Reichsanstalt the maximum deviation when 6 is 
determined by an air thermometer is — 0.0026 C. It is smaller for the more 
perfect hydrogen for which it reaches 0.0007 C. 


These differences naturally increase as the temperature approaches the 
point of liquefaction of the respective substance, and the Joule-Thomson 
process fails below it. The most effective method for the generation of the 
lowest temperatures near the (unattainable) absolute zero is that based on the 
magneto-caloric effect (P. Debye 1926, W. J. Giauque 1937); the two authors 
suggested (independently of each other) to use the paramagnetic salt- 
gadolinium sulphate as the most suitable substance for the purpose. The 
process is as follows: The substance is first cooled in a liquid helium bath of 
very low temperature (~ 1.3 K) and placed in a powerful magnetic field until 
thermal equilibrium has been reached. In this way all magnetic dipoles become 
practically unidirectional, provided that the field is sufficiently powerful. 
The entropy at this ordered state is smaller than at the state of disorder which 
prevails in the absence of a field (cf. Sec. 19), and the result is an appreciable 
reduction in entropy. At this moment the paramagnetic salt is insulated 
thermally and the field is switched off. The total entropy must remain constant 
in the process, but as the external field is decreased a certain amount of 
disorder will set in, the magnetic contribution to entropy increasing from zero 
to an appreciable value. Owing to the presence of the thermal insulation the 
total entropy remains constant which causes the temperature to decrease in 
consequence, The specific heat ¢, is very small at these very low temperatures 
and the magnetic contribution to entropy constitutes the leading term so 
that on adiabatic demagnetization the temperature can be made to decrease 
to a value of the order of several thousandths of one degree K (de Haas). 
We shall see in Sec. 12 that the point of absolute zero cannot be reached in 
this way. We shall only note here that the thermodynamic theory of the 
process of adiabatic demagnetization (c/. Sec. 19} supplies us with a method 
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of extending the definition of the Kelvin temperature scale down to tem- 
peratures in the neighborhood of absolute zero. 

The skeptical Mach! expressed the view that the zero point on the absolute 
temperature scale has a meaning only in relation to the special case of a gas. 
This view is flatly contradicted by the creation of the absolute Kelvin tem- 
perature scale. The whole structure of the science of thermodynamics would 
collapse without the existence of this (fixed, but unattainable) lower limit 
of temperature. 


12. Nernst’s Third Law of thermodynamics 


Nernst’s proposition is quite rightly termed the Third Law of Thermo- 
dynamics. It does not lead to a new property, like the First and Second Laws 
of thermodynamics but it makes the properties S, F, G,... numerically 
determinate and hence usable. 

The entropy is defined in terms of its differential dS but S itself is only 
defined short of a constant Sy. In itself this does not constitute a drawback 
because in applications we almost always deal with differences in entropy. 
The same is true of the energy U in whose expression a constant of integration 
remains undefined. However, in the expressions of the potentials F and G 
a linear function of the form 5,7 + const remains undetermined in view of 
the term 7S. Thus their usefulness for states at different temperatures and 
in the equations of chemical equilibrium becomes illusory. ar 

Thus there arises the question of the absolute value of entropy: As is 
the case with all fundamental questions, nature provides the simplest con- 
ceivable and the mathematically most satisfactory answer: As the temperature 
of a system tends to absolute zero tts entropy tends to a constant value S, which 
is independent of pressure, state of aggregation, etc. We may put it equal to 
zero so that the entropy of every substance becomes normalized in an absolute 
way. This also removes the indeterminateness in the potentials F, G 
because in the integral formulae for entropy (c/. (6.11)) we may assume the 
lower limit to be at T = 0. 

This is the formulation which was given by Planck, but it is interesting 
to quote here Nernst’s own first statement of the same fact. In connection 
with his researches on electrochemical phenomena Nernst was able to handle 
the Second Law of thermodynamics with greater success than anybody else 
but, remarkably enough, he disliked the concept of entropy and preferred to 


1“ Prinzipien der Warmelehre’’, Leipzig 1896, p. 34t. Gay Lussac’s inaccessible account 
of his free-expansion experiment has been published in an Appendix to thts book. 
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use that of ‘maximum (available) work”’ which he also used as a measure of 
chemical affinity. Introducing Nernst’s symbol A for it we find that according 
to eq. (8.15) we have 

(1) A=AF with AF=F,-F,. 

From # = U-TS together with the relation 


ar ; 
S --(#) see Table in Sec. 7 


we have 
oF 
— fy aces 
roe) 
so that from (1) we find that 
aA 
eT 
Nernst regarded (2) as the fundamental equation of thermodynamics! because 
it combines the First Law with the Second. 

According to Berthelot and Nernst, AU denotes the heat tone of the 
process at constant V.2_ Berthelot thought that the left-hand side of (2) 
should be equal to zero which, however, is not the case. Nernst (2. c.) made 
the following comment: “It occurred to me that we have here a limiting 
law since often the difference between A and AU is very small. It seems 


that at absolute zero A and AU are not only equal but also asymptotically 
tangent to each other. Thus we should have 


. aA . aAU is 
(3) ims = lim—>y, =9 for r=0. 


This is the historical origin of the most far-reaching generalization of classical 
thermodynamics of our century. 
Returning from A to 


(2) A-A v=7| with AU = U,-U,. 
Vv 


AF=AU-TAS 
we obtain at once from (3) that 


dau. 
dT 


. JaAU aA S$ 
im ae S- 7 AS} aim 


1“ Theoretische Chemie’, ed. 1926, p. 795. We have written AU instead of Nernst’s U 
and we have added the subscript V in the partial derivative of A which was omitted by 
Nernst. 

2In most cases it is more useful to consider the heat tone at constant pressure and to 
define it as the difference of enthalpies AH. 
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and consequently 
(4) AS—-0 i.e. S,-+S, for T +0. 


Thus we have deduced Planck’s formulation S ~ 5, and the possibility of 
normalizing Sy = 0 for any substance from Nernst’s statement (3). Reci- 
procally, it is evident that eq. (3) follows from (4). 

Originally Nernst limited the validity of his theorem to pure condensed 
substances (solids or liquids) and excluded the gaseous state. However, in 
a subsequent publication! he considered the question of degenerate gases 
which was beginning to occupy the attention of physicists at the time. This 
problem was formulated shortly afterwards in the Bose-Einstein and the 
Fermi-Dirac statistics. The two statistics show that gases degenerate at the 
lowest temperatures. In particular in his sketch of a theory of metals (1927) 
the present author demonstrated that, with respect to all its properties, the 
free electron gas obeys Nernst’s Third Law. It is not at all astonishing that the 
expressions (5.10) and (9.15) for the entropy of a perfect gas and for that of a 
van der Waals gas respectively do not lead to S +0 as T > 0 because they 
do not claim any validity in this region. Apparent contradictions to the 
Third Law observed in connection with deuterium compounds have been 
resolved by Clausius who showed that they represented frozen, i. e. metastable 
states of equilibrium. 

The science of thermodynamics can give no information about the duration 
of such exceptional states; this problem must be left to be dealt with by the 
methods of quantum mechanics. In any case we did not find it necessary to 
restrict the validity of Nernst’s Third Law to condensed substances and we 
take the view that its validity is universal. 

We shall now summarize a series of the most simple consequences of this 
law as regards homogeneous substances. Since we are now referring to mols 
or units of mass we shall use lower case symbols s, v instead of the capital 
letters used so far. 


1. The coefficient of thermal expansion tends to zero as T + 0. According 
to the Table in Sec. 7, line G, we have 


(5), -(, 


The left-hand side vanishes because the limit sy) of s is independent of pressure. 
Hence the change in volume which appears on the right-hand side must also 
vanish. The same is true of the coefficient of thermal expansion, «. 


1“Die theoretischen und experimentellen Grundiagen des neuen Warmetheorems,”’ 
Knapp, Haile, 1918. 
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2. The coefficient of tension tends to zero as T + Q. According to the table 


in Sec. 7, line F, we have 
as -(% 
oui; = \eT}y 


Hence, again, the left-hand side vanishes because the limit s, is independent of 
v as well. The same is true of the right-hand side and of the coefficient of 
tension 8, provided p # 0. 


3. The specific (or molar) heats c, and c, tend to zero as T + Q. From the 
definitions 


we obtain by integration 


(5) s(u, T) -{+ ate. SGT) 1 har 


The constants of integration would be functions of v only in the first, and of p 
only in the second integral. However, for sufficiently small values of T their 
existence would contradict Nernst’s Third Law which stipulates that the 
limiting value sy is asymptotically independent of both v and ~p. We have 
normalized the value of sy in both eqs. (5) at sy = 0 by assuming the lower 
limit of integration to be equal to zero. Now these integrals show that c, and ¢, 
must vanish for 7 = 0; if this were not so the integrals would diverge in 
view of the lower limit of integration 7 = 0. The German Reichsanstalt 
carried out extensive measurements under Nernst’s direction providing a 
full confirmation of the fact that the specific heats, and that c, in particular, 
decrease as absolute zero is approached. The rate at which these quantities 
tend to zero is left undetermined by egs. (5). According to Debye (ef. Vol. IT, 
Sec. 44) the rate of decrease for an elastic body is proportional to 7%, for the 
electron gas to T (cf. this volume, Sec. 39). These theoretical results have 
also been fully confirmed by experiment. 


4. The absolute zero temperature cannot be reached by any finite process; 
it may only be reached asymptotically. We have made use of the process of 
adiabatic expansion, see Sec. 5, to cool real gases. In the range of lowest 
temperatures its place, as the most efficient process, is taken by adiabatic 
demagnetization, see Sec. 11. 
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The 7,S diagram in Fig. 11 represents the curve of constant field intensity, 
H == const,! for a salt ina field of strength H. The pressure is also considered 
to be constant (e. g. = 0, vacuum; in the case of a salt in the solid state 
the volume is unimportant). This curve passes through the origin 0 and its 
slope increases with JT because the 
ordering of dipoles forced on the salt 
by the field is increasingly disturbed 
as T increases. We now supplement 
the diagram with the curve H=0 
for an unmagnetized salt. It lies above 
the curve H = const because in this 
case no magnetic ordering exists. 
According to Nernst’s Third Law this 
curve must also pass through the origin 
at 7 = 0. If we now start with the 
magnetized state at the initial tem- 
perature 7, and proceed along an 
adiabatic (isentropic) curve, i. e. along 
a horizontal line S = const until the 
demagnetized state on the curve H=0Q? has been reached we attain 
a temperature 7, which is, as is seen from the drawing, considerably lower 
than 7,; but absolute zero is certainly not attained. 

This would not be so if the Third Law were not true. Suppose that the 
curve Hf == Q had a limit S) 40 for T = 0, as shown by the broken line in 
Fig. 11. With the present choice of the initial temperature 7, we would attain 
absolute zero starting from H = const in one step, namely we would reach 
point S$ = Sy at H = 0. 

It is quite natural to try to come nearer to absolute zero by magnetization 
at T, and repeated demagnetization. However, such a scheme would encounter 
practical difficulties. The only effective way of going one step further would 
be to demagnetize the nuclei, but this is still in the future, 

In any case the following conclusion can be drawn from the Third Law: 
The point of absolute zero temperature can only be atiained asympiotically. 
Consequently, the realization of a Carnot process with heat rejection at T = 0 
and an efficiency of » = 1, ¢f. Sec. 6, is impossible. 


0 T, T; T 


Fig. 11. 
Illustrating the impossibility of reaching 
absolute zero by adiabatic demagnetization 


1In the present Section and in Secs. 19 and 25 the letter #7 is used to denote the magnetic 
field strength and not enthalpy. 

2The characteristic bulge in the curve is due to the fact at very low temperatures 
paramagnetic materials exhibit a kind of spontaneous magnetization (ordering of magnetic 
moments), similar to that exhibited by ferromagnetic substances. 


CHAPTER II 


THE APPLICATION OF THERMODYNAMICS 
TO SPECIAL SYSTEMS 


13. Gaseous mixtures, Gibbs’ paradox. The law due to Guldberg and Waage 


The air which surreunds us is a mixture of 
78% Neg, 21% O, and almost 1% A. 


The surprisingly high argon content escaped the notice of earlier investigators 
because of its nobility; it was only discovered by Lord Rayleigh and 
W. Ramsay as late as the beginning of the century. The preceding figures 
represent molar percentages and are proportional to the number of molecules 
of the respective gas in the mixture. The ratio of percentages by weight is 
obtained by multiplying the above numbers with the molecular weights 
28, 32, 40 respectively. 

On the assumption that the gases are perfect, which is permissible at 
ordinary temperatures (point-molecules with zero cohesion; the van der Waals 
constants 6 = 0, @ = 0), each component of the mixture behaves as if it 
alone occupied the volume V. It is, therefore, possible to define partial 
pressures p, and to add them in order to obtain the total pressure #. 


(1) p= > p, Dalton's law. 


Since each component obeys the perfect-gas law due to Gay-Lussac in the form 
{3.10}, we also have 


{1 a} Va,=n RT, 
Adding eqs. (1 a) for all components we obtain 


(2) Vp=nRT;, n= 3’, 


The energy of the mixture is also the sum of the molar energies of the 
components: 


(3) U= D> im; ti =cut. 


77 
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It follows that the specific heats C, and C, of the mixture are given by 
(3 a) Cy = D> ni tei; Cp =D i epi: Cp-C, =n R. 


Equation (3) can be understood by imagining that each component is 
compressed isothermally to the smaller volume 


(3b) Vev , 
that all these volumes are placed side by side in compartments of equal cross~ 
section A (similar to those in Fig. 12 below), and that they are separated by 
partitions, so that the sum of the volumes V ~ 2V,. If the partitions are 


withdrawn the 7-th component will spread from the smaller volume V; over 
the larger volume V’ and during this 
process its temperature TJ, its molar 
energy 4;, and its total energy »; 4; 
will remain constant. According to our 
preceding representation the presence 
of the remaining components may be 
disregarded. The physical nature of 

Fig. 12. this process is better described by the 
Reversible separation of two gases. term diffuston. 


A. REVERSIBLE SEPARATION OF GASES 


In the following argument we may restrict ourselves to the consideration 
of two gases: 1 and 2. In order to achieve separation we shall need sewu- 
permeable membranes. These occur in nature as walls of organic cells and can 
also be realized approximately with the aid of chemical means (copper ferro- 
cyanide membrane). Their practical and theoretical application 1s due to the 
botanist Pfeffer, c/. Sec. 15. Figure 12 shows two cylinders, I and II of equal 
volumes V, which can slide into one another without friction. The side surfaces 
and the ends (G, of I and G, of II) are assumed impermeable to both gases 
land 2. However, the end #, of IT is assumed impermeable only to 2, allowing 
1 to pass through it. The reverse is assumed about the end H, of I. 

The two cylinders are assumed to have been pushed into each other 
initially, both gases being mixed. Now cylinder II is imagined drawn out 
infinitely slowly by a distance dx to the right. The compartment G, H, can 
only be entered by gas 1 which, so to say, ignores the presence of membrane Hg. 
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The end H, is acted upon only by the pressure », which opposes the displace- 
ment dx. The work performed by it during the process is 


(4) aW =-Ap,dx, 


The membrane H,, being at rest, does not perform any work and the same 
is true of wall G,. However, there is work associated with wall G, which is 
moved by dx. Since compartment H, G, contains only gas 2 at a pressure 
equal to that in H, H, (H, is, so to say, ignored by the gas) the work done 
by f, on G, is 


(4a) dW= +A, 4x, 


i. e. equal and opposite to (4). The process of separation requires no work, 
and occurs without the exchange of heat, as we shall assume from now on; 
this means that the energy and the temperature of the two components remain 
constant. The final outcome of this experiment is that both gases 1 and 2 
become separated, either of them in a volume V and at a pressure ~, or pp. 
Their entropies will be denoted by S, and S,. Since this imaginary process 
of separation proved to be reversible, requiring neither work nor heat, we can 
say that the entropy S of the mixture: 


(5) S$=S,+ 5S, 


It is evident that the process represented in Fig. 12 can be reversed by 
sliding the cylinders slowly into each other. In this way the mixing of the 
gases also becomes reverstble. 

Equation (5) provides a sure basis for the calculation of the entropy of 
a mixture. Written out more fully it is 


(5 a) S(T, V) =S,(T,V) + 54(T, V), 
or (by changing the mathematical definition of the symbol S for the function) 
(5 b) S(T, p) = S(T, py) + Se (T, ps): 


In words: In order to caiculate ihe eniropy of a mixture as the sum of the entropies 

of tis components it is necessary to imagine each componeni occupying the same 

volume V as the mixture so that the pressure p ts reduced to p, and p, respectively. 
Generalizing to more than two components we have, evidently: 


(6) S(T, p, my, Mg.) = 3) ni si(T, pa), 


where 2; is the number of mols and s; is the molar entropy of the #-th 
component, 
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B. THE INCREASE IN ENTROPY DURING DIFFUSION AND GIBBS’ PARADOX 


During the process of diffusion considered in the preceding Section the 
initial volumes V;of the components, imagined arranged side by side, have 
been assumed to be different from each other, each being smaller than V; 
their pressure was brought to the common value # by isothermal compression. 
Let Sy denote the sum of the entropies of the components before diffusion. 
In analogy with (6) we can write 


(6a) So =>, nisi (T, p). 
From (6) and (6a) we can calculate the change in entropy due to diffusion: 
(6 b) S-Sy= _D) ni fs; (T, pi) — 5: (T, p)} 


Using our original definition of entropy for a perfect gas as given in (5.10) 
we can calculate this difference per mol and at constant temperature’ and 
we obtain: 


si (TZ, pi) — si (1, p) = K log 


v 
vy ; 


owing to (3 b) we can replace the right-hand side by R log /f;. Thus eq. (6 b} 
transforms into 


{7} S-Sy= RS} milog—S. 


Diffusion is an irreversible process in the same way as the conduction of heat. 
The increase in entropy found in (7) can be reversed only by the performance 
of work. 

Taking into account the preceding equations of state (2) and {1 a) we have 
p/p; = njn;. The increase in entropy becomes a pure function of the numbers 
of mols #, and of their sum » = 2n;: 


t 


es ae n “+ 
(8) S-Sy=R DS nslog * = R| nlogn— nitog ns | 


1It is true that Clausius and Waldmann have shown that diffusion is accompanied by 
measurable temperature differences. However, we are here only interested in the final 
state which sets in after the temperatures have become equalized. 
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The right-hand side of (8) may be called the mixing term. It depends solely 
on the number of molecules and not on their nature. This leads to the paradox 
enunciated by Gibbs; On going over to the limit of identical molecules eq. (8) 
would, apparently, remain unchanged. This is absurd, because when the 
partitions are removed from compartments enclosing completely identical 
molecules there is no diffusion. The process of going over to the limit ts 
inadmissible. It contradicts the atomistic nature of matter and it is inconsistent 
with the fact that there is no continuous transition between different kinds of 
molecules (e. g. the atoms H and He). 

In order to explain it in greater detail we consider the case of very similar 
molecules, e. g. the isotopes of a noble gas. Equation (8) applies to this case 
without any correction; the same is true of a mixture of ortho- and para- 
hydrogen whose components differ only by their spin as well as of a mixture 
of molecules some of which are in the ground state, the remainder being in 
an excited state of energy. On the other hand eq. {8} fails when the molecules 
of the components are completely indistinguishable. 


C. THE LAW OF MASS ACTION DUE TO GULDBERG AND WAAGE 


So far we have assumed that the components of the mixture under con- 
sideration are chemically inert with respect to each other. When chemical 
reactions are possible in the system a state of equilibrium between the reactants 
and products will be reached eventually so that we now propose to study the 
precise nature of such an equilibrium. We shall assume that the chemical 
reaction takes place at constant pressure, #, {e. g. at constarit atmospheric 
pressure) and at constant temperature, 7. Such conditions can almost always 
be achieved if the experiment is suitably arranged. In accordance with Sec. 8 
we can write down the conditions of equilibrium as 


(9} éG=0 with G=U-TS +pV =H-TS. 


The dissociation of steam into hydrogen and oxygen affords a simple 
example of such a process during which a stoichiometric mixture of oxy- 
hydrogen gas remains in equilibrium with water vapor. (The fact that steam 
cannot be regarded as a perfect gas at ordinary temperatures need not concern 
us here because no appreciable dissociation occurs unless the temperature has 
become high.) The chemical formula of the reaction, namely 


2H,0 7 2H, +0, 


asserts that 2 mols of H,O must disappear for every two mols of H, and every 
mol of O, appearing in the system. If we denote the number of mols of Hy, 
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O, and H,O present in the system by 7, 7, and mg, respectively, and if we 
denote the integers associated with the chemical equation by », vg and v 
(reckoned positive for the substances on the right-hand side of the chemical 
equation, and negative for the other side) then we have for the present example 


y= 2, %=1, ¥g=-2 
{9 a) 
for Hy, O,, and H,O respectively. 
Further, considering a real or virtual change in the number of mols in the 
system we can establish the following proportions 


(10) bn, : dn, : Oy = 11: Mg} Vy: 


We shall now proceed to express the condition of equilibrium in eq. {9} 
in terms of the variables p, 7, n, and the parameters »;. The molar energies, 
as shown previously, are functions of 7 only. Hence 


U = >" niu; (7). 


The same is true of enthalpy, as seen from eqs. (1) and {1 a), or, of the molar 
enthalpy which will be denoted by 4,. Thus we have 


(11) H == Sash; (T). 


The rule concerning entropy is, however, different. In this connection it is 
necessary to recall that the molar entropies, s,(7, p}, must be augmented by 
the term due to mixing and given in eq. (8), i. e. 


(12) S= > ti {s: (7, p) + Rlog n/n}. 


+ 


From eqs. {9}, {11) and (12) we can deduce that 


G= D' nif{h (T)-T 5 (T,p) ~ RT log njni} 


2 


which can also be written as 
(13) G = Dales (T, p) - RT log njni} 


where g; denotes the free enthalpy (Gibbs’ function) of one mol of each 
individual component. 
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Considering that T and # are constant, we can obtain from eq. {13) that 
6G = 3” bn: {ei (T, p) - RT log nn} — RT _3n; 6 log nin. 


Since, however, = 2x,, the last term in the above equation vanishes. 


7 
The condition of equilibrium 6G = 0 can thus be rewritten as 


(14) D> {ei (T,p) - RT log nin} = 0 


i 


where v; has been substituted for 62, from the condition of proportionality, 
eq. (10), suitably modified. Taking anti-logarithms we obtain the law of 
mass action in the form 


(15) HT (nin) *'— K, where log K = a vig: (p, T). 


i 


This law was first discovered in 1867 by the Norwegian scientists Guldberg 
and Waage who used a line of argument based on statistical mechanics (prob- 
ability of molecular encounters). Shortly afterwards, Gibbs demonstrated 
the validity of this law for perfect gases with the aid of purely thermodynamic 
considerations. He further extended the scope of this law by actually 
computing the value of the constant K. With certain limitations, the law of 
mass action can also be applied to vapors! and this constitutes one of the 
foundations of physical chemistry whose early development took place at the 
period under consideration. 

If we now introduce molar concentrations, i. e. if we introduce the molar 
fractions c; = n,{n, we obtain from eq. (15) 


(15 a) Te" = K. 


The quantity K is known as the ‘‘constant” of the equation of mass action 
or the equilibrium constant. In the example of the dissociation of water vapor 
we see from eq. (15 a) that 


2 
(16) 2 hd a 


1 The processes of polymerization and dissociation which may occur with vapors can 
also be included in the preceding argument if they are described with the aid of additional 
equations, and if the law is applied by setting up the conditions of equilibrium for several 
simultaneous reactions. 


84 THE APPLICATION OF THERMODYNAMICS TO SPECIAL SYSTEMS 13. 16a 


In order to determine the individual values of the three unknowns ¢,, c¢, 
and cs, we can utilize the additional condition: 


(16 a) & +l t+ ¢y= 1 


which follows from Ln, = , as well as the known (directly or by measurement) 
ratio of the number of atoms of hydrogen to that of oxygen which exist in 
the system: 
Nu 2¢,+2¢ 
16 b —— = — 1 8 
te) No 2 Cy + Cy 
In the more general case when more than three components take part in the 
reaction and when more than two atomic species are involved, the number 
of available equations is still sufficient to compute the individual values of c,. 
It is possible to eliminate the molar fractions, ¢;, from eq. (15a) and to 
use partial pressures, #;, instead. We then have 


ZY; 
t 


(17) ITpei= Kp where Kp=p XK. 


This form of the law of mass action is useful because K, is independent of 
pf being a function of T alone. This fact can be proved as follows. Differen- 
tiating A in eq. (15) with respect to pressure we obtain 


dlogK 1 8g: (p, T) 
(18) 2g AD [ee : 
From the Table in Sec. 7 we find that 
ag agi) 
(18 a) % =v (p,T) and (22) = 3; (p, T). 


Here v; denotes the molar volume of the 7-th component under the pressure 
p and is equai to R T/p. Hence eq. {18) may be transformed into 


aigk 1" 257 
op pb 9% 
Furthermore, integrating with respect to p, we have 
~2y, 
(18 b) K=Cxp’ , 


where C is independent of . However, as seen from eq. (17), C is identical 
with A, which proves our proposition. 
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We can obtain the relation between K and T in a similar manner, Differen- 
tiating eq. (15) with respect to 7, we obtain 


ules Pe 
ae) ar sR Pe RPS oe 
In view of eq. {18 a) we can write 
1 1 
(19 a) R Tie 9 (ga: + Ts) = RP Fay vil 


for the right-hand side of eq. (19). 

Having found the derivatives of log K with respect to # and T we can 
calculate the value of A itself and we find that it is determined except for 
a constant factor which depends only on the nature of the system under 
consideration. We shall obtain the latter in Sec. 14 C. 

A discussion of the numerous applications of the law of mass action to 
problems of chemistry and engineering is beyond the scope of these lectures. 
It is only possible to sketch some general consequences of the equations just 
deduced. We shall repeat the most important ones here in a somewhat more 
complete form for the sake of future reference: 


(18 a) Hefi= K (pT) 
Jv, 0; 
; log AK; _ A 
{18) with (18 a) 3p RF OTR? 
ie eee 


(19 b) with (19 a) a A 


Here the symbol Av denotes the change in the molar volume of the whole 
system and Ak denotes the change in the total molar enthalpy during a process 
which involves the completion of the chemical reaction from left to right on 
the assumption that both the pressure and the temperature remain constant. 
It is seen from the first equation that an increase in K causes an increase in 
that c; which is associated with a positive value of »,, i. e. with the substances 
which appear on the right-hand side of the chemical equation in accordance 
with the previously adopted convention (c/. eq. (9 a)). 

The second of the above equations shows that an increase in pressure at 
constant temperature shifts the equilibrium in favor of that side of the chemical 
equation which corresponds to the smaller volume. Since it has been assumed 
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that only perfect gases take part in the reaction the change in volume, Av, 
follows from Gay-Lussac’s law of integral volume ratios discussed in Sec. 3 C 
and can be evaluated directly from the chemical equation. Thus in the case 
of the dissociation of steam considered previously in eq. (10) steam has the 
smaller volume, 2, compared with that of the sum of the volumes of the 
products of dissociation 2H, and O, which is equal 2+ 1= 3. Hence an 
increase in pressure causes the concentration of steam to increase. 


In the case of the explosive mixture of chlorine and hydrogen 
H,+ Cl, = 2HCl 


Av = 0 and equilibrium depends on temperature alone. 


The last of the foregoing equations demonstrates that an increase in 
temperature at constant pressure shifts the position of equilibrium in the 
direction of that side in the equation which is associated with the higher 
enthalpy. At lower temperatures the gases which correspond to higher 
enthalpy are, practically, non-existent. Thus in the case of steam the degree 
of dissociation at the boiling point at 100 C is negligible. 

In this connection it should be borne in mind that the science of thermo- 
dynamic equilibrium is only concerned with final stable states and makes no 
statements about the speed of reaction with which a certain state of equili- 
brium is reached. These speeds may be so low that ‘‘metastable”’ states become 
possible, but the latter cannot be dealt with on the ground of classical thermo- 
dynamics, This explains why a mixture composed of two parts hydrogen and 
one part oxygen by volume can exist for any length of time even though it 
is not in a thermodynamically stable state of equilibrium. Such metastable 
States can be included under the heading of ‘‘constrained equilibria” as 
defined in Sec. 6 C. 

The synthesis of ammonia from hydrogen and atmospheric nitrogen is of 
great practical importance in industry. It occurs in accordance with the 
equation 


N, + 3H, *+2NH,, 


which shows that the molar volume decreases from 4 to 2. In accordance with 
the second of the foregoing equations the concentration of ammonia increases 
with pressure. The extraordinary success with which this synthesis is now 
carried out in industry is due to the complete understanding of the conditions 
for thermodynamic equilibrium (Haber), to the mastery of the engineering 
problems connected with high pressure (Bosch) and, finally, to the successful 
selection of catalyzers which promote high reaction rates (Mittasch). 
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14. Chemical potentials and chemical constants 


In the preceding Sections we encountered the parameters #,, i. e. the 
numbers of mols of the individual components, in addition to the properties 
p, T orv, T, They are properties, being typical extensive quantities, 

In eq. (8.3) we have already admitted the possibility of having any 
number of properties (always, naturally, a finite number of them). Starting 
with this equation we can combine the First Law with the Second and we may 
write 


(a) TdS =dU +paV + DXi dx. 

We shall now identify the quantities x, with our 7,’ s. Following Gibbs, the 
intensive quantities which are canontcally conjugate with them will be denoted 
by -#,, 80 that eq. (1) now becomes 


(2) T dS =dU + pav-D wan, 
(2a) dU = TdS-pav +S pidn, 


i 


Instead of (2) we can also write 


(2 b) dH =dU +d(pV) == TAS + V dp + Dusan, 
(2c) dF = dU-d (TS) =-SdT-paV + 3 pi dni, 
(2 d) dG = dH-a(TS) =-SaT+Vdp+ DS widni. 


A, THE CHEMICAL POTENTIALS p, 


First we notice that no changes have to be introduced to our Table in 
Sec. 7, which was originally limited to two independent variables, provided 
that the new additional variables #; are kept constant. If, however, their 
variation is permitted it is necessary to add the following to the preceding 
differential relations, depending on whether we use (2a, b, c, d)?: 


‘The subscript »; denotes that all #,’s with respect to which we do not differentiate 
are kept constant. 
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(5 a “= (27), ai 
(3 b) {i = (22) Sm? 
(5 y= (2 a, 
Ba) i (22) aa 


It is evident that it is possible to deduce in the same way relations which 
correspond to Maxwell’s equations in Sec. 7. For example: 


eV Ou 
(4) Pree 
(it is implied that on the right-hand and on the left-hand sides S, $, 2; 4 n; 
and S, »;, respectively, are kept constant). Of the eqs. (3a, b, c, d) the last 
one is the most important relation. In order to examine it more closely let 
us imagine that our system has been increased by a given factor, say y. All 
extensive quantities, i. e. the numbers of mols »,, the volume V, and the 
entropy 5S, will become multiphed by y, whereas all intensive quantities, 
pressure, temperature, and the potentials #;, will remain unchanged. We 
conclude from (3 d) that G becomes multiplied by y in the same way as the 7,’ s. 
Thus we see that G must be a homogeneous function of the first degree in the n;’ s: 


(5) G (p, T, y vi) = yG (p, T, 13). 


We can make the same assertion with regard to the quantities U, H, F, 
when we consider them to be functions of T, #, %;; but, for example, the free 
energy, regarded as a potential and expressed with the aid of the variables 
T,V,n, which correspond to it, must satisfy the relation (ef. Sec. 7) 
F(T, y V, yn) =y F(T, V,n). 

Applying Euler’s rule for homogeneous functions (differentiation with 
respect to y, with y = 1) we obtain 


(6) G= ) 1; (2°) : 


Combining this with (3 d), we have 


(7) G= D> bs Ni. 
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The uw,’ s depend on , T, and the »,’s. The dependence on the latter must be 
such as to yield a homogeneous function of order zero, i. e. pure functions of 
the ratios of numbers of mols, or of the so-called ‘“‘molar concentrations.”’ It 
follows, further, from eq. (3d) that the condition of equilibrium 6G = 0 
can be written 


éG 
(8) 06 = SE aa ea 


This must be supplemented with the auxiliary conditions which express the 
fact that the number of chemical atoms is preserved. Applying this to a single 
equation for the chemical reaction in the same way as in the case of the law 
of mass action in eq. {13.10} we have: 


(9) Gi Oy ON Po do = a 


Combining this with eq. (8), we obtain 
(10) D> Hiri = 0. 
i 


In this equation we have not stipulated, as was the case with the law of mass 
action, that the reactants are perfect gases. Thus we may regard eq. (10) as 
a universally valid formulation of the aw of mass action. 

The real difficulty consists now in the determination of the z,°s; it 
constitutes the main problem in the science of physical chemistry and can be 
solved only on the basis of measurements. Fortunately the extent to which 
this is required is reduced by the existence of certain identities, and we shall 
now proceed to deduce them. From (7) we have quite generally: 


(11) aG = >! nidui + DS” dni. 


Since G is a property we may write: 


aG aG > 
(11 a) iG ie (=) ip +(¥ am aT + pl ni. 


According to (2 d) the factors of dp and dT are equal to V and ~ S respectively, 
and it is seen from eq. {3 d} that the factors of dx, are exactly equal to our jz,’ s. 
On comparing (11) with (11 a) we conclude that 


(11 b) D> mid; = V dp -SaT. 
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We shall now apply this general equation to the case when, of the independent 
variables p, T, »; in eq. (11), , J are kept constant and only the ,‘s are 
varied. Taking into account that the y's are properties, we obtain 


Of; 
(11g Sys (24 na ito 
i & 


Now in this equation the ,’s are independent variables {the auxiliary condi- 
tions which had to be taken into consideration, for example in connection 
with the law of mass action, are unimportant, because (11 b) is true not only 
at chemical equilibrium, being also valid in the case when the numbers of 
atoms involved vary), and eq. (11¢) must be satisfied for each dx,. Hence 


Opt; - 
uN 5 n(244 Pa (R= 1,2,..., 4). 
i 


Since the zu,’ s depend only on the ratios of the #,, t. e. on the concentrations 
¢,, the system of equations {12} can be written as 


(12 a} 5 «(2 =Q0 (k=1,2,...,K-1), 


Ce T, p, a 


assuming K substances, or K - 1 concentrations. The z's are to be regarded 
as functions of the K-1 variables ¢,, ¢g,...,€., Equations (12 a) occur 
already in Gibbs’ writings; they are, however, usually described as the 
Duhem-Maregule conditions. 


B. RELATION BETWEEN THE 4;'S AND THE g,’5 FOR IDEAL MIXTURES 


We have expressed in Sec. 13 the free enthalpy for the special case when 
perfect gases are involved in terms of all the variables ~, 7, ”,; in giving 
eq. (13.13). This equation has the form of our present eq. (7} so that on 
comparing the latter with (13.13) we can at once write down an equation for 
the chemical potentials: 


n 
(13) i = G(T, p)— RT log n=) hi. 


It has already been stressed in Sec. 13 that the symbol g; denotes the molar 
free enthatpy of the pure component 7. As we can see now, the chemical 
potential differs from it. What is the origin of the term R T log n/n; ? The 
answer is: The increase in entropy on mixing (cf. (13.8)}. Mixtures which 
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obey eq. (13) will be catled tdeal mixtures even when no perfect gases are 
involved. It is easy to verify that the chemical potentials given in (13) satisfy 
the Duhem-Margule conditions (see Problems to II). In the case of non-ideat 
mixtures the interaction of components may give rise to heat tones, changes 
in volume, etc. 


C. THE CHEMICAL CONSTANT OF A PERFECT GAS 


We now revert to the question of how far we can predict the equilibrium 
constant K(f, T) in the law of mass action, already posed at the end of Sec. 13. 
According to {13.15} it is necessary to know completely the quantities g; which 
we shall now write in the form 


(14) g=h; -Ts,. 

We know that for a perfect gas and for temperatures which are not too low 
we have 

{15) hy = cy T + Rio; 

(16) $; = tpi log T- Rlog p + Sic. 


Here A;, and s;, denote integration constants whose values cannot be deter- 
mined with the aid of thermodynamics alone. The Third Law does not help 
here directly because the laws under consideration must not be extrapolated to 
T ~0Q. We shall stress here that quantum mechanics confirms eq. (16) for 
sufficiently large temperatures, 7, and thus leads to a definite value of sp. 
The exact value of ¢, is also given by quantum mechanics so that the quantity 
fas 
{17} = R 
can be calculated for each component 7. The quantities ¢, are called chemical 


constants and their interpretation will become clear on substituting our 
present eqs. (14), {15}, (16) into eq. (13.15). We thus obtain 


Ci Ta eee 
log K = S| T -logp- rat sa) 
i 


where the last term in the square bracket is identical with ¢;. Hence the law 
of mass action can be written 


af OE Se .. ETE 
(18) Hes'=p iT? xe ; 
rY 
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The only quantity which must be determined experimentally, and which we 
may formally denote as “the heat of reaction at absolute zero”’ is 


(19) m= > Rijo. 


} 


This is the constant which was mentioned in connection with eq. (13.19 a). 


15. Dilute solutions 


A solution is called dilute when the quantity of the solvent (e. g. water) 
is much larger than that of the solute (e. g. sugar). Dilute solutions differ 
from concentrated solutions by the simplicity of their behavior in a way 
similar to the simplicity of the behavior of perfect gases, as compared with 
real gases, with the exception of strong electrolytes. 


A. GENERAL AND HISTORICAL REMARKS 


When the solute is introduced into the solvent it will diffuse untformly 
over the solvent irrespective of the initial state, in the same way as a gas will 
diffuse over the volume at its disposal. This behavior, in the same way as 
with a gas, is ascribed to the action of a pressure acting on the solute. It is 
called osmotic pressure and it is denoted by P. Its presence can be shown by 
the application of a semipermeable membrane which is permeable to the 
solvent but not to the solute, cf. Sec. 13 B. This membrane experiences only 
the osmotic pressure P being insensitive to the pressure in the solvent. 

If the membrane is placed between the solution and the solvent and if 
it is free to move then work will have to be performed in order to move it 
towards the side on which there is the solution. The solvent will cross the 
membrane and the solution will become more concentrated. Conversely, work 
can be obtained by moving the membrane in the direction of the solvent thus 
allowing it to penetrate into the solution so that the concentration decreases. 
There is, consequently, a bias towards dilution which manifests itself by the 
availability of this positive work. We can say that the membrane exerts a 
suction on the solvent which is opposed to the solute’s tendency to spread out 
and which is proportional to the latter’s osmotic pressure. 

This corresponds to the arrangement which was first used by Pfeffer 
{investigations into osmosis, Leipzig 1877} to measure osmotic pressures. 
A long tube is inserted into a beaker filled with water, the tube being closed 
at the bottom with the aid of a semipermeable membrane (copper ferrocyanide, 
cf, Sec. 13 A). Since the membrane is permeable to water the levels in the 
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tube and beaker will at first be equal. If now sugar is added to the water in 
the tube, the water will begin to rise in it in proportion to the quantity of 
sugar added. Equilibrium is reached when the hydrostatic pressure at the 
lower end of the tube becomes equal to the osmotic pressure P of the solution. 
When the solutions are concentrated the differences in level may be equal to 
several meters of water and Pfeffer was forced to use a closed mercury mano- 
meter in his later experiments. 

Qsmotic pressure and semipermeable membranes play a most important 
part in nature’s economy. The riddle of how the juices can penetrate to the 
tops of tall trees can only be solved by the recognition of the existence of 
osmotic pressure. The walls of organic cells both in animals and plants are 
all semipermeable. The protoplasm in the walls of cells must have the same 
osmotic pressure as the external fluid in which the cell 1s immersed: both 
must be “‘isotonic’’ (iso-osmotic). If the external osmotic pressure is larger, 
the cell will contract, and it will burst if the reverse is true. In the field of 
medicine, for example in illnesses involving blood corpuscules, both possi- 
bilities play a remarkable role. 


B. VAN 'T HOFF’S EQUATION OF STATE FOR DILUTE SOLUTIONS 


If we now wish to obtain quantitative results in addition to the preceding 
general statements we must consider the special case of reversible processes 
in dilute solutions. Van ’t Hoff followed this line of thought in 1885 and 
discovered a certain similarity between dilute solutions and perfect gases. 

In order to prove the analogy it is customary to consider cycles involving 
a moving piston which is assumed to be semipermeable during one stroke 
and impervious during the next and to compare the amounts of work per- 
formed by or on the system. We shall, however, base the argument on the 
consideration of our general egusibrium conditions, because in this way we 
shall achieve our goals much faster. 


The system will be assumed to consist of two parts — the pure solvent 
and the solution, both interacting across a semipermeable wall. All quantities 
relating to the substance of the “‘solvent’’ will be denoted by the subscript 1, 
and those relating to the ‘solute’ will obtain the subscript 2. The sub-system 
“solution’’ will be denoted by the superseript 1 and the sub-system “‘pure 
solvent’ on the other side will be denoted by the superscript 2. Thus we shall 
distinguish between the mol numbers #,!, 2,2 and »,!. Since the sub-system 2 
contains no solute, we have 


(1) ty* = 0. 
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We stipulate that the semipermeable wall shall not prevent an exchange of 
heat so that the temperature is assumed uniform throughout the system. 
We must, however, admit the possibility of the pressures #1 and #* on the 
two sides of the wall being different. 


When deducing the equilibrium condition in Sec. 8 we could have con- 
sidered the case T = const, p' = const and not equal to #2 = const. It is, 
however, easy to see that we would have obtained nothing new and that the 
old condition 


(2) bG = 0 


would turn out to apply to the system p? # p%, 
The auxiliary conditions are 


(3) én,* a bn,? =, 
(4) On, = dn? = 


Equation (3) expresses the conservation of mass for the solvent, and eq. (4) 
is a mathematical expression of the properties of the semipermeable wall. 
Introducing the chemical potentials from Sec. 14 A into (2) and taking into 
account {4), we obtain 


(5) fey" Om? + py? bn? = 0. 


In view of (3) we have further 
3 
(6) fy? (22, T) = yey? | ae “| 


The respective variables have been shown in the brackets in order to make the 
relations clearer. We have already established in Sec. 14 that the x’ s depend 
only on the ratios of the numbers of mols — the “concentrations."’ The ar- 
gument ”,°/n,* could be omitted from s,? because it refers to the homogeneous 
sub-system consisting of pure solvent in which, according to (1), the concentra- 
tion #,2/,2 is equal to zero. We can now see quite clearly that a non-zero 
value of #,! must necessarily imply a difference p? - p' 4 0 because otherwise 
the condition of equilibrtum (6) could not be satisfied. The reason lies in the 
relation é#,} + én,1 = 0 which is so characteristic in the consideration of 
equilibrium and which expresses a conservation law. The difference 


(7) P = pt-p? 


is called osmotic pressure. 
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Equation (6) is the exact equation of state for any solution; in order to 
be in a position to apply it, it would be necessary to know the chemical 
potentials. Since, generally speaking, this is not the case, we are forced to 
use experimental results and semi-empirical formulae, just as was the case with 
real gases. In analogy with gases, where the perfect gas constitutes a limiting 
case, we can consider a limiting case in this connection too; it is, namely, 
possible to treat the case of highly dilute solutions with purely theoretical 
means. Hence we now imply that 


45" > ng 


When the substance 2 penetrates into the solvent 1 the only change with 
respect to substance 1 is an increase in molecular disorder, i. e. the generation 
of entropy due to °mixing. The assumption implied here is borne out by 
experiment to a high degree of accuracy; it can be further reinforced 
by considerations of a thermodynamic or of a statistical nature. 

Denoting the molar free enthalpy of the solvent by g, we have to 
assume that 


Hy! = g, (Pp), T)- R T log 
ity? = By (D7, T) 


1 1 
My + My 
nyt 


(8) 


in accordance with Sec. 14 B. In view of the assumption that #,’ < n,1 we 
have log (1 + #,"/n,") ~ ,1/n,1. Hence it follows from (6) and (8) that 


1 
(9) g, (22. T) =e, (p14, T)-R ry 


We now expand the left-hand side into a Taylor series and retain the first 
term only: 


a 1 
0) T= T+ pt-—y [HED] 
According to our fundamental Table in Sec. 7 we have 
Og) 
(1 1) op = Vy; 


where v, is the molar volume of the pure solvent. Substituting {10), (11) 
and (7} into (9), we obtain 


1 
(12) Pu =RT, 
ia | 


96 THE APPLICATION OF THERMODYNAMICS TO SPECIAL SYSTEMS 15. 13 


Since the partial volume of the solute is small compared with the volume V 
of the solution we may put 


=: 4,1 
V = mn, v,, 


with the same degree of approximation as that in all preceding formulae. 
From now on we shall use the symbol » to denote the number of mols #,! 
of the solute. Hence 


(13) PV =uRT. 


This is van ‘t Hoff's proposition: The osmotic pressure of a dilute solution 
of x mols of solute is equal to the pressure of a perfect gas which would be measured 
if m mols of the gas exerted pressure on the walls of a vessel of total volume V 
equal to that of solvent and solute, 


When more solutes exist in the solution, their quantities being ,, 2, ..-, 
we would find in the same way that 


(14) PV = (2 RS DRE, 


which is the equation of state of a mixture of perfect gases. It is, therefore, 
possible to define the partial pressure P; of a single solvent 


(14 a) P,V =nRT 


and the total osmotic pressure 
P= S'P, 
¢ 


in the same way as for perfect gases. The unexpected form of eq. (13) was 
difficult to grasp when first discovered. Any doubts have now been removed 
by the results of an enormous volume of experimental material and by con- 
siderations based on kinetic theory (due to H. A. Lorentz among others). 


16. The different phases of water. Remarks on the theory of the steam engine 


In the present Section we shall study the equilibrium between the different 
phases of water. On this occasion we wish to make some remarks on the 
origins of thermodynamics and, in particular, on its connection with the 
development of the steam engine; the reader is also reminded of the para- 
graph on Carnot in the introduction to Sec. 6. 


16. 1 THE DIFFERENT PHASES OF WATER Q7 


A. THE VAPOR-PRESSURE CURVE AND CLAPEYRON’S EQUATION 


We begin by considering the following well-known facts: Imagine a 
cylindrical vessel filled with water and a piston which fits snugly over its 
upper surface. There is no air between the water and the piston. We now pull 
the piston out of the cylinder, the temperature being kept constant all the 
time, and notice that some water evaporates. The quantity of steam formed 
between the water level and the piston is just sufficient to maintain a constant 
pressure which is independent of 
that volume and is a function of 
temperature alone. The steam is 
said to be “‘saturated.”’ On revers- 
ing the piston the steam is not 
compressed but water is formed, 
its quantity being again just suffi- 
cient to insure that the steam 
remains saturated. It is thus seen 
Superheated that there exists an equation: 


steam 
(1) $ (p, T) =0 


p in atm, 


Water or 
saturated 
steam 


t=7-—273C 


which is independent of volume, 
0 50 100 150 200 and which connects the prescribed 
Fig. 13. temperature J with the pressure ~ 


Phase equilibrium between water and steam. of saturated steam. The plot of 

eq. (1) in ~, 7 coordinates yields 
the vapor-pressure curve, as shown by the curve in Hg, 13. Some pairs of 
values are given as follows: 


é=0C 50C 100C 120C 200C 
p=6x 107 6.126 1.03 2.02 15.9 kp/em?® 


This independence of volume is consistent with the van der Waals model 
of the process of liguefaction. Reverting to Fig. 10 we can imagine that the 
temperature is the third coordinate and that it is plotted at right angles to 
the ~,V plane, and we can fix our attention on the resulting ‘state surface.” 
Looking at the surface from the direction of the V-axis, i. e. projecting it 
onto the #,7 plane we shall notice that each Maxwell line AB will yield one 
point in the #,7 plane. The fact that along every such straight line the volume 
varies according to the ratio of the mass of liquid to that of vapor, as given 
by eq. (10.12), cannot be deduced from Fig. 13. In particular, the two 
curves denoted as “liquid line” and “vapor line’ in the #,V plane give one 
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single projection in the ~,7 plane, namely our vapor-pressure curve (1). 
This curve ends abruptly at the point which corresponds to the critical point 
on the state surface. It is seen that the van der Waals equation takes into 
account the fact expressed in eq. (1) (not only in the case of steam, but for 
all condensing gases), 

We shall now endeavor to find an analytic expression for eq. (1). Since 
the variables p, T are being considered, use will be made of the free enthalpy 
G and of the equilibrium condition 6G = 0, in accordance with Sec. 8. We put 
(2) G=ng + (N-)&, 
where the subscript 2 refers to the “higher’’ phase (steam) and the subscript 1 
to the “lower’’ phase (water). A phase will be called calorically higher than 
another if the transition from the latter to the former is connected with an 
addition of heat. Later we shall use the subscript @ to denote the solid phase. 
The symbols g, and g, denote the free enthalpies per mol of liquid and vapor 
respectively, x denotes the number of mols of steam, N that for vapor +- liquid; 
g, and g, are pure functions of p and 7. 

The condition 4G =: 0 applied to (2) at constant ~, 7 and N leads to 
(go — g,) 6x = 0, so that 
(3) bs = 81 
This is the analytical expression for eq. {1}. We shall now proceed to evaluate 
it, but before doing so we shall deduce from it a useful differential relationship. 

Consider two neighboring points P and P’, Fig. 13, whose coordinates 
are ~, fT and ~+df, 1 -+adT. With reference to the Table in Sec. 7 we 
calculate 


) ] 
(4) g(p +dp, T+ aT) =e (p,T) +p (2) + ar(%) = 

Pit OT }y 

= g(p,T)+4p x v-dT x s. 
We now form the difference for phases 1 and 2, denoting it by A, for example 
Av=vg~-%; As=s,-5, Ag=g-6, 

and conclude from (4) that 
(4a) Ag(p+dp,T+4dT) =Ag(p,T)4+4p x 4v4+dT x As. 


The left-hand side must vanish as well as the first term on the right-hand side 
in view of the fact that eq. (3) applies to both points P and P’. Hence 
we have 


(5) eas. 
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It is convenient to express 4s in terms of enthalpy 4. Remembering the 
relation g=A-Ts, cf. Sec. 7, and noting that dg = 0 and 4d T = 0, we 
obtain 


(5 a} Ah=TAs. 


dh =h,- h, represents the quantity of heat per mol required for the phase 
transition 1 — 2 at constant pressure. It is called the “latent heat of evapora- 
tion” and it will be denoted by 7. Substituting (5 a) into (5), we obtain 


dp 
(6) aT Tao’ 


This is the famous equation due to Clapeyron; it was proved thermo- 
dynamically for the first time by Clausius. If A v denotes the difference in the 
specific volume as is usual, and not that in the molar volumes, the meaning 
of the symbol y must be adjusted accordingly (specific and not molar latent 
heat of evaporation). 

On comparing (6) with the preceding formula (7.7) we notice that the 
total derivative df/dT and the ratio A s/A v replace the partial derivatives 
{ap/@T), and (@s/év), in the expression for a single-phase system, 

Clapeyron’s equation provides the means for the point by point calculation 
of the vapor-pressure curve from its tangents if r and v are known from 
measurement. Instead of performing such a step-by-step process of integra- 
tion we revert to eq. (3) which must, evidently, contain the result of such an 
integration. We shall assume that the pressure is so low that the vapor can 
be treated like a perfect gas. According to Sec. 14, eqs. (14) to (17), we obtain 


= _ fe Pi 
(7) f= RT| log R log P+ 5 if. 


In order to establish the corresponding expression for g,, we neglect the 
changes in volume, as is usual for liquids and solids. It is now superfluous to 
differentiate between c, and c, and it suffices to consider one specific heat, ¢,;,. 
Hence we obtain the following expressions for entropy and enthalpy: 


T 


(8) hy = hin -- [em aT, 


Tm 


T 
(9) yasint f Star. 
Tm 
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The symbols 4,,, and s,,, denote the values of enthalpy and entropy at a 
provisionally arbitrary temperature 7, which may be chosen as that at the 
melting point. The constants A,,, and s,,, can thus be determined with the 
aid of the Third Law and the caloric properties of the solid phase. 


It follows that the free enthalpy of the liquid is given by 


T 
(10) gm femat—7 f aT + timo 


Ts Pn 


and our conditions of equilibrium (3) together with (7) and (10) yield: 
T T 


__ &p2 1 . .! Clig — he9~ ham . _ Sin 
(11) log = tog T+ ge f esa Lf Sar RT +%-R 


Tn Ti" 


In principle all quantities in the above equation, with the exception of 
the chemical constant 7, must be obtained from measurements on the solid 
phase. If it is considered that the value of 1, given by quantum mechanics 
is not reliable enough it is possible to check it with the aid of a single measure- 
ment of vapor pressure. The vapor-pressure curve for water obtained in the 
above way, and fully confirmed by experiment, is shown plotted in Fig, 13. 
It ascends monotonically as could have been already inferred from the 
Clapeyron equation. In fact 7 is always positive (this is in agreement with 
our previous definition of a “higher phase”); in addition, we must naturally 
have Av > 0 {since v, > v). 


The highest temperature which need be considered (see above} is the 
critical temperature. This is the physically natural end point of the curve 
(it is not shown in Fig. 13 because it lies outside its range). The curve also 
has a natural initial point which lies near the origin of our diagram in the 
case of water, cf. Sec. 17 A; it can be used to make a direct check on the 
value of 79. 


B. PHASE EQUILIBRIUM BETWEEN ICE AND WATER 


Ice is the lower phase with respect to water because the melting of, for 
example, one gram of ice requires the introduction of the latent heat of fusion 
(melting), ry. Since we have agreed to denote the solid phase by the subscript 0, 
the symbol A v will now denote the difference v,,,,,, — v;,-. Applying the proper 
interpretation of the symbol J to g, k, s we again obtain formally Clapeyron’s 
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equation (6) from eqs. (4) and (5), with the important difference that Av ts 
now negative: 


Av =v,- = (1.00- 1.091) cm%/g = ~ 0.091 cm4/g, 


This fact is fundamental for the existence of life on earth. ce floats on water. 
If this were not so, all fishes would die in winter and no life could develop 
at our latitudes. (As is well known, land animals have evolved from water 
animals.) Water expands on freezing. The erosion of mountains which allows 
fertile soil to reach the valleys is a consequence of this fact (bursting of rock 
when water freezes in fissures). 


Clapeyron’s equation shows that: The melting curve descends as T 
increases, unlike the vapor-pressure curve. In the neighborhood of 0 C the 
numerical value of the latent heat is 


3 
(0 een. 
g g 


The last value follows from (4.6}, (3.2) and (3.2 a); hence at 7 ~~ 273 K and 
t= 7 -273C = Celsius temperature, we have 
ap 80 x 42.7 at at 

(12) dt «273 x 0.091 deg ISB deg” 
Accordingly the melting curve ¢(f, ¢) = 0 starts at p= 0 at tw QC and 
passes through the second quadrant of Fig. 13; it is a very steep, nearly 
straight, line, it being necessary to reach » = 138 at in order to depress the 
melting temperature to? =-1C. This “depression of the melting point” 
plays an important part in the motion of glaciers, notwithstanding the fact 
that it is so small, The deeper parts of a glacier begin to move under the 
pressure of the masses above them but freeze again when the pressure de- 
creases (regelation}). The ease with which a skater moves on ice also depends 
on this fact; the ice which melts under the pressure of the skate acts as a 
lubricant. 


C. THE SPECIFIC HEAT OF SATURATED STEAM 


So far we have only discussed the specific heats ¢, and c,. It is, however, 
possible to define a specific heat for any process, i. e. for any path in the #, v 
plane. It is immediately clear that on progressing along an isentrope (dg = 0) 
we have c, = 0; on the other hand we can assert that: ¢c, s 00 because on 
progressing along an isotherm there is no change in temperature no matter 
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how large dq is. We can also define a specific heat along any path in the 
p, T plane. 

We are particularly interested in the specific heat of steam, c,,on pro- 
gressing along the vapor-pressure curve #(p, T) = 0. Applying the definitions 
of the latent heat of evaporation y = Ah from eq. (5 a,) and taking into 


account that k = « + pu, we obtain 
dy dA aAv dp 
{13} a art? ar tar Av. 


According to the First Law 


13 Cs alg ak 
Mee) av ar Por 
along any path, so that in the case of steam, along the vapor-pressure curve 


we must have in particular: 


ver “= ar = att Par 

The corresponding equation for the liquid phase is 
ay dv, 

(13 c) Cig = a Tt PR 


because the difference between c, and ¢, for the liquid phase can be neglected, 
as already remarked in connection with eq. (2.4). Hence we may put 
c, © ¢, = tj, and it follows from (13 b, c) that 
—_ aAn dAv 

eM ar Paes 
Substituting this into (13), we find: 

dr ap 
(13 d) iT = C9 — Cig + oo * A. 


Taking, finally, into account the Clapeyron equation (6), we have: 


dy 


y 
(14) (= FF a 


According to the very precise measurements carried out by engineers? we have 
at T ~ 373 K: 


(14 a) 


1In this connection cf. Problem II. 2. 
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so that with the value ry = 539 cal/g for T = 373 K andc,, = tcal/deg x g 


(14 b) co = (1 - 0.64 — 1.44) test af dex’ 

Saturated steam requires no heat when its state is changed along the vapor- 
pressure curve; it 1s in a position to reject heat. On the other hand, if saturated 
steam is expanded without the addition of heat it will, as seen from Fig. 13, 
enter the region below the vapor-pressure curve, marked “water or super- 
saturated steam.” It tends to condense in this region. 

We shall now quote two examples, 
one trivial, the other fundamental for 
modern physics: In a bottle containing 
mineral water the atmosphere between 
the free surface of the liquid and the 
plug is one of saturated steam, When 
the bottle is opened suddenly the speed 
of the process insures its being adiabatic. 
The steam condenses into drops. This V 
phenomenon finds a beautiful application Fig. 14. 
in C. T. R. Wilson’s (1912) cloud chamber. The indicator diagram, corrected for 
The chamber contains saturated steam negative specific heat along the vapor- 
and is expanded very suddenly. If just pressiirs: tise. 
prior to the expansion ionizing material 
particles have been allowed to penetrate into it, the resulting ions will act 
as nuclei of condensation and thus the paths of the particles will be made 
visible. The importance of this method of research (cosmic rays, discovery 
of positrons, mesons, etc.) is very well known. 

The fact that c, is negative is of some importance in steam engineering. 
When steam is expanded isentropically, the corresponding curve is less steep 
than the isentrope #v’ = const for a perfect gas. Owing to this fact the 
indicator diagram, Fig. 14, increases by the area shown shaded in the sketch. 
This has some advantages from the point of view of the design of a recipro- 
cating steam engine. 


Adiabatic expansion 
Cy 0 


17. General remarks on the theory of phase equilibria 


The study of the different phases of water is only a fortuitous example 
which belongs to the much more general problem of the co-existence of the 
Phases of substances of arbitrary chemical composition. Even in the case 
of water the preceding analysis was incomplete. In the solid state, in addition 
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to the ordinary hexagonal ice whose structure is so beautifully exhibited by 
microscopic pictures of snow flakes, there exist, according to Tammann, 
numerous allotropic modifications; these show a preference for other regions 
in the ~,7 plane. Furthermore, the complete study of the phases of water 
would have to include its dissociation into oxy-hydrogen gas, cf. Sec. 13, when 
the system ceases to be homogeneous, (H,O) and becomes heterogeneous (Hy, O,). 


A. THE TRIPLE POINT OF WATER 


We now revert to the state diagram for water in the ~,7 plane. With 
reference to Fig. 13 we now draw a diagram in which the p-axis is horizontal 
and the /-axis is vertical (¢ denotes the Celsius temperature), both to a very 
much enlarged scale. The vapor-pressure curve has been drawn schematically 
and it is seen that it now is convex upwards. Further, the melting line is 
also seen sketched; according to Sec. 16 B it is nearly a straight line inclined 
downwards at a very small angle of 1/138 with respect to the p-axis. At this 
stage it is necessary to settle the question as to how to draw the boundary 
between the ice and steam regions in the #,f plane. It is known that ice can 
be transformed directly into steam and not only through the intermediate 
stage of being melted first. This process is called subiemation. (The term did 
not originate with water but with mercury.) The process can be observed in 
the spring during a light frost accompanied by brilliant sunshine when the 
snow seems to disappear quickly, without melting. In actual fact the resulting 
water vapor escapes into the atmosphere. This condition is again described 
by the equation ¢(f, T) = 0 which defines the sublimation curve in the p,t 
plane. We now propose to prove that it passes through the point of intersection 
of the melting curve with the vapor-pressure curve. In order to do this consider 
the analytic representation of the three curves 


melting curve éu = 9 &o = £1 
(1) vapor-pressure curve dy. = 0 £1 = fy 
sublimation curve ding == 0 £o = 8. 


It is seen that the equation g, = g, is satisfied when the two equations, g) = gy 
and g, = gp, are satisfied simultaneously. The common point of intersection 
of all three curves is termed the triple potnt. It is defined by 


(1 a) fo = 81 = &2- 
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The latent heats which correspond to the three transitions will be denoted 
by “. %12, %o2 SO that ro, is the laient heat of sublimation. According to the 
First Law they must satisfy the relation 


(2) For + Myo + Po = 0. 


(A path around the triple point along which the energy reverts to its initial 
value.) It follows from (2) that 


{2 a) Yoo = — lop = %q, + Pye: 


Making use of the preceding values rg, =~ 80 cal/g from Sec. 16 B and? 
Yo == 603 cal/g, we find that 


(2 b) Yon = 683 a 


Since the analytic expressions for gy and g, are not known (that for gg is 
known only approximately from the perfect gas equation), we are not in a posi- 
tion to solve eq. (1) and we must resort to experiment to find the thermodynamic 
coordinates of the triple point, The respective experimental values, Fig. 15, are 


(3) #=0.0074C, »=0.0061 atm. 
The Clapeyron equation is again satisfied along the sublimation curve: 


ap _. *oe 
(4) dt TAv 


where A v at the triple point can be found as follows: 
(4 a) Avy = Ady) = 0g — Ug = Vg — Vy + Vy ~ Vg = Avgy + Aryg. 


The three equilibrium curves have been sketched in Fig. 15. They have 
been extended beyond the triple point with the aid of broken lines in order 
to stress the fact that they correspond to states of unstable equilibrium in 
the respective regions of the #,? plane. 

Summing up we can state: The fhree phases of water under consideration 
can coexist only at a single point in the £,4 plane; the coexistence of two of 
the three phases is possible only along one specific curve; each phase taken 
singly can exist only in a well-defined area. 


1Extrapolated from the values for # = 100C: 7 = 539 cal/g and dy/dt = - 0.64 cal/g deg, 
eq. (16.14 a). 
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Figure 16 shows an isometric projection of a three-dimensional model 
for water. The temperature axis, 7, is drawn upwards, the axis of volumes, 
v, is drawn horizontally inwards and the pressure axis, f, is drawn to the left 
and inwards. The hyperboloidal surface rising steeply corresponds to the 
gaseous phase, its equation being 7 = pv/R; the isobars and isochores which 
are straight lines are seen marked on the model. Its lower edge is the vapor 
line. The solid phase appears in the form of a bulge at the bottom on the 


Line of triple poini 
Fig. 15. Fig. 16. 

Mode] illustrating the three phases of water. 
In order to facilitate comparison with Fig. 15 
in the p, ¢ plane. it is necessary to imagine that the p-axis has 
been drawn to the left. 


The neighborhood of the triple point 


left. It borders on the liguzd phase along the melting curve. The upper boundary 
of the latter, in turn, lies along the digutd line. The developable surface 
between the liquid line and the vapor line corresponds to the region of 
water + steam. The projection of this surface onto the #,7 plane in the 
direction of v from left inwards lies along the vapor-pressure curve as already 
described in connection with eq. (16.1). The bulge at the right-hand bottom 
edge represents the coexistence of ice + steam, it is also developable. It 
borders on the region water + steam along the triple — point edge. The most 
forwards point on the triple — point edge is the triple point itself. The sublima- 
tion cuyve appears on projecting this part of the model onto the #,7 plane. 


B. GIBBS’ PHASE RULE 


In the preceding Sections we have restricted ourselves to the consideration 
of a single component, H,OQ, and we now propose to extend our description 
to any number of substances (molecular or atomic species), We shall number 
them as follows: 

Bp aes ares , 
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Furthermore we shall now admit the existence of any number of physical 
states and chemical groupings of the K components, instead of the two or three 
phases considered so far. We shall again denote them as phases and we shall 
number them consecutively 


ey en 2 


The symbol / denotes the largest number of phases which can coexist, and K 
denotes the total number of substances which react with one another. 

The number of mols of the &-th component present im the 7-th phase will 
be denoted by %,,. The free enthalpy, G, of the whole system is the sum of the 
contributions from the individual phases and components. The condition 
6G = 0 leads to a system of simultaneous equations of the form 


if K 
(5) D> D>) gx bnn = 0. 


#=1 &=] 


The number of conditions included in (5) would equal J x K if the én, were 
independent of each other. They are, however, linked by the condition that 
the total mass of each component (the sum of the numbers of mols over all 
the phases) must be preserved. Consequently, the following additional condi- 
tions must be satisfied: 


i 
(5 a) D> bne=0 for k=1,2,...,K. 
t=1 


The number of independent equations does not equal J x K; it ts only 
(6) IX K-K. 


We now inquire jnto the number of variables which we have at our disposal 
and which must satisfy these equations. These are given by the numbers of 
mols x, whose number is, again, J x K. Since, however, G is homogeneous 
in the m,'s, cf. Sec. 14 A, the conditions of equilibrium (5), (5 a) written for 
each phase will contain only ratios of the z's. The number of such ratios 
per phase is equal to A —1 so that in the sum for all phases we shall have 


{Aaa lx he 7 


ratios. In addition there are the two variables p, T which determine a point 
in the ~,7 plane. The total number of independent variables at our disposal 
is thus 


(7) PRK=f 4-2; 
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When this number is smaller than the number of equations to be satisfied, 
eq. (6), the system cannot, generally speaking, be solved. It is, therefore, 
necessary to stipulate 


JK-J+2>jK-K. 
It follows that 
(8) I<QK+2. 


This is the famous phase rule discovered by Willard Gibbs. Instead of (8} we 
can also write 


J+F=K +2, 


where F denotes the number of degrees of freedom possessed by the system of K 
components forming J coexisting phases. 

When F = 0 the corresponding state of the system is called invariant 
which is the case, for example, for water, K = 1, at the triple point: we have 
here / = 3, ice, water, and steam coexisting. 

When F = 1 the corresponding system is called monovariant. In the 
particular case when K = 1 we have J = 2,i, e. the coexistence of two phases 
along the vapor-pressure, melting, or sublimation curve. 

When F = 2 the system is bivarrant. For K = 1 we have also f/ = 1, 
no phases coexisting; instead, there is the possibility of the existence of a 
single phase in a two-dimensional region of the ~,T plane. 

If we now consider one of Tammann’s allotropic modifications of ice in 
addition to the ordinary (hexagonal) phase we find that the phase rule allows 
their coexistence with only ove more phase, etfker the liquid, oy the vapor. 
There can be no “quadruple point” in cases when A = 1. Such a point can 
exist in at least a ‘‘binary’’ system composed of two substances: K = 2 gives 
J =4 for F=0. 

The study of the phase rule in application to ternary or to multi-component 
systems leads to the consideration of multi-dimensional spaces describing 
phase equilibria. We must, however, leave this topic to physical chemistry. 


C, RAOULT’S LAWS FOR DILUTE SOLUTIONS 


A particularly simple case of phase equilibrium occurs when dilute 
solutions are evaporated, on condition that the solute is not volatile. We shall 
refer here to our derivation of van ’t Hoff’s law in Sec. 15 B, excluding, from 
our considerations the case of electrolytes, as before. We wish to make the 
following changes in notation: Instead of denoting phases by subscripts as 
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heretofore, we shall now denote the liquid and gaseous phase of the solvent 
by superscripts 1 and 2 respectively; these have been used in Sec. 15 to 
distinguish between the two subsystems “solution” and “pure solvent.” The 
subscripts 1 and 2 are now required to denote the substances ‘‘solvent” and 
“solute,’’ as was done in Sec. 14. The place of the “‘pure solvent” of Sec. 15 
is now taken by the gaseous phase (number of mols ,*). Instead of the 
semipermeable wall we now have to consider the free surface of the fluid which 
is impermeable to the solute. The numbers of mols in the dilute solution are 
now, as before, denoted by n,) and x,}!. 

The difference between the two cases consists in the fact that the pressures 
of the two phases are now equal, The former condition of equilibrium (15.5) 


(9) fy Ony' + 2," dy? = 0 

and the former auxiliary condition (15.3) 

(10) én.) + 6n,? = 

remain unaltered. Consequently, the equation for our present ““vapor-pressure 


line’ is determined by the preceding eq. (15.6) 


1 
(11) ity” (pb, T) = wy" ( 7) 


but with the proviso that ~1 = fp? =. In analogy with the previous 
eq. (15.8) we must assume now 


1 k 
Ny" + Ny 
1 


1 


(12) Hy" = g,\(f, T)- R T log 


iy? = gp, T), 


where, unlike in Sec. 15, the symbol g,? denotes the free enthalpy of the pure 
vapor, g,! denotes that for the pure solvent. Thus the condition of equilibrium 
becomes: 


I 
my 


(13) ai7(p, T) = ab, T)— RT log 
If the solution is dilute to a sufficient degree we have #,' < #,' and we may 


replace the logarithm by n,"/n,! or by ,/n, if we omit the superscript which 
has now become superfluous. Hence eq. {13} changes to 


(14) 2.°(6,T) =@,4p,T) + RT 7 
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This is the equation for the vapor-pressure curve of the solvent above the solution 
in the ~,7 plane. 

For the purpose of comparison we now write the equation for the vapor- 
pressure curve for the pure solvent. In order to make a distinction we shall 
denote its coordinates by p*, T*: 


(14 a) &i°(p*, T*) = g,'(6*, T*). 


Subtracting (14) from (14 a} we have 
n 
(15) g:°(6*, F*)- eid, T) = 8,(*, T*)- 9b, T) 4+ RT m 


We now expand both sides into Taylor series and retain the first term of each 
only. Hence 


2 2 
(16) (p*-) oe +(T-T) Ea = 


= or -9)  4 (r-ro] Eg Rr 


The derivatives can be taken from the Table in Sec. 7. Thus eq. (16) becomes 
n 

(17) (P*-p) [21?(p, T)- us. T)) + (T- T*) [s,°(6, T)- 51, T)} = RT =. 
1 


This equation can be analyzed from two points of view. (a) First we shall 
inquire into the change in the vapor pressure at constant T on adding #, mols 
of substance 2 to the solvent. This means that we have to put T = 7* in (17) 
and so we determine the decrease in vapor pressure Ap = p*—p: 


RT wn 

8) peceae 
aaa at | 

Equation (18) applies to any dilute solution, that is, whenever #, <m,. In 

particular if the vapor may be treated as a perfect gas 


and if the molar volume v,! of the liquid may be neglected with respect to 
that of the vapor, we can simplify (18) to read 


Ap _ 2. 
(19) Zi = 
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This is the /aw of vapor pressures. It is independent of the solvent as well 
as of the nature of the solute and is given directly by the ratio of the number 
of mols of the two. This surprisingly simple law was discovered empirically 
by Raoult in 1886. It was proved thermodynamically shortly afterwards by 
van 't Hoff. 


(b) Secondly we shall inquire into the change in the boiling point 
T-7* = AT at constant pressure on adding substance 2 to the solvent 1. 
We now put # = #* in (17) and take into account that 


(sy?—s'} T =r {ry = latent heat of evaporation). 


It follows from eq. (17) for AT = T - T* that 


(20) Apeee ae 
ro My 
Raoult’s law of decrease in vapor pressure is seen to be associated with the 
law of rise in boiling point. Concerning the validity and the historical origin 
of this law the same remarks can be made as in connection with the law of 
decrease in vapor pressure. 


To the rise tm dotling point there corresponds a freezing point depression 
on transition from phase 1 to 0 (freezing). Equation (20) remains valid for 
this case as well except that r = 7,, must be replaced by the heat of reaction 
19 = — 7%, which is equal to the negative of the heat of solidification. 

In all these considerations the assumption was made that all molar masses 
are preserved during the phase transition which implies the exclusion of 
polymerization and dissociation. There is no difficulty in including such 
phenomena. It is only necessary to include the mass ratio m,/m, associated 
with the respective process where necessary, e. g. on the right-hand side of 
eq. (11). Planck? stressed the importance of this circumstance for the 
determination of molecular weights. 


D. HenrRy’s LAW OF ABSORPTION (1803} 


The condition of equilibrium 6G = 0 finds a simple application in the 
study of the solubility of a gas in a liquid whose vapor pressure is negligible 
compared with that in the gas chamber. In such cases only the chemical 
potential of the gas in the gaseous phase, #*, and in the solution, w!, are 


1Thermodynamics, Sec. 269 and 270. 
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important (the subscript 1 denoting ‘‘gas’’ can be dropped here and sub- 
sequently). The auxiliary condition 


én +. bn? — 0 
leads to 
(21) jo = pe 


in the same way as in (11). We shall again assume that the gaseous phase 
may be regarded as a perfect gas, so that 


(22) p? = gi= RT log p + p(T). 


The function y(7) which includes the chemical constant of the gas need not 
be described in more detail. Regarding the solution we make the assumption 


(23) p= gl (p, T) + RT loge, 


which is analogous to eq. (12). Here c denotes the molar concentration of 
the dissolved gas (represented as n/n with » =) + ,! in the above 
mentioned eq. (12)). With certain reservations the free enthalpy of a liquid 
of fixed chemical nature is practically independent of pressure, so that (23) 
may be written 


po= RT loge +y(T). 
It follows from (21), (22) and (23) that 


log c = log p - nwt) 


and also 
(24) c=pxf(T) with logfT)= 4. 


This is the very well known law due to Henry: The quantity of gas absorbed 
by a liquid is proporitonal to the partial pressure of the gas remaining above tt. 
The coefficient of proportionality depends only on the temperature (equal for 
the gas and the liquid); it is unaffected, for example, by the presencé of any 
additional gases in the chamber. 


18. 1 THE ELECTROMOTIVE FORCE OF GALVANIC CELLS 113 


18. The electromotive force of galvanic cells 


We have until now considered only thermodynamic systems which were 
composed of electrically neutral particles {atoms, molecules). We now propose 
to investigate the changes to be introduced into our equations when charged 
particles (electrons, ions) are included. This field includes problems in the 
thermal and caloric equations of state for electrons in metals, electrolytes, 
ionized gases, etc. We shall continue to restrict ourselves to problems of 
equilibrium thermodynamics which implies the exclusion of such problems as 
the flow of an electric current through metals or electrolytes, etc. 


From among the rich collection of remaining problems we shall now fix 
our attention on the question of the electromotive force (emf for short) of 
open galvanic cells because we can formulate several general statements 
without undue labor. We have purposely added the qualification “open” in 
the preceding sentence in order to emphasize the fact that we are interested 
in the static cases only. It is assumed that equilibrium has been attained and 
that it is not disturbed by any irreversible processes, such as the generation 
of Joule heat during the passage of a current. It is, therefore, necessary to 
imagine that the emf of the cell is measured with the aid of an electrostatic 
voltmeter. 


When two phases which are capable of exchanging charged particles are 
permanently separated by a boundary there will appear between them a 
difference in potential in the same way as the existence of equilibrium between 
two solutions of different concentrations, separated by a semipermeable wall, 
implies that an osmotic pressure difference is permanently maintained between 
them. 


A. ELECTROCHEMICAL POTENTIALS 


We shall now consider a thermodynamic system 2 and its “surroundings” 
=” as was done in Sec. 8. The system Z will be described by Speciying: the 
properties V, T,,. According to (14.1) we can write for Z: 


(1) TdS =dU + paV- DS ysdn;. 
i 
Let us fix our attention on an infinitesimal process 
aV =0Q, aT =0, dnj=Q for 3) 
an; 0; 
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the product 4; dn; represents that quantity of work which must be performed 
on system £ in order to change the number of mols %, by an increment @z,, 
as already mentioned. 

We shall suppose that the component 7 is no longer electrically neutral 
as was the case before, but that it is charged positively, in other words, that 
it consists of molecules or atoms which have lost a certain number of electrons 
each, that number being denoted by z, Consequently, one mol of that j-th 
component carries a charge z F where # denotes Faraday's equivalent charge 
of 96494 coulombs and is equal to the product of the elementary charge x 
Avogadro’s number per mol, The system 2 is assumed to have an electrical 
potential @ with respect to 2’. Without loss of generality it is possible to 
assume that 2” is grounded so that its potential is zero. Since we are now 
performing only an imaginary experiment we need not be concerned with the 
manner in which the potential ® is maintained. If we now introduce into the 
system dn; mols of charged particles we shall have to perform the work 


® 2; F dn; 


in addition to the “chemical” work y,d2;, The total amount of work to be 
performed on 2 is 


+ (4; a zi @) an;. 


The transfer of the charge must occur infinitely slowly, and must not generate 
Joule heat if the process is to be reversible. 
Accordingly, eq. (t} must be replaced by 


(2) TdS = aU + pav - 3" nian; 
where 
(3) m= pit AF O@. 


The 7,/s are known as the electrochemical potentials as distinct from the 
chemical potentials u;. For negatively charged particles z, is to be taken to be 
negative. 

Generally speaking, however, a galvanic cell will be described by more 
than one potential. It consists of a whole chain of phases and each phase has 
its own electrical potential and is in equilibrium only with its two neighboring 
phases. We can imagine, at least during our imaginary experiment, that the 
individual phases are separated from each other by semipermeable membranes 
which allow only certain ions to pass. These remarks will be made clear on 
the example of the Daniell cell. 
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B. THE DANIELL CELL, 1836 


This is represented schematically in Fig. 17. The individual phases have 
been marked by Roman numerals. The wall M (made of clay) allows only the 
$0,” ions to pass. We imagine that a copper terminal V is connected to the 
zinc electrode IV in order to insure that 
the emf @, — ®, of the open cell is meas- 
ured between identical metals (copper) 
thus excluding any contact emf’s 
when measured electrostatically, The 
electrochemical potentials, 7, and the 
numbers of mols, », will be distin- 
guished from each other respectively 
by writing the phase in the upper 
left superscript and the kind of particle 
in the lower right subscript, e. g. 
"yy+t. The symbol © will be used 
to denote electrons. The condition of Fig. 17. 
equilibrium 6G—=0, e. g. between Schematic diagram of Daniell cell, 
the phases I and II and the auxiliary zn |ZnSQ, + H,O/CuSO, + H,0} Cu 
condition which expresses the preser- solid liquid liquid solid 
vation of molar masses are a 


—Pole Cu +Pole 


Ss 


Cu'*+S$0,77 


\ 
A 
N 
N 
N 


(4) Meat + tte tate OF tg 44 = 9, 
(5) One + t+ gil Rott = 0. 


These equations are similar to those in Sec, 17, eqs. (9) and (10) because 
the virtual changes are performed at constant # and J and the chemical 
potentials must be replaced by the electro-chemical potentials. From (4) 
and (5) we obtain 


(6) oy tt Neg t +: 
According to (3) with z = + 2 we have: 
(7) Phases I/II: Maeght t2FS, = "M4 +2F OH, 


The conditions of equilibrium between the remaining pairs of phases are 
analogous and can be written 


(8) Phases I[/III: "ye. ---2F ®, = Mut --- 2F Op 
(9) Phases ITI/IV: 544 +2F9 = Va44 +2F 8, 
(10) Phases IV/V: Vig FO y = "Hts F Dy. 
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In addition there are the equations describing the chemical reactions at 
the copper and the zinc electrode 


CuHCutt4+20, gneZnt+* +26. 

This means the neutralization of the Cut* ions on deposition on the copper 
electrode and the charging of the atoms of zinc with two positive elementary 
charges on crossing the boundary Zn—ZnSOQ,. This occurs according to the 
two additional conditions: 
{12) WY 2 pe ad ae 

Finally, the condition 

Vv = T 

(13) Bes os Hes 


must be added to the scheme owing to the fact that the material (Cu) of the 
two electrodes is the same. This completes the description of the reactions 
taking place in our chain at equilibrium in all its details. 


C. CONTRACTION OF INDIVIDUAL REACTIONS INTO A SIMPLIFIED 
OVERALL REACTION 


It is possible successively to eliminate the potentials @,,, ®,,;, ®;y from 
eqs. (7}, (8), (9), (10). In this way we find that 


(14) 2F(D,- Dy) = (Muh ogee Fe eat + (Me Me) sq, -- + 
+2 ee "Ho: 

In view of (11) the first term on the right-hand side can be transformed to 

(15) Mth ae SF he + 2! te, 

and, similarly, in view of (12) the second term can be transformed to 

(16) Ty fhe fh cy: +2 w.. 


Taking into account condition (13) we see that the sum of the terms in the 
last two equations, together with the fourth term on the right-hand side, is 
equal to zero. Hence it follows from (14) that 


1 


Iv IIT li I If ] 
(17) ?, -O,= a ba,” Foyt a Heytt+ 7 Hey tet um 


—, a 


1 
#) 50,-- 


@,—-@,, is the emf of the open cell, and we shall denote it by E. 
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It is permissible to assume that "Ycoo-- = '"go-- which implies 
@,, = @y,, This can be justified with the aid of certain artifices. Instead 
of (17) we then have 


(17 a) E-2F= ” than en " iogt + ~ Mag + = “Hoy 
The physico-chemical interpretation of this relation is as follows: 


Imagine that a charge 2F is transferred in a reversible (electrostatic) 
manner from the positive pole to the negative pole outside the cell so that an 
equal charge is transferred from the negative to the positive pole within the 
Daniell cell causing the following reaction to take place: 


Zn > Znt> 
(17 b) Cut+ + Cu —_ 
Zn + Cut+ > Znt+ + Cu 


for one mol at constant pressure and temperature. The product 2- x FE 
represents the (electrical) work performed by the cell. Hence the right-hand 
side of {17 a) can be interpreted as a decrease 4G in the free enthalpy during 
the occurrence of the process described by (17 b). This can be inferred from the 
representation 


(18) AG = 2 ican 


which follows from (14.7) for Anz,=-1, Avnz,++=+1, da, = +1 
and 4 %.,++ = -1 and for constant chemical potentials. Furthermore, to be 
precise it would be necessary to conduct the preceding reaction with an 
infinitesimally small fraction of one mol if the latter condition is to be satisfied. 


The reaction (17 b) represents the overa/? reaction in the cell, It results 
from the individual reactions (7) - {13}. Equations (7) - (13) result from 
virtual changes, (18) corresponds to a veal transfer of charge. It will, however, 
be seen from eqs. {17a, 6) that the individual reactions are unimportant. 
Their function was to make it clear that the emf is determined by the egut- 
librium of the individual sub-systems, 


During the transfer of the charge 2 F as described by eq. (17 b), i. e. when 
one mol undergoes the overall reaction, the system will liberate a certain heat 
of reaction which can be measured directly. We now propose to deduce a 
relation between this heat and the emf. 
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D. THE Gispps-HELMHOLTZ FUNDAMENTAL EQUATION 


We shall begin by generalizing from the special case of a Daniell cell to any 
galvanic cell. It is natural to suppose that eqs. (17 a) and {18) have general 
validity: 

1 
(19) E = 4G. 
Here 4G denotes the decrease in free enthalpy per one mol at = const, 
fT = const and zis the valency of the anions or kations or their least common 
ruultiple. 

By forming differences we find from our Table in Sec. 7 that (e. g. 
G=H-TS; S=-(aG/eT),) 


= AH. 


ad 4 
p 


270i. 
(20) AG ( oF 
If the reaction took place at V = const, T = const eqs. (19) and {20} 


would have been replaced! by 
1 


(21) E=—,AF, 
aA F 
(22) AF- (4%) — av, 


Here 4 F, AH, and AU denote the decrease in F, H, and U' per one mol under- 
going the overall reaction and AH and AU denote the heats of reaction at 
p = const and V = const respectively. It follows at once from (19} — (22) that 


OE AH 
(23) Bat: (=) — Py (Gibbs}, 
dE AU 
(24) E-T (22) = oF (Helmholtz). 


These two equations played a very important part when Nernst formulated 
the Third Law, because experimental results showed that even at moderately 
low temperatures the ‘‘naive’’ formulae 


AH AU 
(25) er gp ON SEE 


appear to be correct. From this fact Nernst concluded that the curves for 
U and F must osculate, and not only meet, at absolute zero (ef. Sec. 12). 


1In the following we shall provisionally use the symbol F to denote free energy to 
avoid confusion with the Faraday constant P. 
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FE. NUMERICAL EXAMPLE 
We now return to the Daniell cell. Measurement of the emf gives 


E = 1.0999 volt at the ice point 


dE volt 
= —4. ~4—— at the i int, 
aT 4.3 x 10 deg a € ice point 


It is seen from the way the Daniell cell is made that no difference between 
{ok jet), and (@&/eT), is to be expected and, in fact, none is observed. 
Consequently, the two heats of reaction AH and AU given in (23) and (24) 
respectively do not differ from each other, Denoting their common value 
by g we obtain from (23) or (24), with z = 2: 


g == 2 X 96494 coulomb x (1.0999 -+ 273 x 4.3 « 10-4) volt = 
= 192988 coulomb x {1.0999 + 0.1173) volt == 2.35 x 10° coulomb x volt. 


The unit coulomb x volt = Joule = Erg. Since 1 Erg = 0.239 cal, we have 
q = 66100 cal 


compared with the measured value g = 55200 cal. 
If we calculated “naively” from (25) we would obtain 


55200 


E = 55096404 0.239 


volt -= 1.195 volt 


instead of 1.0999 volt. The primitive equation is seen to be fairly good and 
this can easily be understood if it is noticed that T+ dE/dT = 0.1173 is 
relatively small compared with E == 1.0999. The same is not true for the cell 


Hg | Hg Cl, + KCl | KOH + Hg, | Hg. 
Here we have 
E = 0.1483 volt at the ice point 


ro lt 
ha ey ra fe aes 


tt i int 
qT ace at the ice poin 


The observed heat of reaction is 


— 3280 cal 
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so that on applying the naive formula we would obtain a negative emf. In 
actual fact at 0 C the term T+ dE/dT = 0.227 volt exceeds E itself in value 
which is consistent with the negative value of the heat of reaction. 


It is sometimes stated in text-books that the emf of a galvanic cell, parti- 
cularly that of a Daniell cell, can be deduced from the First Law and that, 
generally speaking, the Second Law introduces only a correction term. The 
last example shows that the statement is erroneous. It is necessary, in 
principle, to base the calculation on the Gibbs—Helmholtz equations, which 
have been deduced with the aid of the First and the Second Law. 


F. REMARKS ON THE INTEGRATION OF THE FUNDAMENTAL EQUATION 


In view of the identity 
(26) ey ned Be (7) 


eq. (23) can also be written 


27) d (7) AH 


ar\T] 2zF-T* 

We can split AH into a term AH, which is independent of temperature and 
into a term 4H, which depends on it. We shall prove that the latter vanishes 
very rapidly as 7 > 0. We can write that 


(28) AQ, = Se = 


According to the Third Law AC, vanishes for T — 0, consequently AH; must 
tend to zero more rapidly than T (like 74 in most cases; no constant term 
in AH; which would vanish on differentiating (28) need be considered because 
it would have had to be included in 4H,). On integrating it follows at once 
from (27) that 


T 
_ AH, T 


AHr 
(29) E=—> a) a aT. 


D 


By choosing the lower limit of integration at T = 0 we have given the 
right value to the constant of integration, namely, the value is such that it 
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corresponds to our original definition of E in eq. (19). In fact, because 
TS ~Qas T +0, as required by the Third Law, we have 


AH 


This “limiting condition” which must be satisfied at absolute zero is seen to 
be satisfied by (29) which justifies our choice of the lower limit of integration. 

Equation (29) enables us to predict the emf together with its variation 
with temperature from measured values of the variation of the heat of reaction 
with temperature. The emf of many cells was determined by this method, 
excellent agreement with direct measurement having been found. Funda~- 
mentally this agreement is equivalent to an additional verification of the 
Second and Third Laws. 


19. Ferro- and paramagnetism 


Diamagnetic phenomena are independent of temperature but para- and 
ferromagnetism depends very strongly on it. Both increase with decreasing 
temperature. Above a certain limit, known as the Curie point, ferromagnetic 
substances behave like paramagnetic solids. It is now our purpose to apply 
the principles of thermodynamics to such phenomena. As usual we can only 
expect to obtain a general framework within which such phenomena take 
place. Their details must be obtained with the aid of statistical methods and 
supplemented with statements from the field of atomic physics (magnetic 
moment of an electron, cf. Vol. III Sec. 14 B). Diamagnetic processes belong 
entirely to the realm of atomic physics. . 


A, WORK OF MAGNETIZATION AND MAGNETIC EQUATION OF STATE 


According to Vol. III., eqs. (5.66) and (12.2) the differential of the magnetic 
energy density is given by {H,@B) with B= z,{H + M) where M is the 
magnetization (magnetic moment per unit volume) and jy is a constant for 
the vacuum which must be added on dimensional grounds. We are not inter- 
ested in the term 


fg (H, aH) 


of this differential because it is present even in the absence of magnetism. 
Disregarding the vectorial nature of the process of magnetization (inadmissible 
in the case of single crystals) we find that the contribution to the energy 
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density which is due to the second term and which is the only important one 
in the present considerations can be written as (cf. first footnote on p. 75). 


(1) by 1 aM, 


It is, furthermore, convenient to interpret M as the magnetization per mol 
{rather than per unit volume); thus eq. {1} represents the work performed by 
the external field when changing the magnetization by ¢@M per mol, i. e. 
a quantity of energy added to the system. 

We now have to consider two magnetic variables, H, M} in addition to 
the thermal variables T,s. We can also disregard the two mechanical va- 
tiables ~, V because they are unimportant here (they would come into play 
only if the phenomena of magnetostriction were considered), Combining the 
First and the Second Laws we have 


{2) du = Tds+p,HdM 
or 

du tte H 
{2 a) i= a aM. 


In his first paper on this subject (1905) Paul Langevin made the tentative 
assumption that both terms in ds are perfect differentials. Hence #, H/T 
must be independent of 7, and so it must be a function of M alone. This is 
equivalent to saying that M is a function of H/T only: 


H 
(3) u =i(c-Z} 


At the same time « in eq. (2a) must be independent of M and a function 
of T alone: 


(3 a) (Se) =0. 


The argument of the function / in eq. (3) contains a constant C which is 
characteristic of the material and which can be assumed to include the 
coefficient zy from eq. (2a); furthermore, this constant must be such as to 


1It would be more consistent to choose yw oH instead of H itself as the first magnetic 
variable. Being an intensive quantity it corresponds to the variables T and p in the two 
other pairs of variables. However, in order not to obscure the text with the unimportant 
coefficient wy we shall use H alone. 
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render the argument of the function / dimensionless. In connection with 
eq. (3a) it is necessary to remark that » is here considered to be a function 
of 7 and M and not of s and M as in eq. (2) (disregarding its dependence 
on ~,v which we continue to neglect). 

The preceding equations are reminiscent of those for a perfect gas if the 
magnetic properties H, 47, C are imagined replaced by the mechanical 
quantities 1/u, ~, 1/R respectively. Equation (3 a) is seen to transform into 
the fundamental caloric equation for perfect gases (du/é@v), = 0 and eq. (3) 
becomes the equation of state if f(x) is replaced by x. Thus. 


1 p 


» RT 
This analogy between the perfect gas and the type of magnetic substance 
which we are now considering suggests that eq. (3) may be termed “the 
equation of state of a perfect magnetic substance.” In any case it should be 


borne in mind that this analogy applies to paramagnetic substances only. 
Putting again f(x) == x, we obtain 


H M G 
{4) M=C+ai zoe 
This equation is known as Curie’s law for paramagnetic solids, already mentioned 
in Vol. III, eq. (13.10); C is Curte’s constant and x is the magnetic suscepte- 
bility per mol. It is seen from (4) that C has the dimension of temperature. 
The equation of state for diamagnetic substances does not conform to the 
scheme of eq. (3), because Af is proportional to H and independent of 
temperature. However (2) is valid for diamagnetic substances. The equation 
for jerromagnetic substances which is of great interest to us here also differs 
from the scheme in (3). Consequently, eg. (3.a} does not apply to ferro- 
magnetic substances as will be explained in Section D. 


B. LANGEVIN’S EQUATION FOR PARAMAGNETIC SUBSTANCES 


A pivoted elementary magnet of moment placed in an external magnetic 
field will point in the latter’s direction. If all » elementary magnets contained 
in one mol were so directed, the magnetization would assume its saturation 
value 


(5) Ms = WH. 


This state is resisted by thermal agitation. It is now our task to determine 
that state of compromise between saturation 4f = M,, and complete disorder 
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M = 0 which corresponds to a given temperature 7. Langevin deduced the 

result under consideration by a comparatively simple application of Boltz- 

mann’s statistics, cf. Sec. 25, It will be shown there that his result has the form 
M  cosha 1 tg MH 

(5 a) Ma sake ge ~ 8 ee 

where « is dimensionless, because the numerator as well as the denominator in 

eq. (5 a) defining « have the dimensions of energy. 

The expression 


(5 b) L{(a) = —-— -— 


is known as Langevin’s function, It is represented graphically by the mono- 
tonically increasing curve OBA jn Fig. 18 and corresponding to the following 
approximations: 


I. 1 2 
er liad ee ee 1 
(6) a +O, L(a) = cus aan Santon Fis > zo 
atrai+- 1+—2 
e* +- e* 1 1 
=> 7 L od —_ —= ——-— |, 
{6 a) xO; (xx) a rel = 1 


From (6) and (5 a} we obtain the following expression which is valid for almost 
all values of « which can be attained in practice: 


M MM. a Ho M.* 
7) t= HS SRT 
This is Curie’s law (4) where the Curie constant C has the value 


_ HoMo® 
(7 a) TR 


It breaks down only for T + 0, when eq. (4) leads to y — 00 imstead of the 
correct finite value 
X¥=M./H 


which follows from (7} and (6 a). 

The approximations (6) and (6a) are seen plotted in Fig. 18. They are 
represented, respectively, by the dash-dot lines near the origin 0 and by the 
asymptote. Generally speaking (c/. infra), all paramagnetic states which are 
attainable in practice lie near the lowest end of the tangent curve. 
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The statistical theory due to Langevin neglects mutual interactions 
between the elementary magnets. It assumes that they are only subjected to 
the influence of the external field, which, obviously, represents a far-reaching 
idealization. This idealization is equivalent to the assumption in (3 a) that 
the energy « is independent of MM; this would not be true if interactions 
between elementary magnets were 
taken into account. It is now clear L(a) = MMs 
that Langevin’s equation of state (5) 
is compatible with the scheme (3) 
because the latter was thermodyna- 
mically linked with the condition (3 a). 
In order to justify this drastic sim- 
plification we may mention that 
saturation effects are, generally speak- 
ing, unobservable in paramagnetic 
substances, and can only be expected 
to occur at the lowest temperatures. Fig. 18. 

(This is confirmed by the observations Langevin’s curve for paramagnetic 
on gadolinium sulphate made at tem- substances and its application in Weiss’ 
peratures down to 1.3 K by Woltjer theory of ferromagnetic phenomena. 
and Kammerlingh Onnes at the Cryo- 

genic Laboratory in Leiden, cf. Section E.) Debye! demonstrated that 
Langevin’s function ceases to be applicable at such low temperatures 
because it contradicts Nernst’s Third Law as T is made to tend to zero. 


C. THe THEORY OF FERROMAGNETIC PHENOMENA DUE TO WEISS 


Pierre Weiss stated the extremely fruitful supposition that in ferro- 
magnetic bodies it is possible to discern small regions or domains in which 
the elementary magnets cause each other to become parallel, thus giving rise 
to an internal, molecular field H,, whose strength exceeds observed, external 
fields by many orders of magnitude, c/. Vol. II, Sec. 14 A. Weiss assumes 
that this field is proportional to the magnetization, M, present in it, the coeffi- 
cient of proportionality, N, being very large and depending on the material 
under consideration: 


(8) H,,=N-M. 


14Ann. d. Phys. $1, 1154 (1926). The required simplification of Langevin’s function 
is furnished by quantum mechanics, see infra, Section D, 
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These “Weiss domains” are aligned individually but the direction of a 
molecular field H,, varies from domain to domain. Consequently the body 
appears to be non-magnetic in the absence of an external field H. The moment 
exerted by such an external field H on the domains is quite different from 
that exerted on individual elementary magnets; the external magnetic in- 
fluence of a ferromagnetic order of magnitude is due to the alignment of 
these domains with the external field. 


The change in direction, particularly in the case of weak fields, is not due 
to a rotation in the directions of the Weiss domains; the principal effect is 
due to irreversible, abrupt turns performed by the elementary magnets at the 
boundaries of Weiss’ domains and to the wall displacements connected with 
them (Vol. II] Sec. 14 €). 


We shall refrain from analyzing the interactions which occur between the 
Weiss domains and we shall restrict ourselves to the consideration of the 
influence of the external magnet on the magnetization in a single domain. 


Quantitatively Weiss superimposes the inner field H, on the external 
field H in Langevin’s expression for a: 


_ Ho 


Ho w 
0) i= Ie 


(i + Ff») — ; ay a (Hf a N MM). 

It is seen that the value of « becomes much larger than in the paramagnetic 
case because H,, = H, Furthermore, on substituting (9), Langevin’s assump- 
tion (5 a) becomes an implicit equation in M, because 3f appears not only 
explicitly on the left-hand side of (5a) but also on the right-hand side as 
given in {9}. ; 


Figure 18 shows a graphical method of solving this equation. On the one 
hand, the point which is determined by the two unknowns M@/M , and a must 
lie on Langevin’s curve and on the straight line defined by eq. (9), on the 
other, It must, therefore, satisfy the two equations 


M 
(9) ae = Lie), 
7 M — boMoH , yo Ma 
(9 b) cali HLL Te. =—RT’ b=N RT 


The straight line (9b) intersects the axis of abscissae at the point a = a, 
(denoted by P in Fig. 18); according to the definition of « in eq. (5 a) this 
is also the abscissa in the paramagnetic case and lies very near the origin. 
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According to (9b) the tangent of the angle which it includes with the axis 
of abscissae is given by 


1 1 RT 


ic B NagMat 


This slope depends on temperature and decreases with it. The point of inter- 
section A of this straight line with Langevin’s curve moves to the nght as 7 
is decreased; in this way M approaches to the saturation value M,. which 
corresponds to perfectly aligned elementary magnets. 

The position of the point of intersection changes very little when the 
external field is removed, i. e. when we make H = Q. The straight line PA 
is then translated parallel to itself until it passes through the origin 0 (since 
% = 0) and the new point of intersection is at B. The field of a single Weiss 
domain remains almost unchanged. Thus there exists the possibility of a 
residual spontaneous magnetization of Weiss’ domains leading to permanent 
magnetization, The preceding argument has shown that eq. (9) reproduces 
the essential features of ferromagnetic behavior at low temperatures, such as 
the existence of spontaneous magnetization which increases as T 1s decreased. 
The fact that this spontaneous magnetization cannot always be observed 
follows from the interaction between the individual fields whose directions 
may differ from domain to domain causing them to cancel each other, 

Until now we have implied that the straight line PA is less steep than 
e. g. the tangent to the Langevin’s curve at 0. When the opposite is true the 
point of intersection will lie near the origin 0 provided that the external field 
is sufficiently weak. In this case the approximation (6) for L(a@} may be used 
and eqs. (9a, b) yield 


M 1 tty) Mag 


It follows that 
. MyM a? N _ ty M.” 
Wo u(r mg tet) Heat 


The coefficient of H on the right-hand side is equal to Curte’s constant C from 
eq. (7a). The left-hand side contains its multiple NC which we shall denote 
by @, or 

_ to Mn? N 


(11) } aR 


@ is known as the Curie point. 
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Since the factor 1/3 in the preceding equations derives from the first term 
in the series expansion for L{a) and is identical with L’(0), we can replace 
(11) by 


M,"N 


(11 a) O = uy L'(0) —, 


It is convenient to retain this form rather than that in (11) because some of the 
succeeding calculations can thus be made independent of the particular 
choice of Langevin’s function L(a}. This will make the results more suitable 
for the introduction of generalizations which are suggested by quantum 
mechanics. 

Substituting the abbreviation @ from {11) or {11.a) we can transform 
eq. {10} into 


CH 


(12) M = 


It is seen that above the Curie point the body behaves like a paramagnetic 
substance and obeys the Curie-Weiss law (12). Its graphical representation 
is given by a straight line on plotting H/M in terms of T. Strictly speaking 
experiments suggest the existence of two slightly different Curie points 
depending on whether @ is defined with the aid of this straight line or on the 
basis of the disappearance of spontaneous magnetization. A more thorough 
consideration of these and other details of the extensive field of ferromagnetic 
experimental data would exceed the scope of these lectures. 

We must, however, examine a little more closely the neighborhood of 
the Curie point. It is evident that eq. (12) remains valid for T > @ only on 
condition that H tends to zero sufficiently strongly at the same time. Thus 
we may apply eq. (12) above the Curie point when H = 0 so that we obtain 
M = 0 denoting xo spontaneous magnetization. 

We shall now consider the magnetization when H = Q, 1. e. we shall 
investigate the spontaneous magnetization close to but below the Curie point; 
the corresponding value of « will be denoted by «,,, It is no longer permissible 
to approximate the Langevin function by a straight line even though H = 0 
if the point of intersection B from Fig. 18 is not to be lost. Moreover, it is 
necessary to take into account the higher derivatives of L(a) at the origin. 
All even derivatives vanish at the origin since L(a) is an odd function of «. 
Neglecting the derivatives of the 5-th, 7-th, etc. order, we obtain from (9 a) that 


a 
(13) eyes top “7 L'"0). 
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On the other hand it follows from (9) with H = Q and in view of (11) that: 


Me _ RT T 


MM, ie ftp N Mn? i ce e 


On comparing (13) with (14) we obtain an equation whose non-vanishing 
solution can be written 


(14) 


oe 
/6L'(0) T 
(15) ‘ = ($50 (1-7) 
sp -£'"(0) 
The value of £’’(0) calculated from (5 a) is equal to - 2/15. Substituting 
(15) into (13) we obtain, after a short calculation, that the spontaneous 
magnetization just below the Curie point is given by 


fe(L (oy)? T V2) 
(16) My=Mq “Py Oo (1) 

Figure 19 shows that the plot of M,, in terms of decreasing T has a vertical 
tangent at the Curie point, in agreement with eq. (16). The curve increases 
up to 7 = 0 where M,, = M,,. It must, 
however, be noted that the diagram is 
only qualitatively correct. In actual fact 
its shape must be changed due to quantum 
effects (directional quantization of spin 
moments; the curve obtains a horizontal 
tangent at M,,= M,, and its slope is 
not like that shown in Fig. 19). 


It is clear that the diagram is true for 
a single Weiss domain. The degree of 
permanent magnetization which will be 06 1 T/® 
discernible in a macroscopic aggregate 
depends on the StIueture = the material Spontaneous magnetization below the 
and cannot be described with the aid of Cyrie point according to Weiss’ theory 
the present theory. (subject to quantum corrections). 


Fig. 19. 


D, THE SPECIFIC HEATS Cy AND Cy 


The magnetic equation of state is no longer of the simple type (3), owing 
to the presence of the term NM in (9). Consequently the caloric equation (3 a) 
ceases to apply. The equation which takes its place can be deduced from the 
expression for entropy (2a) by writing it in terms of T and M as the 
independent variables: 
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1 je 1] { an 
17) ds == (%) er it 1 \(26) -1 a dM. 


Taking the partial derivative of the factor before dT with respect to M, and 
of that before @ with respect to T we have 


1 3d 
T aM oT 


1 ary eH 1 au Pal 
T|aTom ~“°\aT},,|" 7? \am], 


Since both derivatives must be equal to each other, we obtain 


Ben frr 


The addition of the subscripts T and M in the last formula is required for 
the sake of clarity. First we note that the preceding derivation is completely 
analogous to that of @/@v in (9.6) from van der Waals’ equation. Substituting 
(18) into (17) we find that the heat added reversibly is given by 


and 


au aH 


If T and H are chosen as independent variables instead of 7 and M it is 
only necessary to substitute 


aM elt : 


It follows from (15) that 


au aH aM aH OM 
ora), orn 


In strict analogy with the molar specific heats, c,, and, c,, we now define the 
molar specific heats at constant magnetization, c,,, and that at constant field 
intensity, ¢,. According to (19) and (20), we obtain 


as ou 
(21) ee 7(S), z (7) . 


as ou oH aM 
wot ( ih (ral GH, 
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whence, by subtraction 

eM 

aT fy 


This, again, is an exact analogue of the already familiar general expression 
for c, —c, (eq. (7.9) with — p, v replaced by jg H, M). 


aH 
(22) CH -— tM = — rae) 


The two derivatives on the right-hand side of (22) can be found from the 
parametric representation (9a), (9b); on differentiating with respect to T 
at constant Af, we obtain 


ees fo M oH = hal 
45) ee RT (22) zh 
and at constant H we have 
aM\ Ito Ma faM\ al 
(24) (2) Fae ee) | RT (24) - Tl 


It follows at once from (23) that 


eH R 
(25) 22) ar Pas 


Taking into account the definition (11a) of @, we calculate from (24) that 


aM\ — MoL'(0)L'(a)a 
mY (FI, = OL'@)-TLW) 


Hence, according to (22) the difference of the specific heats becomes: 


RL’(0) L'a) x a? 


7 AST) - OTL (a) | 


We shall now discuss this result for the special case when H = 0 (removal 
of external field) putting M = M,, accordingly (spontaneous magnetization), 
see Fig. 20. As we already know at T > @ we have M,, = 0 (paramagnetic 
behavior). Consequently it follows from (9) that H = @ implies « = 0. Hence 
eq. (27) yields 


(28} CH = tm 


for T>0 and H = 0. 
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Of the region T < © we shall first consider case a) T <<©®~ which, 
according to (9), implies « > 1. It then follows from (6 a) that 


: 1 
L (x) wy xe 
and from (27) that 
, e 1 
ee aa 


From (9) with H = 0 and M= M,,=M,, {c/. Fig. 17), we have: 


{2 
Cy- Cu fed PR — 
which can be replaced by 
eer 
a= = / LO) 
in view of (11a). Substituting this into 
0 rs : (29), we have 
Fig. 20. (29a) tele ej—— ee R. 
Qualitative representation of the max- L’ 
imum in ¢y-¢yy at the Curie point. 1 2) (0) 


The behavior near 7 = 0 issketched 
in accordance with the results of quan- Considering the neighborhood of the Curie 


tum mechanics and unlike eq. (29). point we assume 
For T > © we have ¢y ~ cay = 0. , 
(29 b} O-T<9. 


It is now necessary to proceed in the same way as in connection with eq. (13) 
and to take into account the third derivative of the Langevin function in the 
denominator of (27}, replacing L’(a) in the numerator by L’(0) which is per- 


missible because a == a,, <1: Thus we obtain 
2cFigyy2 
{30} cHy-ctmM = = . 
s pare ‘ ay | ie 
L'(0) ez (0) + 5a? L | 


Substituting «# from (15) and cancelling the common factor O-T in the 
numerator and in the denominator, we find that 


(31) cy~ cm =3R— 
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Thus there is a jump in the specific heats at T = ©, because, as already men- 
tioned, ¢, = Cy for T>@. 


Making use of the preceding numerical values Z’(0) = 1/3, £2’ (0) = — 2/15 
we find that it is 


(31 a) cn~ ear = 2 R. 


In actual fact this sudden jump is smoothed out into a maximum (owing to 
the small latitude in the value of the Curie point, ¢/. supra) which decreases 
steeply on the side T > @ and which is much more gradual on the side T < @. 
Such a maximum persists also in the case when H + 0, i. e. in the case when 
the magnetization is influenced by the external field and is not spontaneous. 


It will be recalled that in Section C it was found necessary to stress the 
fact that the results contained in it were restricted in their application to a 
single Weiss domain and that they were less pronounced in the case of a 
complete macroscopic system and depended on the particular material. This 
restriction is unnecessary as far as the specific heats are concerned. The 
specific heats superimpose themselves one on the other like scalars and not 
like the fields whose summation obeys the laws of vectors. Consequently our 
present formulae remain valid for the macroscopic system. 


However, it is necessary to remember that our present results must be 
corrected in the light of quantum mechanics. This may be inferred at once 
from the fact that eq. (29a) implied cy —c, —~ R for T—- 0 whereas Nernst’s 
Third Law requires that cy —c¢, ~ 0; cf. clause 3 in Sec. 12. 


The quantum theory leads to much lower values than the value § R/2 in 
eq. (51.4); for example, the value 3 R/2 may be obtained depending on the 
kind of quantization of direction which must be assumed on atomistic grounds 
for a given choice of the Langevin function L. 


A comprehensive and critical presentation of ferromagnetic phenomena 
is given in a book by Becker and Doering! which has already been quoted 
in Yol. III Sec. 14 D. We have assumed in the preceding argument that 
Weiss’ model provides a sufficiently accurate approximation to reality; the 
book by Becker and Doering does, on the other hand, contain a detailed 
comparison of this model with the existing pertinent experimental material, 


1R, Becker and W. Doering, Ferromagnetismus, Berlin 1939. The book also discusses 
the atomistic aspects of the problem which had to be omitted from this course of lectures. 
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E. THE MAGNETO-CALORIC EFFECT 


Isentropic demagnetization causes a drop in temperature in the case of 
ferro- and paramagnetic substances. According to (20) and (21) we can 


calculate it from 
aT on oM oM 
rs culsa).~ Telorhy (aur), = ler)y 


It is known as the magneto-caloric effect. (Conversely, a sudden, and therefore 
adiabatic, magnetization involves a corresponding increase in temperature.) 
We now proceed to calculate this effect, having described it qualitatively in 
terms of the disorder associated with demagnetization at the end of Sec. 11 
and Sec. 12. 


We shall restrict cur considerations to the particularly interesting case of a 
paramagnetic salt (e. g. gadolinium sulphate) and assume that it obeys Curie’s 
law down to the lowest temperatures. We thus have 


Oe of M aM ti. 
a as (#) - C’ (a) aa cs 


and from (32), we find that 
éT MC c 
en( aT) m= Toon He Gt 


It follows that the isentropic process under consideration is governed by the 
differential equation 


(33) Pitv= oe dH. 


The process is described by 
H 0, T — Ty. 


Assuming that the coefficients C and ¢, are constant we can integrate (33) 
to obtain 

C 
(34) T,?-T? = -= 


CH 


H?, = rar Vie. ea ed 


It is seen that the temperature does, in fact, decrease, the drop in temperature 
being larger for a stronger original field H and for a lower initial temperature T. 
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The preceding calculation is also superficial to a certain extent because 
of the extrapolation of Curie’s law to the lowest temperatures. This implies 
that interactions between elementary magnets have been neglected and this is 
no longer permissible. Nevertheless, eq. (34) does give an idea of the very 
effective step taken by Debye, Giauque and Kammerlingh Onnes in order to 
come nearer to the absolute zero of temperature. 


20. Black body radiation 


All hot bodies emit electromagnetic radiation. As the temperature 
increases the body changes from a red through a yellow to a white glow. 
It must be realized, however, that bodies emit radiation even at ordinary or 
low temperatures, except that the wavelength then lies in the infrared region. 
All thermal radiations are wave-like in their character but within the field 
it is possible to analyze them exactly according to the laws of geometrical 
optics which means that they may be resolved into pencils of rays. 

Let us now imagine a hollow box whose walls are maintained at a constant 
temperature. The radiation present inside it is in thermal equilibrium with 
its walls. Consequently we must ascribe to it the same temperature T as that 
possessed by the walls. This is true for every element of volume in the cavity 
and specifies homogeneous radiation throughout, i. e. one which is independent 
of the space coordinates. The cavity constitutes a thermodynamic system 
(proof in Section A) which is independent of the particular physical and 
chemical processes of emission and absorption taking place in the walls. 

It is found that the internal equilibrium is not disturbed appreciably if 
a small hole is made in the box so that the radiation can leave the cavity 
and can thus be made accessible to observation. Radiation from outside 
which may fall on the opening will not be reflected; it is completely absorbed 
by the walls after having reflected from them a large number of times and 
after having been partly absorbed on each reflection. Since a surface which 
absorbs radiation completely is usually called ‘‘black” it is natural to call the 
radiation emitted through an opening in the box “black body radiation.”’ 

The introduction of a “‘speck of soot,” i. e. of a perfectly absorbing body of 
very smal] heat capacity into the cavity does not disturb the state of equili- 
brium. On the other hand when the inner walls of the cavity are made of a 
perfectly reflecting material and cannot, therefore, influence the rays falling 
on them, the radiation filling the cavity may become one which is not in 
equilibrium. The introduction of a speck of soot into the cavity will turn the 
radiation into black body radiation. (The speck of dust performs the role of 
a catalyzer.) 
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The view which presents itself to an observer inside the box is not very 
interesting: he perceives the same luminosity at every point and in all 
directions. He cannot see the shape of the cavity and is not aware of the 
differences in the distances from the walls in varying directions. Using a 
Nicol prism he could verify that the radiation is not polarized. On changing 
the temperature he will only notice a change in the intensity and in the color 
of the radiation. 


A. KIRCHHOFF'S LAW 


We recall from Electrodynamics that electromagnetic radiation carries 
energy and momentum, ¢/. Vol. III. Sec. 31. The energy density was denoted 
there by W. In a monochromatic field of radiation its average with respect 
to time depends on the space coordinate, on the frequency, », and on the 
amplitude, or, more precisely, on its square, the intensity. We now consider 
all radiation within a small spectrum interval, dy, as distinct from meono- 
chromatic radiation. The energy density contained within this interval will 
be denoted by u dv, and that of the whole spectrum will be denoted by w. 
We then have 


@ 


(1) “(T) = foo, T) dy. 
i 


The argument, 7, has been added here to emphasize the fact that the amplitude 
(or intensity) of black body radiation depends only on temperature if 
equilibrium prevails and is the same at every point in the cavity. The symbol 
# is here used in a slightly different sense, because « denotes now energy per 
unit volume and not per unit mass (or per mol): 


se, 

(1a) (u] = <% 
It follows from (1) that the dimension of u is 

_ og Sec. 
(1 b) = 
Kirchhoff (1859) proved that u is a function of the arguments » and 7 and 
that it is independent of the nature of the walls of the cavity. This proposition is 
known as Kirchhoff’s law. In order to indicate the method of proving it let 
us consider two hollow boxes A and B whose walls are different. Let us assume 
that u in A is larger than in B, in a certain spectral region (v, dv). We now 
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connect A to B through a small tube which is opaque to all wavelengths 
except » (color filter). In such an arrangement more heat would flow from 
A to B than in the reverse direction, thus upsetting the state of equilibrium; 
the temperature of B would increase and that of A would decrease until the 
two values of u would have become equal. In this way a temperature difference 
would be created ‘‘spontaneously” (without work being done on the system) 
and such a result is inconsistent with the Second Law. We conclude that u 
must be a universal function of vy and T; it follows from (1) that u ts a universal 
function of T. 

We now consider the flux of energy (denoted by $ in electrodynamics) 
as distinct from its density. It is defined as the amount of energy radiated 
per unit area and time. The vectorial character of $ corresponds to the 
direction of the normal to the unit of area under consideration. Since black 
body radiation is zsotropie (uniform in al! directions) it loses its vectorial 
character and we are justified in speaking of a scalar radiation intensity. We 
shall not associate it with a discrete direction (the flux of energy in any given 
single direction is zero) but with a small cone of radiation @Q. We now imagine 
that the direction is enclosed in such a cone and denote the energy radiated 
through dQ by K dQ. Consequently, the energy radiated through an elementary 
cone which forms an angle @ with the normal is given by 


(2) Keos§dQ where d&=sin@-dé- dd. 


The amount of radiation passing through an elementary area da during a 
time df in a “forward” (or ‘‘rearward’’) direction is then 


af{2 an 


{2 a) K da di [ cos @sineag [ ag—aKaed 


If K is analyzed spectrally and if the two directions of polarization are 
distinguished by a dash we may write 


a ms 


(3) K(T) = [ iKo. T) + K’'{v, f)] dy = 2 [ Kiera, 
a F 


the last equality being a consequence of the absence of polarization in black 
body radiation. The dimension of K is the same as that of S: that of K 
follows from (3) and is 


(3 a) [K}=— a: [kK] = “8. 
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The quantities x and K satisfy the relation 
(4) “=4nK{c. 


We shallrefrain here from giving the proof because it can be deduced from 
a simple premiss of geometrical optics, assuming the cavity to be evacuated. 
If this were not so it would be necessary to replace c by c/n. In view of (3) 
and (1) we have from (4) that 


(4 a) u = 82 Kc. 


We now proceed to obtain an extension of Ktrchhoff's law by applying the 
equilibrium principle to the walls of the cavity. 


The absorpitve power of a wall element da will be denoted by A; in other 
words A denotes that fraction of the impinging radiation K(v, J} (assumed 
spectrally decomposed) which is converted into heat as it penetrates into the 
wall. Thus the amount of energy (per unit area and time and per solid angle dQ) 
which is deducted from the system at equilibrium is 


(5) A K(», 7). 


This energy must be replaced in the cavity by the emissivity E of the same 
element of wall. In the case of a blackened surface (A = 1) we have 


(5 a) E = K(y, 7). 


The emissivity of a perfectly white perfectly reflecting surface (A = 0) must 
be &£ =(Q. In such a case, as already stated previously, the wall cannot 
contribute to the establishment of thermodynamic equilibrium. In an average 
surface £ must replace the amount (5) withdrawn from the cavity. Thus we 
must have 


(6) 7 = K(v, 7). 


For pure thermal radiation the ratio of the emissivity to the absorptive power ts 
a universal function of the frequency and temperature. 


Kirchhoff’s law and the present extension thereof have now become very 
important not only in problems of black body radiation but also in illumination 
engineering. It contributed to the discovery of spectral analysis which was 
made by Kirchhoff and Bunsen at about that time. 
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B. THE STEFAN-—BOLTZMANN LAW 


It has already been stated at the beginning of Section A that radiation 
carries with it momentum in addition to energy. This is the cause of the 
pressure of light discovered by Maxwell. According to the last equations in 
Sec. 31 of Vol. III, the pressure exerted by a wave forming an angle @ with 
the normal to an element of area da is u cos? §: it follows that for radiation 
coming from all sides the pressure is 


mf2 
(7) p= w f costa sin 6 a6 == «/3. 


0 


The preceding equation is valid for a partly reflecting surface as well as for 
a black one because the thrust due to the reflected radiation is added to that 
due to emitted radiation. 


Let us now imagine an evacuated cylindrical vessel fitted with a sliding 
piston and filled with black body radiation at a temperature 7. The volume V 
can be changed at will by moving the piston {infinitely slowly}. The preceding 
constitutes a thermodynamic system with two variables and its energy is 


U=VulT), 


whereas, according to (7), the work on the piston is given by 
iW=pav = 5H) av. 


The change in entropy is 


dU +dW Vide 40 


Since dS is a perfect differential we must have 


1 au _ 4 a H) 
TaT 3aT\T}' 
after a short calculation we find that 


maa log # = 4log T + const, or 


(9) u=aT*. 
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In order to determine the constant of integration a we substitute K for # 
from eq. (4) and we obtain 


ca 
According to (2 a) the left-hand side represents the total radiation of a black 
surface (e. g. the hole in the wall of any black body cavity) per unit area and 
time. The constant ¢a/4a which appears on the right-hand side is usually 
denoted by a; it can be determined from observation. Equation (10) contains 
a statement of the law of radiation discovered empirically by Stefan. The 
preceding thermodynamic derivation was first given by Boltzmann in 1884. 
In his memorial address devoted to Boltzmann, H. A. Lorentz called it “a 
veritable pearl of theoretical physics.’’! 
Substituting (9) into (8) we obtain 


(11) as = 4a(v 7 ar+} ray) = pad? V). 


The integration of (11) does not lead to a new constant because according to 
the Third Law we must have S = 0 for T = 0. Thus we obtain 


(12) Sm party, 


The equation of an isentrope in the T, lV’ plane is represented by 
(12 a) T?V = const. 


It describes the change in temperature which accompanies an adiabatic and 
reversible change in volume (and hence, according to (9}, also the change in 
the energy density «). Equation (12 a) is seen to be identical with the isentropic 
equation for a perfect gas whose ratio of specific heats K = 4/3. 


C. WIEN’S LAW 


The most significant idea which W. Wien used to determine the relation 
between frequency and temperature for black-body radiation consisted in his 
inquiring into the change in the spectrum of radiation on reflection from a 
moving mirror. It will be recalled from Vol. IV, See. 13, that the frequency 
of reflected light differs from that of incident light when the mirror moves 


1Verh. d. Deutsch. Physik. Gesellschaft, $907. 
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in the direction of its normal. The same is true of the intensity of incident 
and reflected radiation. Making use of the premiss that the modified spectrum 
must retain the properties of equilibrium radiation if the process is conducted 
in a suitable way it is possible to deduce the shz/f in the maximum of intensity 
and hence the color of the radiation which accompanies a change in 
temperature. 

We shall refrain from proving Wien’s law on the basis of a suitable model! 
and will concentrate on the widely discussed problem of whether it can be 
made plausible with the aid of dimensional analysis, that is on the basis of 
considerations of similarity, As always we shall assume four fundamental 
units, one of them being temperature (symbol @). The remaining three are 
the mechanical units, it being convenient to replace the unit of mass by the 
unit of energy (erg, symbol ¢).4 Time and length will be denoted by ¢ and / 
respectively. 

According to {1 b) the dimension of u is ¢#//%. It is now necessary to 
express u in terms of y and T (dimension ¢* or @, respectively) and of certain 
universal constants. The latter include the speed of light c (dimension / £4) 
and the universal constant R, whose dimension is ¢ 9} because R T denotes 
an energy, as seen from the equation of state of a perfect gas. RF is usually 
referred to one mol of some substance. In what follows, however, it is more 
convenient to refer it te a single molecule which can be effected by dividing 
it by the number of molecules per mol. It is known as Boltzmann's constant, 
k, and its dimension ¢ #71 is the same as that of R. 

The five quantities in question are shown listed together with their dimen- 
sions in the following (we shall refer to the last column presently): 


ct Rk |A=kha 
et 


(13) rir 


We now try to form a product of these five quantities, each raised to a 
certain (positive or negative) power satisfying the condition that it has the 
dimension zero in all four units 
{14} é, 2,2, 0. 


The simplest proof of this kind was piven by von Laue, Ann. d. Phys. (5) 44, 220, 
{1943). The model consists of a single pencil of monochromatic rays and the proof is 
based on its invariance with respect to Lorentz transformations. Our argument only 
assumes invariance with respect to change of scale. 

2Cf.a note by Glaser, Sitzungsber. d. Akad., Wien, Vol. 156, p. 87; our considerations 
are partly based on this note, 

4It is assumed that the fourth unit of our electrodynamuical system, the unit of 
electricity Q, does not occur in the argument. 
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We can assume that one of the exponents has a prescribed value, say unity, 
without loss of generality. In this manner the four remaining exponents are 
seen to be uniquely determined by the four equations which result from 
equating to zero the sum of the exponents for each of the units (14). There 
exists only exe such product. Assuming that the exponent of u is equal to 1 
we can deduce from Table (13) that uc3 and »? & T have the dimension ¢ #2, 
so that the product in question becomes 

uc? 
(15) = ah’ 
and /7 denotes an unknown universal number, The spectral distribution 
function becomes 

vkT 

(16) dae a if. 
This is the wxzgue (except for an undetermined factor) answer which is supplied 
by classical physics to the problem of the spectrum of black body radiation. 
The adjective “‘classical’’ means here that the argument is confined to tbe 
application of the two universal constants ¢ and & which have been in use 
in physies for a very long time. 

Equation (16) was first deduced by Lord Rayleigh in 1900 who obtained 
it from classical statistics, finding at the same time that the numerical constant 
I] was equal to 8x. The equation was further developed by J. H. Jeans (the 
Rayleigh-Jeans radiation formula). It is, however, clear that the equation 
gives absurd results for large values of v, because it leads to an infinite value 
of u for » - oo, and because the integral for total radiation, « = if u dy is 
divergent. : 

In order to reach agreement with experiment we are forced to give up 
the limitation of using only two universal constants. There must be a third 
such constant, because it follows from Kirchhoff’s law that apart from u, 7, 
and 7 no other veriables enter into the problem. 

The third constant will lead to an additional dimensionless group £7’ which 
is independent of eq. {15) and which may be assumed independent of u and 
depending on the first power of » without any loss in generality’. Thus we 
find that 


(17) IT =avT®, 


1]f this were not the case it would suffice to multiply the number /7’ by a suitable 
power of /7 in order to eliminate uw and to raise the result to such a power as to render the 
expotient of » equal to unity. The last operation is always possible because experiments 
show that /Z’ cannot be independent of y. 
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The constant « in this equation is a combination of c, & together with the new 
universal constant. Consequently 


(17 a) IT = fT’) 
or 
a 
(17 b) u(y, Ty = akT fay T*). 


The exponent # must be so selected as to yield eq. (9) on integration over all 
frequencies. From 


vag | feo v? dy 


with the abbreviation «» 7* = x, we have 


1-34 
= ae - Ee f(x) x7 dx. 


The result will be proportional to T* only if we put x =-1. In this way 
eq. (17 b) leads to Wien’s law: 
dal ses i 
fi 
(18) u(y, T) = ET (); 


The unknown function of two variables, u{v, T), has thus been reduced to the 
unknown function, {, of a single vartable, «a v/T. This is the great achievement 
of Wien’s law. 

It is convenient to include Boltzmann’s constant, &, in the argument of 
/ and to put a =A. This gives the more familiar form 


2 
(18 a) ur, 7) a (i. 


The quantity 4 represents a new constant and has the dimension of “‘action” 
1. e. ef. It completes our Table (13). We add here parenthetically that # 
is Planck's quantum of action which has now become a familiar fundamental 
constant and which has been anticipated, at least as far as its dimension is 
concerned, by Wien’s law. Multiplying and dividing the coefficient of f in 
eq. (18a) by Av, we obtain 


a A(x) _ he hy 


(18 b) u(y, 7) = a fit2);3 Jas, a 


x 
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Consequently, the Stefan-Boltzmann constant @ from eq. (9) becomes 


3 
(19) o=*(4] <P, ra | x3 f(x} dx 
0 


To conclude we shall give reasons for describing the preceding law as 
‘“Wien’s displacement law.’’ We now ask for that value of » which corresponds 
to the maximum in the intensity u for a given temperature, that is that value 
of v for which @u/év = 0. From eq. (18 a), we find that it is given by 


(20) 2f(x) 4 xf(x)=0, x =ar/T. 


We shall denote the real positive root of this equation by x = x,, corresponding 
to v=», Thus 


{20 a) Pan Xn T ja. 


As T increases the point of maximum intensity is “displaced” towards larger 
values of vy. Since the value of »v, determines the general coloring perceived 
on observing the whole spectrum, eq. (20 a) is seen to supply an explanation 
for the transition from a red to a white glow at increasing temperature. 

It has become customary to associate the values of A rather than those 
of y with our color perception. Since 


|do] = is [daj; uw |dv| = ua fad 


the variation of the intensity u, on the scale of A becomes 


ldy'| a 
an) oo, 71 (2 <\ et \@a] Ae aT ( ‘). 
as seen from eq. (18). Introducing a new variable y and a new function g(y) by 
AT 1 
(21 a) y=; a) = 9/(4) 
we obtain 
ake 
(22) Wa = 45 8(Y) 


as seen from (21). Hence 


(22 a) 33 = 7 ge WS aly)—va'ly)). 
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and the position of maximum intensity is given by the equation 


(23) 5 efy)- ye'(y) = 0. 


Making use of the real positive value y,, of the root of this equation we find 
from eq. (21) that 


{23 a) Aad =A Van: 


The root y = y,, differs from the root x, in eq. (20) because y and x have 
different meanings. Qualitatively the conclusion regarding the displacement 
in color is, evidently, the same as before: As the temperature is increased 
the value of 4,, is shifted towards shorter wavelengths (higher frequencies »). 


D. PLANCK’S LAW OF RADIATION 


Planck inserts into the field of radiation a linear oscillator which reacts 
with it toa certain extent: itis a Hertz dipole of a definite natural frequency wy 
whose dimensions are small compared with the relevant wavelengths. If the 
oscillator were free it would perform damped oscillations because of the 
electromagnetic radiation and with small damping it would react sharply 
on the frequencies w of incident radiation which lie in the neighborhood of a. 
Assuming that the incident and the excited oscillation are given by 


(24) C sin wt and D sin(wt-+ 6), 
respectively, and applying the result in Vol. I, eq. (19.10) we find that 


(24 a) D= £ {(@? a 9”) ot: 4 p? w?\-t, 


The oscillation equation must be assumed to be of the form 
(25) m(X +2p * + wy? x) =e E, 


in accordance with eq. {19.9) of Vol. I. E, denotes here the component of 
the electrical field of radiation, E, which coincides with the direction of motion x; 
e and m denote the charge and mass of the oscillating electron. According 
to (25) the opposing damping force is equal to 


(26) R=-—2pm ik. 


Comparing it with the damping force (“reaction force’) of radiation from 
Vol. III, eq. (36.4), we have 


e2 sae 
= ——— x 
6E,c8 
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which can also be written 


R a ee 
(26 a) =- 6m, 63 wor x 
because of the dependence of « = Dsin(wi-+ 6) on time. It follows from 
eqs. (26) and (26 a) that 
1 e? 
6b =. -—__, wy? 
20?) . 127 m £y a” 
We now proceed to calculate the energy of the oscillator. Its kinetic 
energy is 
mM. 


3 i 5 D? a? costa! + 6}, 


and its potential energy can be found from (25): 


Be pe 5D (7 sin?(eo £ + 3). 


Taking into account eq. (24a) we find that their sum averaged over time is 
equal to 


_ ays = wo oF ae Wy? 

(27) Ua = FDS (w* + 08) = Fe Pee Ley er 
We have added the subscript # to the energy U and to the amplitudes C, D 
in order to emphasize that, so far, we have been considering a single mono- 
chromatic oscillation. However, an oscillator placed in a field of radiation 1s 
excited by a continuous spectrum of mutually incoherent oscillations C,,. 
The requirement of incoherence is as essential for our black body radiation as 
it was for natural “white” light in Vol. IV, Sec. 49. 

It follows that in this case the squares of the amplitudes (intensities) 
are added, and not the amplitudes themselves as for coherent light. Hence (27) 
yields 


2 
eh. 9 w oat 
(28) u~ fu. dw = L [etm + 4p To @aowt? at aotete” 


The fraction in the integrand on the right-hand side varies strongly with w 
and possesses a sharp maximum in the neighborhood of a = mg, (the maximum 
is sharp owing to the smallness of the term p? w?). On the other hand C?# 
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varies slowly and may be replaced by its value C? at w = w,. Thus instead 
of (28) we may write 


_ Cc? a? + wy” 
ae 0-5 | aaa 
0 


This integral can be further simplified because the numerator and the term 
4 p? w*® vary slowly. They may be replaced by 


(28 b) 2 wp” and 4(¢ 9")? wy? respectively with 


1 e” 


(28 ¢) ~ Tha mae 


from eq. (26 b). 
We may further write 
(é09” — 07)? = (co — Wg)? 4 co”. 


In this way the integral under consideration becomes 


tal 
? 


; pa ee 
aio (F Wo”) “wal a O Wy” 


a Ae 


Since ¢wWy < 1 we obtain 


+0 
1 ks 
—— tan! = =; 
20 w9" eae 26 Ww" 
and (28 a) transforms into 
x 
2 ] = ——___ (3. 
(29) e Sia a? “° 


It remains now to express Cy in terms of the energy density, u, of black body 
radiation. The energy density is equal to twice its electrical contribution, i. e. to 


LE; D) = co) E?, 
Taking a time average for black, isotropic radiation, we have 


(30) 5 Ei Se Ee gs 
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The last term on the right-hand side denotes the energy density on the w-scale 
as distinct from that on the »-scale used before. It will be recalled from (24) 
and (25) that C is equal to the amplitude of ¢E,; averaging over time, we 
find that at w = my we have 


l = = 
Substituting E2 from (30), we obtain 
2 
£9 
where u,, denotes the energy density over the interval dw at w = ap. 
Consequently 
u.dw = u, dr; Uy = =~ Uy. 


Hence (30 a) can be replaced by 


(30 b) Ce 

3M Eg 
Substituting this expression into {29} and taking into account {28 c) we find 
that the quantities ¢ and m which refer to the specific model of the oscillator 
are cancelled (it ts seen that the constant &¢, also vanishes as might have been 
expected on dimensional grounds), and we obtain simply: 


ac c3 


3 U= eae aee 
on 20,2" 8x v* 


u,. 


The preceding argument shows that the energy of the osczélaéor is just as 
universal as the energy density of black body radiation so that in the succeeding 
reasoning Planck could use the former instead of the latter. He associated with 
the oscillator the entropy S, in addition to the temperature 7, the ‘ormer 
being given by 


ad 
i 


Se 


(32) dS = 


at constant radiation volume (¢V = Q). 

In his Nobel Prize inaugural address delivered in 1920 Planck gave a 
fine example of objectivity; his law of radiation is described at first as ‘“‘an 
interpolation formula which resulted from a lucky guess,” 
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The experimental results obtained before 1900 (Paschen, Lummer, and 
Pringsheim) for the case of short wavelengths appeared to confirm an empirical 
hypothesis advanced by W. Wien. It follows from (18b) by putting 


jia—A.< 7, z=arfT. 
Thus 


A 
(33) u(y, T) == ae yt e7 a Wt 


Correspondingly we obtain from (31) 


(33 a) U = Aye iT; A= oA, 


Evaluating 1/7 and taking into account (32), we have 


as 1 U 
(33 b) ier log (* 
and 
aS 1 
eae) qa aa 


Later measurements performed at long wavelengths (infrared region) by 
Rubens and Kurlbaum revealed a completely different pattern of behavior 
which appeared to confirm the Rayleigh-Jeans equation (16). According 
to (31) the corresponding oscillator energy becomes 


(34) U=kT, 


if the numerical factor 77 in (16) is given its value of 82 calculated by 
Rayleigh. Hence, according to (32}, we find 


aS 1 k 

te) laa saan oi 
azs R 
(34 b) 702 ic 


Planck now uses the following formula 


aS 1 


(35) qdU® — arU +t Urs 
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to interpolate between (33 c} and (34b). The right-hand side can be written 


1 1 1/1 B a 
9 -S- appt -alo-iseo)) fae 


and it is seen that (35) can be integrated. The constant of integration will 
be determined from the condition that for U = cO we must have T = c6 so 
that dS/dU = 0. Hence 


(36) WH ap log Tie 
As seen from (32), the derivative dS/d@U can be replaced by 1/7 so that 


BU av 1 


(36 a) log aU BU =" 


Substituting from (35 a) we obtain 


aver 


(36 b) U= 


According to Table (13) « & has the dimension of energy x time = action. 
It is seen that the new universal constant, the guanium of action 


(37) h=ak 


which has already been mentioned previously, now makes its appearance. 
The energy of the oscillator becomes 


: hy 
(38) US aT, 


and (31) leads to Planck’s law of radiation 


Bur he 
(39) oars UR TS ar 


The statistical derivation of the same law, c/, Sec. 33, goes much deeper than 
this somewhat cumbersome argument and places the revolutionary character 
of the constant # in its proper light. The preceding argument outlined Plancks 
original train of thought and the reason for describing it here lies not only 
in its very great historical importance; it has been quoted also in order to 
demonstrate that the application of the concept of entropy to the oscillator 
plays a very important part in it. 
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Figure 21 shows a three-dimensiona!l model of Planck’s law of radiation in 
which u, has been plotted vertically upwards, » to the right in the horizontal 
plane, and 7 has been plotted rearwards. The model consists of six plane 
profiles placed one behind the other. The profiles represent the dependence 
of u, on » for 7 = 100, 200,...,600K. The vertical profile which passes 
through the maxima »,, as given by eq. (204) is developable owing to the 
linearity of the equation linking »,, 
with 7. 

We now proceed to show how 
the limiting cases represented by 
the equations of Rayleigh- Jeans and 
Wien, respectively, can be deduced 
from (39): 

For small values of » and a fixed 
value of 7 we can expand the denom- 
inator of (39) into a series and 
obtain 


Figi-21, 


Cardboard model of Planck’s law of radiation 

82k oe & uy = /(v, T); v is measured to the right, T 
c# is Measured rearwards. The graded shading 

‘ in the photograph is due to the light falling 

For large values of » and a fixed 4. the model. At T= 600K the maximum 
value of 7 wecan neglect 1 in the is at y,—=4x 10)" sec~!, at T = 200 K the 
denominator of (39), and we have muchlowermaximumisat Vm = 12x 10!? sec}, 
The profile corresponding to T = 100K 


82th protrudes so little that is is hardly visible. 
(40 a) u=—a ys e—heikt, 


(40) u = 


Equation (40) is identical with (16) if we put /7 = 8x, as already stated; 
eq. (40a) transforms into eq. (33) if the previous constant A is also 
replaced by 8z. Finally the constant 4 in the Stefan-Boltzmann law obtains 
a definite theoretical justification. On comparing eq. {18.6) with (39) we 
obtain the following expression for the function /,: 


87 ; 
e*— 1 


A(*) = 


Hence the integral F in eq. (19) becomes: 


a 
{41} Fasx f Soa 
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Since for all values of x > 0 e* is less than unity, we can rewrite eq. (41) 
to give 


F e-* 

—_ = 3 — —* 2% -3% 3 . 
(41 a) a [chew i + en*#% + en 544 |.) x8 dx 

0 0 
Denoting 2x,3%,... in the 2nd, rd, ... term of the series respectively 
by &, we have 
isa) 
b 1 1 etd 
(41 b) l+ oq t gat} f dee as. 
d 


The integral is equal to /'(4) = 3!, and the value of the series in the brackets 
in front of the integral can be taken from Vol. VI, eq. (2.18), where it has 
been shown to be equal to 24/90. Hence eq. (41 b) gives 24/15 and eq. {41 a) 
yields 


(41 c) F = 825/15. 


Substituting this value into (19) we obtain the following theoretical value 
of the Stefan-Boltzmann constant a: 


Sx kt 


un “15 thee 


Since @ and the constant « = A/k from Wien’s displacement law are known 
from measurements, eqs. (42) and (23a) with {37} can be, in turn, used to 
evaluate 4 and k. At the present time the followitig are regarded as their 
most accurate values 


(43) kh = 6.624 x 107°’ erg sec; k= 1.380 x 107 !erg/deg. 


21, trreversible processes. Thermodynamics of near-equilibrium processes 


A. CONDUCTION OF HEAT AND LOCAL ENTROPY GENERATION 


So far we have considered, essentially, only states of thermodynamic 
equilibrium. Concerning irreversible processes we were able only to establish 
that they are associated with an increase in entropy, provided that they take 
place in a closed system within an adiabatic boundary. We now propose to 
determine in greater detail where that entropy increase is located and how it 
depends on the parameters of the system. 
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We shall begin by considering a particularly simple example, namely 
the conduction of heat through a homogeneous and isotropic solid body dis- 
regarding its thermal expansion. If the temperature varies from point to 
point then, generally speaking, the internal energy per unit mass x(x, y, z, £4 
will depend on the space coordinates and on time. The same is true of the flux 
of heat W. The principle of the conservation of energy (see Vol. VI, eq. (7.11); 
it should be noted that the symbol # in that equation denoted temperature} 
can be written as 


Ou ‘ 
(1) P= + divW=0 
where p denotes density. To complete the description of the process of heat 
conduction it is necessary to write down the relation between internal energy 


and temperature, e. g. in differential form 
(2) du =cadT, 


where c denotes the specific heat, and Fourier’s hypothesis for the relation 
between the heat flux and temperature gradient (Secs. 44, 45 and Vol. VI, 
eq. (7.12)): 


(3) W = —-x grad Tf, 


where x is the thermal conductivity. 

For the time being we shall disregard eqs. (2) and {3) and we shall 
concentrate our attention on eq. (1). The internal energy and entropy are 
connected through the relation 


(4) du = T ds 


because changes in volume have been neglected. From eqs. (1) and (4) we 
obtain 


as 1 
-— = —— div W 
(5) P-s a div W, 
or rearranged: 
os . Ww 1 
(6) Pay + div 7 = — ay (W grad 7). 


Equation (1) is an equation of continuity which means that it expresses 
a conservation principle; in this case, that of energy. Equation (6) would 
also express a principle of conservation if its right-hand side vanished. Now 
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it is known that entropy satisfies no conservation principle, moreover, it 
increases in an isolated system during an irreversible process, such as the 
conduction of heat, within it. This increase in entropy must now be related to 
the right-hand side of eq. (6), and to achieve it we shall integrate eq. (6) 
over the heat conducting body. Using Gauss’ theorem {see Vol. II, eq. (3.1)) 
we obtain 


2 Wise ot dae. ; 


Assuming, at first, that the surface of the heat conducting body is adiabatically 
insulated we shall find that W, vanishes. Then the term on the left-hand 
side of eq. (7) is the change in the entropy of the body per unit time. It is 
expressed on the right-hand side in terms of temperature, temperature gradient 
and heat flux. Since by Clausius’ principle heat cannot flow spontaneously 
from a lower to a higher temperature (W- grad T} must be negative if W + 0 
and grad J #0. Hence the right-hand side of eq. {6) is positive as required 
by the Second Law. 


The change in entropy per unit time is thus given by a volume integral; 
it is natural to define the integrand as the change in entropy per unit time 
and per unit volume. We shall regard this quantity as the entropy generated 
locaily. Hence the local entropy increase is defined as 


(8) 9 = — 25 (W- grad T) 


and depends only on the state which prevails at the given instant and at the 
given point. In this context it is necessary to interpret the concept of state 
more widely than hitherto. We have, namely, stipulated constant temperature 
in eq. (8) and it is noted that in order to specify the state it is necessary to 
specify in addition the temperature gradient and hence (see eq. (3)) the 
heat flux. 


If we now drop the restriction regarding the adiabatic nature of the 
boundary and imagine that it is in contact with heat sources, then W, denotes 
the heat transferred to the respective source of heat per unit area of the 
boundary and per unit time (= energy, since work = 0), and W,/J represents 
the entropy transferred from the body to the source. It is, therefore, natural 
to define W,,/T as the entropy flux 


(9) $= 


iz 


21. 11 IRREVERSIBLE PROCESSES 155 


With these conventions eq. (6) becomes 
a 
(10) pa +divS = 8 


and integration over any portion of the body gives 


(11) pd [ sav4 cp saa = f oav 


Reading from right to left we can now interpret the physical meaning of this 
equation: The quantity of entropy generated inside the volume of integration 
is partly conducted away from it and partly contributes to the change in the 
entropy of the volume. Evidently the latter contribution can also be negative. 

The preceding argument allowed us to determine the sources of entropy 
and their output for the case of the conduction of heat. In accordance with 
the Second Law we can, further, establish that this output can never be 
negative. Equation (10) together with the inequality @ => 0 can be regarded 
as the dzfferential formulation of the Second Law of Thermodynamics. The 
statement in integral form, namely that the entropy in an isolated system 
cannot decrease, can be replaced by its corollary in differential form which 
asserts that the quantity of entropy generated locally cannot be negative 
irrespective of whether the system is isolated or not, and irrespective of 
whether the process under consideration is irreversible or not. 

We shall now compare Fourier’s hypothesis, eq. (3), with the expression 
for the quantity of entropy generated locally in eq. (8). We find that the 
latter contains as factors precisely the quantities W and grad 7 which enter 
into Fourier’s equation, This fact, as will be seen later; has a more general 
significance. Moreover, from 


x 


I= FR 


(grad T)? > 0 


we deduce that 


x = 0. 


B. THE CONDUCTION OF HEAT IN AN ANISOTROPIC BODY AND ONSAGER'S 
RECIPROCAL RELATIONS 


We now proceed to consider the more general case of the conduction of 
heat in an anisotropic body such as a crystal of arbitrary constitution. The 
preceding argument remains unchanged except for eq. (3) which must now be 
replaced by a tensor relation between the components of the temperature 
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gradient and of the heat flux (we now denote the coordinates by x, %, 
and xs). 


aT aT of 


Wa ay i 5g Ox, 

aT oT eT 

W, = - %) —~ — —- is 

(12) 2 %o1 Ox %o9 ax, %og ax, 
Wie ae aT oT oT 

= “St 3x, “8 Ox, *33 Ox, 


It expresses the fact that in a crystal the temperature gradient and heat 
flux are not, generally speaking, parallel (more precisely anti-parallel). 

If, as before, we now compare the assumption in eq. (12) (such an 
assumption, as well as similar ones made in connection with the other irrevers- 
ible processes, 1s known as a phenomenological hypothesis) with the expression 
for local entropy generation in eq. (8), rewriting the latter as 


I ar oT ca 
(13) o~- (mii ta hoe wot], 


we notice that the phenomenological hypothesis, eq. (12), expresses the first 
factors W,, W,, W, in eq. (13) in terms of the second factors, dT /@x,, eT /@x, 
and é7/ 4x5, as linear homogeneous functions. In any case the phenomenological 
hypothesis in eq. (12) is not arbitrary. It must, first, satisfy the condition 
that 6 > 0 for any temperature gradient, i 


(14) PP a oF 


Ox; Te 


which shows that the tensor x, turns out to be non-negative definite. 
Secondly, we must have 


{15) Mik == hi (¢,&@= 1,2;3) 


which shows that the tensor is symmetrical. 

The last relation is confirmed by experiment! and follows from kinetic 
theories of heat conduction. It is, finally, a particular case of quite general 
symmetrical relations which were postulated by Onsager*. We shall revert 
to a more general formulation of these reciprocal relations later. 


'M. Voigt, Nachr. Ges. Wiss. Gottingen, Math. Phys. Class, p. 87 (1903); Ch. Soret, 
Arch. de Genéve, Vol. 29, p. 355 (1893), Vol. 32, p. 611 (1894). 
2L. Onsager, Phys. Rev. Vol. 37, p. 405, Vol. 38, p. 2265 (1931). 
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In accordance with the language of the general thermodynamic theory of 
irreversible processes we consider that in the preceding example there are 
three elementary irreversible processes which are superimposed on one another. 
Each of them corresponds to an elementary irreversible process, associated 
with one coordinate direction. Furthermore, in accordance with the hypothesis 
in eq. (12) and from eq. (13) it is seen that when several elementary 
irreversible processes interact with each other the quantity of entropy generated 
locally can be split into three terms each of which is due to one irreversible 
process only. On the other hand the phenomenological hypothesis shows that 
such elementary processes may be coupled, meaning that one temperature 
gradient, e. g. that in the direction x,, can give rise to a heat flux in another 
direction, such as x, and x3. 

This feature is quite general and may appear during an interaction of 
completely dissimilar irreversible processes such as heat conduction and 
diffusion, the conduction of heat and electricity, etc. In these cases the 
coupling of irreversible processes through the respective phenomenological 
hypotheses leads to thermal diffusion (known as the Soret effect when con- 
densed phases are concerned} and the Dufour effect or thermal effusion 
(temperature gradient evoked during diffusion), or to thermoelectric phenomena. 


C. THERMOELECTRIC PHENOMENA 


In the case of thermoelectric effects we are dealing, on the one hand, with 
the flux of energy and electricity and, on the other, with temperature gradients 
and electric field intensities as their causes. We consider a metal which carries 
an electric current and throughout which there exists a temperature gradient. 
We can write down the principle of the conservation of energy from which, 
in turn, we can deduce the entropy equation which corresponds to eq. (6). 
We assume here that the specific internal energy, #, and the specific entropy, s, 
are independent of the current density |. This hypothesis is of the same nature 
as the implicit assumption in Section A that the internal energy depends on 
temperature but not on the heat flux or temperature gradient. The electron 
theory of metals furnishes further justification for such an assumption (see 
also Sec. 45). 

We shall now postulate the existence of only one kind of mobile carriers 
of electricity. These can be regarded as being endowed with a negative charge 
-e(e > 0) without introducing any essential limitation into our argument. 
The same idea forms also the basis of the electron theory of metals. 

In formulating the energy equation it is necessary to take into account 
that the metal receives a quantity {l- E) of electrical energy per unit time 
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and volume and that due to charging with — div | per unit time there is an 
increase in potential energy by an amount -@divl, where @ denotes the 
electrical potential and E = —- grad @ is the electric field strength. It 1s 
hereby implied that the electric currents vary at a slow rate. The principle 
of the conservation of energy, in analogy with eq. (1), now becomes 


@ 
(16) p= ~~ divW +4 (l- E)-@div 1. 
The differential of specific entropy from eqs. (18.2) and (18.3) assumes 
the form 


(17) T ds = du-(u—-F D) dn 


on the assumption that changes in volume are negligible and taking into 
account that z= — 1. Here £m is the number of carriers of electricity per gram 
(£ = Avogadro’s number), # denotes the chemical and x —/F @ the electro- 
chemical potential of the carriers. Since F = Le and since — p L 7 € represents 
the charge per unit volume, we have 


en a(-L ne} 


F — = —-p ——_—- = divl. 
a ee i 
Hence 
as eu Ch. 
‘ saetrengr eae ae | 
(17 a) Ips P= + "| av é 


where we have put w/’ = Cfe i.e. € =uf{L. In the electron theory of metals 
the quantity ¢ is referred to as the chemical potential per electron. Eliminating 
du/ dt from eqs. (16) and (17 a} and rearranging slightly, we obtain 


as . 4 e 
(17 b) Pa, rad (wa \) = 


1 1 1 ¢ 
This equation is the counterpart of eq. (6). Here again we shall regard the 


1 
quantity 7 (w ~ u ] as the flux of entropy, whereas the right-hand side 


of the equation represents the quantity of entropy generated locally, 6. The 
results derived in Sections A and B show how to obtain the assumptions for 
the fluxes of heat and current of electricity from the local entropy increase. 
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First we find from eq. {17 b) that @ is a linear function of the fluxes W and 1 
and express them again as linear functions of their coefficients ~— 1/7 grad T 
and E + 7Y grad (Z/e 7), namely 


W=- grad T+ pl at rerad +} 
(18) 
es , aa 
}= r grad T+ 0{E+ T grad 5) 


Solving for E and W, we have, with the usual notation 


{18 a) W = —» grad r(n+) 
(18 b) E =" |_egrad T—grad* 


with the coefficients x, 7, ¢, 1/o whose significance will be further investigated 
later. Their relation to § and y is noted for further reference: 


{18 c) p~-o(m+4); y=-of(er+§} 


Equation (18 b) connects the jump in potential across a boundary between 
two metals with the jump in €. Namely, if eq. (18b) is integrated along a 
very small path crossing the boundary between metals I and II, we obtain 


(18 @) By -B = > (Eu) 


because the contributions of the first two terms on the right-hand side of the 
equation can be made as small as we please. The difference @,,—@, is the 
contact potential between the two metals, At equilibrium |= 0, W = 0, 
grad T = 0 and hence E = -grad ¢/e. It is found from eq. (18b) that at 
equilibrium electrical field strengths are only present in regions where ¢ varies 
at constant temperature, In other words they exist only in regions where the 
material is non-homogeneous, i. e. in particular across the boundary between 
two different homogeneous materials. 

If no electric current is present eq. (18 a) reduces to Fourier’s law of heat 
conduction and x is the thermal conductivity as seen upon comparing with 
eq. (3). Equation (18 b} shows that in such a case there exists everywhere 
a field of strength E = —e grad T-grad ¢/e. The coefficient ¢ is known as 
the absolute thermal force (see also eq. (25) in Sec. 45, which contains an 
explicit expression for ¢). 


160 THE APPLICATION OF THERMODYNAMICS TO SPECIAL SYSTEMS 21. 19 


If the temperature is uniform everywhere and if the material is homogeneous 
so that grad €=0, eq. (18b) will reduce to Ohm’s law with o denoting 
the electrical conductivity. In general, i. e. when the temperature is not 
constant throughout the space, eq. (18 b) can be rewritten as 


(19) l= o(E + E'). 


The quantity denoted by E* is the tmpressed electric field strength, In this 
connection eq. {18a} shows that an energy flux may be present even when 
there are no temperature differences, provided that 1 0. In other words, 
the transport of electricity is coupled with a transport of energy. This is 
contingent on the fact that the transport of electricity and that of energy 
have a common cause in the motion of electrons in the metal and the electron 
theory of metals confirms this assumption in all respects. In accordance with 
the present notation the energy transported per Coulomb is equal to — (77 + ie}. 


We shall now proceed to consider thermoelectric phenomena and we shall 
begin by discussing the Thomson effect. This effect occurs in an electric 
conductor which carries a current and along which a temperature gradient is 
maintained and consists in the fact that so-called Thomson heat appears in 
addition to Joule heat, as is seen by substituting (18b) into (17). The 
amount of Thomson heat per unit volume and time is equal to x (I+ grad 7) 
where # (not to be confused with the # from eq. (17)) is the Thomson 
coeffictent. This additional quantity of heat can be positive or negative 
depending on the relative direction of | and grad T. It is customary to refer 
to this effect as being reversible because it changes sign with a change in 
the direction of | or grad 7. This term is, however, a misnomer, because 
the Thomson effect constitutes only one aspect of the whole process, and, 
moreover, it is intimately interlocked with heat conduction and with the 
generation of Joule heat, both of them typically irreversible processes. 


The existence of Thomson heat is implied in the preceding fundamental 
equations and this is readily seen when considering the accumulation of heat 
per unit volume and time, or p du/at = {l- E)—- div W-@divl with the 
substitution of W and E from eqs. (18a) and {18b) respectively. Since 
div | = 0 (which is always true for direct current, and approximately so if the 
current varies but slowly) we obtain 


all 


1 
it -s| (I+ grad 7) + —P. 


po = div (xgtad r)+ ( 


The first term on the right-hand side gives the accumulation of heat for heat 
conduction alone, the last term being the Joule heat. The second term has 4 
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form to be expected of Thomson heat. From the definition of the Thomson 
coefficient the first Thomson relation is deduced, i. e. 
alt 


(20) f= Fy a -€&, 


It was first obtained by Thomson; speaking more precisely Thomson inferred 
the existence of an additional heat term from the fact that, generally speaking, 
affjeT ——e ~0 and that, otherwise the energies would not balance. 


The coefficient /7 is known as the Petter coefficient. It is connected with 
the Peltier effect, i. e. with the positive or negative flow of heat at a boundary 
between two different metals. Considering the arrangement in Fig. 22 and 
assuming that the temperature remains constant throughout we can calculate 
that the flow of energy from left to right in metal I isgiven by: -!77, + (Ve)f,]h, 
whereas that in metal II is given by: - [{Z7;,; + (1/e) 2,,] |, assuming a unit 
cross-sectional area of both con- 


ductors at the boundary. eel eae 
Hence we obtain an accumu- 
lation of energy of a magnitude ——— I> 
1 
[tu +2 en-en]h Fig. 22. 
(21) Notation for Peltier effect. 


The quantity 1i/e(¢,,;-—¢,) | is used up in lifting the carriers of electricity 
through a potential difference from ®, to ®@, across the boundary, so that 
only the quantity (77, —77,) | is left over. . 

We can, finally, calculate the emf of a circuit which is composed of two 
different metals in which the metals are not kept at a constant temperature, 


Thus 
hie an == Che erat T+ dr) + f (eraa% ar} = ear. 


It is convenient to express the integral with the aid of two part integrals, 
each of which is taken over one metal. It JT, and 7, denote the temperatures 
of the junctions and ¢, and ¢,, denote the absolute values of the emf’s of the 
two metals respectively, we obtain 


7; ra Tr, 


(22) fie’ a9 = fos at + fia ar= {teu —e,) aT. 


y, Vy T, 
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This shows that the emf of a closed circuit depends only on the temperatures 
of the junctions and that it vanishes when both metals are identical (as in 
such a case €, = €,) and, finally, that for sufficiently small temperature 
differences it is approximately equal to {e,,-¢,)(7,- 7). It is necessary 
to remark here that from measurements of the Peltier heat as well as from 
Measurements of the emf's it is possible to obtain only differences of Peltier 
coefficients or emf's for pazrs of metals. Equations (20) and (23) can, therefore, 
be verified only with respect to two metals. On the other hand, the electron 
theory of metals is capable of defining /7 and e for a single metal. 

Equation (20) shows that the three thermoelectric effects are coupled 
with each other. Onsager’s reciprocal relations lead to another important 
equation connecting these quantities. According to it the matrix of coefficients 
in eq. (18) must be symmetrical which leads to Thomson's second relation 
&=y or, from eq. {18 ¢) 


(23) T=Te. 


Thomson obtained eq. (23) by a different line of reasoning. He separated 
the thermoelectric effects from heat conduction and Joule heat, which are 
coupled with them in reality, and considered that the thermocouple constituted 
a Carnot engine when operated in steady-state. In such a case only the Peltier 
heat at the hot junctions is considered as the heat absorbed by the system. 
Hence the efficiency of a cycle with a temperature difference dT between the 
source and the sink and with a quantity of work equal to the electrical energy 

AT (en-ajAT 


pie an becomes 
TO An-Thy 


which is a consequence of eq. (23). 

There is little justification for such a separation of the so-called reversible 
and irreversible effects, in spite of the fact that it leads to a result which can 
be verified experimentally.! It is, therefore, very gratifying that the electron 


1Thomson himself explicitiy stated that such a separation involves a new hypothesis 
and that an experimental! proof is required, because ‘‘Not only are the conditions prescribed 
in the second Law of the Dynamical Theory not completely fulfilled, but the part of the 
agency which does fulfil them is in all known circumstances of thermo-electric currents 
excessively small in proportion to agency inseparably accompanying it and essentially 
violating those conditions’ (Trans. Roy. Soc. of Edinburgh, Vol. XXI, p. 128, 1 May 1854). 
In his careful analysis, Boltzmann showed that this hypothesis is untenable, thus fully 
confitming Thomson's misgivings (Sitzungsber. d. Akad. d. Wiss., Vienna, Math. Naturw. 
Klasse, II Div, $6, 1258 (1888)). 
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theory of metals was able to confirm Thomson’s second relation without the 
need for such additional ‘ad hoc’ hypotheses.! It provided, moreover, one 
of the first examples for the direct proof of an Onsager reciprocal relation and 
articulated the basic principle which underlies it, namely the principle of 
microscopic reversibility (i. e. the property of invariance of fundamental 
laws with respect to a change in the direction of time). This principle was later 
so imaginatively generalized by Onsager. 

In this connection it is necessary to point to certain generalizations which 
are important when considering thermoelectric phenomena in anisotropic 
bodies and when an external magnetic field Bis superimposed. It is particularly 
noteworthy that in the case of magnetic fields Onsager’s principle must be 
modified. In the simplest case for the tensor of thermal conductivity we 
obtain 


inl B) = Xri{- B} 


instead of eq. (15). 

This change of sign is connected with the fact that the principle of 
microscopic reversibility applies only when the magnetic field is reversed 
simultaneously. Considering, for example, the equation of motion of an 
electron in a magnetic field, i. e. #1 ¥ = —e(¥ x B) itis noticed that it remains 
unaltered by the substitution 7, B > —#, —- B. 

The process of thermal diffusion, and that of thermal effuston which was 
discovered by Dufour? and very convincingly demonstrated by Clausius and 
Waldmann? can be analysed by similar methods. An apparent complication 
occurs due to the fact that changes in volume and flow phenomena must be 
taken into account. The application of Onsager’s principle leads to a relation 
connecting the two effects and that relation is confirmed experimentally. 
To-day use is made of this relation to obtain very accurate values of coefficients 
of thermal diffusion from measurements on thermal effusion.* 


D. INTERNAL TRANSFORMATIONS 


In the preceding sections we have considered transport phenomena (the 
transport of energy and electricity) and now we propose to discuss irreversible 
processes in non-homogeneous matter, i. e. so-called internal transformations 
or relaxation phenomena which are not accompanied by transport phenomena. 


44. Sommerfeld, Zeitschr. f. Physik Vol. 47, pp. t and 43 (1928), 
*Dufour, Ann. Physik, Vol. 28, p. 490 (1873). 

?Ki. Clausius and L. Waldmann, Naturw. Vol. 30, p. 714 (#942). 
4L, Waldmann, Z, f. Physik, Vol. #24, (1944) p. 30. 
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(If the internal transformations consist of chemical reactions in the usual 
sense they are also termed homogeneous reactions.) In this case the volume 
must be kept constant and the introduction of heat must be excluded, so 
that we put 2V = 0 and dU =0. We shall consider 1 gram of matter 
consisting of three components Ay, A, and A, which may take part in two 
reactions Aj 7A, and Ag A,. All other possible cases involving an 
arbitrary number of components and arbitrary types of chemical reactions 
can be treated in the same way so that we may restrict ourselves to this 
simple scheme. With dV = 0 and @U = 0 eq. (2) of Sec. 14 becomes 


T ds = —py dg - fy AN, — fy AMy. 


The quantities #2; represent the chemical potentials of the single components 
and they will be referred here to 1 gram instead of to 1 mol of substance, 
whereas the quantities %), #, and #, denote the quantity of each component 
respectively, ali per 1 gram of mixture. Thus ™) + », + ”, = 1 and only 
n, and #, are independent. Hence 


(24) LT ds = (tig — fy) dN + (fg — fg) Amy. 


The rate of change of entropy with time or, since transport phenomena are 
excluded, the rate at which entropy is created becomes 


ds an dn 
(25) ’3= £ (Ho Ha) + f (Ho ~ Ha) 


This expression is also a linear function of dn,/dé and dx,/dt and their coeffi- 
cients describe the deviation from equilibrium. In equilibrium ds < 0, as 
shown by eq. (8.1), for every virtual change of state’ dx,, dn, which implies 
Ly — By = Ho My = 0. 

For smali deviations from thermodynamic equilibrium we may, again, 
express dn,/dt and dna/dt in eq. (25) as linear functions of their coefficients: 


an 
p 7 = 4, (ig - fy) + Ayal tty - Ha) 


(26) in 
p ae = Ay (fg — Hy) + Soql tg — He) 


where a, = 4;,,(7,v) and in accordance with Onsager’s principle we have 
Qi = &,. The connection with the principle of detailed equilibrium is 
_ discussed in the solution to Problem II 7. 

To conclude this section we shall add some general remarks. It was 
necessary to impose the condition dU = 0 in order to exclude transport 
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phenomena. A change in internal energy can take place only through the 
performance of work, 1. e. through a change in volume or through an exchange 
of heat. On the other hand the assumption that only the two reactions 
Ay A, and A, A, took place was superfluous; the argument will not 
change if the reaction A, A, is also admitted. This circumstance is due to 
the fact that only tmdependent reactions are important and their number 
determines the number of independent ”;’s. In the case under consideration 
the reaction A, A, would not be independent being the difference between 
the reactions Aj A, and A, Ay. Evidently any two reactions can be 
taken as the independent ones. Furthermore, the reactions as written down 
need not faithfully represent their molecular mechanism i. e. they are so-called 
elementary reactions. It is even permissible to choose arbitrary linear combina- 
tions of such elementary reactions with arbitrary numerical coefficients 
without in any way affecting the argument. This is a consequence of the fact 
that the thermodynamic theory of irreversible processes concerns itself only 
with the phenomenological aspects of the processes and does not consider their 
molecular mechanism. 

At this point it is useful to recall the statement in eq. (8.9) which 
asserted that for a reversible process YX, dx; = 0. Equation (25) shows that 
the rate of entropy creation, #, per time df for a process involving the changes 
dx, is given by p XX, dx; and that for an erreverstble process we always have 


2X ; ax, > 0. 


E. GENERAL RELATIONS 


The discussion of more general irreversible processes involving the coupling 
of internal changes with transport phenomena exceeds the scope of these 
lectures. We shall confine ourselves to the remark that in each particular case 
the change in entropy of an isolated unit of mass considered along its path in 
the field of motion can be calculated with the aid of the conservation laws 
and Gibb’s equation (14.2) and that it can always be written in the form! 


ds : 
(27) pox t div S = 6 


where $ denotes the entropy fixx. The entropy flax is a linear function of 
the energy flux and of the diffusion fluxes and electrical current density if 


1This fact was first clearly formulated by G. Jaumann; his name has already been 
Mentioned in another connection in Vol. III. 
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they exist in the system. It does not contain the convective entropy flux, 
i. e, the entropy transported by matter in motion because eq. (27) is valid 
for an observer who travels with the element of matter. The quantity @ is 
the entropy created locally and can always be wnitten as 


(28) =e D KiXi. 


i 


The quantities X, are generalized fluxes such as the energy flux (or its three 
components), the flux of momentum due to internal friction, i. e. its six 
components ~, considered in Vol. II] eq. (10.18), the quantities dn, {dé 
considered in the preceding section etc. The coefficients A, will be referred 
to as thermodynamic forces. They are,e.g. — 1/7 grad T, T gradyejT, du,/ax,, 
the chemical potentials themselves or their differences {as in eq. (25)}) etc. 
The energy dissipation term T @ is thus always a sum of products of fluxes 
and forces, 


When the deviations from thermodynamic equilibrium are small the fluxes 
X, are linear functions of the forces K,, thus 


a 


(29) X= » au Ke 


k=1 


From this point onwards we are in a position to formulate Oxsager’s rectprocal 
yelations, However, contrary to what might be expected from previous 
sections their general formulation cannot be taken to be 


{30) Aik = Aki. 


Casimir! was the first to point out that these relations are true only for cases 
when the forces K, and K, which are associated with the pair of subscripts z, & 
are both even or both odd functions of the flow velocities or of the molecular 
velocities. If, however, one of the forces is even and the other odd, we have 
to write with Casimir, that 


(32) Ayk == — Axi. 


We cannot give here the general proof of eqs. (30) and (31). Following 
Onsager and Casimir it is possible to obtain these relations from the principle 


1H. B. G. Casimir, Rev. Mod. Physics, Vol. 17, p. 343 (1945), 
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of microscopic reversibility, or, in special cases, e. g. with the aid of the kinetic 
theory of gases as applied to gaseous flows. In the latter case it would be 
necessary at least to consider gaseous mixtures if non-trivial Onsager-type 
relations are to be obtained. For a homogeneous gas the energy dissipation, as 
will also be shown in Chap. V, is given by 


lyy> au; ON 1 
(32) To=> > S's (se e | P (w 3 gra r) 


(for an explanation of the second term see Section B, and for the explanation 
of the first term see Vol. II, Sec. 10.18}. The phenomenological relations in 
eq. (29) would represent the quantities W’,, W, and IV, as linear functions of 
the terms - (1/7) (@7/éx,}) and of the six terms (0v,/dx, + dv,/dx,). The three 
phenomenological relations must remain covanant with respect to a rotation 
of the system of coordinates, since the gas is isotropic at all points, or, in 
other words, its form must be the same, with the same coefficients, when 
expressed with the aid of the components in the new system of coordinates, 


It follows that the coefficients of the terms (@v,/@x, + @v,/@x,;} must 
vanish {a vector cannot depend linearly on a tensor if the continuum is 
isotropic}. Further, it also follows from the condition of isotropy that the heat 
conduction tensor must reduce itself to a multiple of the unit tensor dj. 
A similar argument involving the phenomenological] assumptions for the ~, 
leads to the conclusion that there can be no coupling with the temperature 
gradient. Thus almost ali mixed phenomenological coefficients vanish, only 
some mixed coefficients in the relation between ~,, and (@u,/@%, -/ dv,/2x;} 
remain. Thus, as already shown in Vol. II, Sec. 10.21, and as we shall show 
again in Chap. V of the present volume, we can write 


ft Ou; OU 2 CV, Ay Aah 
(33) pi = 7 (= + = + (:- 2] (2 ax, + ox, Bix. 


In this equation 7 denotes the ordinary viscosity and € denotes the volume, or 
bulk viscosity. If we consider the coefficient of (@vg/@xq} in ~,, and the 
coefficient of (@v,/@x,) in py. we find that they must be equal. In this manner 
it can be seen that all reciprocal relations follow from considerations of 
symmetry in the present example. However, insofar as mixtures of two gases 
are concerned, oxé non-trivial reciprocal relation can be deduced. It expresses 
the relation between thermal diffusion and thermai effusion. 
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F, LIMITATIONS OF THE THERMODYNAMIC THEORY OF IRREVERSIBLE PROCESSES 


All previous considerations were restricted to small deviations from 
thermodynamic equilibrium and it is now necessary to specify more precisely 
the degree of deviation from thermodynamic equilibrium which may be 
regarded as small. It is natural to postulate that the thermodynamic concepts 
of temperature as well as of thermodynamic functions still retain their meaning. 
However, a rigorous specification of the limits of applicability becomes possible 
only when a more general theory can be formulated. Such a theory would 
then contain the theory of irreversible processes as a special limiting case. 
The kinetic theory of gases satisfies these requirements for gases. It does, in 
fact, as we shall see in Chap. V, confirm the conservation laws of fluid dynamics, 
it leads to the expression for the dissipation function in eq. (32) and also 
yields the phenomenological hypotheses concerning the flow of heat and the 
tensor of viscous stresses. If it were desired to establish the range of validity 
of these equations it would be necessary to carry the expansions in Chap. V 
further by adding the next term in order of magnitude. This was done e. g. 
by Enskog.! This method leads to clear statements about the conditions under 
which the next term in order of magnitude can be neglected. In this manner 
it is found that the temperature variations along a mean free path must be 
small compared with the absolute temperature and that changes in velocity 
must be small compared with the velocity of sound, or compared with the 
mean molecular velocity of random thermal motion. Considering that under 
normal conditions the mean free path is of the order of 1074 cm it must be 
concluded that these limitations still leave an extremely wide margin which 
is seldom transgressed, excepting shock wave phenomena. It is true that in 
the case of numerous other irreversible phenomena it is not now possible to 
indicate quantitatively and in a simple manner the field of validity of the 
respective formulations but the results with gases allow us to expect with 
confidence that in many other cases there exists a field of validity which is 
sufficient for many purposes. 


1D, Enskog, Zeitschr, f. Physik, Vol. 54, p. 498 (1929). 


CHAPTER III 


THE ELEMENTARY KINETIC THEORY OF GASES 


The beginnings of the kinetic theory of gases can be traced to Daniel 
Bernoulli. A derivation of the expression for the pressure of a gas from the 
change in momentum of the molecules impinging on its walls can be found in 
his book ‘““Hydrodynamica.”’ Strassbourg, 1738 (¢/. Vol. II, Sec. 11). The further 
development of this theory was resumed in the middle of the 19th century: 
Krénig 1856, Clausius 1857, Maxwell 1860. Ludwig Boltzmann’s papers in 
which Maxwell’s law of velocity distribution was given its most general form 
stand at the peak of this development. 


22. The equation of state of a perfect gas 


Let us now center our attention on the collisions which a solid, flat {or 
continuously curved}, smooth (and hence frictionless) wall experiences from 
the impact of the gas molecules. We shall notice that the graph of these 
collisions taken for any element of surface do is represented by a curve /(é) 
which possesses a very large number of sharp dents corresponding to the 
enormous number of collisions. The pressure (force per unit area) on the 
element is defined as the smoothed time average of this curve. The contribu- 
tion of a single collision is equal to the change in the momentum of one 
molecule resulting from the impact and from the subsequent reflection. 
When impact occurs at a velocity c and in a direction forming the angle @ 
with the normal to the wall, the change in momentum is equal to 


(1) 2mc X cos @. 


The factor 2 stems from the recoil experienced by the wall during the 
appearance of the reflected impulse {angle of reflection = angle of incidence, 
the magnitude of velocity lv = ¢ remains preserved owing to the absence of 
friction). Taking the three Cartesian components &, 7, € of v and placing the 
€-axis normal to the element with its positive direction outwards, we can 
replace (1) by 


(1 a) 2m E, E>. 
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In order to account for all collisions we construct an oblique cylinder over 
the element of area do, Fig. 23, inclining its axis at an angle @ with respect 
to the normal and making its length equal to c. In the interior of this cylinder 
we now mark ali molecules whose velocities point towards the wail and have 
values which lie between ¢ and ¢ + de, 

// and directions confined between @ 
and @ + d@ and ¢ and ¢+ dg. The 
angles @ and ¢ are measured with 

respect to the normal to the elemen- 

| tary area and around it. Ail velocity 

| vectors drawn from each such mol- 

ecule intersect our elementary area; 

Fig. 23. during a unit of time all these, and 

I}lustrating the calculation of kinetic only these molecules will impinge on’ 
ene the element do under consideration. 


The volume of the cylinder is equal to cross-sectional area x height 
= dg x & Denoting the number of molecules per unit volume by » we find 
that the number contained within the cylinder is 


(2) nx Ede. 


Of these only such molecules count as will meet the wall and only such whose 
velocity lies in a given region dw of the ‘‘velocity space.”’ This region has, so 
far, been described by the quantities dc, d@,d$. The range of velocities has 
thus been described in a polar system of coordinates which is natural from 
the point of view of the element dw in the physical space. It will, however, 
be more convenient from the point of view of the succeeding argument to 
express dw in terms of the rectangular coordinates §,7,¢ and to put 
dw == dé dn d€. 

In any case, and independently of the choice of the system of coordinates, 
the number of colliding molecules is given by 


(2 a) dy = vé do du. 


The symbol y which must be carefully distinguished from #, denotes the density 
of molecules per unit volume and per unit velocity space dw. Evidently 


n= | rdw 


The corresponding change in momentum is found from (2 a) by multiplication 
by (1), or 
(2 b) 2¥m E* dadu. 
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The contribution of this group of collisions to the pressure is thus (division 
by do) 


(2 c) dp=2ymE2dw, E>0. 


The total pressure follows when we construct our cylinder for all possible 
velocity ranges: 


(3) p= nm &, Fa? | yetdo é>0: 


the value fe is obtained by averaging over half the velocity space € > 0. 
Since, however, to each molecule which travels towards the wall (& > 0) there 
corresponds one which travels away from it (§ < 0) with equal probability we 
can extend the integration indicated in (3) over the whole of the velocity 
space and write 


(3 a) p=nmé, Ba! [verde with é 20, 


instead of (3). The symbol ge denotes the mean value of £7 at a given point 
in space. A more rational representation, and one independent of the choice 
of the system of coordinates, is obtained by taking into account the fact that 
all directions are equivalent (isotropy of the velocity space). We then bave 


(3 b) Baya Ba 


c2 


w| 


because v? = 24+ 724 £%=. ¢%, Hence (3) yields 
ams 2 = = a 
(4) pam cha Fn En, Ey = 4 mc, 


where E, denotes the kinetic energy of translation; rotational energy or that 

associated with internal motions need not be considered in the calculation of 

pressure. 

Equation (4) contains more than the kinetic explanation of pressure; it 

also contains a kinetic definition of éemperature. In order to see this we put 
N 

(4 a) a2a=Ts, 
V 

where N denotes the total number of molecules in a volume V. Thus 

eq. (4) leads to 


(4b) pV = =N Ew. 
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Applying eq. (4b) to one mol, we have V = V,,, and WN = Z = number of 
molecules per mol = Loschmidt-Avogadro number. Hence eq. (4b) trans- 
forms into 


: 2. 
(4 ¢} PV mot = 3b Bay. 


Comparing this result with the equation of state of a perfect gas in its forms 
(3.112) and (3.11 a) it is seen that its right-hand side must be equal to RT. 
In this way 


(5) E w= 


where & denotes the Boltzmann constant, already defined in Sec. 20, i. e. the 
gas constant reduced to a single molecule, R/Z. In a three-dimensional space 
translation has three degrees of freedom. Consequently the contents of (5) 
(effecting simultaneously a change from subscript ¢v to subscript /r) can be 
expressed as follows: The mean kinetic energy per degree of freedom is given by 


(6) Ey =4kT. 


This statement contains our (provisional )kinetic definition of temperature. 

It should be noted here that eq. (5) contains the theory of the specific 
heats of a monatomic gas, Since its energy is wholly due to translation we 
can find # and ¢, per mol of such a gas from eq. (5). Thus 


= 3 du 3 
6 =f a : > oS J 
(6 a) u E, 5 Ri, «£ aT 3 R # 3 keal /kmol 


As c¢,-¢,= ® eq. (6a) determines c, as well, and we have 


Cp 2 

(6 b) eg 
We now reiterate what we have already said in Sec. 4C; The kinetic theory of 
gases is capable of filling the general framework of thermodynamics with 
actual numerical values which agree with experiment. In Chap. IV we shail 
revert to the values concerning polyatomic gases as discussed in Sec. 4 C. 

In the preceding argument we have encountered the mean values of the 
squares £7, c2 etc, The linear mean 3 is, evidently, equal to zero, because the 
velocity space is isotropic and the positive semi-axis of é is statistically 


? {| kmol = 1000 mol = molar weight in kg. 
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indistinguishable from its negative semi-axis, or from any other semi-axis. 
The mean value of c which, obviously, differs from zero will be calculated in 
Sec. 23 B. The quantity 


(7) (c%)"" 


is given directly from experimental results and constitutes a measure of the 
velocity of the gas. By way of example we shall now find its numerical value 
for the gases, H,, He, O,, N,. As long as the gases remain perfect the mean 
velocity depends on temperature only, and not on pressure. 
Denoting the mass of a molecule by m we can find from (5) that 
3 


Lager Wd 
2° 3 


or, multiplying by the Loschmidt-Avogadro number, that 
Lm-> 3 
—— c= —_RT. 
ae, 
The product £2 m is the mass # of a mol and it is seen that the mean of the 


square of the molecular velocity c= 3R Tix is found from macroscopic 
measurements alone. For example for hydrogen we have # = 2 kg/kmol. 
With 7 = 273 K and the value (3.9) of R we obtain 


nN 


ct — eo 8.31 X 273 x 102 m2%sec—2, 


Hence 


(8) Va == 1.85 km/sec. 


Correspondingly for helium (monatomic, atomic weight 4, i. e. double that 
of the molar weight 2 of H,) we find 


= 1.85 
Ve? = ye 


The molar weight of oxygen is 16 times larger than that of hydrogen. Conse- 


km/sec = 1.30 km/sec. 


quently it is necessary to divide the velocity (8) by V 16 = 4. In the case of 
nitrogen it is necessary to divide by \i4= 3.74. 

Even at 0 C the velocities of molecules appear to be extraordinarily high; 
with increasing temperatures their values increase somewhat, namely in 
proportion to (1 + ¢/273)?, where ¢ is the Celsius temperature. We can gain 
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some insight into these relations if we consider that the velocity of sound 
cannot exceed the velocity of the molecules which propagate it. Hence it must 
be of the same order of magnitude, namely c? = oe ar (cf. Vol. II, 
eq. (13.17 a)]. The same is true about the velocity of compressed gases at the 
exit of an expansion nozzle. 

The mean velocities of Oj, Ny, ... in atmospheric air differ from each uther 
as is the case with any gaseous mixture. In accordance with one definition of 
temperature the mean energies of translation are equal to each other at thermal 
equilibrium. Consequently, on the average, the total energy of translation is 
distributed equally among the different components of a gaseous mixture and 
in proportion to their masses. The above constitutes the simplest example 
of the more general law of the eqguipariition of energy. 

In the preceding argument we have considered the pressure on the wall 
only. However, all relevant statements can be seen to apply to the pressure 
in the interior of the gas if it is imagined that a small membrane is introduced 
there to measure the pressure. Hence the pressure inside the gas and including 
that at the walls appears to be independent of the point at which it is measured 
(cf. however, Sec, 26). This is due to the fact that external forces, e. g. gravita- 
tion, have been neglected. This influence on the statistical considerations 
concerning gases will be considered in Sec. 23 C. 


23. The Maxwellian velocity distribution 


In the preceding Section we have made a distinction between the physical 
space and the velocity space. We considered, e. g. in eq. (4a), that the 
physical space is uniformly filled with molecules, in apparent agreement with 
macroscopic observation, it being implied that no external forces are acting 
on the molecules. We now turn our attention to the velocity space. It will be 
noted that in the preceding argument we only needed to know the mean values 


E21. c?. 


A. THE MAXWELLIAN DISTRIBUTION FOR A MONATOMIC GAS. PROOF OF 1860 


If we select an arbitrary molecule of the gas we find that its velocity 
components have some arbitrary values, say &,7,¢. We shall now consider 
the probability that the first component has a value which lies between € and 
& + dé {a lamina confined between two planes at right angles to the &-axis), 
and denote it by 


f(g) a. 
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The same can be said about the components # and ¢, the probability function 
being the same as before because there is no preferred direction in the space. 
It is not, however, evident, that the probable value for 7 is unaffected by a 
value which has been found for, say, & As is well known this is the case with 
lotteries: Having won the great prize in one year we still have exactly the 
same chance of winning it next year. At first Maxwell assumed that this 
independence of probabilities was true in the theory of gases, but proved it 
later explicitly (c/, Sec. C and Chap. V). 

The velocity vector v resulting from €, 7,  belangs to the volume element 
df, dn, df of the velocity space (intersection of the three laminae é, 7, £), 
and the probability that the tip of v will be found in this volume element is 
equal to 


(1) FE} fly) HC) dE dy aC, 


because of the lottery assumption. Taking into account the isotropy of all 
velocity directions and hence the fact that they are all equally probable we can 
introduce a new unknown function F which depends only on the velocity. 
Thus 


{1 a) F(c)dw, dw = dé dndt. 
Comparing (1) with (1a), we find that 


(2) F( VE@ 4? +B) = FE) f(y) 0). 


In order to determine the functions F and / from the preceding functional 
equation we can (purely formally) proceed as follows: 


a) Logarithmic differentiation of (2) with respect to ¢: 


eS EF) (8) 


c F(c) f() 
b} Introduction of the abbreviations 
aoe), _ Lf) 
(3 a) P(c) + C Fic) , $(&) pate F: i(é) 
whence (3) becomes 
(3 b) P(c) = (€). 


c) Differentiation with respect to 4 or { leads to 


(5 c} @'(c) =0, @P&(c) =comst. 
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Assuming! that the const = - 2 y we find that in view of (3b) we also have 


${&) = -2y, 


so that according to (3 a) 


(Ba) OEM) 278, log he) = any 8 
Putting e~* = a, we have 
(4) f(g) = ae. 


It is remarkable as well as gratifying to find that the probability is given by 
the standard form of all statistical laws, namely by Gauss’ error distribution 
function. The most probable value of the velocity component & is = 0; the 
deviations from it distribute themselves symmetrically on either side and trace 
Gauss’ probability curve (see Fig. 24a). 


The constant a in (4) can be determined from the condition that it is 
absolutely certain that — has some value between -co and +o. Hence 


(5) ic dé = 1. 
Making use of Laplace’s integral, we have 


+ % 
t : 
(5 a} af ev at =a(*] a | hence a= (2 ; 
4 7 


In order to determine the value of y we shall calculate the mean kinetic energy 
of the degree of freedom of the component &: 


1The negative sign is required in order to satisfy, for example, the following eq. (5); 
the factor 2 is introduced for convenience. 
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Equating this with & 7/2 in accordance with eq. (22.6), we find 
(6} yo m2kT. — 
Taking into account (5) and (6) we obtain the final form of eq. (4} 


4 
= be Se —EYAT = —— 2 
The symbol £, denotes here the kinetic energy of the component § which 
corresponds to the point of the velocity space under consideration. Analogous 
equations apply to the remaining components 7, ¢. The new distribution 
function F{c) can be obtained at once with the aid of eq. (2). Thus 


3 
(8) F(c) = (= r}Px eROT, Em bm(G + yt + 0). 


The symbol £ denotes now the kinetic energy of the translation which results 
from the components &, 9, ¢. 


B, NUMERICAL VALUES AND EXPERIMENTAL RESULTS 


If instead of the velocity v we are interested in the distribution of the 
absolute value of the velocity, denoted by c = celeritas, we consider the 
spherical shell described about the origin by the radii c and ¢ + dc. Its 
probability will be denoted by 


p(c) de 


and it is equal to the volume 42 c? de within the spherical shell times the 
value (8) of F(c). Thus we obtain 


B 
(9) d(c) == 42 (2 a x eceAT EB a bm c?, 


In this way we are led toa distribution function which is no longer Gaussian, 
as shown in Fig. 24, and which ceases to be symmetrical with respect to the 
most probable value. For large values of ¢ it decreases to zero exponentially, 
in the same way as the previous curve, but for small values of c it tends to 
zero only quadratically; for c <0, obviously, ¢ remains undefined. 

The maximum of the curve is found from ¢’{e) = 0 and according to (9) 
we have 


rT\ . 
(10) Cy = (242) = most probable velocity. 
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— 
It is different from the root mean square. \ c? as well as from the linear mean 


(10 a) em f ego de. 
6 


These three velocities satisfy the ratios: 


(11) Co: 2 Vet = 121.13 21.22, 


as shown in Problem ITI.2. 


¢(C) 


Fig. 24. Fig. 24a. 


Maxwellian distribution. Gaussian distribution. 


A qualitative confirmation of Maxwell’s distribution is obtained by 
observing the broadening of spectral lines of a luminous gas with increasing 
temperature. This is due to the Doppler effect. If vj denotes the natural 
frequency of the luminous particle (atom or molecule) and Ay = ¢,/v) (we 
shall provisionally denote the velocity of light by c, in order to distinguish it 
from the preceding c) then the observer who is Icoking, say, in the x-direction, 
perceives the wavelength A) only of such particles whose velocity is almost 
zero in the &-direction. Generally speaking, he will observe a wavelength 
Ay + AA. According to Vol. IV, Sec. 11 (and neglecting relativistic correc- 
tions, we have A AjAy = E/e,, so that 


(12) AA = Elvy, 


All particles with equal &’s contribute towards the specific intensity, /, of 
the spectrogram in equal degrees at a positive or negative distance, A A, from 
its center, Their number is determined by the distribution function, /(§}, from 
eq. (4). We are justified in assuming that all particles are excited with equal 
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strength and that their intensities (not amplitudes) are superimposed owing 
to the lack of coherence in the emission. Consequently, the observed intensity 
becomes directly proportional to /(€) where & is to be taken equal to », 4A 
in accordance with (12). In this way we obtain from (4) that 


(13) T = Ioexp (-yl%)4 4%). 


/ 9 denotes the specific intensity in the center of the spectrogram; in accordance 
with eq. (6) y is inversely proportional to 7 and determines the width of 
the spectral line. Its width at half intensity is given by / = /,/2, or 


i : 
Adee 1 (i282) ~1 FT 2092} 


Y\ 7 ¥o 


It is seen that the form of the spectral line given by (13) constitutes a direct 
image of Gauss’ error distribution curve and hence also of Maxwell’s distribu- 
tion function. 

The first measurements on the shape and half-width of emisston spectra 
at varying temperature and atomic weight are due to Michelson.! The shape 
of Fraunhofer’s absorption spectra is of fundamental importance in astro- 
physics. In this connection, in addition to the Doppler effect, it is necessary 
to take inte account the broadening due to pressure (damping due to collisions}, 
whereas the natural breadth of the lines (c/. Vol. III, Sec. 36) becomes insigni- 
ficant by comparison. Otto Stern? was the first to succeed in directly verifying 
the Maxwellian distribution when he made use of his method of atomic beams. 


C,. GENERAL REMARKS ON THE ENERGY DISTRIBUTION. THE BOLTZMANN FACTOR 


In the preceding Section we have made use of the original, and somewhat 
primitive, first proof advanced by Maxwell. We shall justify the lottery 
assumption in Chap. IV when we shall make use of a much more general and 
essentially simpler ‘‘combinatorial method,’”’ based on classical mechanics. 
It will be shown that the more precise method leads to Maxwell’s distribution 
function for the case of monatomic gases in the absence of external forces. 
The restriction to monatomic gases was stressed in the title of Sec. A: the 
restriction to gases with no external forces acting on them was implied when, 
e. g. in eq. (4a), we assumed that the density was uniform throughout the 
physical space. This would not be true, for example, of a gas in a gravitational 
field. 


1Phil. Mag. 34, 280 (1892). 
2Zeitschr. f. Phys. 3, 417 (1920). 
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Anticipating the results given in Chap. IV we now proceed to generalize 
our argument to include a polyatomic gas in an external field of force 
possessing a potential ®. We shall proceed from eq. (8) but we must now 
replace the translational energy & by the total energy of a particle 


(14) e=E,+Ewm +... +@. 


In addition to the translational energy, which is the only form applicable to 
monatomic gases, we have to consider the rotational energy E£,,, as well as 
the energy of internal motions of particles (vibrational energy etc.) indicated 
as ... in the above equation, as well as the potential energy @ in the field of 
forces. Furthermore, we shall extend the scope of an element dw = df dy df 
of the velocity space and we shall introduce the element dQ of the ‘‘phase 
space” to be defined later. Thus instead of (8) we obtain 


(15) FdQ= Ae? aQ. 


The constant A introduced here is determined by the normalizing condition 
(15 a) | FdQ=1 


in the same way as the constant @ was normalized in eq. (4). Concerning the 
meaning of dQ we shall remark here only that in the case of a monatomic gas 
4Q = dt x m3 dw; dr denotes the element of volume dx dy dz in the physical 
space; the factor #° is due to the fact that in the phase space we shall introduce 
the momenta m £, mm, m ¢ instead of the velocities €, 7, € themselves. We 
now center our attention on the factor 


(16) e-PikT 


contained in (15). Since we assume that only ® depends on the space coordi- 
nates x, y,z, the value of this factor indicates the probability that a gas 
molecule may be found in a cell at x, y, z. Thus it permits us to calculate the 
spatial density distribution p of the particles. If p, denotes the density at a 
reference level of the potential, we can put generally that 


(17) Pose PHT, 

Po 
In the simplest case of a gravitational field, for which ® = mg z, eq. {17) 
transforms into the barometric formula cf. Vol. II, Sec. 7, eq. (15 a) or {15 c); 
J. Perrin's experiments on models of the atmosphere, see 67d, can be regarded 
aS a macroscopic confirmation of the Boltzmann factor. 
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24. Brownian motion 


The oscillatory motion performed by the smallest particles (specks of dust, 
colloidal particles}, suspended in a liquid or a gas and observable with the 
aid of a microscope, was described in 1826 by the botanist Robert Brown. 
Its nature remained a puzzle for a long time. A final clarification was given 
in a paper by Einstein published in the memorable year 1905. Even in 1906 
the critical Rontgen endeavored to counter the assertion that Brownian 
motion might after all be due to the energy of the lighting system of the 
microscope by a series of suitable control experiments. 

Brownian motion comes under the general heading of fluctuations, i. e. 
departures from thermodynamic equilibrium, In line with the elementary 
character of this volume of our Lectures we shall confine ourselves here to a 
special derivation due originally to Langevin’ because it leads to Einstein’s 
result in a very simple way. 

In Sec. 33 of Vol. IV we have proved the following theorem: If we place 
a very large number N of unit vectors of entirely arbitrary directions in a 


piane, then the resultant vector is equal to \N. In the present case we are 
interested in the collisions undergone by the colloidal particle owing to the 
thermal agitation of its surroundings. Complete directional isotropy of 
collisions is statistically assured and the number of collisions is proportional 
to the observation time f. The distances traversed by particles between two 
collisions (in actual fact reference is made to the projections of the paths r 
of a particle onto the focal plane of the microscope of which the observed 
zig-zag is composed) do not constitute unit vectors; they are small distances 
which fluctuate about a mean value whose magnitude, in turn, depends on the 
properties of the surrounding fluid as well as on the particle whose motion 
(so-called “‘random walk’) is being observed. The resultant translation r 
of a particle can be calculated from eq. (33.4) in Vol. IV by interchanging S$ 
with r and by replacing the unit vector by r;. The mean value is then 


(1) re— S’rt=r2 x N= Pt. 


In order to determine the factor of proportionality in this equation we 
Shall make reference to the equation of motion of the particle: 


(2) Mr = K(t)-Cr. 


M denotes the mass of the colloidal particle, r is the vectorial displacement 
of its center of mass from a fixed initial point 0; K(é is the force which varies 


1Comptes rendus 1908, p. 530. 
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in jumps both as regards magnitude and direction, and which transfers the 
collisions to M; the last term in the equation represents the frictional 
resistance assumed proportional to the velocity r as in Stokes’ hypothesis; 
this assumption implies that the surrounding medium is regarded as a 
continuum which, obviously, is permissible only if the particle is many times 
larger than the molecular structure of the fluid; this is a reasonable assump- 
tion in the circumstances. Assuming that the particle is a sphere of radius 4 
and that the viscosity of the fluid is 7, we can assume that 


(2 a) C=62na 


as given in eq. (35.20) of Vol. II. Taking the scalar product with r, we find 
from eq. (2) that 


(3) M(r-r) = (r+ K)-C(r-r). 
where 
- 1d 
We oer ir). 


The preduct (r+ K} is known as the “virial of force K,’’ the term being used 
in the study of the mechanics of material points; its usefulness in the kinetic 
theory of gases was first recognized by Clausius. We now apply the elementary 
transformation used in connection with the virial theorem: 


SA ace _1@ 2 2, 
r naa It r) -(r = aga lh-v¥ : 


+ 


thus eq. (3) transforms to 


2 
(4) (Lar fs Lode tek) 

We now integrate this equation with respect to time from 0 to ¢ and divide 
all terms by#, During the time interval ‘the product (r- K), i.e. the projection 
of the rapidly varying force on the direction of r, changes sign many times. 
Dividing by the large value of ¢ (large compared with the interval which 
corresponds to a change in sign of r- K) we may expect that 


(4a) Ff Kamo, 


a 
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With tg = 0 {for the initial position of the particle} the integrated eq. (4} 
becomes 


t 


Mart C . 1 : 
(5) Mare Sant faa 
0 


The right-hand side contains the temporal mean of double the kinetic energy 
of the particle. According to the law of equipartition the mean value of the 
kinetic energy averaged over a large number of particles is equal to & T 
(2 degrees of freedom in the two-dimensional motion under consideration; in 
the case of linear motion it would be necessary to write } & T instead), We 
can now make use of our result in Sec, 23 B concerning gaseous mixtures: 
The mean velocities of our colloidal particles are much smaller than those 
of the molecules in the surroundings owing to the much larger mass of the 
former but the mean kinetic energy is equal for both and can, therefore, be 
expressed in terms of the absolute temperature of the surrounding fluid, as 
indicated, Denoting the mean for the larger aggregate by a bar over the 
symbol (transition from a single particle to a certain aggregate of particles}, 
we obtain 


(5 a) Lf Larveam er. 

i f 2 

fr) 
We shall verify presently that the first term on the left-hand side of (5) 
decreases exponentially with ¢ so that we are able provisionally to neglect it. 
Performing the transition to an aggregate of particles on the left-hand side of 
(5) and taking into account eqs. (2a) and (5a), we conclude that 


(6 fm a 


This contains our rough estimate in eq. (1) together with the evaluation of 
the factor P which appeared in it. 


When observations are made only on one-dimensional translations of the 
particle, e. g. on those in the x-direction, eq. (6) is replaced by 


(6 a) 2 — —__ 


in accordance with the principle of equipartition. This is Einstern’s equation 
which has been confirmed experimentally in numerous ways and which was 
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used, for example, to determine the Boltzmann constant, &, or the Loschmidt- 
Avogadro number Z = R}f. 


We shall now supplement our derivation with a more accurate integration 
of eq. (5), performing the transition to the aggregate before the integration. 
Putting r? = » in eq. (4) and integrating once we obtain 


p Cc 4kT 
(7) eae a 


The integral of the associated homogeneous equation is 
(7 a) = Ae He 


and it is easy to find that 
kT{ M 
(7 b) u, = eT (eM) 
constitutes a particular solution of the non-homogeneous equation. Now 
4 
M= > pa> where p denotes the density of the particle and hence, 
according to {2 a), we have 


Se 
4 


x 
C 


oO) 


Assuming @ = 10-4cm (limit of visibility}, » = 107? = (water) and 
cm sec 


p % 1g x cm? (the particle floats in water), we find that 


(ic) Loe x 10-8 sec. 


The presence of M/C in the brackets in (7 b) denotes an unmeasurably small 
shift in the zero of the time scale. Its presence in the exponent of (7 a) 
represents a very fast decay of any initial disturbance A that may have been 
present. Thus our assumption that 4 = %, + #, simplifies to 


kT 


4 
“ts ty eb 


Cc 
which is identical with (6). 
It is evident that observations performed on a single particle will deviate 


considerably from the mean values in (6) or (6a); furthermore, as is easily 
demonstrated, the scatter will follow Gauss’ error distribution curve so that, 
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consequently, it is necessary to take mean values averaged over large numbers 
of single observations in order to obtain an experimental verification. 

The behavior of a torsional microbalance constitutes an extremely 
instructive variant of Brownian motion. The investigation of the fluctuations 
of a microbalance was first suggested by M. von Smoluchowski who also gave 
the relevant theory. The method was improved by E. Kappler! to such an 
extent that it could be used to determine the Loschmidt-Avogadro number 
to within 1 per cent. 

In the case of Brownian motion the observation is concerned with the 
quadratic mean (r2 or x2} of a displacement; in the case of a microbalance 
the relevant quantity is given by the quadratic mean ro of the angular dis- 
placement. 

The following remarks may suffice to give a description of circumstances 
encountered during an experiment: A thin mirror of about 1 mm? in area is 
suspended from a quartz strand several yz in diameter. The torsional fluctua- 
tions caused by the impacts from air molecules are registered on a photographic 
film with the aid of reflected light. It is, of course, necessary to maintain a 
constant temperature and to insure freedom from vibrations. The ‘‘directional 
force,’”’ i. e. the elastic constant D of the quartz strand, is determined in the 
usual way by observing the free oscillations of the system when provided with 
an additional mass. In order to exclude radiometric influences it is desirable 
to keep the pressure either very low fe. g. 1/100 mm Hg), or comparatively 
high (e. g. 1 atm), The duration of one film recording was about 10 hrs. 

When making a theoretical analysis of these fluctuations it is necessary 
to note that the mirror possesses not only the kinetic energy 


(8 a) LI 62, { = moment of inertia? 
but also the potential energy 
(8 b) 1D ¢?, D = directional force (elastic constant). 


Since the time-averaged values of kinetic and potential energy are equal, 
they have each to be ascribed the statistical mean energy } k 7, corresponding 
to one degree of freedom. On taking mean values we find from eqs. (8 a} 
and (8b) respectively that 


(9 a} Bat, 
= 9 
(9 b) = 


Ann. d. Phys. 11, 233 (1931); cf. Naturw. 649 and 666 (1939). 
*C?. Sec. 31, remark following eq. (7). 
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The statistical deviations from these two mean values have been registered 
by Kappler; both plot exactly along a Gaussian error distribution curve. 
The distribution of ¢? around the mean value (9a) can be directly denoted 
as a “Maxwellian distribution” for the angular velocity. 

It is realized that Kappler’s method furnishes an elementary and 
reasonably accurate way of determining the Loschmidt-Avogadro number Z 
because the equation R = L & permits us to calculate the Loschmidt-Avogadro 
number when & is known. 

It is evident that no analogy to eq. (9b) occurs in the consideration of 
the Brownian motion of a freely floating particle, because the particle is not 
restricted to a definite position of equilibrium. Equation (9 a) is replaced by 
our preceding eq. (5a). Moreover the angular displacement ¢ (measured 
with respect to a fixed axis} of a Brownian particle satisfies a relation which is 
analogous to Einstein’s equation (6 a), as already shown by Perrin, in which it 
suffices to make a suitable change in Stokes’ frictional constant (2 a) (cf. Vol. 
II, eq. (35.21)). 

In order to complete the dynamical analysis of the torsional balance 
experiment we again follow Langevin’s method. In analogy with eq. (2) we 
can write the equation of motion as 


(10) I¢=MW)-C$-D¢, 


where M(z} denotes the torque due to the molecular collisions with the mirror; 
Cc é denotes Stokes’ frictional moment in the surrounding air (or at low 
pressure); D¢@ is the elastic couple of the quartz strand (this term was absent 
in eq. (2}), Multiplying by ¢ and applying the virial.theorem we have 


instead of (4). Integrating with respect to ¢ and dividing by ¢ we find that the 
right-hand side vanishes. The last two terms on the left-hand side cancel 
each other in accordance with eqs. (9 a, b), when the mean over the aggregate 
is taken. Hence eq. (11) reduces to 


because the constant of integration is zero in view of the fact that the mean 
value of the moment is equal to zero. Repeated integration gives 


(11 a) w= ue HF, 


25. STATISTICAL CONSIDERATIONS ON PARAMAGNETIC SUBSTANCES 187 


The decay of an initial angular displacement (or velocity) indicated by 
eq. (11 a) was investigated by Kappler. By reducing the pressure of the air 
we can cause the value of the frictional constant C to decrease to an 
arbitrarily small value and thus it is possible to increase the “‘time of decay” 
i/€ to an order of magnitude of several seconds. In this way it was possible 
to obtain an experimental verification of the relation in eq. (9 a} for the 
torsional balance. 

The same could not be achieved in the case of a freely floating particle, 
eq. (5 a), because of the order of magnitude of M/C calculated in (7c). The 
latter also indicates the time interval during which the motion can be regarded 
as being linear for all intents and purposes {i. e. without significant changes 
in direction}. Because of this order of magnitude the motion of a Brownian 
particle observed by eye is in fact seen to be a mean of a very large number of 
displacements. 

This is the reason why the very careful measurements performed by Franz 
Exner (1900) led to values of vefoczty which were smaller by many orders of 
magnitude than those implied in eq. (5a). The existence of these measure- 
ments proved to be an obstacle to the acceptance of the view that Brownian 
motion is essentially of a molecular nature. The latter view gained universal 
acceptance only after Einstein deduced theoretically in 1905 the expression 
for a quantity which could be measured directly, namely one for the mean 
square of displacement, 

Reverting to the torsional balance we conclude with a remark of general 
interest: Thermal fluctuations which can be studied quantitatively on the example 
of a torsional balance set an insurmountable limit to the sensitivity of all indtc- 
ating instruments; this principle was first stated in relation to ultra-sensitive 
galvanometers by Ising, 1926. 


25. Statistical considerations on paramagnetic substances 


In order to give a statistical derivation of Langevin’s function which has 
been used in Sec. 10 in anticipation of this proof, it is sufficient to make a 
simple application of the Boltzmann factor from eq. (23.15). 

We suppose that the paramagnetic body is made of single, independent 
elementary magnets which are free to rotate and which are arranged in a 
disorderly manner. We shall denote their magnetic moments by m = fie 
(p> = magnetic pole strength, / = distance between poles, e = unit vector). 
This model is sufficient to deduce not only the properties of paramagnetic 
gases (O,, NO, ...) and liquids, but also of those of solid salts, both when 
classical considerations are applied as in Section A, and when quantum 
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mechanics is used, as in Section B. From the classical point of view all direc- 
tions of the magnetic axes are permissible and equally probable, From the 
point of view of quantum mechanics only several discrete orientations of the 
magnetic axis with respect to the external magnetic field are admitted. In 
any case the probability of a given orientation is determined by the interaction 
between the directed force of the external field and thermal agitation, i. e. the 
temperature of the system. 


A. THE CLASSICAL LANGEVIN FUNCTION 


Let @ denote the angle between the axis of the elementary magnet and the 
direction of the external field. The latter will be denoted by B (denoted by 
jtg H in Sec. 19). The moment acting between them is 


D-=-m Bsin@ 


and tends to decrease 0, that is to render m parallel to B. The work of increasing 
6 against the field is 


Dd6é — m Bsiné dé = -—m Bdcos @. 


On turning by d4@ the change in the potential energy @ of our elementary 
magnet is of equal magnitude. Thus we have 


(1) ad ~-m Bdcos6, @ = —m B cos 6. 


® increases as @ is increased in the same way as the gravitational potential 
@ = m g z increases as the distance z from the surface of the earth is increased. 
Our present © is so normalized as to place its minimum @ = - m B at the 
stable position 6 = 0 and its maximum at the unstable position @ = x. 


From the classical point of view the a friort probability dW of a given 
orientation of our elementary magnet is the same for equal ranges of angles 
dw =sin@ ddd. It becomes different for different temperatures when 
multiplied by the Boltzmann factor, namely 


(2) dW = A e-OPF dey, 


This exhibits the opposing influences of temperature and field. At high 
temperatures all directions have roughly the same probability, as it was 
a priort, because then exp (-@/k T) = 1. At low temperatures the stable 
orientation 9 = 0, @ = @, . outweighs all other possibilities. The coefficient A 
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introduced in (2) can best be evaluated from the condition that the probability 
of finding the magnet at amy direction is equal to 1. It follows that 


2x nm 
fawa1n4 [ag f eerrsing a 
0 a 


rE 


(2a) 1/4 =22 [ e-PAT sin G a6, 
j 


so that 


Substituting (2) and integrating with respect to d, we have 


e-PIkT cin @ dQ 


(3) iW = Ferrin dO 


We now proceed to calculate the mean value of the component of m in the 
direction of the field and we shall denote it by m. With dW from (3) we have 


(4) m= | mcos@dWw. 
0 


When the number of elementary magnets is very large only this component 
and only its probable value enter into the calculation because the components 
at right angles to the field lie in different azimuthal planes ¢ in an irregular 
manner and cancel each other. Multiplying the mean value m by the number # 
of elementary magnets per mol we obtain a quantity M which in Sec. 19 was 
called the magnetization: 


M=nm., 
On the other hand 4, = ” ™ (uniform orientation of all elementary magnets 


ina sufficiently strong field), eq. (19.7), denotes the magnetization at saturation. 
Introducing the abbreviations 


mB 
{5) x = COs 6, y= ra 
we find that eq. (4) yields 
+1 +2 


(6) —< fesxar | f eax, 


=1 =1 
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Perforining the integration indicated in the denominator, we have 
Pid 
— {e* — e~*) = — sinha. 
a a 
The numerator is the derivative of the denominator with respect to «, i. e. 
equal to 


2 oa 
— cosh e- — sinh m. 
4 a 


Hence it follows from (6) that 


M cosa 1 
a M7 sinha” a 
The right-hand side represents the Langevin function from eq. (19.5 b); 
it is easy to see that our definition of o in (5) agrees with that given in (19.5 a). 
Our present eq. (7) fills the gap left open in Sec, 19 B and completes the 
classical theory of paramagnetic substances as well as Weiss’ theory of 
ferromagnetic substances which followed in Sec. 19 C. 


B. MopiricaTION oF LANGEVIN'S FUNCTION WITH THE AID OF QUANTUM 
MECHANICS 


According to the point of view of quantum mechanics the assemblage 
of all possible orientations of the elementary magnets does of constitute 
a continuum, —1< cos?< + 1, but is restricted to certain discrete values 
of cos@ (‘angular quantization’). Their number is determined by the 
spectroscopic character of the atom (or molecule) in its ground state; it is 
equal to 2, 3, 4, ..., depending on whether the ground state corresponds to 
a doublet, triplet, quadruplet, .... (Fhe ground state is ot associated with 
a magnetic moment in the case of a singlet system; the atom does xof then 
constitute an elementary magnet.) 

The principles of quantum mechanics lead to the following rule, which 
we cannot, obviously, justify here: Let x denote the multiplicity of the term 
system (y = 2 doublet, 7 = 3 triplet, ...); put r = 27 + 1 (7 = azimuthal 
quantum number} and cos@= s/j (so that |s| <7 because [cos 6| < 1). 
The rule states that only such values of s are admitted as differ from each 
other by unity. They are seen tabulated below. 


y=z 2 3 4 5 
j= 1/2 1 3/2 2 
s= 1/2 4+1;0 +3/2; + 1/2 +2; £1: 0. 
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In the case of a doublet system, for example, only the two orientations which 
correspond to cos @ == + 1, i. e. parallel and antiparallel to the field, are 
permissible. In a system composed of triplets the orientation at right angles 
to the field, corresponding to cos@= 0, is also permitted; there are four 
possible orientations in a system composed of quadruplets, namely those given 
by cos @= + 1, cos§6= 4+ 1/3etc. It is assumed a priori that such orienta- 
tions are associated with equal probabilities. When calculating the mean 
value m of the component in the field direction it is necessary again to take 
into account the Boltzmann factor. Generally speaking the integral in (4) 
is now replaced by the sum of 7 terms. Introducing the abbreviations in (5), 
we have for r = 2 


(8) ~ = (e*-e-)/(e* + e*) = tanha, 


and for * = 3 


2 sinh « 


m —~% 4 —~x} ——_ 
(8 a) Se een le aire ero 


Similarly for 7 = 4 


m Poats 1 a8 a) oe 1) oti8 1 aeai3 1 ane 
(8 b) Maleate xe e } + e%/3 + er HS 1 ea}, 


Depending on the spectroscopic nature of the state of the atom it 1s necessary 
to replace Langevin’s function by the right-hand side of one of the preceding 
equations. The classical Langevin function appears as a limit for r > oo. 
We shall denote the latter by £,{a}, denoting the preceding modified forms 
by Lyf(a), Lyla), .... Fhe function Z, was introduced by W. Lenz? in 1920. 
We shall now compare it with Langevin’s function 


sinh a cosha 1 
9) t2= osha’ ~? “sinha @ 
On a graph the curves L,, £4, ... will be seen to fall between the limiting 
curves (9). 


This is exhibited, in particular, by the slope of the tangent at the origin. 
According to (9} we have (see also eq. {19.6)) 


Ly(0)=1,  L’a(0) = 5 


1Phys. Zeitschr. 21, 613 (1920). 
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whereas (8a, b) give 


’ 2 f 5 
£3'(0) = x, £40) =9:--- - 


The slope is steepest for L, and decreases in steps until it reaches 1/3 for L,. 
Since, according to {19.11 a}, the Curie temperature @ from eq. (19,11 a) 
depends on L’{0), its value is also modified by quantum mechanics as compared 
with the classical value. The same applies to the Carte constant whose 
classical value (19.7 a) should be replaced by, for example, 
gts 
in the case of a doublet. 

Additional modifications introduced by quantum mechanics have already 
been described at the end of Sec. 19 C and in connection with Fig. 19. We shall 
not pursue this point here but we wish to emphasize that the theory of para- 
and ferromagnetic phenomena, being of statistical origin, often illustrates the 
difference between classical statistical mechanics and quantum mechanics. 


26. The statistical significance of the constants in van der Waals’ equation 


In Sec. 9 we introduced the constants 4 and 4 of the van der Waals 
equations in a purely phenomenological way giving only a brief account of 
their physical significance. In his dissertation, van der Waals fully established 
their statistical origin and his derivation was subsequently simplified by 
Boltzmann in his “Vorlesungen itber Gastheorie,” 1898. In our description 
we shall follow that given in Chapter A of F. Sauter’s paper! which contains 
a modern account of the essential points of Boltzmann’s method, The circum- 
stance that only the simplest statements of the elementary theory of gases are 
required for the purpose, as stressed by Sauter, allows us to fill the gap left 
open in Sec. 9 already at this stage and without having to draw on the general 
methods described in Chap. IV. 


A. THE VOLUME OF A MOLECULE AND THE CONSTANT 3 


When considering perfect gases it is assumed that the volume of a molecule 
is equal to zero. This assumption is justified under certain conditions (not too 
low a temperature, and sufficiently high rarefaction). Generally speaking, 
and in connection with real gases in particular, it is necessary to assume that 


1Ann. d. Physik (6) 6, 59 (1949). 
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the presence of a molecule whose (very small) volume is equal to zg prevents 
other molecules, whose volumes are also equal to v9, irom penetrating into 
its sphere of influence. It suffices here to assume that vy corresponds to a 
rigid sphere. The sphere of influence can thus be defined as that sphere whose 
surface can be reached by the cenéers of the other, impinging molecules, 
without causing the molecular volumes to overlap. It is evident that this 
sphere of influence has double the radius of a molecule and hence its volume 
is 8 vp. 


Let us now consider a unit of volume within the gas and let », denote the 
number of molecules present in it (molecular density). The portion of space 
barred to an additional molecule is then 8 »,; vg, so that 

v; 
(1) —=1-82: 2%, 

Y4 
where v, denotes the unit volume; it has been included in the denominator for 
reasons of dimensional consistency. 


Let us now consider an element of area, da, inside the gas. It is seen that 
eq. (1) is satisfied on both sides of it. If, however, da denotes an element 
of a solid wall then only half of the molecules present will constitute a bar 
to penetration and it will be due to the molecules present on the side of the 
element exposed to the gas. Thus we must make a distinction between x; and n,, 
{molecular density near a wall). The volume open to the penetration of an 
additional molecule is larger than (1) and is equal to 
(2) “= == 1-4 thw Up, 

vy 
The ratio v/v; represents simultaneously the ratio of the probabilities of 
finding an additional molecule near the wall as compared with the interior of 
the gas (the probability of being able to place a molecule at one point as 
compared with the other). This ratio is equal to »,/n; so that comparing (2) 
with (1), we have 


(3) == = 8. 
Solving for %, we find that 


{3 a} Nhe 
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The number of molecules, n, and hence the density of a gas ts slightly higher near 
a wall than in the bulk. This is the real reason for the correction term & in the 
van der Waals equation, as shown by Sauter who followed Boltzmann in 
this respect. 

In order to show this we refer once more to the calculation of pressure 
given in Sec. 22. We have considered then a cylinder on base de and finite 
height €&. We can, however, decrease the height ¢ as much as we please, and 
so we can confine the whole cylinder to the neighborhood of the wall, if we 
simultaneously allow the base to increase in proportion. Thus eq. (22.4) 
remains valid, except that # must be replaced by ,,. Taking into account the 
definition of temperature in eq. (22.5) as well as eq. (3a), we have 


nk T 


4 Se a a oe ees ae 
(4) p= ty Xk ar Pe 


In order to reduce this equation to the form due to van der Waals and given 
in Sec. 9 we first apply it to one mol of a gas. The number of all molecules is 
then equal to the Loschmidt-Avogadro number Z and the number of molecules 
in a unit of volume »;, = L/v, where v now denotes the molar volume. It 
follows from eq. (4) that 


LkeTjv RT 
4 eee ean © Oe 
( a) p 1-4La,/e v—-4L 4, 
On comparing with eq. (9.1) in which we must put a = 0, because cohesion 
forces have so far been left out of account, we find 


the constant 6 ts equal to four times the total volume of all molecules present in 
a mol. This is the physical significance of the constant 6; it was deduced 
already by van der Waals. 


B. THE VAN DER WAALS COHESION FORCES AND THE CONSTANT @ 


In the present argument we shall neglect the volume of each molecule but 
we shall take into account the short-range cohesion forces acting between 
neighboring molecules and given by /{r}; for example in the case of noble 
gases these forces decrease approximately in proportion to 7’ as 7 increases, 
We may now put 2; =” as if no cohesion forces were present, because in 
the bulk of the gas all forces acting on one molecule are evenly distributed and 
cancel each other. However, near a d0“xdary conditions are different because 
the forces of cohesion exert a pull towards the interior of the gas (‘‘upwards’’) 


26. 7 THE CONSTANTS IN VAN DER WAALS’ EQUATION 195 


because the molecules which would exert a pull in the opposite direction 
(‘downwards’) do not exist. There is thus a kind of sedimentation in the 
upward direction, i, e. away from the wall, which leads to the normal value « 
outside the boundary zone but generates a value #, < x in the neighborhood 
of the wall. Qualitatively speaking, the influence of the forces of cohesion 
consists in creating a density distribution near the boundary which differs 
from the normal, in a way similar to the influence of molecular volumes. 

In order to obtain a quantitative expression it is necessary to recall the 
barometric formula (23.16}. In deducing it, account was taken of the 
gravitational potential i. e. of the force of gravity which was independent of 
position and which was directed downwards. Its value was 


(6) P= mi e2 or -—— = ~ mg. 


In the present case, however, the force is not constant; it is equal to zero 
above the boundary zone (mutual compensation of cohesion forces), and it is 
directed upwards within it. We imagine that the sphere of influence of cohesion 
forces is represented by a spherical surface centered at the point under 
consideration and we use the symbol y(z) to denote the influence from the seg- 
ment of the sphere intercepted by the wall. The ‘upward pull’ will be pro- 
portional to this well-defined quantity y(z). Furthermore, in the present case 
we are not considering a molecule in a given field of forces, as was the case with 
the gravitational field, but we wish to enquire into the interaction between the 
molecule which experiences the pull upwards and the surrounding neighboring 
molecules, This interaction depends on the density with which the neighboring 
molecules would fill the segment y(z) in the absence of the wall. It is thus 
seen to be proportional to the number of molecules %; since our present 
considerations are directed towards the establishing of a correction term, the 
variation of # with space coordinates may be neglected. Hence, as distinct 
from (6), we put 


(7) — 3, = eva; dan { ¥0) az, 


where the coefficient of proportionality has been included in y(z). In this 
equation ® is normalized to give ® = 0 for z = 0, which is different from the 
condition @ =: 0 at z = 0 in the case of gravity. Hence at the wall 
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and the preceding barometric formula 
He —O/kT 
—_=e 
mo 
transforms into 


n —D(O)/AT ~ny{kT 
OG gag SNE oa ges 
wt 


(8) 


at z= 0, 
Applying eq. (4), or Bernoulli’s construction, we find that the pressure 
is given by 


(9) Poe ie eee oy wr ca 


Expanding into a series for large values of & T, and neglecting higher-order 
terms we have 


(9 a} prnkT-n*y. 


We apply this equation once more to one mol putting » = L/v with v = v,,y. 
Hence! 


{10} Brahmi 


1At this point one might ask whether eq. (9) does not lead to a pressure correction 
term which is more precise than that in the van der Waals’ equation. When the full 
expression is retained the van der Waals equation is replaced by that due to Dieterici 


LRT ater? 
v— 6b 


The critical values (cf, Sec. 9 A} implied are: 


ipa a a 4 
Ue = 28, ary Por = Tae : 
and the critical constant is 
RT 1 
Fs a 8 560 
Per Ver 2 


(instead of K = 8/3 = 2.67 given by the van der Waals equation}. Empirical values for 
He, A amd Xe are K = 3.31; 3.42, and 3.57, respectively. 
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The first term is of the same form as for a perfect gas, as expected, because 
the volume of the molecules has been neglected. On comparing with the 
van der Waals equation the second term explains the physical significance of 
a in eq. (9.1): 

(11) a= Ly. 

The constant a in the van der Waals equation is equal to L® times a certain 
cohesive action at the boundary which vanishes in the butk of the gas. It may 
be worth mentioning that an artificial wall is created when a manometer is 
introduced into the interior of the gas and so it measures the ‘“‘cohesion 
pressure” #, = a/v? in addition to the normal pressure. 

Sauter (/. c.) deduced an expression for the cohesion pressure from the 
statistical behavior of the whole collection of molecules and not, as we have 
done it in the preceding argument, from the behavior of a single isolated 
molecule, which experiences the pull of the rest. Consequently, Sauter’s 
derivation is more satisfactory but also more tedious. In addition Sauter 
proved that the nature of the wall and the supposed existence of long-range 
cohesion forces between wall and gas have no influence on the pressure being 
measured. 


27. The problem of the mean free path 


The concept of the mean free path was introduced by Clausius as early 
as 1858. It represents the expected length / which is traversed by any molecule 
under consideration and moving within the conglomeration of molecules which 
constitute the gas, during a time interval between an arbitrary initia! position 
and the first collision with another molecule. In the case of perfect gases 
whose molecules have been assumed to be shrunk to points we would have 
i= oo. Consequently, it is necessary to take into account the finite volume 
of a molecule, vy), as in Sec. 26. We have found previously that this volume 
entered into the van der Waals equation in the form of the constant & which 
was in turn proportional to 4 zp. It will be shown that in the present case the 
final equation will contain the cross-section of vy multiplied by the factor 4. 
As in the preceding argument, the present considerations are restricted to 
rigid, spherical molecules. 

We shall, further, restrict the calculation to the case when the velocity 
of the impinging molecule is large with respect to that of the molecule suffering 
the impact. The “mean free path” which was calculated already by Maxwell 
on the assumption that the molecules satisfy the Maxwellian distribution is 
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of the same order of magnitude (coefficient |/2 in the denominator). It appears 
to us that the present restriction is justified because in the exact theory, 
cf. Sec. 44, it is not necessary to know the mean free path as it can be replaced 
by an argument in a series expansion which must then be properly defined 
depending on the particular problem under consideration. 

It will be remarked at this point that the problems to be considered in 
the following Sections B and C are concerned with irreversible processes and 
hence transgress the scope of ordinary thermodynamics and _ statistical 
mechanics (c/. here Sec. 21 and Chap. Y). 


A. CALCULATION OF TRE MEAN FREE PATH IN ONE SPECIAL CASE 


When the impinging particles move very fast it is possible to assume that 
the slow particles suffering the impact are at rest. We now attach the volume 
of the latter to the former, as was done in Sec. 26 A, and construct an 
“effective cross-section.’’ The radius of the effective cross-section {the sum 
of the radii ry, and 7, of the two molecules under consideration) will be denoted 
by s (in the present case 7, = ro = 7 and s = 27}. The volume swept by the 
sphere of influence per unit time has the form of a circular cylinder of cross- | 
section 7 s* and height c. When the number of molecules is , the interior of 
the circular cylinder will contain on the average 


niste 


molecules suffering impact, for these can now be regarded as points, as they have 
been deprived of their volume. The preceding expression represents also the 
number of collisions per unit time, denoted by ». Since yv collisions are 
associated with the path traversed per unit time we find that the mean free 
path for a single collision is 


(1) [aia uae 


In the case of rigid spherical molecules of effective cross-section x s*, 
/ denotes precisely the smallest thickness of layer for which the effective cross- 
section of the molecules would cover the whole area if there were no inter- 
sections. 

We now proceed to calculate the order of magnitude of 4. In order to do 
this we introduce a reference length /, defined by the condition that a cube of 
side /, contains on the average just one molecule. Thus = 1//,° and according 
to (1}, we have 


f-. Ashe 
2 raat 
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The numerical value of the radius of a hydrogen atom (first Bohr orbit} is about 
0.5 x 10°°cm. Estimating that the radius of a hydrogen molecule is equal to 
the double of that for an atom, we find that the radius s of the sphere of 
influence is equal to 2 x 10°8cm. The number of molecules » should be taken 
per unit of volume and can be found from the Loschmidt-Avogadro number. 
At 0 C and 1 at pressure it is 2.8 « 10!*/em%. Hence 


1 i 1/3 x 10-* 50 
ik seme -18 3 PI BA cies one oot OS 
a4) P= ees See 8 
and according to (2) 
4 
(2 b) is ate ey 100. 


i, 36% 
Consequently the following proportion can be set up: 
(3) b:i,:s = 10*: 108 <6. 


Under the present assumptions the mean free path | is 100 times larger than the 
mean distance 1, between molecules; at atmospheric pressure it is, in turn, much 
larger than the radius s of the cross-section, or, as we may also say, than the 
molectlar diameter, 


According to Avogadro’s law the length /, is the same for all perfect gases; 
furthermore the diameters of molecules do not differ materially from each 
other. Consequently the proportion (3) is also approximately valid for O, 
and N,. 


We can conclude, further, that the molecules of a perfect gas suffer 
enormously large numbers of collisions on moving over a distance of several cm 
from an initial position. This shows that the unexpectedly large values of 


Ve found in Sec. 22 are confined to ultra-microscopic distances. We can also 
see from eq. (1) (2 being inversely proportional to pressure) that the concept 
of a mean free path becomes illusory when applied to very high vacua: The 
molecules are in a position to reach the walls of the vessel without first colliding 
with other molecules. This limiting case of the kinetic theory of gases was 
clarified both experimentally and theoretically in detailed papers due to 
M. Knudsen. In the opposite limiting case (liquefaction, touching of molecules) 
we have / s s and the concept of the mean free path loses its sense once more. 
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B. Viscosity 


We now propose to consider the case when the molecules of a gas possess 
a molar (macroscopic) velocity in addition to their molecular velocity. We 
assume that the former is directed along the x-axis and that it increases 
linearly in the direction of y. In the phenomenological science of fluid dynamics, 
ef. Vol. II, Sec. 10, it is assumed that a small element of area at right angles 
to y is acted upon by a shearing stress in the x-direction given by 


au 
(4) Cys = =n By 


It decelerates the velocity of the upper (faster) layers and accelerates that of 
the lower (slower) layers (see the respective sketch in Sec. 10 of Vol. II}. It is 
now our task to deduce the same result with the aid of kinetic theory and to 
calculate the value of the coefficient 4 (viscosity). The proof consists in setting 
up a balance equation for the transfer of momentum. 


Let m denote the mass of a molecule, #«—-the 
molar, and §&—the molecular velocity component 
in the direction of x. The total momentum of the 
molecules in the direction of x is thus: 


(5) gx = m(u + &), 


where # depends on y, Fig. 25. The probability 
distribution of the values of & is independent of y 
if, as we shall assume, the temperature does not 
vary from point to point. The cross-section at 


Fig. 25. y = 0 under consideration is continually traversed 
Mean velocity in Couette by slower molecules coming from the lower half 
flow. space and entering the upper region; faster 


molecules traverse it in the opposite direction. 
We shall now inquire into the pomt from which the faster and slower 
molecules, respectively, arrive. This depends on the last preceding collision 
in the half space from which they come. In order to determine the probable 
distance at which this collision took place we produce the mean free path / 
starting at y = 0 and direct it along the path of the molecule. Denoting the 
angle between this direction and the axis of ordinates by @ we find that the 
abscissa of the position of the last collision is equal to -—/cos @ for a molecule 
coming from below. When it arrives from above, the abscissa is equal to 
+icos@, cf. Figs. 26 and 26a. 
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We now proceed to calculate the molar momentum g = # « which is lost 
by the upper half-space y > 0 owing to its having lost the molecules which 
have passed our cross-section at y = 0 per unit area. It is not necessary to 
take into account the molecular momentum m & because ¢ is independent of y 
and its change is, therefore, cancelled by the molecules arriving from below. 


Fig. 26. Fig. 26a. 
Particles from above Particles from below 


arriving from a distance / (= radius of circle). 


We begin by considering the group of molecules which move upwards with 
a velocity between ¢ and ¢ + de and whose directions lie between # and 64 dé. 
Since they come from below, Fig. 26 a, their contribution is 


(5 a) gt = mu(-Le0s6) = mu (o}~micos0 (24) . 
OV} 


{Since «(y) is linear there are no higher-order terms in the Taylor expansion 
for «.) Correspondingly the group of molecules travelling upwards (6 = angle 
with the negative semi-axis of ordinates), Fig. 26 a: 
ou 
(5 b) gL = mult feos 6) = mu (0) + mcoso (24 ’ 
Q 


The difference of the two is 


on 
(6) pte p= -2mteoso (24 


0 

This value must now be multiplied by the number of molecules dy, equal 
for the two groups, which cross our section at y = 0 per unit time and area. 
According to eqs. (22.9a} and (23.9) the number of molecules which arrive 
from the volume in Fig. 23 per unit time and area is equal to 


ania 2 
(7) dy inh PO) x ecos@ x sin@ ddd x c* de, 
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where the normal to the surface is taken in the €-direction (also the polar 
axis). The total change in momentum due to the molecules in the volume 
shown in Fig. 23 is obtained by multiplying eq. (6) by this expression. 
Integrating with respect to the azimuth ¢ and rearranging, we have 


-nm xX le dic) de x cos? @sin 6 dé x (=). 
The values of gt and g} have been multiplied by the same factor because the 
Gaussian distribution is symmetrical, In order to evaluate the total momentum 
transferred, it is necessary to integrate over all velocities ¢ and over all 
directions 6 from which molecules may come. Integration over @ is thus 
extended from 0 to 4x and then total change in momentum becomes 


Ls 4] 


a2 
g= fet t)dr—— mn (4) [ regiordes f costosin oat 
0 0 


2) 


mn | ou 
(8) a (=) [ Le b(c) de. 


0 


This equation takes into account the fact that, strictly speaking, / depends 
on ¢. It would be possible to determine this relation, the calculation being 
somewhat complicated, on the assumption that the molecules obey Maxwell's 
distribution law. It is, however, necessary to note that the problems under 
consideration do not involve states of equilibrium so that, strictly speaking, 
the distribution law is not Maxwellian, cf. Sec. D. We shall, therefore, abstain 
from further investigating the integral in (8) replacing ? by its mean value, 
for example by LfV2 (see here the introduction to the present Section). This 
allows us to place it in front of the integral, so that (8) yields 


= mnt { ou 
(8 a) ae pera (2) f cava de. 
6 
Making use of eq. (23 10a) and replacing the integral in (8 a) by c, we find 
= mnie tau 
‘ = 32 (3). 


Evaluating the change in momentum for the negative half space we obtain the 
same formula, except that the sign is reversed. Thus 
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= mnic {du 
Ja = + ( }. 
(9 a) & i 


Comparing (9) and (9 a) with (4) we see that the viscosity is given by 


mre 
3 


{10} R= 


It will be noticed that om represents the mass per unit volume, i. e. the 
density p of the gas. The preceding equation (10) was first deduced by Maxwell 
in 1860. It only seemingly implies a dependence on pressure, because the 
product of 


= 

\2 no s* 
is independent of the number of molecules #, which cancels in the numerator 
and denominator. The remaining quantity is independent of the mass and 
volume of the particles. This lack of dependence of viscosity on pressure was 
at first considered paradoxical; it has, however, been vernfied by Kundt and 
Warburg in 1875 down to pressures of the order of 1/60 at. The equation is 
also limited in its application at the high pressure range because the gas then 
approaches its point of liquefaction when the concept of a mean free path 
ceases to have a meaning, as is also the case for very low pressures. 


(11) p=mn and 1 


The dependence on temperature defined by the factor ¢ in eq. (10) is also 
of great interest. In actual fact ¢ (as well as (¢2)* increases in proportion 
to the square root of absolute temperature. Whereas the viscosity of liquids 
(e. g. of oils} decreases fast with temperature, the viscosity of a gas increases tn 
proportion to |T. 


C. THERMAL CONDUCTIVITY 


The preceding considerations, concerning the transfer of momentum g, 
apply to the transfer of any quantity G which may be transported by the 
molecules. In particular, we are interested in the transport of energy, £, when 
we consider a gas which is not in thermal equilibrium, and whose temperature 
increases linearly along the axis of ordinates. We shall once more use Figs. 26 
and 26a to illustrate the argument. 


The energy & is given by eq. (23.14) in which the potential ® may now 
be omitted. Denoting the number of degrees of freedom by / {translation, 
rotation, and internal vibrations) and making use of the law of equipartition 
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of energy we find that each degree of freedom is associated with the energy 
4k T, so that the total energy becomes 


E=ij/rT 


or, in terms of y 
aT 
E=4fhk| T(0)+ (2) |. 
bY | O+9(5) 
Thus the quantity G being transferred is given by 
Gt-G | =-2-} -jtcos 6(2"] 
a¥ Io 


instead of (6) (wu has been replaced by 4/% 7). Instead of (8 a), we obtain 


Ba AEH (TY Lo gyaem 2b AE (OT) 
oy fo 5 0 


Comparing this expression with Fourier’s phenomenological assumption about 
the conduction of heat along a corresponding temperature gradient (? = 
quantity of heat transferred, x = thermal conductivity) 


we obtain the following interpretation of x from kinetic theory 


ne 


(12) 32 


It is seen that x is independent of pressure in the same way as 7 from 
eq. (10) but varies with temperature (owing to the factor c), The lack of 
dependence of thermal conductivity on pressure was demonstrated experi- 
mentally by Kundt and Warburg (when the temperature is not too low) at 
the same time when they performed experiments on viscosity. 


The value of the ratio x/7 which results from the preceding considerations 
is also of great interest, because it does not contain the questionable quantities 
‘¢ and ?. Combining (12) with (10) we obtain 
x fk 


n 2m 
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Multiplying the numerator and the denominator by the Loschmidt-Avogadro 
number £ per mol, we obtain 


x _43fR 
of f& 


(because & L = R = universal gas constant and m £ = «# = molecular weight). 
Tt is seen from eq. (4.13) that the numerator contains the molar specific heat 
at constant volume, ¢,, of the gas. This quantity can be measured directly as 
distinct from the original quantitites ¢ and / which appear in the expressions 
for x and 7. The resulting equation 


(13) 


in which c,/z represents the specific heat. In a more accurate derivation it 
would still contain a numerical factor on the right-hand side. The numerical 
value of the constant for rigid, spherical molecules (Enskog) is 2.52, becoming 
rather smaller for polyatomic molecules. It may be worth noting that eq. (13} 
is to a certain extent reminiscent of the Wiedemann-Franz law in the theory 
of metals (ef. Sec. 45). , 


x 2{4k\? 
{13 a) 2 (| I, 


{o = electrical conductivity, e = electron charge). The analogy consists in 
the fact that the questionable quantity / (as well as the number of free 
electrons, #) has been canceled in the quotient (13a). The two equations 
differ in that the temperature dependence has been suppressed in (13) as 
distinct from {13 a). 


D. SOME GENERAL REMARKS ON THE PROBLEMS ASSOCIATED WITH THE CONCEPT 
OF THE MEAN FREE PATH 


It has been mentioned on several occasions that the assumption of a 
Maxwellian distribution in connection with non-equilibrium states constitutes 
a rough approximation. The essential task in problems of this kind is to 
determine the velocity distribution in terms of space and time. The importance 
of this problem was recognized quite early by Boltzmann; it was subsequently 
formulated by Hilbert. When solving it, it is found that a certain length J, 
which can be interpreted as the mean free path, enters naturally into the 
equations and that it can be defined only in terms of the velocity distribution. 
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It is by no means evident that it will be equal for problems of internal friction and 
heat conduction, as assumed hitherto. We shall revert to this point in Sec. 44. 

The relations become particularly difficult in problems involving diffusion, 
but we do not propose to pursue this matter here. We feel, however, forced 
to consider a difficulty which is contained right in the foundations of 
probability and which becomes particularly acute in problems involving the 
mean free path. We shall explain its nature with reference to the throwing of 
dice by inquiring into the number of throws which are required in order to 
make it probable for a prescribed numeral, for example 1, to show up for the 
first time. This very imprecisely formulated question is traditionally 
answered by introducing the concept of ‘mathematical expectation” defined as 


Lv a} 
(14) %= D xv, 
xy=1 


where w, denotes the probability that the prescribed number will first occur 
at the x’th throw. In the case of dice w, is known uniquely so that the sum 
in (4) can be calculated without difficulty. The computation is shown carried 
out in Problem III. 4 and it is found that the result is 6. This number can 
be said to be equal to the “mean free path of the numeral one’ in a series 
of throws. 

However, it is possible to imagine that this series has been extended 
rearwards and we can inquire as to when the numeral one most probably 
showed up for the last time before the present series of throws had been 
instituted. The mathematical expectation for this event is again given by 
eq. (14) and is, consequently, also equal to 6. Thus it appears that there is a 
contradiction between the ‘“‘mean free path 6’’ and the interval of 12 throws 
between the last appearance of unity in the series extended rearwards and its 
first appearance in the series of throws following. It must be realized that 
such a contradiction is to be expected owing to the lack of regularity in chance 
and is conditioned by the arbitrary cut which was introduced into the sequence 
of events by selecting a definite start for the series of throws. 

This cut finds its corollary in the kinetic theory of gases in the arbitrary 
cut which we introduced at y = 0 in Figs. 26 and 26a; in a similar manner 
it is possible to argue that the collisions in the upper and lower half-spaces 
respectively correspond to the occurrence of the unity before and after the cut. 
Consequently it should not be surprising that the path covered by a molecule 
between two such collisions is equa! to twice the distance which, in accordance 
with (14), we would define as the mathematical probability for the occurrence 
of a single collision; its approximate value was given in eq. (1). 


CHAPTER IV 


GENERAL STATISTICAL MECHANICS: 
COMBINATORIAL METHOD. 


It has been shown in Chap, III that statistical considerations concerning 
states of equilibrium lead to simple general laws, the Maxwell-Boltzmann 
velocity distribution law, the equation of state of a perfect gas, and the values 
of its specific heats. On the other hand, towards the end of Chap. III we were 
forced to conclude that the considerations of irreversible processes and of 
any arguments involving the use of the mean free path required the introduc- 
tion of fairly arbitrary assumptions and cumbersome modes of reasoning. 
Surveying the problem from a higher vantage point we are compelled to 
suppose that states of equilibrium can be treated in a simple and comprehensive 
manner, whereas it is necessary to employ more complex methods in order to 
obtain satisfactory solutions of problems associated with irreversible 
processes. A sketch of the latter will be given in Chap. V. The present 
Chap. IV rests on the work of Ludwig Boltzmann (1847—1906) and is 
astonishingly simple. In any case, the simplicity of the theory must not be 
judged from the point of view of elementary and trivial intuition but must be 
assessed from the point of view of higher mathematical lucidity. The concept 
of entropy, this fundamental pillar of thermodynamics which was conspicuously 
absent in the elementary Chap. III will only now be given its due place and 
in the form of Bolizmann’s principle it will turn out to be the arithmetical 
consequence of a simple procedure of a combinatorial character. 


28. Liouville’s theorem, /-space and y-space 


Before applying any calculations involving probability it is necessary to 
make a decision about “events of equal probability”. In the case of dice the 
equal probability attached to the numbers 1 to 6 is warranted by their geo- 
metrical shape and by the homogeneity of the material of which they are made. 
In card games an attempt is made to give an equal chance to each player by 
careful shuffling. 


207 
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A. THE MULTIDIMENSIONAL {SPACE (PHASE SPACE) 


In the kinetic theory of gases it is expected that any initial regularities 
in the physical or velocity space will be quickly smoothed out owing to the 
enormous number of particles and to their intense motion. It is expected that 
a state of complete ‘molecular chaos” prevails so that is is possible to apply 
the calculus of probability to it. The gas is taken to be a mechanical system 
of F degrees of freedom, Let N be the number of molecules present, all being 
assumed identical and each possessing / degrees of freedom, so that F = f N, 
The system will be described by Hamilton's canonical equations given in 
Vol. I, eq. (41.4), 


aH ; aH 

ag apr’ 
where the 7, 's denote the space coordinates, and the #, ’s represent the asso- 
ciated momentum coordinates of the molecules. It is assumed that the #’s 
and g's are numbered (cf. ¢. g. Sec. 12 of Vol. I}, so that a given molecule is 
associated with many values of &. The Hamiltonian function H represents the 
total energy of the system and is represented in terms of # and gq; the 
molecular interactions during collisions and the repulsion caused by the walls 
is assumed included in H. It is derived from Lagrange'’s function 


H= Hip, ..+, PFS, +00) QF) 


E = Liqy, ~~ +1 Qe 9s ~~ ++ Ge) 
and is 


. el 
H= >’ peqe-L, pr=—., 
k age 


(see e.g. Vol. I, Sec. 41, eq. (1). 

The space of 2 F dimensions defined by the 4, ¢ will be called the /-space 
or the phase space.t The instantaneous state of a system is represented by a 
point in that space, the point describing a path with the course of time. We do 
not, however, consider one single such J” point but a large number of them, 
in particular, such as lie within a small spatial element 


_ .. JAPp=AP,... 4 br 
(2) AQ=ApAG with ae aes 


1Follawing P. and T. Ehrenfest in their now standard Sec. 32 of the Mathem. Enzykt. 
Vol. 1V, 4, which deals with the axiomatic foundations of the theory of gases. The letter 
ZI’ stands far ‘‘gas’’, 
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We further imagine that the curves emanating from it are marked in some way. 
They represent gases of identical molecular species and identical numbers of 
molecules, differing only somewhat as regards their micro-states; they cannot 
be distinguished macroscopically when they possess equal (or almost equal) 
energies.! The spatial element 4 2 changes its shape with time in a mullti- 
plicity of ways. We do assert, however, that it retains its volume in the process. 


B, LIOUVILLE’S THEOREM 


In order to arrange the proof in the simplest way possible we shall recall 
the results of ordinary kinematics given in Sec. 1 of Vol. IJ. The relative 
change of volume (volumetric dilatation) was shown to be given by 

a ay at 
(3) Q= ay aE ay c6 Re’ 
where x, y, z denoted arbitrary Cartesian coordinates fixed in space, § denoted 
the translation of a point of a body in the direction of x; 4, € denote transla- 
tions in the directions y and z respectively. Let it now be imagined that this 
formula is extended to many dimensions, x and y corresponding to our #, and 4. 
The symbols é and 7 now denote the translations #, dt and g, dt in the J-space 
and daé/dx + dn/dy transforms into 


@ 0H 4 0 0H 
Op, 2G, 8G, Ap, 
In a similar manner pairs of succeeding terms of the sum in (3) imagined 
extended to the many dimensions under consideration can be combined to 
give zero. Such partial sams have no independent physical meaning because 
they represent projections on a coordinate plane placed in an arbitrary manner. 
However, the sum of them all, our dilatation @, is an invariant of the J-space. 


(4) ae” 2) a or, in view of (1) into ( di = 0. 


It is clear that its geometrical meaning is given bya, {4 Q. It follows 


that 


(5) ae = 0, AQ = const 


which is the statement of Liouville’s theorem. 


1When it is prescribed that the energies are exactly equal, the number of dimensions 
of the J~space is reduced from 2 F to 2 F — 1 owing to the existence of the energy equation 
Hip, q) = const; when the energies are approximately equal, H, < H < H,, attention 
is centered on a shell-like portion of the space of 2 F dimensions. The latter case occurs, 
for example, when the system is in therma] equilibrium with its surroundings. 
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Equation (5) can also be expressed as follows: If we imagine that the 
phase points of different micro-states are distributed over the J-space with 
uniform density, then their motion is like that of an incompressible fluid, 
Interpreting the density as a measure of the probability of finding a phase 
point in an element of the phase space we can conclude that the assumption 
that equal elements 422 enclose regions of equal probability is true at all 
times if it was true at any instant. 

Consequently, it is possible to replace the initial conditions of mechanics 
by the statistical assumption that equal phase elements in the /-space are 
associated with equal probabilities, It corresponds to the assumption that the 
faces of dice are associated with equal probabilities. In the last resort the 
question as to whether or not this is true, i. e. whether the sides of dice and 
equal phase elements are, in fact, associated with equal probabilities, is a 
matter to be decided in the light of experience. The preceding argument could 
only demonstrate that the fundamental hypothesis of statistical mechanics 
is compatible with the equations of motion, Generally speaking, such statistical 
rules replace the initial conditions of the mechanics of systems whereas the 
equations of motion remain unaltered. 

Jn conclusion we wish to stress once more that considerations involving the 
phase space are not related to a single gas but to a very large group of states 
of the gas under consideration or of an arbitrary system, which we imagine 
placed one beside the other and whose behavior is surveyed at the same time. 
Their states differ only microscopically; macroscopically they are alike. 


C. EQUALITY OF PROBABILITY FOR THE PERFECT GAS 


We now proceed to introduce the simple representation of the phase space 
which ts associated with a single molecule, or the “‘u-space’, according to the 
terminology introduced by P. and T. Ehrenfest. This has only 2 / dimensions 
instead of the 2 Nf? of the J-space. It is thus six-dimensional in the case of 
a monatomic gas {/ = 3), and ten-dimensional in the case of a diatomic gas 
composed of two ngid molecules (f = 5 owing to the two additional rotational 
degrees of freedom) etc. 

It should be realized that the transition from the J- to the p-space is 
possible only in cases when the mechanical system described by H(A, ¢)} 
possesses very special properties. So far we have assumed it to be quite general 
in its properties (arbitrary interactions between the molecules were admitted, 
e. g. repulsive forces at impact or cohesive forces at larger separations), but 
now we shall stipulate that the system corresponds to a ferfect gas (volume of 
molecule v1 = 0, hence no collisions, infinite mean free free path). Conse- 
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quently the molecules are seen to move independently of each other; their 
phase spaces are separated and identical. H is the sum of the Hamiltonian 
functions corresponding to the individual molecules; it contains no terms 
which involve the coordinates of several molecules simultaneously so that 
during the motion the contributions of the individual molecules remain 
separate, From the fact that the volume elements in the J-space are constant 
and from the fact that the A Q,’s have equal probabilities (statistical hypothesis 
and Liouville’s theorem) it is possible to conclude that, under the restrictions 
under consideration, the 4 Q,,’s also have equal probabilities. This equality of 
probability forms the basis of Boltzmann's combinatorial method which will 
occupy our attention in this Section. The method @ frtort attaches equal 
probability to the elements 


: _, [4p=4by.-- 4 
(6) AQ=ApAG ~ with Sa aes 


The simplificiation of this formula compared with (2) should be noted: The 
subscripts 1, 2,...,/ in (6) refer to the same molecule, whereas in (2) the 
indices 1,2, ...,.# were enumerated through all the molecules. 

When deriving eq. (2) we have assumed that the element 4 in the 
i™-space was “‘small” and in (4) we applied the rules of differential calculus 
to the differences A 4, Ag. We have not, however, decided how small these 
elements should be. When describing the method, Boltzmann stresses repeatedly 
that it is necessary to stipulate finite elements 4 4, Ag to make sure that 
the phase elements enclose numerous molecules; he does, however, always 
pass to the limits 4d > 0, Ag — 0 in the final results. In fact the answer to 
the question of “how small" these are to be was only given by the quantum 
theory. 

In anticipation we wish to make the following remark: The product 
?, 9, (and hence the product 4 $, A g,} has the dimension of an action. This is 
quite clear as far as Cartesian coordinates are concerned ([¢] = cm; 
[p] = { g] =gemsec 4); it is, however, true of coordinates ¢ with 
arbitrary dimensions, as seen from the relation # = @£/8g already quoted: 
Since Z has the dimension erg it follows, in fact, that 


Dimension of #, g, = erg sec = action. 


Quantum theory teaches that the action is composed of elementary quanta 
in a discontinuous way. We shall see that Planck’s constant # (“quantum of 
action’’) puts a dower limit to the size of A p, A 9, for every pair of coordinates 
Pr Gx: 


(7) A pr'Age=h. 
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We shall make use of this result here. According to (6) the magnitude of an 
elementary cell of the phase space for a molecule of / degrees of freedom is 


(8) AQ = hi. 


Two states p, g of a molecule whose representations lie within the same 
(properly bounded) elementary cell cannot be distinguished statistically. The 
cells A Q defined in this way constitute the ats with which is is necessary to 
work when applying the combinatorial method. They correspond to the six 
events of equal probability in the game of dice. 

To conclude, we must pose one more difficult question: Are these ele- 
mentary cells large enough to contain, as required by Boltzmann, a large 
number of molecules? Normally this is not the case. Earlier reasoning was 
based on sufficiently large phase cells so that, generally speaking, there was no 
difficulty associated with too smalf numbers. This is, however, not @ priori 
possible when the size of an elementary cell is determined by quantum 
mechanics. However, with the aid of a simple transformation it is possible 
to show that, nevertheless, a large number of elementary cells can be combined 
into a higher entity (Sec. 29 C) thus creating conditions in which the assumptions 
which are essential for the application of Boltzmann’s method are satisfied. 
Thus the small size of the elementary cells constitutes no serious obstacle. 

Darwin and Fowler have developed a different method which allows us 
to calculate the mean values even in cases when the numbers of molecules 
per cell are small. The results agree with those due to Boltzmann, but their 
field of applicability is larger because variations in energy from cell to celt 
impose limitations on the process of combining a large number of cells into 
one big cell. We shall refrain here from describing the derivation due to 
Darwin and Fowler,! but we shall use this method to advantage in another 
connection (ef. Sec. 37). 

The succeeding argument will be concerned mostly with the y-space. 
However, the inability to discern between equal particles, demanded by 
quantum mechanics, will force us to revert to the J-space. It will be found 
that the formulae which are applicable in this case are quite similar to those 
which we are about to derive for the u-space. They can, moreover, be derived 
in a similar manner, but we shall justify them in Sec. 36 with the aid of methods 
which can be traced to W. Gibbs, to whom, together with L. Boltzmann, we 
owe the existence of statistical mechanics. It will turn out that Gibbs’ method 
is quite independent of the problems connected with the smallness of cells. 


1 Reference should be made ta: R. H. Fowler, ‘Statistical Mechanics’, Cambridge 1929 
or to the small, but eminently readable booklet by M. Born: ‘Natural Philosophy of 
Cause and Chance’, Oxford, 1949. 
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29, Boltzmann’s principle 


Boltzmann’s principle interprets entropy in terms of the probability of 
states and expresses it in the terse formula: 


(1) S = klog W. 


So it stands carved out on Boltzmann’s memorial in the Central Cemetery in 
Vienna, floating in the clouds over his majestic bust. 

It is immaterial that Boltzmann himself never wrote down the equation 
in this form. This was first done by Planck, e. g. in the First Edition of his 
“VYorlesungen iiber die Theorie der Warmestrahlung,” 1906. The constant, 
k, was also introduced by Planck and not by Boltzmann. Boltzmann only 
referred to the proportionality between S and the logarithm of the probability 
of a state. The designation of ‘“Boltzmann’s principle’ was advocated by 
Einstein for the reverse of (1}, namely 


(1a) W = est 


in which $ was considered to be known empirically, the quantity W being the 
unknown for which an expression was sought. According to it the “second 
part of the Second Law” signifies, as recognized already by Helmholtz, a 
transition from an artificial state of order to a more probable state of disorder. 

The right-hand side of {1), particularly in the case of non-homogeneous 
systems, must be augmented by a constant, 1. e. by a quantity which is 
independent of the parameters of state but is related only to the numbers of 
mols of the components. In general, eq. {1} has the form 


(1 b) S =k log W +const. 


In 1877 in connection with eq. (1) (which he had not written down} 
Boltzmann remarked,! still quite vaguely, that: “It might even be possible 
to calculate the probability of the different states from the ratio of the number 
of the various distributions, and this might lead to an interesting calculation of 
thermal equilibrium’. Shortly afterwards* he added: “I do not think that 
one is justified in accepting this result without reservations as something 
evident, at least not until an exact definition of what we are to understand by 
the term ‘most probable distribution’ has been given.” In the same paper 
Boltzmann intimates that the existence of Liouville’s theorem constitutes a 
necessary limitation for the parameters of state which are to be chosen. 


Vienna Academy, No. 39 in “Gesammelte Werke’, p. 121. 
2Thid, No. 42, p. 193. 
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A, PERMUTABILITY AS A MEASURE OF THE PROBABILITY OF A STATE 


Let us now consider a perfect gas; we assume that it consists of N molecules, 
that it is enclosed in a volume V, and that its total energy is U. If the number 
of degrees of freedom of a single molecule is /, then the phase space has 2 / 
dimensions. We subdivide it into M cells, 


1G epee emerge |. a 


In view of the fact that the cells are finite, as given in eq. (28.8), and in view 
of the prescribed finite values of U and V, M is a finite, if extremely large, 
number. At first, we distribute the molecules over the cells in a completely 
arbitrary fashion, and denote the numbers of molecules in the cells by 


(2) ity, Ry, soon Me, oe es May, 


where, naturally, 
(2a) DH, 
i 


Any distribution 2; determines a definite microstate of the gas. We now 
propose to inquire into the number of ways in which one specific microstate 
can be realized with N molecules distributed over M cells, and denote this 
number as the thermodynamic probability (or weight), W, of the state.’ It is 
given by the permutability” 


N! 
a Yea 
My: Mg: 77 Bar! 
In order to clarify the concept we shall first consider a case when Af and NV 
are small, 


1Tt is essential to note that the thermodynamic probability, being an integer, has not 
been normajized to 1. Thus W depends on the size of the elementary cells. 


2?The term permutability (Germ. Permutabilitat} was suggested by Boltzmann on 
p. 191 of the paper last cited. It is more graphic than the normally employed German 
term ‘‘Komplexion.” 

(It denotes the number of combinations of N elements taken ”,, #,,... at a time— 
Transt.} 
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Example: N = 2, 1 a 
2! 


a) “a, =1, NH, = 1, W=T = 2 
2! 

b) «#,=2, My, = 0, W=si =! 
2! 

ct} on, =0, NM, = 2, W=o =! 


In connection with a) we can put the first molecule either in cell 1 or in cell 2; 
the placement of the second molecule is then determined; hence W = 2. 
In connection with b) and c) there is no freedom of choice; hence W = 1. 


Although eq. (3) is known from the elementary theory of combinatorials to 
represent the polynomial coefficient, we shall, for completeness, prove it by 
induction from N-—1to N. Thus we assume that eq. (3) has been proved to 
be true up to N-1 molecules. In order to obtain Wy from the known 


expression for Wy_, it is necessary to consider one of the following Wy_, 
arrangements: 


a (N-1)! | {(N-Tjtay. 

Ry, -1, a MM, ee eae SEO ty! ee mae! 

e _  {(N-1)$  _ (N=1)tmg 

my, My ~1, aM, fe cae Fe a a rer 
N-1)! N - 1)! 

my, ny ...au-l, Wea wy ak 


mt...(am-)! 4)... 2m! 


Each of these arrangements leads to the required arrangement (2} if the Nth 
molecule is properly placed. Thus we obtain W,, if we add up the values of 
Wi), on the right-hand sides. In this way we obtain 


M 
-_ {t) (¥=)) = N! 
Wem 2 wi a ae a Bl! ae a 


which is identical with (3) in view of (2). 


The use of Stirling’s formula suggests itself in order to simplify the ex- 


pression for W. In our case (since N is very large) it is sufficient to use the 
approximation 


(4) N!= (*) ; 
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A slightly more accurate estimate would give 


N 
(4a) Nt =(22N)!.- (*) ; 


We may note the elementary derivation of eq. (4) (logarithmic curve 
replacing an inscribed step-like series}: 


N 


log Nt = log] + log2-+... +logN & f tog vas 


1 


= [x(log x~1)].-n - [x{log x- 1)].=1 = N(log N~1) + 1% N tog™. 


Taking the nwmerus logarithm: we are led to eq. (4). 


We shall use the approximation in (4) to represent the numbers », as well 
as N which implies that they are assumed to be large too. This is undoubtedly 
permissible if the series of »,’s includes any large numbers, because the smail 
numbers are then negligible and can be replaced by unities. However, the 
method fails when all »;’s are small numbers. Unfortunately this is exactly 
the case where Boltzmann’s method is applicable and if the argument is asso- 
ciated with the phase elements A’. It is, for example, possible to show that in the 
case of a perfect gas under normal conditions out of 30,000 quantum cells, in 
round figures, at most only one contains a molecule at all (cf. Sec. 37). It is, 
in this case, most unlikely that two molecules will be contained in one cell. 
Fortunately, as mentioned at the end of Sec. 28, this presents no serious 
obstacle. We shall, therefore, disregard this difficulty at first, and perform the 
calculation as if the %,’s included large numbers, At the conclusion of the 
argument we shall investigate the changes which must be effected when a large 
number of elementary cells are combined into one big cell, so that the x,’s 
really include large numbers. 


Following Boltzmann we substitute for »;! the approximations 


= Pf 
(4 b) n;! = ( : log m;! = 2; (log ”;~ 1) 


into eq. {3), and obtain 
M 


(5) log W = const - > n; log 1;. 
i=] 
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The constant in (5} includes all terms which are independent of the #,’s; hence 


we have 
M 


(5 a) const = N (log N-1) + >" 2; = N log N. 


t=] 


B. THE MAXIMUM OF PROBABILITY AS A MEASURE OF ENTROPY 


We now ask for the “most frequent arrangement” of molecules, or, in 
other words, we shall try to calculate the values of the #,’s for which W becomes 
a maxtmum, In order to do this we shall apply a virtual variation dx, to n,, 
taking into account that, according to the condition in eq. (2 a), we must have 


(6) D> on: =0. 


Hence, we obtain from eq. (5) that 
dlog W = ~ >" dn; (log #; + 1). 


In view of condition (6) the unity in the brackets can be omitted. As long as 
the #,’s only have to satisfy condition {6}, the criterion of maximum probability 
becomes 


(7) dlog W = — >" 6n; log x; = 0. 


This means, in agreement with our statistical hypothesis, that all the x,’s 
must be equal, because in view of (6}, eq. (7) can be satisfied only if 
ty = Ng... 

It is, however, necessary to subject the #,'s to another condition. Since 
the total energy is prescribed {see the beginning of this section), it follows that 


(8) v= D> ti Ei, 


where U denotes the sum taken over all the cells, and ¢, is the total energy 
of the molecules in a cell whose coordinates in the phase space are #,, ¢;. 
The value of ¢; changes from cell to cell, but it must be considered fixed within 
a cell by quantum theory. When #, is varied in (8) at constant values of U 
and «,, we obtain 


(8 a} D> & dn; = 0. 
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In order to satisfy the two conditions (6) and (8 a) simultaneously it is best to 
make use of the elegant method of Lagrange’s multipliers, as explained in 
Vol. I, eq. (12.5). Thus (7} is replaced by 


(9) blog W = -~_>” dn; (log n: +a + Bei) =0. 


Since the multipliers « and f are yet to be fixed, we may regard the m,’s as 
independent. In this manner eq. (9) leads to: 


(10) log n= -a- £ ei, my = e* + eFK , 


Substituting this value of log; into (5), we obtain the maximum 
(11) log Wax = const +a > ni t+ BD) miei. 


Here « and § refer to the state of the whole system, and not to that of a single 
cell so that we were justified in placing them in front of the summation sign 
which is extended over 7, 

Making use of (2 a).and (8) and inserting the value of the constant from (5 a), 
we obtain simply 


(12) log W nas = NlogN +aN + BU. 


It will be shown later that the maximum of W which we have just calculated 
is extremely large as compared with all states associated with only a slightly 
different value of x, For this reason we are justified in identifying the state 
of maximum probability with the “real state’’ which we would expect to 
find experimentally. If this is so, then, according to-Boltzmann’s principle (1), 
eq. (12) represents the value of S/k, It follows at once from (11) that for a 
process during which N remains constant but during which the energy U is 
changed by external interaction, we must have 


(13) dS{k = N da + U dB + BaU. 


The changes in « and £ are related to each other by the condition 


(14) N= D> = e~_S" e * — const. 


The sum in eq. (14) is the so-called partition function (in German Zu- 
standssumme) : 


(15) i= > eh 
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More precisely, the sum in eq. (14) refers to the partition function in the 
fe-space. Its importance stems from the circumstance that all thermodynamic 
properties can be derived from it {cef. also eq. (33.14)).. According to (14), we 
have a = log (2,/N). Thus eq. {12} becomes: 


(12') FS = 10g Wines == N log Zy + 8 U 


and the arrangement of molecules and the energy follow from eqs. (8} and {10}, 
Tespectively, and are 


(16) nj=ze*e = 3 : £4 
ag —he; @ log LZ 
Ue D> & e =-N ey. a 


C. THE COMBINING OF ELEMENTARY CELLS 


There is no doubt about the fact that the approximation in Section B is 
inadmissible. The results, however, are correct. It is easy to show that they 
apply at least to cases when the values of energy differ little from cell to cell. 
It is then possible to regard them as being constant over a large region and to 
combine a large number of cells, say x, into a higher entity, a macro-cell, as we 
shall call it. 

Let N,, No, ...,N,, denote the numbers of molecules per macro-cell. In 
analogy with eqs. (2a) and (8), we may write 


a7) D> N=N, DN; & =U. 
7 ! 


The summation 2 extends over all macro-cells and e; denotes the mean 


energies in dais, The thermodynamic probability of a given distribution of 
molecules over the macro-cells is obtained by summing up all elementary 
probabilities associated with the arrangements of molecules which lead to the 
same distribution over the macro-cells. Hence 


(18) er eo = 2 
Nit... Nmlie ny! ae Miyael Noy! - . Hox! 


Mathematically this means that the sum must be taken over all arrangements 
of N,, N, etc. Consequently the sum changes into a product of sums 


_ N! N;! 
i “yl a Las Rix! 
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which can all be calculated with the aid of the binomial theorem. The factors 
are: #1, M2, ..., and we have: 


Nt! 


EV 
(19) “s ~Wioael 


This equation differs from (3) only by the term x”. It is now possible to 
apply Boltzmann's methods to W’ because we can choose x large enough for 
the N,’s to become large numbers. In analogy with eq. (10), we obtain 


(20) Njpmie te, 
Furthermore, eq. (12) is replaced by 
(21) log W' max = NlogxeN +aN+ BU 


and (14) is replaced by 
(22) Nae D e-8y. 


We can now write down an expression for the partition function {15} in 
the p-space 


(23) Zan doi, 
j 
and it follows from (22) that 
e - £2, a = log Zp) — log xN. 


Accordingly, we are once more led to eq. (12’} 
(21') log W'wnax = NlogZ, + 8U = log Wax, 


i. e. a value which is independent of x. The same can be said about the re- 
maining quantities, and the results are seen to be the same as for x = 1. 
This time, however, the justification for them ts more sound. 


30. 42 COMPARISON WITH THERMODYNAMICS 22] 
30. Comparison with thermodynamics 


A. CONSTANT VOLUME PROCESS 


If V = const, the division of the phase space into elementary cells remains 
unaltered and it follows from (29.14) by logarithmic differentiation that 


fee U 
(1) 0 = -da-df Sooty =~ da. dB x 
Thus eq. (29,13) reduces to 
(2) dS =kBdU. 


Now, in accordance with the Second Law (cf. Sec. 6), we have 
(2 a) as —— AQ yen/ T —— aU }T. 
On comparing (2) with (2a), we obtain 


1 
(3) b=r> 
We shall see later that this fundamental] relation remains true also in cases 
B and C. 


B. GENERAL PROCESS PERFORMED BY A GAS IN THE ABSENCE OF EXTERNAL 
FORCES 


We assume that the process consists not only of a change in energy, dU, 
but also of a change in volume, dV. Thus in addition to the phase cells 1 to M 
we shall have cells M + 1 to M’ (i. e. if dV is positive; if dV is negative cells 


M 
M’ + 1to0M will disappear). The corresponding change of 2 will be denoted by 
i=l 
Mu’ Af 


(4) as= »” (or =- 5) 


i=M+1 i=M’+1 


where, in the additional terms in the sum, the «’s and f’s which are associated 
with the whole system, and not with the single phase elements, retain the same 
values in the same way as in the original terms. Differentiating eq. {29.14) 
logarithmically we obtain, instead of (1), that 


U as 
(4 a) ~ da aB = + = 0. 
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In the absence of external forces we shall have 


dX dV 
(4b) a 


as will be proved shortly. Substitution of (4a, b) into (29.13) yields 
V 
aS =k BAU + ENS, 


On comparing with the statement of the Second Law 


dre dU + pav 


a ia 


which now differs from (2 a) we obtain, in addition to (3}, the equation of state 
of a perfect gas 


(5) i = «> as well as pu= RT. 


The latter is obtained when the number of molecules, NV, is chosen equal to 
the Loschmidt-Avogadro number, i. e. when V is made equal to the molar 
volume, v. 

In order to prove eq. (4b) we are obliged to examine more closely the 
structure of the phase element AQ. If x, y, z denote the coordinates of a 
molecule {e. g. of its center of gravity) in the physical space, we may put 


(5 a) AQ=Ar1rAQ', Ar=AxAyAz 


where A Q' denotes the volume element of all momentum coordinates of the 
molecule, as well as of the space coordinates of its interfal degrees of freedom, 
if they exist. Our statement in Sec. 28 that the 4 92's are equal to each other, 
being all equal to 4’, can now be supplemented by the statement that the A r’s 
can also be chosen equal, because 

ax ay az o7H ak, 
dx | dy | dz x dp, i ( ap, 


since the external force K has been assumed to be equal to zero, 

In this case the values of energy «,; are independent of x, v,z. Thus in the 
summation with respect to ¢ in eq. (29.14) for each 4’ there are as many 
equal terms as there are space cells, 4 z. This number is V/4 zt, Consequently, 
eq. (29.14) may be replaced by 


we —Be; 
(6) Nie Zein ire ‘ 


++}=o 
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where the subscript 7 denotes now the summation over the phase elements 
AQ,’ only. By logarithmic differentiation of (6), subject to the requirement 
that N is constant, and for varying V,a, and # (the summation over j remains 
unaffected thereby), it follows that 
UG aV 

-de—d@ — +—=0. 
(6 a) da — dB N + V 0 
The additional term ¢V/V in this equation corresponds to the term @2/2' in 
eq. (4a) and hence eq. (4b) is seen to have been proved. 


C. A GAS IN A FIELD OF FORCES; THE BOLTZMANN FACTOR 


It was found in (5) that the pressure was uniform throughout the gas. 
This, however, is true only when the energy e¢ is independent of the space 
coordinates. When external forces are present (we assume that they possess 
a single-valued potential ®(x, y, z}), since otherwise no state of equilibrium 
could exist, ef. Vol. II, end of Sec. 7), we assume 


(7) e=P{x,y,2+8', 


where e’ denotes that portion of the energy of a molecule (inclusive of rotational 
energy, etc.} which is independent of x,y,z. The problem is now seen to 
depend on the change in volume dV’ (i. e. on how we insert the volume elements 
Ar). 

In the present case we shall restrict ourselves to an isochoric process as 
in Sec. A, Since the external forces are independent of the process, and since 
V =const, we obtain 


(8) =a 


in exactly the same way as in eqs. (1) to (3); here & is a constant of the system, 
and independent of the space coordinates, in spite of the fact that ® does 
depend on them. Hence T 1s independent of the space coordinates. In particular 
this is also true of the atmosphere in the gravitational field, on condition that 
it is in thermal equilibrium. (Some meteorologists have doubted this in the 
past.) 

On the other hand, however, the pressure and density depend on the space 
coordinates. The latter follows directly from eq. (29.10). The number of 
particles contained in a cell 4 t becomes 


—¢—GiAT “ye —e,/AT 
@ aa e ’ 


(9) n= 
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if the value of ¢, is taken from (7) and if the summation is extended over the 
phase space excluding the cells in the physical space. Multiplying by the mass 
of the molecule, m, and dividing by A 1, we obtain the density p. Comparing 
with the density pg at the reference level of ©, we obtain 


(10) Po OPP 
Po 


This is the Boltzmann factor from eqs. (23.16) and (23.17) of which use has 
already been made on several occasions. 


D. THE MAXWELL-BOLTZMANN VELOCITY DISTRIBUTION LAW 


Maxwell's velocity distribution law for a monatomic gas with zero external 
forces can be deduced in an equally simple manner. We consider a definite 
cell A w, of the momentum space and an element 4 of the physical space 
(which is arbitrary when no forces are acting). The momentum cell is specified 
by the coordinates 


promé, py=my, prom, 


where &, 4, € denote the velocity components, as before. 
In the case of a monatomic gas, when the inner degrees of freedom are 
absent, the cell is associated with the energy 


go 
2 


(t+? + 2). 
Substituting the universal relation § = 1/k T into eq. (29.10), we obtain 


(11) ns mertexp| (2 4 nt + 20h r. 


Summation over all elements of space, yields 


+" VY a 
{11 a} tee mi = ae exp} (et pnt SHIRT. 
Putting 
(11 b) aki ws, 


we see that F, A w,; denotes the probability that an atom selected arbitrarily 
from among the N present will belong to the momentum cell 4 @, or, in other 
words, that its velocity will be &, %, ¢. 
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Since N =- 2; eqs. (11 a) and (11) give 


__ et } 
*~ Sexp( jay 


The factor A w, with which F; was multiphed in eq, (11 a) has been here taken 
into the denominator and each individual term of the sum has been multiplied 
by it. (Since the phase cells 4 Q; are equal, and since the A t’s from eq. {5 a) 
have been assumed equal, it follows that the momentum cells 4 w,; are equal.) 


In order to evaluate the denominator in {12}, which, as it is easy to see, 
is closely related to our partition function 2, in (29.15), we go over to the 
limit 4 w; + 0. The denominator then becomes equal to: 


+m + + 


(12a) mt em EAT ap ; eT ay, en eneT ap 


—n —-@ —oe 


Performing the integrations indicated in (23.5 a), we find that 


(12 b) 


3/2 4/2 
ms(224 t) =(22mkT) . 


Consequently, it follows from {12} that 
—3/2 m | 
{13) F=(22mk T) exp{ 7 (6b nt + Sh ag 


This expression is identical with that in (23.8) with the only formal difference 
that our present FP refers to an element of momentum space, whereas the 
previous one referred to one in the velocity space; this explains the occurrence 
of the factor m°" in the numerator of (23.8) as against its presence in the 
denominator of (13). 


We can now state the following conclusions: It is seen that the path 
followed in the derivation of Maxwell’s velocity distribution law proves to be 
a royal one. It leads, moreover, directly to Boltzmann's generalization for 
polyatomic molecules which was formulated at the end of Sec. 23. In fact the 
preceding derivation can be applied without change to a polyatomic gas 
possessing internal degrees of freedom as well as to a gas in a potential field 
because the respective additional factors will cancel each other in the 
numerator and in the denominator of eq. (12). 
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E. GASEOUS MIXTURES 


We may restrict ourselves to the case of two gases accommodated in the 
same volume V and possessing a total energy U; let the masses of their 
molecules be ,, #4, the numbers of molecules being Ny, Ny. We introduce 
a phase space for each of the gases; the numbers of molecules per celt in the 
phase space will be denoted by #,, and 7 respectively. 

According to (29,3) the permutabilities are 


N,! N,! 


J = —-— =. Sw 
engl Ret 


Since both distributions are independent of each other, the thermodynamic 
probability for the mixture is 
WwW = W, x W,. 


Applying Stirling’s formula, eq. (29.5) becomes 
(14) log W = const — by nj, logs, ny itjg log ns ¢ 
i j 


The calculation of the maximum of W is subject to the following three condi- 
tions: 


og 
(15} oy ay = Ny, > tiz= Ny, 2 Fig Evy + >) thietig = U. 


In order to satisfy them it is necessary to introduce three Lagrangian mul- 
tipliers «,, %, 8. From (14), we have 


dlog W = -> Oni, (log nt, + a, + Bex) - Pa Onin LOR Njg + ty + B ejy) 
and consequently: 
log mi = — 0 - Bei, log mjg = ~ ty — B Ea. 
Substitution into (14) yields 
log W nax = const — ay Bae iy — Ay a Hig — B (x Nyy &iy + eH nati) , 
t } bf } 
and in view of (15), we have 


(16) log Wax = const -a,N,-%N.-BU. 
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This is Boltzmann’s principle for the representation of the entropy of a mixture. 
It follows once more that 


1 


(17) B= ze 


as before. This means that the temperature of the mixture ts uniform and 
changes of volume satisfy the equation of state of a mixture in the form: 


RN, T RN, T 
{18) p=, + Po A= pp, = — 7 “8 


where ~, and #, denote the partial pressures exerted by each of the com- 
ponents, on the assumption that it alone fills the volume V’. 

The velocity distributions are also superimposed on each other, as are the 
pressures, and each separately retains the Maxwellian form. 


31. Specific heat and energy of rigid molecules 


In spite of the fact that the concept of a ngid molecule, just as the concept 
of a rigid body in mechanics, is undoubtedly unacceptable from the physical 
point of view, it is useful to perform a careful study of the thermal! behavior 
of a gas consisting of rigid molecules because such a study will, in particular, 
determine for us the limits of validity of classical statistical mechanics. 

The difficulties attendant on such a task were mentioned by Lord Kelvin 
in his Baltimore Lectures in 1884, Appendix B, when he referred to them as 
the Nineteenth Century Clouds over the Dynamical Theory of Heat; they led 
him to the conclusion, most revolutionary at the time, that the principle of 
equipartition would have to be abandoned. We shall see in Secs. 33 to 35 that 
the physics of the Twentieth Century, the quantum theory in particular, was 
able to throw brilliant light on all hitherto dark regions of statistical me- 
chanics. 


A. THE MONATOMIC GAS 


In view of its lack of a definite structure, the assumption that a monatomic 
molecule is rigid presents, as yet, no difficulties. We have found in Sec. 22, 
eqs. (6a) and (6b), that the molar energy and the molar specific heats of a 
monatomic gas are given by 


3 5 
(1) w=SRT, g=5R 2=2 
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and it only now remains to show how its entropy, already known to us from 
thermodynamics, fits into the statistical method of expression. 

According to Boltzmann’s principle, eq. (29.12) becomes 
(2) S=kNlogN +akN+ BRU. 


The last term on the right-hand side of this equation is a constant and equals 
3/2 & N (because & = 1/7, and U = 3/2 N& 7); it can, therefore, be combined 
with the first term. Thus eq. (2) simplifies to 


(2 a) S=AN($ +e+t0gn). 


The value of « for a monatomic gas can be deduced from the argument in 
Sec. 30 D. We begin with 


V 
(3) N= Din aeaz- DS exp{ ji. 


The term in the brackets {} has the same meaning as in (30.12) and, as 
before, the summation over 7 extends only over the momentum cells. The 
factor V/A r denotes the number of space cells contained in the volume V, 
and hence the multiplicity with which each term 7 must be counted in order 
to supplement the original summation over ¢ with that over 7. Multiplying 
both sides of (3) by 


AQ=Ar-Aw 


and putting 4 w as a factor in the summation sign 2, in accordance with the 
; 
remark to (30.12), we obtain 


(4) et = V >" exp { } dA awiN AQ. 


? 


The sum in the above equation is identical with the denominator in (30.12); 
hence, according to (30.12 a/12 b} it is equal to 


(22 mk TH, 


and we conclude from (4) that 


(4 a) a= log V+ Slog T + > log (221 m &) —log (NA Q). 
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Substituting this value of a into (2.a}, we obtain 
3 
(5) s = £N (log V+ 5 l08 r)+¢ 


This is the thermodynamic entropy equation, known to us from Sec. 5, eq. (10), 
except that it refers here to N particles of a monatomic gas, rather than to 
one gram. 

It must, however, be realized that our present result by far transcends 
that obtained in thermodynamics because the constant C now has a definite 
numerical value. It is, namely, equal to the product of & N and the constant 
from eq. (4a), augmented by the constant in eq. (2a): 


(5 a) c= San (1 + 10g (27m &) ~= log A a). 


According to Boltzmann’s theory, A Q is undefined, but according to quantum 
theory we have JQ = fA’. Thus for a monatomic gas we put 4 Q = #3, and 
we obtain from eq. (5 a} that 


(2% m hy? 
hi , 


(5 b) C=kN log 


Substituting this value into (5) and simplifying, we have 


(5c) Stranstt = RN log (V ((22m kT)” eF”/n3] } 
or per mol, 
(6) Stranst = Rlog {v ((22 mk T)” &/3}}.- 


The subscript attached to s indicates that the validity of this expression is 
not restricted to monatomic gases; it also represents the contribution of the 
translatory motion of a polyatomic molecule to the entropy of the gas. It 
is obvious that an extrapolation to T = 0 is not permissible because the ideal 
gas state ceases to exist at T +0. Thus there is no contradiction between 
eq. (6) and Nernst’s Third Law. 

Equation (6) was first deduced by Sackur.4 At about the same time, and 
independently, Tetrode” established an equation which formally differed only 
slightly from it. We shall return to this famous Sackur-Tetrode equation in 
Sete OF A. 


10. Sackur, Ann, d. Phys. $6, 958 (1911); 40, 67 (1943). 
2H. Tetrode, Ann. d. Phys. 88, 434 (1912). 
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At this stage we must draw attention to two points. First, the constant in 
the expression for entropy contains the finite volume of the phase cells. We 
are not allowed arbitrarily to choose the size of a phase element, as was still 
done by Boltzmann. Moreover, the constant in the expression for entropy 
determines its size. Unfortunately, this also implies that the assumption that 
single cells contain large numbers of molecules, ~, can never be satisfied, 
because of the small value of a quantum of action (cf. here Sec. 29 C). 

Secondly, the entropy must be proportional to the number of molecules N. 
According to (5c) this will be the case when we subtract from it the value 
N log N. Since the volume contained in the logarithm in eq. (5c) is pro- 
portional to the number of molecules at constant temperature, the entropy 
would increase more than proportionately, if the term N log N had not been 
subtracted from it. However, this difficulty can only be removed with the 
aid of quantum theory. At this stage reference should be made to the deriv- 
ation of Tetrode’s equation in Sec. 37 A. 


B. Gas COMPOSED OF DIATOMIC MOLECULES 


We imagine a rigid diatomic molecule in the form of a dumb-bell: The 
two atoms are assumed to be point-masses which are connected by a massless 
link of length 7 .! In addition to the two atomic masses, 2,, mt, the model is 
assumed to possess two equal moments of inertia about axes at right angles to 
the line connecting m, and m,; the moment of inertia about the axis joining 
m, to m, is assumed to be equal to zero. The same is true about any linear 
arrangement of atoms, such as occurs, for example, in the case of CQ). 

As is well known, the model possesses 5 degrees of freedom corresponding 
to the coordinate of the center of gravity x, y,z and the two angular co- 
ordinates @, y which describe the position of the axis of the dumb-bell with 
respect to an arbitrary reference position. The third angle, 6, which measures 
the angular deflection about the axis of the dumb-bell does not count because 
it corresponds to a zero angular momentum. According to eq. (35.12) in Vol. I, 
the kinetic energy of rotation is 


(7) Ero = xt (g2 + sin? @ x y?), 


because here C = 0 and A = J. The symbol J denotes the moment of inertia 
of the body and it should be noted that the symbol © was used in Vol. 1. 


1 Quantum theory demonstrates that we may here neglect the finite extent of atomic 
nuclei and of the electrons. 
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This change in notation is made necessary because we shall need the symbol @ 
to denote the characteristic temperature of the rotator in Sec. 33. 
The momentum coordinates are thus given by 


PE yot 


Bera = Isin® 6x y. 
ey 


— =] 
(7 a) Po = 6, py= 


The phase space has 10 dimensions. The phase element can be written as 
(7 b) AQ=AxAyAz: mMAEANUAL- ADAYA Pod dy. 


For the following argument it is far more convenient to transform ¢,, 
into a sum of squares with constant coefficients. As is well known, this can 
be achieved by introducing the angular velocities about two mutually per- 
pendicular axes, both being at mght angles to the axis of the dumb-bell: 


(7 ¢) w,=O6=fell, w.=sind x p=>,/I sind. 


Here «,, w. represent “non-holonomic” velocities, see Vol. I, Sec. 35.4; the 
quantities J w,, J #, were designated as “momentoids” by Boltzmann, but we 
prefer to call them “impulsoids.’" The phase element of the impulsoid space 
of the J a, J w, differs from that of the momentum space of the f,, p, by the 
functional determinant: 


abo the | 
—_APpeApy, — __ | AF a) Af @s)} 31 a 5 
70) Ao) Ata) | %, aps |— lo sing| = 9"? 
2 (16) A(T we) 
The transformation (7c) changes (7 b) into 
(8} AQ=AxAyAz-mAEAHAT-sinbABAY- Astle 


and (7) assumes the following form, commonly used in mechanics: 
1 
(8 a) sai = 5 Moy? + 02). 


The extension of the phase space from 6 to 10 dimensions does not affect the 
universally valid results derived in Sec. 29, i. e. neither the meaning of 
f = 1/k T, or the equation of state, or the Boltzmann factor. However, the 
additional degrees of freedom demand their share of energy, each of a value 
of 3 R T, at least in accordance with the classical calculation, to be given here. 
Hence eqs. (1) must be changed to 

(9) WORT, o=eR, @o1+e= 


cy 


on] 
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In order to prove it we express the molar energy in the form 


u 


e —Be; 
00 t— Bog Se 


in accordance with the universal formula (29.16). We change from the 
summation over ¢, which extends over the physical and the momentum spaces, 
to the summation over 7 which is only concerned with the momentum space. 
In analogy with (3) every term must be multiplied by the number of cells 
in the physical space. This is now equal to: 


pean. Ar=AxAvAz, Aac=sinbAbAy, 
4nx= fsin 0A 6 Ay = surface of unit sphere. 


We can now extend the numerator and the denominator of the preceding frac- 
tion with the aid of the five-dimensional A w of the momentum space, so that in 
the denominator we obtain AQ =AtrAc4dw = A®, and J w in the numerator 


can be taken into the X’as 4 w,. Thus the partition function Z, for (10) becomes 
} 


Axv ~pe; 
{11} ~0= 70 € 1A w,;. 
The contnbution of the rotation to the distribution function can be factored 
out because the energies are additive. With Z) = Z,,,. X 2, we have 
4x ] 
Zn = ry , exp (- > B I(a,?” + ms) A (83 (rot) 
} 


2 
= 1aF fexp (- +6 I (ay? + ,"} | ae dW. 


These are two Laplace integrals, each of which is equal to \ aT Hence 


S22 I 
2m = 

(12) é h? g 
According to {29.16}, the contribution to the energy is 


alogZnr N 
= —=NkT. 
ag B 


Thus the energy per mol, including the contribution from translation is 


(13) Urs =—-N 


i) 


(13 a) t=5 


RT, =>, QED. 
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The entropy of a diatomic gas must be changed accordingly. It is seen 
from eq. (29.12) that the contribution from rotation per mol is equal to 


Br ekl 
(14) Spat = R log T+ R log a 
The total entropy of one mol becames: 
5 
(15) s= Rlogyv + 5 Rlog T + const 


in complete agreement with the thermodynamic equation (5.10} 


C. THE POLYATOMIC GAS AND KELVIN'S CLOUDS 


Assuming a rigid molecule of a general structure in which the atoms are 
not arranged along a single line, we have to consider an additional degree 
of freedom: There are now three angular coordinates, 6, %, 4 and three 
angular velocities, @,, @,, @, about the principal axes of the ellipsoid of inertia ; 
we shall assume that the principal moments of inertia are 7,, fy, fs. The 
calculation which led us to eq. (12), will now give 


on 3/2 on 1/2 on 12 on rf 
(= | A (22, (37) 


and instead of (9), we now have 


(16) seat tate &w=3RwxO at spe een 


It is very satisfactory to note that simple rule from Sec. 4C, namely that 
¢, = 5/2 R, or that ¢, = 3X, now becomes comprehensible. However, on 
closer inspection the above rule turns out to be too simple. Consider, for 
example, the angular model of a molecule of water. According to spectroscopic 
results, the valency bonds which connect O with the two atoms of H form an 
angle y > 42 (band spectrum of water vapor). The three moments of inertia 
are different from each other and from zero; if we consider steam to be an 
approximately perfect gas, we find that c, is equal to 6 cal/deg mol inde- 
pendently of the moments of inertia and of temperature. The same would 
be true about molecules with more obtuse angles, but in the limiting casey = x 
the arrangement would become linear and c, would jump to the diatomic 
value 5/2 R 5 cal/deg mol. The discontinuity of values 3,5, and 6 cal/deg mol 
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which reflects the 3,5, and 6 degrees of freedom of mono- dia- and polyatomic 
molecules, signifies one of the clouds which obscure the kinetic theory of gases. 

However, there exists an even darker cloud. Induced by Nernst’s represen- 
tation of gas degeneration, Eucken performed measurements on the molar 
specific heat of H, at decreasing temperature. He discovered that it conti- 
nuously decreases from 5 cal/deg mol and becomes equal to 3 cal/deg molat 80K, 
The rotational degrees of freedom have died out, they have become, as we 
sometimes say, frozen, and H, has become monatomic. Paraphrasing a quotation 
from Schiller,' the author stated in 1911, during a scientific congress in Karls- 
ruhe, that: ‘Degrees of freedom should be weighted, not counted.’’ Quantum 
theory shows how this is to be achieved. 


32. The specifie heat of vibrating molecules and of solid bodies 


We now drop the physically untenable hypothesis of rigid molecules and 
take into account the fact that atoms in a molecule are capable of performing 
small vibrations about their position of equilibrium when, in addition to their 
kinetic energy, they also posses potential energy. The same is true about the 
atoms in the giant molecule of a solid body. 


A. THE DIATOMIC MOLECULE 


The force with which the two atoms of such a molecule act on each other 
coincides with the axis of the arrangement, irrespective of the origin of the 
force, i. €. irrespective of whether it is of an electrical, polar or homeopolar 
nature. Let 7,, 7, denote the two amplitudes of the atoms, measured outwards 
with respect to the position of equilibrium. In view of the equality of the 
actio and veactro, the two amplitudes are seen to be coupled. For the sake of 
simplicity we shall assume a quasi-elastic bond and hence a harmonic vibration, 
We put ry = 7, +7, and calculate the potential and kinetic energies of the 
coupled system. Evidently 


(1) Era = cs E xin = — r?, 


M. 
2 2 


The “reduced” mass of the two atoms {cf. e. g. Vol. IV, Problem III. 1} of 
Mass 1, M5 respectively, is given by 
mM, + My 


(1 a) M = 


1Demetrius, 1st Act, end of Scene 1. 
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The elastic constant of the link has been denoted here by C. The rotary motion 
is superimposed on the vibration along the link. Strictly speaking, the rotation 
is not completely independent of the vibration, because the moment of inertia 
varies with the varying distance between the atoms. However, this influence 
may be neglected in a first approximation because the amplitude is small 
compared with the distance between the atoms {at T = 2000 K and for H, 
molecules it is about 10 per cent). 


The phase space of a vibrating diatomic molecule must, thus, be enlarged, 
as compared with that of a rigid molecule, namely from 10 to 12 dimensions. 
The phase element 4 Q in (31.8) is to be supplemented with the factors A rv 
and MAvy. This, however, constitutes no additional difficulty, since the 
additional energy terms (1) are quadratic in form. The previous integral 
(31.12) only becomes multiplied by the factors: 


+a 

1 fon 

(2 a) foo ( 58 cr dr = Be 
+x“ 


(2 b) fox(-Lurs}ar—|] ae. 


if the changes in the moment of inertia are neglected. Since we are only 
interested in the dependence on f, the thus extended eq. (31.13) gives at once 


7 7 cal fp ‘2 
=— R =— R —— ee . 
(3) ut iz Ge 5 ee ee nol” 1+ = 1.29 


The preceding argument leads to an important remark and to an even 
more important question: 


1. The potential energy in (2a) appears on an equal footing with the 
kinetic energy in (2b); according to (3) each contributes 4 R T per mol to the 
energy distribution. 


2. Why does the vibration remain unexcited in the case of air and other 
diatomic gases under ordinary conditions? If this were not so we should 
observe the smaller value 1.29 for c,/c, instead of 1.4. 
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B. PoLyaToMIC GASES 


We shall recall here a general proposition from the science of vibrations 
(cf. e. g. Vol. VI, Sec. 25}: The number of free vibrations which any me- 
chanical system can perform about a stable position of equilibrium is equal 
to the number of degrees of freedom of the system less the number of 
degrees of freedom for translations and rotations. Regarding each of these 
vibrations we can make the same statement as we have made about the linear 
vibration of a diatomic gas; each of them would have to increase the value of 
c, by RT so that for increasingly complex systems of molecules c, would 
increase without limit. Consequently, the value of ¢,/e, would approach unity. 
Why then, do we observe in the case of organic molecules an average value 
of ¢,/c, in the neighborhood of 1.33 (ef. Sec. 4 C) instead of this value, that is a 
value which corresponds only to active translational and rotational degrees 
of freedom ? 


C. THE SOLID BODY AND THE DULONG-PETIT RULE 


The analysis of the structure of crystals reveals that every crystal is 
composed of atoms arranged in a lattice, Because of the mutual links between 
atoms, and disregarding translations and rotations of the whole body, we see 
that the atoms only vibrate about their positions of equilibrium. Since every 
atom possesses 3 degrees of freedom, a lattice composed of N atoms possesses 
3 N degrees of freedom, and deducting the 6 degrees of freedom of the rigid body, 
we are left with 3 N ~ 6 degrees of freedom for vibrational modes and an equal 
number of independent oscillators. In this connection it is necessary to 
remember that it is always possible to regard the motion of a number of coupled 
oscillators, such as, for example, that of the atoms, as the sum of an equal 
number of independent normal vibrations, * (cf. Vol. VI, Sec. 25), whose potential 
energies must be taken into account in the same way as in A. 

Thus at thermodynamic equilibrium there is associated with each oscillator 
an average energy & 7. Hence the molar specific heat of a solid body (in the 
small, every solid body is a crystal) becomes ¢, = 3 K * 6 cal/deg mol inde- 
pendently of the temperature. This is the very well known rule due to Dulong 
and Pettit. However, this rule contradicts Nernst’s Third Law (cj. Sec. 12.3}, 
according to which c, > 0 for T +0, and it does not agree with experiment 
at lower temperatures. In fact, in the case of hard substances (diamond, 
carborundum) a decrease in ¢, (and in c,) is observed even at room temperatures. 


14 normal mode occurs when all atoms vibrate simultaneously in a characteristic 
manner, Two sympathetic pendulums oscillating in parallel or in counter-stroke, or the 
natural vibrations of a string, may be recalled as examples. 
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33. The quantization of vibrational energy 


Planck's discovery of the quantum of action, 4, has induced us from the 
beginning to regard the phase elements A Q as being constant and to define 
the corresponding values of energy, ¢,;, as a discontinuous series. It turned 
out that this was very important for the constant in the entropy equation. 
This series can be treated like a continuum only in cases when the difference 
between two succeeding levels of energy is vanishingly small in comparison 
with the equipartition energy 47, i. e. when 


(1) 41-6: KAT. 


The transition from the partition function expressed as a sum 


(2) 22.0" 


to the integral (cf. e. g. eq. (30.12 )) 


1 
-kT doy 
ee) asf. 


is justified only in such cases. 


A, THE LINEAR OSCILLATOR 


In what follows we shall replace the subscript ¢ by the more common 
subscript # and we shall denote the natural frequency of the oscillator by 7. 
According to the original assumption made by Planck in 1900, we then have 


(3) En = nehy. 


According to his suggestion made in 1911 we put 


(3 a} con (n star 

which agrees with the final result in quantum mechanics. In both assumptions 
condition (1) implies 

(4) hv SRT. 

Introducing the characteristic temperature 


__ hy 


(4a) O=— 
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we find that (4) reduces to 
(5) O<T. 

The preceding calculations with the aid of the integral partition function 
instead of the sum, is justified only if the above condition is satisfied. We shall 
prove that the specific heat vanishes in the reverse case, i. e. when T << @. 

The value of y, and thus the value of @ can be obtained from spectroscopical 
data (infrared rotational spectra}, and so, for example, for HCl, for which 
the spectra have been investigated particularly thoroughly, wehave O ~ 4000K. 

We now proceed to perform the calculation for arbitrary values of T S O 
making, at first, use of assumption (3). From eq. {29.16) we find the molar 
energy is given by 


(6) = ~La 3p 198 Pi e-Pnkr, 


The geometrical series which appears in the above equation is convergent 
for any values of # > 0 and is equal to 


1(1—e*™), 
Hence according to (6) we have 


eBh Y 


(6a) w=Lhy— oe 


Substituting = 1/2 T and 9 =~ hy jk, we obtain 


RO 
(7) ee ray 
a4 ROVNT? oe 
(8} fy = aT = (eA? — 1): 12° 


Thus in the two limiting cases we have 
TSO T<O 


“u—RT|u= ROe-AT +O 
Ke 


(9) 


y= R |lg= eT _. 9 


In the first limiting case we have complete participation of the vibrational 
degree of freedom in equipartition, in the same way as in Sec. 32 A. In the 
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second case we have no appreciable excitation of vibrations, The transition 
between these two limiting cases is shown in Figs. 27 and 27a; for example, for 
T = ©, we have according to (6) and (7) that 


RE Re 


The above two diagrams settle the question which we have posed at the 
end of Sec. 32 A. The vibrational degree of freedom is now “weighted’’ according 
to temperature and not simply “‘counted” as in the classical theory. It now 
becomes clear that at normal temperatures and with values of @ of the order 
of several thousand degrees, the vibrational degree of ireedom does not take part 
tm equipartriron. 


Fig. 27. Fig. 27 a. 


Molar energy of quantum mechanical Molar specific heat of quantum mechanical 
oscillators as a function of temperature; oscillators as a function of temperature: 
{units: R ©, @). {units: R, @), 


It is, however, necessary to include two additional remarks: 
1. If the correct quantum equation (3a) is substituted for the older equation 
(3) we find that (7) is replaced by 


(10) “= 
which is obtained easily from (6) by substituting # + } for #. It is seen that (7) 


is increased by the “zero-point energy” } R@; its existence has been con- 
firmed by numerous experiments at very low temperatures. The curve 
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representing « in Fig, 27 becomes thus shifted upwards by a certain distance 
{equal for all values of 7), 

2. We are, naturally, most interested in the relations for symmetrical 
molecules, such as Hy, Nz, O., .... Unfortunately, the preceding formulae 
do not rigorously apply to such molecules but we are forecd to refrain from 
considering the reasons for it, because this would lead us too deeply into the 
minutiae of wave mechanics. We shall content ourselves with stating that the 
“freezing” of the vibrational degrees of freedom at T < @ is unaffected by 
these additional considerations. 

For molecules possessing more vibrational modes it is, of course, necessary 
to consider a whole series of natural frequencies, »,, ¥,, ... Whose influences 
are superimposed on one another. Instead of Fig. 27a we obtain a curve for 
¢, which exhibits several steps, the vertical distance from step to step increasing 
by R each time. It is clear that at ordinary temperatures only the first step 
need be taken into account. 


B. THE SOLID BODY 


The inconsistency of the theory with Nernst’s Third Law which we were 
forced to record in Sec. 32 C resolves itself if we consider that every atom of 
the solid body is an independent oscillator and that each must be “‘quantized” 
separately. Thus for T 0 the specific heat per mol is given by the right- 
hand columns of (9): The molar spectfic heat tends to zero exponentially. 

This application of the theory of quanta was suggested by Einstein (Ann. 
der Physik, Vol. 22) as early as 1907. However, the experiments carried out 
in Nernst’s institute showed a weaker than exponential decrease towards zero. 
The reason for it is easy to perceive: The atoms do not vibrate independently 
but in larger or smaller groups, depending on the temperature ({c/, Sec. 32 C 
and also Sec. 35). 


C. GENERALIZATION TO ARBITRARY QUANTUM STATES 


We define the general molecular partition function: 


(11) Zo = >) gne-tn®?, 
n=0 
The equation (11) differs from our previous definition by the ‘‘weighting factor’’, 


g,- It serves to collect different quantum states of equal energy into one 
term. In the case of two unequal atoms vibrating we had g, = 1, but already 
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in the case of two equal atoms g, varies from term to term (ef. remark 2 in 
Sec. A). 

In the same way as in eq. (6) we now derive an expression for the total 
energy U from Z, but instead of one mol we consider a system composed of 
an arbitrary number of molecules, N. At the same time we shall replace the 
differentiation with respect to 8 by one with respect to T in that we write 


@ aTd ae 
ah ha ae 
Equation (6) now transforms into 
a log Z. 
U—Nk TT? . 
(12) k iF 


An expression for S$ is obtained from (29.12°} 
U 
(13) S=N klogZy + 5 


in order to prove it by the methods of thermodynamics we now vary T keeping V, 
as well as the remaining parameters, constant. Thus we obtain from (13) that 


(13 a) as =n poo. Var H. 


The second term on the right-hand side can be calculated from (12): 


dlogZy ,. | aZ, 
-Nk ir 5 a ea heals 


and it is seen that it cancels the first term on the right-hand side of (13a). 
Hence we have 


as we must have for an isochoric process, Thus the validity of (13) has been 
proved, except for an additive constant whose value will be adjusted in accord- 
ance with Nernst’s Third Law. Combining (12) with (13), we obtain 
a(T log Z,) 
aR, fe eed che ae 
(13 b} 5 k ar 
The expression for free energy F = U- 7S which follows directly from 
(13) turns out to be particularly simple: 


(14) F = —-Nk T log Z,. 
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34. The quantization of rotational onergy 


The levels of rotational energy which are admissible by quantum theory 
also form a discontinuous, step-like series. For the simplest atomic model of 
a rotator (diatomic molecule), Planck's energy levels of a linear oscillator 
given in eq. (33.3) are now replaced by the expression 
(1) mann te, n=0,1,2,..., hoe. 

The proof of (1} given in wave mechanics is based on the theory of spherical 
harmonics, but its detailed consideration would exceed the scope of these 
lectures. 

We shall employ here the partition function from eq. (33.11) formally. 
In our case the weighting factor is given by 


(2) fn= 2H+4+ 1. 


This also is a consequence of the theory of spherical harmonics, according to 
which, apart from zonal harmonics (dependence on @ alone}, there are in addition 
2 » associated surface harmonics (dependence on @ and ¢). These rotational 
states which differ from each other in the physical space, correspond to the 
same energy (1). Every energy level in the series (1} is, as we say, (2% + 1) - 
fold degenerated. Thus the weighting factor corresponds to a summation 
over the physical space, which in this case must be carried out together with 
that over the momentum space, 

Consequently, and in accordance with (33.11), we obtain the partition 


function 
co 


(3) Zin = > (2n + lhemme a1 4 3e%+4+5e%4 ... 
n=0 
where g denotes the contraction 
Ai2 oe . h2 
jae 7p OP a 
We now proceed to calculate @ for H, as this constitutes a particularly 
interesting case. From spectroscopic data (multiple line spectra} we have! 


{3 a) 


f= 0.46 x 10-2 cm. 


1Using the equation J = 2 my (a/2)?, we can calculate the distance between the two 
atams of hydrogen, as itis known that my = 1.67 X 10-44 g. Thus e=0.74x 10-8 cm = 
= 0.74 A, i, e, the same order of magnitude as the cross-section of a hydrogen atom, 
This remark serves to render the above value for J plausible from the point of view of 
its order of magnitude. 
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Making use of the values which were given at the end of Sec. 20 (eq. (20.43)): 
hk = 1.06 x 10-*? erg sec, k= 1.38 x 10-8 erg/deg 

and of the definition of @ in (3a), we calculate that 

(4) O = 80K. 


This result leads to the following conclusions: For T < 80 K the second 
term in the series (3) is already exponentially small compared with the first. 
Thus 


Zins bar] 1, log Zyct mY 0. 


According to eq. (33.12) this expresses the fact that the contributions from 
rotational energy to the energy, U, and to the specific heat, c,, vanish. The 
specific heat is reduced to the contribution from translation 


(5) t=—R. 


3 
2 

Hydrogen has become, so to say, “‘monatomic’’. This agrees with Eucken’s 
discovery which was described at the end of Sec. 31 as the darkest cloud 
threatening the development of classical statistical mechanics,’ particularly 
with regard to the numerical value of @. 


We now proceed to consider the second limiting case when T >> @, 1. e. 
when ¢ <1. The series (3) converges very slowly because its terms decrease 
to zero only for extremely large values of ». According to its analytical 
character, it belongs to the group of theta functions; the latter occur in the 
theory of elliptic functions and in heat conduction problems, see Vol. VI Sec. 15. 
The use of an analogue to the ‘‘transformation formula of the theta function”, 
Vol. VI, eq. (15.8) would in the case of our eq. (3) also lead to a more exact 
and a more convenient formula for numerical computation. However, at this 
stage it suffices to perform an approximate estimation of the limit for T > 0, 
as the more accurate calculation is considered in Problem IV. 6. 

Since ¢ is small, we may write 


(6) p= n(n +1)¢ 


1The rotational energy of the electron shell and that due to the atomic nucleus remain 
unexcited for the same reason. The value of © becomes extremely large (100,000 to 
10 million deg in round numbers}, owing to the small mass of an electron, in the tirst case, 
and owing to the small radius in the second. 
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which is almost continuous and which varies from 0 to o as ” increases. 
The difference A p between f, and f, , 


(6 a) Ap = pa-pn-1 = nu + I q—-u(n—-1)q = 2nq 


is a small number for all finite values of # for which the terms of (3) give a 
significant contribution. Thus in the following argument we shall denote it 
by dp. Consequently, without committing an appreciable error,! we can write 
2n+1=dp/q. Thus, 


1 1 T 

7, =__— —p CeCe —_—_—-— Oro 

(7) fret F fe dp ; a 
0 
and it follows from eq. (33.12) that 
a rg at! 
— z —— a — 

(7 a) U=NkRT TF 108 6 NkT and hence a7 Na. 


The last result demonstrates that the contribution of rotation to the molar 
heat for T > @ is exactly equal to R, This contribution is represented graphi- 
cally in Figs. 28 and 28a. They demonstrate clearly, just as was the case with 
the vibrational energy, that the rotational degree of freedom dies out gradually 
as we pass to JT <@; the full amount of R = 2 cal/deg mol is attained 
asymptotically only above T = 0. 

In the preceding argument we have purposely considered “hydrogen” 
because of Eucken's discovery. Strictly speaking we should have referred to 
the semi-heavy hydrogen H D (D = deuterium), because in the case of the 
ordinary hydrogen H, (as well as in the case of the heavy hydrogen D,) there 
are complications, as mentioned in remark 2 on p. 240. However, even in 
the case of atoms composed of two identical molecules, the general qualitative 
features of the behavior of the rotational heat c, remain unchanged in essence. 

We shall refrain here from discussing the problems in quantum mechanics 
which are connected with the rotational energy of a general polyatomic molecule. 
Even in the special case of asymmetrical molecule, such as NHg, CHy, .-.., there 
appears a new degree of freedom, namely rotation about the axis of symmetry. 
The scale of energy (1) must now be extended by a term which contains the 
moment of inertia about this axis and a new index of summation. The single 
summation in the partition function is now replaced by a double summation. 


1The magnitude of the error can be estimated with the aid of Euler's summation 
formula, 
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At sufficiently high temperatures the new degree of freedom causes the molar 
heat to increase by 4 R, but decays at lower temperatures depending on the 
magnitude of the temperature @’ which is characteristic for this degree of 
freedom, In this way the polyatomic molar heat c, = 3 RK changes contin- 
uously until it reaches the diatomic value c, = 5/2 R. For large values of 0’ 
(small moment of inertia about the axis of symmetry) the polyatomic molecule 
behaves like a diatomic one at ordinary temperatures. 


u/ RO 
3 
2 
1 
0 1 2 3 Te 0 1 2 3 T/9 
Fig. 28. Fig. 28 a, 
Molar energy of quantum-mechanical Molar specific heat of quantum-mechan- 
rotators in terms of temperature ical rotators in terms of temperature 
(units-Rk ©, 6}. (units: FR, @). 


35. Supplement to the theory of radiation and to that of solid bodies 


In Sec. 20, eq. (38), we have deduced the following expression for the mean 
energy of a linear oscillator: 


h 
This is the energy assumed by the oscillator in a radiation cavity of temperature 
T when it is in equilibrium with the surrounding black-body radiation. We 
pointed out at the time that this equation can be derived in a much simpler 
mImanner by use of statistical methods. 

In order to obtain the proof it suffices to recall the linear oscillator which 
was considered in Sec. 33 A. It is true that the latter was not placed in a 
radiation cavity, but it was in equilibrium with its surroundings, it being 
immaterial to consider the way in which equilibrium had been achieved, i. e. 
whether equilibrium had been brought about by radiation or by the couphng 
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of the molecules of a gas. According to Planck's quantum hypothesis (33.3), 
we can use the expression in (33.6a) directly for the energy at equilibrium 
where, naturally, the factor 2 (Avogadro-Loschmidt number) should be 
omitted, because we are now considering a single oscillator and not one mol 
of substance. The value obtained in this way agrees with (1) precisely. 


A. METHOD OF NATURAL VIBRATIONS 


In using statistical methods it is irrelevant whether we are concerned with 
material objects or with states, with economic data or experimental errors, etc. 
The application of statistical methods to the natural electromagnetic vibrations 
of a cavity (parallelepiped or cube) has proved to be particularly fruitful. 
In Vol. II, Sec. 44, we have calculated the number and arrangement of natural 
vibrations of an elastic slab and we have discussed the simplifications which 
may be introduced in the case of a cavity containing electromagnetic radiation 
but entirely devoid of matter. In the latter case it is possible to satisfy the 
boundary conditions exactly (E,,,, = 0) with the aid of the elementary sine- 
law, whereas in the former this is so only when the socalled “mixed” boundary 
conditions are used. 

In addition, the following should be noted: Equation (44.16a} in Vol. II 
was applicable to the number Z of elastic vibrational modes whose frequency 
is smaller than vy. In order to adapt this equation to the electromagnetic case 
it is necessary to put: 


Ctrans = ¢ = velocity of light; Ciong == 00, 
as already mentioned on p. 325 of Vol. II. In this manner we obtain the equation 


Bx V 2 
o ae 


which was deduced by Lord Rayleigh as early as 1900. Here V denotes the 
volume of the parallelepiped for of the cube). The number of vibrational 
modes per interval dy becomes 


Bx V 
‘2 a) az = 7 ae yp? dv. 


If we now equip each of these with the energy & T in accordance with the 
law of equipartition (not }& T because it is necessary to take into account the 
potential energy as well), we find that the energy density per frequency 
interval becomes 

kT aZ 8x 


3 =a = 2k T, 
(3) " Vay ao 
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This is the Rayleigh- Jeans law, already quoted in eq. {20.16}. As we know, it is 
grossly inconsistent with experiment because it predicts that u + 00 as »y > 90. 

If, however, we adopt Debye’s suggestions (Ann. d. Phys. Vol. 33), and 
regard each frequency mode as a quantized oscillator (c/. Sec. 33 C) ascribing 
to it an energy given by (1), we find from (1) and (2a) that 


_UdZ _ 8xr* hy 
Vd ef ikT_ |] 


{4} u, 
instead of (3), i. e. directly Planck’s radiation law, as givenin eq. (20.39). Planck 
adopted this method of derivation in the fourth edition of his ‘‘Strahlungs- 
theorie” published in 1921, and described it as an ‘exceedingly simple deriva- 
tion” of his law radiation. 


B. DEBYE’S THEORY OF THE SPECIFIC HEAT OF A SOLID 


The main difference between the elastic body and the radiation cavity 
consists in the fact that the degrees of freedom of the former are restricted by 
its lattice structure, whereas {as far as we know to-day}, that of the latter 
is unlimited. Since the number of normal modes of a body is equal to the 
number of degress of freedom, and since every atom in the lattice possesses 3 
degrees of freedom, the number Z of normal modes is found to be equal to 
its upper limit Z,. Thus for a solid body of a mass equal to one mol we have 


(5) f= od (Z = Loschmidt-Avogadro number). 


To this upper limit there corresponds an upper limit y, of the admissible natural 
frequencies. As explained in detail in Vol. II, Debye cuts off the spectrum 
of natural vibrations at » = »,. The energy of the solid body becomes 


3 


{6} i= | U dZ 
vr=0 
where U is the quantized value of energy from eq. (1). The limiting frequency 
v, defines the characteristic temperature @ of the solid body, 
h 
(7) G= = = Debye temperature. 


Performing the integration indicated in {6} we find 


324RT4 1221 _{7T\° 
(8 a} —>s 68’ oa B= (2) for T <o@, 
(8 b) “u=—3RT, ees ee ee for T > O, 
deg mol 
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as explained in detail in Vol. II, Sec. 44. The limiting case (8b)}is seen to 
contain the rule due to Dulong and Petit; in the limiting case (8a) w has the 
same form as in Stefan-Bolizmann’s law of radiation; c, is given by Debye’s 
third power law (T? — law) for the molar specific heat of a solid. It has proved 
itself as an excellent qualitative rule (disregarding details of the crystal 
structure) and corrects Einstein's assumption from Sec. 33 B. The T?-law, 
just as Einstein’s law, satisfies Nernst’s Third Law, but it does not converge 
exponentially. The convergence towards absolute zero is that of a parabola 
of the third degree. The reason for it is clear: Einstein treated the atoms of a 
solid body as independent oscillators, whereas Debye collects the molecules 
which simultaneously perform the natural! vibrations into groups. The 
wavelength of these groups increases as the temperature becomes lower: 
the correlation between molecules increases in like measure which renders 
Einstein's assumption of independence quite ulusory. The sketch in Fig. 73 
of Vol. II gives a qualitative description of the vanation of # and ¢, between 
the two limiting cases, (8a) and (8 b). 

This argument dispels the last of Kelvin’s clouds mentioned in Sec.32. 


36. Partition funetion in the J’-spaece 


We have seen in Sec. 29 that Boltzmann’s combinatorial method is not 
directly applicable to real bodies. It is true that the collecting of numerous 
elementary cells into a higher unit leads to the right answers and to an 
approximation which is entirely satisfactory from the practical point of view 
but, since the thermodynamic relations enjoy general validity, a rigorous 
justification seems desirable. We shall combine this problem with that of 
representing the fundamental equations of statistical tnechanics in the J-space, 
as we shall require the results in Sec. 37. 


A. THE GIBBS CONDITION 


The succeeding argument which throws new light on Boltzmann’s hy- 
potheses of the equality of the probability of equal phase cells is due to 
J. W. Gibbs.? On comparing two phase elements at two different points in 
the phase space, it is found that the probabilities of finding the phase point 


1The fact that these (as distinct from the atoms in the lattice) may be regarded as 
being independent of each other can be inferred fram the circumstance that the velocity 
of sound is almost the same for all frequencies. 

2). W. Gibbs, “Elementary Principles in Statistical Mechanics”, Yale University 
Press, New Haven, 1902. 
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of an actual system in one place or in the other can be different and can vary 
with time. Quite generally, we can write that such probabilities are given by 


4) Aw=f lpr... fer e+ ges) See. 


Here 4 Q denotes the phase element, as before,” (with F — Nf) is the size of an 
elementary cell, and the function /(#, ¢; ¢) indicates the manner in which this 
probability changes from point to point and with the course of time. It 
constitutes the probability per elementary cell 4”. This general form of dw 
is important, for example, when we inquire into the manner in which errors 
in our knowledge of the initial conditions of a mechanical system propagate 
themselves in time. 

In studying thermodynamical statistics we concentrate our attention 
on states of equilibrium. Consequently /{f, ¢) need not depend on time expli- 
citly and the question now arises as to what are the consequences of such a 
statement. 

We consider two phase elements 4Q and 4’ which result one from the 
other because of the motion. The time interval between them will be denoted 
by 4i=?'-#. According to eq. {1} the two probabilities can be written as 


AQ AQ’ 
Aw=b.90 4 and Aw’ =f(p'.g,t+ Ase. 


Both are equal because the moving phase element encloses the same phase 
points at any instant. Thus dw =A vw’. 

Since, according to Liouville’s theorem, we also have 4Q =A’, and 
since at equilibrium / does not depend on time, we obtain the equation 


(2) p.9) = 6.9), 


on condition that (’, g’) results from (#, g) in the course of the motion. Thus 
we have proved the following proposition: Jn the case of thermodynamic 
equilibrium the probability per elementary cell is an integral of the motion. 

In the case of canonical systems there always exists at least one integral 
of the motion: the energy £ = H (f,¢}. Every function of energy is also 
an integral. Hence we may put 


(5) f= f(A). 


Apart from energy the argument may contain additional integrals: partial 
energies, if the system is composed of independent sub-systems; angular 
momentum if the system is free to rotate, etc. However, all integrals except 
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H are constant only under certain restrictive conditions. Small modifications 
of the system which often do not at all disturb the total energy of the system, 
but which are important for the establishing of equilibrium, remove accidental 
integrals. Here one may think of the example of perfect gases in which, for 
all intents and purposes, the individual molecules exist in isolation from each 
other; they do, however, exchange energy on collision. Another example is 
afforded by cosmic matter whose rotation is not confined within any “wails of 
a vessel”’ so that on applying statistical considerations it is found that the 
angular momentum must be taken into account in addition to energy. However, 
generally speaking, thermodynamical statistics is determined by a single 
function of energy. 

What is the form of the function in eq. (3)? At this point we shall make 
use of Gibbs’ assumption which replaces Boltzmann's hypothesis: Twe 
coupled mechanical systems in statistical equilibrium remain tn equilibrium in 
the limiting case of vanishingly small coupling even if they are separated. For 
example, when two systems equalize their temperatures on being brought 
in contact, the equilibrium temperature which they both have attained will 
not change if they are subsequently separated. More precisely, the temperature 
will not change markedly, if the work performed against the forces of cohesion 
can be neglected in the overall energy balance; for example, when the bodies 
are sufficiently large in all directions. 

Let H, and H, denote the Hamiltonians of the two sub-systems and let 
H—H,+H,4+ 06H (6H > 0} be the integral of the coupled system, 64 
denoting the energy of coupling. According to eq. (3) we have to expect the 
following distribution functions: 


f(Hy)-fo(H,) and f(A) f(A, + Ay). 
Gibbs’ hypothesis leads to the equation 
(4) (Hy) - fol) = f(A, + A) 
because the probability of finding each system at a given state must be the 


same before and after separation. 


B. CONNECTION WITH BOLTZMANN'S METHOD 


First, it should be recognized that in the limit when 6H — 0 the left- and 
right-hand sides of eq. (4) become integrals of the motion so that Gibbs’ 
hypothesis leads to a statement about the initial conditions only, in the same 
way as Boltzmann's hypothesis did before. In addition, taking the derivative 
of (4) with respect to H, and A, we obtain 
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h(a, = ff,) = f(A) i f{ Hf.) = f,(H,) fo (H4), 

so that the ratios 
fy) _ fe'(He) 
(Hy) fo{ fe) 


must be constant, because if this were not so, two functions with different 
variable arguinents could not be identical in form. Integration leads at once 
to Boltzmann’s distribution function 


(5) {(H) = en 7-08, 


The constant factor has been written in the form e™ in analogy with eq. (29.10). 
Its value is obtained from the condition that 2 A W = 1, so that 


(6) wn fem a = 2; 


Z is now the partition function in the /-space and appears still in the form 
of an integral. The factor 1/2" hints at quantum corrections to be introduced 
in Sec. C. 

All quantities which are characteristic of the state of equilibrium can be 
deduced from Z. The variational derivate is, in particular, 


al en eee 


In analogy with eq. (29.16), we obtain an expression for mean energy 


Blogz 
of 


The temperature and eniropy are given by the Second Law: 


(8) U = - 


: dQ 
T 6S = 6U- [ ow. Hp. 9) iF: 

The second term represents the change in energy as required by the Second 
Law because on varying H, while keeping the distribution of molecules in the 
phase space constant, the integral represents the amount of work added to the 
system. Applying eq. (7), we obtain 


Og. 


ea r 1 6 log Z 
T 6S = 6U + Hf -.->-— 2 = 6U + — 361 eae 
é if ong é +e, } log Zap 
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The term 6 log Z includes the variation of # in addition to that of H, and the 
contribution of the former is subtracted in the third term. Applying eq. (8), 
we have 


TéS= 7 8(B U + log Z). 
Comparing the factors in front of and behind the sign of variation and inte- 


grating we can show that 


1 


(9) T=55. 


U 
The factor k which is at present undetermined is identical with Boltzmann’s 
constant. 


That this is so can be seen on comparing eq. {9) with Boltzmann’s equation 
in (29.1). First, from eqs. (6) and (9) we have 


S=k(a+8U)=k(a + BH) =-hlog ip, 9). 


The bar over a symbol in the above equation denotes a mean value, which is 
explicitly given as 


(10) sar f j-togs- 


and can be directly compared with eqs. (29.5) amd (29.5 a), according to 
which 


log W =-N 35 log =. 


+ 
This gives the equation 
(11) S =k log W, 


which is equivalent to (29.1). It will be realized that eq. (5) gives that 
distribution function, from among all the possible distribution functions f 
leading to the same energy U, which renders log W in eq. (11) a maximum. 
The relevant calculations are identical with those in Sec. 29. This shows that 
Gibbs’ and Boltzmann's hypotheses are equivalent. 
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If the system consists of N equal, independent parts of / degrees of freedom 
each, according to #)’...9/', ~)"... 9)", ..., #) ... gi", then its energy 
is given by 


H = Hof’, q') + Help". 9") +... + Hy(6™, 9). 


It follows at once that the partition function can be split into N factors: 
peed : dQ) 
= —B Hy (0.9) — pH, {p'A), MI) OO 
z f- 0 x fe i’ RF” 


which differ only in the symbols employed for the variables under the sign 
of integration. They are, thus, all equal. Consequently 


(12) Gags 
and 
(13) Z)= [como on 


is the partition function in the gz-space. This gives us a direct connection 
with our preceding arguments. 


C,. CORRECTION FOR QUANTUM EFFECTS 


It must be realized that, generally speaking, it is necessary to base the 
argument on the partition function in the /-space. The splitting of Z into 
factors Z, implies very special assumptions which cease to be valid for the 
case of a perfect gas with quantum effects included. , We shall prove this 
statement in Sec. 37. In order to introduce the quantum corrections into our 
Statistical considerations, we find it necessary to take several consecutive 
steps. The first two have already been taken, namely in the s-space. 
The third step which makes it necessary to go over to the /”-space 
will be described in Sec. 37. The fourth step, the quantum-mechanical deriv- 
ation of the partition function requires so much knowledge of quantum 
mechanics that we shall have to be satisfied with a simple transposition of 
the classical partition function, referring the reader to specialized papers.} 

The first step consists in replacing the integral form of the partition function 
in (6) by the sum 


(14) Z =D" e Bem 


(1) 


IM. Delbriick, G. Moliére: Proc. Prussian Ac. of Sci., Phys-Math. Class, 1936, No. 1, 
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in which the summation is extended over all phase cells of size #* in the I-space. 
The results are, to all intents and purposes, identical with those which followed 
from (6), because within one cell the variation suffered by the integrand is 
insignificant. The size of the phase cell is the only parameter of importance. 
Its value influences the value of the constant in the expression for entropy 
(c?. Sec. 31, eq. (5 c}). It will be noted, however, that it has already been taken 
into account in (6} by the assumption of dQ/#* for the phase element. In fact, 
eq. (6) can be regarded as a continuous approximation to the quantum sum 
(14), in the sense of Euler’s sum equation. 

We now have to show that the sum (14) can be split according to eq. (12) 
in the same way as the partition function (6). Dividing the phase space of 
a single molecule into cells of size A’ we find that the energy E() in eq. (14) 
is given by 


(15) E(n) = DD mis 


Here 2; denotes the number of molecules in a given cell in the y-space and e¢, is 
the energy of a molecule in such a cell. The sign 2 denotes summation over 


all cells in the #-space and (#) in eq. (14) denotes that the sum should be taken 
over all decompositions (partitions) per arrangement of the number of molecules 


(16) N= DS" ni. 


The weighting factor g which appeared in eq. (33.11) has been omitted 
in (14). It is implied in the convention that every value of energy which 
occurs several times must be written out as many times. The equality of E(x) 
in various phase cells in the /“space can result from the fact that the values 
of «, m different phase cells of the u-space are equal (degenerate molecular 
states). Such degeneration leads to the weighting factor in eq. (33.11). 

As long as it is assumed that it is possible to distinguish individual molecules 
of one kind one from another, as is done in classical statistical mechanics, 
it is possible to obtain definite values of energy E(”) in many ways because 
the individual molecules can be distributed over the phase cells in a variety 
of ways. The distribution is, evidently, such that we always have », molecules 
in the first cell, x, molecules in the second, etc. The number of possibilities is 
given by the permutability in eq. (29.3), so that the partition function (14} 
must be provided with a weighting factor: 


’ ! Bin; €; 
(17) = NE. es 
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if every partition of N is written down only once, as indicated by the prime 
added to the summation sign. Putting 


(18) eo Pi = Zi, 


we see that eq. {17) becomes 


7 NI 
(17 a) Z= > —_—_- a," zy"... 
= yl tals 


The permutabilities are seen to be equal to the binomial coefficients. Every 
power product 


tt. ta 
24"! Ba... 


occurs in the last sum exactly as often as in the calculation of the N-th power 
of the sum of all z;. Hence 


Z = (% + ty +...) 


or 


(19) Z=2", =D a= eo 


which agrees with eqs. (12) and (13). Z, is the partition function in the 
espace; this time, however, it is represented as a sum over all phase cells 4’. 


The second step towards quantum mechanical statistics is obtaaned when 
we no longer consider that the ¢, are the energy values of the different phase 
cells, but as the energy values of the different quantum states. Instead of 
the sum over different phase cells of the z-space we obtain the sum over all 
quantum states of a molecule. Boltzmann’s hypothesis about phase cells 
having equal probabilities associated with them is now replaced by the 
hypothesis that quantum states have equal probabilities ascribed to them. 
The consequences of this change are studied in Secs. 33 to 35. It was seen 
that the first step led us to the value of the entropy constant; the second 
Step corrects the principle of equipartition. It will be recalled that we still 
have to root out a sensitive error which we have encountered when deriving 
Sackur’s formula (cf. Sec. 31, eq. (5¢)). We shall achieve this in Sec. 37, 
when taking the third step; the same step will lead us to gas degeneration. 
The results contained in Sec. 37 will turn out to be consistent with Nernst’s 
Third Law. 
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D. ANALYSIS OF GIBBS’ HYPOTHESIS 


We now revert to eq. (5) once more and inquire into the significance of 
the dependence on H in the J-space. When we consider an actual system 
which is completely isolated from the surroundings, we find that its energy 
has a definite value. Thus there is no distribution /(#}. It follows that by 
assuming (5) we are not, at first, considering a completely isolated system, 
and the derivation of (5) from (4) shows that, in fact, the system under con- 
sideration has been separated from a larger system. Thus the canonical dis- 
tribution in (5) is seen at first to apply to a thermodynamic system in a 
thermal bath. 


In order to consider an isolated system it is necessary to refer to eq. (3) 
directly. Here we have 


(20) j(H) = fee in a narrow interval U-dU< H<U4-6U 
0 outside of this interval. 

This is the so-called miervocanonical distribution. It is obtained when Gibbs’ 
assumption of equilibrium is replaced by the requirement that H = U =const. 
The calculation based on the microcanonical distribution and carried out in 
the J-space is less simple, but the result agrees, to all intents and purposes, 
with the consequences of the assumption of a canonical distribution because 
the fluctuations about the mean value of energy (provided that the systems 
are not too small} are, in most cases, exceedingly small. The disturbances 
introduced by the bath can normally be only of the order of the energy of 
interaction, and this we could neglect (see, however, Problem IV. 9). 


Thus there is no difference in the «-space. Since in making the transition 
to the #-space it is implied that every molecule interacts only slightly with 
its surroundings, it may be said that every molecule remains in contact with 
a thermal batb formed by all the others. On the other hand the mean behavior 
of a single molecule is determined by the canonical distribution in the y-space, 
which is the Boltzmann distribution (29.10), wrespective of whether we begin 
with the canonical or microcanonical distribution. 
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37. Fundamentals of quantum statistics. 


A. QUANTUM STATISTICS OF IDENTICAL PARTICLES 


In the view adopted in quantum mechanics, identical particles cannot 
be distinguished from each other. This is true not only in relation to electrons 
in the shell of an atom or in a metal, about which it has long been recognized 
that they possess no individuality, not only in relation to light quanta and 
elementary partictes in general, but also in relation to the atoms and molecules 
of our gas. They differ from each other only by special features (ionization, 
excitation, spin moments). For this reason we must not isolate single particles 
from the total number NW and distribute them over the cells 4 Q; of the phase 
space, as we have done in Sec. 29. We can only distinguish between the 
states of the system, meaning the states of the gas as a whole, and not the 
states ¢, of single particles. The former is given by 


(1) E(x) = DS nie. 


Consequently, from the point of view of quantum statistics, it makes no sense 
to start with the partition function for a single molecule, eq. (29.15), 


(2) yn ee a 


‘ut it is necessary to use the “partition function for the gas’ from eq. (36.14) 


(2a) Zr=Z = S” fein, 
(x) 


Since particles cannot be distinguished from each other, an interchange of 
two particles between two different cells does not lead to a mew case. Every 
distribution given by eq. (36.16) must thus be counted only once, Instead of 
the permutability in eq. (36.17) we must put a factor of unity. In other words 


we must use the summation 2” as we have done in eq. (36.7). 
% 


The summation becomes more difficult to perform after dropping the 
factor due to permutability. First of all it can no longer be calculated directly 
from the partition function for the w-space. The property of being reducible 


1This Section is based on the short, but significant presentation due to Schrédinger, 
Statistical Thermodynamics, Cambridge University Press, 1948. 
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to the yz-space applies only to the classical perfect gas. Before proceeding to 
compute the sum (2 a) in a systematic way, we propose to consider a limiting 
case which will allow us to perceive why the use of the partition function 
(36.17) is almost sufficient in many cases. 

We now revert to the remark (c/. Sec. 29, p. 216) that in the case of a perfect 
gas under normal conditions at most one of about 30,000 cells contains just 
one molecule.! Thus in this case we only have to consider occupation numbers 
Q and 1, so that the terms »,! in the denominator of the expression for permut- 
ability are, practically, all equal to unity. This signifies that the sums (36.17) 
and (2 a) differ only by a factor N! which is independent of »; and which may 
be taken outside the summation sign 2”. It follows that for perfect gases 


under normal conditions we may write: 
(3) Zuass = ZyN  N!Zquam = N'Z 


and that the new partition function is given by 


fen: 
and 
(3 a} log Z a N log Z,- N (log N - 1) 


in which log W! has been expanded with the aid of Stirling’s formula. 

The argument in the preceding Section remains unchanged except for 
an additive constant. It is, however, seen that this constant suffices to correct 
Sackur’s equation. In fact, if we add the term ~ Ni(bog N—- 1} to the entropy 
in eq. (31.5), we obtain precisely the formula due to Sackur and Tetrode, 
which is 


ry 


(4) S=kN logs; (27 m & Ty? e5!2/h8, 


As required a prtor:, this expression is proportional to N. Nevertheless the 
equation does not yet satisfy Nernst’s theorem. In order to correct for this 
deficiency it is necessary to perform a more accurate evaluation of the sum 
and this becomes possible by: 


1Mean number of molecules per phase cel! e~*~4%, hence the maximum is e~*; mean 
number of cells per particle according to eqs. (29.14 and 15):e* = Z,/N so that for 
monatomic gases (V/N) (2mm k T)9/2/h8 ay 30.000 form = 1.67 x 107% g. 
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B. THE METHOD DUE TO DARWIN AND FowLer! 


The method allows us to take into account the distribution condition 
contained in eq. (36.16). In mentioning the names of Darwin and Fowler in 
the title of this Section we are compelled to make one reservation. The two 
authors applied their method to classical statistical considerations, as 
witnessed by the date (1922) of the publication just mentioned; it preceded 
the formulation of quantum statistics. If they had employed the partition 
function Z, they could have made reference only to its form (36.17). We 
shall see in greater detail that such a scheme leads to the classical relation 
between Z and Z,, that is to no new discovery. In fact, as seen from eqs. 
(36.17) to (36.19), it is possible to take into account the distribution condition 
(36.16) in an elementary way. 

The object which the two authors have set themselves consisted in de- 
monstrating the way in which it is possible to take into account the energy 
condition 


{5} U = DS ne; 


in Boltzmann's statistics, when the »; ’s are small numbers. Since their 
method relies on the fact that the terms in the sum (5) are integers, they were 
forced to measure the energies in “such smalt units’’ that all e, ’s, and hence 
the total energy U, could be approximated by integers. We shall denote this 
unit by ¢,; (it was not introduced by them explicitly}. We are forced to 
introduce it in order to be able to expand the function in the ¢-plane which 
corresponds to our Y(f) {see eq. (8) below} in terms of integral powers of ¢ so 
as to be able to use Cauchy’s theorem. In using this method we cannot avoid 
passing to the limit ¢, + 0 which implies that the energy scale has been divided 
into infinitely small elements which is inconsistent with the finite dimensions 
of phase elements. Pascual Jordan mentions this point in his “Statistical 
Mechanics,’ but “passes over these disturbing circumstances without a more 
detailed discussion.’ The energy condition (5) has already been taken into 
account by the form of the partition function. The latter has been deduced in 
a different way in Sec. 36, and we no longer need use the Darwin-Fowler 
method in connection with (5). At this stage, however, we have to introduce 
the distribution condition (36.16) which is not trivial in the realm of quantum 


1c. G. Darwin and R. H. Fowler, Phil. Mag. Vol. 44, 459, 823, {1922}; see also 
“Statistical Mechanics” by R. H. Fowler, Cambridge University Press, 1929. 
®Vol. 87 of the series ‘‘Wissenschaft”’, 2. ed. footnote 2, p. 33, Vieweg, 1944. 
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statistics. We can apply to it the Darwin-Fowler method (cj. Schrédinger, 
i. c., Chap. VII ff). In fact its application is less problematical because the 
terms in (36.17), untike those in (5), are, by their nature, integral numbers. 


In order to calculate the partition function (2 a) we refer to eq. (36.18). 
Substituting the energy from eq. (1), we obtain 


(6) Za SD ayringh... 


(7) 


If we now extended the summation over ali »;’s we would introduce a large 
number of terms which do not belong in the partition function (6). It is, 
however, possible to reject them by the use of a stratagem: The quantities 
2, from eq. (36.18) are replaced by @2;, so that 


(7) ITz* is replaced by 07 72%. 


where 
y= d0 


Let the sysmbol Y(Z) denote the sum resulting from (6) with unrestricted 
values of ,. We expand it in powers of and concentrate our attention on 
that group of terms which is multiplied by ¢*., According to (7) this is our 
partition function (5a). Thus we may write 


(8) Y(Q)=...+0NZ+.... 


A second stratagem isolates the terms with ¢% from all others. Following 
Darwin and Fowler we make use of Cauchy’s theorem on residues, and we 
obtain 


28 


(9) z anf Y(t) E-N-2 at 


where ¢ is regarded as a complex variable; the integration is to be performed 
along a closed path in the ¢-plane encircling the origin but no other singularity. 
In this way all terms in the series in (8) denoted by... are excluded and we 
retain only that residue (the term with ¢"1) which yields Z directly, in 
accordance with (9). 
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C. BosE-~EINSTEIN AND FERMI-DIRAC STATISTICS 


We now proceed to analyze the auxiliary function Y(@) a little more closely. 
Having substituted ¢ z for z in (6) and having expressly lifted the distribution 
condition (36.16), we obtain the general expression: 


cD 


(10) VQ)= D> (Can: DS (Calm... 


n=O n, = 0 
The summations are easy to perform if the »,’s can assume all values 
#; = 0,1, 2, siae 


as already indicated in (9). We then have simply 


1 

(11) ¥ (0) =e. 
From the point of view of wave mechanics the above result means that the 
eigen-functions of the system are symmetrical functions of the coordinates 
of its components, This case was developed in 1924 by S. N. Bose for the 
light-quantum gas and extended shortly afterwards by Einstein to include 
material gases.! 

There exists another case which is realized in nature and which corresponds 
to the antisymmetrical eigen-functions of wave mechanics. In such a Case 
we have 


H=1 or 0. 


The latter case was introduced into wave mechanics in 1926 by Fermi, who 

made use of Pauli’s exclusion principle, and independently by Dirac. The 

most important application of this statistics occurs in relation to metal electrons, 
In this case eq. (10) leads directly to 


(11 a) ¥(Q) =17 (1 + C2). 
The two cases can be represented by the single equation 


(12) ¥(0) =17 (1 FO a)7? 


(the upper sign gives the Bose-Einstein statistics, and the lower sign leads to 
the Fermi-Dirac statistics). 


1A detailed discussion of the relation of this result to symmetrical and antisymmetrical 
wave functions in wave mechanics would exceed the scope of this book. 
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In both cases we have Y(0} = 1 and Y(f) can be expanded into a series 
of integral powers of € in the neighborhood of € = 0, as already assumed in (8). 
In the Fermi-Dirac case Y(€} is a holomorphic function which increases 
monotonically along the real positive axis. In the Bose-Einstein case Y(2) 
is a meromorphic function which possesses poles at all points where 


€=6 = 1/2,. 


In accordance with the definition of z; in eq. (36.18) all such points lie on 
the positive real axis of €. If we normalize the energy so that all 2; = 0, the 
poles are all on the other side of = 1 and for € increasing they cluster at 
infinity. For values € < (£,} Y(2) behaves monotonically in the Bose- 
Einstein case as well. 


min? 


We then consider the logarithm of the integrand in (9), denoting 
(13) F(f) = log ¥(¢)—(N + 1) log €. 


It is equal to + co at ¢ = 0 (because log € = - «&) and decreases very fast as 
jong as the second term on the right-hand side is predominant. However, the 
first term begins to predominate before ¢ reaches the value of unity; this term 
increases monotonically like Y(f). Thus on the positive real axis there exists 
a point ¢ at which 


(13 a) F'(¢,) = 0. 


The corresponding value F’’(2,) is very large and positive, because the tran- 
sition from F(é) decreasing to F(f) increasing takes place rapidly; in fact, 
the change is faster for larger values of N, as we shall show later. 

The last remarks serve to prepare the ground for the following. To con- 
clude this section we wish to make a remark regarding the introduction of 
the two “new” kinds of statistics: The statistics themselves are not new, but 
the objects to which we apply them are. The new objects consist of indistin- 
guishable particles and their quantum states which are of a symmetnical 
or an antisymmetrical nature, 


D. THE SADDLE-POINT METHOD 


We now proceed to evaluate the integral (9). Making use of the logarithm 
of the integrand defined in (13) we may replace (9) by 


1 
Z = Fade, 
(14) he a 
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We now expand F(¢) into a power series at the point € = €, its linear term 
vanishing in accordance with (13 a}: 


(15) F(t} = F(£)) + 3 F’{C5) (f- 65)? Pi wsss 


Two-dimensional potential functions cannot possess a real maximum or 
minimum. Since V*@ = @, the second derivatives 2°@/ax* and @*@/ay* must 
always be of opposite signs which means that the surfaces # = const are 
always convex upwards in one direction, and convex downwards at right 
angles to it. Thus points where oD/ox = aD/ay = 0 are saddle points. The 
same is true about the real and imaginary parts #, v, of any complex function 
F(g} at points € = Cy where F’(f,) = 0. 
When discussing the behavior of our 
function F({) along the positive real axis 
it was shown that it possesses a sharply 
marked minimum, Considering the topog- 
raphy of a saddle-like surface of the 
type of a potential function we see that it 
must possess a sharply marked maximum 
at the same point and along a line passing 
through ¢, parallel to the imaginary axis. 
In evaluating our integral it is Fig. 29. 
necessary to proceed along a path encir- ty, f-plane (=x +iy) in the 
cling the origin, e. g. along a circle. neighborhood of the saddle point ¢, 
Drawing the circle through €, we see with a qualitative representation of 
that during the process of integration lines of constant elevation. 
we pass through a steep path (“steepest 
descent” on the one side, and “steepest ascent” on the other), The only 
important contribution to the integral comes from the neighborhood of the 
saddle point; in its neighborhood the circle can be replaced by a segment of 
the tangent to it and the remainder of the circle may be neglected, see Fig. 29. 
Along this segment of the tangent we have 


(16) C= lo tty; —M<¥< + M 
Neglecting the higher terms we find from (14) and {15} that 


+ ¥o 


(17) Z= = Ente) { exp {-3.F'(Cq) v7} dy. 


—*e 


Introducing the new variable 
n= vy VEPs) 
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and assuming that #’’({,) is sufficiently large, we obtain 
oF ite) 
Z=—. - oer fe -1" dy = = 
sa VP PF’ VaxF(o) F"(E,) 


ze Yo) 
CoN +! V2 F"(ey) 


and hence 
(18} 


in view of (13). 

It is very instructive to prove this result in the classical case first, even 
though in this case the sum can be calculated exactly without difficulty, and 
without the use of the stratagem due to Darwin and Fowler. Instead of starting 
with the definition (6) of the partition function, we would now start with its 
definition in (36.17 a). If we now drop the partition condition (36.16), as we 


have done in (6), and if we write the denominators #,!, ,!, ... under the 
respective signs of summation over ™,, %, ... , we obtain 
(19) Yous = NtIT| D’ (C2) ) _ Nietintnts 3 Nl ete 
i : n;! 
mY 


which replaces the preceding function Y(¢). This case shows again that the 
partition function 2, has a legitimate meaning in classical mechanics. 


From eqs. (13) and (19) we can deduce the relations 


(20 a) F(t) = CZ, + log N!-(N + 1)log ¢, 
(20 b) Fj 2y- 
(20 ¢) F"(2) = (N + 1/02, 


so that according to (13), we have 


N eee ‘ 
(20 d) fy = a VP Ty =| = \% 


and eq. (18) transforms into 


a1) 9. NleN+1Z,N zn 
(N+*fax(V+1I) 7 
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According to Stirling’s formula (29.4 a), the numerical factors are equal to 
unity; for N >> 1 we have, namely: 


NieV+1 e@ 1 : 
(N+ )2x(N+ 1 (+ yNyy V14+an | 


Thus our eq. (21) leads to nothing new, but reproduces the already familiar 
eq. (39.16), as mentioned in Sec. B. The return to the classical case in the 
preceding argument can thus be regarded as a check on the not very simple 
analytical methods used in the approximation. Furthermore, we may consider 
that it offers a substitute for the proof that F’’(¢,) is very large for large values 
of N, We have, in fact, assumed in the transition from (17} to (18) that this 
was necessary hypothesis for the application of the method of steepest descent 
(saddle-point method). We can now infer from eq. (20 c} that this assumption 
is satisfied in the classical case: We know that €, is finite and that €¢,< 1 
and conclude from (20c} that F’(f,) increases to infinity proportionately 
with N. We shall assume that the same occurs in quantum statistics. 


(21 a) 


Reverting to the latter, we form the logarithm of the partition function 
given in (18), making use of the representation of Y(} from (12}: 


: 1 
logZ = F D>, log (1 F bya) -(N + 1} log ¢ ~ 5 log [22 F’’(2y)]. 


é 


In this equation we may neglect 1 compared with N. The last term is of order 
log N which in the limit NW — oo is negligible compared with N. It can be 
seen that in the limit of N — oo it can also be Beene in comparison with 
the others. In this manner we obtain 


(22} log Z = + D> log (1 + €,2%)-N log &, 


where @ is determined by eqs. (13) and (13a). Thus 


d N 
22° — [log Y = 
when we neglect 1 against N once more. Consequently 
oti | zi 
23 2 = WN, 
25) 1+ VF by 


in accordance with eq. (12). 
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Substituting the expressions (36.18) into eqs. (22} and (23) and putting 
fo =e *, we have 


(22 a) log Z = F LS tog (1 F e-7- #4) + Na 
and 

1 
(23 a) Pies aa ee 


It follows from (23a) that for large values of « 
e-*2Z,=N, a = log Z,-log N 
and from (22 a) that 
log Z = N log 2,-N (log N - 1) 


in agreement with eq. (3a). It is seen that « >> 1 corresponds to the limiting 
case of ordinary gases. Asa becomes small, or even negative, we obtain degenerate 
gaseous states. The most important example of a degenerate gas is afforded 
by the conduction electrons in metals which we propose to consider in the 
following Sections (38 and 39). 


38. Degenerate gases 


A. Bosrt-EINSTEIN AND FERMI-DIRAC DISTRIBUTION 


We have based our considerations in Sec. 37 on the partition function 
in the /’-space because identical molecules are indistinguishable, but the 
results, as given in eqs. (37.22 a) and (37.23 a}, contain only sums over the 
je-space. The sum in eq. (37.22 a) 


(1) log Y =F > log (1 Fe *-48:) = D(a, f) 
plays a similar part to that played by the partition function itself. It is a 


thermodynamic potential. It follows from (37.22’} that: 


ap 
{2) 1 apear a 
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The internal energy follows from (36.8) and is 
(3) en 


and the number of particles follows from (36.7): 


= 1 a® T 
(4) hn Oe arr Oe 2 


Applying eq. (4) we can deduce from (2) and (3) that 
{5) N=2%, U = Tn &. 
Applying (36.9), we obtain an expression for entropy 
{6} SH=R(P+aN4 BT). 

The differential form of © has the form: 

{7} af =-Nda-~UdB8-BS n; de. 


Using the language of thermodynamics we can state it represents the potential 
in terms of «, 8, and ¢; as independent variables. 

It is seen from eq. (7) that ® defined in (1) represents a kind of thermody- 
namic potential. It differs from previous potentials in that it contains the 
number of particles as an independent variable, in addition to energy (Problem 
II. 1). In the case of a completely isolated system the energy remains constant 
(U’ = const) and all phase points lie on one surface tn the phase space. Every 
phase element of equal volume between this surface and: the energy surface 
U 4+ AU is of equal probability. We speak of a microcanonical distribution 
and of a mzicrocanontcal ensemble. 

So far we have carried out our consideration in relation to canonzcal 
ensembles. The latter occur when the system remains in thermal contact with 
the surroundings. For every temperature we obtain a canonical distribution 
function which admits fluctuations of the mean energy; these are due to the 
energy fluctuations between system and bath. In the case of systems with 
very many degrees of freedom the differences between the results of calculations 
for microcanonical systems, as against canonical systems, are, generally 
speaking, not significant, because the energy fluctuations are exceedingly 
small. 

The function of state, @, refers to so-called “grand canonical ensembles’’. 
When « is constant and is not eliminated, unlike in the following argument, 
the number of molecules N is also subject to fluctuations. Now there is more 
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than only thermal contact with the surroundings, and an exchange of particles 
becomes possible. This causes fluctuations in the total number of particles. 
Again, in the case of large systems, the fluctuations in the number of particles 
are small, and no appreciable differences result. We shall restrict ourselves 
to these remarks and will now revert to the canonical distributions, eliminating 
« with the aid of eq. (2) (see also Sec. 40). 

In the limiting case of large values of «, we obtain from (1) that 


{1’) lg YaP=e° Pe hi jae 42, 


With the aid of eqs. (2) to (4) we can deduce from it that 


aZ, _ e-* 9Z. 
—- e-% —p-* __0 ge eee 
N = e7*Z,, U e 3B’ R; Bde’ 
or, eliminating «, we have 
d log Z — N @logZ 
8 Vash 2 Pe lg bate =a 
(8) ap B ae, 


in agreement with (29.6). Here %; represents the ordinary Boltzmann dis- 
tribution function. 

The same calculation can be performed without assuming that « is very 
large, but the elimination of « ceases to be elementary. In any case, we can 
now perform our calculations in the «-space. It will be noticed that in the 
I-space we always have the distribution function exp{-a— 6 E(n)} and 
that the only change occurs in the number of energy steps in E(x). On the 
other hand, according to (4), in the s-space, the Boltzmann distribution 
function exp (~ « fe;) is now replaced by new distribution functions. In the 
Bose-Einstein case: 


= 1 
on eS et reaI’ 
and in the Frermi-Dirac case: 

= 1 
4b (= ———_.,, 
( ) % ext Be; of. 1 


Accordingly quantum mechanical gases can also be described in the u-space if 
we, as it is said, adopt new statistics. It is usual to derive eqs. (4a) and 
(4b) with the aid of combinatorial methods which take into account the fact 
that particles cannot be distinguished one from another, as well as Pauli’s 
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principle, right in the w-space. We shall, however, refrain from pursuing this 
point. 

The entropy equation (6) leads to a number of important conclusions. 
It follows from eq. (4) that 
1+ 4%; 


ext fe; — — 
ny 


Substituting this expression into eq. (6), we obtain 


1 Ne = 1+ %; 
¥ S= S| log (1 Se jig) + Filog | 


or, after an elementary rearrangement: 


(9) 4s =~ S Gislog ti F (1 4 7) log (1 4 7}. 


The first term is identical with Boltzmann’s log W in eq. (36.10). The whole 
equation represents the quantum mechanical expression for log W, because 
the distribution functions (4a) and (4b) yield, precisely, 


{10) log W# = — >” {fi log fi F (1 + f) log (1+ fi} 


subject to the additional conditions that N = 2; = const, U = Jf, e; const 
for the maximum. 

These changes in the thermodynamic probability can be easily interpreted 
in the Fermi-Dirac case. Taking into account that 


(11) jP=1-%, iis 


represent the probabilities of finding either 20 molecule or one molecule in 
the z-th quantum state, we can infer from (10) that 


(12) log W~ = ~ 3” (flog f° + fi’ log fi’). 


This expression differs from that due to Boltzmann by one term which 
represents Boltzmann’s thermodynamic probability of the empty places. 
Fermi’s distribution can now be obtained by determining the maximum of 
W~ subject to the conditions 


(13) @+h=1, D#=HN, Mati =v. 


270 GENERAL STATISTICAL MECHANICS: COMBINATORIAL METHOD 38 14 


The same is true of the Bose-Einstein case. In this case also it is necessary 
to take into account the Boltzmann thermodynamic probabilities of the 
empty spaces. Let //” denote the probability of finding » molecules at the 
i-th quantum state; the thermodynamic probability is then equal to the 
sum of expressions of Boltzmann’s type: 


(14) log W+ = -_Y" (fi log fi + fi log fi’ + fi” log fi” + ...). 


é 


The Bose-Einstein distribution (4 a) follows from this expression and log W* 
follows from eq. (9) on calculating the maximum of (14), subject to the 
additional conditions that 


(15) Sim=1 Sapo an, Mapes v. 
r= #,% 


i,” 


A proof is given in Problem IV. 7. 


B. DEGREE OF GAS DEGENERATION 
In the present Section we shall consider monatomic quantum mechanical 
perfect gases. In this case the sum in eq. (1) can be written as 


sa) 


(16) @ = Sa | tog (1+ e— +f pam) p? dp 


0 


if a continuous approximation with the aid of an integral is used. Alternatively 


"a 9/2 
(16a) @ = £2") - 4 (a), 
where 
(16 b} x(a) = ref (1 =e %-* it dt 
Jt 


with {p72 = 2mi. A correction to this equation is given later in (26). The 
number of particles can be calculated from (16 a) with the aid of (2), (3) and 
(4), when we find 


(17) N=-+, Qamk T)8/? y' (a). 
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Similarly the energy is: 


(17a) US 55 (2a mkTY AT xe) =S NAT (-pladiy'ta)) 


and the pressure is: 


(17 b) p= ie fa 2am ET) «kT - y(a), 


(taking into account that @+ Na—=-£fF and that dF =-SdT-4f4V). 
From the last two equations we can deduce the relation 


2 
(18) pv==U 


which is independent of y{«) and which thus remains valid in quantum 
mechanics. 


According to eq. (17) « is a function of the ratio 
N 3 
(19 =. ° 
eV Wanmat) 
which is a measure of the deviation of eqs. (17), (17 a}, and {17 b) from the 


ideal gas state. The quantity p is defined as the degree of gas degeneration. 
From eqs. (16b), (17), and (19), we find that 


Vide 


(20} ee eal ete] 
6 


showing that » is small for large values of a. A small value of p also means 
that the behavior of the gas is classical. We have estimated in Sec. 37 that 
for a gas under normal conditions px 1/30,000. The influence of p on the 
energy of a Bose-Einstein and of a Fermi-Dirac gas is shown graphically in 
Fig. 30. It serves to eliminate « from eqs. {17) and (17 a}. 


An example for large values of p and large degeneration is afforded by the 
conduction electrons in a metal. We shall see in Sec. 39 that to a first approx- 
imation, the conduction electrons behave like free particles. In other words 
they move through the metal like gaseous molecules in a vessel, but the 
electron gas is highly degenerate. On the assumption that one electron per 
atom in copper is a conduction electron we find p = 5000. 
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The electron gas is of the Fermi-Dirac type because electrons behave 
in accordance with Pauli’s principle. For small values of » both types of 
pases {i. e. Fermi-Dirac and Bose-Einstein) behave identically, but in the 
limiting case of large values of p the differences are considerable, and it is 
necessary to discuss them separately. 


tog (-x/x’ 


: Fermi-Dirac 
Classical 
limiting 1 


case log p =log {- x’) 


Fig. 30. 


The logarithm of the energy factor U/U gotem. = - x/x’ from eq. (38.17 a} plotted 
im terms of the logarithm of the degree of degeneration 9 = - x’ as seen from eq. (38.20). 
(after F. L. Bauer}. 


C. HIGHLY DEGENERATE BOSE-EINSTEIN GAS 


Until recently, apart from light quanta, no instances of appreciable 
degeneration in the case of Bose-Einstein statistics were known. It appears, 
however, that superfluidity? in helium at very low temperatures is linked 
with gas degeneration. In any case it is a fact that superfluidity occurs only 
in the isotope He* which satisfies Bose-Einstein statistics. It is absent in He? 
which behaves in accordance with Fermi-Dirac statistics. 

According to eqs. (17) and (20) the number of particles of a Bose-Einstein 
gas is proportional to 


; 2 \ iz ae 
0 


This integral reaches its maximum a = 0. Values of « < 0 must be excluded 
because — y’(«x) then diverges. The fact that the above integral just con- 
verges for « = 0 and assumes the value €(3/2) = 2.612 (€ = Zeta function) 


1F. London, ‘‘Superfluids’’, Vol. I, Introduction, Sec. 4; Structure of matter series, 
New York, London, 1950. 
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could be interpreted to mean, in accordance with eq. (17), that only a finite 
number of Bose-particles can be accommodated in a finite volume, and that 
their number decreases like 7°" as the temperature decreases and becomes 
equal to zero, at absolute zero. Such a consequence does not appear plausible, 
and contradicts the assumption that in the case of Bose-Einstein statistics it 
is possible to have an arbitrary number of particles in each quantum state. 

In fact, the conclusion is false. It is a consequence of the continuous 
approximation used for the sum (1). At low temperatures when f ¢; > 1 it 
is not permissible to replace the sum by an integral. If the energy is so normalized 
that its lowest value is equal to zero, and if we arrange the values of energy 
in their order of magnitude 


O= << SeS see yg 
we find that the mean numbers of molecules for the different energy states 


are given by eq. (4). They are 


(22) Ng = > cS —— S152 ech: 


The factors g; which appear here indicate the multiplicity of the energy values 
e,, in the same way as in eq. (33.11). The ground state is assumed to be simple. 
Since in the limit «— 0, # increases without limit, the number of particles 
ceases to be bounded. 

The fact that (21) remains finite at a = 0 means only that the number 
of particles m = 2H, present in excited states cannot exceed an upper limit 

j=l 

so that an increase in the number of particles beyond that limit contributes 
only to the ground state. The particles condense to a certain extent into 
the ground state (Einstein condensation). The number % is determined by 
the integral (21). Defining the degree of degeneration in the same way as 
before, in eq. {19}, we see that eq. (17) yields?: 


(23) =X ye <%e(3) = No, 

p p \2 
because the disappearance of the lowest energy level in the definition of % 
makes practically no difference. It is possible to estimate that the error is 
of the order 67%/% = (p/N)'*, which is negligible even in cases of appreciable 
degeneration. 


1It is evident that eq. (20) ceases to apply because it implies » = N. 
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We now direct our attention to the consideration of high degrees of 
degeneration. According to (23) we then have # << N, and practically all 
particles are at the ground state. Thus eq. (20) shows that « is very small. 
We have Ny<WN and 


1 


(24) R=Ny, %y—N-Ny, «=o 


As a first approximation the numbers of particles in excited states is given by 


gi 


(25) 1; en? = wean 


where « <0 has been substituted into (22). We now inquire into when we 
may substitute the 2,9 ’s, defined in eq. (25), for the #, ’s, or, in other words 
we ask for the conditions under which we have 


nP-m, — (e*- ie’ — ef Fifth, 
eer 4 


<1. 


n; ef tj 1 


First it follows that this expression is small for large values of 8 ¢;. Furthermore, 
we may have $e; < 1 on condition that for all excited states e, we also have: 


fesse og 
1 EN 


The lowest excited quantum state ¢, is of the order 
€, oy 2/2 m V2, 
which corresponds to a de Broglie wavelength of the order of magnitude of the 


linear dimensions of the volume. Thus the above inequality is satisfied if 


ie ee : Y-23 5 
2mkT fy 


In view of (19), the following condition may be written down 


N 
(26) pre > GR 


which is satisfied in the limiting case of large values of p, because we then 
have wy w N. 

The numbers of particles of a highly degenerate Bose-Einstein gas occupying 
excited states are given by eq. (25) and depend on temperature alone. By way 
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of a first approximation they can be calculated from the distribution function 
which we have already encountered in connection with light quanta (Sec. 20). 
The more exact values in eq. (22) can be deduced from the modified potential: 


a 


V - 
(16) B= - log (1-e-*) -7y (2amk T)? 2 f tog ite \t ae. 
Vx, 
The first term constitutes a correction to eq. (16) for the lowest quantum 
state. The pressure is independent of the correction term. According to (17 b} 


we have 


3/2 32 
27) p = x(a) (24"| (2 T)9? = x(0) 22") (e T)82, 


Thus a kind of vapor-pressure curve has been obtained. 

In conclusion we wish to show that the degeneration of a Bose-Einstein 
gas is compatible with Nernst’s Third Law. Taking into account (1) to (3) 
we can deduce from (6) that 
i geek 4 SPS 
ee [phe oy See 


é 


The value of a in this equation can be derived from (2}: 


I 
Nea) a 


However, in the neighborhood of absolute zero all excited states satisfy the 
condition #¢,>> 1, so that all terms in the sum for which 7 + 0 vanish at 
least in proportion to e~*. Only the terms which are independent of tempera- 
ture remain: 

1 a 1 


eis poeeee _ ere a ee es 
pO log (i1-e nag N can i 


This equation shows that S tends exponentially to the constant value 
So = & (log N + 1). 
The spectfie entropy at absolute zero is given by 


(28) Pg ei eae EA 


N N ? 


except for terms of an order which has been neglected anyway. 
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So far we have assumed that the lowest energy state is eg = 0, and it 
remains to enquire into the changes in the argument which would have to be 
introduced if we had ¢, 54 0. Since, according to eq. (2), a depends on the 
temperature, we may replace a by a’ — 6 &, and thus we are led to eq. (1) in 
the same form as before. Equations (2) and (4} also remain unaltered. Equation 
{3) is replaced by 


a@ a® aD) da’ : 
y ~ (4) = (3) Gels = e ss N 


from which it follows that 
U' =U-Ne«,. 


Consequently if a’ is kept constant instead of « in finding the derivative with 
respect to £, the energy will decrease by its zero-point value N €g. 


39. Electron gas in metals 


A, INTRODUCTORY REMARK TO DRUDE’'S METHOD 


Since the discovery of the electron there could be no doubt that an electric 
current is carried by electrons. The suggestion that the electrons in a metal 
behave like molecules of a gas and participate in thermal equilibrium is due 
to P. Drude. The greatest success achieved by Drude’s theory consists in 
the derivation of the Wiedemann-Franz law which states that the ratio of 
thermal conductivity, x, to electrical conductivity, s, is given by the equation 


(1) —=3-T. 


Here - ¢ denotes the elementary charge of an electron. Drude was also able to 
derive an expression for electrical conductivity which is of some importance 
even to-day: 


etin 
mv 


(2) c= 


( = “‘mean free path” of an electron, # = number of /ree electrons per m?, 
v = mean velocity, ¢ = elementary charge, m= mass of an _ electron). 
Numerous thermoelectrical and thermomagnetic phenomena, such as thermal 
emf, voltaic emf, thermal emission of electrons from metals etc., can be 
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explained with the aid of Drude’s supposition, at least qualitatively, and their 
inner connection can be recognized. 

However, the fundamental supposition is inconsistent with experimental 
facts in the matter of specific heats. According to Drude’s hypothesis every 
free electron should possess an energy of 44 7 per degree of freedom at a 
state of equilibrium, and the molar energy of electrons should have the value 
of 3 R/2 = 3cal/mol deg which is in flat contradiction to the Dulong-Petit 
rule. When taking into account Maxwell's velocity distribution in a more 
precise way, it turns out that the numerical! factor in eq. (1) should have a value 
of 2, instead of 3, as shown, which destroys its agreement with the measure- 
ments due to Jager and Diesselhorst. The above and other additional diffi- 
culties disappear only if it is assumed ad doc that the number of free electrons 
is considerably smaller than that of atoms. 

The preceding difficulties completely destroyed the faith in Drude’s 
hypothesis of the existence of an “electron gas’. The lack of success appeared, 
essentially, comprehensible, because the electrons in a metal do not move in a 
zero field of forces but in a periodical potential field created by the ions of the 
metal. In addition the interaction between electrons must also play a part. 

However, the existence of metal electrons which are not subjected to any 
forces can, nevertheless, be justified to a certain extent on the ground of 
wave mechanics. Moreover, Sommerfeld successfully reverted in 1928 to 
Drude’s assumption of the existence of free electrons and was able to show 
that the difficulties just discussed disappear if it is taken into account that 
the electron gas possesses the properties of a highly degenerate Fermi-Dirac 
gas (cf. Sec. 38, eq. (20)). We now proceed to discuss some of the consequences 
of this theory basing our considerations on a paper by A. Sommerfeld and 
H. Bethe.? 


B. THE COMPLETELY DEGENERATE FERMI-DIRAC GAS 


We now wish to recall eq. (38.1) remembering that the lower sign applies 
to the Fermi-Dirac case. For a we substitute « =-§& because it can be 
shown that in the limiting case of T +0, and not « remains finite.? In this 
way we obtain 


(3) B= DS” log (1—e-H6-9), 


\Blektronentheorie der Metalle’, in ‘“Handbuch der Physik” edited by H. Geiger 
and K. Scheel, Vol. XIV 2, Chap. 3, I, pp. 533-368. 
“It is no longer possible to confuse the present 2 with that in Sec. 37. 
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The quantity ¢ in the above equation has a simple thermodynamical inter- 
pretation. The free enthalpy in eq. (7.4), namely 
G=U-TS+V 
can now be evaluated with the aid of eqs. (38.6} and (38.17 b). We thus obtain 
é= U-tO+tN-U4 55. 
The terms in this equation which contain U and @ cancel each other in pairs. 


In the latter case it should be noted that ® is proportional to V so that 
V a@fav = @. Hence we obtain 


(4) ¢=-3 =F, 


€ is seen to represent the free enthalpy fer electron. Corresponding equations 
can also be derived for the Bose-Einstein case. 


Fig. 31. 


Mean number of particles per phase cell 
a) at absolute zero b} for £ = 16/¢ c) for B = 1/€ (€ = const). 


As distinct from the latter, « can assume negative values so that ¢ becomes 
positive. According to eq. (38.4) the particle density is given by 


= 1 
{3} i= ble +1 +] . 
In the limiting case of T = 0(8— co) we obtain a value of either 0 or 1, 


depending on whether ¢, > ¢ ore, < ¢. Thus in the case of complete degeneracy 
we obtain 


my 1] for e< & 
(6) n= 
0 for E> & 
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where the quantities at absolute zero have been denoted by the subscript 0 
(see curve a in Fig. 31), and where ¢, plays the part of a limiting energy. All 
energy levels below €, are occupied, all levels above it are empty. Thus it 
is seen that at absolute zero the lowest levels are occupied; according to 
Paul’s principle every level is associated with two electrons, one each for 
each possible orientation of the spin of the electrons. 

The total number of electrons determines the linuting energy. Defining 
the limiting momentum P, by 


P,* 


om" P,=V2mQ,, 


(7) Co 


we see that the number of particles is 


VoeAnx 
{7 a} N=2 55 '-x- Py’, 
and that the energy is 

Vi 4x P,§ 


The numerical factor 2 is due to the fact that according to quantum mechanics 
every phase cell includes two quantum states, owing to the two spins and 
hence also two electrons. The evaluation of P, gives 


3 w\ 


Thus the energy and the dzmiting energy from (7 b) and (7) at absolute zero 
are given by 


aNA2{3  N\? nz f3 N\8 
(9) Uy= eo. 6 UW , O=aT ga. ’ 
10m \8x V 2m\8xn V 


so that the pressure, eq. (38.18), becomes 


10) 8x V 

In the case of copper this pressure has a value of py = 3.8 x 10° atm. 
This enormous value corresponds to the electrical attraction between electrons 
and ions. The limiting energy for copper is 2,, 11.3 x 10 Vergy 7e V. 
It is comparable with the ionization energy of hydrogen atoms (13.54 e V). The 
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total energy per mol is U, = 3/5 ZL ¢, which is roughly equal to the heat of 
combustion of carbon. Furthermore, the force acting on the cross-section of an 
ion is equal to the electrostatic attraction: fg 7? ~ e7/4 e, r? for x = (V/N) 
which is of the order of several Angstrém units. Leaving y provisionally undeter- 
mined we can see that, generally speaking, there will be no equilibrium. 
Furthermore 


pov? = y e*/An egr?, 
Substituting ) from eq. (10), it follows that 


e” 5 


_ Axegr? 13 28 42 
7 8 7 


m x 


or, with A=h/me (Compton wavelength) and a=e7/42e,hc (fine structure 
constant): 


= (8 \"4 1A 
= 5 Saf oar oy 
Wheny <1 (i. e. when x > 1 A) the pressure is too small to balance the forces 
of attraction. The electrons, and with them the ions, draw closer to each 
other. When y > 1 (ry <1 A) the pressure becomes too large, and the metal 
will expand. It is seen that the conduction electrons are mainly responsible 
for the cohesion of the metal. 

The preceding numerical values refer to absolute zero. In actual fact, 
however, the pressure, energy, and the limiting energy depend on temperature. 
Nevertheless, the degree of degeneration is so high that their dependence on 
temperature is very weak. It is seen that the degree of degeneration, eq. (38.19), 
becomes equal to unity at the characteristic temperature of degeneration. 


‘ 2/3 2/3 
O=; = ; (*} - (4) = 100,000 K. 


C. ALMOST COMPLETE DEGENERACY 


With increasing temperature the step-function from eq. (6) becomes 
smoothed out (see Fig. 31, curves 6 and c), but the transition between #; = 1 
and »; = 0 takes place very rapidly at absolute zero, i. e. as long as 
T <@O ~ 100,000 K, or k T < &, i. e. 8 & > 1. This enables us to evaluate 
the integral (38.16) and the integrals derived from it with a good degree of 
accuracy. 
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With reference to eq. (38.17) we put f+a=t-8¢= x, and add the 
spin factor 2. Thus we obtain for the nmber of particles 


ae pry 
(11) Ni a am Bid Boy dx 
h B e* + ] 
Ina similar way by partial integration we obtain from eq. (38.17 a} the following 
expression for energy: 


(12) sa7| 


_ An am)" (x + BL)% de 
—Imk\e) J e4+1 


“B er 41 


=> 


Both integrals can now be further transformed by partial integration. It 
follows from {11} that 


8xV {2m\*? r e* 
= 3A3 (2 lz “3 Hae e sy 
-BS 


The first factor in the integrand is a symmetrical function of x. For large 
values of § ¢ the second factor does not vary considerably in the interval in 
which e*/(e* + 1)? differs appreciably from zero. This enables us to expand 
the root in powers of x. Since, moreover, the integral decreases exponentially 
on both sides we can replace the lower limit of integration by — oo. In this 
manner we obtain finally 


+0 
8nV e* 3x ax" 
(11 a} N= 5h amass fe (14 38 + is t..)ae 


The integral in the middle vanishes because the integrand is odd. The 
first integral can be evaluated without difficulty, its value being unity. The 
last integral is proportional to 


+m 
x? e* 


Se = — 2 fa-*« —2*% —3x_ = 
ep” 2f = 2e-** 1 Ze +...)dx 
—w 0 


1 1 ne 
= Sites ee 
2x (1 oa tee : 
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Substituting the above values of the integrals into eq. {11a}, we have 
82 V »_»-—~;* x? Re? T* 
(11 b) N=-y5, (V2me) (+eEP yd 


The deviation from the limiting case of complete degeneracy is of the order 
(T/Q)*?, A corresponding evaluation of (12) yields 


4nV 522 hk? 72 
(12 a) U = = al) 2mé) (1452 - en). 


The first terms of (11 b) and (11 a) are, naturally, identical with (7 a) and (7 b), 
respectively. 

Denoting the value of at absolute zero by ¢, as before, (Fermi’s limiting 
energy), and equating the values of N for J = 0 and 7 +0, we obtain from 


eq. {11 b) that 
Ey. ( mt R27? \- 
(\/z as al «aaa a 


or 
nx? k® T? 
(13) ¢=u,(1-2 AP ) 
and by (12 a) 
See bers 
(14) U=0,(1 ce, ae 


so that according to eq. (38.18}, we now have 
5a? hk? T? 
{15} p=n(14 Se BE . 
D. SPECIAL PROBLEMS 


The dependence on temperature is due to the fact that some electrons 
now exceed the Fermi limit, instead of all of them being below it, as at absolute 
zero. According to (11) and (7 a} their number is given by 


mca) + x{B OP dx 
ov = 3 (1/2) nfo e+ 
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which is equal to the expression for € = €4: 


ad 
= Lf ae Dees 


418) er+- | 2 0 


except for correction terms of the order T/Q. If we take into account that 
only electrons which have exceeded Fermi’s hmit can make themselves felt 
thermally as well as the free places given by eq. (38.12), we shall come to the 
conclusion that only the small fraction 6N of electrons is significant for 
Drude’s hypothesis, and not the total number, N, of free electrons. Thus 
the theory leads us to a decrease in the number of effective electrons in a 
natural way. 

The specific heat of electrons is seen to be so small as not to affect the 
Dulong-Petit rule. The heat capacity can be calculated from eq. (14), and 
we have 


aU _,, Sr®h?T 4x V ght 
c= $= 05 SEE AE ETE 


In the transformation use is made of equations (7 b) and (9). By (7 a) we have 


Evaluating per mol (NV = Z = Loschmidt-Avogadro number): 


x? kT RE 
{17} ecodaale Bee oe = 


= a Ho OCD ulong- Petit- 

0 
The fraction Cyecp/Couiong-reit 1 Of the order of ON/N from eq. (16}. In partic- 
ular, for copper we obtain 7/54,000, so that for T = 300 K it is equal to 1/180. 
The contribution due to the electrons is seen to be less than 1%. 

We now propose to apply eqs. (5) or (38.8 b) to the calculation of 
Richardson's effect, i. e. to the emission of electrons from incandescent cathodes. 
Our assumption that the electrons move as if no forces acted between them 
implies a constant potential in the interior of the metal, Fig. 32. On the 
other hand at the boundary strong forces balance the electron pressure, 
so that the potential must increase rapidly from negative values, reaching 
the value of zero in the exterior. The quantity W-{, denotes the gain in 
energy which occurs when an external electron assumes the Fermi limiting 
energy in the interior; W denotes the full difference between the potential 
energy of an electron in the interior and one in the exterior. The real variation 
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in the potential is, naturally, different from that shown in Fig. 32. In the 
interior there are the periodic variations, already mentioned, and at the 
boundary the transition does not occur in a step, but continuously, even if 
it is very rapid. The simplification introduced in Fig. 32 does not, however, 
destroy the characteristic features of Richardson’s effect. 


Interior Exterior -—» 


Fig. 32. 
Illustrating Richardson's effect. 


When the energy of the electrons in the metal becomes sufficiently large, 
the electrons become capable of overcoming the threshold, and can escape 
from the metal. The condition for this to happen is that the portion of the 
kinetic energy of the electron which is due to its motion at right angles to the 
wall exceeds W. Assuming that the z-axis is normal to the boundary, we can 
write 


p2/2m> W. 


The density of the current due to the electrons leaving the metal is given by 
the integral 


i ey 
= sa 1+-exp[(8 p2/2 m)-BC] 


The lower limits of integration are: p,, p, = - 00, and #, = )2 mW. Putting 
B[2m (p,? + p,7) == t, (Bp, 7/2m)-BW=s, and £ = Cy, we have 


i <se(en\ | ds at 
“ mh3\ B : 1+ exp (2 (W-f,) +s+4) - 
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Since W > €, and, in general, also 6 (W - f,) >> 1, we may neglect the unity 
in the denominator as compared with the exponential function, and we can 
obtain Richardson’s formula: 


edt 


W-é 
= ae ie ad 
(18) ie exp - kT 
If we had based our calculation on the Boltzmann distribution insteed 
of that due to Fermi, we would have obtained 


_ eN IV 

\ 27m 
It is at once clear that the quantum value of the exponent should be (W - €,)/& T 
instead of W/k T, because it must be equal to the difference in energy required 


to overcome the Fermi threshold. In the classical formula Ng denotes the 
number of free electrons. Equating the factors in (18) and (18'} we have 


(18°) 


o 


VaT exp (-W/k T). 


(19) Ny=70 (V2xmkT)* = 2a N- (2) 


This is, again, much smaller than the number of free electrons, but the ratio 
differs from that given in eqs. (16) and (17). Hence it can be clearly seen 
that it is not possible to correct Drude’s theory simply by introducing a 
reduced number of free electrons, and thus to obtain the modern electron 
theory. 

We are not yet in a position to discuss conductivity, or to derive the Franz- 
Wiedemann law, and we propose to defer this topic until we reach Chap. V. 
In conclusion we shall show that the electron gas satisfies. Nernst’s Third Law. 
According to eq. (38.16), the equation for the potential of spin electrons is 


anV a iG 
+ (FR) fanseorea 
0 


Integration by parts gives 


gp — B2V any" f g32 dt 
=FNG par SiG Aa 


or, in view of {12}: 


(20) B= = Bu. 
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In accordance with eq. (38.6), the entropy is given by 


(21) s=na(Su-cn). 
Further, according to eqs. (7a), (7b) and (14), we have 
3 3 5x] 


Substituting these values together with the value of ¢ into eq. (21), we obtain 


522 1 x1 
= a5 nar 2. > far 2 
RAE (1-+ 12 B2C,2 I+ _ 
oT 
2 
(22) Ss => N R . (= Caiate for R TK Co): 
0 


The entropy is seen to vanish in the hmiting case of 7 — 0; it increases in 
proportion to 7. It is seen from (16) that it is of the order & 6N. 


40. The mean square of flucinations 


9o far we have dealt with mean values or even with magnitudes associated 
with the maximum of probability implying that they are identical with those 
observed on a macroscopic scale. Such an attitude is justified by the fact that 
laws involving mean values are identical with the laws of thermodynamics 
and that the properties of substances required in thermodynamics can be 
calculated with the aid of suitable molecular models. 

It is by no means evident that this must be so. The concept of a mean 
value includes the possibility of larger or smaller deviations, and single 
measurements can yield values which fluctuate to a larger or lesser extent 
about this mean value. The good agreement between the statistical mean 
values and the macrophysical experimental data may be interpreted to signify 
that the fluctuations encountered in statistical considerations of a thermo- 
dynamical nature are, generally speaking, very small; this is a conclusion 
which is a consequence of the faw of large numbers. 

In order to prove this proposition we shall require a measure for the 
fluctuations. The mean value of the fluctuations is certainly equal to zero, 
because the mean value of a quantity is so defined as to render the deviations 
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in both directions equally probable. A possible measure is given by the mean 
value of the squares of the fluctuations: the mean square, for short. 

Denoting the mean values by a bar, as we have already done on occasions, 
we find from eq. (36.14) that the mean value of the energy of a system in the 
i-space is given by: 


—fE{r} 
x E(n)e log Z 


() B= Seven ~~ ap 


n 


The fluctuations are equal to the differences between special measured values 
E(n} and the mean value £, or 


A E(n) = E(n)-E. 


Thus the mean value of the square of the fluctuation in energy is given by 


(2) (A E)® = (A E(n))? = (E(n) - E)?. 


Here 4 £ is the root mean square of the fluctuation, and is usually implied 
when referring to the mean fluctuation for short. Written explicitly eq. {2) 
becomes 


E [E(n) -E]2 e—#em 
(3) (A BE)? =~. 


Since the formation of a mean is a linear process (and sipce any mean value 


is a constant with respect to further operations of taking a mean: &£ = &£)}, 
we infer from (2) or (3) that 


(4) (AE)? = E*-2E E+E =£3_F’, 


The mean square of a fluctuating quaniity is equal to the difference between the 
mean value of the square of the quantity and the square of its mean value. It is, 
incidentally, clear that this difference must always be positive. 

We shall now make use of eq. (4) to calculate the mean square of the 
fluctuation in energy. Since 


Z E(n)2 e- PB 


» eB E(n} 


ad 


PY 
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we can see that the numerator can be obtained by differentiating the denom- 
inator twice with respect to 8. Hence 


= 1 a2 
f= 
(5) fe =F opi’ 


Substituting the mean values (1) and (5) into (4), we have 


1 22Z 1 faz\? 
SEY = 7 Be (5) | 


This is exactly the derivative of the quotient 2’/Z, and we can write finally 
that: 


tél 
a a 
(6) (AE)? = (E-E)* = — 
In view of (1) and of the definition of 8 we may also write 
aE au 
errand ile, iy oe Sc es | 
(7) (42)? = mn yn Cc. 


The mean square of the fluctuation tn energy is seen to be determined by thermo- 
dynamic quantiites only. It is proportional to the heat capacity, C. 
For monatomic perfect gases we have U = 3/2 N R T see eq. (22.6), and 


3 A E i 2 
+ eee 2T2 et aif 


For one mol of gas (V = LZ) the mean fluctuation is equal to the one — 101? th 
part of the mean energy, which is utterly unobservable. For N = 150 we 
should have A E/U = 6.7%. 

The preceding examples illustrate the effect of very large numbers, and 
demonstrate that fluctuations are unimportant in relation to large masses, 
but may play a significant part in small regions, Fluctuations in energy of 
the order of 6.7% at room temperature correspond to temperature fluctuations 
of + 20C. The importance of fluctuations in relation to small regions has 
already been discussed in connection with the study of Brownian motion 
(ef. Sec. 24). 

Equation (7) is valid universally. In the case of a system of quantum- 
mechanical oscillators eq. (33.8) leads to 

N (kO)? 


(9) (AEP? = Corqpe 
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or, in analogy with eq. (8), to 
(9 a) AE[U =1)'N. 
In the case of a solid body eqs. (35.8 a) and (35.8 b) lead to 


21/5. 
am : oe 
jan if T>@. 


It is seen that at absolute zero the fluctuations themselves die out, but that 
their ratio to the thermal energy U need not do so. The fact that A E tends 
to zero as T-+ 0 is also a consequence of Nernst’s Third Law (ef. Sec. 12) 
because C = 6U/@T in eq. (7) is proportional to the specific heat. In the case 
of an electron gas, we have from eq. (39.21 a) that 
an AE _ 5x (2z)" 1 
uo =63V2\e/ YN 

which is analogous to the first eq. (10). 

The mean squares of fluctuation can be easily calculated for the occupation 
numbers #; In analogy with eq. (38.4), we have 


——=, «1 {@logZ\) 1 f 20: 
03) (yt aye =F (RZ) 8 () 


that is, in the case of a Bose-Einstein, or a Fermi-Dirac gas, respectively 


ett fay 
(13) {A ni)? — (ext tee Te 
and 
(14) AVE WER: 


In the Fermi-Dirac case the above expression markedly differs from zero 
only at the Fermi threshold. Directly at «¢, = € > fq (ef. eq. (39.5)) An, 
assumes its maximum value 4 #;= 4. For the excited states of a highly 
degenerate Bose-Einstein gas we have #,< 1, and hence 4x, = V 7;. The 
same equation is valid for the classical limiting case. The ground state of a 
Bose-Einstein gas is of particular interest; since 1< #, (* N), we have 


A ny Mo, 
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and the fluctuation is seen to be of the order of the mean value, and hence 
numerically very large. 

In this connection it should be noted that eq. (14) is valid only for grand 
canonical ensembles because in the derivation of eq. (12) we have kept a, and 
not the number of molecules N, constant. Moreover, the sub-systems of the 
grand canonical ensemble continually exchange particles which explains the 
manner in which large fluctuations may originate. 

From the practical point of view the fluctuations which occur in groups 
of phase cells are much more important in view of the small size of a single 
phase cell. Let 2 denote the sum taken over a well-defined group of cells; 


it is then seen from eq. (38.4) that the mean number of particles within it is 
given by 


and that the mean square of fluctuation becomes 


Bey Eig Fiz Eig 


Since in eq. (38.4) the #; depend only on the ¢,, the mixed terms in the double 
sum disappear. Consequently we have 


1 1 On; 
(16) (Ame Os ae ae LEA, 
For example, the fluctuations in a volume element 4 V, as given by 
eq. (16) become 
a 


4nAV ext Fpyem 


(17) (An)? = Bf (ex Foe TY ja?” dp, 
7) 


(where the spin factor 2 has been omitted}. Thus in the limiting case of 
Boltzmann’s statistics, we have 


(An)? = And Ke (22), 


hs B 4 
Substituting the expression for e* form eq. (31.4), we obtain 


(18) (Anta N SO" 
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or, introducing the mean number of molecules in A V from » = NAV}V: 


‘a ce 
(18 a) an / : 


a \ NAV’ 


Such fluctuations in density can be observed because they cause the scattering 
of light. The blue color of the sky is due to the scattering of solar light and is 
caused by the fluctuations in the density of the atmospheric air. 


It is, naturally, possible to deduce eq. {18 a) from the fact that the mean 
density is constant, if direct combinatorial methods are used, and the method 
would, certainly, be much simpler. On the other hand the preceding argument 
allows us to show its relation to the fundamental equations of statistical 
mechanics which would otherwise be lost. The direct method of derivation 
is discussed in Problem IV. 8. 


In the case of an electron gas, eq. (17) yields 


AV {| /2m\° f ee dx 
aera eV] [RR 
-8t 


(now with the spin factor 2 included}. The evaluation is identical with that 
in Sec. 39, and in the case of complete degeneration the integration gives: 


AV »-——>13_ ‘11 
(An)? = 8, (V2 m ‘Co BE 


or, in accordance with eqs. (39.7) and (39.7 a}, 


Hence, with » = NAV/V, we have 
iv f/3aeT 
(19) An = |/—— - } Skt 
W fi NA V i. 2 Co 
The density fluctuations of the Fermi gas are seen to disappear at absolute 
zero, 
In conclusion we wish to remark that the higher powers of fluctuation can 
also be deduced from the partition function. Thus, for example, we have 


= log Z 
(20) (E(w) -E)* = -—S, 
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since 


BlogZ _ _ (ey _ (20 27) (2 az 228) 
“Re AZ) Ne ee eS ge a 


= F3_3E?E +2E* = (£-£)% 


In the case of a perfect gas, we have logZ=-3/2N log 84+... and it 
follows that 


1 (e-z)"\""_ 1/8 
et ee ae — 1/2 n-28 
(E-E\VsE one OO Kl : i yin : 


CHAPTER V 


OUTLINE OF AN EXACT KINETIC THEORY OF GASES. 


In the study of statistical mechanics given in Chap, FV we have succeeded 
in providing an atomistic justification for thermodynamics, i.e. for the 
science of thermal equilibrium. It has been rendered more complete by 
demonstrating that the thermodynamic potentials, for example the free energy 
in eq. (29.12’), and in particular the partition function in eq. (29.15), can be 
deduced from atomistic data. 

An atomistic description of non-equilibrium processes is much less simple. 
The phenomenological propositions have already been given in Sec. 21. In 
the present Chapter we shall restrict ourselves to the consideration of the 
behavior of molecules in perfect gases thus following the course of historical 
development. In this manner the object of the present chapter may be stated 
as an attempt to provide an exact formulation of the kinetic theory of gases 
given in Chap. III. The kinetic theory of condensed matter has been con- 
siderably advanced in recent times, but to describe it here we would have to 
exceed the scope of this text-book. In the present Chapter we shall be forced 
more often to refer the reader to specialized papers. This is true, in particular, 
in relation to the methods of solving the collision equation,! about to be derived. 

The lack of completeness in the present Chapter is not only due to the 
limitation of its objects. It follows also from the fact that explicit calculations 
are only possible for very crude molecular models, and ‘this is particularly 
true when it is desirable to take into account the quantum mechanical 
properties of molecules. An important step forward im this field was taken 
with the development of the theory of conduction electrons in metals, 
particularly when Sommerfeld succeeded in deriving the Wiedemann-Franz 
law, whose description will be given at the end of this Chapter. 


41. The Maxwell-Boltzmann collision equation 


A. DESCRIPTION OF A STATE IN THE KINETIC THEORY OF GASES 


The perfect gas is characterized by the fact that the state of any of its 
molecules is independent of that of all the others, except for the instant of 
collision. We can describe it completely by specifying the position and velocity 


1See M, Born, “Cause and Chance’’, footnote on p. 203. 
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of every molecule at a given instant. We shall restrict our considerations to 
monatomic molecules which we shall assume to be rigid spheres. We shall 
denote position by specifying the space coordinates r = (x1, %g, X,) and we 
shall also specify the velocity v = (&,, &, &).! 

The volume elements in the physical and velocity spaces are 


(1) dx=dx,dxydx,, dé = db, dé, db. 


In the present Chapter, unlike Chap. IV, we shall disregard the quantum 
nature of these volume elements, except in Sec. 45. We assume them to be 
so large that they can contain a large number of molecules, and yet small 
enough to allow us to disregard variations in density within one element. 
Mathematically this means that dx and @é in eq. (i) may be treated like 
differentials in spite of their large size. This change in definition may serve 
to justify the difference between the notation in eq. (1) and that employed 
earlier. 

We now proceed to determine the number of molecules, dy, at a place 
(r, ¥) in the phase element of the u-space, but replace momentum by velocity, 
so that the latter becomes equal to dx df, and 


(2) dy = f(r, v, t) dx a&. 


Thus the total number of particles is given by the integral 


(3) v= fit v, ft) dx dé. 


The integration is extended over the whole space (or over the volume of a 
vessel) and over all velocities. Hence the ‘ota? mean‘value of a function g(r, ¥) 
is given by 


(4) — x / gir, v} fir, v, 0) dx dé. 


However, in the kinetic theory of gases importance is attached only to 
local mean values. They determine mean values in the velocity space which, 
generally speaking, vary from point to point. If d{v) denotes any function 
of velocity, then the local mean of ¢ is given by the integral 


= 1 
(5) dH =— fF Hr, vydé. 
1The fact that we may regard the molecules as being rigid spheres and that we may 
Testrict ourselves to the consideration of translational motion finds its justification in 
quantum mechanics, C/, here the footnote on p. 242, Sec. 34, regarding the rotational 
energy of an electron. 
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Here » denotes the local particle density 


(5a) n= : fir, v) dé. 


Thus » dx is the number of particles in a volume element dx irrespective of 
its velocity. For example, the mean velocity is given by 


(6} u= Lf vi, v) dé, 


HK 


or, written in terms of components, the triple integral 


(6a) Ui{Xy, Xg, wat ff f sie Xa, %y; $1, by, $5) dE, db, aE. 


We assume that in addition to intermolecular forces, about which we 
shall have more to say later, there acts an external force, given as a function 
of space coordinates: 


(7) F= Fir) = [X, (0), Xe(r), Xa(r}]. 


We shall disregard forces which depend on velocities, such as the forces acting 
on a charged particle as it moves through a magnetic field. 


These assumptions are sufficient to provide a complete justification for 
the thermodynamics of gases in motion, A beautiful and non-trivial example 
of the theory under consideration is afforded by the discovery of the effect 
known as thermal effusion made by Clausius and Waldmann. The effect is 
obtained in the process of finding a higher-order approximation to the solution 
of the collision equation for several molecular species. We know from thermo- 
dynamics that perfect gases do not change their temperature on mixing. 
However, the process of mixing itself is accompanied by thermal effects. They 
are implied in the calculations due to Chapman! and Enskog,? but their 
importance in experimental science was first recognized by Clausius and 
Waldmann, who were also the first ones to observe it. Concerning the relation 
with thermal diffusion reference should be made to Sec. 21 C (reciprocal 
relations), 


1Chapman, Phil. Trans. 211 (1911) 433, 216 (1916) 279, 217 (1916) 115. 
2D. Enskog, Kinetic energy of processes in moderately dense gases, Inaugural disser- 
tation (Uppsala 1917), Ark. for Matem. 16 (1921) No. 16, Kungl. Svenska Akad. 63 (1922) 4. 
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B, THE VARIATION OF / WITH TIME 


The Maxwell-Boltzmann collision equation is obtained by inquiring in- 
to the variation of f with time. We assume that / is continuous and sufficiently 
differentiable, this being possible owing to our definition of the volume 
elements dx and d&. The phase density f(r, v, é) in the #-space changes owing 
to the motion of the particles and to their collisions. We now consider a time 
interval A i which is, on the one hand, large compared with the duration of a 
collision t,, so that most collisions which haye begun during 4? are also 
completed within it. On the other hand, we shall stipulate that A ¢ is small 
compared with the mean collision time t, i. e. with the interval between two 
collisions. Thus, generally speaking, ove molecule will suffer at most one 
collision with another molecule during the interval A ¢. This implics that the 
radius of action of intermolecular forces is sufficiently small compared with 
the distance between atoms, and, @ fortiori, small compared with the mean 
free path (Sec. 27}. 

If no collisions occurred during 4? we could make the transformations 


roror+vd4i and vovave i FAt 


so that 

(8) ev) dxdé fet vAtv+— Att 4 ANd de = 
_ aa 1 ae afl ae 
=lirevo raft tet 4 A. fava 


The last equation applies in cases when we may neglect higher-order 
terms, i. e. when / does not change appreciably during the interval 47. It 
may be noted that such an assumption is compatible with considerable changes 
within one mean free path because Af<+. Furthermore, according to 
Liouville’s theorem (Sec. 28), we can write 


(8 a) dx’ d&’ = dx dé 


for the preceding motion which is not impeded by collisions. Consequently the 
differential factors can be cancelled on both sides of eq. (8). 

The collisions between molecules cause some molecules to leave dx dé, 
and some pass from dx, #é, to dx d@&. They are equivalent to a loss or gain in 
particles in dx df owing to collisions. Thus the balance equation for the 
particles consists in stating that the change in the number of particles, 
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according to (8) and due to flow, must be equal to the difference between the 
numbers gained {/,,;,) and lost (/;,,,) as a consequence of collisions. Hence 
per unit time and phase space element we may write 


of 
(9) at ‘or + eR ay = Leain — Sioss- 
This is the Maxwell-Boltzmann collision equation. The quantities J,,;,, and J ioc. 
must be calculated in accordance with the laws of elastic collision. In order 
to shorten the equations, i. e. eqs. (8) and (9), we have denoted the spatial 
gradient of { by ¢ef/ér and that in the velocity space by @//ev. 


C, THE LAWS OF ELASTIC COLLISION 


These depend on the nature of the forces acting between molecules. In 
the preceding Sections we only stipulated that the radius of action of the 
forces was small. Thus, e. g. a force law F ~ 1/r* would be compatible with 
the assumption, provided that # were large enough. This case is the one 
normally discussed. It leads to particularly simple results for » = 5, and the 
limiting case of # = oo corresponds to rigid molecules. We shall restrict 
ourselves here to the latter assumption. The diameter of such a sphere will be 
denoted by s. It indicates the smallest distance between the centers of two 
atoms imagined to be spherical in shape. It is evident that real molecules 
differ greatly from what we have assumed here. Monatomic molecules at 
moderate temperatures seem to be nearest to this model.! 

When two molecules collide, the total energy and total momentum must 
preserve their values. Denoting the velocities of the two particles before 
collision by v, v, and by v’, v,’, after collision, we may write 


(10) a a a is wf 
v2 vy? = vi + vy. 
If, further, V denotes the relative velocity before collision, i. e. 
(11) V=y,-¥, 
we can write down the solution of (10) in the form 
(12) vi=v+(Vele, v,’= v,-(Veje. 


1The higher energy levels of atoms do not become excited at normal temperatures 
so that the law of attraction is determined by the polarization of the atoms. 
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Here e denotes an arbitrary unit vector. Hence the relative velocity after 
collision is given by 


(12 a) VW’ = v,'-v' = V-2 (Veje, 
so that 
{12 b) (V’'e) =- (Ve). 


Solving eq. (11) for v and ¥, yields 
(13) v=v+(Veje, v, = v,'-(Veje. 


This equation is identical in form with eq. (12) and it is seen that the trans- 
formations for the velocities are mutually reciprocal. 
The collision equation (11) for identical 
i“ —(Veje particles can be represented graphically in 
a simple way; we shall employ the same 
geometrical construction later. The points v 
and v, in Fig. 33 represents the end points 
of the vectors v and ¥,. The vector drawn 
from v to ¥, represents the relative veloc- 
ity ¥V. We now draw a ray through v in 
the direction + € and one through v, in the 
direction —e and obtain the vectors + (Veje 
from eq. (11) by projecting Y onto the two 
v parallel rays. These projections determine 
Fig. 33. the points v’ and-v,', as shown. The four 
Vector diagram for the velocities points {¥, vi Vv’, v1) are seen to lie on a 
associated with the elastic collision —_ rectangle irrespective of the direction of e. 
Be ASO ANAL SBICES They all lie on a sphere whose diameter is 
V and whose center is at the mid-point of 
the vector {V|; furthermore, the pairs (v, v,) and (v’, v,’) are each diamet- 
rically opposed, Fig. 33. 


It is now necessary to indicate the meaning of e for the collision of rigid 
spheres. According to eq. (12) we may write 


(14) V-V' =2(Veje. 


During a collision there is a transfer of momentum. On the one hand this 
must be normal to the plane tangent to the two spheres at the point of impact, 
i, €. in the direction of the line through the. two centers, the so-called central 
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axts, On the other hand, the amount of momentum transferred is equal to 
the change in the momentum of either sphere, or to 


(14 a) vVi-v=v,-Vv,' = (Veje. 


This shows that the vector e lies along the central axis. Moreover, since V 
and V’ are equal in magnitude, as seen from eq. {12 a) and Fig. 33, the central 
axis bisects the angle formed V and V’. Fig. 34 represents the directions 
of the vectors and of the central axis as seen by an observer moving with 
either of the two spheres, say with that whose velocity is v before collision. 


Fig. 34. Fig. 35. 
The kinematics of an elastic collision, Sphere of influence and rate of collision. 


D. BoLTZMANN’S COLLISION INTEGRAL 


The preceding geometrical picture provides a starting point for the 
calculation of the right-hand side of eq. (9). It is perhaps somewhat more 
convenient to represent the motion of the center of the impinging sphere 
relative to the sphere of influence of radius s, drawn dotted in Fig. 35. The 
number of molecules which impinge on an area s* dw, where de is an elementary 
solid angle, during an interval of time A # is 


s? dw |\Ve| At: f(r, v1, ¢) df). 


The first term, s?dw |Ve| Ai, represents the volume of the oblique cylinder 
from which particles of a given direction and a given velocity arrive during 
time A f, as shown in Fig. 35. The second term denotes the density of these 
Special particles. 
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Now, in the gas there are f(r, v, ?} dx d& molecules present whose velocity 
is ¥. Thus the total number of collisions between molecules whose velocities 
are v and v, and whose central axis vector is e + is 


(15) s* dw |Vel Ad: fir, vt) + f(r, v,é) dx dé dé, 


Integration over all velocities v, and over all directions e gives the total 
number of collisions which deflect the paths of the particles whose velocity 
is v. This number, computed per unit time and per unit dx dé, is the one 
entering eq. (9). Thus 


2 
(16) Fics sf Vel f(r, v1.2) flr, v, t) dw d&,. 


The factor} is due to the fact that the integration is performed over the 
whole sphere, whereas the physical argument applies only to half of it, as it is 
easy to see by considering the variation of e on shifting v parallel to itself. 


The calculation of J,,;, is quite analogous. We must now arrange it in such 
a way as to make the velocities after collision equal to v and v,, because J ,.i 
corresponds to the increase in the number of particles moving with a velocity v 
due to collisions. Let the corresponding velocities before the impact be v’ 
and v,’. The number of impacts on an element of area s? dw of the sphere of 
influence is analogous to (15): 


(15 a) s? dw |V' el t- f(r, v’, t) f(r, vt) dx de’ dé’. 


According to (12 b) we have |V’ e} = |V el, and according to (13) (and also to 
Liouville’s theorem given in Sec. 28) we have, furthermore, @f' dé,’ = 4 @&,. 
Moreover the same result follows from the Jacobian of (13) 


(16 a) 


1A short expression, like the one used here, implies that the vectors have the given 
values within the elements dw and dx dé, 
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where we may assume that e = (0,0,1) without loss of generality.! 
Thus the gain in momentum (again for A= 1 and dxd& = }) is: 


2 
(16b) Jeena = ef [Vel f(r, v + (Veje, t) f(r, vy, - (Vee, f) - dea dé). 


Equations (16) and (166) are known as Boltzmann's coiliston integrals. 
Substituting these into eq, (9) and introducing the usuai abbreviations 


f =fry,4, =r. vy 4, 
(17) f=frv.d =fKrvt+ Veje,s, 
A = itr, vy 8) = f(r, 4 - (Vee, 2), 


we obtain the Maxwell-Boltzmann collision equation: 


(18) LG ae a Bl arte 


deter Bes | ? fr 

ar ér m ary 2 five (f hy fh) dw d&,. 

The mathematical problem of an exact kinetic theory of gases consists in the 
solution of the preceding non-linear, integro-differential equation. 


E. BoLtzMANN’S HYPOTHESIS ABOUT MOLECULAR CHAOS 


Before proceeding to study the properties of this equation it is necessary 
to discuss an important assumption implied in the preceding argument. In 
deriving the expression for the collision integrals we need the probability 
Wir, vir, ¥,) of finding a molecule at phase point (r, vy) in collision with 
another at phase point (r,, v,). However, we only know at first the probabilities 
Wir, v) and W{r,, v,) of finding a molecule at (r, v), or (r,, v,), respectively. 
The latter can be easily calculated from f(r, v}, because according to {3) we 
can write per unit volume in the phase space: 


Wir, v) = i Hew. 
The occurrence of products of two functions f in eqs. (15) and (15 a) means 


that Wir, ¥; 1), ¥,) = 0 for ¢ 4 ,1r,, and that for r = r, we have assumed that 


Wir, vir, ¥,) = W{r, ¥)- Wr, ¥,) 


iThe change in sign in the Jacobian is compensated by that in the factor V’e. It is 
necessary to remember that } IV” e| dé’ dé,’ originated from (V’e) dé @§,’ with (V’e) > 0. 
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i. e, that the first function is simply a product of the other two, This implies 
that the probabilities for the possible vefoczétes of one particle are independent 
of the velocity of the other. 

That this constitutes an additional assumption can be seen by considering 
the function W’{v, v,). The function W{v, v,) must be symmetrical in v and y,, 
since no molecule is preferred compared with another. On integration we 
find that 


fw. v,) @§, = i) Wiv,, v) d&, = W{v). 


Evidently, owing to symmetry, the same function Wy) is obtained in either 
case. It is, however, by no means permissible to conclude that W(v, ¥,) = 
= W(v) x W(v,). In general this will not be the case at all. 

The separation of W into a product is a consequence of Boltzmann's 
hypothesis of complete molecular chaos. It corresponds to Maxwell’s assumption 
in Sec. 23, to the assumption of equal probabilities in Sec. 28, or to Gibbs’ 
hypothesis in Sec. 36. This assumption, essentially, justifies the validity of 
the entropy theorem which we shall derive from eq. (18) in Sec. 42. Born! 
and his co-workers have recently given a more detailed analysis of this 
hypothesis. 


42. The H-theorem and Maxwellian distribution 


A. THE H-THEOREM 


We now turn our attention to the entropy theorem, The expression for 
entropy is given by eq. (36.10), namely.” 


(1) Hah f logy -faxas 


It should, however, be noted that this equation refers to the yz-space, whereas 
originally it has been written for the /-space, and that we do not now attribute 
quantum properties to the phase cells. The expressions in eq. (29.5) for a 
Boltzmann gas, in eq. (38.12) for a Fermi-Dirac gas, and in eq. (38.14) for an 
Einstein-Bose gas, referred to the #-space. In the preceding Chapter, when 
dealing with thermodynamic equilibrium, we have restricted ourselves to 


1Cf. “Cause and Chance’, /. c. p. 223, footnote 1. 
*With Boltzmann, we now use the symbol] # instead of S. 
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the consideration of the conditions under which the integral (1) attained its 
maximum. In the present Section we shall investigate the variation of 


with time. It might be expected that H will never decrease under the 
conditions known from thermodynamics. 


When studying non-equilibrium processes it is found that the Jocal entropy 
is more revealing than the total entropy. Hence, instead of using eq. (1) we 
shall investigate the variation of 


(2) Hak [ ogi -ta8 


with time. We obtain 


oH 


of 
i af (1 + log /) = 8, 


or according to eq. (41.18) 


(3) ae, fo + log /) (v2. += pty a 


where /, denotes the collision integral appearing on the right-hand side of 
eq. (41.18), namely 


2 
(4 hia i Vel h’~ fh) de aéy. 


The first term on the right-hand side of eq. (3) can ‘be transformed as 
follows: 


[tion vas = aiv f viogs-sa8 
The integral 
(5) sah [ vlogs sat 


denotes the flux vector associated with H defined in eq. (2). Thus eq. (3} 
assumes the following form 


(6) Hs aivse—a { (1+ gf Jak 
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This has taken into account that the second term on the right-hand side 
of (3} vanishes. In fact, since F depends only on the space coordinates, the 
second term can be written 


Ae fasten tas=he f 2 nognas 


This integral can be represented in the form of a surface integral over the 
sphere at infinity in the velocity space. Since the energy is finite, { vanishes, 
and we have 


1) fe fa + log/) hag =o, 


In this manner only the integral on the right-hand side of eq. (6) remains 
and we can substitute J, from eq. (4), when we obtain the form 


Bs? 
8) a ; Vel (1+ log f) (fff) deo dé dé, 


Interchanging the two triples of variables of integration, v and v,, does not 
affect the value of the integral, so that we may also write 


2 
- fiver + log hy) (fA -fh) dw df d5,. 


It should be noted that the following transformation may be performed. First 
V—-V and 


v'=v+ (Vee >v,-(Veje= vy,’ 


v, =v,-(Ve)e-v+ (Veje= Vv’. 


Consequently, we can write the right-hand side of eq. (6) in the following, more 
symmetrical form 


2 
(9) oops [ Vel (2 + log/ + log hy)  f’- fh) deo dé dey 


Instead of integrating with respect to v and v¥,, we may also integrate 
with respect to v’ and v,’. Thus, according to eq. (41.8 a), eq. (9} becomes 


2 
il Vel (2 + log f + log f,) (f fy’ -f fy) deo a8’ aby’ 
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Now it is necessary to assume that y and v, have been eliminated with the 
aid of eq. (41.13) rather than eliminating v’ and v,’ with the aid of eq. (41.11). 
Having done this we can change our notation and write v and v, respectively 
for v’ and v,’. This will cause no confusion because v and v, do not appear in 
the equation. Having performed the change of variables it will, nevertheless, 
be found convenient to define new variables v’ and v,’ with the aid of eq. (41.11), 
so that the integral on the nght-hand side of (8), now denoted by G, becomes 


2 
(10) Gtr, n= AS [ivel(2+ igs + beh) (hf hy’) de dé df. 


It is easy to see that the factor |Ve| in the integrand remains unchanged. 
It will turn out that G =@, cf. Sec. 21, eq. (8). 

The integral can be made even more symmetrical if it is replaced by half 
the sum of the two equal expressions in eqs. (8) and (10). In doing so it is 
necessary to note the change in the sign of the term in the last bracket in the 
integrand. Thus we obtain 


ay) G(r, =f + log f)- Jy dé = 
2 
--42 five (log { + log /, — log f’ —log /,'} (/' 7,’ —ff,) dw @& d&,. 


or, after a simple rearrangement: 


(12) G(r, t) = 42 fvei(iog!, he (ff - ff) dw dé aé,. 


At this stage it might be remarked that we shall encounter an identical 
transformation of an integral of the type (8), except that an arbitrary function 
y{v) will occur instead of 1 + log f. We would then obtain 


fiv el ply) (Ay Fh) dw ag de, = 
(13) 
1 f ¢ f , 
= if Vel (y+ ey —y— a) (fy fh) dew dé dé, 
in complete analogy with the preceding case. The different w-functions in 
eq. (13), are defined in the same way as the /'s in eq. (41.17). 


First we note that the integrand in eq. (12) cannot be negative, because 
log (7 f'//f;) and f' f\'-f/, always have the same signs. Hence 


{14} H+divS=G30. 
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The relation between this equation and eq. (21.10) will be discussed later. 
Integration over a finite volume yields 


(15) - Hdx + [ Sedo~ [cardo, 


where the volume integral in the second term has been transformed with the 
aid of Gauss’ theorem into a surface integral. The integral f H dx is seen to 
change owing to two causes; first, there is a flow of entropy through the 
surface and, secondly, there exists within the volume a distribution of sources 
which are either zero or positive. When the system is isolated from the 
surroundings there is no flow of entropy across the surface and we must have 


(16) g Hax= | Gax>0. 

The entropy of an tsolated system cannot decrease. It should be realized that 
the scope of eq. (14) exceeds that of the entropy principle in thermodynamics. 
It determines the magnitude of the irreversible change in H. Furthermore, 
eq. (5) defines the entropy flux. 


B. MAXWELLIAN DISTRIBUTION 


When G = 0 the change in entropy is determined solely by the flow of 
entropy. Since the integrand in eq. (12) cannot be negative, this can occur 
only if 


(17) fA Sh. 
Putting 
(17 a) logf=y 


we find that (17) is equivalent to 
(17 b) Py = et 


The sum y + y, is seen to remain constant during a collision; it is an additive 
invariant of the colliston. 


1 do denotes a surface element on the surface and S, is the component of the vector § 
in the direction of the normal outwards. 
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We can at once write down five functions which satisfy eq. (17 b), namely 
a constant, and the expressions for momentum and energy: 


1 
(18) Ls 1, "i= é,, Yo = Eo, w= Ee; YY, = 3 v2, 


In fact, these are the only additive invariants for a collision. 

In order to prove this proposition we revert to the representation in 
Fig. 33, Sec. 41. We shall call y(v) an antipodal function if for antipodal 
points v and v, on an arbitrary sphere in the velocity space we have 


p(v) + p(¥,) = const. 


The constant may, evidently, vary from sphere to sphere. Since on collision 
the points v and v, change to antipodal points on the same sphere, eq. {17 b) 
is seen to be satisfied. Antipodal functions are thus equivalent to the additive 
invariants for a collision. 

It is easy to show! that a continuous antipodal function vanishes identically 
if it vanishes at the following five points: 


(19) v= (0,0,0)}; (1,0,0); (0, 1,0); (0,0,1); (1,9, 0). 


Using the five functions (18) it is always possible to construct a function, by 
the use of linear superposition, which would assume arbitrarily prescribed 
values at the characteristic points (19), i. e, one that would assume the same 
values at those points as an arbitrary antipodal function. Since the difference 
between the prescribed and the so constructed antipodal function is also 
an antipodal function, namely one which vanishes at the five points (19}, it 
must vanish identically. In other words the only eae functions, i. e. 
the only additive collision invariants are 


(20) y=a4,tav+ av? 
According to eq. (17 a} we may also write 
(20 a) log f = a -(v—u)?, 


with a different set of constants. Putting @ = e* we obtain Maxwell’s distribu- 
tion law 


(21) f= folv) = anv 


with the difference that a, y, and u may still be functions of r and ¢. We refer 
to it as to the Jocai Maxwellian distribution. 


1The proof was given by Harold Grad, Comm. pure appl. Maths., 2 (1949) 311. 
z0* 
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It now remains to prove Grad’s lemma. We begin by considering at 
first only the &,, &,-plane, as shown in Fig. 36a. Of the first points in (19) 
the ones denoted by « liein this plane; they are A, B,C, and D. At those 
points we have y = 0 by definition. The same can be said about all nodal 
points of the quadratic lattice in Fig. 36 a, because we can always find pairs 
of antipodal points of which we know that y = 0 for three points and hence 
must be so at the fourth. For example (4, D; B 1), (C, D; B 2) (A, C; D, 7) 
etc, 


ay 
a 
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Fig. 36a, Fig. 36 b. 
Iustrating the derivation of focal Maxwellian distribution. 


Using the same construction we can find additional points at which wy 
vanishes. The nodal points from Fig. 36a have been denoted by + in 
Fig. 36b. It is seen from the diagram that y must vanish also at the mid- 
points denoted by °, as it is easy to infer from the following antipodal pairs: 
{a, b; 2,5), (b, d; 5,6), (c, d; 5,8), (a,c; 4,5); (a,d;b,c), Since 


pla) + p{b) = (2) + y(5) = 0, y(b) + vd) = y(5) + y(6) = 0, 
yc} + pd) = (5) + (8) = 0, pla) + vlc) = y(4) + y(5) = 9, 
pla) + p(d) = y(b) + yc) 
we also have 
pla} = wb) = y(c) = y(d) = 0. 


This procedure leads to another quadratic lattice which is now smaller 
and oblique, and can, therefore, be continued. In this manner we can obtain 
a lattice of points which is as dense as we please and at whose nodes y vanishes. 
Assuming continuity we have p(v) = 0, q.e.d. 

Making use of all points in eq. (19) we can easily extend the construction 
and the proof to three dimensions. 
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C. EQuiILIBRIUM DISTRIBUTIONS 


Equation (21) contains all distributions which are compatible with an 
entropy whose value changes only owing to a flow. It must, however, be 
realized that a, y and u considered as functions of r and é in eq. (21) cannot 
be arbitrary if they are to be compatible with the Maxwell-Boltzmann 
equation. Moreover, it follows from eq. {41.18} that 


af af 


of 


2 
mH 


Introducing eq. (20a) we can deduce the following equations from (22): 


_ LoL Mi SOG 
grad y = 0, eo oan re 
(23) é=-(UV)(a-yu-7 v8 


in which ¢ and & represent x, y, or z. 
The first two lead to the following form: 


(24) yar), Waser ta) xr +b) 
Since u denotes the mean local velocity, eq. (24) is seen to represent a special 
superposition of a fvansiation, a rotation, and a radial expansion. The whole 


motion remains isoivepic, because during time dé, r transforms to r + u df 
and dr— dr + du dt, so that 


dr? —» dr? + 2{dr du) dt, 


if the term with 47 is dropped. According to eq. (24), we have 
du = de + a X dr, 
2 
and 
(25) are (1 af * 4) dr?, 


so that all the distances are seen to vary in the same ratio. 
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The last eq. (23) determines the field of forces in which a local Maxwellian 
distribution may occur. In particular, when u = Q, eqs. (23) and (24) lead to 


(26) a=a(r}, p=const, b=0, 2a=90, 


and in particular 
(27) F = +a etad a, 


Thus, in the absence of a local velocity of flow, thermal equilibrium can exist 
only in potential fields which do not vary with time {cf. the barometric 
formula}. 


43. Fundamental equations of fluid dynamics 


A. SERIES EXPANSION FOR THE DISTRIBUTION FUNCTION 


In order to evaluate the collision integral in eq. (41.18) it is necessary 
to know the distribution function / which results from the solution of the 
collision equation. It will differ from the local Maxwellian distribution (42.21), 
because we are not dealing with a state of equilibrium. However, the devia- 
tions from the equilibrium distribution are, generally speaking, small. 
For this reason it is useful to begin the construction of f with the local Max- 
wellian distribution. Without any essential loss of generality we can put 


(1) jal+ad tog +..-)% 


a3 

aE. ab | ME, Oh En 

because, in essence, f/f, is an expansion in Hermite polynomials in three 

variables, i.e. a complete system (c/. Vol. VI), and we may expect that the 

coefficients of the expansion decrease rapidly, if the deviations are small. 

The subscripts &,/,m... in eq. (1) represent the co-ordinates x, y, z. 

A summation is implied whenever identical indices occur, so that, for example, 
the second term denotes the sum 


a. 2 se ofp 
The same convention applies to the higher-order terms. Generally speaking, 
the coefficients @,, dy), @z,, -.. depend on r and ?¢, but they are independent 


of v by definition. They form tensors of the first, second, and higher orders, 
and may be assumed to be symmetrical in all subscripts. 
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The expansion of / in eq. (1) becomes unique only if the coefficients a, «, y, 
and u, which are independent of the velocity, are defined with the aid of the 
local Maxwellian distribution 


(2) fo = et -7v—oF = gen-7le—ul’, 


This follows from the requirement that it should be possible to evaluate 
particular integrals exactly with the aid of /, alone. Thus the particle den- 
sity is: 


(3a) na fiat= [ naemataiir 


the mean velocity ts: 


— 1 1 
(3 b) val fvpat=! [viata 


and the mean, isotropic, thermal-kinetic pressure from eq. (22.3.a) becomes: 


(3 ¢) pa | wveras=™ f v-vpthgat = 2%. 


It represents the pressure which would be exerted on the walls of a small 
volume moving with the mean velocity. 

Equation (3a} determines the factor @ in eq. (2). If we define the 
temperature T by putting 


(4) y= m[2kT 


and if we use p= mm as the mass density, we obtain 


p m 3/2 
(4 a) fY pam (7) ' 


The two remaining equations yield conditions for the coefficients in the 
expansion (1). The +-th component from eq. (3 b) gives 


a 
felirad+ )ieat= f einae 


Since /, vanishes together with all its derivatives on the sphere at infinity 
in the velocity space, we may perform as many partial integrations as we like, 
without having to retain surface integrals. Thus we have 


J soda frat f steat 
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The left-hand side contains only two terms. Since already the first term is 
identical with that on the right-hand side, we have 


(5) a;= 0. 


In a similar way, inserting / from eq. (1) and integrating by parts, we obtain 
[@-Brnatr20 f e-8 fpd& + anda | fydé = | (E- 6)" fod. 


The first term is cancelled by the first term on the right-hand side, and 
according to eqs. (3b) and (5) the second term is identically equal to zero. 
The third term gives 4,, 6, = 0, where 


5, [| for ise 
1 0 for 144 


denotes the Kronecker symbol. Thus the sum of the diagonal elements of 
@,, must vanish, i. e. 


(6) aj = 0. 


In the following, eq. (1) is replaced by 


j=(\+2o Lae a7 eee 

a 2p ay ab: Bp ~'™ OE, Ob; OEp 

(7) 1 ae . 
YO TE) a 


The coefficients in the exparision have now been denoted by symbols which 
will prove convenient later. In conclusion we can deduce an additional 
condition from (6): The trace of the tensor o,, vanishes, or 


(7') Gj; — 0. 


B. MAXWELL’S TRANSPORT EQUATION 


A moment is defined here as the local mean value of a power of velocity 
calculated in accordance with eq. (41.5). For example 


pho! [aera 
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In the following the moments of local relative velocity are more important 
than the former: 


(8) ¢=V-vev-u, G=&-&=F-m 


Putting de = df, we can write the second-order moments as 


ccr= bf cvcatae. 
HR 


According to {8), the first-order moment, the mean values, can be written: 


(9) z= f G-Bfdemo 


The advantage of the expansion in eq. (1) or {7) consists in the fact that a 
finite number of coefficients in the expansions is always sufficient to calculate 
a moment, the number being x for a moment of #-th order. 


All moments can be reduced to those calculated with the aid of the 
Maxwellian distribution. For an arbitrary velocity function ¢(c), we shall 
make use of eq. (41.5): 


(10) o=" { fdd& together with ¢° =~ {yo aé. 
On integrating by parts, we have! 

ae oe a ag 
(9a) oc) =G + 5g. acreage Onin 5 Fe; Ben, 


All odd moments calculated with the aid of the Maxwellian distribution 
vanish since the former is symmetrical with respect to the origin (c > — c). 
Furthermore, since the Maxwellian distribution is invariant with respect to 
mirror reflections and rotations we have 


ook esas 2 
(10a) jem é be, Gj cker = 5 (Bu Oe + Oj bas + Ont Oyj}, 


1This transformation can lead to difficulties in the higher-order terms if factors ¢ = Vez 
accur, because the integrals may diverge, in spite of the fact that the integral (10) is 
convergent. In such cases it is necessary to abandon the integration by parts or to take 
the “‘finite parts” of the integrals {cf. Laurent Schwartz, ‘Théorie des distributions’’, 
Hermann & Cie., Paris, 1956.) 
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except for numerical factors, These can be calculated from the special 


integrals 
T.\3 
C2) = (2) fe tte" 2dedt dd = Beem con 
m 2y pp 


2 
"2, 2 “2% 7 90 ~ 90 
x2 Cy? = c8y cy? = (6,7 }? = 5 


In accordance with eq. {9 a), the mean moments are: 


os 1 al 
(9 b) = p bik -+ — Cir, Cj Cy Cy = — Qiat, 
p p p 


re - (8it Oj4 +54 O49: t+- bm 4:3) £ {(oi 6 ie ++) + (oj bit + so ie ioe = Ri 


the remaining following from these by cyclic transposition. 

Generally speaking the moments vary with time and position. They 
satisfy characteristic equations which are consequences of the collision 
equation (4].18). Multiplying this by ¢(v) and integrating over the velocity 
space we obtain directly the transport (or transfer) equation for the quantity 


Ply): 


1) 2 i$) + div (oF) (8 = 114, 
where 
(12) o= mn, f=+FonF 


denote the mass and force density respectively; po and phy represent 
the density and the flux of the quantity ¢; J(#} denotes the integral 


2 
(12) 1@) = [ b(¥) (f h-hh) Vel dade dé, 
which can be transformed to 


(3g = 25 [ ($+ bi- dd) A’ fh) Ve] dade db, 


in accordance with (42.13). We shall call it the coélzston moment of the 
quantity ¢(v) 
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Substituting the additive collision variables from eq. (42.18) into eq. (11), 
we find that the right-hand side vanishes. All additive collision invariants 
have been given in eq. (42.18). Accordingly, we obtain five equations which 
correspond to the five conservation laws: those for mass, energy and the 
three components of momentum. They are: 


aoa, eyo ay 
(14) a (PY) + div (ppv) =» (2). 
J(w) = 0 signifies that the mass, energy and momentum do not change ov 
colliston. The momentum need not be absolutely constant, since we admit 
an external field of forces. 


C. CONSERVATION OF MASS 


This follows from y = w= 1. Substituting this expression into eq. (14), 
we obtain 


(15) = 4 div (pu) =0 


in view of (3 b). This is the familiar (Vol. [1, eq. (5.4°)) equation of continuity 
of fluid dynamics. Its validity is more general than would appear from the 
assumptions required in the derivation of Boltzmann’s equation. 

The physical significance of this equation becomes clear on taking an 
integral over an arbitrary, finite volume V. The expression 


[ode=a 


gives the total mass enclosed by the volume V, so that the first term in eq. (15) 
leads to dMj{dt. The integral over the second term can be simplified with 
the aid of Stokes’ theorem: 


[owtonar= f punde 


where dg denotes an element on the surface area O of volume V; xu, is the 
component of the mean velocity in the direction of the outward normal to the 
surface with its positive direction outwards, and p #, do gives the mass flow 
through the element do. It is positive when the flow is outwards, and negative 
when the flow is in the opposite direction, The integral must be extended 
over the whole surface O of V. 
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Hence, eq. (15) yields 


dM a 
(165 a) es eee ee 


The decrease in mass in V is equal to the flow of mass outwards. The density 
of mass flow (flux) is 


(15 b) c=} 


it ts determined by the transport of mass with the mean velocity u. 


D. CoNSERVATION OF MOMENTUM 


In order to derive the momentum equation it is necessary to write eq. (14) 
in component form: 


oe ay 
(14 a) a (Pv) + oe (ow Fx) = fr (22) 


Substituting » = y, = &, in accordance with eq. (42.18), we obtain 


aa ee OIE es A 


(16) Py 


The first term can be transformed with the aid of the equation of conti- 
nuity, giving 
Fe ou; 8p a 3d 
ay (Pel = PG + Mi ry; = pti — Miz (pt) 


2 (peas) 
ae Hj — Bp bP i ed 


Thus eq. (16) now assumes the following form: 


{17) pit, 2 + Uk = a. —- (p (Ei Fa — i He) ) + fas 


where d/dt = (@/dt + #, #/8,) denotes the substantive derivative referred to 
a volume moving with the mean velocity (Vol. II, eq. (11.3)). 
According to eq. (9b) the expression in the square bracket becomes 


plb: Ee Eu; “u,) = = Pp (€; — 4) (Ex — up) = pei ch = p dix + Gik- 
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Reverting to vector notation we see that eq. (17) leads rigorously to 


(18) ptt =p{2 + u)u=—gradp—Divo +f 


The tensorial divergence Diva is a vector whose components are 
(18 a) (Div o); = dojn/ dk. 


Equation (18) is identical with the equations of motion of fluid dynamics. 
Since ¢,,= 0, go, represents a stress tensor which leads fo shearing stresses 
only (Vol. II, Sec. 10). The assumption 


{19 a) Cin = 0 


leads to Euler’s equation. Putting 


Ou; Ou, 2 au; 
{19 b) ee een 
we obtain the Navier-Stokes equations. We shall deduce approximately this 
form of 0, from the collision equation (see Sec. 44). 


In the case of pure shear flow (Couette flow, Sec. 27) for which 
u = (u(y), 0,0}, we obtain eq. (27.4), namely 


Gry = -F ay = Gyzx. 
Reciprocally, eq. (19 b) follows from (27.4) when we take into account the 
transformation properties for the rotation of the system of coordinates. 


On integrating over a small (!) volume flowing with the mean velocity, 
we obtain the following equation which is analogous to eq. (15 a}: 


(20) = pudr=—f tm tondo+ f hax 


Here ; denotes the :-th component of the unit vector nin the direction of 
the external normal, and o,, = 6, %,. The increase in momentum per unit 
time is composed of the flow of momentum through the surface (from outside 
inwards because of the negative sign) and the total force acting on the volume 
which results from the force density f. 
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E. CONSERVATION OF ENERGY 


The energy equation is obtained by putting y= 4y; = 4v*. In this 
case eq. (14) becomes 


A Er |e [rs Pees rr Oars 
(21) 2 (5, ¥) +aiv(tes ‘a7, 


According to eqs. (8) and (10) 


so that the first term of {21} becomes: 


OFS Pil og Pas au 
2 (54 2u)=$5 +80 Na 


Transforming with the aid of the continuity equation (15) and the momentum 
equation (18), we obtain: 


> p-5 ubdiv (pu)—u [p(uV)u + grad f- Dive -f] 


or 


@jeps)_ 3 et ao 
(22) 2 (2%) = 34 (uP) paiv (Bu utoxul+oet+ul. 

Here the product o x u of the tensor ¢ with the vector u is a vector whose 
components are: 


{22 a) {o & U); = On tp; 


e denotes that part of the strain tensor of the flow (Vol. II, Sec. 1} which 
relates to shear: 


1 fan, au, 2 au; 
b = gf [| 
{22 b) €= ti =5 (2 i a 3 aj ou 
and o ¢ is the scalar product of the two tensors ¢ and «, defined as 
Ott; 
(22 c) OE = Op Exi = Ohi ap 
The equivalence of the last two expressions is a consequence of the symmetry 
Sy = G4 subject to the trace condition that o,, = 0. 
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Correspondingly we can transform the mean value in the second term 
of (21), and we obtain 


(23) v?-v= (e+ uj?-{c+ uj =c?-¢4¢?-u + 2(e]¢) xu+u-u. 
Writing the components of this term in accordance with eq. (9b), we find 
a 
cf ey = ~ Qi. 
p 


Introducing the vector Q with the components 


I 
(24) Oi = 5 Cin 
we have 
=— 2 
(24 a} ea 


By eq. (9b), the second term becomes 
(24 b) tage Py 
p 
In the third term (c|c) denotes the tensor ¢;¢;, so that eq. (9 b) gives 


(24 c) 2efe x u=*Lu +o xu. 


The fourth term need not be transformed. 
Substituting eqs. (22) and (23) into (21) and making use of eqs. (24) to 
(24 c), we obtain 


£5 -(uP)p +awla + Spu)roettunty 
An elementary transformation gives 
3adp 3/2 Ge is 
(25) 54 _ 3 up| pm-aiv@-oe-Spdivu 
Interpreting Q defined in eq. (24a) as the heat fiux (flow of energy in the 


moving element), and introducing the denstty of internal energy (kinetic 
energy in the moving system of co-ordinates) 


(24 d) Q=sect=sp, 
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we Can rearrange eq. (25) to read 


a 
(26) ©. aiva=(2 +uv|o + 4vQ~-Qaivu-paivu-ce 

This equation can be transformed in two ways. Transposing the first term 
on the left-hand side to the nght-hand side, we have 


(27) M+ div (Q+Qu) =-pdivu-oe. 
The right-hand side now contains the work of compression and that due to 
shearing forces (energy dissipation due to friction, see Sec. 44). The divergence 
on the left-hand side operates on the term representing the local change in Q 
due to heat conduction Q and convection Qu. 


Hf, instead of the energy density, we now introduce the energy per unit 
mass 7, we have 9 = pq, and hence 


aQ ag ep ag . a, aq : 
a Pop + 0 op HO oye 7 iY (ow) = 95 div (pu), 
and it follows from (27) that 
dq ; r] : ; 
(28} pa + divQ = p re q+ div Q =-pdivu-ce. 


The right-hand side has the same meaning as before. The left-hand side now 
contains the flow of heat due to conduction, because from the macroscopic 
standpoint we are now concerned with a definite element of mass and observe 
it as it moves. 


F. ENTROPY THEOREM 


We now recall the definition of entropy and entropy flux in eqs. (42.1) 
and (42.5), as well as eq. (42.14) in which the distribution of entropy sources, 
(r, defined in eq. (42.12) is essentially positive. Let 7 denote the entropy per 
unit mass,! so that 


H = py. 


'The symbol y in this Section should not be confused with the viscosity, n, used 
elsewhere in the present Chapter (Trausi.}. 
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Taking into account the equation of continuity (15) we conclude from 
eq. (42.14) that 


H=pnt+ py = py-ndiv(pu) 
) ; 
= (3 + uP )n-div (pnw) 


Thus eq. (42.14) can be written in the form 


dn a ashe 
(29) pt a o( 2 4 ur) n = aivis-pnu) +6. 


In this case the quantity of entropy #-u transferred by convection must be 
subtracted from $. According to (42.1} and (42.5), we have 


(29 a) s-Hua-b { clogs-ras 


We now proceed to calculate approximations for $S- Hu and #. We 
assume that / differs only little from f,, so that we may put 


log f * log fy. 


Thus in view of eq. (42.21), we have 
log f & log a— + c?. 
Hence, by eq. (42.1) we find the following expression for H 


Hm -bnloga + hy f etas 


or, according to (3c) and (4a) 


H =~ = plogp + 2 = plog T + const x p. 


It follows that the entropy per unit mass (see eq. (5.10}) can be written: 
(30 oes | 4 T} + const 

) n= — 7 \log p— > log cons 
or, taking the substantive derivative 


a R{ildp 314T 
go. a8 (dp 3.1.47 
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Multiplying by 7, we find 


dy _ dy _nhT dp 


at at p? dt’ 


because g = (3/2) x & T/p = (3/2) (R/m) 7. Written in differential form with 
p=nkT, we see that the last equation becomes 


(31) Tan = ag +pa(*), 
which is the Second Law with dg denoting the differential of internal energy. 
It is directly linked with the assumption that log / log /, or, in other words, 
that the flow is not too far removed from the equilibrium distribution. 

The last requirement sounds like that in the definition of reversible processes. 
But, in fact, it is less stringent and allowsG in eq. (29) to be different from zero. 
This follows from the fact that we have only postulated the equality of log / 
and log f, which both vary very slowly for large arguments. The leeway left 
by this requirement has already been discussed in Sec. 21 F. It could be 
justified on the basis of a more exact solution of the Maxwell-Boltzmann 
collision equation. We shall refrain from doing this here, referring the reader 
to published papers.! 

The value of G can be calculated from eq. (29). Substituting Maxwell’s 
expression for log / into (29a), we have 


s-Huxky [ ct-e/db 
or, in view of eq. (24 a) 


2 Q 

ky: —Q=-. 

nky ; Q +r 
We thus obtain the thermodynamically plausible result: 


(32) S-~Hu= 2: 


Substituting this expression, as well as eq. (31), into {21}, we find that 


k dp 1 aq . 
S=—— 7 + i (> + aw 


madi (QV) T. 


1 
ad 


1D. Enskog, Phys. Z. 12 (1911) 533; J. Meixner, Z. Phys. Chemie 53 (1943) 235. 
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The middle term can now be transformed with the aid of the energy equa- 
tion (28). Since f/f = nk = (k/m) p, we have 
1 k {dp ; 
G =~ 44 (Q grad n-futo)-*(# + pdiv ). 


The last term vanishes (equation of continuity). Thus 


1 1 
(33} G=-ay (Q- grad 1) — =F (oe). 
This is the fundamental relation on which irreversible thermodynamics is 
based and in this connection reference may be made to Sec. 21. Making use 


of eq. (19 b) and of Fourier’s hypothesis (21.3} for heat conduction 
(33 a) Q=-x grad 7, 


which, incidentally, can be justified on the ground of kinetic theory in the 
same way as eq. (19 c), Sec. 44, we obtain, on inserting into eq. (33), that 


aT eas 2, 4 42 
(33 b) G=+75 (grad T) + er ZO 


where G is seen to be essentially positive. 
44. On the integration of the collision equation 


A. INTEGRATION WITH THE AID OF MOMENT EQUATIONS 


Numerous approximate methods have been developed for the integration 
of the Maxwell-Boltzmann collision equation (41.18). Concerning the details 
of the theory of integration reference may be made to the comprehensive 
review by K. F. Herzfeld’ and to the paper by H. Grad?, already quoted. 
From among the various approximation we shall make use of only those 
which are consistent with the expansion (43.1) in terms of the derivatives of 
the Maxwellian distribution. Moreover, we shall carry the development only far 
enough to exhibit the systematic character of the method and to justify the 
relations in eqs. (43.19 b) and (43.33 a) which lead to the Navier-Stokes 
equations and to the heat conduction equation. In this way we are led to 
the moment method (see H. Grad?). 


l‘Freie Weglange und Transporterscheinungen in Gasen’’, Hand- u. Jahrbuch d. 
Chem, Physik, Vol. IIE 2, Sec, IV, Leipzig, 1939. 
77. p. 288. 
21* 
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We can develop a large class of functions g(v) in terms of the derivatives 
of Maxwell’s distribution. If we put 


be 


we can find the coefficients by calculating the moments 


a a2 
(1) i= (At gt Ange t-te 


nGy = | sab = ny 


(2) nGE = [se dé = n(Ag én —As); 


f 


nGn = { & Eip(v) d& = nlAghad: -ArG& -Arta + An) 


etc. The mean values Tee av I ... have been defined in eq. (43.10). The 
equations (2) constitute recurrence formulae for the coefficients of the 
expansion. They give the following relations: 


Ay = Gq 
=: 
{3} Ax =Gy bx —G, 
——0 —9 —o 
An =Gyéeé: -Gebr -Gabk +Gx, ete. 


According to these equations the coefficients in the expansions of two 
functions are identical if their moments are identical. We now apply this 
proposition to the collision equation which is valid when al! equations for 
moments (43.11) are satisfied. Instead of solving the collision equation we 
can integrate all moment equations. The equations for moments constitute 
a suitable starting point for approximations. 

We have already considered the first equations for moments in Sec. 43, 
that is all for which the contribution from the collision integral vanishes. 
In addition we now proceed to consider the moment equations for ¢ = &; & 
and #6 = £,£,£,. From eq. (43.11) we obtain: 


(a 2 (pRB) + phRR-Ght Bh) = Ju 


(5) = (o &i &; Ea) + <p EE be bi) — (Gah + Se Sits + BG fa) = SJizn. 


44, 6 ON THE INTEGRATION OF THE COLLISION EQUATION 325 


The right-hand sides contain the collision moments 


(4 a) Jam mst f s8M fH Vel do dé dé, 
and 
(5 a} Sik = =m ef & Gal fH,’ - fh) Vel dw dé dé. 


B. TRANSFORMATION OF THE EQUATIONS FOR MOMENTS 


When calculating the mean values and collision moments in eqs. (4} 
and (5) we must insert a suitable approximation to the distribution function /. 
The simplest non-trivial approximation is obtained when we consider on both 
sides of the equation only the highest non-vanishing term. This means that 
in our approximation it is sufficient to use the Maxwell distribution on the 
left-hand side. 

Referring partly to previous calculations, we replace the mean values of 
the powers of & by the following expressions: 


pimpm: phasphh =Pda + pan, 


{6) p és &; bx a p& &; Ee = put; Syn + t; Say + tx O53) + p tts 4; Un, 


phe he Spl be = Gite ti pita es 


2 
p 
+ (iz 4; He +E +} ] + pp iM, Up tH. 


Hence eq. (4) becomes: 


3 re) 
3 Bik + ptt tx) + 3 [P(ti Oe + +) + p 06; te 47] — (6; fe + afi] =Jis, 


or, after a simple rearrangement: 


a! ap 5 : Ot; Ate, 2 Oty 
si. (+ + 3 Paiv u} ou +9 (% + te Rae | 


, ; d a ' 
+ [p + div (p U)] my my + [pa + 2-4) + ty (-%: ae ) 


According to eqs. (43.15), (43.18) and (43.25) all terms on the right-hand side 
vanish, except the second, if it is taken into account that in the present 


326 OUTLINE OF AN EXACT KINETIC THEORY OF GASES 44,7 


approximation o, = 0 and Q;=. Introducing the strain tensor ¢, from 
eq. (43.22 b), we have 


(7) Ja 2Ppen. 


Equation (5) can be transformed in the same way. Introducing the mean 
values (6} we obtain first in shorthand notation 


fr] a 2 
Jin = Fi [Pius Sie + +) + p ui uj Ue] + s\# (62 Ojn + +) + p(djn oi me + +) 


+ plz Ht, te + +) + pummm| ® oh Bix + +) ~ (fy te + +). 


It is convenient to rearrange terms to obtain the following more lucid form 
d. att; a 
im = (2 + paiv (26; Oye + +) + [on (0% =fi+ #) 4 +| 


+ lon’ (*) + +| + [p + div (p u)] 16: 14; tt 


+ [wale S14 2) s+] +o] (S ta + ae Mt wl + +] 


Taking into account eqs. (43.15), (43.18) and (43.25) with «, = 0, Q; = 90 
and #/p = (k/m) T, we find that 


or, according to eq. (4): 
kp fet 
(8) Jin = Ae (at Oj + +} + (i Jin + +). 


We shall see later that J;,, and o, are proportional. Since on the left-hand 
side of eqs. (4) and (5) we have assumed ¢, = 0 we must drop J, in eq. (8) 
for reasons of consistency. Thus we obtain finally 


kpiat aT ot 
(9) Tin = f (7 O;% + 3 7 ON + RE s,} . 


It follows for the trace that 


(10} la=-—sz- 
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C. EVALUATION OF COLLISION MOMENTS 


These are given by eqs. (43.12 a) or (43.13) and vanish when / is replaced 
by the Maxwell distribution. Thus in this case it is necessary to take into 
account the correction terms. The lowest-order term in the expansion of the 
product //, can be written 


3 ca 
(11} f= fof + on (, wot + + for aehcl- 
or eh (ee ole 
6p Onn (. OF 1m 26170815 + lo Sera OEm aE, dbs ae) + aa 


as seen from eq. (43.7). The collision moments are homogeneous and linear in 
g,, and Q,,,,, because the first term does not contribute to the collision 
moments, and the quadratic terms in o,, and Q,,, occur only from the 
fourth order onwards, which we do not consider. 


The moments in eqs. (4a) and (5a) are symmetric tensors in the same 
way as the coefficients a, and Q,,. We can write down the form of the 
collision moments because no other tensors than ¢,, Q,,, and the unit tensor 6, 
play any part. Thus we must have 


(12) J ik = Q Gin 
Titan = 6 Qik + €(Qnj Bik + Orej One + Orr iy). 


In the first eq. (12) the term proportional to 6,, has been omitted because the 
factor which follows from homogeneity, 6; = 0. 


Making use of eqs. (7) and (9) together with (12}, we can now calculate 
the coefficients ¢;, and Q;,, in the expansion. They are proportional to ¢,, and 


aT, ay a 
ry eer aj ni + Op 


we denote the coefficients of proportionality by 


, . To be consistent with eqs. (43.19 b) and (43.33 a) 


(13) Crx=-2H8, Gr=-x*-—>: 


The last equation, as seen from (43.24), is derived from the tensor 


2x {aT aT aT 
(13 a) inn 2x (2 Oj + a bay + GE si) 
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The viscosity, 7, and the thermal conductivity, x, can be calculated from 
eqs. (12). Substituting eqs. (13) and (13 a) into it, we obtain two equations 
which must be identical with eqs. (7) and (9) respectively: 


Jik = —2 0 bin = UP Ex, 


aa (b 450) (aT, _ kpfoT . 
Jon = EPH gy, + j= (Fan +) 
It follows that 

sat ee) ee ee 
(14) ie oo ime boc) * Ob toem * 


Substituting the expressions (13) and (13a) into (43.7), we find the 
distribution function 


af, Py (2 4 Py 


= ee 
(15) pelon 3 ¢ ez. a ag, ag;2 


* OE, ab, Sp 
Equations (13) and (13 a) agree with eqs. (43.19 b) and (43.33 a), respectively, 
and provide a justification for the Navier-Stokes equations as well as for the 
heat conduction equation. The source density of entropy (43.33) becomes, as 
it should, essentially positive on condition that » and 7 are positive (c/. Sec. 1D), 
as already demonstrated in eq. (43.33 b). 


D, VISCOSITY AND THERMAL CONDUCTIVITY 


It now remains to evaluate the integrals (4a) and (5a) starting with the 
form (43.13} in which the term with /’ /,' can be transformed. We replace the 
variables v’, v,’ with v, v,, and notice that in accordance with eqs. (41.12 b} 
and (41.16a) d& dé, and |Ve] remain unchanged; the first factor changes 
sign. In this way (43.13) can be replaced by 


i ; ; 
(17) Jen tims [ig + by'-b- di fh [Vel deo dé a6, 
and the integration can be carried out in two steps. 


Since the distribution functions / and /, are independent of the unit vector e 
we may split off the integral over e: 


(18) Ig= Tv vy) = gms? { ($' + d'-$-4,)° Vel dw. 
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We now consider the special value of 7, for 6 = é; &, andgé = &, & &, so that 


(Wal fa = + gms? | (Es" Sa’ ++ Gai’ E10’ — & Ex — Es Era) [Ve] dew 


and 
(18b) 9 Zia = + 4” fs By Sa te Eni aj’ Ean’ ~ &: & Sa ~ Ens Say Sta) [Ve] deo. 


In the above equations V denotes the relative velocity. Introducing the 
mean velocity U = 3 (v + ¥,}, we have 


(19 a) v= U-H4V, v, =U+4V, 
and from eq. (41.12) we have 

(19 b} wW=U-iV’, vy, =U+4V’ 
with 

(19) Vi = V-2(Veje. 


After an elementary rearrangement, we find 

(20a) &! Ex’ + Sai’ Era’ — &; Ee — Fis Erg) = 2 (Ve)? eee — (Ve) (Vien + Ve es) = Vin 
and 

{20 b)  &4! & Ex’ + Sa.” Ej’ Ean’ — &: & Ga — Fai Fy San) = (Ui Vin + Uj Vai + Un Vi). 


It is seen from eq. (20a) that the integral (18a) depends only on the 
vector ¥, Since the result must be a symmetrical tensor whose trace is zero, 
we must have 


(20) ar pms V (v. Vins ye on} 
Furthermore it follows from (18 b) that 

(21) Tign = (Ui Tin + Uj Dai + Ue Jj). 

The constant y can be calculated from the special integral 


2 2 
iVii= a V5 = as [(V e)*- VV e)2] [Ve] dw 


ems? 


1 
= 2xms?*- ve f (cre dt =-—— ys, 
6 
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so that y = ~ 2 and 


(22) In = 2S rv, Vi-4V Poa) 


According to (17) and (18) the equation which determines the collision 
moments is 


Jom [ lath abaty 


where / j, is given by eq. (11). The first term gives no contribution, and the 
two following pairs can be contracted, because eqs. (21) and (22) are 
symmetrical in v and y,. Thus 


1 a, 1 a3/ 
(23) To=* ftlon sea 1 Oan ge We ind, ab for 46 dE). 


Applying partial integration it is possible to transfer the derivatives to the J,. 
The product / jf, is replaced by the function 


3 
(24) fyfa = art. e- 27(U—a)— by ve 


It follows that integrals extending over odd polynomials of V/|V¥| vanish so 
that in view of (22) and (21), respectively, eq. (23) leads to 


af BL : 
(25 a} ji= = a f oe _ foto, 28 4é, 
and 
1 err 
(25 b) | Bee ie fola db ae, + +): 


The sum is cyclic in #k. 


The integral in (25 a) is symmetrical in ¢& and vs and the trace over : = & 
vanishes. It then follows that 


a7; 
(25) [3 aV, ir lo fon dé dé, =I (6. Oks + bis bn ~ 5 Oa sn] . 
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The numerical factor is calculated for special values of the subscripts, e. g. for 
t=ry=x, Ro=s=z, Thus 


rm 3” eV VV, 


i= aay ta ai, av, fofov dé dé, 
mm Ss? VA2+tvV? vV,?V4 
ae Ol V (1 Se Voted ag). 


it is seen that the integration over U and over the direction of V can be 
carried out at once on substituting the expression from eq. (24). Thus 


mx 
2 a8, 7 \3? 
pa H(z) can 18 f pre-war, 


4 ma \2 5 
or 
V2 
(26) r=—4matst(23| —= 8 2.2 (amk Tue, 
5 y 5 


Substituting eq. (25) into (25a) and (25 b) we obtain 


2 
Ji = —Loin 
p 
(27) Tin a2 oe 20% bin + +) 
} p } 3p ? , 
in agreement with eq. (12). A comparison with the latter yields 
i I ae 4 
27’ ax2-—-, é=—-3—, | i —— aed 
a) p p 3 p 


Taking into account (26), we can deduce from eq. (14) that 


_ Pp _ 5/6 1/2 
(28) = 57 = gt ema T) 
and 
(28 a) £02 88 2 We 


yn 26+5em 4m 
Measurements on monatomic gases give the following results 
He Ne A Kr X 


Amx og 1.00 0.98 1.02 1.03 


15k 
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and the agreement is seen to be astonishingly good because the assumption 
of rigid molecules must at first appear to be questionable and useful only in 
a qualitative way. 


A remarkable comparison between the two eqs. (13) is obtained in applying 
the left-hand equation to shear flow (Couette flow, Vol. II) when we assume 
that u = (0, #, (x), 0). In this case 


(29) Oxy = - FH - FT - TCT’ 


Here ~, denotes the mean momentum of a molecule in the y-direction 
and o,, is the flux of momentum across an element of area of size 1 at nght 
angles to the x-axis. Inserting eq. (28a) into the right-hand side eq. (13) 
for the heat flux, and introducing the local heat energy Q = 3/2 & 7, we find 


{29 a) 0,=--=-=>: 


This equation shows that the transfer of heat proceeds more efficiently 
than the transfer of momentum. This result can be understood in a qualitative 
way. Large molecular velocities in a given direction enhance transfer in that 
direction. A change in these velocities exerts no influence on the momentum 
being transferred, because in the case of friction we are concerned with the 
transfer of that component of momentum which is normal to the direction 
of flow of momentum, In the case of energy transfer the conditions are 
different, because every component of velocity contributes to the energy. 
It follows that large energies are favored in the precess of transfer and that, 
on the whole, thermal contact 1s more intimate than momentum contact. 


The latter remark does not apply to rotational energy. For this reason, 
in the case of polyatomic rigid molecules, Eucken replaces the expression 5/2 2 
in eq. (29a) by 


5 oe ee ee) ee ee) 
5 Orme + Ou ~ (3 $4 Nara (Es Jar. 
This leads to the equation 
—_{;4,2)\22 
{29 b) = (1 + o\a ax 


where Q =$/T denotes the mean energy of a molecule, and / is the 
number of degrees of freedom. We thus obtain for 
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{/=3 5 6 


1+ 5=25 Lo 175. 


The results of measurements are as follows: 
H, O, CO Air 


9 ; 
1 ey = 2.00 1.92 1.81 1.96 instead of 1.9 


and for 
CH, CQ, C,H, 


1 +57 1.74 1.64 1.66 instead of 1.75. 
The term Vr in eq. (28) is proportional to the mean velocity. It is easy 
to verify that 


€ we c8 = 212 ae T mj? 
am 


so that 

_ Sr me 
i 1 32 \/2 xs? 
Substituting 7 = i/nz s® 2 from eq. {27.11} for the orees of magnitude of 
the mean free path we obtain 


(30 a) — ple = —_.- 


45. Conductivity and the Wiedemann-Franz law 


A. THE COLLISION AND TRANSFER EQUATIONS FOR ELECTRONS IN METALS 

The collision equation for metal electrons differs from Boltzmann’s 
collision equation (41.18) in that it is necessary to take into account only 
collisions between conduction electrons and the ions of the lattice and that 
the lattice ions are very heavy compared with the electrons. Consequently, 
on impact there is an exchange of momentum, but, practically speaking, no 
exchange of energy. Evidently such a statement cannot be strictly true 
because, as we have already seen in Sec. 39, the electrons participate in thermal 
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equilibrium. Nevertheless, by way of a first approximation, we can neglect 
the transfer of energy as compared with the transfer of momentum. Let v 
denote the velocity of an electron before it collides with a lattice ion, at first 
considered to be a rigid sphere. Thus the velocity v’ after collision is 


(1) v’ = v-2(veje. 


Here the symbol ¢ denotes, as before, the unit vector in the direction of the 
central axis. The change in momentum is 


7 (2) Ap=mi(v’'-v) =-2ml(veje, 


whereas the change in energy is negligible: 


vi (3) E=— (v'*-v4}=0. 


mt 

2 

If f denotes the distribution function 

for the electrons, we can see that the 

left-hand side of the collision equation 

(41.18) remains unchanged, but the colli- 

Fig. 37. sion integral is now different. The inte- 

Illustrating collision between conduc- §tand will contain only one factor f and 

tion electrons and lattice ions. the second should be replaced by the 

probability of impinging on a spherical 

ion. It is determined by the density, #, of the lattice ions. Denoting the 
radius of an ion by s, we obtain 


(4) Fins = 5% sf ivelfe v, 2) do, 


Teun = 5% st f velar v-2(veje, t) dw, 


in a way similar to Sec. 41 D. 
Introducing the mean free path / = 1/ng~s*, we can write the collision 
equation in the form 


af at pot 1 
— ——_— — _—oOo j ras d . 
(5) +¥ +4 = sy f vet {dw 
The function /’ depends on the argument v’ from eq. (1) in the same way as / 


depends on v. In accordance with our model, the mean free path / should 
be a constant, but the model is certainly very crude. We shall adapt it better 
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to reality by assuming that / is a function of the velocity of the electron 
and of the special properties of the lattice, in particular of its temperature. 
In order to find a more exact expression it would be necessary to resort to 
wave mechanics, but we shall refrain from doing so here. 


The transfer equation for a function d(v) can be obtained in a way similar 
to eq. (43.11). Multiplying eq. (5) by A{v}, and integrating with respect to v 
gives 


Tae ee Ye 
(6) 3 (P ¢) + div (ppv) —n F (24) — 79), 
Here /() denotes the collision moment of the function ¢: 


(5 a) rig= 2 f tu-p Neldoaem 2 f Lag | (b'-¢)|Vel da. 


Since 6’ -6 = 0 for 6 = 1 and for 6 =} y*, it is seen that the mass 
and energy equations remain valid, as before. The momentum equation, 
however, is now replaced by the equation 


_ -_— mm 


(7) 5 (p ¥) + Div [p(v|v)]-2 F= ae ri ae { (v’—v) |vel dw. 


According to (1) the integral over dw becomes 


(8) fo-v velo =-2 { ive (ve)edw =-—2xvVv. 


This form is due to the fact that the integral is a vector and a homogeneous 
function of degree 2 of v. The numerical factor is obtained by taking the 
scalar product of (8) with v and by dividing by v3. Thus 


al (v'—v) lve] dw =-2{ priacas = -22. 
Consequently, eq. (7) becomes: 


(9) < (vy) +- Div [p(v|v}]-7 re (5). 
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B. APPROXIMATE SOLUTION OF THE COLLISION EQUATION 


We now propose to consider the solutions of (5) in the neighborhood of 
the equilibrium solution /,, beginning with the entropy principle, as in Sec. 42. 
Differentiating the entropy density equation (38.9}, namely 


8 
w=-k { jriogn + (1~) log (1—m)}- 22 ae 


with respect to time, we have 


0H n . 2m .. 
gant f eee ee 


3 
or, according to eq. (5) (with F = 0}, and in view of the fact that f = — n, 


that it is equal to 


, 2 m3 
+ hav [ votes + (1-—#) log (1 -2)] art 


k { l|vel wil-n) ., 2 ms 
re a log nil 7) (n — #} da a8. 
Thus we obtain 
aH : 
(10) my + div s=G, 
where the flux of entropy is: 
; 2m3 
(11) S=-k V[m log m + (1-%) log (1-%}] [5- aé 
and the source denstiv is 
k ve nin : 2m} 


any of nj/( —n) 


In the case of equilibrium we must have G= 96. Since 2/(1—%) increases 
monotonically with », the integrand cannot be negative, and G = 0 can only 
occur when »’ = ». Since the only collision invariants are 1 and v?, / must 
be a function of energy alone: 


(12) n= n,(E), E=yve 
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It is remarkable that the result is indefinite. This is a reflection of the fact 
that the interactions between electrons have been neglected. We have to imag- 
ine that eq. (11 a) contains an additional term for G which is due to collisions 
between the electrons, in the same way as in eq. (42.12). Normally it would 
be small but if we substitute {12}, this term alone remains. It is then that 
we establish a special energy function. IfG were given by eq. (42.12), /, would 
be identical with Maxwell's distribution, but we know that we have to assume 
the Fermi distribution in relation to electrons. Leaving aside the problem 
of correcting the expression for the entropy source density G, we assume with 
reference to eq. (39.5) that 


2 m3 2 m3/n8 
(12 a) =a "= GaR-5 1° 


Here # and ¢ represent parameters which can still depend on time and on 
1 
space coordinates: # = Ty and ¢ is the free enthalpy per electron {c/. 


eq. (39.4)}). Sommerfeld’s theory of conductivity differs from that due to 
Drude and Lorentz only in the assumption (12 a). 

Equations (12) and (12 a) differ from previous results in one more respect, 
namely in that the equilibrium distribution no longer depends upon the local 
mean velocity. Mathematically this is a consequence of the fact that the 
momentum of an electron is not preserved after a collision. It is also under- 
standable on physica! grounds that the electron distribution changes if we 
cause the electrons to move collectively while keeping the lattice fixed. It 
follows that in the expansion of the distribution function, /, in terms of the 
equilibrium distribution, /), we shall find first-order detivatives as well: 


= on. 
06, a6; OE, 


Following Sommerfeld (and Lorentz) we shall use here a shghtly different 
approximation. Since /, depends only on the energy # we can write the first- 
order term as 


ce) ] @? 1 
fo t a fy —~ — Qhin 


(13) f= fy- Mage. sa ap ab, ae, 6p 


— tty OT mit Ex) fy’, 


af, 


where primes denote differentiation with respect to £. The higher-order terms 
of the expansion in (13) also contain terms of the same type. If 


2 
Oi, = 5 (Ox dim + Qt One + Qin Sni) 


338 OUTLINE OF AN EXACT KINETIC THEORY OF GASES 45, 14 


(or when we separate the term of this form from Q,,,), we can see that the 
contribution from the term of the third order will be 


] af, =m? ie gare 
~ A =“ orto (i +e Eis } 


Characteristically these terms are of the form 
UE) &s 


and the coefficients U, depend on energy, apart from their dependence on 
time and space coordinates; they are, however, independent of the direction 
of the velocity. If we perform the same transformation with regard to all 
terms in eq. (13), we obtain a series of the following type: 


(14) f= f(E) + UE) Ea t+ 4 UnlE} ier t+... . 


The higher coefficients of the expansion can be assumed to be symmetrical 
tensors whose traces all vanish. We have U,,=0, U,,, = 0, etc. 


If we had U,,,; #4 0, we could represent it in the form 
Utim = Usin + (Ve Sim + Vi Sma + Vine Ont) 


where we could have Uf, = 0. It would only be necessary to put U,,,,= 5 V,,. 
Thus the first term would have the desired form and the second would give a 
contribution to the series (14) of the form 


Es (Vi &s) &? = ea VilE) Ss 


which could, obviously, be included in the second term of the expansion in (14). 


We now substitute eq. (14) into the collision equation (5) and take into 
account only the first non-vanishing terms, restricting ourselves to steady 
flows only (d7/@} = 0. Thus we obtain: 


af F] = U ¢ 
(15) (v.26 4 Ff = [ive {¥ —¥) dw. 
By eq. (8} the right-hand side is equal to 


-T ov v). 
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Since this equation must apply for arbitrary directions of v, we may also 
write 


— t , Hy 
Hence the first approximation to the distmbution function (14) is: 
v r af, 
{17} f=fy {X 4 p+ hh. 


C. FLux OF CURRENT AND ENERGY 


In terms of the following integrals: 


(18) Wr = [ e= vsag 
the current and energy fluxes are 

{18 a) b= -eW,, 
(18 b) W=W,. 


For reasons of symmetry the first term in (17) gives no contribution to (18). 
Performing the angular integration we obtain from the second term that 


_ 4Z P Hy — 
Wea (, r+ e)re v8 dy, 
d ; 
Substituting into eq. (12) the function 
(19) () =-—1~, e=BE-2) 
ae mee aia 
and replacing v by E = 4mv?, we have 
lamp ; 1 @gé E ag ate 

(20) W,=- 3h gig (ree 4 F a dE. 

0 
Introducing the abbreviations 

= 1 age _ 1 a 
ey nr ee 
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and putting 


Ls 4] 


167m 8 e(e) LE" dE = K,, 


(21 a) = oe 
0 


we can deduce quite generally from eq. (20) that 

(22) Wr = Kn+1 Fy + Kase Fy, 

and in particular that 

(22 a) l=-e (k, F, + K; F,), 
W = K,F, + &, F;. 


Eliminating 
nr 7 pat 

(21 b) E’=-7 F,-7 gerad b= E+ — grad, 
we have 

ee 1 e-é 1 

eT gag. eR Bee 
(23) 

== Ky K,K,-K,? 1 

re A ae — grad £ 


which agrees with eqs. (21.184, b). The electrical conductivity becomes 


and the Peltzer coeffictent and the absolute thermal emf become, respectively, 


K, 
(24 a) iT= eK, ? 
_ K,-o Ky 
whereas the thermal conductivity is: 
_ Ky Kg— Ky? 


(24 c) M4 5 ey 
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D. Oum’s LAW 


Ohm's law is obtained on the assumption that € and f are constant 
throughout space. Hence from (21 b) we obtain: E’ = E, and from (23): 
{25) l=oE 


which is Ohm’s law, The electrical conductivity can be calculated from (24) 
with A, from eq. (21a) assuming complete degeneration (c/, 39 B): 


_l6xmiol » 
3 he 


Here €, and /, denote the values of € and Z, respectively, at Fermi’s threshold. 
The particle density can be calculated with the aid of eqs. (39.7 and 39.7 a} 
and is 


822 m3 
3h 


1 
Consequently o can be written in the form 


(25 a} ae. a 


which is Drude’s equation (39.2). 

In the above equation v, denotes Fermi’s limiting velocity and /y is the 
value of the mean free path for electrons moving with that velocity. Evidently 
fy can vary with the temperature, since it depends on the lattice properties. 
On the other hand vw, is independent of temperature. However, when we 
evaluate the integrals in accordance with Sec. 39 C for the case of almost 
complete degeneracy, v shows a weak dependence on temperature. It is of 
the order (& T/mv,*) and cannot be observed. 

The mean free path /) can also be calculated from measured values of 
conductivity and so, for example, for silver at room temperature we obtain 
i, 5 x 10°*cm on the assumption of one conducting electron per atom. 
This would mean that J, is much larger than the distance between lattice 
ions, a sure sign that the mean free path must be calculated with the aid of 
wave mechanics. 

When evaluating the Peltzer coeffictent it is also sufficient, at least here, 
to evaluate the integrals K, for the limiting case of complete degeneration. 
It follows from eq. (21a) that in this case 


167m 
{21 c) Ky = ai fs 
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Consequently 
(26) T= —— - 


It is noticed that the mean free path cancels and does not appear in the final 
expression. This is an elementary value of the Peltier coefficient 77. When 
grad § = 0, the first term in eq. (23) gives the energy flux 


It is evident that this is the kinetic energy transferred macrophysically, 
because the electrons which contribute to the mean value v are near the Fermi 
threshold. Additional remarks concerning the Peltier effect have been given 
in Sec. 21, In order to determine its numerical value it is necessary to perform 
a more accurate calculation. 

When the current density |= 0, but the temperature distribution is not 
uniform, there is a flow of heat, and an electric field is formed. The flow of 
heat and the strength of the electric field are determined by the thermal 
conductivity, x, and the absolute emf, e. According to (21) both vanish in 
the case of complete degeneration. 


E. THERMAL CONDUCTIVITY AND ABSOLUTE THERMAL ELECTROMOTIVE FORCE 


In order to calculate x and ¢ it is necessary to obtain a more accurate 
expression for the numerator. According to Sec. 39 D the integrals in 
eq. (21 a} can be written 


a) 


16mm P é 
Ky = 3 g'(e) Fa(é + ©) ae 
where FF, = /£" so that 
167m 37 


— at Bi a Zz ts . 
(27) Ky aa + 3A3 ee + 6 B? ce g f,, | 
The particle density is given by eq. (39.11 b) 


8 


2 
” 3h (2 m 2)8* ( Ap rire : 


45. 30 CONDUCTIVITY AND THE WIEDEMANN-FRANZ LAW 343 


Consequently 


mn? fé2F," 3 
(27 a) Kn = Teel or vali + opel re alk 


In the correction term we can substitute ¢, for ¢, i. e. the value at Fermi's 
threshold. For the first factor it is actually necessary to take into account 
eq. (39.13), but it is sufficient to substitute the threshold value here as well 
because by eq. (27 a) we have 


n? nr? 
K, K,- K,* = ray bo § pee xO+3 x 2-2 x 2x }), 
so that the factors in front of the brackets in (27 a) are seen to be multiplied 
by higher-order terms only. Thus we have 
ie ~ Vom by a”! ** 358 oo? * 


Putting €,— 4mz,", we obtain the thermal conductivity from eq. (24 c¢): 
(28) w= ——— ak T. 


It is remarkable that the derivatives of /(f) which occur in eq. (27 a) dis- 
appear in the expression for ». 
The absolute thermal emf can be calculated from 


2 Y’ 
K,-¢Ky= rice (1 4c7). 


Accordingly eq. (24 b) can be written 
7? k = ( Fe). 


a) Pio og che dlog £, 


which contains the first derivative of ?(2). 


F. THE WIEDEMANN-FRANZ LAW 


The expressions in Drude’s eq. (25a) and in eq. (28) for thermal con- 
ductivity contain only the threshold value /)/v). On forming the ratio x/¢ 
the term /)/v) cancels, and we are led to the Wiedemann-Franz law: 

x nek? 


oo ae 
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Following Lorenz’ method, experimental physicists indicate the relation 
{31) A=—==—-— (Lorenz number). 


We prefer to compare the dimensionless ratio 


ex Ae® 7? 


(32) Ay 
with experimental results. Thus we have to multiply the Lorenz number by 
e7/k® = 1.344 x 108 deg? volt", Experiments show that Ay is not constant, 
but decreases with decreasing temperature; however, at high temperatures 
the curve tends asymptotically to a constant value. At a temperature of 
100 C we obtain the following values: 


Cu Au Pb Pt 
3.15 3.19 3.46 3.51 


The curves A,(7) for copper and gold could tend asymptotically to the value 
x*/3, but in the case of lead and platinum it is distinctly higher. Drude has 
given the value of Ag = 3 on the basis of a crude estimate. A more accurate 
calculation on a classical basis performed by H. A. Lorentz gives Ay = 2. 
Compared with this, the quantum mechanical value appears to constitute 
a considerable improvement. In actual fact the values for most substances 
remain below this value which is consistent with the supposition that the 
temperature is not yet high enough. 

However, the values for many substances exceed this value markedly, 
as seen from the following examples: 


W (polycrystalline) YT = 273K, A, = 4.11, 
Bi (fine crystals) 2 = 100K, Ay = 5.56, 
T= 273K,  A,=3.62. 


The case of bismuth shows even a temperature anomaly in that A, at first 
increases with decreasing temperature. In this connection it must be remem- 
bered that the Lorenz number deals with the electrical current and the heat 
flux transferred by the electrons. If the lattice itself contributes to the con- 
duction of heat the value of x/o T must be expected to increase. The value 
A, = 5.56 would indicate that about 2/3 of the heat flux is conducted by the 
lattice and the thermal conductivity of the lattice (evaluated from the total 
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value of * = 0.06 cal cm™! sec”! deg74) would be about 0.024 cal cm™! deg“, } 
This is not entirely unlikely. For example NaCl at 20C is a good electrical 
insulator (spec. resistance p = 1 x 10/7 chmcm), but at 25C its thermal 
conductivity is # = 0.02 cal cm™ sec? deg}. 


The preceding deviations could be due to purely experimental conditions 
{insufficiently high temperature, large contribution due to the conductivity 
of the ion lattice}, but the dependence of A, on temperature certainly cannot 
be explained by such secondary influences. In this connection the fact that 
the collision integral in eq. (5) has been calculated with the aid of classical 
mechanics makes itself felt, and we are thus led to the consideration of the 
difficulties which are encountered in an improved theory: 


We have assumed originally that the metallic ion is a hard elastic sphere 
and has a definite radius s, so that the mean free path becomes 1/7 s?. 
In fact such an assumption has no sense, and the mean free path must be 
calculated with the aid of quantum mechanics;* we have assumed that / was 
an unknown function of the lattice temperature 7, and of the energy of the 
electron, E. We must, however, stress here that the concept of the mean free 
path can be justified on the grounds of quantum mechanics only for extremely 
high, and also, but with certain reservations, for extremely low temperatures. 


1Data from J. D’Ans and E. Lax, Taschenbuch fiir Chemiker und Physiker, 2 ed., 
Springer 1949, p. 1126. 
7H. A. Bethe and A. Sommerfeld: 4. ¢. p. 277, footnote 1; Sec. 31—38. 


PROBLEMS 


CHAPTER I 


1.1, It is assumed that the three variables x, y, z satisfy a functional relationship 
i(*, ¥,z) = 0, or, solved for z, z = f{x, y). Prove the identity: 


(6,8) 


Replacing #, y, z by p, V, 7 in that order, deduce a relation between the coefficient 
of thermal expansion, the coefficient of tension and the compressibility (for 
definitions see (1.5) and (1.6}). 


1.2. On the heating prodbiem. 


Calculate the quantity of heat required to increase the room temperature 
from 0 C to 20 C. 


1.3. Absolute temperature and perfect gas thermometer. 


Prove that the absolute temperature T defined in eq, (6.7 a) is identical with 
that defined by the perfect-gas law. 


1.4. Application of the Second Law to the proof of an algebraic inequality. 


a) Two bodies whose heat capacities are C,, C,, and whose temperatures are 
T,, T, exchange heat, both volumes being kept constant. What is the common 
final temperature of both? 


b) Comparing the values of entropy before and after equilibrium has set in 
(A S > 0) for the special case of perfect gases deduce an inequality which is a 
generalization of that between the arithmetical and geometrical means. 


1.5. One mol of a perfect gas expands reversibly until its volume is doubled: 
a) under constant pressure, b) isothermally, c) isentropically. Calculate the 
work of expansion, the heat added and the change in entropy for each case. 


1.6. Imagine a Carnot cycle with water as the working fluid operating between 
2 C and 6 C, so that at 6 C there is isothermal expansion and isothermal com- 
pression at 2C. Itis seen that heat is added during both processes, if the pressure 
is low enough (c/. (7.10)), and so heat is converted completely into work in violation 
of the Second Law. How is it possible to resolve this contradiction? Make a 
qualitative sketch of the isentropes and isotherms in a T, v-diagram in the 
neighborhood of 4 C. 


347 


348 PROBLEMS 


1.7. Show that the ratio of isothermal to isentropic compressibility is always 
equal to the ratio of specific heats at constant volume and at constant pressure 
as it is for a perfect gas (¢f. vol. II). In other words, show that 


In order to do this express the differential dg in terms of dv and dp and prove that 


Tds=d a dv + ad a 
s= dg =, zh Tt re ap), 


1.8. One kilogram of water is compressed tsothermally at 20 C from f at to 20 at. 
Calculate the amount of work required, the quantity of heat rejected and the 
increase in mternal energy. Mean compressibility * = 0.5 x 10-*/at, mean 
coefficient of thermal expansion « = 2 x 10-4/deg, Use eq. (7.7) and the rela- 
tion (2) given in the solution to Problem J.1. 


1.9, Adiabatic equilibrium of the atmosphere. 


During so-called convective (adiabatic) equilibrium of the atmosphere which 
is particularly well established in the presence of “‘sirocco’’ winds the value of f v” 
is independent of altitude; v denotes here the molar or the specific volume. 
Making use of the relation between density and pressure which follows from the 
conditions of equilibrium in the gravitational field it is possible to show that there 
is a linear temperature decrease with altitucle. Measurements give its value as 
1C/100 m; what is the theoretical value? — Calculate the height of the general 
polytropic atmosphere (defined by p v* = const.; » is known as the polytropic 
exponent). In particular calculate the height of the adiabatic, and of the isothermal 
atmosphere (for which x = 1}, for a ground temperature of 0 C. 


1.10. The flow of gases. 


Calculate the final temperature and the maximum value of the flow velocity 
for superheated steam of 300 C and § at pressure which expands isentropically 
through a suitably shaped nozzle to a back-pressure of 1 at. 

In order to perform the calculation make use of the fact that the kinetic energy 
can at most be equal to the difference in the enthalpies of the compressed and of 
the expanded gas (cf. Sec. 4 B). The same fact can be proved with the aid of 
Bernoulli’s equation for a compressible fluid (cf. Vol. II, Sec. 11), assuming the 
flow to be irrotational and steady. 


l.1t. Jsothermail equilibrium of the atmosphere. 


A gas is contained in a closed box placed in the gravitational terrestrial field. 
The internal energy is then augmented by the potential energy; the latter depends 
on the altitude above ground. 

a) Establish the condition of thermodynamic equilibrium by subdividing 
the gas into i cells of volume Vj; at an elevation 2; above ground. Assume a definite 
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value of specific volume v; and temperature 7; for each cell and solve the problem 
by calculating the maximum in entropy for a given tota] energy, mass and volume. 


b) Show that the temperature is independent of altitude. 


c) Show that Gibbs’ potential is independent of altitude provided that its 
definition includes the potential energy (compare the electrochemical potential 
in Sec. 18). 


ad) Calculate the density in terms of altitude, assuming the validity of the 
perfect gas law. 


e) Calculate the difference in elevation for which the difference in potential 
energies per mol is equal to # T. 
1.12. (After H. Einbinder, Phys. Rev. 74, 805 (1948)). 

Assuming an equation of state of the form pv = au(T,v), where «(7, v} is 
the spectfic internal energy and « is a constant show: 


I. That the specific energy « and the specific entropy s can be expressed in 
the form 


“= 7-7 O(T vy; $ = p(T a) 


where is an arbitrary function of the argument, and #’{x) = x w’{z). 
att 
2. That w/e =o 7 * when the energy density u/v depends only on the 
temperature 7. This, for example, is true for black-body radiation with a = t/3 
{ef. Sec. 20 B) and for a J3ose gas composed of N particles of mass m below the 


ht 
temperature Ty, ~ =e (N/v)23 with « = 2/3 (Einstein condensation, 


im 
ef. Sec. 38). 


3. Assume that in the neighborhood of absolute zero (J v*) can be represented 
by the power law 


OTe} =e Tee" (me > O}. 


a) Find the relation between « and m required by the condition of dynamic 
stability (@p/dv)r << 0. 


b) Assume that #-+ 0 for T-+ 0. According to the uncertainty principle we 
must also have v = v(T, p} > 0 also for T— 0. Determine the relation between 
« and m implied by the relation v(7, p) > 0. 


c) Taking into account the results of questions 3 a and 3b find an expression 
for the internal energy and for the equation of state. 


4. What result can be deduced for small values of T with the same power law 
but assuming that «(7,v) tends to a finite limit when 7 > 0? 
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CHAPTER II 


IJ.1. Prove with the aid of (14.11 b}) that #V is the thermodynamic potential 
for the variables T, p, j;. (It occurs in the theory of grand canonical ensembles 
in statistical mechanics; cf. Sec. 40 for a special application). 


IJ.2. The vate of change of latent heat along the vapor-pressure curve. 


In connection with eq. (16.14 a) we have used an experimental value for dr/adT: 
calculate the same quantity theoretically making use of the definition 7 = <1 2, 
forming its differential, and utilizing the Clausius-Clapeyron equation together 
with some of the relations in the Table of Sec. 7. 


11.3. <A perfectly insulated vessel having a volume of 20 liters contains 1 kg of 
H,O at 10 C partly in the liquid and partly in the vapor phase. Calculate the 
amount of energy required to bring the system to a temperature of 200 C. It is 
convenient to imagine that the final state is reached as follows: a} isothermal 
compression until complete liquefaction has been achieved, b) isothermal com- 
pression from the saturation pressure of p = 0.0125 kg/cm? at 10C to p= 
= 15.86 kg/cm? (= saturation pressure at 200 C), c)} heating at constant pressure 
without evaporation (¢, = T cal g”' deg™4), d} tsotherma] expansion (evaporation) 
until the initial volume has been reached. The energy input for process b) and 
the work of expansion for process c) may be neglected (Compare Prob. 1.8}. 

At 10 C: latent heat of evaporation x = 591.6 cal/g, specific volume of 
hiquid v, = 1.00dm4jkg, of steam v, = 106.4 m4/kg. 

At 200 C: + = 463.5cal/g, v, = 1.16dm4kg, uv, = 0.127 m4/kg. 


II.4. Realization of thermodynamuc temperature scale. 


Prove that the absolute temperature 7 can be calculated from the Clausius- 
Clapeyron equation T dp/dT = 7] (tvap trig) if rv, Uvap and vyg are known as 
functions of pressure ?. 


II.§, The vapor pressure of mercury is: : 
a) 0.0427 torr at 50 C, and 0.0253 tor at 60 C, 
b) 247 torr at 300 C, and 505 torr at 310 C. 


Calculate the latent heat of evaporation in each of these intervals assuming r 
to be constant. Neglect vj, and assume that the vapor behaves like a perfect gas. — 
Interpolate » linearly between these intervals and determine the vapor-pressure 
curve for Hg. Extrapolate the curve to temperatures > 300 C and calculate the 
boiling point at 1 atm (= 760 torr) pressure (accurate value 356.7 C). 


II.6. Consider a gas whose molecules are capable of achieving three energy 
levels &, £1, €9, (€; —& and é,-< are thus excitation energies for the first and 
second excited energy levels respectively) and suppose that it is a mixture of three 
gases each consisting of molecules of one internal energy level ¢9, ¢,, or e,. Deduce 
the conditions of equilibrium on the assumption that all gases have the same 
entropy constant and transition is possible between 0 and 1 as well as between 
0 and 2. Show that the same conditions apply when transitions from 1 to 2 are 
also permitted. 
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II.7. Principle of detailed equilibrium. 


a) Calculate the differences in the chemical potentials p, —y. and py - wy for 
the preceding problem for the case when the molar masses », differ only slightly 
from those at equilibrium, %;. 

b} Regarding the variation in %,, ”,, n, make the following assumption: The 
change per second tn, say, #, ts due to the fact that during that time a fraction 
k,, %, proportional to the amount present changes into the states 0 and 2. At the 
same time fractions proportional to mj and mo, i. €. Ryg % and &y. m, undergo the 
transition into state 1. Write down the equations for dn;/dt, The preceding 
assumption impltes that the number of transitions from one state to another 
depends only on the number of molecules at that state and that it is proportional 
to it. 

c}) Show that the law of mass action (see eq. (3) in the solution to the previous 
problem) follows from this assumption insofar as %,/#, and %,/%, no longer depend 
on #, and #,. A comparison with the already mentioned eq. (3) yields two relations 
which must be satisfied by the coefficients fz. 

d) Making use of the relations deduced in a) substitute 4, - py) and py - My for 
n; in the equation for dz,/d¢ found in b}. What is the meaning of the validity of 
Onsager’s reciprocal relations with respect to the mechanism of the reaction? 


CHAPTER III 


IJJ,1. A vertical cylinder is fitted with a piston of mass M which can follow the 
influence of gravity without friction. The cylinder contains a sphere (of mass 
m << M) moving up and down in a vertical direction 
with a velocity ¢; it is elastically reflected by the 
piston and by the cylinder head. Neglect the influence 
of gravity on the motion of the sphere. 


a) Establish the condition of equilibrium for the piston 
and compare it with the perfect-gas equation, ignoring 
the dimensions of the sphere. 

b) Repeat the calculation taking into account that 
the radius of the sphere is y and compare the result 
with the van der Waals equation. 

c) Imagine that the piston its being withdrawn 
slowly with a velocity V»,<¢ and compare the loss in 
energy suffered by the sphere with the work dW = PdadV 
of a gas. Fig. 38. 
One-dimensional gas 
consisting of a single 

motecule. 


M 
Ell 


IJI.2. For the Maxwellian velocity distribution (23.9} 
calculate a} the most probable velocity, b} the mean 
velocity, and c} the root-mean-square of the velocity. 


III.3. Compute the number of H, molecules which impinge on an area 0 = 1 cm? 
of a wall in a second with a velocity which exceeds 12000 m/sec, assuming that the 
temperature ts 0 C and that the total number of molecules in 1 cm* its 2 x 10)*, 
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IIJ.4. Calculate the mean value of the number of throws, &, after which 


riance defined as (* ~ Ry? 


III.5. Calculate the pressure exerted by a perfect gas on a wall (assumed placed 
in the plane x = 0 of a rectangular system of coordinates) if the wall attracts 
the molecules at large distances and repels them at small distances with a force 
whose potential is V = —- 4 e-* + Be—%4*, a} assuming that the influence of the 
force extends over a distance which is small compared with the mean free path; 
b) assuming that both are comparable. 

Calculate the distance over which the 
influence of wall forces would have to extend 
in helium under normal conditions in order 
to affect the pressure on the wall. 


III.6. A perrect gas fills two compartments 
Fig. 39. of a vessel which are connected through a 
very small opening of area o. The initial 
temperature in both compartments is equal to, 
say, 7, and the pressures are p~, and fy, 
respectively. 

a} Calculate the mass of gas which flows in a unit of time from the compartment 
with the higher pressure to that with the lower pressure under steady-state 
conditions (fp, = const, p, = const); 

b) Calculate the corresponding rate of transfer of energy; 

c) Calculate the mean quantity of energy transferred per particle; 

d) Why is it larger than 3/22 TF? 

e) What measures is it necessary to take to maintain a steady state? 


The transfer of mass and energy 
through narrow openings. 


III.7. A gas at temperature T contains a movable plate B placed between two 
fixed plates 4, and A, at a distance which is small compared with the mean free 
path, so that intermclecular collisions may be disregarded. Assume that B and A, 
have the same temperature as the gas and that 4, is heated to a slightly higher 
temperature 7’ = 7 + éT. 

a) Calculate the force acting on the movable plate B assuming that all molecules 
reach therma! equilibrium with the wall from which they are reflected {infinitely 
rough wall) and that the plates have equal areas A. 

b) Calculate the pressure of the gas from this force (ultra-vacuum pressure gage). 


CHAPTER [IV 


IV.1. During a certain experimental measurement the result depends in a random 
way (i. e. either + « or -«) on a large number ~ of equal, mutually independent 
elementary errors. Show that the probabiltty of obtaining an experimental result 
which deviates from the true one by x is given by W = a- exp {- ¥?7/2 » e*} for 
large values of x. In order to make the derivation more lucid the student may 
visualize Galton’s board: the probability that a sphere impinging on a nail will 
move to the left of it is the same as that for it to roll over to the nght. 
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IV.2. Assume that the experimental error for a single measurement is not 
+ ¢€,€ = const, as in the preceding preblem, but that it can vary in a certain 
interval. Let f,(*} dx denote the probability of the error to fal) inside the interval 
(a, ¥ + dx). 


a) Derive an expression for the probability /,(x) dx when » independent errors 
of the same kind are superimposed on each other; 


b) Prove that all functions f,(+} are Gaussian if /, is Gaussian. Derive an 
expression for the spread of the Gaussian curve. 


c) Derive an expression for /, for large values of # when /,(+) = 1 for |x] < ¢ 
and = @ for |x! > «. Plot the curves f,, f,, and f, and deduce from it the geo- 
metrical form of these functions for a polydimensional cube. 


-1V.3. Compute the number W of permutations of VN molecules, 


a) when all molecules have the same velocity + & as regards magnitude and 
direction ; 


b) when one half each of them have the velocities + & and — & respectively; 


c) when one sixth each have the velocities + §, + 7, and + @, respectively. 


Prove that for N— oo each successive distribution is infinitely more probable 
than the preceding one. 


IV.4. A very small mirror is suspended from a quartz strand whose elastic 
constant is D, and reflects a beam of light in such a way that the angular amplitudes 
caused by the impacts due to surrounding molecules (Brownian motion) can be 
read on a Suitable scale. The position of equilibrium is at 6 = 0 (f = angular 
amplitude). The probability of finding the mirror at an amplitude between ¢ 
and ¢ + dd is given by 


W dd =ae- ‘poslkT ah, Epa = Dp, 


in accordance with the law of equipartition. From the observed value of $? it is 
possible to determine the Boltzmann constant &. Calculate the numerical value 
of the Loschmidt-Avogadro number from the following data obtained at 
T = 287°K: D=9.43 x 10-*dynecm; ¢? = 4.18 x 10-® using the known 
value for the universal gas constant, A =: 8.32 x 10’ erg/deg mol (Kappler). 


IV.5. Consider a cubic crystal containing N = 10%} atoms. The cohesion energy 
per surface atoms is 9eV. Calculate the ratio of cohesion energy to thermal energy. 
Calculate the size of the crystal for which the two are equal. 


IV.6. a) Show that the partition function (33.3) of a rotator can be deduced 
from the definition of the theta function 


}, (: 


2» 
ig 
—}—? (n+ t}¢ 2 1 
2 cos (22 + 1)x2z 
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and that we have 


2 9 a,(: | 
Z(9) a eM ich ies 
7 x? az 3 
6 


b) Making use of the transformation formula 


ig me — -1%2412% 
n q q q 


(which is related to that in eq. (15.8} of Vol. VI for # = #,) where 


+ w 


#o(z| 7} = Dt 1)*exp fin(n?t + 2% 2z)] 


na=-@® 


derive the equation 


i t 
Z(q) = — ett. (xg) f etna 
g siné 


in which f denotes Cauchy’s principal value of the integral. In the process of 


derivation it is necessary to make use of the expansion of t/sin? into partial 
fractions known from the theory of merornorphic functions. 


c) Calculate the principal value of the integral in {b}: «) by expanding 1/sin ? 
in powers of e'!, 8) by expanding #/sin ¢ in powers of ¢. How far can this be regarded 
as a proof of the transformation formula #,-+ &, given in (b)? 


d} The expansion (c, f) is asemi-convergent series which gives good approximate 
values of g. Calculate the molar energy and the molar specific heat of rotation 
from the first term of this expansion and compare with the result in Sec. 33. 
Determine the value of g above which ¢, is accurate to within 1%. 


e) Examine the influence of the higher-order terms on the molar specific heat 
and compare the two series at q = 0.458, e?7 = 2.5. 


IV.7. Bose Einstein distribution. 


Let f;, fi’, fi’. - >, A, ... denote the probabilities of finding 0, 1, 2, ..., ”,...- 
particles in the 7-th phase cell, with the additional conditions: 


D> fi= 1, > i” = N, exe fi a; = Uz 


% n,t n,t 
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Calculate the distribution function »; = >, nf at equilibrium if the logarithm 


of the thermodynamic probability is given by 


log W = - Ps (fi? log fi° + fi’ log fy’ + fi log fi” + ---} 


+ 
i. e. as asum of Boltzmann terms. 
IV.8. Density fluctuations, 


Calculate the density fluctuations in space in a volume element 4 V of a gas 
which occupies a vessel of volume V, stipulating that the mean density is constant 
throughout the volume. 


IV.9. Density fluctuations at the erttical point. 


Consider a real gas composed of N molecules occupying a volume IV. 

a) Write down van der Waals’ equation for this case and calculate the critical 
parameters, 

b}) Calculate the logarithm of the partition function by a thermodynamical 
argument, using the thermal and caloric (¢, = 3/2 R T) equations of state, and 
taking into account that a real gas behaves like a perfect gas at high tempera- 
tures 7 and low densities N/V. 

c) Determine the relative mean fluctuation of the number of particles in 
volume A V making use of the equation 


An\* _ (VIN) AV 
a}  N@logZjaNn? - 


Perform the calculation at the critical point assuming smalldeviations from perfect- 
gas behavior. 
d} Justify this formula with the aid of eq. (40.15) in the text. 


CHAPTER V 


V.1. Making use of the energy and momentum equations, deduce the trans- 
formation equation for the velocities (¥,, ¥,) before collision and (¥,’, ¥,’) after 
collision when the masses are m, and m, respectively. Show that Liouville's 
theorem about the equality of space cells is applicable to this transformation. 
What is the mean value of the ratio of the energy differences after and before 
collision ? 

When evaluating the mean, it is necessary to note that all directions of the 
central axis are equally probable and that the velocities v,, v, before the impact 
are statistically independent. 
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Hints for the solution of problems 


1.1. From z = z(x, y) it follows that 


1) Fa (cd PRT al 
( eee ad al.” 


for arbitrary changes dx, dy. Assume now that d% and dy are connected in a way 
to render dz = Q. Their ratio must then be equal to (dy/dx), and it follows from {T) 


that 
ay) _ _ (a) / (a 
ax}, ax}, / ay}, 


from which the required proposition can easily be deduced. 
Applying this result to the functional relation implied by the equation of 


State p = p(T, V) we have 
ep or) favy | 
e er), (ashe 


or, when the definitions in (1.5) and (1.6) are taken into account 


(3) ~p Pi = - 1 


In other words Sp = ax V?, 


I.2, The heating of the room from 0 C to 20 C requires the addition of c, x 20 deg 
units of heat. Now (cp -Czhmor = R and for diatomic gases we have ¢p/c, = 1.4. 
Hence 


(1} EG -, Op Aa eae 
sia a ae ae 29 g deg 


The value for # was taken from (4.8) and the mean of the molar weights of N, 
and ©, was used for w. In order to reduce (2} to a unit of volume it is necessary 
to multiply by the mean density of the air 


p = 1.25 kg/m*. 
Multiplying by the temperature increment of 20 C we obtain from (2) 


1.25 x 3.5 x 2 x 20 keal 
4 , deg s. —————____..—_—__ ~& Beamer 
(3) p * > x 20deg 39 60 a 


It will be noted that too many units of volume of air have been heated owing to 
its expansion, and that some air escapes because = const. The intensity of 
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heating required to maintain a temperature of 20 C depends on the tightness of 
walls and windows and on their heat conductivity and cannot be included in our 
calculation. 

According to Emden (ef. Sec. 6 F) the energy imparted to the room on heating 
is partly lost with the internal energy of the escaping air. Emden’s eq. (6.19) 
can be criticized on the ground that it leaves out of account that the definition of 
energy leaves a constant undefined and must be replaced by 


(4) 64 SOAP Tey: 


Here 7, denotes some temperature above the point of liquefaction at which the 
perfect gas law is still valid. Since u, = pu we have 


(5) uy = typ T + plug - cy To). 


The first term on the right-hand side is independent of termperature in view of the 
relation p T = p/R, but not the second. The latter is positive because of the 
large value of the latent heat and considerably exceeds the first term in magnitude. 
It is seen from this argument that Emden was not justified in restricting himself 
to the first term in his eqs. {19}, (20). It is possible to show that the second term 
decreases with T (because of the relation p = 4 p/RT}. The energy density does 
not remain constant, as Emden suggests, but even decreases on heating. Thus the 
remarkable conclusion concerning the preponderance of entropy over energy 
applies @ fortiort. 


I.3. Assuming that the working fluid in a Carnot cycle is a perfect gas we can 
write per mol for the isothermal processes 1+ 2 and 3-— 4 (@ denotes heat added): 


2 


du = 0, dq =pdu, a= | pao = R70, 
vu 


1 


a 
va 
du=0, dg = pdr, 0. | pay - RT, log 


F U4 
4 
so that 


) eto Tt, ZOU AIL 
QO, Ty, logrgiv, 

On the other hand applying eq. {5.3 a) to the isentropic processes 2+ 3 and 4—> 1 

we have 


(2) Ty v’—t ae I, v,’—} and Ty u,’-l ae Ty a F—*, 


Eliminating 7, and 7, we can prove that the ratios ve/v, and t,/r, are equal. 
Equation (1) transforms into (6.8). In view of (6.7) we see that in fact J(@) = T, 
as postulated in eq. (6.7 a). 
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1.4. The heat capacity C is defined as the quantity of heat required to increase 
the temperature of a body by ¢ degree. Since the specific heat is referred to a unit 
of mass, we have C = M c, if the volume is constant, M denoting the mass of the 
body under consideration. 

In all problems of heat conduction dW = 0 because the volume is constant 
so that dU = dQ. In such cases the material theory of heat may be used, This 
leads to the “‘mixing rule” 


Cc Gy 
~__— , t, = — . 
ome te an ane CONE ou 


(t) T=, Ty + a Fy, r= 


According to eq. (5.10) the change in the entropy of the perfect gases 1 and 2 at 
constant volume is given by 


4 ; T 
1 2 


Since entropies are additive we may write: 
AS =45,+ 45S, = (C, + Cy) log T-C, log 7, - C, log T,. 


The Second Law states that in an isolated system 45 > 0. Dividing by C, + C, 
and making use of (1) we find: 


(2) a, 7, + a T,> 7% x Ty* with a, + % = Ff. 


When a, = «, = 4 we obtain the well known rule that “arithmetical mean > geom- 
etrical mean”’. 

Equation (2} states: If, on forming an arithmetical mean, the two quantities 
T,, T, are weighted with the factors «,, «, then on forming the geometrical mean 
it is necessary to take the weighting factors into account exponentially. The 
sign > must be replaced by = only in the trivial casé when T, = T,. 

For » gases which are free to exchange heat among each other eq. (2) is re- 
placed by 


(3) oo, Ty, +..- ton Tp> Ty... To with a, +... ta=dh 
The student may try to apply the same method to other irreversible processes! 


1.5. The initial state will be assumed to be given by Ty, vo, Pp. Evaluating the 
integral of paV between the limits V, and 2 V, for 


Ug" 


a) P=Po bd) P= hy, 8 P= Pos 


vy 


1Algebraic proofs of this proposition can be found in the following — Pélya and 
Szegi: Aufgaben und Lehrsatze, Springer 1925, or Hardy, Littleword ‘and Pélya: 
Inequalities, Cambridge Univ. Press, 1934. 
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we obtain, consecutively, the following expressions for work 


a) RT, »b) RTylog2, ¢) RTy- 


The quantity of heat required can be found from the integra] of dg =c,dT + 
4+ pdv =cpydT -udp. Hence, in the same order as before: 


a) R r=, b) RT,log2, c) 0. 
_ The change in entropy in each case is found from s = ¢, log T + FR logv + const, 
and is: 
a} cp log 2, b) Flog 2, c) 0. 


1.6. From (7.8) and (7.8 a) we deduce 


eas aye Lark (2) a 
2 Pe i Pal 


Expressing {é4p/dT), with the aid of eq. (2) in the solution of Prob. I.1. and 
introducing the coefficient of therma] expansion « and that of compressibility x, 
we have 


tt 
ds = — dT + — du. 
Ss Tr ze v 


The slope of the isentrope in the 7, v-diagram is found by putting ds = 0. Hence 


oul aye 
a. oat 


It is seen that the slope of the isentrope is positive to the left of the minimum 
in the vvs. JT curve because a < 0 there. To the right « > 6 and the slope is 
negative, whereas at the minimum itself the isentrope is parallel to the v-axis. 
Making a qualitative sketch of the isobars in a T, v-diagram it is easy to convince 
oneself that there are no isentropes which intersect both the 2 and 6 degree 
isotherms, provided that the process is carried out in a range of pressures where 
the isobars possess a minimum of volume between 2 C and 6 C. 


1.7. At constant » we have dg =¢,dT = ¢,{@T/op), dp. At constant pressure p 
we have dg = ¢,4T = c»{dT/dv}, dv. Hence in general 


Td d. Es dv + ial a 
s= a= Cy 5 — fy |= s 
q ? au p x , ap v P 
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The isentropic compressibility is obtained by putting ds = 0 in (t). Hence from (1) 


we have 
)—-s(0L (6) 36 
dp}s ep \OPiy\OThp | cp \aP fr 


where eq. (2) from Problem J.1. has been utilized. 


1.8. From (7.8) and (7.8 a) we have 


3 
dg=du+pdyv=c,dT + T ia du ; 
: oT fy 


During isothermal compression dT = Q; further we may write dv = (dv/aT)7 dp. 
Then eq. (2) from Problem I.1. yields 


_7() (2%) a -1(® 
ar (Fe) (5) e0 7 (Sa) 


Assuming a mean constant coefficient of expansion in the interval of pressure 
under consideration we find that the heat added is: 
fo =-TvaeAp =- 295 deg x 1dm?* x 2 x (10 */deg) x (19 kg/cm?) = 
== — 1.113 liter x atm = - 26.1 cal 


(since 1 liter x atm = tdm*® x kpcm™? = 23.43 cal}. 
The work done on the system is 


fear folip) = ral) 


= 1dm* x0.5 x (10-‘/at} x $ (400-1) at? 
= 10-*liter x atm = 0.23 cal. 
1.9. See Vol. II, Sec. 7. 


1.10. Euler’s equation, Vol. II, eq. (11.5) can be written 
sh 1 

{1} grad — = —— grad p 
2 p 


if we neglect external forces, assume dv/di = 0 and curl ¥ = 0, i. e. steady and 
irrotational flow, and if we take account of eq. (6) /ec. ett. The condition of 
incompressibility, /vc. ctt. (4a), must now be replaced by the relation between 
~ and p for isentropic processes 


(2) P= Pol pi po). 
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Ehminating p fromm (1) with the aid of (2) we can integrate (1} to give: 


7-1 ¥-1 
a Sly Jeol] 
3 nis ep cg aa 4 fe LB =o 472(21" | 
™ 2 2 poy-1l \ho PL Veo 
According to (5.3a) we have (p/p,)- Iv = T/T,. Hence 


es ¥ T 
— --—-=¢ -—c . 
3 2 ptq7&p 


This shows that, in fact, the difference between the kinetic energies per gram 
is equal to the difference in the specific enthalpies per gram, cp Zy and cy T, of 
the gas. 

In our example ¢p = 0.49 cal g- deg-!, y = 1.33. Hence (3) yields vy = 880 m/sec 

if we assume vy, 0. This value may be compared with the mean molecular 
velocity of 770 m/sec for steam at 300 C (cf. Sec. 22). — The temperature after 
expansion is 110 C. 
1,11. At first we shall assume an arbitrary equation of state. The state of the gas 
in cell ¢ of volume V; will be determined by indicating the temperature 7; and the 
specific volume v;. The mass enclosed in a cell is then equal to V;/v;. The specific 
internal energy in cell z will be denoted by «#;{7j, vj) so that the internal energy 
of the gas contained by cell 7 is ae (Ti, v,), its potential energy being aig 2, 
' ' 
where g denotes the gravitational acceleration. Let U denote the total energy, 
N the total mass in the system. Then 


V; Fe. 
ee ZG. U = Di (#1( Ti, v3) +8 21]. 


In a similar way we can calculate the total entropy 


where s;(7j, v;) is the specific entropy for the state prevailing in cel] 2. 

Now, at equilibrium S is a maximum with respect to all variations of the 7;, uv; 
which are compatible with the constant values of N and U. Introducing two 
Lagrangian multipliers 4 and » we must also have 


V, V; Vi : 
éS= [3 Lsareo + i(v- 3) +a(v - 2) uF v3) +e2)]- 0 


for arbitrary variations of the quantities T;, vj, A4,u. This yields 


1) V; f as; au; =a 
vu LOT; are vee 
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(2) — a or Aa eee a; + g2;-¥%,=-] = 90 


t 
vg? 4 dv; 


as; 1 { ou; 
It follows from (1) that « = 1/T; if we take into account that a7, = T; (3. 
see (7.1). In other words all 7;’s are equal, and we may put 7; = 7. From the 
two thermodynamic relations (7.7) and (7.8) and from (2) we find that 


as; a Op; On; ee ap; ode 
($I, 7 (21, (2), a (2), i 


and after a short calculation 


e(T.u)S44+ @4-Ts +p; =-AT. 


The left-hand side contains the specific Gibbs potential for the state prevailing 
in cell i, the potential energy having been added to the internal energy. The right- 
hand side is independent of ¢, which must also be true of the left-hand side. In 
the case of a perfect gas (for the sake of simplicity we shall assume that the specific 
heat is independent of temperature) 


R 
uj = Cy T + tho, $4 = Cy log T + Pea v; + So, Diyas 
where now »# denotes molecular weight. 


Since ¢(7, v;} is independent of i and so of z, we have 


vie) = uge""FT, ple) = po CMT, 


For a height 4 z defined by 


we Az=RT 


we have finally 


RT por 


Az > = Fe, 


HE g pos 


It ts seen to be equal to the mean height 


arm f spas | f pres 
9 0 


With £, = 10* dynecm-*, p, = 0.0012939 g cm-%, g = 981 cm sec-? Az 
has the numerical value of 


Az=8 x 164cm = 8km. 
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When a gas expands in a vertical direction at a height which is considerably 
below 8 km the decrease in pressure with altitude is small; for a difference in 
altitude of 80 m it is only 1% but it must be taken into account when barometric 
readings published by meterological stations are reduced to sea level. 

J.12. 


1. Substituting » from the equation of state into the therrmodynamic relation 
(@ujdv)y = —p + T(@p/eT),, we obtain the following partial differential equation 
for u: 


whose general solution is: 
“=v *f(T v); 


there @(7T v*) is an arbitrary function, as is easy to verify by substitution. The 
statement about entropy is obtained without difficulty from 


Tds = du + pdv. 


2. If u/v depends only on T the expression v—*~! ¢(T v*) must be independent 
of vy which means that ¢(T v*) =o: (T v*)(*+ Yt where ois a constant; this proves 
the assertion. For black body radiation we have p = } u/s, i. e. a = 4, whence 
we deduce the Stefan-Boltzmann law uv =o T*. For « = 2/3 we have 
wjv =o T2 which is a known result from Einstein's condensation theory, 


cf. (38.27). 
3. a) We have p =aC T*y2™-2-1: (apiav)p < 0 means 


a(jm-1)-1<0. 
b) We have 
1 m 
(2p hee yas TES Oe 
“ac 


If we are to have v > 0 for T + 0 and any #, we must also have 
a(me -1)-1 > 0. 


c) The two inequalities in a) and b) are then, and only then, satisfied simul- 
taneously if a(m-1)-1—0, i, e. if m = 1+ t/a so that 


From « = C T™y*(™-U > 6 and < oo for T = 0 we conclude that m = 0 so that 
“u =v-* x const and pv*+4! —const. With « = 2/3 we are led to the relation 
between the pressure and the volume of electron gas in (39.10) 
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II.1. It follows from (14.11 b) that 


(1) dip V) =paV + Vdp =SaT + paV + DS nidy:. 


From (1) we deduce the relations 


es _ ap . as an; Ot; = Gn; 
oVv Tia; aT Vey! Ope; TVs aT Vp, Ou; TV ap OnifT, Vay 


JI.2. From the definition r = 44 we find 


dr =A a aT aad 
r= aT)» + Va?’ 


by taking the differential along the vapor-pressure curve ¢{p, T) = 0. Since 
dp and dT both derive from ¢ = 0, we obtain 


a er re eee —_ oh 

OT }¢ _ P' TAv Opty ; 

by making use of (4,11) together with the Clapeyron equation. According to the 
Table in Sec. 7 we have 


dh = Tds + udp dh (3 (2) 4 
= § v an ence —— == —— Uv, 
ep fr ap fr 


From the same Table we take the relation 


a 2 ee ; hence cast me a fas =uv-Tva, 
Opfr OTS» ap fr OT }» 


where « denotes the coefficient of thermal expansion. Consequently, 


0h 
(2) (2) =Av-T Alva). 
Op} r 
Substitution into (1) yields 
ay ¥ A {va} 
e (*), me aes aaa 


It will be noted that the preceding derivation introduces no approximations as 
regards the behavior of the liquid or vapor. 


II.3. We shall denote the mass of the steam by x, and that of the water by 
1kg-«. The volume of the steam becomes ¥ x vg and that of the water is 
{l kg - x) v,. Thus # is determined by the equation 


¥Ug + (Lkg-+x}0, = 20dm* 
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and hence 


= (20 dm§ —Uy x 1 kg)i(t,-2,) 


so that ¥=0.169gat10C, x = 149.7 g at 200C. 
The quantities of heat added during the three subsidiary processes are: 


: cal 
a} Condensing from 0.169 gat 10C: -0.169g x 591.6 oe =- 100cal 


b) Heating from 10C to 200C: kg x 190deg x 1 cal g—!deg-! = 190,000 cal. 


1 
c) Evaporation of 149.7g at 200C: 149.7g x 463.5 = = 69,400 cal. 


259,300 cal. 


The work of compression or expansion is: a) + 19dm?* x 0.0125 kpcm-* = 
= 0.238 dm*kpcm-*, c) — 18.84dm®* x 15.86 kpcm7* = — 298.8 dm kp cm~?*; 
in all - 298.6 dm’ kp cm-? = - 7000 cal. The total energy to be added is thus 
equal to 252.3 kcal. 


TI.4. We have 


oe Vat ~ Uliq 5 


T ¥ 


Integrate first between 0 and 100 C. Let 7, denote the absolute temperature of 
the ice point, the absolute temperature of the boiling point of water at 760 torr being 
defined as T, = 100 C. Let, further, p, and 19, denote the vapor pressures of the 
fluid under consideration at 0 C and 100 C respectively. We then find: 


Price 
Tyo + 100deg _ i Voap ~ Uiig 


1 i 
(1) og To 


The integral on the right-hand side can be evaluated numerically on the assump- 
tions given which leads to an equation for T,. The absolute temperature 7 which 
corresponds to any other vapor pressure is given by 


(2) log = te =f Yoap — Uhiq ona 


According to the general propositions of thermodynamics, T, is independent 
of the liquid selected. In the same way T from (2} is the same for different liquids 
provided that they are in thermal equilibrium. 

II.5. The variation in the vapor pressure in each of the intervals of 10 C is too 
large to permit the substitution of 4 p/d T for dp/dT. Furthermore, according 
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to the terms of the problem it is necessary to integrate the Clausius-Clapeyron 
equation 


(1) eee 
(Yvap—Ytig) 

exactly, assuming that y is constant in the interval of 10 C, and that the vapor 

behaves like a perfect gas. The quantities 7, v,9, and ;,, will be referred to one mol. 

Hence tigo = AR Tip, and vyzg may be neglected with respect to pp. Thus we 

obtain from (1) that dlog p = —7/R. d(t/T) and 


or 


ny = iy I, (is ey 
R PT, as T, Py 


Substituting the numerical values for the two intervals, we have 
r= T4l3k and x = 7045 FR, 

The assumption that the latent heat is constant does not apply over large 
temperature intervals; the above numerical values must be regarded as average 
values over each of the intervals; they will be assumed to refer to 55 C and 305 C 
or to 328 K and 578 K respectively. Linear interpolation now yields: 


{2) y = (7896 C - 1.472 T) PR. 


In order to determine the boiling point at 760 torr we can integrate (1} more 
accurately by substituting (2). Thus 


aT 


and 


(3) log 2 = 7896C (7 2 4) 1.472 log —- 
Ps iy ft ; Ty 


Here #, denotes the vapor pressure of 305 torr at 310C = 583 K. Substituting 
the value of 760 torr for p we can determine the boiling point 7 at that pressure 
from (3}. We obtain 


1000C r 
pa Acti aR 1 =e loo — = 
= 1.600 - 0.1864 log === 
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This transcendental equation is best solved by the method of successive approx- 
imations by assuming an approximate value for the unknown temperature on the 
right-hand side and by calculating T on the left-hand side. The new value may 
again be inserted on the right-hand side and the process may be repeated. 


The first approximation may be chosen at, say, 630 K leading to T = 630.7 K. 
Repeated substitution yields the same value of T again, including the first decimal. 
We conclude, therefore, that the boiling point is at 630.7 K or 357.7 C. 


I].6. We refer to eq. (13.13) and proceed by forming the variation 


(1) 6G = o 5%; {er Pp) -F rg" . 


+ 


Since transitions 0 ——> Tf and 0 «—— 2 are possible we can vary 7, and n, independ- 
ently, and we must have dé”, = - dn, - 6n,. The problem considered in Sec, 13. 
involved only one chemical reaction and so only one of the ,’s could be varied 
arbitrarily; the remaining 6,’s were determined. 


It follows from (1} that 


(2) 81-8 = R Tlog—; 82-8 = RT log—- 

My Nq 
Since g;(T, p) = «,(T, p) - T si{T, p) + pv, where vy = v, = vg, and the entropy 
constants are equal, sy = s; = 3,, we find g, — gg = %,- % = Lie, - &); 
£2 — 8g = Mg — Ug = Lieg—&}, where Z denotes the number of molecules in the 
mass to which g; has been referred, i. e. per mol in our case. Hence 


Lte, - Le, - 


This is the Maxwell-Boltzmann law, and we have deduced it here from thermo- 
dynamical considerations. We shall deduce it once more with the aid of the 
methods of statistical mechanics in Sec, 29. The inclusion of transitions ] «+ 2 
makes no change in the argument. The generalization to any number of excited 
states 1s immediate. 


IJ.7. a} The »;'s will now be assumed to refer to our arbitrary composition. The 
equilibrium values from the preceding problem will be denoted by #,;. Thus 


n N, n, % n 
My - Pp = 81-9 - 2 T log =R T log —-- R T log — a= Fe + {tog 24 ton *} 
my a my 4 Ry 


or, for |, - #,|< %,, i, e. in the neighborhood of equilibrium 


(1) jem = RT ("= my 2 


wy Hy 


fig is mar (ec =v) 
; “f= ee 


Ny Me 
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b} The variation in the »,’s with time is given by the differential equations 


an, 
eT = — hoy M%q + hg, M1 + Roo Me 
any 
{2} s = Ray My — hy, My 4 Ay Me 
at 
cis ae ee a k 
— = 74 - Ry - R 
ai 20 **ao 21 1 22 °°2 


The sum of al] ,’s is constant irrespective of their individual values. Hence 
(3) Roy = Rig + Rao Ryy = Rg, + hoy, Reo = Rog + Ry2- 


The first of these two relations states that the mass lost by state 0 per second, 
namely Ago % will be found as Ay, %y and Aygy %, at states 1 and 2. The same can be 
said of the remaining two relations. 

c) Equilibrium means that dx,/¢i = 0, or that 


Roo Mo ao Roy my + Rog Ry 
{4} hia @1 = 2yp My + Rye Me 
Rigg Ry = Ryg My + Rey Hj. 


The state of equilibrium is thus seen not to be one in which no more transitions 
occur. Transitions which cause the mass of one component to increase turn out 
to be as frequent as those causing an opposite effect. Of the three equations in (4) 
at most two are mutually independent becanse of the constraint in (3). They 
determine the ratios #,/%, and #,/#%, in terms of the &j’s which are, in turn, 
independent of composition as assumed at the outset. Recalling eq. (3) of the 
preceding solution it is seen that the coefficients &,, satisfy two more relations in 
addition to the relations (3) above. Having proved that the ratios of the », are 
independent of composition we have shown the plausibility of our assumption (2), 
even if we have not actually proved it. The same conclusion would remain true 
even if the right-hand sides of (2) were replaced by arbitrary functions, each being 
a linear combination of the 2;, provided that the functions vanish for the 
argument @. 

d) It follows from (1) and from (2 - m9) + (2, — #1) + (#, - %_) = 0 (preservation 
of total mass} that 


Hy Ro 
a i — = —~— (fy - fo) - — (Hg - Bo), 
n # 


n,-% mn ” 
RI = = ( a) (ity ~ Ho) — = (ita — Ho), 


Wy 


ily — 8 n m. 
RTS =-— wm -(1- (ita ~ jo); 
Ny n n 
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because # = my + m, + my = Mg + %, + Mg. We substitute this in the right-hand 
side of (2) having replaced all ;’s by #j - %;, this being permissible in view of (4). 
We then obtain: 


dn _ = 
R rs = - Ryy Hy (ey — Bo) + Aye Halfta — Ha} 


an = 
R rT == Roy M(t — My) — Rae Hale - Mo), 


taking (4} into account once more. We now compare this expression with (21.26). 
Onsager’s reciprocal relation a,, = a, is equivalent to: 


(5) Ryy My = Roy My. 
Making use of (3) and (4) we deduce the further relations 


Now, 41, %, denotes the mass transferred from component 2 to component I per 
second, &,, 2, denotes the mass transferred per second from component 1 to 
component 2. Onsager’s reciprocal relation leads to the conclusion that these 
two expressions are equal at equilibrium. In other words the reaction 13% 2 is in 
equilibrium on its own, independently of the fact that the reactions 0 ~ 1 and 


a\ /\ IN 


Oo ———> 1 Qo ————> 1 
<< —— 


Fig. 40. Illustrating detailed, cyclic, and mixed equilibrium. 


0 ~ 2 take place simultaneously. In the same way (6) shows that the remaining 
reactions are in equilibrium on their own. The preceding proposition enjoys a 
much wider area of validity and is known in chemistry as the principle of detailed 
equilibrium. 

In addition to detailed equilibrium we could also imagine cyclic or mixed 
equilibrium. The three cases have been shown schematically in Fig. 38. The 
length of the arrows is assumed to be proportional to the frequency of the indi- 
vidual transitions. The case of detailed equilibrium is the only one of the three 
which is unaffected when one transition (say 1, 2) is impeded in doth directions, 
for example by the introduction of a decatalyzer. In the case of cyclic equilibrium 
the suppresion of, say, the reaction 1— 2 would, at first, leave the reactions 
2—@ and 0-1 unaffected so that the masses of components @ and 1 would 
increase compared with equilibrium. The same is true for the case of mixed 
equilibrium, According to qur laws of thermodynamics a state of equilibrium 
cannot be affected by the introduction of a catalyzer or decatalyzer, once it has 


370 PROBLEMS 


set in, and provided that no constraints are removed. Hence the principle of 
detailed equilibrium can also be stated as follows: There can be no decatalyzer 
which would in different ways affect a reaction and its opposite, such as would, 
for example, suppress one and not the other. 


The ideas expressed here in the form of the principle of detailed equilibrium 
will be seen to recur in the kinetic theory of gases, or in the electron theory of 
metals. In the last analysis it is always a consequence of the equality in the 
contributions of both quantum mechanical matrix elements for the transition 
between two steady states, 


III.1. a} Assume that the velocity of the piston before impact is v. On impact 
its velocity will change sign and 


{1) Mv=me. 


The time of rise ¢; for the piston is equal to t; = v/g, the return time is ft, = 2 u/g 
and the latter must be equal to that for the sphere, 4,’ = 2é/c, Hence 


{2) vc alg. 


The mean force on the piston is 
6 


as seen from (1). Equations (1) and (2) (4 = cross-sectional area} also show that 


M g 
met= Muvue= Mgl= y “Al, 


or, introducing the pressure p = .W g/d and the volume V = 47: 
(4) p-V=me*=2U. 
instead of the value of 2/3 U for a three-dimensional gas. 


b) Equation (1), elevation and return time of the piston, and eq. (3) remain 
unaltered. The length ?/ in (2) should be replaced by /- 27. It follows from the 
modified eq. (2) that 


met = M g(l-27) 
or 


(5) p(V-2rA) =2U. 


It is seen that the volume V is decreased by a constant term in the same way 
as in the van der Waals equation. In the present case the term to be subtracted is 
equal to a layer of the thickness of the sphere covering the whole cross-section. 
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c) Imagining that the piston is very heavy (so that the change of its velocity 
may be ignored), we may apply the law of reflection. If ¢ is the velocity before 
impact and c’ that after it, we have 


t- V» =e +t Vp. 
The change in kinetic energy is 


1 
m4 m(c’2—¢#) a -2me Vp». 


cAi 


At 
During a time interval, 4¢, this quantity of energy is transferred yo SE 
ia 


times ; substituting the distance A x = V»y At traversed by the piston, we have: 
(6) -AW=-2mc Vp, —— =-—'Ax=-Mgduz=-pAV, 


III.2, a) Taking the logarithmic derivative of 


g/2 mot 
i —_——_- 
dic} = 4c —_ e 2aT 
Bs 6 


with respect to ¢, we have 


putting ¢’ = 0 we find that 


\% 
(1) to = (242) 


which agrees with (23.10). 


co 
b} Recalling that ¢ sa cd and putting mc#/2k¢ = &%, we have 


The integral can be reduced to one of Laplace’s type and its numerical value is 
4 x 1!. Hence 


- (3 a 
(2) iaaet Wearee 


372 PROBLEMS 


— ea) 
c) Recalling that c? =e d(c) de we have: 


ie?) 


= &T 
c® = 4 piled me es dt, 
m |x 
0 
We compute 
fn @® 1B ym 
e7 VF EAgE =x Vx a Vay-5?. 
2 dy? 8 
ac 
Consequently 
= kT 
(3) i= -_- 
tsi] 
The velocity squares form the proportion 
— 8 
(4) C2: e8 rey? = 3:—:2 
* 


which leads to eq. (23.11). 


1IJ.3. The number of molecules per second coming from the cylinder in Fig. 23 
on p. 170 is equal to 


The total number is obtained by integrating over ¢,, cy from - «© to + % and 
over ¢, from cy = 12000 m/sec to %. Introducing cylindrical polar co-ordinates 
and putting 


m \% 
(2) ‘ (Cx, Cy, 2) == (p cos , psin ¢, f), 


we have 


m co 
2reT\* 1 aT \% m oo? 
= — —. ia — i= on _- 6 . 
Z no = Safe *p doas |e fd no( AT x exp |-so7 
{siz} 
gat} * 


Introducing the mean velocity 
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we find 


noe i Cy? 
Zs exp |- ——-]- 
2k7 


The numerical result is: € = 1690mfsec, t/4ua ct = 8.45 x 10%: 
me{2k T = 64. Hence Z = 5 x 10-4sec"!. A particle possessing such a very 
high velocity arrives about once every 3 minutes. 


II1.4. See Sec. 27 D, eq. (14). The probability that the 6 will show up for the 
first time after the 


lI. 2 3. ... a’th... throw 


15 1 (5\? 1 5\ht 
6 6° «6 NG 6°” NG co 

The calculations of the mean values of 4, k?, ... is best performed with the 
aid of the generating function 


1) = Dy Watta EIEN, 
k=1 


is, respectively 


1p! 


Here f = 5/6 and it follows at once that 


and the required mean values are given by the derivatives 
f(t) = Sk W, =k, 
fl) = Dh (h-1) We = BP? 


It is convenient to represent them with the aid of the following logarithmic 
derivatives 


Hence 
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and 


a ee t oe 
(A)? = (& 2) -( tga), zs vn 


Thus the result is: 
k+Ak=6+ V30=6+5.5. 


II1.5. The energy equation can be written 
1 . : . 
(t) Pi ie i z3) =E + Ae-**~ Be~%2e, 


The velocity components y and z are constant. Putting } (y? + 27) = Ex 
{tangential energy) and E - E,, = E,, we find that Ey is constant, so that 


{2) Smit E, + dene Bemtas, 


This equation can be integrated to give 


V2 
t-fy = (=) fo. + A en%*— Be 2anH-U2 gy 


Substituting e** = ¢ we have 


12 
tot -i(3) [. B+ A §- BY ae. 


B A 
The substitutions § = €-A/2E,, ¢,? = E, + TE, lead to: 


or 
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or 

= Sige {cscosn to eee - s 

a vi 2Ey 
and 
| 2£,\¥? 
2E, 1/2 sinh ( a (é — to} 
{3} = { = . ae ET ‘ 
cosh « a {¢ —t} “TEE, 
The change in momentum for case a} is 

(4) A Py = m{a(+ 0) -#{- c0)] = 2m Ey)? 


This is the same expression as that for impact on a rigid wall, so that there ts 
no difference as far as pressure is concerned, Deviations may, however, be expected 
in case b) when the influence of the wall extends over a distance which is comparable 
with the mean free path. Let rt denote the average time between two collisions. 
Then, according to (2), we have 


=) 
sinh « t 
. : *" 
(5) Ap = mx (ty + t) ~x{ty—1)] =Apy ye , 
— 2&, _ A = 
BN aes 2 Ente 


or, as a first approximation (for large t's): 


et? ex) ; 


A 
{5 a) 4p = Ap(1 + 5 
er] 
According to eq. {1}, I/« is of the order of the range of influence of wall forces. 
The latter have a marked influence on 4 p when the second term in the brackets 


of (5a) ceases to be negligible compared with 1. This occurs when 


i. e. only when the range of influence of the forces is at least equal to the mean 
free path /, 


HiI.6. a) With reference to Fig. 23 on p. 170 we can write that the number of 
particles from the cylinder shown in the sketch is 


3/2 
dv = oceos-m| ia eo Ml2kT ¢2 desin Odd dd. 


2nkT 
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Integration over the half-space gives 


oo 


.\L2 
kT 
= 2 PF na dy. 
v on( 27] [- p’ ap 


0 


co 
The integral, inclusive of the factor 2, isequalto f e'-fdi = 1!. Expressing x 
0 


with the aid of pressure, we obtain 
v=op(2amk T)- ¥2, 


If py > ~,, More particles will flow from left to right than in the opposite direction. 
The difference is 


(1) Av =o(2amk T)-'2-A p. 


b) 4 W can be calculated from 4m c* dy. Calculating W in a way analogous 
to », we have 


Hence 
1;2 
T 
2) Agee (247) Apes 


c) The average energy transferred per particle is: 


AW 
Ay 


(3) =2kT>SaT. 


d) It is larger than 3/2 4 T because the particles possessing high energy per 
second arrive from a larger volume. 


€) The flow of matter causes the pressure to change. According to the inequality 
in (3) the right-hand chamber becomes cooled whereas the left-hand compartment 
is heated, It is, therefore, necessary to control the pressures and to provide for an 
exchange of heat (temperature bath). 


II].7. Let 2, », and m, denote the densities of molecules reflecting from A, A; 
and B respectively. Mass equilibrium will prevail when 2, Cz, = mq €, = nq Cy’. 
Owing to isotropy this is equivalent to 


{1) M, 6 = Myo we My Cc’, 
where ¢ and ¢’ denote the mean velocities at temperatures J and 7’. 


The equilibrium pressure p is given by p = 4 m ” c®, where nm = 2 2, = 2% 
so that p = $m m, c*. The recoils due to the molecules travelling away from 
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B are equal on both sides and cancel. The forces which act on B and which are 
not compensated are solely due to the arriving molecules. The resultant force is 


2 nik ny oF 
(2) F=— mA (nc -n, cc?) = pA [—— -I} 
5 My ¢? 


According to (1} it follows that 


67T\'? pA 6T 
(3) rapal(r4 22] 1] ~ aT 
or 

2FT 
sf a es 


1V.1. The following table indicates the frequencies of the respective errors: 


In general the probability of a given error is given by the coefficients of the 
binomial expansion. If % is the number of individual errors and if & is the number 
of positive errors, then the probability of this case is given by 


1 nm! 
Vy p = — ——__—_- 
mh Oo Rin hy! 


and the magsitude of the error is: 


fang =Re+ (n-k) (-€) = (2R-n) ec =x, 


578 PROBLEMS 
Instead of & we introduce the magnitude of the error, x, so that 
; 4 4 w% 
Qe 2 


and {with dk = 1): 


| aiadk 1 n! ax 


wv = — — sO eee 
2" kink)! 


The right-hand side is evaluated with the aid of Stirling’s formula 


nt = (2nn)N2 (*] 
e 


Consequently: 
1 4n \"¥2 dxj2e 
dw = 7— |... Ses 
\ 2 \n?— xPfe? 


The logarithms of the factors in the denominator are 


n 1 x i ; x) 2 1 x x x? = ame x? 
a pe eV nel 2 twell\*t ne ante] 20° ane 


and their sum is: 


Thus the product in the denominator gives exp (¥7/2 «*), so that 
dw = (20 €%)-'2 exp (- x2/2 n £*) - dx, 


q. e. d. Putting x = &(2 2 «%)"?, we see that the integral with respect to dw is 


1 
dw = —— J exp (-é*)d& = 1. 
‘aa 


1V.2. a) When two statistically independent errors of the same kind are super- 
imposed then the probability for the errors to lie within the intervals (#’, x’ + dx’) 
and (4, #4 dx") is 


Als’) la’) dx’ dx”, 
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The total error is x’ + *’’ = x. Since we are interested in the probability of 
a definite total error we put *#” = x -— %’ and tntegrate with respect to #’. Thus 


(1) flax) = [ice f(x - ¥) dx’. 


In general, when an »#’th error is superimposed on (n - 1) errors, we have 


(2) ful *)} ~ f ne In -=1(4 - # dx’. 


b) When fy = (way) 'e“*” (with ff, dx = 1) it follows from (2) that 


t 


(3) Epa ge eee mye 


ap | ay a, 
Gaussian functions are seen to satisfy eq. (2) and the half-width increases like ~?. 


t) In order to answer the question we notice that in this case eq. (3) assumes 
the form 


+e 
inf*) = Lf ten (x - x’) dx’. 
é 


Putting 


fn{*) _ A,el?s, 
we find a complete system. It follows that for an arbitrary value of 4 we have 


+e 


Ai) =A [el ie ea | 
wld) = An—a(A) + x = Ay—1(2) (—— 
and 
(4) An(a) = C{A) (a 
The required solution is found by expanding /,(*) into a Fourier series: 
f,() - few e thx dQ. 
Applying Fourier's integral theorem (cf. Vol. VI, Sec. 4, eq. (13)}, we have 


+e 
1 ; 1 t sinde 
2. paneer —iAx _ wie Fy we 
C(a) = = | Axe it ds af. ar sare 
—s 
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Hence 

5 Ag(A) 1 jsinde 

(5) (4) = >I, 

represent the Fourier components of /,. The function itself is: 
1 sinde\” ., 

(6) fa(4) ==- J |->—] ef * da. 
22 Ae 


sin A e\” 
For large values of » the expression (22 differs markedly from 0 only 
E€ 


in the immediate neighborhood of the zero-point. Hence we may replace this 
factor by the osculating Gaussian bell-curve 


sin ie\” ne? ae 
———j] wz exp ]-— 
Ae F 6 


Now the integral (6) can be evaluated. We have 
T net 3ix\° 
ie) = tf |-*2 (:- | Josep (-3 v4/2% €4) 


5 1/2 
(7) in(x) = eal exp (- 3 ¥2/2 7 «*), 


or 


The result is a Gaussian distribution, in analogy with the result in IV.1. 
We now compute the integrals (6) for x = 1, 2,3. Putting Ae =?, § = #}e, 
we obtain generally: 


+ 
1 sin" ¢ 
fn =—-— J ——cosftdt 
2e 
—-n 
On partial integration we find that 
+ 
1 1 dt ar-' 
=—:-~--—— | — —- {sin"tcos Ff). 
fr 27é on | So =f) 
—-% 


The functions operated on by the differential operator are: 


sinécos &t for n = ft, 


sin? tcos €¢ = — {I-cos2t)cos f% for n= 2, 


rl 


1 
eins OSs Ca asin ee SL ye CON es for n = 3. 
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The 0-th, Ist and 2nd derivatives of the respective functions are: 


2 
i 


sin f cos & f, 


1 
2 sin 2¢ cos Ff— > &(1-cos 2#)sin £4, 
3 . : 3 , 
3 4 fared > 3 ste Sf) coms 5 ales bos 54) sine 


1 
“5 §*(3 sin ¢ — sin 3 f) cos € ¢, 


The remaining integrals are all of the same type (Dirichlet’s discontinuous 
factor), We now write down the results of the integration for the individual terms 
and for the intervals in which they do ot vanish: 


Case = 1: = | for /@{| < 1, 


which is our starting point. 


Case # = 2: = | for jé| < 2, 
1 z 
= |&| for all £’s, 
1 
4 ry {| for jé| > 2. 
It follows that 
T 
teh =1-sisl for jé| < 2, 
3 
Case n=3: ag for Jé| < 1, 
9 
~ for < 3, 
4 le | 
3 
a \g| for \é] > 1, 
3 
er |€| for \é] > 3, 
3 
“7 |éj? for |g] < 1, 


1 
+qlgl for El <3. 
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Thus in the given intervals we have: 


3s fT 
O<|E<T  4ef,—5-S EI" 


9 3 1 

feeetyeehaees —_ 2 
1< |é) <3 a ltt eh 
3< [é| << 0. 


=—3 —2 


-1 0 +1 

—» é 
-1 0 +1 +2 

—>é 
-1 0 +1 +2 +3 


Fig. 41. Principal cross-section functions for polydimensional cubes, drawn for » = 1, 2, 3. 


The functions f,, /s, fs are seen plotted in Fig. 41. The function /, consists of 
a horizontal straight segment, f, consists of two inclined straight segments, /, 
consists of three parabolic segments, etc. The geometrical interpretation of these 


Ye 


€ 


Dy 
Fig. 41a. 


Principal] cross-sections of 
a Square. 


functions can be given at once. Since f, arises from 
the superposition of two constant functions /;, we 
see that inside a square whose sides are 2¢ we 
have uniform coverage. We wish to determine the 
strips of constant total error. They are given by the 
segments cut out of the square by the straight lines 
at right angles to the diagonal DD in Fig. 41 a. 
Their lengths are given by f,. Correspondingly /, 
gives sectional areas in a cube at right angles to 
a principal diagonal, etc. 


IV.3. if N particles are distributed over % compart- 


ments containing N,, N,, ..., Ny particles each, we 
have 
N! 
Ww = 


Noten al. 
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Thus, with the aid of Stirling’s formula (Sec, 294 a) we have for the three cases 
respectively: 


N} 
a) We = = f, 
b) Ps (22 Nj'2 ca 
PWD aN’ 
N! 3 \° 
W, = = (2x NyH2/—} . 6 
‘ wee 7%) (5,) 4 


and hence the ratios: 


W, aN 
W, 27 
W; aN? 3 co or N fora) 
IV.4. We have 
+o 
— 1 D 
*#—-~~—log f e¥" dd =—, y= : 
2 2kT 
—~ om 


and it follows that 


The Loschmidt-Avogadro number is 


_ RT 8.32 x 287 


=—= = ——_— x 1072 mol! = 6.05 x 107% mol“), 
Dd? 943 x 4.18 


£ 


IV.5. We put N = Z8, Z = 10°. The number of particles on the surface is then 
Ns =62Z*. The thermal and surface energies are, respectively 


U=3Z5kT and Us = 6Z* eV. 


For T = 290 K we have: 
SS SS ______—_ = — & 14000. 


Consequently, U = U, if Z = 107/14000 = 700; this means that the number of 
particles is N = 3.4 x 108, the linear dimension / = 2 x 10-8Zcm = 1.4 x 10-5 cm. 
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IV.6. a) We have 


~« fad ww 
08, dz = - 1 sin (2n-+ 1)#2z 
— -22e ig >” (204 Ten#ht Ne fmentvar,, 
0 a=0 0 


It can be seen that all integrals under the sign of summation are equal to $2. 


b) Substituting the series #, into the transformation equation we have 


ob(3) le)" Erme| te} 


Consequently 


12 
za) >— Sete (*) .(- 22 in 3 ft = * exp| 2 ma 


q 


A simultaneous change in the signs of z and » only changes thelimits of integration, 
so that 


Hence 


The transformation z = t/a +n gives: 


2(q) = ett (ag. fl Y (1) 


a= 


This proves the proposition because of the relation: 


a t t 
> (- 1) : = -- ° 
+ “ux sin? 
Ro=—w~ 
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c) We have, formally 


oO 
j eit - 
= = — 9; Seles yi 
1 4 
-2ieti? = , 
= ——ar = 2 et (24+ lit 
-e€ ! 
k=0 
oO nD 
=i Dd) et tee Nite @ee ity 2 S" sin (2k + 1)t. 
k= 0 k=0 


The integrals in Z(g) [see (b)] can be transformed as follows: 


+o oD 
2 ftsin 2 + 1)t-e #4 dat = 2 sin (2k + tht: e794 dt?, 
—o 0 


Putting x = #2 we obtain an integral of the type of a Laplace transformation, 
namely: 


oO 


2 fs (2k +1) fe ecttde = ging)" exp (-(h + 9%). 
0 


The integral can be easily evaluated or taken from tables of Laplace transforms 
{see e. g. W. Magnus, F. Oberhettinger ‘‘Formeln und Satze fiir die spezieilen 
Funktionen der mathematischen Physik, Springer, Berlin 1943”, or Bateman 
manuscript project, ed. by A. Erdélyi, W. Magnus, F. Oberhettinger and 
F, G. Tricomi, McGraw-Hill, New York, 1954/5). 

It follows that 


oO 


(x) Z(q) = Dart 1) e FR + Ue, 


k= 


In this manner we obtain eq. (34.3) which was derived from the transformed 
representation. Consequently, it becomes superfluous to prove the transformation 
equation. It is worth noting that it can also be deduced from the transformation 
equation in Vol. VE., eq. (15.8). 

When q is very small, the only significant contribution to the integral comes 
from a small interval at ¢ = 0 (its length being 4? = q¢). In this case we may use 
the expansion 


t {2 z4 og 1 7 31 
— = 1 1--~- — atae = tf — 7{? — }# —— ff one 
: | + a | gk Se ee 
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Inserting this into Z(qg) and putting for the integrals 


+m 


n 
Jn = 7 ec7? 28 at = nh? ae yi? , 
dy 


— 1 


or, in particular, 


nt us 1 jz wa 3 *)" 15 ja ia 
Ju=() haa(F) h=as(? n= a(F] 


we have: 


1 1 7 31 
Zig) = — ei? — — gq? 7 Seer Fo 
(B} (¢) aa E at ee | 


Expanding e?# and multiplying the series term by term we obtain: 


1 1 t 4 
4 Z(¢) = —] 1 + —¢ + — g2#4--—— g84... 
(8’) (7) ‘hats tt aie f | 
and 
(8’’) Geigy) soe ge ee ge +... 
3 90 2835 


d) Differentiating Z we obtain: 


_ petiee _ re ieeZ 
am ar dq 
pt ee ee 

ot © dg dq? 
Hence 
111. 8 ; 
eR Glee ge te 
Y) : E 345° 9457 | 


To a first approximation (except for a constant energy term in the same way aS 
in Sec. 33), we find that: 


I 
Serie SO ty = R. 


The accuracy is better than 1% if ¢?/45 < 1/100, or if g < 0.67. 
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e) The following table gives an estimate of the accuracy which can be achieved 
with a small number of terms: 


Magnitude of the First Second Third term in ¢, 
for g = 0.3 I 0.002 0.000467 
for gq = 0.5 t 0.008 0.00372 
for ¢ = 0.9 t 0.018 0.01263 
for ¢ = 1.2 1 0.032 0.0299 


From ¢ = 0.6 onwards the third term becomes of the same order as the second and 
cannot be neglected any more. Thus the asymptotic expansion can be used up to 
¢ = 0.5 approximately {i. e. for J > 2 6). From this value onwards it is preferable 
to use eq. (a). Equation (f) shows, however, that for large temperatures c, tends 
to the value # very fast, and that it approaches it from above. 

In conclusion we propose to calculate c, from the two expansions for e*# = 2.5, 
i, e. for g = 0.458, ¢g? = 0.20977, ¢? = 0.09607. The asymptotic series gives 


¢y = 1.006 R 


when terms up to and including the third are taken into account. 
The value from eq. (33.3) can be calculated from (y): 


d* log Z Le Ag 
SENN a ee 2-3) 
Here 
Z=-14+3e7%4 Se-8#4 Fe-Pe4 ge F414 e804, 
-Z' = 6e-244 30078 +)  BHe- 1244. 18067294 4 330 e- 304, 
Z’° = = 12 e~ 74 +. 180e7 84 +. 1008 e172 +. 3600 e298 + 9900 e- 4, 


Substituting the preceding value for g we have 


Z = 2.549; Z’ = 4.683: 2" = 20.836; 
and 


Cy = 1.0064 R. 


Since the series (x) takes into account all terms which make a marked contribu- 
tion, it is seen that the fourth term of the asymptotic series (8) would have to be 
taken into account. However, the two series join to within 0.05% and the molar 
specific heat is seen to be well represented by taking only a small number of terms 
in each series. 
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IV.7. ‘It is necessary to make log W a maximum under the conditions indicated. 
Taking these into account with the aid of Lagrange’s méthod of parameters we 
find that it is necessary to determine the maximum of 


ete log ame apr + jo A pu &; fy 


The derivatives with respect to all /;)'s must vanish. Thus 


log fS) 41 4 Aj tan+ Bue, =O 


or 


(1) eet Ne 
The condition J /”) = 1 gives: 

et-4y(4 -e-t- 48) = 1 
and eq. (1) assumes the following form: 
(2) PF me (Te OAH TES, 


The distribution function follows from 


ny = : n fi = mr igs) = y en (+8 s;)™ F 


Thus we have 


sasgeed 1 
coals Lt “it i} 


(3) _ Mey 


and proves the assertion. 
The constants a and f can be determined from the remaining conditions which 
now appear in the simpler form: 


(4) Duan, Maes. 


IV.8. The volume V of the vessel consists of the parts V7; = AV and V,;=V-AV. 
The probability of finding a molecule in V, or V, is V,/V or V,/V, respectively, 
since equal volume elements are associated with equal probabilities. The prob- 
ability of finding N, particles in V, and N, in V, becomes 


eke Seen LY Mf y,\: 
(Vp d= Twi V V 
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We calculate, further, in an obvious way that 


= Vy, — V,? 
o N,(Nj-1) = NIN ~1) 


It follows that 


or 


IV.9, a) The van der Waals equation for N particles in volume V can be written: 


0 fpvalf alr 


The constants A and B are related to the constants @ and 6 in the original 
van der Waals equation; we have 


a 


b 
te 


({£ = the Loschmidt-Avogadro number), The critical parameters are obtained 
in the same way as in Sec. 9 from: 


ap 6AN NIV 2/@>p 2AN*| © 
(E+ SANE a). 2 (#248 : 
putting ep/eV = 0 and a*psaV* = 0. 


Starting with the last equation we obtain 


8A 


A 
2 Vers =3NB, j—-=_——— > Rk Ty; = 
( ) ered Periz cre 7B 


27B?" 


b) The logarithm of the partition function is a thermodynamic parameter of 
the form 


{3) dlogZ =-UdB+ ppav. 
Substituting the thermal equation of state for p, we obtain: 


( log 2} N N? 
‘a Fase 
V2 
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On integrating we have: 
N 
(4) og? = Nog VN) + 8A S| +510. 


Here /(#) is an arbitrary function of £. 
Evaluating the energy from this expression with the aid of eq. (3), we ob- 
tain, further, 


Blog Z Nz 


a aia = (2282) =4 + --N7(p). 


The heat capacity at constant volume is, therefore, 


au au ee 
(27) ——16e(22) maar) (B) => SNR. 


The last expression is valid asymptotically for the limiting case of B + 0. Hence: 


3 
f (9) >a 


and integration yields the asymptotic expressions 


3 
(8) *-aRt Cy, 


3 
(B) see Oe Bt Es B+ C,. 


Thus, for logZ, we obtain 


(5) og2 +N og VW B) + 24% Fog 6f 4 NCB + NC 
In the limiting cases of 8 + 0, N/V -— 0, we have the simplified forms: 
(5 a) ig? = Weg + (1og% Stop) + B+ Ce 
This expression must be identical with that for a perfect gas: 


V3 22m\** 
(10g Z)pert.gas = N}1 + log =; -—Slog 6 + log|=~5-— ; 


and it follows that C, = 0 and that 


2nm\e 
Niog + G,=¥11 + tg i? | 
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Finally, we obtain 


27 mM 


N Vv ne 
(6) ig 2 = N 1 +A p® + toe(¥ -2) (242) +20} 


Here g(f) denotes that part of /(§) which vanishes for 8 — 0. 


c) Equation {6} gives at once: 


Repeated differentiation with respect to N and multiplication by - N gives: 


log Z logZ flogZ N Vv N BNIV 
() -nNi WB. Wee (es ap - ___]-4 8 — + -—_,, 
aN? N N V V-NB V ( amy 
1 -——_ 
V 
1 2BN A 
BN\* Vo BRT 
| 
V 


In the limiting case of a perfect gas (A, B + 0), we have: 


2? log Z 
7 -N~——— = 1, 
(7 a) TD 


The relative mean fluctuation for this case agrees with that in eq. (40.18). 
When 4 and B are to be taken into account only in the first approximation, 
we have 


2log Z BN A\ 
{7 b) cay ee PEN ) 


“ene OV BRE 
Substituting the critical parameters from eq. (2), namely BN/V = 1/3, 
A{BRkT = 27/8 we have 


dF logZ _ 


(7 c) -N aN? 


The relative mean fluctuation becomes: 


An\? VINAV 
{8} 7 = = SO OD, 
” N d log ZjaN?* 


i. e. infinitely large. Large fluctuations cause strong scattering of light (cf. vol. 1V, 
Sec. 33) which is evidenced by the strong opalescence of real gases near their 
critical point. 
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dg) According to eq. (40.15), we may write 
1 ‘fd log Z 1 ‘ 
amy=a SSS) lS aan 
Fa ; Ge; dex fa, fe;  f* \- ; De; Deg}a, &, 6; 
t, t, 
because « must be kept constant in addition to f (cf. Sec. 40, in particular, eq. (12)). 


The symbol 2” denotes that the sum must be taken over all phase cells in 4 V. 
According to eq. (38.4) the last equation may be written: 


1 "tan 
" oe B 2 (2), Bey 


_ oe AV 
Here # denotes the mean number of molecules in AV G = ov), It 


follows from eq. (38.7) that 
df =-Hdu-wdp-p >” Fide; 
(f is equivalent to @ = log Y from Sec. 38, eq. {1), referred to volume 4 V) and 
on On; 
10 palais = £j— 
(10) (2), 8, @, B Ou |, g; 
It follows from (9) that 


(9 a) (An)? = - TG ae 


Reverting to the partition function by means of a Legendre transformation 


—- ee ae oe AV 
a + at) adi wap -p DS m dey = ——d log Z, 


; 


_ AV felogZ — falogZ 
. V On }B,e; = ON fé,«; 


This shows that eq. (9a) can be written: 


we have: 


dafa n AV @logZjaN? 


Dividing by the square of » = NAV/V, we obtain the fluctuation equation 
indicated in the statement of the problem. 
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V.1. It can be verified directly that the momentum and energy equations are 
satisfied by: 


2 Mtg 
5 vi =v, + ——— (Veje, 
(5) 1 aT aa ) 
2 1, 
Vo’ = ¥, -——_-~— {(VeJe 
2 2 mo ) 


V =v, -—v, denotes the relative velocity. V-~e gives central impact. In order 
to prove the validity of Liouville’s theorem on the equality of the velocity space 
cells it is necessary to show that the transformation matrix of the six-dimensional 
space of the combined velocities v, and y, has a determinant — 1 (e should be placed 
along one axis!}. 

According to (5) the difference in the energies after impact is 


Lae piv Live diilgis amis (¥, —¥_ °@) (92,4) + ty ¥_ +e) 
Rese ee a ane. 1°1 2 7% (m+m)j? 7 * 1*1 e*2 “ie 
(6) 

Making use of the condition that all directions are equally probable we find 
that the mean value of a product of the form (A e} (Be) taken over e is: 


(Ae) (Be) = =A B. 


Inserting this value into eq. (6), we have: 


(7) E,’-£, =£,-&,-— [{¥ — Wa) + (2, ¥y + Mg Va) ).- 


Since the direction of y, is independent of that of vy, the mean value with 
respect to v, becomes: 


Thus in the last bracket in eq. (7) only the terms #, ¥,? - m, V,? = 2 (2, — E,) 
remain, Hence 
cs Hee I PP ik ac 
£,-E, 5 (mt + mt,)* 


For m, = m, the ratio becomes equal to 1/3, for m, << m, it becomes equal to 
1-8 m,/3m,. This result means that on the average the difference in the kinetic 
energy of the two particles taking part in the collision decreases continuously. 
Consequently the mean kinetic energy of the translational motion becomes equally 
distributed. 

The law of equipartition is valid for any molecules and not only for molecules 
of one kind. 
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FOREWORD 


The topic with which I regularly conclude my six-term series of 
lectures in Munich is the partial differential equations of physics. We 
do not really deal with mathematical physics, but with physical mathe- 
malics; not with the mathematical formulation of physical facts, but 
with the physical motivation of mathematical methods. The oft- 
mentioned “prestabilized harmony’? between what is mathematically 
interesting and what is physically important is met at each step and 
lends an esthetic —- I should like to say metaphysical —- attraction to 
our subject. 

The problems to be treated belong mainly to the classical mathe- 
matical literature, as shown by their connection with the names of 
Laplace, Fourier, Green, Gauss, Riemann, and William Thomson. In 
order to show that these methods are adequate to deal with actual 
problems, we treat the propagation of radio waves in some detail in 
Chapter VI. 

Chapter V deals with the general method of eigenfunctions. The 
most spectacular domain of application of that method is wave mechanics, 
as we show here with the help of some selected, particularly simple 
examples. The mathematically rigorous foundation of the existence and 
the properties of eigenfunctions with the help of theorems about inte- 
gral equations cannot be given here; the latter are mentioned only occa- 
sionally as the counterpart of the corresponding theorems on differential 
equations. 

Chapter IV on Bessel functions and spherical harmonics is compara- 
tively lengthy despite a development that is as concise as possible. For 
the sake of brevity we have relegated some proofs to the exercises, as 
we have also done in other chapters. A special section is dedicated to the 
beautiful method of reciprocal radit and to the demonstration of the fact 
that it unfortunately cannot be applied to other than potential problems. 

Chapter III deals exclusively with the classic problem of heat con- 
duction. In addition to the Fourier method we develop in detail the 
intuitive method of reflected images for regions with plane boundaries. 
Chapter II deals with the different types of differential equations and 
boundary value problems; Green’s theorem and Green’s function are intro- 
duced in considerable generality. 

Chapter I about Fourier series and integrals is based throughout 
on the method of least squares. If the latter is complemented by a 
requirement which we called ‘‘the condition of finality,” then we can 
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replace the more formal computations of the older developments in a 
complete and generalizable way, not only in the trigonometric case but 
also for spherical harmonics and general eigenfunctions. 

As is seen from this survey, the arrangement of the material is 
determined not by systematic but by didactic points of view. Chapter I 
intends to put the reader in the midst of the methodology of the Fourier 
and the Fourier-like expansions. Only in Chapter II do we start to 
introduce the concepts from the theory of partial differential equations 
that are of the greatest importance for the mathematical physicist. 
From a systematic point of view Chapter III would be subordinated to 
the general methods of Chapter V but it precedes it for historic and 
didactic reasons. The lengthiness of Chapter IV may be justified by the 
fact that a large part of the material contained in the textbooks on 
Bessel functions and spherical harmonics is at least sketched there, and 
is put in readiness for application. The formal mathematical part is 
interrupted for didactic reasons for both classes of functions by typical 
examples of applications. 

It is obvious that this material could not be presented completely 
in a short summer term. In fact several mathematically more com- 
plicated sections have been added in print, some of these in the form of 
appendixes. In this connection we wish to mention Appendix II to 
Chapter V, which was added only after the completion of the rest of the 
manuscript and which is likely to be of fundamental importance for 
problems dealing with the intermittent range between short waves and 
long waves, that is, for the passage from geometrical optics to wave 
optics. 

In the preparation of the manuscript I was able to rely on the lecture 
notes of R. Schlatterer for 1935, as well as on earlier notes of Professor 
J. Meixner. My friend F. Sauter critically perused the entire manu- 
script and has also been most generous in giving me his own improved 
version on many points. I owe him more than I can point out in the 
text. My colleague, J. Lense, examined the manuscript from the 
mathematical point of view. Dr. F. Renner collaborated on the last 
chapter especially; H. Schmidt advised me on the arrangement of the 
material. 

ARNOLD SOMMERFELD. 


[Publisher’s note: This is a translation of Sommerfeld’s “Lectures on Theoreti- 
cal Physics,” Volume VI. Translations of Volume I entitled, ‘‘Mechanics,” and 
Volume II entitled, ‘‘Mechanics of Deformable Bodies,” are in preparation. In this 
text they are referred to as v. I and v. IT.] 


EDITORS’ FOREWORD 


This book is the first volume in a projected new series of mathematical 
books to appear under the title ‘‘Pure and Applied Mathematics.” 
The books of the new series will be ‘“‘advanced”’ in the sense that they 
will maintain a standard of scientific maturity. It is not intended, 
however, to adhere to any rigid pattern of presentation or degree of 
difficulty. Thus there will be a place for textbooks for first-year graduate 
students as well as monographs for research workers and possibly an 
occasional treatise. It is the hope of the Editors that these volumes will 
find a worthy place in the growing list of excellent scientific works which 
have appeared in recent years. 


P. A. S. 
8. E. 
New York, 1949. 


ERRATUM 


“‘Rigenvalues’”’ (see pp. 166ff.) should be written as one word. The 
two-word form is incorrect. 


CHAPTER I] 


Fourier Series and Integrals 


Fourier’s Théorie analytique de la chaleur! is the bible of the 
mathematical physicist. It contains not only an exposition of the 
trigonometric series and integrals named after Fourier, but the general 
boundary value problem is treated in an exemplary fashion for the typical 
case of heat conduction. 

In mathematical lectures on Fourier series emphasis is usually put 
on the concept of arbitrary function, on its continuity properties and its 
singularities (accumulation points of an infinity of maxima and minima), 
This point of view becomes immaterial in the physical applications. 
For, the initial or boundary values of functions considered here, partially 
because of the atomistic nature of matter and of interaction, must always 
be taken as smoothed mean values, just as the partial differential equa- 
tions in which they enter arise from a statistical averaging of much more 
complicated elementary laws. Hence we are concerned with relatively 
simple idealized functions and with their approximation with “least 
possible error.”” What is meant by the latter is explained by Gauss in his 
“Method of Least Squares.” We shall see that it opens a simple and 
rigorous approach not only to Fourier series but to all other series expan- 
sions of mathematical physics in spherical and in cylindrical harmonics, 
or generally in eigenfunctions. 


§ 1. Fourier Series 


Let an arbitrary function f(z) be given in the interval -7S%Q+2; 
this function may, e.g., be an empirical curve determined by sufficiently 
many and sufficiently accurate measurements. We want to approximate 
it by the sum of 2n + 1 trigonometric terms 


(1) S,, (@) = A,+ A, cos + A,cos2a+---:+A,cosnz 
+ B,sin «+ B,sin 22+ +--+ B,sin nx 


1 Jean Baptiste Fourier, 1768-1830. His book on the conduction of heat 
appeared in 1822 in Paris. Fourier ‘also distinguished himself as an algebraist, 
engineer, and writer on the history of Egypt, where he had accompanied Napoleon. 

The influence of his book even outside France is illustrated by the following 
quotation: ‘‘Fourier’s incentive kindled the spark in (the then 16-year-old) William 
Thomson as well as in Franz Neumann.” (F. Klein, Vorlesungen iiber die Geschichte 
der Mathematik im 19. Jahrhundert, v. I, p. 233.) 
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By what criterion shall we choose the coefficients A,,, at our disposal? 
We shall denote the error term f(z)—S,(2) by en(z); thus 


Q) j(x) = S, (2) + e,(@). 

Following Gauss we consider the mean square error 
+x 

(3) Mas- fede 


and reduce M to a minimum through the choice of the Ay,B,. 

To this we further remark that the corresponding measure of the 
total error formed with the first power of ¢, would not be suitable, since 
arbitrarily large positive and negative errors could then cancel each other 
and would not count in the total error. On the other hand the use of 
the absolute value |e,| under the integral sign in place of ¢,? would be 
inconvenient because of its non-analytic character.? 

The requirement that (3) be a minimum leads to the equations 

cM 7% 
is =a {}(2) — S,(z)}coskadz=0, k=0,1,2,...,2 

(4) a 
= ~ f {H(2)—S,(2)} sinkadz =0, k= 1,2,...,2. 


These are exactly 2n + 1 equations for the determination of the 
2n + 1 unknowns A,}}. A favorable feature here is that each individual 
coefficient A or 33 is determined directly and is not connected recursively 
with the other A,2. We owe this to the orthogonality relations that exist 
among trigonometric functions:* 


(5) fcoskzsinladz =0, 

5 skex lad 

(a) fewkzeosteds| 4). 
(5b) fsinkasint2 dz 


1A completely different approach is taken by the great Russian mathematician 
Tchebycheff in the approximation named after him. He considers not the mean but 
the maximal |¢,| appearing in the interval] of integration, and makes this a minimum 
through the choice of the coefficients at his disposal. 

3 Here and below all integrals ate to be taken from — x to +7. In order to 
justify the word “orthogonality” we recall that two vectors u,v which are orthogonal 
in Euclidean three dimensional, or for that matter n-dimensional space, satisfy the 
condition that their scalar product 
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In order to prove them it is not necessary to write down the 
cumbersome addition formulae of trigonometric functions, but to think 
rather of their connection with the exponential functions e**** and 
et*!@ = The integrands of (5a,b) consist then of only four terms of 
the form exp {+7(k-+1)2} or exp{+7(k—1) 3}, all of which 
vanish upon integration unless ! = k. This proves (5a,b). The fact 
that (5) is valid even without this restriction follows from the fact that 
for | = k it reduces to 


- | (tik _ y= Bikey gy —- 0 


In a similar manner one obtains the values of (5a,b) for! = k>0 (only 
the product of exp(zkz) and exp( — tkx) contributes to it): this value 
simply becomes equal to x; for { = k = 0 the value of the integral in 
(5a) obviously equals 2x. We therefore can replace (5a,b) by the single 
formula which is valid alsofor! = k>0 


(6) = fcoskacostad: =+ fsinkasinl ads = dp 


with the usual abbreviation 


0...dak 
by, = 
1...8=k>0. 


Equation (6) for k = 1 is called the normalizing condition. It is to be 
augmented for the exceptional case 1 = k = 0 by the trivial statement 


(6a) gy fde=l. 


If we now substitute (5),(6) and (6a) in (4) then in the integrals 
with S,, all terms except the k-th vanish, and we obtain directly Fourier’s 
representation of coefficients: 

1 
A, ==} f(z) cosk ada 
= J k>0. 


(7) B, = = f Ke) sink «dz 


Ay = sz f fa) dz. 


NV 
(awe Du v= 0 
a 


vanish. The integrals appearing in (5) can be considered as sums of this same type 
with infinitely many terms. See the remarks in §26 about so-called “Hitbert space.” 
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Our approximation S, is hereby determined completely. If, e.g. 
f(x) were given empirically then the integrations (7) would have to be 
carried out numerically or by machine.‘ ‘ 

From (7) oneseesdirectly thatforaneven function /(— x) = /f(+ 2), 
all B, vanish, whereas for an odd function, f(— x) =—f(+ 2), all Ag, 
including Ao, vanish. Hence the former is approximated by a pure 
cosine series, the latter by a pure sine serves. 

The accuracy of the approximation naturally increases with the 
number of constants A,B at our disposal, 1.e., with increasing n. Here 
the following fortunate fact should be stressed: since the A,,B, for k<n 
are independent of n, the previously calculated A;,,B, remain unchanged 
by the passage from n to n + 1, and only the coefficients 4,,,, Baa 
have to be newly calculated. The A,,/3,, once found, are final. 

There is nothing to prevent us from letting n grow indefinitely, 
that is, to perform the passage to the limit n> co . The finite series 
considered so far thereby goes over into an infinite Fourier series. The 
following two sections will deal with its convergence. 

More complicated than the question of convergence is that of the 
completeness of the system of functions used here as basis. It is obvious 
that if in the Fourier series one of the terms, e.g., the k-th cosine term, 
were omitted, then the function f(x) could no longer be described by the 
remaining terms with arbitrary accuracy; even in passing to the limit 
n-» co afiniteerror A, cos kz wouldremain. To take an extremely 
simple case, if one attempted to express cos mz by an incomplete series 
of all cosine terms with k< n and k > n, then all A, would vanish be- 
cause of orthogonality and the error would turn out tobe cos na itself. 
Of course it would not occur to anyone to disturb the regularity of a 
system like that of the trigonometric functions by the omission of one 
term. But in more general cases such considerations of mathematical 
esthetics need not be compelling. 

What the mathematicians teach us on this question with their 
relation of completeness is in reality no more than is contained in the basis 
of the method of least squares. One starts, namely, with the remark 
that a system of functions say 9%, 91,---: %e-++, can be complete 
only if for every continuous function f(x) the mean error formed according 
to (3) goes to zero in the limit n—- oo. It is assumed that the system 
of ¢ is orthogonal and normalized to 1, that is 


(8) foymde=0, fojde=1, 


4 Integrating machines that serve in Fourier analysis are called “harmonic 
analyzers.’”’ The most perfect of these is the machine of Bush and Caldwell; it can 
be used also for the integration of arbitrary simultaneous differential equations; see 
Phys. Rev, $8, 1898 (1931). 
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which implies that the expansion coefficients A, are simply 
(9) A, = f(x) py (2) de. 


Let the limits of integration in this and the preceding integrals be a and b 
so that the length of the interval of expansion is b — a. One then forms 
-according to (3) 


(6—a)M = I 524.0)" dz =F dz — 2 Ay | Fonds + 5 4b. 


Equation (8) has been used in the last term here. According to (9) the 
middle term equals twice the last term except for sign. Hence 


Lim (6 — a) M = [ Pde — Sa 
k=O 


nw co 


and one requires, as remarked above, that for every continuous function 
(10) SAj= f Pda. 


This is the mathematical formulation of the relation of completeness 
which is so strongly emphasized in the literature. It is obvious that it 
can hardly be applied as a practical criterion. Also, since it concerns 
only the mean error, it says nothing on the question of whether the 
function f is really represented everywhere by the Fourier series (see 
also §3, p. 15). 

In this introductory section we have followed the historical develop- 
ment in deducing the finality of the Fourier coefficients from the ortho- 
gonality of the trigonometric functions. In §4 we shall demonstrate, for 
the typical case of spherical harmonics, that, conversely, orthogonality 
can be deduced quite generally from our requirement of finality. From 
our point of view of approximation this seems to be the more natural 
approach. In any case it should be stressed at this point that ortho- 
gonality and requirement of finality imply each other and can be replaced 
by each other. 

Finally, we want to translate our results into a form that is mathe- 
matically more perfect and physically more useful. We carry this out 
for the case of infinite Fourier series, remarking however, that the 
following is valid also for a truncated series — actually the more general 
and rigorous case. . 

We write, replacing the variable of integration in (7) by €: 
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(a) = 5 f HE)de + 
12 aS : et 
a J Me eoskEdE-cosk x +3 > | tesink Ed «sink x 
1 1s : 
= a5 /MOdE +3 D J 1@cosk(e ~ ede 


= ral / eae we x (Ho etka Bae + freere-Pag)|, 


‘In the last term we can consider the summation for positive k in 
exp{—tk(x—€)}} tobe the summation for the corresponding negative 
values of Kin exp {+7+k(x—6)}. We therefore replace this term by 


aes wl 
ES freee -Pde= ZS fe e-Pag. 
kum] k=—-co 


Then the uncomfortable exceptional position of the term & = 0 is 
removed: it now fits between the positive and negative values of & and 
we obtain 


(11) Ha) = [Ieee Pa. 


Finally, introducing the Fourier coefficients C,, which are complex even 
for real f(x): 


12 = < Cet? CL 1 (é) tke dp 
(12) Hay= 3) Cre, OC = 55) Me Mae. 


The relations among the C’s and the A’s and /3’s defined by (7), are 
given by 


5(4,—iB,), k>0, 
C, = 1 


Cy = Ay. 


Our complex representation (12) is obviously simpler than the usual 
real representation; it will be of special use to us in the theory of Fourier 
integrals. 

If we extend our representation, originally intended for the interval 


§ 2.2 FOURIER SERIES AND INTEGRALS 7 


—%< &<-+%, to the intervals >a and «<—z then we obtain 
continued periodic repetitions of the branch between —2 and + 2 ; in 
general they do not constitute the analytic continuation of our original 
function f(z). In particular the periodic function, thus obtained will 
have discontinuities for the odd multiples of -: 2, unless we happen to 
have f(—x)=f(+2). The next section deals with the investigation 
of the error arising at such a point. 


§ 2. Example of a Discontinuous Function. 
Gibbs’ Phenomenon and Non-Uniform Convergence 


Let us consider the function for 


+1 ford<2#<x 
(1) {(x)= 
—1 for -z<2<0. 


We sketch it in Fig. t with its periodic 
repetitions completed by the vertical 
connecting segments of length 2 at the 
points of discontinuity =0, +2, 
+22,..., whereby it becomes a | "isl. a ee 
‘meander line.’* Our function f is odd, ne +i ede pr 
its Fourier series consists therefore repetition represented by the 
solely of sine terms as pointed out in Fourier series. 

(1.7). The coefficients can best be calculated from equation (1.12), 
which yields 


1 


~# 


0 
0, (/ pike dt — -f eat 


(1a) 

1 fe ile a (— ye -—1 ai 2. kod 
—= 3x i pee yee ie ee en 

- ak | ..& even 


This implies according to (1,13): 
B,= +, k=1,3,3,... 


k + 
We obtain the following sine series: 
(2) flo) = + sing + 7ain32 + ¢sin bz -+---), 


One may imagine the upheaval caused by this series when it was first 
constructed by Fourier. A discontinuous chain formed through the 


8 PARTIAL DIFFERENTIAL EQUATIONS § 2 


superposition of an infinite sequence of only the simplest continuous 
functions! Without exaggeration one may say that this series has con- 
tributed greatly to the development of the general concept of real func- 
tion. We shall see below that it also served to deepen the concept of 
convergence of series. 

In order to understand how the series manages to approximate the 
discontinuous sequence of steps, we draw® in Fig. 2 the approximating 
functions S,, S,, S; defined by (1.1) together with S,, = f(z) . 


8, = =sin a 8.= = (sing + zsin3z), 


8,= = (sina + Zsin 3a + Zsin52). 


S; has its maximum value 
y = 4] = 1.27, 


at 2 = 3/2 , and hence rises 27% above the horizontal line y = 1, which 
is to be described. Ss; has a minimum value at the same point and hence 


4 1 
y=—(1—5) = 0.85, 


stays 15% below the straight line to be described. In addition S; also 
has maxima at 2/4 and 32/4, which lie 20% above that line.(The reader 
is invited to check this!) Ss on the other hand has a maximum of 


y=i(1—Z +5) = 110, 


at x = 2/2 which is too high by only 10%. A flat minimum on either 
side is followed by two steeper maxima situated near z = Oand z=a. 
In general the maxima and minima of Sen +1: lie between those of Sen—:(see 
exercise [.1). 

All that has been said here about the stepwise approximation of the 
line y=-+1, is of course equally valid for its mirror image y==—1. 
Tt too is approximated by successive oscillations, so that the approximat- 
ing curve S, swings ” times above and n + 1 times below the line seg- 
ment which is to be represented. The oscillations in the middle part of 
the line segment decrease with increasing n; at the points of discontinuity 

5 In the lectures at this point abundant use was made of colored chalk. Since 


this unfortunately is impossible in print, both S,,and the approximation Ss, which 
are the most important for us, are drawn in bolder lines. 
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z= 0, +”, +22,..., where there is no systematic decrease of the 
maxima, the approximating curves approach the vertical jumps of dis- 
continuity, The picture of an approximating curve of very large n 
therefore looks the way it has been pictured schematically in Fig. 3. 


+# aww esene 


Fig. 2, The approximations Fig. 3. An approximation S of very 
of the chain §,,; fhe maxima and minima high order for the illustration of 
lie at equally spaced yalues of x, respectively Gibbs' phenomenon. 
between those of the preceding approximation. 


We now consider more closely the behavior of S,,+ (2) for large n 
at one of the jumps, e.g., for z = 0. To this end we rewrite the original 
formula for 53,4, in integral form (an integra] usually being easier to 
discuss than a sum}. This is done in the following steps: 


4 Gasin@k+ljxr 4< " 
Seati =— —— | cos (2k + 1) é d& 
ty = 32,/ 


x 
2 wy (2k EIDE St (2k +1) é6 
rT’ Ti) = 
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After factoring-out exp (-L ¢&) from the two sums of the last line they 
become geometric series in increasing powers of exp (27) which can 
be summed in the familiar manner. Therefore, one obtains 


aitintué — pr atin thé 
é { -i¢! é 


j]— 
(3) Sasi = 3 ff aap ee a ae (ae 


By further factorization these two fractions can be brought to the com- 
mon form (except for the sign of ¢): 


(3a) ezine sin(nt 1)F 


In this way (3) goes over into 


x 
2 2 1 i 1 
(3b) Senet == fee me ee be dé. 
6 


Finally for sufficiently small « we can replace sin € in the denominator 
by €; the corresponding simplification in the numerator would not be 
permissible since ~ there is accompanied by the large factor »+ 1. 
We obtain therefore for (3a), if we introduce the new variable of inte- 


gration u and the new argument », 
ev 

Be caine wan 2(n+1yé, 

(4) Sensi i" beeen 


From this the following conclusion may be drawn: if for finite n we set 
z = 0 then v vanishes and S,,4, = 0. If now we allow » to increase 
toward infinity, the relation S,,4, = 0 holds in the limit. Hence 


(4a) Lim Lim Sen41™ = 0. 


nrcoo 240 


But if for x> 0 we first allow » to approach infinity, then v becomes 
infinite, and, according to a fundamental formula that will be treated in 
exercise J.6: S,,4;==1. If we then allow z to decrease towards zero, 
the value S,,4,; = 1 holds also for the limit x = 0; hence 


(4b) Lim Lim Senti = iI . 


e#~+0 n+co 


The two limiting processes therefore are not interchangeable. If the function 
f(x) to be represented were continuous at the point z = 0, then the order 
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of passage to the limit would be immaterial, and in contrast to (4a,b) one 
would have 


(4c) Lim Lim &,4, = Lim Lim Sone. = f(r). 


Rwoo r-+0 +0 nw 


This, however, does not 
exhaust by any means the 
peculiarities contained in equa- 
tion (4); in order to develop 
them we introduce the fre- 
quently tabulated* “integral 
sine” 


(5) Silv)= if sin dy | 


Fig. 4. Graphic representation of the 
integral sine. 


and represent its general form in Fig. 4. It can be described as follows: 
for small values of 2, where sin « can be set equal to u, we have propor- 
tionality with v; for large values of v we have asymptotic approach to 2/2; 
in between we have successively decreasing oscillations with maxima and 
minima at v — 2, 2x, 32,..., as can be seen from (5); the ordinate 
of the first and greatest maximum is 1.851 according to the above men- 
tioned tables. To the associated abscissa of the Si-curve there corre- 
sponds in the original Variable x, owing to the relation v = 2(n + 1) 2, 
the infinite sequence of points 


x Fs 4 
(6) <0) a = Fin ip? Ta+1 = Bin pay?’ 


at which according to (4) the approximations S,,+,, Sentg,--- have 
the fixed value: 


(7) as = 1,851 10: 


This value, which exceeds y = 1 by 18%, is at the same time the upper 

limit of the range of values given by our approximations. Its lower limit, 

S =—118 is assumed when we approach zero from the negative side 

in the sequence of points —z,, — %,+43,.... Each point of the range 
* E.g. B, Jahnke-Emde, Funktionentafeln, Teubner, Leipzig, 3d edition, 1938. 
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between — 1.18 and + 1.18 can be obtained by a special manner of pass- 
ing to the limit; e.g., the points S = 0 and S = 1 are obtained in the 
manner described in (4a) and (4b). 

This behavior of the approximating functions, in particular the 
appearance of an excess over the range of discontinuity + 1, is called 
Gibbs’ phenomenon. (Willard Gibbs, 1844 to 1906, was one of America’s 
greatest physicists, and simultaneously with Boltzmann, was the founder 
of statistical mechanics.) Gibbs’ phenomenon appears wherever a 
discontinuity is approximated. One then speaks of the non-uniform 
convergence of the approximation process. 

Westill want to convince ourselves that actually every point between 
S = 1.18 and S = — 1.18 can be obtained. if we couple the two passages 
to the limit in a suitable fashion. According to (6), this coupling consists 
in setting x(n-+ 1) or, what comes to the same thing, setting z, equal 
to the fixed value 2/2. If instead we take the more general value, g, 
then from (4) we obtain v = 2q, and (4) and (5) together yield 


are 
Son41 = — 81 (29), 


where Si(2q) can assume all values between 0 and 1.851 with varying 
positive g, as can be seen directly from Fig. 4. Correspondingly for 
negative g one obtains all values between 0 and — 1.851. The passages 
to the limit that have thus been coupled yield not only the approach of 
our approximating function to the discontinuity from — 1 to + 1, but 
also an excess beyond it, i.e., Gibbs’ phenomenon. 

In addition to these basic statements we want to deduce some formal 
mathematical facts from our Fourier representation (2). In particular 
we substitute «=/2 therein and obtain the famous Leibniz series 


1 1 1 
(8) sei-gteryte 


This series converges slowly; we obtain more rapidly convergent repre- 
sentations for the powers of x if we integrate (2) repeatedly. For the 
following refer to Fig. 5 below. 

By restricting ourselves to the interval 0 < x <x, we write 


: . 1. 
(9) F=sing+ssin3e+ssinba+- 


instead of (2). Integration from 0 to z yields: 


(10) 2 y= 1—cos # + 33(1 — cos 32) + 7 (1 — cos 52) +++ 
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x 1 1 
(11) Gelt+tgutatr: 
Subtracting (10) from (11) we get: 


(12) =(3- ) cosa + % 500s 3a + a cos ba fo 


By another integration from 0 to x this becomes 

(13) F(a 22) sine + sin 324+ Gsinda+-- 

Hence for z = 2/2 , as an analogue fo the Leibniz series 

a g-1-3+4- 

We integrate (13) once more with wai tozxand set ¢ =2/2: 

(13) ("5 . -5)= =l—cot+ 3 ait — cos $2) + + 53(1— cos 5.2)-+-- 
(16) gly tho 


Finally we subtract (15) from (16) and have 


(17) ee ee cosda+ a 1 cos5 a+: 


The series (11) and (16) range only over the odd numbers. The 
series ranging over the even numbers cre respectively equal to 1/4 and 
1/16 of the sums ranging over all integers. If we denote the latter by 


x, and &, respectively, then we have 


a I + 1 
Sige e, 7B re Por 


hence 


(18) >,=F ad DY =F. 
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This value of 2, was needed in the derivation of Stefan’s law of 


radiation or Debye’s law for the energy content of a fixed body. The 
trigonometric series (12), (13}, (17) will be useful examples in the follow- 
ing sections. The higher analogues to the “Leibniz series’ (8) and (14) 


as well as those to 2, and &, will be computed in exercise [.2. 


§ 3. On the Convergence of Fourier Series 


We are going to prove the following theorem: If a function f(z}, 
together with its first » — 1 derivatives is continuous and differentiable 
between —% and + 2% inclusive, and the n-th derivative, is differenti- 
able over the same interval except possibly at a finite number of points 
2% = 2, where it may have bounded discontinuities (i.e., finite Jumps), 
then the coefficients A,,/3?, of its Fourier expansion approach zero at 
least as fast as A~"~+ as &—> oo. 

The stipulation “inclusive” in referring to the boundaries of the 
interval has here the following meaning: every function which is repre- 
sented by a Fourier serics is periodic in nature. An adequate picture 
of its argument would therefore not be the straight line segment from 
—x to +2, but acircle closing at = --2. It is this fact to which the 
continuity of f and its first n — 1 derivatives at the point 7=+2% 
refers. This point is in no way distinguished from the interior points 
of the interval, just as it is immaterial whether we denote the boundaries 


of the interval by —2,-+2% or, e.g., by am oz etc. 


For the proof of this theorem it is convenient to use the complex 
form (1.12) 


+00 : +32 
(1) f{= DO,e**, (la) 22C, =f #8) en tht ge 
- =o6o ne 
From (1a) one obtains through integration by parts 
1 ee ay 
(2) 2a — ye ™ | +5 f ree ae. 


Here the first term on the right side vanishes because of the postulated 
continuity of f; the second term can again be transformed by integration 
by parts. After n iterations of the same process one obtains 


+a 
(3) 2a (iky"C, = f fe dé. 
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Because of the discontinuities of f(x) at x = 2;, this integral has to be 
divided into partial integrals between z= a, and «= %,, ; let the 
jumps of /® at the points of discontinuity be denoted by 4}. Equation 
(3) written explicitly then reads: 


(3a) Qe (tk) C, = = j fe) em TH ge 
ay 


where the point « = -| % may be contained among the points x = 2, 
By one more partial integration (3a) becomes 


+1 


(4) 2a ik C,— yD Aten + > | fe D8) eg EAE, 
* 


Considering the fact that the discontinuities 4? were assumed to be 
bounded and that /™ was assumed to be differentiable between the 
points of discontinuity, one sees from (4) that C, vanishes at least to the 
same order as k~"~1 when one lets k->oo. For special relations be- 
tween the 4 or for special behavior of f+ £), the order of vanishing 
could become even higher. 

This theorem is valid for negative k too. This implies that it is valid 
also for the real Fourier coefficients A,J?, (k > 0), since according to 
(1.13) they are expressible in terms of the C; with positive and negative k. 

A special consequence of our theorem is that an analytic function 
of period 2{such a function is continuous and periodic together with 
all its derivatives) has Fourier coefficients that decrease faster than any 
power of 1/k with increasing k. An example of this would be an arbitrary 
polynomial in sin x and cos z. This is represented by a finzée Fourier 
series with as many terms as required by the degree of the polynomial, 
so that all higher Fourier coefficients are equal to zero. Another example 
is given by the elliptic @ series, which we shall meet in a heat conduction 
problem in §15; its Fourier coefficients C;, decrease as fast as e~ “* 

It further follows from our theorem that the sum 2.43 which 
appears in the relation of completeness converges like Zk~* for every 
function f(z) which has a finite number of jumps and which is differen- 
tiable everywhere else (case n = 0 of our theorem). An example of 
this is given by our function (2.1) where 2 Aj converges, although 
2A, diverges. This function also shows that the relation of com- 
pleteness does not insure representability of the function at every 
point (this has already been noted on p. 5:. Namely, if we sharpen 
definition (2.1) by putting f = 1 for 220 and f= ~1 for x <9, 
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then f if not represented by the Fourier series (2.2) at the point x = 0, 
for there the series converges to 0. 

A further illustration of our theorem is given by the sine and cosine 
series which were derived at the end of the last section. The expressions 
of the functions which are represented by these series were valid only 
for the interval 0< x<a. We complete these expressions by adjoin- 
ing the corresponding expressions for the interval ~-~7< 2<0. The 
latter are obtained simply from the remark that the cosine series are even 
functions of x, and the sine series are odd. The expressions thus ob- 
tained are written below inside the { \ to the right of the semicolon. 
We therefore complete the equations (2.9), (2.12), (2.15), (2.17) as 
follows: 


(5) {; — Fl ssing + Fsin 32+ 5sinda+- 
(6) z($— x); ais+ x)} == cos a+ 3; cos 8 a + # cos Sa fess 


(7) {F (nx — 22); gmat or) == Sin a + sin 3a +a sin Da +--+ 


afm mx ) wy afm nz®r 2 me 
(8) te (— + 3) eo = cos 7+ gi cos 3a + nee, 
2 


Here the functions which are represented possess successively stronger 
continuity properties: in (5) the function possesses discontinuities at the 
points x =O and «= +2, in (6) the function is continuous but the 
first derivative is discontinuous, in (7) the function and its first deriva- 
tive are continuous but the second derivative is discontinuous; in (8) the 
function and its first two derivatives are continuous but the third deriva- 
tive is not. The discontinuity arising in each case is the same as that 
of the function in (5) and it appears at the same points x = 0 and 
“z= +2 corresponding to the fact that each succeeding function was 
obtained from the previous one by integration. 

Figure 5 illustrates this. Its curves 0,1,2,3 represent the left sides 
of (5),(6),(7),(8). The discontinuity of the tangent to the curve 1 at 
x = 0 strikes the eye; the discontinuity of the curvature of 2 at x = 0 
can be deduced from the behavior of the two mirror image parabolas 
which meet there. Curve 3 consists of two cubic parabolas, that osculate 
with continuous curvature. The scale, which for convenience has been 
chosen differently for the different curves, can be seen by the ordinates 
of the maximal values which have been inserted on the right hand side. 

The increasing continuity of our curves 0 to 3 has its counter- 
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part in the increasing rate of convergence of the Fourier series on 
the right sides of eqs. (5) to (8): in (5) we have a decrease of the 
coefficients like 1/k, in general, in 
accord with our theorem, we have 
a decrease with &°"~!, where n 
is the order of the first discon- 
tinuous derivative of the repre- 
sented function. 

The convergence of Fourier 
series stands in a marked con- 
trast to that of Taylor series. 
The former depends only on the 
continuity of the function to be 
represented and its derivatives 
on the real axis, the latter de- 
pends also; on: the-poution: of Fig. 5. Four curves 0,1,2,8, obtained 
the singularities in the complex by siocaave integration. lareaing con- 
domain. (Indeed the singular  tinuity at z = 0:0 discontinuous jn the 
point nearest the origin of expan- ordinate, 1 in the tangent, 2 in the curva- 
sion in the complex plane deter- ture, 3 in the third derivative, 
mines the radius of convergence of the Taylor series.) Accordingly the 
principles of the two expansions are basically different: for Fourier 
series we have an oscillating approach over the entire range of the 
interval of representation, for Taylor series we have an osculating 
approach at its origm. We shall return to this in §6. 


§ 4. Passage to the Fourier Integral 
The interval of representation —%< %<.% can be changed in 
many ways. Not only can it be displaced, as remarked on p. 14, but also 
its‘length can be changed, e.g., to —a@ << ¢ < + @ for arbitrary a. This 
is done by the substitution 


(1) & ==, 
which transforms (1.7) into 
A 1 +a k 1 +a 
(2) Bs == f its) Se ade, Ay=5, f(z) dz. 
-@¢ ~-a 


In the more convenient complex way of writing (1.12), one then has 


+0 = +a — TRE 
8) M=SGe* , Gayle * ae. 


-c 
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We may obviously consider also the more general interval 6 < z < ¢, 
by substituting 


_ an ae e+b 


The formulas (2) then become 


(Dd) Air Ay | 10 3 Sk(ae + p)dz, Ayp=—; J Heyaz. 
d 


In this connection we mention some “pure sine and cosine series” that 
appear in Fourier’s work. One considers a function f(z) which is given 
only in the interval 0< 2< 2% say, and which is to be continued to the 
negative side in an odd or even manner. For example, one gets for odd 
continuation 


to a 
(2) = DS Bsinks, Bea ft (2) sink ada, 


See also exercise I.3. 

Starting from (3) we take a to be very large. The sequence of 
values 
then becomes dense, for which reason we shall write w instead of a, 
from now on. For the difference of two consecutive w, we write corte- 
spondingly 


% } 


If in (3) we replace the symbols z, ¢ by the previous ones 2, ¢ then we 
obtain 


6) O=5 fi Ke) ede. 


For the moment we avoid calling the limits of this integral — oo and 
+ 00 
Introducing (6) into the infinite series (3) for f(x), replacing the 
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summation by integration, and denoting the limits of integration for the 
time being by + 2, we get: 


+2 
(2) i{x) = Lim Lim = fe ef? dey ie Hee Fae. 
Dwcaqgwoo™™” "5 ee 


The order of passage to the limit indicated here is obviously necessary: 
if the passage to the limit 22 > oo were carried out first, we would 
obtain the completely meaningless integral 


+co 
f 8° 9de 


=o 


On the other hand /(£) must vanish for ¢— 0° in order that the 
first limit for a co have a meaning. We do not have to investigate 
how fast f — 0 in order that the other passage to the limit be possible, 
since for all suitably formulated physical problems this convergence to 0 
will be “sufficiently rapid.” 

After this preliminary discussion we shall further abbreviate the more 
exact form of (7) by writing: 


+00 +oc0 


(8) Ha)=s~ f deo f Hee Ode. 


From this we pass to the real form of the Fourier integral (8) as it is 
commonly given in the literature. We set 


eb @—© & cos w (x — §) + ésin w (2 — &). 


Here the sine is an odd function of #, and hence vanishes on integration 
from —co to -++ oo; the cosine, being even in w, yields twice the 
integral taken from 0 to co. We therefore have 

+00 +60 


(9) I(x) == [ deo f (8) cos w(e— &)d8, 
o =—o9 


by which we do not wish to imply that the real form is better or simpler 
than our complex form (8). We can write instead of (9): 


(10) Kay= fa a(w) cos w edo + f b(w) sin « 2 de 


20 PARTIAL DIFFERENTIAL EQUATIONS § 4. 10a 


where 
+00 + 00 
(10a) a(c) = =f t@) cos w E dé, b (wo) == #6) sin w Edé. 


In particular 6 (w) must vanish if f(x) is even, a (w) if f(x) is odd. 
We then have corresponding to the above ‘‘pure cosine or sine series,” 
“pure cosine or sine integral.” One or the other can be produced 
whenever f(x) is given only for z > 0, by continuing f(x) as an even or 
odd function to the negative side. We then write explicitly: 
for even continuation 


(lia) f(z) = fa(w)cosweda, a(w) = = #) cos w E dé, 
0 0 


for odd continuation 


(lib) f(x) = fe (w)sinw rdw, b(w)= 2/1 sinw édé. 
0 


The usefulness of this procedure will become apparent to us in some 
particular problems of heat conduction below. 

We denoted the variable of integration by @ deliberately. In 
general one denotes the frequency in oscillation processes by w. Let us 
therefore, for the time being, think of x as the time coordinate; then in 
equation (10) we have the decomposition of an arbitrary process in time, 
f(x), into tts harmonic components. In the Fourier integral one is con- 
cerned with a continuous spectrum, which ranges over all frequencies 
from w = 0 to w =oo in the Fourier series with a discrete spectrum, 
consisting of a fundamental tone plus harmonic overtones. Here the 
following fact must be kept in mind: when a physicist determines the 
spectrum of a process with a suitable spectral apparatus, he finds only 
the amplitude belonging to the frequency w, while the phase of the partial 
oscillations remains unknown to him. In our notation the amplitude 
corresponds to the quantity 


= Va? (w) + b? (w), 


the phase, y (w), is given i the ratio b/a. The relation between these 
various quantities is best given as 


(12) ce (w) eh? = a(w) +76 (w). 


The Fourier integral which describes the process completely uses both 


$5 FOURIER SERIES AND INTEGRALS pa 


quantities a and 8, i.e., beth amplitude and phase. The observable 
spectrum therefore yields, so to speak, only half the information which is 
contained in the Fourier integral. 

This is noted markedly in the ‘Fourier analysis of crystals,'’ which 
is so successfully carried out nowadays. Here only the infenszties of the 
crystal reflexes, i.e., the squares of the amplitudes, can be observed; for a 
complete knowledge of the erystal structure one would have to know the 
phases too. This defect can only be partially removed by symmetry 
considerations, 

In exercise 1.4 we shall deal with the spectra of diverse oscillation 
processes as examples for the theory of the Fourier integral and at the 
same time as completion of the spectral theory. 

Once more we return to the complex form of the Fourier integral 
and split it into two parts 


+00 +oo. 
(13) Ha)= 5 f gy (w) e’* dw, P (0) = rae f fay er tae. 


which together are equivalent to (8). Disregarding the splitting of the 
denominator 27 into V2 -¥22¢ , which was done mainly for reasons 
of symmetry, and disregarding the notation of the variable of integra- 
tion in the second equation, we have ¢ (@) identical with the quantity 
a(w) —ib(w) defined m (10a); it therefore contains information con- 
cerning both the amplitude and the phase of the oscillating process f(x). 

Moreover (10) shows that the two functions fand @ have a reciprocal 
relation: one is determined by the other, whether we regard f as known 
and g as unknown or conversely, and the determination in each case is 
by “integral equations” of exactly the same character. One says that 
one function is the Fourter transform of the other. In (13) we have a 
particularly elegant formulation of Fourier's integral theorem. 

So far we have spoken only of functions f(x) of ene variable. It is 
obvious that a function of several variables can be developed into a 
Fourier series or integral with respect to any one of the variables. By 
developing with respect to z,y,2 for example we obtain a triply infinite 
Fourier series and sixfold Fourier integrals. We do not wish to write 
here the somewhat lengthy formulas since we shall have ample oppor- 
tunity to explain them in their applications. 


$5. Development by Spherical Harmonics 


We do not claim that the path we shall pursue is the most convenient 
approach to the theory of spherical harmonics; but it proceeds immedi- 
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ately from the discussion of §1, needs no preparation from the theory of 
differential equations, and leads to interesting points of view on far. 
reaching generalizations. 

We consider the problem: Approximate a function f(z) given in the 
interval ~1 <2 < +1 byasequence of polynomials Py, P,, Ps,... 
P,,...P, of degrees 0,1, 2,...%,... in the manner which is the best 
possible from the point of view of the method of least squares. We form an 
n-th approximation of the form 


re 
(1) S, = & A, P, 
k= 


and reduce the mean error 
‘ +1 

(2) M = 5 [i(@)—S,P dz 
=i 


to a. minimum through choice of Ax, just as in (1.3). This leads to the 
n+ 1 equations: 


{3} T Ufa) —8,] Pde = 0, &=0,1,...,%". 
—~1 


just as in (1.4). This minimal requirement we complete by a require- 
ment concerning the amount of calculation that will be needed: the 
coefficients A, which are to be calculated from (3) in the n-th approxima- 
tion, shall also be valid in the (n + 1)-st and in all subsequent approxima- 
tions; they shall represent the final A, for all k < x, and the finer approx- 
imations are to complete their determination by yielding the A, for 
k>n. In 81, p. 4 this finality of the A, resulted from the known 
orthogonality of the trigonometric functions. Here, conversely, the 
requirement of finality will be seen to imply the orthogonality of the Px. 

The proof is very simple. Equation (3), written explicitly, reads 
(we omit in the following the limits of integration 2 1): 


(4) Ap f Py Pyda+ Ay f P,Pydet---+4,f P,Pydx = f f(z) Pydz. 


Since the right side is independent of » and the A, are to be final, this 
equation retains its validity for the (x + 1)-st approximation S,.,,, 
except that on the left side we add the term 


Ansar f Pus Pedz 


Equation (4) implies that this term must vanish, and since A, , ; does 
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not vanish (except for special choice of f(z)), the integral must vanish 
for all & for which (4) is valid, i.e., for all& =n. But this implies that 
P4118 orthogonal to Py, P,,...P, for arbitrary x. Hence, if we take 
Py and P, orthogonal to each other, our requirement of finality implies 
the general condition of orthogonality 


{5) JP. Pade =0, Mm em. 
Using (5) we obtain from (4) 
{6) A, f Pidu = f f(x) P(x) dz. 


The A, are therefore determined individually if we add a convention 
about the normalizing integral on the left side of (6). The most obvious 
procedure would be to set it directly equal to 1, and indeed we shall do 
this in the general theory of characteristic functions. Here we prefer 
to follow historical usage and require instead that 


(7) P, (1) =1. 


This normalizing condition has an advantage in that, as we shall see, all 
the coefficients in ?,, become rational numbers. 

We now pass to the recursive calculation of Py, P,, P,,... from 
(5) and (7). Po is @ constant, which according to (7), must be set equal 
tol. In the linear function P, = aa + 6 we see from (5), after setting 
n= OQ and m = 1, that 6 = 0 and from (7) that a = 1. After setting 
P,-avt+bx+e _ we obtain 


ae 
[ P, Pde = = 0; hence 5=0; 


Therefore P, =a(a?—4) and by (7) 


a 
Correspondingly we find 
a 3 35 15 . 3 
P3= 58-52, Pyeazu—zrt+ gg ete. 


The P,, are therefore completely determined by our two requirements, 
the P,, aseven, the P,,4, as odd polynomials with rational coefficients. 
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More transparent than the recursive process is the following explicit 
representation: 


1 di” 
Dent dxr 


(8) P,(2) = (x? — 1)". 


We see that P,,(x) as defined by (8) satisfies condition (7) as follows: for 
a->1 we have to carry out the x-fold differentiation solely for the 
factor (x — 1)", whereby we obtain !; the factor (x -+ 1)" becomes equal 
to 2”; equation (8) therefore dogs imply that P, (1) = 1. 

It remains to be proven that (8) satisfies the orthogonality condi- 
tion (5), which is equivalent to our “condition of finality.”” To this end 
we introduce the notation 


Th 
(9) D,,, “7 = (a? — 1)! 


and write the left side of (5) (suppressing the constant factor which is 
immaterial here) as 


+1 
f Dan Dime ; 
-1 


where we take, say, m > n. We now reduce the order of differentiation 
of the second factot D,,, by integration by parts; this increases the order 
of differentiation of D,,. The terms which fall outside the integral sign 
will vanish for #=-+1 , simce in D,,_;,m according to (9) one 
factor 2? — 1 remains. Repeating this process we get 


fDi» ‘Dyn dt = — f Dyassn - Dy, 1, m EE = 


(10) 
; f Dusen ° ser dg= +++ = = 1" f Deyn ° Dam AE. 


Here according to (9) D,, , isa constant, namely (27)! Hence 


f Dd,» ° Darra dg = (= big (2 n)! i D5. 02 


(12) = (— 1)" 2 ny! D 


a a i 


This vanishes, since the number m — n — 1 of differentiations that stil] 
remain to be carried out is less than the number m of factors z — 1 and 
x-++ 1 which are to be differentiated. This deduction is valid for 
m =n-+ 1, too, and fails only for m = n. The orthogonality is there- 
fore proved for all m= n . 
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At the same time the method just used provides a way of calculating 
the normalizing integral of (6): 


1 \2 7° 
[ Pide= (sn) [Pao Deeds. 


Using the first line of (11): for m = n = k, we obtain 


2 (~~ 1)* (2 &)! (2 kt | __ g2yt 
[Pia = whe Df Pode = wag [ d- atae. 


The numerical factor in front of the last integral is 


*3°6- ES. 


ee aL 


ra wee (2K 


under the substitution «= cos® the integral itself goes over into the 
well known form 


2k+1 oe pope saps 
fa Od) = 2 “(k+1)  Sk+1 s" 


Therefore, one obtains 


—- 


Equation (6) then gives 
(13) A, = (k + 1/2) th f(a) P, (x) da. 


Substituting this in equation (1) of the u-th approximation S, and letting 
%—+>oo we get (assuming convergence and the completeness of the 
system of funetions /?): 


oo +1 
(14) f(x) = a (k + ‘) J 1(&) Py (€) dé + Py (x). 


The two assumptions just mentioned can be justified here, just as in the 
ease of Fourier series, by consideration of the limiting value of the mean 
square error, The k-th approximating function has * zeros in the interval 
of approximation just as before, except that now they are not equally 
spaced. The approach to the given function, f, proceeds, here too, 
through more and more frequent osetiiations. Also, we find Gibbs’ 
phenomenon at the points of discontinuity, etc. 
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§6. Generalizations: Oscillating and Osculating 
Approximations. Anharmonic Fourier Analysis. 
An Example of Non-Final Determination of Coefficients 


The following question suggests itself: Why are the two series differ- 
ent, despite the identical nature of the approximation processes? Since 
we saw that the form of the P,(z) was completely determined by our 
approximation requirements, we might think, e.g., that the pure cosine 
series (expansion of an even function) would go over into a series of 
spherical harmonics, if in the former we set cos gy = 2 , because then 
cos kp becomes a polynomial of degree k in x just like P,(x), and the 
interval of expansion 0 < gy <% becomes the interval -+ lL > 2>—L. 
But the individual infinitesimal elements of this interval receive a different 
weight g in each case since 


__ da 
1—a* 


dy = 


Whereas in the Fourier approximation we associate the same weight 
with all dp, the endpoints s = +1 of the interval in the x scale seem to 
be favored since g(x) = 1//f—a. At these points the function is 
better approximated than at the middle of the interval. The opposite is 
obviously the case for approximations by spherical harmonics which, 
translated to the g-scale, discriminate against the endpoints of the 
interval since g(y) = sing. Pictorially speaking, in the case of 
Fourier series, one deals with a uniformly weighted unit semicircle 
between g=0 and #, which, under orthogonal projection on the 
diameter between + = ~ 1 and + 1, yields a non-uniform density; on 
the other hand the case of spherical harmonics deals with a uniformly 
weighted diameter, which corresponds to a non-uniformly weighted 
semicircle. 


A. OSCILLATING AND OSCULATING APPROXIMATION 


These different distributions of weight g (that is, densities) are the 
factors that, in conjunction with the delimitation of the interval of 
expansion, distinguish among the different series expansions common in 
mathematical physics. Here we only mention the expansions in Hermite- 
and Laguerre-polynomials because of their importance for wave me- 
chanics. We shall not concern ourselves here with their formal repre- 
sentation — they can be obtained from the requirement of a best possible 
calculation of the coefficients satisfying © condition of finality, just as in 
the case of spherical harmonics. (See exercise I.6, where the usual 
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normalizations are given; orthogonality would again be the necessary 
result of these requirements.) We restrict ourselves here to a tabulation 
of the most important characteristics of both polynomial series: 


Hermite LaGgueERRE 
Interval . 2... no at ~oo dt at -+ oo O<x<co 
et e-= 


Weight gir) «2 2. ee. 


Orthogonality +09 00 
condition form $n... «| f Hy Hy e-* dx =0 i En Lim 07" dz = 0 


— oO 


For these series, just as for yssinx 


Fourier series and spherical 
harmonics, the approach to the 
given function, f, is through 
closer and closer oscillations. 
However, from the calculus we 
know a series whose character 
is osculating rather than oscillat- 
ing, namely the Taylor sris, «Ri. %, The Tavor expansion of sn 
In the case of Taylor series the 
consecutive approximations S,, 
osculate the curve to be repre- Sant 
sented in such a way that at a 

given point S, has the same derivatives as f up te and including Babes 
The graphic representation of the power series of sin z (Fig. 6} demon- 
strates this without further explanation. 

Here the total accuracy is concentrated at a single point. Following 
Dirac we can express this succinctly as follows: g(z) has degenerated into 
a 6 function. Dirae defines, as an analogue to the algebraic symbol 4,, 
of (1.6), a highly discontinuous function 6 (2 | 2) 


0Or+2, wee 
(i) aei5) =| . [eeisode=1 
COL = Hp, nie 


for arbitrary ¢ For the Taylor series of Fig. 6, where z» has been set 
equal to 6, we get 
(1a) g (x) = 8(2 | 0). 

B. ANHARMONIC FouRIER ANALYSIS 


Whereas in §1-3 we considered only Fourier series which proceed 
according to harmonic (integral) overtones of a fundamental tone, we 
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now consider the problem of expanding an arbitrary function f(z) in the 
interval 0 < 2 < % into a series of the form 


(2) ix) = Bysina, 2+ B, sind, 2+ Bysinda,z+-- 


where the A, are given as the roots of a 
transcendental equation, e.g., 


(2a) tan An=ad 


(a being an arbitrary number). We do 
this for use in problems of heat conduc- 
tion (see §16). The fact that (2a) has 
infinitely many roots is seen directly from 
Fig. 7 where A has been drawn as the 
Fig. 7. Diagram of the tran- abscissa and both tan Aw and aa 

ips ic a ork anal sa as ordinates. We shall meet another 
y= tan de and y = ad have Cquation of character similar to (2a) in 
been drawn. The intersections exercise II.1. 

‘yield the roots, Xe, of the equa- We first show that the functions 
tion. 4 = 0 is not to be con- sind, 2 form an orthogonal system with 


sidered as a root; for n 30 we er : 
: wi r= .B, 
psi aivnwpiodeally ko ee, veighting factor g(t) = 1, Le., that 


(3) fsin Axsin Ax dx = 0 kL. 
0 


In fact, by passing from the product of sines to the cosines of the sums 
and differenees, we obtain for the left hand of (3) 


A,A 
R — 7 


ian A, % ian 4, wt 
cos A, 25 COS A, 3 _- : 


ay A, 


where the expression inside the brackets now vanishes because of (2a). 
In the same manner we find for & = ! 


{8a) f sca, 2dz => $(\-z q Sin A, 0s A, 7). 


This calculation of (3) and (3a) which is based on special trigonometric 
identities, will receive a less formal treatment in §16 where it will be 
reduced to an application of Green’s theorem. 
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From (3) and (3a) one obtaims the following value for the expansion 
coefficients B, in (1): 


2 * (2) sin Ape 5 
(3b) Bema fo Baga dy. 
“aya 


This value for B, is final in the sense of p. 22, since it is independent of n 
and minimizes the mean square error of the approximation 


" 
S, = B, sin A, & 
Pe 


At the same time this settles the question of convergence and complete-. 
ness, if for n -» cothe mean square error approaches zero. 


C. An Exsmpus oF a Non-Finau DETERMINATION 


:-K, om 
OF COEFFICIENTS  \aa 
Ah 
' 
‘ 
t 


‘ 

As preparation for an optical (or rather “‘quasi- ‘ 
optical’’) application, we shall consider a much more ~ og 
involved case in which the requirement of finality is on ae 
not satisfied. Let us consider a metal mirror in the { f 


shape of a circular cylinder (see Fig. 8). Theelectric pig g. Reflection 
vector of the tota] oscillation, which we take as per- of an incoming 


pendicular to the plane of the drawing, is composed “uasioptical” 
wave on @ circular 


of the incoming wave, represented on the mirror by gytinder mirror of 
opening g = « and 
radius r= a. 


(4) w=—f(p), —-acp<t+a, r=a 


and of the reflected (refracted, scattered) wave. Let the latter be repre- 
sented by: 


w=ur,y), —a<ge<+a, *+r< @,inner field, 


vax v{r,¢), ~m<g< +a, r >a, outer field. 


We then have to demand 


(5) etwaevtw=0 for r=a@ and |pi{<-a, 
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ou @ 
ok for r=a@ and |p| >«, 


the former on account of the assumed infinite conductivity of the metal 
mirror, the latter on account of the required continuous passage from the 
inner to the outer field. 

Assuming w to be symmetric with respect to the axis of the mirror 
(as, for example in the case of a plane wave proceeding in that direction), 
we write’ 


(6) tm?, 


w= SC, g(r} cosng, 
n 


(?) 
v= = D, h,(r} cos ne. 


g, and kh, will turn out to be Bessel and Hankel functions, respectively 
(see §19); they can be chosen so that 


Gn {@) = h,,(a) ==] 
Equation (5) and the first equation (6) then imply 


(8) 2 C, coang = JD, cosang= f(y) |el<a 
" n 

and 

(9) = C, cos ng = SD, cos np \p| >a. 
nn "nm 


respectively. From these two equations it follows that 
= (C,— D,) cox ng =0 forall ¢, 
nm 


hence, whether the preceding summations are extended over all integers 7 
or only over the first V integers (the more general case), we have 


D, = C,. 
This satisfies (9) while (8) still requires 
(10) = ¢, cos ny = f(g) for |p| <x. 


In addition to this we have to satisfy the second equation (6) which on 
account of (7) reads: 


7 In view of the notations to be used in Chapter FV, it is advisable here to change 
the index of summation from k ton. For the previous n we shall write NV’, and instead 
of ¢ we shall use rz. 
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{11) = Cn Ys cos ng = 0 for |g] >a 
n dh, 
(11a) al ar alae 


We add the factor a before the parentheses here, as we may by (11), in 
order to make ¥q a pure number, Equations (10) and (11) together 
determine the C,,. 

Here the way is again shown by the method of least squares. We 
consider the square errors corresponding to the equations (10) and (11) 


[ (/ (ye) — = C, COS ® 9) dy and i ee C,,%n COS 2 ”) dp. 


The sum of these two is to be mintmtzed through choice of the C,,. By 
differentiation with respect to the C,, this ytelds a system of V + 1 linear 
equations for Cy,...0,,...Cy, of which the (m -+ 1)-st equation ts: 


n=O 


N a a 
= ©, Lf cos ng cos mpdy + Pn Vm { COS NP cos m—y ay| 
(12) ‘7 
= i f(g) cos mg dy. 


If we pass to the limit NM —-oo we obtain an infinile system of linear 
equations for the infinitely many unknowns C,, which are in general of no 
interest to us. We must postpone further treatment of this problem 
until] appendix | of Chapter IV, for only there shall we have the necessary 
values of the parameters y,. The corresponding spatial problem, where 
we have a spherical segment instead of a circular cylinder segment, 
would lead in the limit W-> co to an infinite system of linear equations, 
in which &, (cos #) would replace cos ag (by # we denote here the angle 
measured from the axis of symmetry of the spherical mirror). This 
problem too will be treated in appendix I of Chapter IV. At present we 
call attention only to the difference in method between those problems 
in which the method of least squares leads to a definitive calculation of 
the indindual coefficients C, and those problems in which the ‘“require- 
ment of finality” is not satisfied and in which therefore, the totalaty of the 
C,, must be determined from the totality of minimality conditions, 


§7.4 


CuHaprer I] 


Introduction to Partial Differential Equations 


$7. How the Simplest Partial Differential Equations Arise 
The potential equation 


(1) Au = 90 or (la) Au = — (4x)0 


is known in the theory of gravitation as the expression of the field-action 
approach, as opposed to the action-at-a-distance approach of Newton, 
The Laplace operator is defined as 


3 
(2) A= Fat Fat Ge = div grad. 


The same equations (1) and (la) are fundamental for electrostatic and 
magnetic fields, (1) in empty space, (la) in the présence of a source of 
density @ the factor4ain (1a) has been put in parentheses since it can 
be removed by a proper choice of units. 

Equation (1) appears also in the hydrodynamics of incompressible 
and irrotational fluids, « standing for the velocity potential. We also 
mention the two-dimensional potential equation 


a Fu 
(3) aa t ie =O 


as the basis of Riemannian function theory, which we may characterize 
as the “‘field theory” of the analytic functions f (x + zy). 
Equally well known is the wave equation 


1 dtu 
(4) Au = aoe 
It is fundamental in acoustics (c = velocity of sound}. It is also funda- 
mental in the electrodynamics of variable fields (c = velocity of light), 
and therefore in optics. In the special theory of relativity one may 
write (4) as the four-dimensional potential equation 
32 
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4 
2 
(5) Ou=0 with ne 
OX 
k=1 k 


by introducing the fourth coordinate 2, (or x0) = ict in addition to the 
three spatial coordinates 21,%2,%3. For an oscillating membrane we have 
(4) with two spatial dimensions, for an oscillating string we have one 
spatial dimension. In the latter case we write 


Oy) ee au ou 
(6) bat ~ ch or sometimes (6a) ~s an 0, 


setting, for the time being, y = ct (not y = ict). Neither membrane 
nor string has a proper elasticity; the constant c is computed from the 
tension imposed from outside and from the density per unit of area or of 
length. 

In the general theory of elasticity one has, as a special case, the 
differential equation for the transverse vibrations of a thin disc 


1 du of a a 


for reasons of dimensionality c here does not stand for the velocity of 
sound in the elastic material, as it does in acoustics, but is computed 
from the elasticity, density, and thickness of the disc. Analogously, the 
differential equation of an oscillating elastic rod is 


oftu 1 d*u 
(8) out 


This will be derived in exercise II.1, where the resulting characteristic 
frequencies will be compared with the acoustic frequencies of open and 
of covered pipes. 

As a third type we add to the differential equations of states of 
equilibrium ((1) to (3)), and of oscillating processes ((4) to (8)), those of 
equalization processes. As their chief representative we shall here con- 
sider heat conduction (equalization of energy differences). We remark, 
however, that diffusion (equalization of differences of material densities), 
fluid friction (equalization of impulse differences), and pure electric con- 
duction (equalization of differences of potential), follow the same pat- 
tern. 

Let G be a vector of the magnitude and direction of the heat flow 
and let the initial point P be surrounded by an element of volume dr. 
Then div Gdr is the outflow of heat energy from dt per unit of time. 
A decrease per unit of time in the amount of heat in dt, which we 


34 PARTIAL DIFFERENTIAL EQUATIONS § 7.9 


shall denote by —0Q/ dt, corresponds to this. We then have 


. ag 
(9) divGdr=—7. 


Our heat conductor is here considered to be a rigid body so that we can 
neglect expansion; heat content is then the same as energy content. 
Now every increase dQ in heat causes an increase in the temperature of 
dt, every decrease — dQ in heat causes a decrease in temperature. De- 
noting the temperature by u, we have 


(10) dQ = c dm du, dm = godt. 


¢ being the specific heat (for a rigid body we need not distinguish between 
¢,and ¢,). The factor dm is due to the fact that c is related to the unit of 
mass. 

From (9) and {10} we get 


(11) divG=—ce&. 


We now apply Fourier’s law, which determines the relation between 
G and uw. It states that for an isotropic medium 


(12) G = — x grad t: 


the flow of heat ts in the direction of decreasing temperature and is propor- 
tional to the rate of this decrease. The factor of proportionality * is called 
the heat conductivity. 

Introducing (12) in {11} we get the differential equation of heat 
conduction 


(13) Fee 


=| 


ou x” 
a? eee 


k is called the temperature conductivity. 

Fourier’s law was adapted to the case of diffusion by the physiologist 
Fick. Here uw stands for the concentration of dissolved matter in the 
solvent, G for the material flow of the dissolved matter, and k for the 
diffusion coefficient, In the case of inner friction of an incompressible 
fluid, & stands for the kinematic viscosity, and (13) is the Navier-Stokes 
equation for laminar flow (i.e., flow in a fixed direction). Owing to the 
tensor character of this process equation (12) has no general validity 
here. The analogue of Fourier’s law in the electric case is Ohm’s law. Here 
u stands for the potential, G for the specific electric current (the current 
per unit of area of the conductor), and & for the specific resistance of the 
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conductor, Equation (13) is of the type of Maxwell’s equations in the 
case of pure Chm conduction. 

Schrédinger’s equation of wave mechanics belongs formally to the | 
same scheme, in particular in the force-free case, to which we restrict 
ourselves here: 


(14) Su = 2 k = Planck’s constant divided by 2 
eh at 


é ) m = mass of the particle. 


However, owing to the fact that the real constant, &, of (13) is replaced 
here.by the imaginary constant i h/2m, equation (14) describes an oscil- 
lation rather than an equalization process. We see this in the passage to 
the case of periodicity in time, if we set . 


(14a) w=ypetet o> ud ; W = energy of the state. 
Then (14) becomes 
(15) 4y+Cyp=0, C=itw. 


. This is the same form as we would obtain from the wave equation (4) 
if we set u = y- exp (—iwi) and let C = w/c? 

The so-called case of linear heat conduction, with the thermal state 
depending on only one variable x, will be treated in detail in the follow- 
ing chapter. In order to compare its differential equation with (3) and 
(6a), we write it in the form: 

eu cu 
(16) BA og Os y= kt. 

Looking back on this sketchy survey one notices a family resem- 
blance among the differential equations of physics. This stems from the 
invariance under rotation and translation, which must be demanded for the 
ease of isotropic and homogeneous media. The differential operator of 
second order implied by this invariance is just the Laplace 4. In the 
case of space-time invariance of relativity this is replaced by the corre- 
sponding four-dimensional © of (15). For the case of an anisotropic 
medium, 4 must be replaced by a sum of all second derivatives with 
factors determined from the crystal constants. For the case of an 
inhomogeneous medium these factors will also be functions of position. 
We shall deal with such generalized differential expressions in the be- 
ginning of the next section. 

The fact that we are dealing throughout with partial differential 
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equations is due to the field-action approach, which is the basis of present 
day physics, according to which only neighboring elements of space can 
infiuence each other. 


§8. Elliptic, Hyperbolic and Parabolic Type. Theory of 
Characteristics 


We restrict ourselves to the case of two independent variables, 
zand y. The most general form of a linear partial differential equation of 
second order is then: 


Q) LweaS pepe oe 


Sht q+ DE+ES + Fu=0 


A,B, ...,F being given functions of x and y having sufficiently many 
derivatives. For the present we may even consider the far more general 
equation: 


eu ou du Ou ou 
(2) Agatti? Boat Coa @(u, ess, #9); 


where @ need not be linear in u, du/dx, du/dy. 

We now investigate the conditions for the solvability of the following 
problem, which is put first in the mathematical theory of partial differ- 
ential equations, although in the physical applications it is of secondary 
importance compared to certain boundary value problems considered 
later. 

Let F’ be a given curve in the ry-plane along which both « and the 
derivative du/dn of u in the direction of the normal are prescribed. Does 
a solution of (2) that satisfies these initial conditions exist? 

Preliminary remark: If u is given on JZ” then so is du/ds; but from 
du/ds and du/dn one ean calculate du/dx and du/dy. Therefore both 
u and its first derivatives are-known on J”. 

We introduce the following abbreviations, which are common in 
the theory of surfaces: 


ou 
; eee Pe {= 3y 
ou 


= ies oe tao 
~~ Out? ax oy’ oy?” 


Written in terms of 7,s,¢ equation (2) reads: 


(3) Ar t+2Bs+Ci=@ 
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Furthermore the following relations are valid in general, and therefore 
hold on f° 

(3a) dp=rdz+ sdy, 

(3b) dg =sdz+tdy. 

Now, since p and gq are known on J’, equations (3) and (3a,b) constitute 
three linear equations for the determination of r,s, on the curve. The 
determinant of this system is 


A 2BOC 
A=|de dy 0 |=Ady—2Bdzdy+ Cdz’. 
0 dx dy 


Only when this determinant J is different from zero can 7,8,¢ be calceu- 
lated from (3), (3a), and (3b). However, in general, two directions, 
dy:dzx, exist for every point (x,y), for which this is not the case. There- 
fore two {real or conjugate complex) families of curves exist on which 
A = 0, and which, according to Monge, are called characteristics.' They 
are the dotted lines of Fig. 9. Along each 
of these characteristics it isin general im-  y pixy?: const. 
possible to solve for r,s,t in terms of u,p,¢. if . 
We shall therefore demand as a necessary y. 
condition for the solvability of our prob- 
lem, that J" shail be nowhere tangent to a 
characteristic. The opposite case, in 
which J° coincides with one of the charac- 
teristics, will be discussed in §9A in con- Fig. 9. The curve J along which 
nection with D’ Alembert’s solution. uand du/dnare given, and the two 

When the condition A = 0 is satis- families of characteristics £ = 9(z,y) 
fied, a solution of the differentialequation ~ °°" andy) sy (sy) conse. 
in the neighborhood of J° must exist. Then the higher derivatives 
can be calculated in exactly the same way as the second derivatives. 
Let us consider, say, the third derivatives: 

Y= hed $= a =f t. == = 8 
we Bah? Se Fytay ~ vs le Bedyz Ww? 

Differentiating (3) and (3a,b) with respect to x, we get: 


4r,+2Bs,+ Ct, =O,+--- 
7,02 + s,dy = dy, 
8,02 + t, dy = ds. 


pan 


\tasmret 


x 


1A geometrically intuitive introduction of characteristies is given, e.g., by 
B. Baule in y. VI (Partielle Differentialgleichungen) of his Mathematik des Natur- 
forschers und Ingenieurs, Hirzel, Leipzig 1944. 
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On the right . . . represents terms that contain no third derivatives, and 
therefore contain only known quantities. The determinant of this sys- 
tem isagain A. The same holds for equations obtained by differentiation 
with respect to y. Our condition is therefore sufficient for the computa- 
bility of the third and all higher derivatives. Therefore u can be ex- 
panded in a Taylor series at every point of J’ and the coefficients are 
uniquely determined by the boundary conditions on I° 
We now turn to the discussion of the equation of characteristics 


(4) A dy*— 2 Bdxdy+ Cdz* = 0, 


where we restrict ourselves to an arbitrarily chosen neighborhood in the 
zy-plane,? and distinguish between the following cases: 


1) AC—B*>0 _ elliptic type in which the characteristics are 
conjugate complex. 


2) AC—B*<0 = hyperbolic type in which the characteristics 
form two distinct families. 


3) AC—B?=0 parabolic type in which only one real family of 
characteristics exists. 


Each of the three types can be brought into a special normal form in 
which the equations of the characteristics are utilized for the introduc- 
tion of new coordinates. Let these equations be 


(4a) @ (x, y) =const. and w(z, y) = const. 
respectively. Then through the transformation 
(5) F+in=o(z,y), E—tn=y (x, y) 


one obtains the normal form for the elliptic type, 


ay Ou ou du 
(5a) apt a = X(u, ses ge 67) 
through the transformation 
(6) f=p(z.y), n=y(2,y) 
one obtains the normal form for the hyperbolic type, 
atu ou ou ; 
(6a) a an (u, 5 an’ E; n); 


?When A,B,C depend on z,y, then the equation may obviously be of different 
types for different neighborhoods of the zy-plane. 


§ 8. 8a INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 39 


and through 
&=¢ (2, y) = y (2, 9), y= 2 


one obtains the normal form for the parabolic type, 


Cu ou du 
(7a) a = X(u, Ege n). 


Before proving this, we compare the above forms (5a), (6a) and (7a) 
with the equations (7.3), (7.6a), and (7.16), i.e., with the two-dimensional 
potential equation, the equation of the vibrating string, and the equation 
of linear heat conduction. We observe that the left hand sides of (5a) 
and _ (7.3) coincide except for the letters used to denote the independent 
variables. The analogous relation holds between (7a) and (7.16). In 
(6a) we only have to perform the simple transformation 


(8) g=s(F +n), n=5(8—7) 
with the inverse 

(8a) &=Etn, N=i—-y7H 
we obtain 


which establishes the essential equality of the left hand sides of (6a) and 
(7.62). Hence the two-dimensional potential equation, the equation of the 
vibrating string and the equation of linear heat conduction are the simplest 
examples of the elliptic, the hyperbolic, and of the parabolic types, re- 
spectively. 

Starting with the treatment of the hyperbolic case, we first show that 
(6a) is obtained from the initial equation (2) through the transformation 
(6). From (6) we obtain for the first derivatives 
om ae Set Fe ve 5 Foy + Fe Py 


where the subscripts again denote differentiation. From this we obtain 
for the second derivatives 


Cu = au Oru ay o 
Set BPs + 2 BER Pe Ve ope woe 
tu un Ory 

da Oy ™ ogi Pa Py a a& an (Pa Py TF Py Px) Fa Pes 5 a 
au au ePu Pu 
dy? ~ oe v 2 a& On Py Py By? ¥ ye +ce8 
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where the three dots stand for terms containing only first derivatives. 
Multiplying the last three equations by A, 2B and C, respectively, and 
adding, we obtain for the left side of (2): 


a (Agi + 2 Bo. Gy + C ¢) 
(9} + 2 Fs (Age ve + Bey + Pos) + OF %) 
+ Fa (Ayh+ 2Byeyy + Oyj) + 


But here the coefficients of d°u/d# and d?u/dy? vanish, since for the 
family of characteristics g = const. we have 


Po du + g, dy = 0, 
Hence on introducing the ratio dr:dy into (4) we get 
(20) Agi+2Bo,¢,4+ Co =0. 


The derivatives of y must satisfy the same equation. Hence (9) indeed 
reduces to the hyperbolic normal form (6a) if we transfer the coefficient 
of 0° /d dy in (9) to the other side of the equation. 

Since in the parabolic case we have y = x, we must substitute in (9) 


(11) y(x,y)= 2, andhence y,=1, 9, =9, 


whereas (10) still holds for ¢,, 9, The first term in (9) therefore 
vanishes. Owing to (11) the coefficient of the second term reduces to 
Ag, + By, which also vanishes smce A C — B* = 0 makes the left 
side of (10) a perfect square, so that (10) can be rewritten as (Ay, + 
By,)?/A =0. Considering (9) and (11) the third term finally becomes 
simply 


on 
Ae 


which is the parabolic normal form (7a). 
The elliptic case need not be treated separately. It can be reduced 
to the hyperbolic case by a transformation analogous to (8a): 


= i+tn, y= &—1i7. 
§9. Differences Among Hyperbolic, Elliptic, and 


Parabolic Differential Equations. The Analytic Character 
of Their Solutions 


The problem of integration, which is illustrated in Fig. 9, is applied 
in physics only to the case of hyperbolic differential equations; for elliptic 
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differential equations it ts replaced by an entirely different kind of 
problem, the boundary value problem. For the time being, we shall dis- 
cuss this profound difference only sketchily and refer the reader to the 
following sections for a more precise treatment. 


A. Hypersoutc DIPFERENTIAL EQUATIONS 


As the simplest example we use the equation of the vibrating string, 
which, written in its normal form, is 


Bey 


(1) my 0 Fe ety, g=e—y, yet. 


Here the characteristics are the lines § = const., 7 = const., which in 
Fig. 10 are drawn at 45° angles with the z- and y-axes. The general 
solution of (1) is the sum of a function of — and a function of 9: 


(2) u = Fi (6) + Fo(n). 


Because of the meaning of é and this ts d’Alembert’s solution (see V. II, 
§13). For the sake of stmplicity, let us consider u as being given on 
segments AB and AD of two of the characteristics. This determines u 
in the entire rectangle ABCD. We could calculate the value of uw at P 
by passing in the directions of the characteristics to P,; and Pe, and 
substituting into (2) the values #,(&), #,(y) which are given at these 
pomts. The values along two intersecting characteristics determine the 
function everywhere. For example, any discontinuities of the given functions 
on the characteristics would be continued into the intertor of ABCD. Thus 
the solution need not be an analytic function’ of x and y over its domain 
of definition. 

In physics one is given the values of u and of du/dy along a segment 
of length? on the z-axis (i = length of string): 


u=u(x,0) and =—7 = u(2, 0). 


This segment corresponds to the curve J” of Fig. 9, on which,.too, # and 
du/én were given, and it satisfies the requirement of not being tangent 
to any characteristic. 

In order to apply the conclusions drawn from (2) to our present 
problem, we have to calculate F, and F, from our given u(x,0), o{2,0). 
This ts done with the help of the following equations, which are immedi- 
ate consequences of (2): 

$A function of two real variables zy is called analytic in a certain domain, if in 


some neighborhood of each point (70,70) of this domain it can be represented as a 
power series in z — xroand y — Yo. 
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u(x,0) = F(x) + F,(2), F,(x) = 5 {u(x,0) + f o(z, 0) da}, 
v(x, 0) = F,(x) — F,(2). F,(2) = 5 {u(x,0) — f (2, 0) dz}. 


We conclude: the given initial values, together with any possible discon- 
tinutties, are continued along the characteristics. The solution, u{x,y) is in 
general not an analytic function of x and y. It is determined only within 
the rectangle of characteristics determined by the length of string | as shown 
in Fig. 10. 

However, from a physical point of 


yk ; view, the solution must be determined 
“BY from the initial time on, 1.€., for ally > 0. 
\ S&F, Ce This indicates that, in addition to the 
ying ‘yp Sh, initial values, certain boundary values 
Pa z 2 x must be preseribed at the ends of the 
“Re FA string. These are the stringing conditions 
oN u=0forz=Oandr=2. Just as for 
- <9 DN \ all x such that 0 < x <1 two values (u 


and &u/éy) had to be given,so for all y>0, 

Fig. 10. The vibrating string of two values are given. This is due to the 

length 2 and the square of charac- fact that our differential equation is of 

a decor BY ie Soret second order in both variables z,y and 

the only difference is that both values 

along the z-axis are given at the same point (x,0) whereas the values along 

the y-direction are given at the different points (0,y) and (/,y). The only 

exceptions to this rule of two necessary boundary conditions are the 

characteristics on which, as we saw above, one value (F, or Fe) is sufficient, 

We shall show in §11 that these results, which we have established 

for the case of the vibrating string, can be extended to all cases of hyper- 
bolic type. 


B. Evurptic DIFFERENTIAL EQUATIONS 

Here the characteristics are imaginary and therefore have no direct 
bearing on the problems we are going to treat. These problems do not 
deal with an are J’, as in Fig. 9, but rather with a closed region S of the 
real ry-plane. On the boundary of S, u or du/dn (or a linear combination 
of wand du/dn) will be given but not both u and du/dn as in the hyper- 
bolic case. Discontinuities of the boundary values are not continued into 
the interior of S, but only into the imaginary domain, and the function 
u is analytic everywhere in the interior of S. 

These are known theorems from the theory of functions (two- 
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dimensional potential theory). Their proof for arbitrary linear elliptic 
differential equations will be given in the following section. 

The analogue to d’Alembert’s solution (2) is given in potential theory 
by 


“e=fA(ettiyt+h(e—ty), 


where, in order that wu be real, we must set /, = ff, i.e., fe conjugate! to fi 
We may also write: 


(3) u= Reff(@)], 


where f is an arbitrary analytic function of the complex variable 
z=a2+ ty. However, this general solution of the equation du = 0 does 
not help ys (at least not directly) in the general solution of our boundary 
value problem. 


C. ParaBoLic DIFFERENTIAL EQvuaTIONS 


Here the two families of characteristics have degenerated into one. 
In the special case of the normal form of the equation of linear heat con- 
duction this is the family of lines parallel to the z-axis. Only one 
boundary condition should be given on these characteristics just as in 
the case of hyperbolic differential equations {see p. 42). We can also 
see this directly from (7.16): here dujayis determined uniquely if u is 
given as a function of x for some fixed y. From physical considerations 
one sees this in the following manner: the thermal behavior of a rod of 
length Z is determined once and for all as soon as its initial temperature is 
given together with conditions for the ends of the rod (the lateral surface 
of the rod must be considered adiabatically closed, if heat is to flow only 
in the x-direction). 

We shall see in §12, that the temperature distribution of the rod 
becomes an analytic function of x and y for arbitrary — even discon- 
tinuous — initial temperature. To this extent, therefore, the parabolic 
type resembles the elliptic type. However, the problem is not relative 
to a bounded region, but rather, as in the hyperbolic case, relative to a 
strip, i.e., a region which is infinite in one direction. The parabolic type, 
therefore, occupies a middle position between the elliptic and the hyper- 
bolic types. 


‘We use the notation /* instead of f, which is more common in mathematical 
literature, since we want to reserve the use of the bar for mean values in time. Re 
and Im stand for the rea} and imaginary part respectively. 


44 PARTIAL DIFFERENTIAL EQUATIONS § 10. 1 


§10. Green’s Theorem and Green’s Function for Linear, and, in 
Particular, for Elliptic Differential Equations 


In (8.1) we had the general form of a linear differential equation of 
second order. In order to retain a common expression for the three types, 
- we shall not transform this system into its canonical form for the time 
being. 


A. DEFINITION OF THE ADJOINT DIFFERENTIAL EXPRESSION 
We now have to introduce the seemingly rather formal concept of 
the differential form M(v) which is adjoint io L(u). It is defined by the 
requirement that the expression v Z (u) —u M {v) be generally integrable 
or as we may put it, that it be a kind of a‘vergence. 
We demand, namely 


ox | ¢Y 
(1) vL(u)-—uM(v)= s+ s- 
The problem is to determine M and X,Y as functions of » and of u,v 


respectively.> 
We shall use the following identities: 


By Ay ou dAv 
(2) vara ae = ge (AMG Mae )> 
ay BBv 8 du 8 /. &Be 
(2a) vB “ia gel? 3) at a 
Ou a a 
(3) Dow— uz (—Dr) = 5 (Du),... 


Here the three dots (. . .) indicate the fact that (2) and (3) remain valid 
if we replace « by y and A,D by C,E respectively, and that on the right 
side of (2a) we may use the symmetric expression obtained by inter- 
changing x and y. From this we get: 


ana etBo , Cv — aDv 
(4) M (v) = oat 2 beay et et Le 
ov oA é 
6) oo AQ 3 =) + Psy ua) + (D-E— 3) ue 
= bp eB ae 
¥ = Bo Ox “s g) + O (ve 45) + (2-H He) ee. 


5 The operation of divergence is properly defined only for a vector. Since, as 
equation (5) will show, X and Y are not vector components, we speak of ‘‘a kind of 
divergence.” 

Obviously X and Y are determined only up to quantities Xo, ¥., whose divergence 
vanishes. We can therefore change the terms in (5): we may add —é@@/éy to X and 
+ éD/ax to Y, where Mis an arbitrary function of x,y as well as of «,v. 
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We see that the relation between L and M is reciprocal: L{v) is the adjoint 
differential form to M (x). 

Of particular importance for mathematical physics are those differ- 
ential expressions for which L(u) = M(u). They are called self-adjoint. 
By comparing as with (8.1) we get the condition of self-adjointness 


(6) 4 oo = D, ia oy 


B. GREEN’s THEOREM FOR AN Exuiptic DIFFERENTIAL EQUATION 
IN Irs NORMAL FoRM 


We now consider a region S with boundary curve C in the xy-plane 
and integrate (1) over S. We denote the element of area of S by de, and 
the line element of C by ds; let the orientation be counter-clockwise 
(see Fig. 11). 

Applying Gauss’ theorem we get 


[whe —eMole= (E+5 
(7) 
Rea ee) Y cos(n, y)} ds. 


This is the general formulation of Green’s theorem which is valid for all 
three types. Setting A = C = 1, B = 0, we specialize it to the case 
of the elliptic type in normal form, We then have: 


[ot@—eKolde = [a —¥ an) 


ee + [iP cos(n, ) + EB cos(n, y)}uvds. 


Fig. 11. Illustrating Green's theorem for 
an elliptic differential equation. The inte- 
gration with respect to de is extended over 
the domain S between the boundary curve 
C and the circle K of radius 9, which contains 
the unit source at Q. 


6 It states, when applied to a two-dimensional vector A with components X,Y, 
that fdiv Ado = fA, de, 
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This is a generalization of Green’s theorem of potential theory 
[eu u Av)do = [CR- ude, 


which is obtained from (7a) by setting D = E = 0. (The fact that in 
potential theory also F = 0 is of no importance here.) 

We shall meet another form of Green’s theorem in exercise 112. 

If, in the interior of S, u and v satisfy the equations 


Liu) =0, Mir) =0 


then the left hand sides of the equations (7), (7a) vanish. These equa- 
tions, therefore, become 


(7b) 0= fix cos(n, 2) + Yeos(n, y)} ds 
Cc 


(7c) 0= [eZ- u =) ds -\. [{Dcos(n, x) + E cos(n, y)}uvds. 
C C 


However, this holds only if u and » and the derivatives which appear here 
are continuous throughout S. If v has a discontinuity at the point 
Q = ( &,7), then it must be excluded from the domain of integration, 
just as in all applications of Green’s theorem. We therefore surround Q 
by a curve K, which we choose to be a circle of arbitrarily small radius pp. 
The integration in (7b,c) must then be taken over both boundaries 
K and Cc: 


fo Bt f.- do, 


where the orientation is opposite on the two curves and the direction » 
is to the exterior of S. 
If for K we use (7c) and for C we use (7b) we get: 


[(eH—uZ) ds + fuv{Dcoa(n, 2) + Eeos(n, y)} ds 
x x 


8 
si =— [{Xcos(n, x)+ Y¥cos(n, y)} ds. 
é 


or, Written in terms of coordinates: 


[Getz eq [x ose, x) + ¥ cos(n, y)]de. 


We apply this formally in (7) to our “pseudovector” X,Y. 


§ 10. 10a INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS 47 


C. DEFINITION or A Unit SOURCE AND OF THE PRINCIPAL SOLUTION 


We shall assume that the discontinuity of » at Q consists of a “unit 
source.’ By this we mean the following: the yield ¢ of a source Q is 
defined as the outward gradient of its field v. If we denote the distance 
from Q by eo, we bave 


ov 
=» — ds 
7 . {i 


where K has the same meaning as before. Assuming that in the immedi- 
ate neighborhood of the source »v depends only on ¢, we get 


+z 
di d 
(9a) q=/ HO 4p = 2neg: 


g--3 


A unit source is therefore given by: 


(9b) ert v= sloge-+const for 9-»0. 


For arbitrary 9 we write: 


(10) v= Uloget+V, o=V(a— s+ (y—n)*, 
where U and ¥ are analytic functions of z,y and ¢, 7 such that U becomes 


V/2m for (a, y) > (& 0), 

A function of this kind we call a principal solution of the differential 
equation M(v) = 0. In the same way we shall speak of a principal solu- 
tion of the adjoint equation L(u) = 0. Since the latter also corresponds 
to a unit source it will have the same form (10), although in general 
U and V will be different functions. Here too we can assume U and V 
to be analytic as long as the coefficients D,#,F in the differential equa- 
tion are analytic. In the case of the potential equation 4 = 0 our 
principal solution corresponds essentially to the logarithmic potential, 
where we have for all @ 


1 
(10a) v= 55 log @. 


D. THe ANALYTIC CHARACTER OF THE SOLUTION OF AN ELLIPTIC 
DIFFERENTIAL EQUATION 


We return now to equation (8). Substituting (10) in (8), we see 
that only the term with 
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contributes to the integral over A, while all the other terms on the left 
side of (8) have zeros of the same order as glog g or of higher order. Since 
u is continuous at @ and the perimeter of K is 2% 6), we obtain for the 
left side of (8): 


and equation (8) becomes 


{11} tig = | {X cos (n, x) -+ Y cos (n, y)} ds. 


The most interesting aspect of this formula is its dependence upon é, 7 
which is brought about by the terms v, du/dz, dv/dy that enter in 
X and ¥ and are given analytically by (10). When Q lies in the tnterior 
of S (net on the boundary), then log gis a regular analytic function, since 
the point P = (x,y) in the integration is restricted to the boundary curve 
C and does not coincide with Q. Therefore ug = u(£, y) ts an analytic 
function of tn 22 the interior of S. This holds whether or not the boundary 
values u, du/dx, du/dy are analytic; in any case the dependence of the 
integrand on z,y disappears upon integration with respect to ds. Even 
discontinuities of the boundary values are averaged out. Disconiinuztres 
on the boundary are not continued into the interior of S. (The charac- 
teristics are imaginary.) This proves the assertion of §9B. 

For a self-adjoint differential equation in its normal form we have, 
according to (6), D = E = 0. Using the form (7c) of the line integral 
we get from (11) 


(11a) ug = [(uZ—es)ds. 
é 


Using expression (10a) for v, we get for the special case of the 
potential equation: 


(11b) ug = ul&n) = ge f (u BBP — log ods. 
é 
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E. THE PRINCIPAL SOLUTION FOR AN ARBITRARY NUMBER 
OF DIMENSIONS 


We restrict ourselves here to the case of the potential equation. 
The three-dimensional analogue of (9b) is 


1 
v=—-T; + const. 


(r = distance from the source at Q, 498 72 = surface area of the sphere.) 
This is essentially’ the so-called ‘‘Newtonian potential.” 

In the four-dimensional case we have equation (7.5). This yields 
the principal solution: 


a v= — peat const. 

where # is the distance from Q and 22? R8 is the surface of the hyper- 
sphere. The following table shows the decreasing orders of infinity at 
the source with decreasing number of dimensions. For the dimension 
one ¥ is continuous at the source. In fact, the potential equation in one 
dimension is d*v,dx?=0 which yields dv;dx= const. The constant 
will have different values C, and C: on the right and left side of the 
source respectively. This follows from the condition that it be a unit 
source so that C; — C; = 1. The discontinuity has passed from v to 
the gradient of ». (See exercise 11.3). 


Dimension 4 3 2 i 
1 1 
nuke = a 1 | continuous 
dar x [os @ | 


F. DEFINITION OF GREEN’S FUNCTION FOR SELF-ADJOINT DIFFERENTIAL 
EQuaTIONS 


We now deal with the boundary value problem of §9. This ques- 
tion is by no means settled by the construction of the principal solution. 
We first consider the simplest case of self-adjointness. In order to calcu- 
late % at the point Qin equation (11a) we must know dothu and du/dn on, 
whereas in the boundary value problem we are given esther u or Ou/@n, 


* The denominator 4 corresponds to the ‘rational units” of electrodynamics. 
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Our problem is now to modify the principal solution v, so as to eliminate 
du/dn (or u) from (11a). We call this modified function of the two pairs 
of variables x,y and §, 7 Green’s function and denote it by G(P,Q). It 
has to satisfy the following conditions: 

a) L(G) = Oin the interior of C, 

b) @G 0 (or OG/dn=0) on C, 


. 1 
c) Lim @(P, Q) mere log @ (condition of unit source). 
P-@Q 


I 


Conditions a) and c) are the same as for the original v, but condition 
b) has been added. Replacing v by G in (11a) we get 


(12) tig= [uF ds Be (%o=— a G ds). 


This solves the boundary value problem in both cases (for given u or 
du/dn). However, due to condition b), the construction of G itself 
requires the solution of a boundary value problem. But this problem is 
simpler than the general boundary value problem, and we shall see that 
in special cases it can be solved in an elegant way with the help of a 
reflection process. On the other hand G, unlike wu, is not regular in the 
interior of C, but like v is a function with a prescribed unit source. 

Equation (12) reduces the boundary value problem to a simple 
quadrature. Green’s function plays the same role in the general theory 
of integral equations. It is called there the ‘‘resolving kernel.’’ 

Another interesting property of G which follows from the conditions 
a),b),c) is the reciprocity relation 


d) G(P,Q)= GQ, P). 


It expresses the interchangeability of source-point and action-point, so to 
speak, the interchangeability of cause and effect. 
In order to prove d) we substitute in (7a) 


M=L, u=G(L,P), »=G(L,Q). 


The point J = (21,y:) shall be called “point of integration.”’ Since u 
becomes infinite for J = P, and v for J = Q, these points must be ex- 
cluded from the integration by infinitesimal circles Kp and Kg. Accord- 
ing to a), integration over the region bounded by these circles and by C 
makes the left side of (7a) equal to 0; also, according to b), the integral 
over C on the right side of (7a) becomes equal to 0. There only remain 
the line integrals over Kp and Kg which, according to ¢), yield: 
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as d. ; 
tig [ <-— op f 5 = GQ, P)—G(P,Q). 
Ee Kp 


Since this must vanish d) is proved. 

Equation (12) is the solution of the boundary problem for the homo- 
geneous equation L(u) = 0. We now consider the solution of the non- 
homogeneous differential equation 


(13) Liu) =e 


where (ex, y) is an arbitrary continuous point-function in 8 with con- 
tinuous first and second derivatives. Substituting »=@ (P,@) in (7a) 
we get for the first term on the left side: 


{ eG? Qdop 


which is added to the term in (12). Instead of (12) we get 
(13a) tg = [eGdo+ fuk ds 

Ss ¢ 
" or, if du/an instead of u is given on C: 


(13b) tig = f eGda— fF Gas. 
s ¢ 


These formulas apply to every self-adjoint differential expression in 
its normal form L(t) = 4u-+- Fu, in particular to the ordinary wave 
equation (F = k? = Const.) and to the potential equation (F = 0}. 

In the case of a non-self-adjoint differential form L(x) equations (12) 
and (13a,5) remain valid. But, as we see from (7a), G must satisfy the 
adjoint equation M@(G) = 0 in the variables z,y; also, condition b) must 
be changed somewhat. Instead of a) and b) we now have: 


a’) M (G) = 0, 
b’) G=0 (or o- ~ G {D cos (n, x) + Ecos (n, y)} = 0). 


oe 


Condition ¢) remains valid. However the reciprocity law d) now reads 
d’) G (P,Q) = H (Q, P). 


Here H is Green’s function for the adjoint equation to M = 0, and hence 
is satisfies the equation L(H) = 0 in the coordinates of Q. 
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$11. Riemann’s Integration of the Hyperbolic 
Differential Equation 


The normal form of a linear differential equation of second order of 
hyperbolic type is obtained from (8.1) by setting A = C = 6, B = 1/2: 


(1) L(u) = = 


ou ou 


Its adjoint differential equation is according to (10.4): 
ay 6Dve 8ke 


(2) MO" a5 ay on og 
At the same time one obtains from (16.5) 
1 Ou ou 
s X= 5( 3y — ay + Duy», 
1 ou év 
Yo p(es—uz)+ Bue. 


Substituting (1),(2),(3) in (16.7) we get: 
(4) {te L(u)—u M(v)| do = fix cos(n, x) + Y cos(n, y)} ds. 


In order to obtain an integration of the hydrodynamic equations 
Riemann chose as the region S the “‘triangle’”’ PP,P, of Fig. 12, with a 
boundary consisting of the segments of characteristics PP, and PP: 
and of the are P,P, of the curve I. 
u and du/dn are given on J’, which im- 
plies that du/ dz, du/ dy are given on I’ (see 
p. 36). The curve J’ must satisfy the con- 
dition that it be tangent to no character- 
istic (p. 37). The function » in (4) is 
determined according to Riemann by the 
conditions: Fig. 12, Riemann’s integra- 


(5a) M(v) = 0 in S with respect to the tion of a hyperbolic differential 

‘abl ; equation in its normal form 
vere ee : _ with the help of the charac- 
(5b) v = lat the point P with coordi- teristic function v. 


nates r=¢, y=; 


y P, 


(Se) % — Dv = Gon the characteristic « = &, 
—— Ew = 0 on the characteristic y = 7. 


We add the following remarks. 
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1. It would not be possible to replace (5b) by a condition of dis- 
continuity as in (10.10), since a hyperbolic equation does not admit 
isolated singularities (every singularity is continued along the charac- 
teristics). For this reason we no longer call v the “principal solution” or 
“Green’s function” but call it the “characteristic function.” 

2. The conditions (5c) prescribe only one condition each on the 
characteristics 2 == € and y= 7, whereas on I” two conditions have 
to be given for u. This corresponds to the fact that the characteristics 
are an exception with respect to the boundary conditions that are to be 
prescribed on them; we saw this in §9 in connection with the equation of 
the vibrating string. If we call the boundary value problem along two 
intersécting characteristics a boundary value problem of the second kind, 
in contrast to a boundary value problem of the first kind along a general 
curve 7’, then we can say that Riemann’s method consists of the reduction 
of a boundary value problem of the first kind to a much simpler boundary 
value problem of the second kind. 

Substituting condition (5a) in (4) and remembering that L(u) = 0 
we get 


P P, 
(6) O=f---+fe--tf--: 
r Pi P 


In the last integral cos (n,y) = 0 and only the X term remains. 
We transform the term with du/dy by integration by parts: 


P, 
1 P, 1 ov 
dy =Zeul aS wa - 
P 


Py 
1a 
2 oy 

P 


Combining this with the other terms we get 


P, 


P, 
(6a) [Xdy= 5 ewp,—Zewp— [u(Z —Dv)dy. 
P P 


For the middle integral of (6) where cos (n,x) = 0 and cos (n,y) = —1 
(n is, the outer normal) we get in an analogous manner: 


P 
(6b) ee ee ey (G2— Eo) de. 
P, P, 


The integrals on the right sides of (6a) and (6b) vanish on account of 
condition (5c). If we consider (5b) equation (6) becomes, 
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(7) tp= [{Xcos (n, 2) + Ycos (n, y)} ds + 5 {te U)p, + (vt)p}. 
r 


The value of u at an arbitrary point P is given here in terms of the valuesof u 
and its first derivatives on I” as they enter in X and Y (up, and up, are 
among those values). We state: Equation (7), reduces the boundary 
value problem of the first kind for u to the problem of the computation 
of v, that is to a boundary value problem of the second kind which is 
given by the conditions (5a,b,c). 

The computation of »v is not difficult. It is particularly easy in the 
hydrodynamic example that was treated by Riemann. In that case we 
have’ 


@ 


Condition (5c) implies 


gu €; sip Fay v= CL(E + y)7*, 

y=: rast o= C,(z + 9)-*. 
Both these conditions and condition (5b) are satisfied if we set: 
(9) C=O Eta, = (EE. 


In order to satisfy (5a) Riemann modifies (9) as follows: 


re {z—6§) (y—) 
(10) v= (E24) Fie+1, —a, 1,2), ae 


where 


1 1) a 
(10a) P(w,8,y,2) = 1+ us z+ ne ee a+ 


is the hypergeometric series. In §24D we shall see some of the function- 
theoretic properties of this series, and in appendix II of Chapter IV 
we shall prove that v in (10) satisfies condition (5a), in other words, that 
it is a solution of the equation M(v) = 0. We note that on the charae- 
teristics we have w= €§& or y= 7, and therefore z = 0 and F = 1, 
which makes (10) identical with (9). Equation (10) for 2 and equation 
(7) for u solve our hyberbolic boundary value problem completely. 


"The constant a which enters in (8) is expressed simply in terms of the exponent 
in the anisotropic equation of state from which the hydrodynamic problem is derived. 
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§12. Green’s Theorem in Heat Conduction. The Principal 
Solution of Heat Conduction 


The differential equation (7.14) of heat conduction 
(1) L(u) = 553,79: y= kt, 


is not self-adjoint. The adjoint equation of (1) is: 
ay ~ a 
(2) M (0) = 55 +5, = 9. 


We see this from (9.4) if we substitute the values of (1) 
BewC=zDeFu2li,Anz=l1E= —1; 
from (9.5) we get 


ou ov 
(3) Xevr—ur, 


Y =—utv, 

Just as in the elliptic and the hyperbolic case we get Green’s theorem for 
linear heat conduction from (1),(2),(8) by integration over the interior 
and the boundary of a bounded domain in the x,y-plane. However, since 
x represents a spatial measurement and y a time measurement, we shall 
not consider here a region with curved boundary, but only such regions 
whose boundaries consist of segments parallel to the z- or y-axis, as that 
shown in Fig. 13. 


Fig. 13. Reduction of the genera! boundary value prob- 
dsady lem of heat conduction to the principal solution V for a 

on rod with endpoints z_ and z,. The unit heat pole is at Q 
aneax and has the coordinates ¢ = €, y = 7, 


Along the side AB of the figure we have ds = dz, dn = —dy, 
cos (n,z) = 0, cos (n,y) = — 1 and therefore 


B B 
f {X cos (n, @) + FY cos (n;y)}ds = — f Yde, 
A A’: -: 
The same thing holds for the side CD which is also parallel to the z-axis 


and where the signs of both dz and cos (n,y) are reversed. Correspond- 
ingly we have for the sides BC and AD parallel to the y-axis 
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c C 
f {X cos (n, z) + Y cos (n, y)} ds = + f Xdy. 


B B 


Using the values of L,M,X,Y given in (1),(2),(3) we get the following 
form of Green’s theorem: 


Ieee 5) — "Geet 5) ae ay 
= [uvdet | (voe—uZ) dy, 


where the first integral on the right side is taken over the two sides of the 
rectangle that are parallel to the z-axis and the second integral is taken 
over the other sides. 

Formula (4) also represents Green’s theorem for two-dimensional or 
three-dimensional heat conduction if we perform the following replace- 
ments: 


(4) 


do (two-dimensional case) 
(Da) dx by 
dr (three-dimensional case) 
Bas. ap au av | dy ds (two-dimensional case) 
(5b) ba? Ba? Y DY a om? ; ; 
dy do (three-dimensional case) 
2. 2 
(Bc) a , a by Au, Av. 


In the three-dimensional case we integrate over a four-dimensional 
cylinder whose base is the three-dimensional heat conductor and whose 
generatrix is parallel to the time-axis; the integration in the second term 
on the right, which is indicated in (5b) by dy and is now replaced by 
integration with respect to dy do = k dt da, is extended over the three- 
dimensional lateral surface of this cylinder. 

Before we apply these general formulas we must decide how we 
want to define the analogue of the “principal solution” of (10.9). We shall 
see that the “unit source” will have to be replaced by a “‘heat pole of 
strength one.” 

We first consider the case of linear heat conduction and its differen- 
rial equation Z = 0; the passage to the adjoint equation M = 0 and to 
the two-and three-dimensional cases will then be easy. 

Let the heat conductor be infinite in both directions and let its 
temperature for ¢ = 0 be given as a function of z: 
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“a= f(z), —comt<+oo. 
We represent f(x) by a Fourier integral as in (4.8): 


+ oo + co 
(6) Ha)= a5 f dw f payeoe- Pag. 


In order to obtain a solution of equation (I) we must merely complete 
exp [¢ w (x ~— &}] to the product 


(7) p(y) FeO, 
Substituting this in (1) we get: 


— w* ply) =—Fr gly) aCe. 


Here C = f on account of the obvious condition g(0) = 1. We therefore 
replace in (6) 


(7) exp [t w(x — §)] by = exp[t w(x — £) —w* y]. 


This seemingly complicates the Fourier integral (6) but in reality 
it makes it much simpler. In (6) f(z) must converge to 0 “sufficiently 
rapidly” in order that the integral with respect to & will converge, and 
this integration must be performed before the much simpler integration 
with respect to m, which would otherwise not converge. But now the 
order of integration is reversible and f(z) is less restricted in its behavior 
at infinity. The new factor p(y) = exp (— w*y) serves as convergence 
factor® for all y > 0. 

Combining (6) and (7) and substituting y = At we get: 


+00 +00 
(8) ula, = si f fede f en eebt tie Ode, 


We abbreviate the exponent in (8) by —« w?-+ £ @ and complete the 
square: 


—aea*?+ fos —a(o — 3h) + f. 


*See the author's dissertation, Kénigsherg 1891: “Die willkiirlichen Funktionen 
der mathematischen Physik” where the general case of the limit for ? — 0 of a Fourier 
integral with a convergence factor is considered. The function f(z) may then have, 
for example, ‘an infinity of maxima and minima” or arbitrary discontinuities. 
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Substituting p = w— B/2x: we get: 


=o +90 
1 
(9) al eT PREF IOlE- Ody = at. ¢ FE | ergy, 


We have the well known formula for the Laplace integral : 


+00 +00 
f e~ "dp = /a, and therefore { en dy ox yz. 
—o8 —oo " 
Denoting the right side of (9) by U we get 
as 
U ae ‘ 
(10) Vaakt ' 
Equation (8) then becomes 
+90 
(108) u (x,t) = f f(g) U dé: 
00 


We note that the initial temperature at the point x= ¢ spreads in 
space-time independently of the initial temperature at all other points. 
(This is due to the linearity of the differential equation which permits 
the superimposition of solutions.) For t-> 0 we have u(z,t) > f(x) and 
(10a) becomes: 


Ft 


fa) = f He) U ag. 


—oo 


This shows that U has the ‘character of a 4 function.” As on p. 27 
this means that U vanishes in the limit ¢ — G for all values of x ~ = and 
becomes infinite at # = & so that 

gt+e 


(10b) f Ud&=1 
u—s 
(These properties of U are easily seen from (10).) Ignoring the distine- 
tion between heat-energy and temperature we may say that U describes 
the space-time behavior of a unit heat-source or of @ heat-pole of strength 1. 
For the case of a general initial time i = 7 we get instead of (10): 


(10) U = {40k (t—z)}* exp {- fiona 
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For the special case of a heat-pole at = 0 we get 


(10d) U = (4nkty? exp {— 2}. 


Before discussing the deeper meaning of these formulas we shall 
generalize them to two and three dimensions. 

We noted the possibilities of generalizing Fourier’s double integral 
to quadruple and sextuple integrals at the end of §4. We perform this 
generalization by writing instead of (6): 


(1) He, y) = go f dow f HE, y) eh? em de 
and 
(110) KE #) = giz f do’ f En) EO” an; 


Combining (11) and (11a) we get 
(11b) itz, ¥) - aap | deo f doo! ff U6, n) gale H+io'y~n) ge dx. 


The same process which led from (6) to (10a) leads for the two-dimen- 
sional case from (11b) to 


+00 
(12) u (zy) = ff KE, n) U dg dy 


where U is the product of two factors of the form (10): 


_, (2~ + ly — 


(13) U=(4akt) e a 


In the three-dimensional case U is the product of three factors of the 
form (10): 


3 _ (2-8 + ~ +e — 0 
t 


(14) U= (dnkt) %e 


Equations (13) and (14) stand for unset heat-poles in the plane and in 
space. Equations (10), (13), (14) indicate the connection between Aeat- 
conduction and probability. 

We compare (10d) with the Gaussian law of error 


(15) dW Ye ot de. 
4 
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Here dV is the probability of an error between x and x ~- dz in a measur- 
ing process whose precision is given by the “precision factor” «. In our 
ease this factor is (441) ~'; “infinite precision” is given by ¢ = 0 which 
means absolute concentration of heat in the point x = 0; “decreasing 
precision” corresponds to increasing ?. Fig. 14 shows the wel] known 
bell-shaped curves which for decreasing « give the behavior of U for 
increasing i. The function U’ in (10d) is equal to the “probability 
density” @W ‘dr. 

In an analogous manner we compare (13) to the measuring of 
& position in the zy-plane whose 
exact position is given by ( &, 9 ); 
and (14) with the measurement 
of a space point with the true 
position ( &, 7, €). The precision- 
edaadati : factor in both cases is @ = (4k6})~? 
as before. This suggests that the 

“4 -3-2-1 @ f 2 3 4 physical reason for heat-conduc- 

Fig. 14. The Gaussian error curve for tion is of a statistical — not dy- 
the cape casi ef acl ace namical — nature. This becomes 
Seat chen BLA 161/41, ®Pparentin the treatment of heat 

conduction in the kinetic theory 
of gases (or, more correctly, the “statistical theory of gases”). Con- 
nected with this is the following fact which we discuss for the spatial case 
of equation (14). For? = 0 the total heat-energy is concentrated at the 
point (£,,¢), but after an arbitrarily short time we have a non- 
vanishing temperature LU’ at a distant point (z,y,2). Hence heat expands 
with infinite velocity. This is impossible from the point of view of 
dynamics where no velocity may exceed c. 

From §7, p. 34 we know that diffusion, electric conduction, and 
viscosity satisfy the same differential equation as heat conduction, 
Here too the statistical approach is clear. Diffusion is based on the 
Brownian motion in a solvent of the individual dissolved molecules, and 
the statistical origin is ascertained both by theory and experiment. The 
electron theory of metals shows that upon electrical conduction the 
electrons are diffused through the grid of metal molecules ete. 

The function U of the equations (10), (13), (14) is the principal 
solution of the differential equation L(u) = 0. We now wish to transform 
it into the principal solution V of the adjoint equation M(v) = 0. Com- 
paring (1) and (2) we see that this is done by reversing the sign of 
y = kt; we shall also reverse the sign of yy = #1 so that the heat pole will 
again be situated at the point z= ¢,t=1r. Thus we obtain from 
(10): 


wana nn eek Atay 


eee eee 
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a £\2 
(16) V = {4nk(r—a}? exp {- 5-9} 
V has an essential singularity for = and is defined only for the past 
of t, ie., for ¢< %, in contrast to the principal solution of U which is 
regular only for the future of t, i.e., for #>t. 
We return to Green’s theorem (4). Setting » = V and taking for u 
a solution of L(u) = 0 we get: 


(17) [uVar+k [(VZ—uZ\a =o. 


The two integrals are extended over the sides of the rectangle of Fig. 138, 
the first over the two horizontal sides, the second over the two vertical 
sides. 

Since V too is a “é& function” the first integral taken over the side 
t="r yields — ug. If we decompose the second integral into the two 
components which correspond to the two rod ends x» and 2: and denote 
this by 3) ™ we get: 


(18) ug Splat Sm TN ge ae) 


Here Vo is V fort = 0. 

This representation of wis general since the source point Q can be 
situated at the arbitrary point x = §, tf = 7. However it does not yet 
solve the boundary value problem of §9C, since in addition to the initial 
values of u it assumes that the boundary values of u and of du/dx are 
given at the endpoints, whereas in the boundary value problem only u or 
du/dx may be prescribed. In order to solve the boundary value problem 
we must replace V in (18) by Green’s function G which satisfies the condi- 
tion G = O at the endpoints and thereby makes the term containing du/dzx 
in (18) vanish. We shall see in the next chapter how G can be con- 
structed from V by a reflection process. Exercise IJ.4 contains an 
application of (18) to laminar fluid friction. 

The above considerations can be transferred immediately to the 
two- and three-dimensional cases. As remarked above in connection 
with (5a, b), we merely have to extend the integration in the first integral 
of (18) over the base, and in the second integral over the lateral surface 
of the three- or four- dimensional space-time cylinder. However the 
construction of Green’s function G by a reflection process for the two and 
three dimensional problems will succeed only in exceptional cases (see 


§17). 
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On the other hand equation (18) (in terms of V, not @) suffices to 
insure the analytic character of u, since the coordinates &,¢ (or &,, tor 
£,n,0,¢ ) of Q appear on the right side only in the principal solu- 
tion V, that is, only in analytic form. The solutions of our parabolic 
differential equation are analytic in the interior of their domain just as 
in the elliptic case. However, the domain here is not bounded as in the 
elliptic case, but is an infinite strip (as was pointed out at the end of 
$9}. From this latter point of view the parabolic boundary value prob- 
lem resembles the hyperbolic one. 
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CuaPTer III 


Boundary Value Problems in Heat Conduction 
§13. Heat Conductors Bounded on One Side 


In the preceding section we treated the equalization process for a 
linear heat conductor that is infinite in both directions and represented 
it by equation (12.10a): 


+00 
(1) (zt) = f(Q)Ude, 0 = (4mktytexp [— cat 


By the substitution 


(1a) = 2+ aktz 
it goes over into the Laplace form 
+2 
{2) u(x,t) = 75 { (a+ yf 4ktz) edz. 


It is instructive to compare this with d’Alembert’s solution (9.2): in the 
latter we have two arbitrary functions F,, F., corresponding to the hyper- 
bolic type of the wave equation, whereas in (1) and (2) we have one 
arbitrary function f corresponding to the parabolic type of the equation 
of heat conduction. 

In the case of a heat conductor which is bounded on one side, 
Q0<%<oo, we have to deal firat with the boundary condition at z = 0: 

a) A given temperature «(0,t); in particular the csothermal boundary 
condition 


(3a) u = 0. 


b) Agiven heat flow G (0,2) (notation as in §7, equations (9) to (12)); 
in particular the adiabatic boundary condition 


ou 
(3b) = = 0. 
c) A linear combination of both which takes into consideration the 
so-called outer heat conduction, written in the conventional form 


63 
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(3c) Mt hu = 0. 


Here stands for the outer normal which in our ease is in the direction 
of the negative z-axis. The name “outer heat conduction” summarizes 
the effect of convection, the radiation into the surrounding medium and 
the heat conduction into that medium which is usually negligible. We 
note that (3c) is obtained as an approximation of the radiation law of 
Stefan-Boltzmann which states: the radiation of heat per unit of time 
and area of a body of absolute temperature 7’ is proportional to 7*. If we 
denote the factor of proportionality by a and if the end of the rod! is in a 
neighborhood of temperature 7» which radiates towards the end of the 
rod an amount of heat a7 per unit of time and area, then the energy 
emitted in the normal direction by a surface element dg of the end of the 
rod is given by: 


dQ, = a(T*— To) do dt. 


Since usually both temperatures 7’ and 7'o are far from absolute zero, we 
get 


(4) dQ,~4aTjudodt with u=-T—T%<T and <1. 


This amount of heat dQ, must be balanced by the heat flow from the 
interior of the rod which is given by Fourier’s law (7.12). Hence we 
write: 


(4a) dQ, = — x do dt. 


By comparison of (4) and (4a) we obtain: 


4aTiu=—um, 
and hence 
(5) ®thu=0, ha ith, 


which corresponds to (3c) and shows to be a posifive constant. 
We first treat conditions (8a) and (3b). These conditions are satis- 
fied if wedevelop f, which isgiven only for 0 < 2 < oo, into a pure sine or 
1 We speak here of a “rod” although the linear heat conductor need not have the 
form of a thin rod but may have an arbitrary cross-section so long as its state depends 


only on one coordinate; for a real rod one must add the adiabatic condition du/dn = 0 
for the lateral surface {see the end of §16). 
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cosine integral, or in other words, if we continue f in the negative z-axis 
as an even or odd function (see equations (4.1la,b)). If as in (12.8) we 
append the time dependence factor exp (—-«? & t) which is required by 
the equation of heat conduction, and integrate with respect to w, then 
{1) becomes 


(6) ula, t) = FIe vie) ae F 1) U8) dé. 


The second integral which was originally taken from — o0 to 0 has been 
converted by a change of sign of the variable of integration into an 
integral from 0 to +-co. The principal solution U(£) is then transformed 
into 


(7) U (—t) = (4.0 k t)-* exp {- oe 
which is the expression for a unit heat pole at 2 = —é, = 0, Equation 
(6) becomes: 
oO “ 
(8) u(x, t) = f Ha, G = U(é) F U(—é). 


This Green's function G satisfies all the conditions of p. 61. It has only 
one heat. pole in the region 0 < 2 < oo , since the additional heat pole 
at «= — & lies outside the region; it also complies with the condition 
that G satisfy the adjoint equation in the variables £,z7, since in our case 
G is independent of z and a change of sign in + becomes immaterial. 

It would be more intuitive to start from a single heat pole at 2 = é 
and to reflect it on the boundary z = 0, with a negative or positive sign 
of U depending on whether we impose condition (8a) or (3b). In this 
manner we would first con-~ 
struct Green’s function and 
then reconstruct the given 
initial temperature f{x) by 
the successive superposition 
of the heat poles of strength 
#(§) dé. From now on we 
shall use mainly this intui- 
tive process, that is we re- 
strict ourselves to the con- 
struction of Green’s function 
from which we can write Fig. 15. Green's function for a linear heat 
down the solution for arbi- conductor which is bounded on one side with 


sags outer heat conduction. A heat pole is at z= 
trary initial temperature f(x) 4 £:. ite sniror image at 2-8. with aii 


as in (8). We first use this associated continuous spectrum of heat sources. 
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process for the somewhat more complicated boundary condition (3c). 
{In problem III.i we shall treat the same boundary condition according 
to Fourier’s process.) 

We notice at once that an isolated reflected point # = —& will not 
be sufficient, but that we also need a continuous sequence of heat sources 
which we shall place at all points 7 <—é. Let A and a(n) dy be the 
yields of the isolated and the continuous heat sources (see Fig. 15}. The 
corresponding function G is then 


-¢ 
G=U(2)+ AU (— f+ fa (n) U (n) dn 


=@ 
_1]| _@-@ _@ta _@~m 
=(4nki) *Je “4 +de 6 4 f ainse * dn 


(9) 


Hence at x = 0: 
-t 
a _# _ 
(10) nk)? G=a+ Aye H+ fae * dn. 


-~co 


From (9) we form 8G, dx. Then if we replace 8/dr by —&én under 
the integral sign we obtain for x = 0 


i tt 2 
(0a) (4aky? © =6(5— she fai Ze dy, 


and after integrating by parts: 
> a é ee r a" 
(ll) (aki? s= [(a-4) 55,-4 (ae ame fome oF dy. 
— co 


If we substitute (10} and (ii) in condition (3c) with @°én replaced by 
-——8/8z, then (3c) must be satisfied identically for all > 0. By setting 
the terms of different time dependence individually equal to zero we 
obtain: 


(12) 4—1e0 2. ae +1, 
(13) o(—e)+h(1+4)=0 ... o(—-s)=—2h, 


and the differential equation: 
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(14) a(n) —ha (n) = 0 
Considering (13) we see that (14) has the solution 
a(n) = bel = — 2, eta 


This determines the constant A and the function @ (yj). The fact that 
this determination is unique will be demonstrated in §17. 
The result, is" 


1 _ie~ _ (r+ 8 _fe—n 
(15) awkt)?Gae te tt ane fe GEE AM dy | 


-3o 


For numerical applications this integral can be reduced to the tabulated 
normal error function.? 

Only when the given initial values f(x) are particularly simple will 
it be more convenient to use equations (1) and (2) instead of the more 
intuitive method of Green’s function. We illustrate this by an example 
which also shows the translation of problems of heat conduction into the 
language of diffusion problems. 

Let the bottom section of a cylindrical vessel, 0 < x < H, be filled 
with a concentrated solution {say CuSO,.); above it let there be a layer 
of pure solvent (water) to an arbitrary height. x = oo. Let the concen- 
tration of the solution be wu and let the initial concentration be 1. At the 
base of the cylinder we have dujax = Qat all times, since the dissolved 
salt molecules cannot penetrate the base. 

This condition may also be satisfied by extending the vessel down- 
ward and by prescribing the reflected initial distribution as above. (For 
a finite height of water column one would have to use the somewhat more 
complicated reflection process of §16.) The initial distribution of w is 
then: 


le+Heaect+dA, 
f(z) = 
O--+ H<|z|<oo. 
Eqvation (2) yields 
a 
(16) (2, t) = T= f e-* de, 


& 


* E.g., in Jahnke-Emde'’s tables of functions, 3rd ed,, Teubner, Leipzig, 1938, p. 24 


68 PARTIAL DIFFERENTIAL EQUATIONS § 13. 17 


The values for the limits of integration 2 and 2; are obtained if in (Ja) 
we let €= + H: 


_—H—=z _ A—« 
(17) = yak ’ 2 ~ yak 7 


Using the customary notation 


(18) D(a) = — i] en dz 


for the error function, we can write our solution (16) with astonishing 
simplicity : 


(19) u(z, t) =F {O(%) — O(,)}. 


§14. The Problem of the Earth’s Temperature 


We treat the surface of the earth as a plane and assume an averaged 
purely periodte temperature f(t) (annual averaged or daily averaged 
temperature). In order to determine the temperature in the earth’s 
interior? we can in general use the method described in Fig. 18, by 
setting 2) = 0 (surface of the earth), 2, = oo(great depth), and up = f(t) 
for zx = 0. It is convenient in our case to expand /(?) into a complex 
Fourier-series : 


+ oo 
(1) f@= ST 6,7"? PT = length of year or day 


7t=— oo 
and to set for the temperature in the interior of the earth at a depth z: 


+00 
(2) u(x, t} = C., th (2) pemined? ; 
h=— 00 
Each individual term of this series must satisfy the basic law of heat 
conduction. This yields the ordinary differential equation for u,: 


d* ui, 


(3) a Palys. with p2= = 


ie 


In order that (2) go into (1) for z = 0, we must have (3a) 
(8a) u,(0) = 1. 


? The physical problem of “geothermic depth” (increase of temperature in the 
interior of the earth due to radioactive or nuclear processes) is of course ignored here. 
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Depending on whether » is positive or negative we set 


2in = (1 + 4)? |n| 


and 

(4) Pn = (1%)9,; q, = ale > 0. 
The general solution of (3) is then 

(5) u,(2) == A, fl tOmet 4 Be e- AeA ane, 


Here we must have A, = 0,since otherwise the temperature would 
become infinite for zoo, and B,= 1, to satisfy (3a). Substituting 
this in (2) we get 


+90 
(6) u(a,t)= > OC, e AEMdaz graintie 
h=—oo 


In order to translate this into real language we write for n > 0 
Cc, = |C, |e". 


According to (1.13) C, for n < 0 has the same absolute value but the 
negative phase. Equation (6) then becomes 


oo 
(7) u(x,t) = C,+2 2, |Cnle 7 008 (20 7 + Pa Mn) ‘ 
Rum 


We see that the amplitude | Cj of the n-th partial wave is damped 
exponentially with increasing depth z, and that this damping increases 
with increasing 7. At the same time the phase of the partial wave is 
retarded increasingly with increasing z and 7. 

We now consider the numerical values. For an average type of 
soil we have the approximate temperature conductivity 

k=2-10-32@, 
sec 

For the period of one year T = 365 X 24 X 60 K 60 =3.15 & 10" sec. 
and for « = 1 m = 100cm. we have then 


(8) Qe = 0.7 = , en OF 
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At a depth of 4 meters we already have a “phase lag” gz = x and an 
amplitude damping, 2+= 3/,,. Even for the first and principal partial 
wave of temperature fluctuation zt ts winter af a depth of 4 meters when 
it is summer on the surface; the amplitude is only a fraction of the surface 
amplitude. For the higher partial waves n > 1 the phase lag and ampli- 
tude damping are correspondingly greater owing to the factor V|n| ID Gy. 
We may say that the « ..a acts as a harmonic analyzer (see p. 4) by 
singling out the principal (though much weakened) wave from among all 
partial waves. 

As a special example we consider the yearly curve of an “extremely 
continental climate,” namely a uniform summer temperature and the 
same negative winter temperature which we shall set arbitrarily = - 1 
This year-curve is represented graphically by the meander line of Fig. 1. 
and analytically by (2.2) 


(9) u (0,4) = = sine + Zein 37+ pain St + i), t= lap . 


In order to obtain the corresponding series u(z,f) we must, according to 
(2.1a), specialize the coefficients C in (7) as follows: 


2 x 
C2, = 0, (Cantal =soRp’ Yeat1——F- 


However it is somewhat simpler to apply the calculation process used for 
(2) directly to equation (9}. We immediately get: 


(8a) (2, = =(c~%*sin (t—q, 2) + zeus Bin (3 ¢ — gz) + °: ) : 


Then, substituting the values of the ¢ we get for z = 100 cm. 


vn fan 8) + plo) 


(9b) < 
o sragsin(5e— HE") 4 dvd | 


and for « = 400 cm. 


. 4 (x, t) <(2 ain (t—3%) + 5 sin (3+ —}/3 2) 
(9c) 


as ne sin (6e—Y/5 x) + +++) , 


A comparison of (9) with (9b,c) shows clearly the influence of depth on 
the amplitude and the phase of the temperature process. 
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This shows the usefulness of a deep cellar. It has not only much 
smaller temperature fluctuations than the surface of the earth, but is also 
warmer in winter than in summer (or it would be if there were no air 
flow). 

Our conclusions become even more striking if we pass from the 
consideration of an averaged yearly temperature to that of an averaged 


daily temperature. The g, are then increased by the factor V¥368 ~ 19. 
Hence the damping and phase lag which for a yearly period belongs to a 
depth x occurs now at a depth of x/19. The decrease of amplitude to 
1/16 for the principal term (see (9c)) and the reversal of the time of day 
(midnight instead of noon) will now occur at a depth of only x = 400/19 
= 21 em. Hence the daily fluctuations of temperature enter into the 
earth with noticeable intensity for only a few centimeters; the whole 
process takes place in a thin surface layer, 

We deal here with an obvious analogue to the skin effect of electricity. 
The fact that in practice it is particularly observable on cylindrical wires 
makes no difference hére; for a conductor bounded by a plane it occurs 
quantitatively in almost the same manner. Our daily curve corresponds 
to an alternating current of high frequency, our yearly curve to one that 
is 365 times slower. We know from §7 that the differential equations 
are the same in both cases, but for electricity we interpret the coeffi- 
cient & as the specific resistance of the conductor. 


815. The Problem of a Ring-Shaped Heat Conductor 


We now turn to the case of a heat conductor of finite length 1. 
However, at its two ends # = +4/,we do not prescribe the boundary 
conditions a),b) or c) of p. 63, but instead the much simpler condition of 
periodicity. By this we mean that not only u but also all its derivatives 


_ Fig. 16. Heat conduction in a ring. Heat pole at z = 0 with periodic repeti- 
tions. Temperature distribution for kt <_1 (steep curve) and for kt > 1 (flat curve}. 


shall coincide at the ends. We achieve this by bending our rod into a 
ring so that the two ends coincide. The shape of the ring is of no 
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importance since, as in all cases of linear heat conduction, we must con- 
sider the lateral surface of the ring as adiabatically closed. In Fig. 16 
we have drawn a circular ring. 

As initial temperature we take f(z) which is arbitrary but sym- 
metric with respect to z = 0. Its Fourier expansion is a pure cosine 
series which automatically satisfies the periodicity condition at the ends 
From (4.1) and (4.2) we get, after setting a = 1/2: 


+3, 
ae Ay= [ f(e) de, 
a) fl) = 3) A,cos xn 2), an 


A, =2 f f(z) cos(2anz) dz. 
— /, 


In order to obtain the corresponding solution u(z,t) of the equation of 
heat conduction we merely must multiply the n-th term by 


en (Banke 
We then obtain 


(2) u(a, t) = S 4,64" "Hoos (2mm 2). 
n= 
We now consider f(z) to be a “ 6 function” by writing 
+8 
f(7)=0 for z+0, but f f(z) dr=1. 
—8 


Then in (1) we get An = 1, A1 = Ap =... = 2, and if we replace u by 
the customary # we get: 


(3) O(z, t)=142 5 4" * cog (2% nz). 


The letter & stands for the theta-function which was introduced by 
C. G. J. Jacoby in the theory of elliptic functions and which is of para- 
mount importance in all numerical computations.‘ The fact that it 
satisfies the equation of heat conduction is frequently used there as an 
incidental property, whereas we use this property for the definition of #. 

We now have to adjust our notation ¢ to the theory of the # func- 
tion by setting 

4 The reason for its special convergence was mentioned in §3, p. 15: since the 0 
series together with all its derivatives is periodic, and therefore has no jumps at 


z= +1/2andz = — 1/2, its terms vanish with increasing n more rapidly than any 
power of n. 
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(4) tr=4mntkt. 


This ¢, which of course has nothing to do with the symbol ¢~+¢ of the 
principal solution U, does not have the dimension of time and is positive- 
imaginary in our case. (In the theory of elliptic funetion 7 is in general 
complex with positive imaginary part, namely the ratio of the two 
periods of these functions). Written in terms of 7 (3) becomes: 


(5) O(a\r) =142 = dt" e085 (221 2). 


This form converges very well for large t or, in other words, for 
large kt. It represents the later phases of the damping out of the unit 
source exceptionally well, but it does not help us for the beginning of 
this process. We therefore complete Fourier’s process which, in analogy 
to the reflection process, is based on a periodic repetition of the initial 
state (see the right half of Fig. 16). 

We have rolled off the cut ring on the z-axis both to the right and 
the left in an infinite sequence. From the heat source Uo(z,f) given in 
the ring we get, at the points z = n(n = +1,+2,...), the identical 
heat sources: 


= 1 {a— ny? 
(6) Un(#, ) = exp |- SE} . 
In the series 
(2) u(z,t)= “S U,(2,t) 
A= — OO 


we have a second representation of the damping out process which 
converges excellently for smati values of kt. This is so because for such 
values we need consider only Uy and its immediate successors, the 
subsequent U, having no effect on account of the factor exp(n?/4 k £) 
of (6). Equation (7) is therefore the desired complement of (5). The 
figure shows the nature of both representations: the flat curve shows the 
behavior for large ki according to (5), the steep curve shows the be- 
havior for small kt according to (7). 

Oddly enough we can bring (7) into a form very similar to that of 
the # series in (5). All we must do is put the factor exp (—2*/4 & #) 
outside the summation and combine the terms with + ». Equation (7) 
then becomes 


a= x So 2 nz 
(7a) w(x, t) = (4 % kt) exp {— 7} - 142 > e ‘#8 cos 57) 


a=l 
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If we replace t by t according to (4) then the bracketed term becomes 
co tin i 
t 
1+ 2 > e cos2an—. 


n=l 


This differs from (5) only in that 2/¢ has replaced x in the argument 
of the cosines and that —1/r hasreplaced t in the exponents. Hence 
the bracket of (7a) is 
x 1 
ola) 


Substituting this in (7) and remembering that both (5) and (7) are 
solutions of the same problem of heat conduction we obtain 


seid = (9) {82} -0(8 1-2 


or conversely 


(8) o(= —=)= = exp (AS -8(x|t). 


This is the famous transformation formula of the @ function. It is used 
in the theory of elliptic functions to transform the series #(2|t) which 
converges slowly for small t into the very rapidly converging series 


é (= |-3). For us it constitutes the passage from Fourier’s method to 


the method of heat poles. In quantum theory formula (8) is of impor- 
tance for the rotational energy of diatomic molecules and for the calcu- 
lation of their specific heat for low temperatures. 


§16. Linear Heat Conductors Bounded on Both Ends 


By setting the length of the ring in the preceding section equal to 1, 
we tacitly introduced a new dimensionless coordinate x’ = z/l and wrote 
x instead of x’. For the case of a rod of length I, which we shall con- 
sider now, we must replace x by x/l whenever we apply one of the pre- 
ceding formulas. ‘The meaning of +, which has the dimension of z?, 
must then be amended in the manner described on the following page. 

We first give a table of the problems corresponding to the boundary 
conditions a) and b) of p. 63 and of their solutions by both Fourier’s 
method and the method of heat poles. The latter leads to an infinite 
sequence of reflections since not only the primary heat pole but also all 
its images are reflected at both ends of the rod. Let us consider a room 
with parallel mirrors as an optical example; the chandelier will be 
reflected in both mirrors not once but in infinite repetition. 


f(z) = S Bsinann—=, B, =} [ieysinang +dx, 
G=? | t)— 0 (735 |r). 


b) b) 
= 6 | ! { { i 


z= + + + + + 
=, | |-#—--—|—~—----@-} -¢ —__------@-|-9— 
rf ot 


f(z) = > A, cosans,, A= 2 fi(a)eonn® dz, Ayg= + fies, 


0 


G= (FF It)+ 0 (255 |r). 


a) b) 
“w=0 for <=0 be | + + | a oe 
a a acerca Ok oe ee ve 
nO» eal | | 


i 
Ha) = S B,sinn(n +94, B, = 5 [tta)sin (nt+a)2dc, 
G 


@= 0 (FF ln) —0 (FF le) +0 (GF) 9 rh). 
b) a) 


ii | | | | 
z= 0 for z=0 ee SE eee eee! ae ee te 


#=0 ,, 2=i | | | | 
f(z) = he cos %(n -+ 4) )F; A, -2/ f(a) cos (a+ 3) > =dz, 
@— oy le) + 9 Fae I) 6 I) oa) 
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We see immediately that the functions f(x) in this table satisfy 
the boundary conditions a)a) to b)b); these boundary conditions then 
hold for the corresponding solutions of the boundary value problems 
u(z,t), which are obtained from f(z) according to Fourier’s method by 
multiplying the series of f termwise by 


eg 7 fe nil)kt ane eg [x(n Maybe 

The diagrams show the positions and the signs of the heat. poles accord- 
ing to the reflection method. In the first two cases the heat poles are 
seen to have the period 2, in the last two they have the period 41. Their 
summation yields Green’s function G = ZU which is expressed here in 
terms of the @ function of the preceding section. In the formulas of the 
preceding section, where the period was taken equal to 1 and the heat 


pole was at z = 0, we have to replace x by det for a)a) and b)b) and 


by aa for a)b) and b)a), where ¢, stands for the position of any heat 


pole of the sequence which is summed by #. (Due to the periodicity 
the choice of the heat pole is immaterial.) In our formulas we have 
chosen for &, the heat pole of the initial region 0 < z < Jor of one of the 
adjacent regions. From Green’s function we get the solution of the 
boundary value problem for arbitrary initial values u(x,0) = f(z) 
according to the general formula 


i 
(1) w (x, t) = JIG Ea) a 


We now wish to treat the boundary condition c) of p. 64, where we 
particularly consider the combination ajc). In order to satisfy condi- 
tion a) at r = O we set 


(2) f(a) = > B, sin 4,7 >. 
n=l 


That is to say, in the solution for a)a) we replace the sequence of integers 
n by the sequence 


Aik Nay t's Sy Baek 


which we wish to determine in such a way that for z = / condition c) is 
satisfied. This leads to the transcendental equation 


A, 7 008 A, + hein A, z= 0. 
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or 
Ay 
(3) tan A, % == —~ 57". 
This is equation (6.2a) with « = —a/hl; its solution was illustrated in 


Fig. 7. Hence we are dealing here with a typical case of anharmonic 
Fourier analysis. The values of the coefficients B, in (2) can be taken 
directly from (6.3b). We obtain the final solution of our boundary 
value problem a)c) if we multiply the terms in the sum of (2) by the 
required time factors: 


(4) u(z, t)= > 5, sind, = 7 exp {— (27) k i}. 


We mentioned in §6 that the formal computation of the coefficients 
B can be replaced by a physically meaningful one. We shall do this 
now in such a manner that we shall be able to refer to this case in all 
future expansions in “eigenfunctions.” 

We consider two arbitrary terms of (2): 


(5) u, = sind, ==, u,, = sin Ane =F 
They satisfy the differentia] equations: 
9 
(a) Ss4etu,—0, Ste +eu,=0, . me 
m— “nm 7° 
Hence 
(6b) ig gt — My Gast = (Bp) th ty 


The left side is a tota] derivative (for the case of Green’s theorem, p. 44. 
we spoke of a “divergence”). The integration of (5b) over the funda- 
mental region 0 < z < l reduces to the boundary points on the left (in 
Green’s theorem we said “to a boundary integral’). From this we 
obtain the value of the right side without further calculation: 


t 


da du,, |r =t 
(6) (Fm — BA) | tn G0 = ye — Mn Gs oot 


Here the right side vanishes for z = 0 since according to (5) we have 
then %, = uu, = 0; but it also vanishes for x = i, since the boundary 
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condition c) holds for every individual term of (2) and hence the du/dz 
are proportional to the vu. Therefore the condition of orthogonality (6.3) 
is satisfied for k,, + k,. 

We shall show in exercise IIJ.2 that the normalizing integral (6.3b) 
can be obtained almost without further calculation. 

The expressions as well as the mathematical formulations in this 
section were based on the assumption that the lateral surface of the rod 
is closed to heat flow, an assumption that is open to reasonable doubt. 
We shall show now that our formulas can be used also in the case of 
incomplete closure with respect to heat flow. 

Instead of imposing the adiabatic condition b) on an element of 
area do of the lateral surface of our rod, which we assume to be a circular 
cylinder, we impose condition c) which states that an amount of heat 


ape do = xhudo 


passes out through do per unit of time. We apply this to the case of an 
element of a cylindrical rod of altitude dz and radius of cross section 6 
so that the lateral area is 2%6dz and the outer normal dz is in the direc- 
tion of the extended radius. The amount of heat passing out of the 
lateral surface is 


(7) dQ, = xhu-2ubdz dt. 


The amount of heat flowing out of the bases x = const. and x + dz 
= const. of this element is 


(8) y= — 4 2B? da dt 


According to (7.9) the total outflux of heat from the rod element is equal 
to the product of div G dt with its volume. Hence we have 


(9) div G-ab*dz dt = dQ, + dQy. 
and after substituting (7) and (8) 


nh o*u 
oz? * 


(10) 


According to (7.11) div G_ is proportional to — du/dt. Substituting 
this and dividing by # we obtain 
ha} 1 du 2h 


Hence the “outer-heat conduction” through the lateral surface only 
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modifies our differential equation by the additional term of equation (11). 
Our derivation depended on the assumption that the linear character 
of the thermal state, 1.e., its sole dependence on x, is not affected by the 
lateral radiation, an assumption which seems plausible for sufficiently 
small cross section. 

The integration of (11) is very simple. We let: 


u=ve 4, 


After division by exp —* equation (11) becomes: 


=i2 A 
— at CF ~%) % 
which is the ordinary equation of heat conduction if we set: 


(12) Am ARE, 


Hence all the developments of this chapter are valid for a rod with outer 


heat conduction if we multiply by the factor exp (—~= ane ) 

In exercises IJI.3 and IIJ.4 we shall see an elegant experimental 
determination of the ratios inner to outer heat conduction and heat 
conduction to electron conduction in metals. 


§17. Reflection in the Plane and in Space 


We finally leave the case of linear heat conduction and turn to 
spatial regions which are bounded by planes and which can be treated 
by the simple reflection method. The corresponding plane regions 
bounded by straight lines will be treated in a very similar manner. 

The simplest case is that of a half space with the boundary condi- 
tions u = 0 or du/dn=0. Since we know the spatial function of a heat 
pole from equation (12.14), we can write Green’s function for the half 
space directly. If we take the boundary of the half space to be z = 0 
and the source point to be ( &, », ) then we have 

-' 


(e—8)* + (y—nt + e— oy, 
< 2 tht ” gt 
(1) (42.kt})° Gee — e ae (a—&)?+ (y—n)? + (¢ + 2)* 


Since for z = 0 


80 PARTIAL DIFFERENTIAL EQUATIONS § 17.2 


G=0 or a forz = 0, 
oz 


Even for the boundary condition c) of p. 64 we can transfer the solution 
(13.15) directly to the spatial case. We have 


2 Pc ea a2 f _@-8F 
(2) (4nkt)?G=e kt 4g dkt__ oped te m{ 4ké eMF dB, 


-c 
¥ 

me ge = (e—~— f+ (y—7y, 
-3. 7 Not all spatial regions bounded 
\ @s by planes can be treated according 
‘8 to the reflection process. It is neces- 
Ro ~ sary that, under successive reflections 
2 ‘, of of the original region, space be cov- 
“<P Sesesee bn 2 ered completely and simply. We 
v 0; demonstrate this with the example of 
ae’ ‘ a wedge. If it has an angle of 60° (see 
af % + Fig. 17) then it is reproduced five 
ope Ma times upon successive reflections 


7g, deri tang re Tinwtpn, eres amine 
Simple and complete covering of space Pre 
upon successive reflection. sented by a sum of six heat poles 
where, for the boundary condition 
yg = 0, half the poles (the original pole Q and its images @2,Q4) are posi- 
tive and the others (Q),@3,Q5) negative. 

From this figure it becomes apparent that the reflection process 
may be attempted only for those polyhedrons whose face angles are all 
submultiples of «= (not merely of 27). In the case of wedges the angle 
22/3 = 120° leads toa double covering of space, 3/2 leads to a triple 
covering, and every angle which is ncommensurable with # leads to an 
infinite covering. A particularly interesting case is that of space with a 
half plane removed, a wedge of angle 2x so to speak. Its treatment accord- 
ing to a reflection process requires the study of the principal solution in a 
“‘two-sheeted Riemann space” whose branch line is the edge of the half 
plane. 

’ This solution was given by the author in 1894, Math. Ann, 45, first for the case 


of heat conduction and soon thereafter for the refraction of light (ébid. 47). For 
details see Frank-Mises, 2nd ed. (8thed. of Riemann-Weber), Vieweg, 1935, chapter 20. 
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Among the polyhedral regions we consider first the interior of a cube 
(the exterior would lead to most complicated ramifications) and as its gen- 
eralization the rectangular solid. The mirror images of the given primary 
source point form eight superimposed spatial] lattices corresponding to 
the eight combinations of signs + é,-- 7,+¢. Each of these lattices taken 
separately forms a triply periodic solution of the differential equation, 
so to speak a higher # function (see below). If the base of a rectangular 
solid is divided by its diagonals into four isosceles triangles then a 
rectangular cylinder with one of them as base is also a polyhedron of the 
required kind. Another example is given by a rectangular cylinder whose 
base is an equilateral triangle or half an equilateral triangle obtained 
through bisection by the a]titude. A rectangular cylinder whose base is a 
regular hexagon has face angles of 2 %/3 and therefore leads to a double, 
not a simple, covering of space. 

Everything said about the subdivision of rectangular solids is of 
course true for cubes. In addition, for suitable subdivisions the 
cube yields permissible tetrahedra: Lamé’s ‘“‘tetrahedra 1/6 and 1/24,” 
of which the former fills out the cube upon six reflections, the latter 
upon twenty-four, and another tetrahedron which was discovered by 
Schénflies in his general investigations on crystal structure. ® 

For all these regions we can not only solve the problem of heat 
conduction but any physical process of isotropic symmetry, such as an 
acoustic, optic, or electric process, by the reflection method. The very 
word “reflection’”’ reminds us of the optical application. 

The set of permissible regions is extended very considerably if we 
no longer impose boundary conditions, but require periodicity, as in the 
case of the ring in the beginning of §15. Then instead of a rectangular 
solid we can treat an arbitrary parallelipiped; all we have to do is to 
repeat periodically the pole of Green’s function in the initial domain in 
all its images under the translation group. The elliptic @ function of 
the ring is then replaced by a higher @ function (hyperelliptic Abelian) ; 
however we shall not go into this since there are no immediate physical 
applications. 

Everything said here about spatial regions can be transferred directly 
to plane regions. Half space is replaced by half plane, rectangular solid 
by rectangle, the rectangular cylinder whose base is an equilateral 
triangle by that triangle. In formula (1) for Green’s function of half 
space we have to replace the exponent % on the left by the exponent 1, 

6G. Lamé, Lecons sur la theorie de la chaleur, Paris 1861; he does not use the 


reflection method but Fourier’s method with a suitable continuation of the arbitrary 
initial distribution. For A. Schénflies’ tetrahedron see Math. Ann. 34. 
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and the three-dimensional square of distances on the right by the corre- 
sponding square of distances in the plane. 

Unfortunately this method of reflection for problems of heat con- 
duction can not be applied to spherical (or circular) regions (see §23). 


§ 18. Uniqueness of Solution for Arbitrarily Shaped Heat 
Conductors 


The physicist may consider such a proof superfluous; we shall 
consider it, however, on account of its mathematical elegance and the 
importance of its method. 

It will suffice to use Green’s theorem of potential theory which we 
formulated in exercise II.2 as the ‘‘second form.’’ The parabolic char- 
acter of the equation of heat conduction plays no particular role here; 
it would become important if, as in Fig. 138, we were to impose time 
dependent boundary conditions, but we shall restrict ourselves here to 
the boundary conditions a),b),c) of p. 63. 

Our heat conductor may have an arbitrary boundary; as part of this 
boundary we include the boundaries of any possible inner cavities. On 
this total boundary surface o there may be given an arbitrary combina- 
tion of the boundary conditions 


alu=h(o), b) =f), 0) ethu=s,(0) 


nm 
(“‘non-homogeneous” boundary conditions where fi,fe,f; are arbitrary 
point functions on o, in contrast to the previous “homogeneous” 
boundary conditions where the right sides are zero). In addition we 
assume the initial temperature u to be given as an arbitrary point 
function f(2z,y,z). 

Let u; and ue be two different solutions of the equation of heat con- 
duction under these initial and boundary conditions. Their difference 
U, — Uz = w then satisfies same differential equation as w,U2 

ow 


1 
(1) Aw = 55" 


with a distribution over o of the “homogeneous” boundary conditions 
| ow aw 

(2) a)w=0, b)o =0, c) 5 + hw =0 

and the initial condition 


(3) w= 0 for t= 0. 
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Setting both u and v equal to w in Green’s theorem of exercise II.2 we 
get: 


ow 
(4) [wdwar+ f (grad w, grad w) dr= [wo da. 
Considering (1) and (2) this becomes 
(5) Sey f wtde= —f Dw de— fhu*de,. 


where Dw is the so-cajled first differential parameter : 


Gw\2 cw \2 Ow \2 

bu = (3) + G) + GY 
The last term of (5) is to be considered only over that part of @ on 
which the boundary condition ce) holds, as indicated by the subscript ¢ 
attached to dg. 

Equation (5) contains a contradiction: the right side is negative 
since A > 0 as established in (13.5). (We no longer have to assume that 
h is a constant; h may vary on the surface ¢, depending on the local 
structure of the surface.) The left side of {5) is certainly positive for 
small ¢, since w’ is 0 for f = 0 and therefore can only increase for increas- 
ing ¢. In order to make this contradiction even more apparent and to 
extend it to arbitrary ¢, we integrate (5) with respect to t: 


(6) sy [wtaem— fat f Dede fat f burdo,. 
0 0 


The only possibility of removing this contradiction is in setting: 
(7) w= 0, hence =U. 


This uniqueness result can also be expressed as follows: in heat con- 
duction there exist no eigenfunctions for any shape of the conductor 
(see Chapter V). In this sense heat conduction and all analogous 
equalization processes differ in a characteristic manner from oscillation 
processes, 
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CHAPTER LV 


Cylinder and Sphere Problems 


This chapter serves to complete our stock of mathematical tools 
rather than to solve any new physical problems. A necessary part of 
the tools of a mathematical physicist are cylindrical and spherical 
harmonics. We shall develop these tools with the help of simple physical 
considerations rather than in an abstract mathematical manner. We 
shall connect spherical harmonics with potential theory (in which they 
first arose) and cylindrical harmonics with the wave eguation and its 
simplest solution, the monochromatic wave. 


§19. Bessel and Hankel Functions 


We assume the time dependence in the wave equation (7.4) to be 
periodic, and write it conveniently in the form 


(1) oor, w@ = circular frequency. 
We introduce 
(2) k= = $ k= wave number; 


and then write (7.4) for one and two dimensions: 
dtu Btu ty 
{3a} gr thu=0, (3b) at tae t Ru =O. 


Equation (3a) has the integrals 
(4a) u= Aes and w= Be7t#=, 


Because of our choice of negative sign in (1) the first equation stands 
for a plane wave which progresses in the direction of the positive 
x-axis, the second for one which progresses in the direction of the 
negative x-axis. The fact that it is simpler to operate with a wave 
which progresses in the positive x-direction is the main reason for the 
choice of sign in (1). For the two-dimensional case (3b) we get 

a= keosa, 


ae iia z+ by) 2 2 J: 
ci aa ; acre b= ksin«. 


84 
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Introducing the plane polar coordinates r,q with 

c= FT Cosy, y= rsing, 
we get from (4b) 
(5) te =m A ef Froele—s) 
Equation (5) represents a plane wave which progresses in the direction 
g =o ; for « = it becomes (4a). From such solutions we can con- 
struct the general solution of (83b} by summation (integration) over 


with coefficients A which may depend on a. 
Written in terms of #,g equation (3b) reads 


by 
(6) tse tage teu 
or ifweset @=&r, 

12 
(6) at oie t page + ¥ =O. 


We seek the solutions of this equation which have the form 
(2) u=Z,(ee**, 
For this purpose we set 
A= ne, ¢, being a constant independent of «, 


and integrate with respect to a between suitable limits 8 and y: 
{8) tt = ona OEM dy. 


Equation (8), unlike (5), does not represent one wave of direction «, 
but a bundle of waves with directions varying from « = 8 to « = y, which 
obviously satisfies the differential equation (6a}. In order to bring (8) 
into the form (7) we write 


(8 a} a=w+@g, ty = B-—o—, wy =yvVrFP, 
Equation (8) then becomes 


Ww, . 
(9) t= 0, f afer ef? dey - 9, 
ts 


The coefficient here of e*"* is a function of g alone if, and only if, we 
remove the dependence of wo and w on g. This is done in (8a) by 
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letting 8 and y. and with them we,w,, increase to infinity in some way. 
In order to accomplish this we first must investigate the convergence 
of the integral in (9) in the neighborhood of infinity (see Fig. 18). This is 
obviously a question of determining those regions of the complex w-plane 
in which the real. part of the exponent 4 9 cos w of (9) is negative. We 
assume for the time being that o- is real and positive and set 
w= p-+%4g,and hence Re {t cos w}=sinh g sin p. 
Hence for the upper half of the w-plane, g > 0, we have 


(10 a) sin p <0, —e<p<0 mod22' 
and for the lower half of the w-plane, ¢ < 0, 


¢ 


(10 b) sinp>0, O<p<a mod2z 


Since conditions (10a,b) depend on only the real part p of w and not on q, 
we know that the regions in question are strips which are parallel to the 
imaginary axis. The regions for which the passage of wo and w, to 
infinity is permissible are shaded in Fig. 18. 

If @ isnot real and positive, say = jole’®, then the above pattern 
is maintained and is only shifted by + @ in the direction of the real axis, 
where the + and — signs are for the upper and lower half planes. In the 
convergence considerations of (10a,b) we merely have to replace sin p by 
sin (pF 0) (see the beginning of exercise IV.2). 

For each choice of the limits wo,w: which satisfies the stated condi- 
tions the coefficient of e** in (9) is a possible form of the general 
cylinder function Z,(g) of (7). Substituting (7) in (6a) we see that the 
functions Z,, satisfy the differential equation: 


By Ldn. fy _ Vg 
(11) atte +(1- wi) Zn 0. 


A. Tur BessEL Function anp ITs [NTEGRAL REPRESENTATION 


Our first special choice is 
Wy=G+ico, —ara<a<f, 


(12) : 
#, = b+ too, Amb <2x, 

The corresponding path of integration is denoted in Fig. 18 by wp; 

the function obtained is called a Bessel function if the factor ¢, in (9) is 

normalized by: 


‘Two numbers p and p’ are said to be “congruent modulo 2* ” (written 
p =p’ mod 2” ), if p — p’ is an integral multiple of 2 x . 
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(13) ye et, 


Using the common? notation 7, we 
obtain 


(UM) 1,(0)= 35 Jf giecos ginte— mI2) day, 


The normalization (13) has been chosen 
so that Ig(e)= lfor @=0 and J, (0) 
is real for arbitrary » and we. The Fig. 18. Regions of the plane 
former follows from (14) if we passto “=? ti" which the real part 
the rectangular form of Wo, which is said Lezaiad . eisai pol mane: 
, : ‘ The path of integration HW for the 
depicted in Fig. 18 by the dotted path. — Ressel function 1 goes from = 
We thereby cause the two partial in- ¢ +00 to wye=b+ico. In 
tegrals along the parts parallel to the addition to w we use the variable 
imaginary axis (which are otherwise of integration B= w—2/2, 
divergent for @ ~ 0} to be complex 
conjugates. In order to prove this we make the substitution w—x/2 = B 
The rectangular path Wo is then, in terms of 8, 


—2a+t0o 3-492 aA+ tO, 


which lies symmetric with respect to the f- axis. For real g and n, 
I,,(@) decomposes into the two parts: 


+e oo 


(15) J, (@) = 5 etn —esind) gp ia e~tmy te sinh y) dy, 


=F 
where the second term is obtained from the integrals over the two paths 
n>n-+tco and —#-+tc0o-+—z by the substitution f=+t2 
+ dy ; it does not vanish in general as it did for n = 0. Hence under 
the normalization of (14) JZ, (g) is indeed real for real @ and n. 

Since our integral representation converges for all values of @ it 
follows that J,(9) is an everywhere regular transcendental function except 
for a single essential singularity at infinity and a branch point of order n af 
g = 0 which for negative n is also a pole of the same order. 

If n is an integer then the second term in (15) vanishes and we get 


+x 
(16) 1,0) = 55 { ein 8—ealnd) Ge, 


2In the English literature one writes Jy instead of Jn and sets Jn{p) = Jat p). 
We wish to reserve the letter J to denote “intensity” anit we shall need no special 
symbol for fn (tp). 
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If we express the exponential function in terms of trigonometric functions 
and consider the odd and even character of the sine and cosine, then we 
get a representation which was given by Bessel: 

x 


(a7) Tate) = | co8 gem — nf) 8. 


We can see this directly from our original integral with respect to w. 
In the rectangular path W, the two parts which are parallel to the imag- 
inary axis will cancel for integral values of n, and only the section of the 
real axis from —~ 7/2 to 3 2/2 remains. Due to the periodicity of the inte- 
grand this can be replaced by the path from ~2 to +a. Wethus obtain 
+ 
(18) L@)=s / git C08 w Lin(w— 2) dap | 
“5 

which agrees with (16). The integral over a complex path Ws as in (14) 
has a great advantage over the real representations in that it is not 
limited to integral values of x but remains valid for arbitrary x. The 
integral (14) is first mentioned in Schléfli 1871,* though only with a 
rectangular path of integration. The following integrals (22) were first 
published by the author in 1896. 

Since the differential equation (11) depends only on n? we know that 
if 7, is a solution then so is J_,. The general solution can therefore be 
written in the form 


(19) Z,{e) = ¢ J, {e) + Cok _.,(@) 


However this holds only for non-integral n. For integral n, I, and I_, 
are not linearly independent; we have rather 


(19a) Z_,(e) = (—1)" 7, €). 


This follows directly from (16) if in J_, (9) we make the substitution 
S=x— 8’. 
B. Tre Hanken FUNCTION anp tts INTEGRAL REPRESENTATION 
As limits of integration in (9) we now choose 
W=a+ic, -—a<a<0, 


(20) 
w, = 6, — too, 0<b, <2; 


* For details see G. N. Watson. A Treatise on the Theory of Bessel Functions, 
Cambridge 1922, p. 176 and 178, 
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and 
tly = Ag — 200, 0<a,<2, 


(20a) 
tt, = bg + too, %<Kbg 2a. 


These paths, which are largely arbitrary and are restricted only asymp- 
totically to the shaded regions, are denoted by Wiand W: in Fig. 19. The 
fact that they have been drawn through the points w= 0 and to = z is 
also arbitrary but will prove convenient later. The constant c, is now 
determined by 


(21) og em a, 


The cylindrical funetions thus obtained are 
called the first and second Hankel functions. 


H(g) _ 2 f git cos w pin (w— m/2) dw, 
(22) is 
H?(g) = 4 gt 008 to Ln(w— m/2) Jay 


Wy 


LA bade, ho «,-te 


They are almost more important to mathe- 
matical physicists than the Bessel func- 
tions 7,. They differ from the latter by the 
fact that they become infinite at @=0 and H?, Combined in suc- 
even for positive n. This follows from the cession they are equivalent to 


Fig. 19. The paths of 
integration HW, and WW’: for H! 


fact that the integral the path Ws. 


if et hie — 7/2) dw 
Woes 
obtained from (22) by setting @ = 0, diverges in the infinite part of the 
lower half-plane. 

The singularities of H! and H? at @ = 0 will be discussed in Sec- 
tion C. Due to their construction H' and H* are again solutions of the 
differential equation (11). The general integral of (11) can therefore be 
written in the form 


(23) Z,, (0) = C, Hy (0) + C2 Ay le) 


We now want to show that the special integrai J, is obtained from this 
formula by setting 


as is seen by looking at Fig. 19. If we traverse the paths W. and W2 in 
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succession then the lower parts cancel and the whole path contracts to 
W>. Considering the new determination of ¢, in (21) we have twice the 
amount obtained with the previous definition (13). Hence we indeed 
have 


(24) 1, () = 5 HL) + Hi}. 


With this wecompare the difference #} — H?, which, writtenin terms 
of the variables of integration £ and y of (15), is purely imaginary for 
real gand x. We denote this difference by 2¢¥,, and call N,,(e) Neumann’s 
function: 


(25) Ny (e) = 35 (#3 @) — Heh}. 
From (24) and (25) we have 


Hy, (e) = 1, (e-) + 1, (). 


(26) 
Hi; (e} = I, (e) ia tN,, (e). 

This decomposition of H',H? is completely analogous to the decomposi- 

tion of the exponential function into its trigonometric components, 

as indicated in the following arrangement: 


é ei cos x sin 


H? (0) H? (Q) I (@) N {o). 


We shall see in Section D that this is not only a qualitative analogy, but 
that asymptotically (for g —> co)it holds quantitatively also. Just as we 
prefer the exponential imaginary representation to the trigonometric 
real one in descriptions of wave phenomena, so as a rule we prefer a 
representation in terms of Hankel functions to one in terms of Bessel and 
Neumann functions, especially since our complex integrals are equally 
convenient for all three. 

For non-integral n the #'!,H* must be expressible in the form (19). 
In order to determine the coefficients ¢,,cz we make the following observa- 
tion: according to (14) 


{27) 9 wet" l2 F ip) oa eae! 


and if we replace n by — » and w by — w (or Wo by — W)), 
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(28) —2 wee AZT (9) = fefeccte 5% dao, 

ow Wa 
In Fig. 20 we have Wy and — Wo, drawn for convenience in rectangular 
shape, with their proper orientation. Their central parts from w = —2/2 
to w= +-2/2 cancel. There remain two rectangular paths, which, for 
convenience, we have deformed into paths of the type We. in Fig. 19. 


The right hand path from %—¢ 00 to 2% 4. $60 coincides with W, 
2 2 


Let the left hand path from — 24. 400 to —*% —¢00 be denoted by 
W,’. Adding (27) and (28) we obtain then 


(29) 2 ne fesonle I, (e)— — it a/2 I, @)} = Uf ry) gig cos w+ ine J 


ZG. 7 | 
Here according to (22) the integral over Ws VA . Oy GY 
equals UY ZY G 
(29a) my ef 0l2 BF (9), wy Gi Za “UG 


The integral over W;,’ differs from this only Vie Kis UG ; 
in the orientation of the path and in its Y Y “Wo Y Uf 
translation by —2a, This integral, ac- 77 Y Y G 
cording to (22), is then a MZ 
Fig. 20. The paths W, 

(29b) — me Fini? 772 (9) | and — W» for In and J-» are 
equivalent to the paths W; and 


Substituting (29a,b) in (29) we obtain bia dd 


2[T,(@)—e7 ** IL, (e)) = (1—e7 7%) Hh (0) 


and hence 
oy) a fet tale) Lene 
e He) = ——Fanaw 


The corresponding representation for H' is obtained from (24): 


g-eae fe) amt fale) 
—# sinnz 


(31) H} (9) = 2 I,(0) — H2(9) = 


The coefficients ¢,c, for Hankel functions in equation (19) are thereby 
determined. We note that for real x and complex @ 


(32) -H3(e*) = [Ag (e)]*, hence Hg (e*) = [#3 (0)]*. 
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Here the asterisk * stands as usual for the passage to the complex conju- 
gate. In the derivation of (32) from (30) and (31) we use the relation 
I,(e*) =, (e)]* which follows from (34). We further deduce from 
(30) and (31) that 

(32a) Ht (0) =e"* Hie), H?, (9) =e" Hie). 

and from (25), (30) and (31) that 


(33) N {o) oe: COS HR cos nz I,(0) — ~— F-nfe) | 
# 


Bin 47 


C. Series ExPaNsioN aT THE ORIGIN 


We have seen that £,(g) is regular in the entire finite plane. It can 
therefore be expanded in ascending powers of @. Indeed we see directly 
that the differential equation (11) is satisfied by the series: 


(34) F(o) = (§ y> S naa - 1} § 5) 


p> 


For zx = 0 it assumes the particularly elegant form 
(—1)" 
(36) To(@) = > m! m! (§ sy. 


whieh was known to Fourier. We shall demonstrate in exercise IV.1 that 
these series agree with the integral representation (14). 

In order to obtain the series for the general cylinder function Z,, and 
to investigate the singularity at @ = 0, we proceed as in the case of ordi- 
nary linear differential equations: we write 


(36) Z,= 0 (@gtaetae?+---+aee+--) 


and substitute this in the differential equation (11); the resulting power 
series must vanish term by term. The lowest power @7~* yields the 
determination of 4, the general term g’t*#~* yields a recursion formula 
fora,. We obtain 


{37) Aa—1)+A—n* = 0, A= 4%, 

and 

(37 a) {A+ A+k—1)+A+ b—n}a,4+ q_.=0, 
By the use of (37) equation (37a) can be simplified to 
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(37 b) (k? + 2h Ala, + a,_.= 0. 
By repeated application of this recursion formula we get for k = 2m 


rem ee 


22m = 4m(m +A) 2° m(m—1) (m+ a) (m+a—]) 
Tf, agin (34), we choose ay = 1/2*J"(A + 1) and set a, = 0 then we obtain 


(—1)" 1 
(38) “m= atk mil Atay? att =9- 


* 


This establishes the validity of (34). According to (37) it is equally valid 
for A=—n and for A=-+n, As mentioned on p. 88, equation (11) 
has the solucion f_,,{o) in addition to J, (g). If n has a positive real 
part the latter vanishes for g = 0 with the same rapidity as 9”, whereas 
the former becomes énfintte with the same rapidity as @—* 

What we have said so far in Section C holds only when xn is non- 
integral, For integral n, or more generally for the cases in which the 
difference of the two roots of (37) is mtegral,* we encounter in the solu- 
tion belonging to the smaller \ a difficulty that is well known from the 
general theory of linear differential equations, namely, that in addition 
to powers with negative exponents we have logarithmic terms, We 
demonstrate this as follows. 

Substituting in (37b) A=—* and & = 2n, we obtain a,,_,=0. 
Hence, tracing the recursion formula for a2, backward, we see that in the 
series (36) for Z, =Z_, all the terms a, = 4, vanish. This implies the 
relation (19a) previously established between J,, and J_,. 

The problem is to find a second solution of Bessel’s differential 
equation (11) which is linearly independent of I,. We do this by a limit 
consideration in which n is taken as a positive number which is arbi- 
trarily close to an integer. Instead of applying this to the Hankel 
function H we apply it directly to the Neumann function ¥ of equation 
(33}, the decisive function for the singularity under discussion. Before 
passing to the limit N is given by (33); in the limit it becomes 0/0 due 
to equation (19a). The limiting value is determined according to 
De l’Hospital’s rule. Denoting the integral limit of n by 7, we get for 
the denommator of (33} 


J sinn x = xcosnn =x (~1)" 


‘This is the case for Bessel functions in which n is half an integer. The fact that, 
in spite of this, the complications which are discussed in the text do not arise, will be 
explained in §21 C. 
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and for the numerator 


—ansinnaI,(e) + coann = I, (e) —>1..(0) 
=(-I'{F1,@—(-I ZL.@} 


hence 
(39) aN, (g) = Lim {5 1, (0) —(— 1)" 1, @}. 


Here the limit sign indicates that the differentiation with respect to » 
must be performed before the passage to the limit, i.e., for non-integral n. 
Since we are primarily interested in the neighborhood of g@=0, we 
naturally use the series (34) which (for non-integral n) represents not 
only f, but also J... We compute the two parts of the right side of (39) 
separately, 

Using the well known formula 


a Ce 
7,0 =a log « 


we obtain from the first term of the series (34) 


— 27 1 feypeie Pat, .., 
(40) an on i= rac+y (§) {log 2° Fat vf aa 
where the three dots indicate terms of higher order than 9*. We use the 
abbreviation introduced by Gauss 


tl) _ S (1 1. 
(41) Pi) = Tesy =~ O+ DG a) 


where C is Euler's constant 
. 1 1 1 
CG = Lim (1 +eegtoct = —logn) = 0.5772. 
If we set 


(41a) C=logy, y=1.781, 


then using (41) and (41a) we can write for the term {} in (40) 


P & 1 
(41b) log $ — P(r) = log ns 2 = 
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The coefficient of the term {} in (40) is equal to 7,{@) except for higher 
powers than 9*. Using (4ib) we can rewrite (40) as 


(42) Lim 51, = {leg te = Pa ; Ix(e) ... 
The three dots indicate that equation (42) is exact only up to terms of 
order 9% 


The computation of the second term on the right side of (39) is 
somewhat different. Westart from 


1_,= (§) remeFi ~arcara (ft 
+ aricepatn(s) +}: 


By first differentiating only the term (9/2)~* with respect to n we get as 
in (40) 


00 56)" cee + area) + 


For n — #, all the Z’s become infinite except the last. We have then: 


(43) 


—14 
(44) —log $= ($)" = (1) log S Ig (e) ++ 


On the other hand the differentiation of the term {} in (43) yields® 


e\—y Pi—n) Wi—m+l) fee, , (DPM athiy yn 
(44a) ($) {Foeeb iPr) 7 + rapa is \+ 
The function ¥(z) has simple poles at the points z=—1,—2, —3,... 


just like F'(z-+-1). According to (41) we have in the neighborhood of the 
v-th pole 


(45) Y(2)=—— 


z+ 


The development of J°(z+ 1) at the same point is*® 


46 Toei 
(46a) ia ate ay Ss |e 
5 In (44a) two minus signs have cancelled each other. Namely for ¢=—n+ 1, 
—n+2,...  wehave 
d@d 1 I'(z) dz _ I'(z) — Wz—1) 


Bee eet ded eee ee fae ae te ee 
(— IF Ter ~ Fe 
‘For this and the previous formulas see Jahnke-Emde’s tabies of functions, 
3rd ed., Teubner, Leipzig, 1938. p. 10, BE. and 38. 
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Hence 

(45b) Peg = (IOI)! for 2-2. 

Since 7(1}=1 and ¥(0}=—C we have, in the neighborhood of z = 0 
sd 

(45¢) Fey =O = — beer. 


After these preparations we can pass to the limit in (44a). Accord- 
ing to (45) and (45a) all the terms W/J", with the exception of the last, 
have the form oofoo which according to (45b) canbe replaced by (—1)’ 
(v—1}! where » = f in the first term,» = #—11n the subsequent terms. 
For the last term we apply (45¢) and obtain 

w— 1)4 
= ~ og y (g)"*= (=1)" ($)" log y Z,(e) + +*° 


We have as the limiting value of (44a) (instead of % we now write n, 
which is still an integer} 


10) ar fom SY eS — hart 
The sum of (46) and (44) now yields the second term in {} of (39) 
= C Lin Edna =O GF = EB 
—++++ log BI, ++. 


Combining this with (42) we obtain in (39) for n > 0 
= i —n+2 
aN, (0) =—(n—1)! () a a () ot 


n 
ye 1 
—++>-+ Qlog Fi,—- > a aa 


ro | 


(42) 


The terms on the right are written in decreasing order, the term with 
(e/2)—” having highest order and the logarithmic term having lowest 
order. This implics a simple logarithmic singularity for mn = 0; we have 
then: 


(48) 5 Nolo) = log Bly +: 


or the complete form, which we state without proof 


(48a) = 5 Na (0) = log Phie+2(h@-FhO+zho- ): 
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According to (26) this logarithmic singularity arises in H just as it does 
in N. We see from this that the H,, have branch points at the origin of 
the complex g-plane even for integral x. From (26) and (47) we see that 
upon continuation around the origin H,, increases by + 47, (0) (for details 
see exercise IV.2). In exercise IV.3 we shall deduce the existence of the 
logarithmic singularity of Hy in a more direct, though mathematically 
less satisfactory, way. 


D. REcURSION FORMULAS 


The Z, (p) satisfy adifferential equation in @ anda difference equation 
in 2, for arbitrary, not necessarily integral, n. We can deduce this from 
our integral representation for the H and hence for arbitrary line. 
combinations of the H, in particular for the J and N. 

Remembering that the paths of integration W, and W; in (22) are 
independent af » we form: 


(49) & (Haga + Hyns) = fete ef ~ 2 ( den , 
(50) 5 (Ansa — Hans) = fete cial ¢ }. dy 
where 


1 - nih babi as ‘ 
{ h a 5 er w{2) +e i(w #(2)) = sinw, 


{ i a 5 (et w—a12) = e-t = FE) = —t¢ cosw. 


We may therefore write for the integrals on the right of (49), (50) 
' 1 é é 3 tn (w— 7, 
(49a) —/ 3 (eh eros) , pine ai2) dey | 
(50a) _— = ere cow , pinlw~-af2) 7» . 
and by integration by parts (49a) becomes 
(49b) > f eeomm » eth O~F12) Tay 

@ 

We now can express the right sides of (49) and (50) in terms of Hankel 
functions of index x. These formulas are valid for both H' and H? 
depending on the path of integration; we may write them directly for the 


general cylinder function Z, which is a linear combination of the two. 
We have 


2 
(61) Zytit Lyn = ey 
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and 
(52) Davy — Byun = — 222. 
These are the recursion formulas we were seeking. They hold for n 


integral or non-integral, positive or negative. 
For n = 0 we get as a special case 


(51a) 2-5 = — 24, 

and 

(52a) 2, =, 

and by further specialization of (52a) we get the relation 
(62h) Le) = — Zhe). 


which could also have been obtained directly from the series (27) and 
(27a). 


E. Asymptrotic REPRESENTATION OF THE HaANKEL FUNCTIONS 


The integrand in our representations (14) and (22) oscillates more 
and more rapidly with inereasing @, for the non-shaded regions of the 
w-plane with increasing amplitude, for the shaded region with amplitude - 
decreasing to zero. As shown in Fig. 19, the paths W, and W: for 7! and 
H? can be drawn completely in the shaded regions for real @. The 
figures illustrating exercise IV.2 show that this is no longer the case for 
complex go . We also see from Fig. 19 that the points w = O and = x, 
at which the paths touch two non-shaded regions, will play an important 
role for the asymptotic computation of H! and H?. 

We shall develop here the method of saddle poinis in an intuitive, 
so to speak topographical, manner, and leave all analytic refinements 
and generalizations for §21. We assume 


(53) e real > 1 and no. 


For 1! the path W, begins and ends in the shaded “‘low lands,” and the 
same holds for H? and W.. The deciding exponent has its extremum at 


sin w@ = 0, w x 
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This extremum, like all extrema of real or imaginary parts of complex 
functions, is not @ maximum or 4 minimum but a saddle point. To the 
right and left of Wi and Ws at these points there tower steeply rising 
mountain ranges. Between them run W, and W2 as mountain passes, 
The saddle point method is therefore also called the pass method. The 
altitude of the paths at w = O and w= is 


ee] =1 and Jee] =, 


What path should a mountain climber take in order to surmount the 
pass in the fastest possible manner? The answer is, the path of steepest 
ascent and descent, the so-called ‘‘drop lines.” However this prescrip- 
tion is not binding and it may be amended for reasons of convenience 
(analytic reasons’? or mountain climber’s reasons). The English name 
“method of steepest descent” instead of pass method is therefore not 
entirely appropriate. 

We consider a short segment of the path W, in the neighborhood 
of the crest of the path: let ds denote the arc element on this path with 
the orientation Wj, and let the crest itself be given by s = 0. We write: 


(54) w=se'’, tcosw =i(t— $e?) = fein 2+ i(1— Feos2y). 


The level lines of the real part are perpendicular to both the level lines 
of the imaginary part and to the drop lines, therefore the level line of the 
imaginary part is at the same time the drop line of the real part which 
determines the altitude of the pass. In our case the level line of the 
imaginary part of (54) is given by 


4 
1— cos 2 y = const. 


with the constant equal to one, since the line must pass through the 
crest s = 0. Hence we have 


(54a) cos 2y = 0, y= Fz. 
For 1! we must choose the minus sign for y (see Fig. 19) whereby (54) 
becomes 
(4b) ware FF, dw = e~**!* dg | § cos w =i — §. 
We substitute this in (22) and at the same time set s = 0 in the 


“slowly varying” factor exp {¢n(w— 2/2)}; the integration can obviously 
7G. Faber, Bayr. Akad. 1922, p. 285. 
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be restricted to the immediate neighborhood of the pass, say to distances 
<¢. Weobtain 


+¢ 
tte-@+pan f —-te 
(54c) Hig)=ie fe 2” ds. 


~€ 
This integral can be reduced to the Laplace integral with the help of the 
substitution ¢ = yes which, at the limits of integration, becomes 


ge +oo and — $e —+»-— oo. We therefore have the final 
result: 
2 = = 
(55) H1(0) —_ Vex efle — (rn + §) #125 


For H?, where we have to use the path W, with the saddle point at w == % 
and where in (54a) we have to choose the plus sign for y, we obtain 
correspondingly 


(56) H?(9) = Va em le — (8 + Dat) 


By taking half the sum of (55) and (56) we get 


(57) L.(0) = Vz cosfe—(n +5) 3]. 


These asymptotic representations, though derived for real @, can be 
continued analytically in the complex g-plane (for the representation 
of the two #’s this plane must be cut along a suitable half line because 
of the branching discussed at the end of Section C). On the basis of 
equations (55) and (56) we state: H' vanishes asymptotically for 
Im e~ +, H? for Img— —o, This is the reason for the particular 
suitability of Hankel functions for the treatment of problems of damped 
oscillations. On the other hand both the Bessel function J and the 
Neumann function NV become asymptotically infinite in both half planes. 

We shail show in §21 how our asymptotic limits can be extended 
into asymptotic expansions and how the condition » <9 of (53) can 
be dropped. The factor g~* in (55) and (56) is connected with the fact 
that Hy (or, for another choice of time dependence, H?,) represents, 
upon introduction of a coordinate z which is perpendicular to the ¢, g- 
plane, an expanding cylindrical wave with source r = 0. Since the 
energy 2ar |H,|* passing through a cylinder of radius r must be inde- 
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pendent of r (in the absence of absorption), we see that Ho is proportional 
to ¢~+ or in other words to gt. 

One may think of the real and imaginary parts of H'y and Jo as 
defining surfaces over the complex g-plane. The surface of Re {H} 
osculates the positive g- half-plane exponentially and in the negative 
half plane it has exponentially rising mountain ranges separated by 
correspondingly deepening valleys. The surface of Im (Hj) behaves 
similarly and in addition has a 
narrow funnel at the origin 
which corresponds to the loga- 
rithmic singularity of Hy (also 
of No: see (48)), as well as a dis- 
continuity along the negative 
real axis corresponding to the 
branching discussed above. The 


urf. f : Fig. 2!. Representation of J» {heavy line) 
hs : ic. ie ee and of J, (dotted line) along the real axis. 
or a mualy undau ating epres- The first three roots of L, (@) = 0. 


sion flanked on both sides by 

rising mountain country. The undulating nature of the depression 
follows from the asymptotic equation (57) and indicates the existence 
of an infinity of roots of the equation 7) = 0 along the real axis. These 
roots are represented in Fig. 21. The surface of Im (J) is very similar 
in appearance except that the bottom of the depression is level through- 
out, corresponding to the fact that Jo is real along the real axis. 
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As an excellent example for the application of the theory of Bessel 
functions we again consider a special problem of heat conduction. The 
problem was treated by Fourier, who, in fact, mentioned the functions 
with integral x whence they are sometimes referred to as Fourter-Bessel 
Sunetions. 


We shall treat our problem in three steps: 
A. For an infinitely long cylinder and an axially symmetric initial state 
f= flr). 
B. For an initial state which depends also on the argument f = f(r, ¢). 
C. For a cylinder of finite length and general initial state { = f(r, ¢, 2). 
The boundary condition shall, for the sake of simplicity, always be 
that. of isothermy 


(1) u=0 for r = a = radius of cylinder. 
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For the complete cylinder this is augmented by the further “boundary 
condition” of finality along the axis: 


(1a) ut =F OO for r=. 


A. OnE-DIMENSIONAL Case f = f(r) 
The equation of heat conduction is: 


1 He 
(2) at + rae = ER 
Making the special substitution 
(3} w= Rirje~**! 


we get the differential equation for 2 


(3a) GF LGR BRO. 


This is Bessel’s differential equation (19.11) with n = 0 and a= Ar. 
Its general solution can be written as: 

Zo = A I, (ar) + BN, {Ar). 
However, the condition of finality (1a) requires that we set B =0; because 
of (1) we must further demand that 
(4) I,(4a) = 9. 
We already know that this equation has an infinity of roots such that the 


distance between consecutive roots approaches 2; from (19.57) we get 
for the m-th root 


(4a) Aya — + = (m5), hence Aya = (m—t x. 


This approximation is valid down to m = 2 with an accuracy of about 
1%; for m = 1 we get 
(4b) A,@ = 2.40 


as compared to 2.36 from (4a) (see Fig. 21). 
We have then at our disposal an infinity of solutions of (3a): 


Rir} = A, 25(A,.7), m=1,2,.... 


Correspondingly we get from (3) as the general solution of our problem 
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oO 

(5) “= = Ante (Ag 7) e7 2° RE, 
R= 

We now merely need to satisfy the initial condition 


(6) flr) = 3 Ag Ty (Ay?) 


A way of doing this is indicated by the treatment of the anharmonic 
sine series in §16. In order to emphasize the complete analogy with the 
equations (5) and (6) of §16 we write 

u, = Ly (4,7), Um = Lo Am?) 
and then write our present equation (3a) in the form: 
d {. du, adjfd 
a(rgt) + Bru, =0, F(t) + Br tm = 0. 


Multiplying by z,, and x, and subtracting we get as an analogue to 
(16.5a) 


df du, df dtg\ 99 op 
{7) tn a (ey — Ma ae (2) — i — AR) 7 a 
Integrating over the fundamental domain 0 <7 < @ we get as an 
analogue to (16.6) 


a 
o° 


& 
d d 
(7a) (a2 — 42) f f tg t, dr =r (tin St? —u, de 
0 


This is Green’s theorem applied to the two-dimensional circular region 
r= 4. 

The right side of (7a) vanishes for the upper limit r = @ on account 
of equation (1), for the lower limit r = 0 on account of the factor r and 
equation (la). Since A,,+4A,, for mn, we have the orthogonality 
condition: 


@ 
{8) { tmtiy 1dr = 0 for m= n. 
The “weighting factor” r is due to the two-dimensional element of area 


rdrdp in Green’s theorem. 
From (7a) we may also deduce the normalizing integral 


N,, = f um 1 or 


if we drop the assumption that A, is a root of (4). We consider &, 
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rather as a continuous variable which in the limit coincides with 4, . 
Equation (7a) then represents N,, as & fraction which for A, > A, 
assumes the form 0/0. By differentiating the numerator and denomi- 
nator with respect to A, and substituting r = @ and r = 0 we find, 
because of (1), that 


@ Nm = 25, (GF pae 7 TRAE Ene 
But for r = a 

Fe = a Tylana), FE= Ae Ly (dnt) 
Substituting this in (9) we get 
(a) Nu = Flo Ana) F- 


The coefficients A,, of the series (6) can now be calculated from (8) and 
(9) in the Fourier manner: 


(10) An N= fi (0 Ip (dq t) ¢ dr, 


We substitute this in the series (5), thereby completing the solution of 
problem A. 


B. Two-Dimensionat Case f = /(r,¢) 
We first develop f{r, y) in the complex Fourier series (1.12) 


Re + oo 


+n 
(11) f(r, ?) = 2 C, a, C605 C,(1) = — f itr, 9} eine dy . 


Due to the two-dimensional equation (2) 


1 ou 
(12) atte tat Ex 


and the generalized substitution (3) 
(13) u= R,(r) &*% eh 
we have the oe equation for R,(r) 


(14) ge +55 + (#5) B= 0. 
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This is Bessel’s differential equation (19.11) with @=4Ar. Equation 
(la) requires that the only permissible solutions be of the form 
A, I, {41r). On account of (1) 4 must satisfy the equation JI, (Aa) =0 
which, just like J,(Aa)=0Q , has an infinity of roots: 


dats Ag Qieeas Rigi y ete . 


Each of these roots yields a particular solution of the form (13): 
(15) tam = Bu taGae r) eft? ie las 


and these solutions satisfy the differentia] equation {12}. Through 
superposition we can construct from them the general solution of (14) 
which at the same time satisfies our boundary conditions: 


(16) = = & tn, i = > Ss Awl (Ay, wf) oft? e~ Ano mbt 
H=e~—oOO mal’ 


Here the constants 4, must be chosen so that for { = 0 and every 
integer —oo<in<i +00 we have the equation 


ag) Car) = SF Amma Onm ?) 


where according to (11) the left side is a known function of r. Equation 
(17) necessitates the development of this function in Bessel functions J,. 
This is possible due to the orthogonality of the latter, which follows 
from Bessel’s differential equation (14) and Green’s theorem as in (7) 
and (7a)®. Using the abbreviations 


0, = I, (An,m 1) , Y= i, (An, r) 
we obtain as generalization of (7) 


a 
9 


(~~ aD f regede melo St —», on) 
Q 


Here, too, the right side vanishes. We thus have for 1 m 


(18) femme de=0. 


At the same time we obtain by a passage to the limit as described in (9) 


* In order to avoid the trivial result 0 = 0, in the application of Green’s theorem 
tothe circler =ainthe y¢,g- plane we must use the two functions 


tam = I, An mn r) et in? and ta, = I, Ay 2") eater 
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(19) Nam = free = FUTy Oem) E- 
0 


The A,., in (17) can now be calculated in the Fourier manner from the 
given C,(r) by (18) and (19) in analogy to (10). Substituting these 
expressions for C,,(r) in (11) we obtain 


a +2 
(20) 26 Nam Ayn =) f f(r,9) 1, An,m) gn tte r dr dy ‘ 
3 
which concludes the solution of (16). 


C,. THREE-DIMENSIONAL CasEf = f(r, ¢, 2) 


Let the cylinder have the finite length A and let O<z2<h. We 
first develop {(r,y,2) in a Fourier series with respect to z, which, due 
to the boundary conditions u = 0 for z = 0 and z = h, becomes a pure 
sine series: 


A 
co 
(21) f(r,@,2) = p> Bsinure, B= = i F(r, @,2) sin pax = de ; 


We then develop B, = B,(r,y) in a series of exp (tng): 


+ + 
(22) B,(r, ¢) = = C.. ett? ; pane J Pi B, (7,9) e7 ing dy . 


ne oo HR”. Cais 2 


Finally we represent C,,, = C,,,{r) a8 a series in the Bessel functions 


I,,(ar), which progresses according to the roots of 
I, (Aa) = 8, ey a m=1,2,... 
Due to the three-dimensional equation of heat conduction 


ae BM 
ot tae tag tae HE 


the time factor has the form 


entH with a? = 2, + (52). 
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The complete solution is given by the triply infinite sum 


(23) v= > >> Pee E,,(dn,m t) eP? sin pe [aint (SY 


#=1 H=—CO Mm 


The coefficients A are calculated from the W,,,, of (19) in analogy to 
(10) and (20) 
a+ak 


(24) AN Anam =| J [tt. 0 2) Ly Caym tem Asin ums r de de dz. 


0 —x 0 


This completes the solution of (23). 

In the case of a hollow cylinder the condition of finality (1a) is 
dropped. Hence in the expansion of the solution there may appear 
terms with WN, in addition to those with J, (or, in other words, terms in 
#',, and H?,). Heat conduction through a heating pipe is an example of 
this, 


§ 21. More About Bessel Functions 


A. GENERATING FuNcCTION AND ADDITION THEOREMS 


In §19 we started from the twodimensional wave equation 
4u+ #u=0 and its simplest solution, the plane wave 


(1) th a ef ¥% — gleome o=kr, k = the wave number. 


If we develop this into a Fourier series then, due to the origin of Bessel’s 
differential equation (19.11), the coefficients must be Besselfunctions, 
and because of the regularity of (1) for r = 0 only the Z functions will 
appear. Hence, we set the coefficient of exp (én) equal to c,J, and 
according to (1.12) we then have 


+2 
en Ey (Q) = 55 [tester tt dy: 


If we compare this with. (19.18), in which we may replace w by — w, 
we obtain 


c= ei nalz 
n ° 


Hence we have the Fourier series 
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+00 P 
(2) efeeeras Stal I, (0) ett 


or upon the substitution y = y -+- 2/2 


+00 . 
(2a) etesin y _ pS Z,,(o) en. 
t= — OO 


In the older literature (2) is usually written in the less symmetric form 
(2b) elves? Iy(o) + 2 Fi" Z, (@) cos ng. 


The left sides of (2) and (2a) are called generating functions of the Bessel 
functions with integral index. 

We now pass from the case of a plane wave to that of a cylindrical 
wave with its logarithmic source at the origin, which, according to p. 100, 
is represented by #5(9). (We omit the upper index since the following 
is valid for both functions H, i.e., both for radiated and for absorbed 
waves.) We now shift the origin from g =9 to p=, y= 
whereby 4,(0) goes over into 


H,(R), R= \ 6" + g§—2 @ 9 003 (p—o)- 


If we develop this into a Fourier series with respect to @—@p, then 
the coefficients must again be cylinder functions, namely functions H,(g) 
for @ <g) and functions J,(g) for @ >@. The latter follows from the 
fact that @ = 0 is now a regular point, the former from the fact that 
each term in the series must have the same type of radiation or absorp- 
tion for goo as H,(f) itself. For reasons of symmetry the same 
consideration holds for the dependence of our coefficients on the variable 
@: except that the functions J, and H, are interchanged since the 
condition @ @ @, 1s the same as @p & @. Hence the n-th Fourier coefficient 
must be 


__ { Taleo) Hale) for o> ey 
” | Haylee) In(0) for e<o. 


The numerical factor c, is independent of @ and @ and is the same 
for both expansions, since the two senes must go into each other con- 
tinuously for @=@ (unless at the same time @~=@_, in which 
case both series diverge); it turns out to be equal to 1 if, in the case 
@ <@, we pass to the limiting case of a plane wave gy -» oo , setting 
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Go=% and comparing the resulting asymptotic formula with equa- 
tion (2). We thus obtain the addition theorem: 


oe F(00) H,(e) o"- 2 > Co» 
8) A(Ry=) 
eo  HalOe) Lao) oF 0 <o0- 


If we consider this written for both Hankel functions and take half the 
sum then we obtain the addition theorem fer Bessel functions: 


+e :' 
(3a) Zy(R) = an eo!! nO) Fn (0) &PtP— 0 ZG. 


In the same manner we get from half the difference the addition theorem 
for Neumann functions, where we again have to distinguish between the 
cases @ > and 9 <Q» . 

Concerning (3) we note that the series in J,, corresponds to T'aylor’s 
series in the theory of complex functions, whereas the series in H, 
corresponds to Laurent’s series.* This is illustrated by the following 
example, in which one may replace z and z» by pe? and o,¢* : 


oo 
z 2.~ 
a zs = 2.8% * [z| > lal, 
(4 : 
me np 
a= 3a | <n 


In §24 we shall develop corresponding addition theorems for spherical 
waves in space; there wil] also be a counterpart to the representation (2) 
of a plane wave. 


B. IntreGraL REPRESENTATIONS IN TERMS OF BesseL FuNcTIons 


We shall give here the development of a given function f(r) in terms 
of Bessel functions which is analogous to a representation by a Fourier 
integral. According to (12.11b) a function of two variables can be 
represented by the Fourier integral 


©) 1e)= aR If toda’ ff aganjemeter rte 9. 


* This is further diseussed, together with questions of convergence, in §2 of the 
author’s work which was cited on p, 80. We also refer to the great work of H. Weber, 
Math. Ann. J, p. 1, which was a fitting beginning for that journal. It is the problem 
of adapting the methods of Riemann’s dissertation, i.e., of adapting the theory of the 
differential equation Aun=0, te the differential equation du-+--Mu=0. . 
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We introduce the polar coordinates: 
T= FCosgy § = gcosp @ = OCOB a 
y= rsing _n=esiny ow’ = osin x 
di dn =p dg dy dw dw’ = ode da. 
We assume the special angular dependence of f(x,y): 
(6) fiz, y) = f(r) &** — (m integer). 
By using the relations 
wet +o’ y= or cos (x — g) 
ae + o'n = 0 Q cos (p— a) 


we can transform (5) into 
+n 


oe 6S +n 
(7) ee) adaftieedeg, fe oO8 (8 #) doy eb pt oe cos (p— dy. 


In order to compare these integrals with respect to « and yp to the 
representation (19.18) 


+n 
L,(@)= az [etree of mh a2 aB 
+n 
= 1 e7 tts p’ et t+ n{2) dp’ (p' i B —7) 
we multiply under the integrals of (7) by 


e n (a-# /2) in (abe /2) 
; 


and e 


and divide through by e’*, We thus obtain the simple representation 
= | oo oo 
(8) He) = fodo f fe) Lule *)In(o eh ode. 


In analogy to the form (4.13) of the Fourier integral theorem we can 
write this relation in the symmetric form: 


f(r) = fede po I,(o1) , 
(8a) - 
7(0) = J ede fle) I,(¢ 9) - 
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The transition from rectangular coordinates to polar coordinates in the 
passage from (5) to (7) requires certain conditions about the behavior 
of f at infinity which we do not discuss here. Equation (7) will be useful 
in the treatment of spherical waves in §24. 

We obtain a further application of equation (8) if we let f(r) degen- 
erate toa 6-function, namely,'® let 


(9) f(r) = d(r}s) = | eu Ge , owith “Pfeyrdr a1. 
oo for r=s é~e 

We then obtain from (8) 

(9a) ee (or) I, (o s)ado + d(r|s). 


This equation represents the orthogonality of the two functions J,, at the 
points r and s of the continuousdomain 0 < } < ce ; itisa counterpart 
to (20.18) in which we deal with two points m and / of the discrete a- 
sequence. We shall return to the important relation (9a) m §36. 


C, Tue Inpices n + 14 anpn + 4 
Substituting » = 1/2 in (19.34) we get (4) =: |x ra) = t)/x, . 


=, //2|#__2:2 felt. 2:22  fevt_.. 
Lo= $7 ~via (s) + pee ($) 


(10) = 20 l 9? ot oats ese /28 ain e. 
~ YE0-£+§--)- YES 

in the same manner we find forn = — 1/2 

(102) 1,@= Vt 


We write generally 
2 p * * Bin 
(11) I, 44(@) = vz y, (0), in particular y= mee. 


From Bessel’s differential equation (19.11) we get the differential equa- 
tion for ¥, 
” We draw the reader's attention to the weighting factor r in the integral of (9). 


Because of this factor we no longer have f 6(r\s)¢s = 1, but instead f d¢rts) 
rdr = 1, as in equation (9). 
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1 d4(o y,) n(n 4-1) = 
a ee) eee 


We shall meet this equation again in the theory of spherical harmonics. 
We now wish to show that the solutions which are finite for e@ = 0 can 
be obtained from tp by the following rule: 


— (_,pr{2\" 
(12) Ya = 0)" (555) Po: 
We start from the series (19.34). Let p be an arbitrary index (in our 


case we have p = 1/2) then we have 


(13) 4, (g) oa — (— 1)" (92/2) 
(e/2)? mi Lip+m+1) 26 © 


We differentiate this equation m times with respect to 7/2. Then the 
right side becomes 


> (— 1)" (92/2)"—" 
man (m—2)!P(p+m+}) 2m 


By introducing a new index of summation (u = m—n, m= n-+ a) we get 


(~ 1" S (~ De (92/4) (—~ 1)" In 4.5 (0) 
13 : ee te Senge Np 
ae 28 Zo pi Lu@tn+pt+y 2" (p/2)»t+#° 


At the same time the left side cf (13) becomes (because of 


d(o7/2) = @ dg) 


(13b) (=) Fa (eo) 
edg} (9/2) 
Comparing (13a) and (18b) we get 
Las (o} __ _ nf @ tye). 
(28¢) —— = (—e) (oa) er ” 


due to (10); this coincides with (12) for p = 1/2. 
If instead of the ratio of J,(o) and (@/2)? we differentiate their 
product n times with respect to 97/2, then instead of (13e) we get 
d \r 
(134) 1_nap (0)? = 0" (sae) Uele) -0%}- 
If we again set p = 1/2 and apply definition (11) we get as the comple- 
ment of (12) 
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‘ = d \n 
(13e) vale) = o"—" oa) {0 Yo} - 
From (12) and (18e) we deduce the recursion formulas for Yan 
dyn 
i441. = 2 > Pn 
(14) 
dy,  —l 


Yun-2 = do = “e- Yun * 


The corresponding formulas for Z,,, were discussed in §19 D. 
According to (14) we get successively from wy) = sin p/e: 


__ sing 9 cose __ 3{sing — g cose) — g@aing 
rT ae WA ee gh ee ey ae 
C08 p = cosp +e sing 
_ 3(cosg + 9 sino} — 9% cose 
Yu = a ae vee 


We see from this that for integral » all y,, can be expressed in an 
elementary form with the help of the sine and cosine functions. This repre- 
sentation confirms the non-logarithmic character of the half-index 
Bessel functions, as stated in footnote 4 of this chapter. 

The “Hankel functions” £, which correspond to the y, are 


given by the equation 


(18) Hu+3(0) = YE fae) 


analogous to (11) (the upper indices 1 and 2 on both sides have been 
omitted). We are particularly interested in the functions ¢). We 
obtain them from the functions H,, which we get from (19.31), (19.30), 
and (11): 


+ * od » mtg 
po fis Lee _th ot ie |b Ba 
f= —— =P io’ Hy= Fi ~ be @ * 


Hence according to (15) we have 


ef? 


(15a) o= ip? G= 


Concerning the notation we make the following remark: our nota- 
tion coincides with the original definition of the y, in Heine’s Handbook 
of Spherical Harmonics and with that used by the author in Frank- Mises, 
However it differs by a factor @ from that of other authors!! who instead 


uP, Debye, Ann. Physik 30 (1909), B. van der Pol and H. Bremmer, Phit. Mag. 
24 (1937). Further references in G. N. Watson, Theory of Bessel Functions, p. 56. 
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of (11) write: 


(18) I,4s10)= VX wale), 


which is sometimes convenient. 

In analogy to the equations (14a) for the y, wecanexpressthe ¢, 
in elementary form with the help of exp (tig) . This states the fact, 
which will be derived in Section D, that Hankel’s asymptotic expansions 
break off in the case of half-indices. 


The differential equation for Z,,(kr} assumes an unexpectedly 


elegant form if we replace the independent and the dependent variable! 
by 


(17) kr=Sot, 24, (kt) = 0-* G@). 


The functions y, in (16) sre denoted by S,, in acoustical engineering; the corresponding 
Cy would, in our terminology, have to be called a “‘Neumann function,” since it is 
proportional to ¢) — os 

1 The direct” computation would lead to lengthy transformations, We avoid 
them, and at the same time recognize the generalizability of the relations (17) to (20), 
if we start from the conformal mapping 


etty=f(—+in), 4,,= TCE Eee 


through which 


(1) 4,,%+ #u=0 
goes over into 
(2) Sen OF BSE + in) [t v= 0; 


where (2, y) ma v{§,) (see equation (23.17) below). If in (2) we set f propor- 
tional to a powerof +n, €.g., 


z+iyemr el? 


9 
; .— ed ’ {2 
ESE + in) = TE + inp, cee 


then we get 

k : when leh’ [ol 2 pia wate 
(3) [z+iy| " " rie dr 
and k\f'(E + in) | =e /e. 


The solution of (1) 
= Tesi (ker) of 94 


then goes over into the solution of (2) 


2 
{4) = Iz uy C en!) ef Wid, 
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It then becomes 

(18) 6" (9) 4-e@ P(e) = 0. 

If we write its solutions as a series with undetermined coefficients start- 
ing with 9® and 91, we get 


et oe 4-€ 1.4.7.0 4 00,, 
(19) oe 
@,=9—-2-%42-5-2 2-5-8204... 


Considering (19.34) we see that the first is proportional to Z_,, the second 
to I,,, namely, that we have 


P(e) = 3 T(1~F)e_, (Fe), 


1 2 
®, (e)= str - aye Tay G ed) . 
We shall meet the functions 7,, again at the end of Section D. 


(20) 


and therefore 
12 ov 1 ev dot on 
= 5p (@ &) Fa gee te joke 


Substituting v= e-t &(g) ef ¥/9, here we get: 


dp 
(6) 7 a ti ae 0, 
with the easily verifiable series representations for its solutions: 
oF” or# 
t13) = 1 — KK ee OF HF ’ 
0d nD + ped Beep 
(6) Bt 9u+1 
sea @ 
®, = = ee wee, 


G@tipn t (+I) #2 w+i 2p 


We can relate these solutions to the solutions (4) for v; namely we have: 
ry 2 

3 =Ce ot I (- rt) . 

(%) ®, + Fei (Te 


where Czare constant factors. Substituting the power series for J from (19.34), and 
comparing with (6) we get 


(7a} o.—wver(1—), Oy = ple r(i+-). 


For #=8 the equations (5), (6), (7), (7a) go over into the equations (18), (19), 
(20) of the text. 

For #~= 2 equation (5) reduces to the differential equation for the trigo- 
nometric functions, and @, @, become cose, sing. For ~=1 our series 
representation breaks down, since then 9 = 0 is a singular point of the differential 
equation {5). 
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D, GENERALIZATION OF THE SADDLE-PoInt MEetHopD ACCORDING 
TO DEBYE 


Although in later applications we shall in general apply only the 
asymptotic limiting value of the Bessel functions as determined at the 
end of §19, we wish to discuss here certain more general expansions due 
to Hankel, which progress according to negative powers of @ and in 
which the first term is the above mentioned asymptotic limiting value. 
Actually these series are divergent, being developments at an essential 
singularity, but they are frequently called semz-convergent. The first 
terms decrease rapidly, but from a certain term on they inerease to infin- 
ity. We obviously must break off at that term in order to obtain 
approximation formulas. 

The shortest way of obtaining these series is from the differential 
equation for the Hankel function, by substituting formal power series, 
and then computing the coefficients by setting the factor of each power 
equal to zero (this is obviously not completely rigorous). Considering 
(19.55) and (19.56) we write 


(22) HB (9) = Vane" (n4+B4/2) (a) + ss 84 cae ‘s gts ) 
and after dividing out the factor P2j/x exp {+- 7{e— (m+ 4) 2¢/2)} 
from the differential equation (19.11) we find the terms with g-"-* to be 

— Gay 4 F 2 tM + F) Gy + (mM + 4) (M—F) Gy, 1, 

+ 64, —(m—B) ay 1, 

+ Om 44 —n*a, 1: 
where the consecutive rows correspond to the consecutive terms 
1g, 8)2 


in (19.11). Summing the three rows we get the following first order 
recursion formula 


(23) F Zima, = (n?—{m—tP) a, ). 


Setting a = 1 we get 


(24) Ste Se oon Ve) 
@ FAI)’ = — gt RTF Zig 
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Using the symbol 


{4n?— 1) (42? — 9} +++ (4 n* — {2 m — 1}') 
2™ mt - 


(25) (nm, %) = > (n, 0) =1 


which was introduced by Hankel, we get the general formula: 


Gm (n,m) 
i) eg (F Rig” ” 


The series in (22) for H' and H? then assume the final form: 


2 ie (n+ ) 2/2) (n, m) 
(27) Hie) = Vare Ba CE 
i n= at fea 
(28) H2(o) = fi eT te et aD (n,m) 
le) = Vee i (F2ig* 


21,2... 


Taking half their sum we get: 


5 F (a, 2) 
1, = Y= c0s (e— 7 
° no 08 (o — (x + 4) 2/2) oe, 1) (29)™ 
(29) _ . m—1 
cee St fy) 2 em) 
)- sin (o— (2% -+ 4) 2/2) > (—}) (2 9)" 


men 1,35, 5....- 


In exercise IV.5 we shall apply 4 similar method in order to determine 
the leading terms of the series (27), (28) (which here were borrowed 
from the saddle-point method) from Bessel’s differential equation with 
large @ . This method does not include the normalizing factor which 
remains undetermined by the differential equation. 

Extensive mathematical investigations about the domain of validity 
of such asymptotic series exist, starting with a great work of Poincaré,'* 
which we cannot discuss here. Exceptions to the divergence are the 
series with half-integer index n= v-+-4, which, according to the defini- 
tion of the symbol (m,n) break off with the »-th term and represent the 
Bessel function in question exactly. We then obtain the elementary 
expressions for ¢,, y, which were given in Section C. 

Our considerations so far are essentially restricted by the condition 
ne; they fail if » becomes infinite with @ . The latter is the case 
in all optical problems which are on the border line between geometrical 
optics (optics of very short wavelengths) and wave optics. It was in 
connection with the investigation of a problem of this type, namely 
that of the rainbow (radius of water droplet approximately equal to 


8 Acta Math. 8, 1886. 
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wavelength of light) that Debye’ discovered his fundamental generaliza- 
tion of Hankel’s asymptotic series. In order to understand its origin we 
first have to generalize the saddle-point method. 

The exponent 


(30) {(w) = é [e cos w + m (w —2/2)) 


in our representation (19.22) of the Hankel functions now depends on 
two large numbers @ and x. For convenience we take @ and n to be 
real and positive. Depending on whether n is smaller or larger than @ 
we set 


(30 a} N= OCOSa oF (30b) n = @ cosh a; 
in addition we use the variable of integration 
(30 c) f=w—a/2. 
as in Fig. 18. 
a) For n<g we have 
(31) H(wo) = F(p) =—ie (sin B—f cos a). 


The saddle point F’(f) = 0 is given by 
cos 8 — cos « == 0; 


it liesat By = + x, for H' and H? respectively. This corresponds to the 
previous values for the saddle points w) = 0, #, which by (30c) go into 
By =F 2/2 . From (31) we get 

F" (Bo) = F tesina 
which yields as the expansion of F(f) up to the quadratic term 
(31 a) Ff) = +t ig(sina —a cosa) F igsina (B —f,)*. 
Instead of £ we introduce the are length s measured from the saddle 
point By a andset (6—f,)?=(Po)*=Fis?, df = eF i!* ds, 
Concerning the -F- sign in the last equation we refer the reader to the 
discussion in (19.54b). Integrating over a neighborhood of the saddle 


point we get 
+3 


{31 b) HY?) ab f FP dpm etietine— comer d f fae eS ay, 
—¢ 


4 Mfath. Ann, 67, 1909 and Bayr. Akad. 1910, 
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This again can be reduced to the Laplace integral. We have: 


2 : a—o t* 
(32) H}:? (9) jane aoaa ex te {sin 008 &) Me 
In the limit « > 2/2 our form (32) goes into the previous representation 
(19.55), (19.56). 
b) The same calculation holds in the case » >o if in (30b) we 
replace cos« by cosh « and hence (31) by 


E(B) = —i @ (sin B — B cosh a) 


That one of the two saddle points 8 = =: 4, which yields the domi- 
nant term, is the one with greater altitude, namely By =—to. At 
this point ¥’’(f) = @ sinh «. Instead of (82) we now get 


(33) Ps bigs (e) _ a eel cosh a —sinh a) F ta/2 


@ sinh « 

From these limiting values (32), (33) Debye deduced series develop- 
ments of the Hankel type, which we may omit here. 

¢c) The only remaining case is the transition case » ~~ @-in which 
according to (30a,b) we have a-~O and hence the representations 
(32), (33) fail on account of the denominators Vsine and V sinh «. 
This indicates that now F’’(8,), also approaches zero and that only the 
third term of the Taylor series for F(8) is appreciably different from 
zero, We therefore need a better approximation in the neighborhood 


of the saddle point. This was carried out by Watson,” who instead 
of (31a) used an expansion which goes up to the third order in (8 — 8p) . 


The Laplace integrals of the Airy type (see end of this section) which 
arise there can also be computed rigorously. We thus find: 
in the case "Sp, 


(34) -H42 (9) = tan ge etiam genre Sn tN Hi? (qn tant a); 
in the case »>>@ (where »=@ cosh « as in (30b)), 
he _ : : a 
(35) H2? (9) at e7 tanh « + 4 tanh’ «— 4) + 25/3 H?? (15 tanh? a). 


Taken together the Watson formulas (34) and (35) cover the entire 


Chap. VIII, and in particular p. 252 of his Theory of Bessel Functions, Cam- 
bridge 1922. 
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asymptotic range of the Bessel-Hankel functions including the border 
case n~ pe, we are now treating. In this case we are in the neighbor- 
hood of «=0. Hence we may replace H, by its limiting value for 
small arguments, which according to (19.31) and (19.30), is (since we 
may neglect J, as compared to I_, ) 


Hi? (z) =F an afb T_,(). 


Since in (34) we have z= $n tan?a we get Z_, proportional to 
1/tan «, which cancels with the factor tan « on the right side of (34); 
hence after the necessary contractions we get from (34) 


(36) Hi? (9) = rp (5,)' Fins 


The same expression is obtained from (35). As the corresponding limit- 
ing value of £ we get 


(37) 1.0) = raps (55) - 


This coincides with the original results of Debye. 

We also see that if n is not too near @, equations (34), (35) coincide 
with the Debye formulas (32), (33). For, in this case we may substitute 
its Hankel limiting value (19.55,56) for the function H, (large argument 
and small index): 


in t 
1 {37a ot ep tanto F 6b + dai? 


an tan® « 


whereby (34) simplifies to 


H12 (\ — 1/__2_. - tim(tana— a)¥ tay 
nv” (@) antan x © : 


Due ton = ¢ cos & this coincides with (32). In the same way one shows 
that (35) and (33) coincide. 

Finally we have to consider the problem of the roots of the equations 
H}?(9) =0 for large n and @. However, while up to now we assumed 
nand @ to be real, we now have to admit arbitrary complex values for n; 
we still may assume g to be real on account of its physical meaning 
(e=kr) . Concerning the parameter «, whose sign is undetermined 
in (30a), we agree that its real part is to be positive. 

It would seem from (32), (33) that no roots could exist even for 
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complex 7, since the exponential function vanishes for no finite value of 
the exponent. However these representations were obtained (see p. 119 
under b) by considering only that one of the two saddle points which has 
the greater altitude. If they are of equal altitude and if the required path 
of integration (leading from depression to depression) can be made to 
lead over both passes, then as sum of the two exponential expressions 
we get a trigonometric function, which makes the existence of roots 
possible. 

Using the notations of equations (30) to (82) we represent the saddle 
pointsby $= Fa and the corresponding exponential functions which 
appear in H by 


e= te(aina — «cos a) Find 


The altitude of the passes is determined by the real part of the exponent. 
Equal altitudes therefore mean equal real parts of the exponents, and 
since @ was assumed real, this means equal imaginary parts of 
+(sina—ocosa), or in other words, 


(38) Im (sin « —~ « cosa} = 0. 
For small @ this yields: 
Im (x) = 0, 


This means that « lies on one of three curves that pass through the 
origin and intersect there at angles of 2/3, one being the real «-axis. 
The real axis remains a solution of (38) even for infinite a, while the other 
branches are continued into curves that are mirror images with respect 
to the imaginary «- axis. 

Considering the path of integration, described in Fig. 19 for the 
Hankel function, we see that the path of integration for H' ean be taken 
meaningfully over the two saddle points only if they lie on the branch 
of (38) which leads from the second to the fourth quadrants, ie., if « 
has a positive real part whenever it has a negative imaginary part; hence 

== cosa (with real @) has a positive imaginary part. On the other 
hand the path of integration for H* must lead from the.third to the first 
quadrant, so that & has a positive, and 7 a negative, imaginary part. 

Superimposing the contributions of both saddle points according to 
(32) we get the following representation for 


Hi (eo) = 2 (ere (sins — & cons) —tx/4 e~ fe(sina — #098 4) + ta/4) 
7% O 8 & 


(39) 
= a¢ 2 


eouna sin [g (sin « ~ a cos x) — 2/4}. 
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From this we obtain the roots of the equations H}(p) = 0 directly: 
they are the roots of the following transcendental equation in « 

(40) 9 (sina—acosa) —2/4 = — ma, m= 1,2,3,..., 
where we have to choose the negative sign on the right in order to satisfy 


our requirement that « be in the fourth quadrant. 
For small « we obtain from (40) 


a* 
oy = ~~ (4m — 1) a/4 
and after the correct choice of the cube root of unity, we have 
3 —is, 
“= 2 (4m —1) |e ale 


Now © is related to @ by equation (30a), which for small « , 


after we make the substitution cos « = 1— x , yields: 
1 3 i 
(41) not set [22 (4m—1) Pein, 


The roots of H} (ge) = 0 lie in the posttive-imaginary n-half-plane, a fact 
that we shall apply later, and they are infinite in number. If we solve (41) 
with respect to oe then we get values in the negative-imaginary - half- 
plane. According to (41} nm and @ are of the same order of magnitude, 
as assumed in the beginning. Hence (41) is the solution of the root 
problem in question. 

We see that the saddle-point method is very general. It can be 
transferred from the treatment of the Hankel functions to that of arbi- 
trary integrals of the form 


(42) f ef lee. m, vee) dw, 


where F depends on several large numbers 9, 7”,... in addition to the 
variable of integration w, and where the path of integration W starts in a 
complex region in which lim exp F(w, ...) = 0 and leads to a similar 
region. In the integrals of the type (42) when the saddle point F’ = 0 
approaches a point F’” = 0 one encounters the same peculiarities that 
we encountered in the case of Hankel functions for the border line case 
nop . This is the case of the Airy diffraction theory of the rainbow. 
The phenomenon of the rainbow is in fact linked to the appearance of a 
turning point (F’” = 0) in the wave front, which in the asymptotic 
approximation coincides with the saddle point F’ = 0. The calculation’ 


16 W. Wirtinger, Berichte des Naturw.-mediz, Vereins in Innsbruck 23, 97(1896); 
J. W. Nicholson, Phil. Mag. 18, (1909). 
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of the “Airy integral” in question leads then to the functions 4, or, 
what is the same thing, to the functions I, 3 just as in (34) and (35). 


§ 22. Spherical Harmonics and Potential Theory 
A. Tue GENERATING FUNCTION 
The simplest approach to the theory of spherical harmonies is given 
by potential theory. We start from the so-called Newtonian potential 
i/r and, after shifting the origin from zx = y = 2=0 to (*o,¥o,20), 
obtain 


1 1 1 
(1) a —— a ———————————— — ee 
BV @—%)* + (y— ye)? + Gay VP —2re, cos 8+ 7h 


The polar coordinates r,%,g have been chosen so that the polar axis 
@=0 goes through the point (x0,y0,20.). We then have x» = yo = 0, 
Zo = ro and 

x== 97 sin # cos y, 
(2) y=rsin # sin ¢, 

2=rcos #. 


We may expand (1) in ascending or descending powers of r depending on 
whether r < ro or r > ro. If we denote the coefficient of the n-th ascend- 
ing or descending power by P,, we have: 
~ 
: (=) Pi (cos?) r<ry, 
4 


— 
2 > (2)" P, (cos#) r >. 


The P,, must be the same in both expansions since they must coincide 
when > =re and #+0. The pomt r=ro, #=0 is a singular 
point, the sphere r = ro playing the role‘here that is played by the circle 
of convergence of the Taylor series in the two-dimensional case. 

The polynomials P,, defined by (3) are of n-th degree in cos @. 
They are called spherical harmonics and we shall show that they coincide 
with the polynomials P,, which were introduced in §5. The function 
1/R is called the generating function of spherical harmonies. 


(3) 


tol 
ll 


B. DIFFERENTIAL AND DIFFERENCE Equation 


First we want to find the differential equation of spherical harmenics. 
The fundamental equation of potential theory 4dw=0 , which is 
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satisfied by 1/f, can be written in the form 


1 (rw) 1 @f.. ou 1 Oe 
@) 7 ot + aine 5 (8 © 35) + eave a O- 


Since this equation must be satisfied by each term in the series (3), we 
obtain from the n-th term of the first line of (3) after dividing out 


the common factor ¢*72/e8t1 , 


d 7. ,4aP, 
(5) n{n-+ 1) Pi + vg gal sin O55" m 0); 


the same follows from the second line after factoring out *9/r"t®. We 
introduce the abbreviation 


2 
cos $= f= = 
and note that 
: a : d d 
—sin ddd = df, sin 0 55 = sin? 8 gp = — ON - 


Equation (5) can then be written 


(6) S{a— 2) Sh + nn4+1) P,=0, 
or 
(6) {a—2) i-2¢ a n(n +1} P, =. 


We consider (6) with n replaced by / and then, following the scheme 
of Green’s theorem, we multiply by P, and P,, and subtract: 


PS fa—ey SP} —P, S fa — ey Fh 


dP, 


(7) 
= & {a—<) (PSP a {20+ 1) —n(n+1)} P, P,. 


The physical range of the variable ¢ isfrom ,g=—1, to ¢=+1, 
(? = 0}. Integrating over this range we get the condition of orthogo- 
nality for dn 

+1 
(8) ae a Sa 


since the integral of the second line of (7) with respect to @ vanishes 
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unless the P become singular for €=-++1 which is excluded by 
equation (3). 
We now show that our P, satisfy the normalizing condition (5.7) 


(9) P, (1) =1 


For cos # = +1 we get from (1): 
1 nit \* 
eo ee 


tr to} * Des (2) r> ff. 


Comparing this with (3) we even get the somewhat more general 
equation: 


(9a) P,(+1) = (£1). 


Now we saw in §5 that the P,, were uniquely determined by the ortho- 
gonality (8) and the normalization (9). Hence our present definition, 
with the help of a generating function, leads to the same functions P,, as 
did the method of least squares in §5. In particular we have the repre- 
sentation (5.8) 


1 @ “ 
(10) P,() = 5 Fa C—D) 
and as a result, according to (5.12) 
(10a) f PQe =. 


The P,, are even or odd functions of 2 according as 7 is even or odd: 
{10b) P, (~ ¢) = (~ 1)” P, (¢). 


In addition to a differential equation with respect to the variable 
¢ , our generating function yields a difference equation with respect to 
the index n. We rewrite, say, the first line of equation (3) with the 
abbreviation « =#/r9 : 

1 
ee nD. 
(11) VoO—2atep T = & Po 
By logarithmic differentiation with respect to « we obtain 
f—.o _ Lnat-1p, 
(11 a) at —2af+1l  LaP, 
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and after cross-multiplication 
(C—«) Do P, = (® -2a0+ 1 Fna*  P,. 


If we compare the coefficients of the same power of « on both sides, 
say those of «”, we obtain 


¢ P,— Py, = (n—1) P,_y—2 0 P, + ($1) Pras 
or 
(11 b) (n+ 1) Py,;—-Qn+U0P, +nP,_, =0. 


The same recursion formula is, of course, obtained from the second line 
of (3). 

By the logarithmic differentiation of (11) with respect to 2 we 
obtained a mixed differential difference equation. 
_ Instead of (11a) we now obtain 


oi ean Py 
oef—Zaf+1” La Pp,’ 


{Lic} P= aP,, (0) 


= 3 


and after cross-multiplication we get, from the coefficient of a*t}, 
(11.4) Py~ Phy +20 P,— Pay, = 0. 


Multiplying this equation by 2n + 1 and adding twice the equation 
obtained from (11b) by differentiation with respect to ¢ , we obtain 


—(2n+4+1) P,— Prat Pay, =. 


We rewrite this as the differential recursion formula: 


(le) 5 (Pag — Pas) = 20+ 1) Py. 


C. ASSOCIATED SPHERICAL HaRMONICS 


The potential equation (4) suggests that in addition to the particular 
solutions 


yr" 
(12) Un -| 2 (cos 9) 
t 


which depend only on r and @ we might consider also the particular 
solutions 
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- 
(12a) a (cos 9) e&™? 


which depend on +, @ and » , by associating to P, certain spherical 
harmonics P= (where m is an integer assumed positive for the time being) 
defined by the differential equation 


1d apm m? = 
sin Odd db )+{n (n+ D-ae at Pe = 0: 


(13) sin # 


which follows from (4). Written in analogy to (6) and (6a) we have: 


aga) fay She fn t+ y— | Pr =o, 


(3b) {a—e See + net ea) Pt =. 


According to Thomson and Tait our original P,, are called zonal spherical 
harmonics and the associated ones are called tesseral. The lines of zeros 
of the former divide the surface of the sphere into latitudinal regions of 
different signs, those of the latter divide it into quadrangles (tesserae) 
of different signs which are bounded by lines of latitude and of longitude. 
The associated or tesseral spherical harmonics are orthogonal for different 
lower but equal upper indices; namely as in (7) we conclude from our 
differential equation, which now is (13a), that 


+1 
(14) fPrP™dt=0 for len. 
=i 


In order to obtain an analytic expression for Py we expand at the 
points ¢ = -+1 (north and south poles of the unit sphere) in powers of 


1, : 
PR = (CF 1)" [ay + a, (CFU + a CF 1)? +--+). 


This is analogous to (19.36). The determination of A in analogy to 
(19.37), is obtained from the differential equation (13b): 


(15) AQ—N+aA~T=0, 2= 44. 


(The other root A—=—¢m/2 must be excluded for reasons of con- 
tinuity.) We unite the branches at each of the points €=-+1 into 


ayn" 
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and write 
(16) PY = (1— 24"2 y = sin” By, 
For the » which we introduced here we obtain from (13b) 


a7 {a—@S 20mg ht n+l) — ment tlomo, 


which now must be solved in terms of series which contain only integral 
powers of €-—-1. However we do not have to investigate these series 
since the required integral of (17) can be obtained in closed form from 
(6a). Namely if we differentiate (6a) m times with respect to € and 
apply the well known rule of differentiation 
a™ 
l= 


- a ad {id m 
(17a) meg at (2) 


then we obtain exactly the expression {} of (17) applied to the m-th 
derivative of P,. Hence we see that we obtain a solution of (17) by 
setting 

d™ P. 


(17b) v= am 


With the use of (16) and (10) we obtain a simple representation for our 
associated spherical harmonics and at the same time a determination 
of the normalizing factor which has been free up to this point: 

(1— gaya de tm (23 1)* 
(18) P= ea ae 


Hence for-even m, Py is, like P,, a polynomial of degree n; for odd m, 
P™ is Vi — ¢ times a polynomial of degree n — 1. We further see 


from {18) that | 
(18a) PP, P*®=0 for m>n. 


The last statement follows from the fact that for m > » the order of 
differentiation in (18) is greater than the degree of the differentiated 
polynomial, 


D. Gn AssociaTED HARMONICS WITH NEGATIVE INDEX ™ 


Up to now we had to assume a positive index m, for example, in 
{17b) we made use of differentiation of order m with respect to ¢ . 
However our final representation (18) can be extended directly to 
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negative m with m=>—n . We therefore extend (18) to the 2n + 1 
values jm|<”. For negative m too, the function Py is a polynomial 
of degree 7 (in the same sense as for positive m). This is because the 
pole at ¢ = + 1 given by the factor (1 — ¢*)"? for negative m is can- 
celled by the second factor of (18), which has a zero there of correspond- 
ing order due to the fact that the order of differentiation has been 
lowered by |m |. In addition the Pz satisfy the differential equation 
(13) for negative m too (since (18) depends only on m?). Hence the P? 
for negative m can differ from the Pl"! only by a constant factor C, 
which is best determined by the comparison of the highest powers of ¢ 


in P,™ and P*™ as calculated from (18). We then have: 


Per yt ge gaa Pe eg 
Piw p= (1 é*) aes agatm 
ee See (22)! sn—m __ a (n—m)! 
ad eat inp mpie lqamit iia 1)" orm 
hence: 
ze —~m}! 
ash) pha PER, Oma re 


This equation holds for both positive and negative m. 

Our definition of the P}, which departs from the older mathematical 
literature, has been justified by wave mechanics and will also serve to 
unify our expressions.!? 

Hence we have exactly 22 + 1 adjoined P?, one of which coincides 
with P,, the rest being pairwise equal except for the constant factor C; 
another difference is in the factor exp (¢ mg) by which they are multi- 
plied in (12a). 


" Tn the older literature the upper index of P™ is assumed positive throughout 
and the g-dependence is given by cosmgy or sinmg. It is much simpler to 
assume this dependence exponential, as we have done in (12a), where we also dropped 
the restriction to positive m. 

An even greater departure from the customary definition is suggested by C. G. 
Darwin (Proc. Roy. Soc. London 115, 1927) who appends the factor (x — m)! to the 
right side of (18), Then (18b) simplifies to 


Pe = (—1" P™ for m< 0, 
But this definition implies a change in the classical expression for the Legendre 
polynomials P, = fle which we want to avoid. 
Moreover, some authors, in particular E. W. Hobson in his Theory of Spherical 


and Ellipsoidal Harmonies, Cambridge 1931, use the factor (— 1)” in the definition 
of P® in (18), but this is immaterial for our purposes, 
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E, SURFACE SPHERICAL HARMONICS AND THE REPRESENTATION 
OF ARBITRARY FUNCTIONS 


By the most general “surface spherical harmonic’ (introduced by 
Maxwell) we mean the expression 


+ 
(19) Y,=_ S A, P™ (cos 0) &™?, 

=—n 
which contains 2n + 1 arbitrary constants. Multiplied by r* (or 77" 
Y, yields the most general potential of order x for— n — 1) which is 
homogeneous in the coordinates x,y,z (Maxwell’s solid harmonics). It is 
a combination of the special u,,,, of (12a} which also are homogeneous in 
L,Y,2: 


g* +n 
(19a) 1 = ps A,, Unm» 


g7 hat 


and the general non-homogeneous solution of the potential equation (4) 
is represented as a sum of its homogeneous parts: 


(19b) “= ae 


n=} 


By restricting this representation to the ease of a sphere of radius 1 and 
giving the value of « on the surface as f(g, #) we obtain 


0) f®e=SFY,= 5 SF Ayy P (cos d) er’, 
n=0 n=O ma—n ; 


By using the notation A,,, instead of the A,, of (19) we emphasize the 
fact that the free constants in each Y,, are independent of and different 
from the constants in any other Y,. The series (19b) and (20) express 
the fact that the boundary value problem of potential theory for a sphere 
is solvabie for an arbitrary value /(@,qg} of the potential on the sur- 
face of the sphere, both for the interior of the sphere (factor r” in (19b)) 
and for the exterior (factor *"'). In the following section we shall 
treat this problem by direct construction of Green’s function and thereby 
derive the above series again. The first rigorous proof of (20) under very 
general assumptions on the nature of /(#, y) was given by Dirichlet in 
1837. 


F,. INTEGRAL REPRESENTATION OF SPHERICAL HARMONICS 


We now consider a special homogeneous function of degree in 
vy, 
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(21) (2+ 2)" =r" (cos 9+ ésin cos gy)" = 9" (C+ VA—1 cosy)", 


which, like every function of the form f(z + iz) or f(z+7y) etc., obviously 
satisfies the equation 4u=0Q . Hence the coefficient of r"in (21) isa 
surface spherical harmonic Y,. If we average it over y, making it a 
pure function of ¢ , we obtain our zonal spherical harmonic 


(22) Jee a (¢+ye—1 cos p)" dp. 


If on the other hand we construct the m-th Fourier coefficient of Y, as 
in (1.12) then we obtain the associated (tesseral) spherical harmonic 


+n 


(23) P(t) = 5 f (¢+ Ve®—1 cos g)" e— *™? doy. 


—% 


The integral representation (22) is first mentioned by Laplace in his 
Mécanique Céleste, Vol. V. The fact that the denominator 2 pro- 
vides the correct normalization is seen by setting €=1 , for then the 
integrand becomes 1 and hence P,,(1) = 1. On the other hand we still 
have to determine the normalizing factor C in (23). By comparison 
with the normalization of (18) we find!8 


(23a) C= (n-+--m)! e-t™ n/2 


n!\ 


If in (21) we replace n by — n — 1, as we know is possible, we get, 
equivalent to (22), the representation 
+2 


1 dg 
oe P= aa | RV Rare 


which is also seen to be normalized. 


18 For instance by passing to the limit ¢-»0o in both (23) and (18), whereby, 
except for the factors ¢* and exp(—imp) , the integrand in (23) reduces to 
(1 + cosg)* = 2" cos?” o/2 = 2-* ef (1 -+ e-#?)9%, 
In the binomial expansion of this expression we have to consider only the term with 
e*™? since all the other terms vanish upon integration with respect to gm . The 
factor exp{— %tmz/2}_ in (28a) is due to the factor sin” # in (18). See also 
the similar passage to the limit ¢-» oo in (18b). 
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G. A Recursion ForMuLa FOR THE AssociaTep HARMONICS 
Starting from the recursion formulas (11b) and (lle) for the zonal 
spherical harmonies, we differentiate (11b) m times with respect to , 


apply rule (17a) to the middle term and multiply each term by = sin™ #. 
As a result of (18) we obtain 


(24) (a+ 1) PM, —(2"+1)f P™—m(2n+)) sin & P+ PM = 0. 


On the other hand we obtain from (1le) upon (m — 1)-fold differentia- 
tion With respect to € and multiplication by sin™ 8: 


(25) Praim PR_1 = (n+ Isind Pe-?. 


Eliminating the term with sind? from (24) and (25) we obtain the 
recursion formula 


(26) (n+ 1—m) P®,,— (n+ 10 Pe+ (nt m) Pty = 


which is a generalization of (11b). Apparently this equation holds only 
for positive m, due to its derivation through m-fold differentiation. 
However we can verify it for negative m if we consider our general 
definition (18) of P® and the relation (18b). 


H, On THE NORMALIZATION OF AssociaTep HARMONICS 


From (10a) we know the value of the normalizing integral for 
m=. We denote it by N, or also by NY. Its computation in §5 is 
based on the symbol D,,, of (5.9). We first consider the generalized form 
of the normalizing integral 


+1 
(27) NE" = f PR Pr (Oat. 


Written in terms of the symbol D,, we have as a result of our general 
definition (18) 


+1 


* 
(28) Na * = gain | t+ m,n 1 are na. 


«1 


Through m-fold integration by parts we obtain, since the terms outside 
the sign of integration vanish for £= +1: 


(-1" 
Dentnt Rraint 


(29) NS” a I Dy 9 Dag A = (- 1" N=, 


n+ 
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Here in the last equation we have substituted the value of N?, from 
(10a). The normalizing integral is usually taken as 


+1 
(30) Ne = f Pre PR) a. 


This can be deduced directly from (29) by using the relation (18b) which 
yields 


en pe dxge = yt 


n-+4(n—m)!" 


Its direct computation in the manner of (28) would have been somewhat 
more cumbersome. 

We remark that in the following chapter we shall always carry out 
a “normalization of the eigenfunction to 1.” If we denote the associated 
harmonic with this normalization by J/7, then we have: 


+1 
(31 a) Je) IT (¢)ag = 1, 


and comparing this with (30) we get 


(n—m)! 


— 3 i 
(31 b) It = Pm|V'Ne = Pm [(n + HELE. 


J. Tue ADDITION THEOREM OF SPHERICAL HARMONICS 


The proof of this theorem is based on a lemma, which we shall be 
able to prove only with the methods of the following chapter and which 
shall be assumed here without proof, namely: The surface spherical 
harmonic 

+n . 
(32) bare >. IT™ (cos 9) e'™® « IT” (cos By) eo *™* 
m=—n 

depends only on the relative position of the two points ( 9, m ) and (Bp, g ) 
on the surface of the sphere, in other words it has an invariant meaning 
independent of the coordinate system. If we now change the coordinate 
system of #,@ by letting the polar axis of a new coordinate system 
@,@ pass through the point ( %, gq _), then the latter has the coordi- 
nate @,=0 (its ©, becomes undetermined), while the © coordi- 
nate of the former point ( 8, g ) is now given by 


(33) cos O = cos # cos 9 -+ sin # sin J cos (Pp— Gp) 
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For @,=0 all the terms in (32) vanish except those with m = 0. 
Henge the right side of (82) becomes the product of the zonal spherical 
harmonies /7,, (cos @) and J7, (1). Due to the stated invariance of 
Y,, we then have 


(34) 7, {cos O) J7,, (1) = by IT™ (cos 8) 17 (cosB,) ef ™P— %), 


This is the symmetric form of the addition theorem which expresses its 
structure in a convincingly simple form. The form which is common in 
the literature is obtained by expressing the J7**in terms of Pf with the 
help of (31b) and (31). Equation (34) then becomes 


+n 
(35) P,(cosO) = >’ a P™ (cos 3) P™ (cos #4) &™—™, 


or written in real form 
P,, {cos @) = P, (cos 8) P,, (cos 9) 


(36) 42 > (n—m)! pm (cos 8) to (cos 3) cos m (YP —~ Pp) - 
m=] 


(mn + m)! 
It is however evident that the true structure of the addition theorem is 
gradually lost in the passage (34) > (35) — (36). 
Another rather transparent form of the addition theorem is 
obtained from (35) by replacing one of the upper indices m by — m and 
applying (18b): 


(37) P, (cos @) = 


aoe 


(— 1)” P® (cos #) P_™ (cos 8) eh ™&~ 0, 


+A 
na 


§ 23. Green’s Function of Potential Theory for the Sphere. 
Sphere and Circle Problems for Other Differential! 
Equations 


We superimpose two principal solutions u,u’ of the potential 
equation du=0, 
ue RP = (x— 6) + (y—n)P + &—¢), 
4) RP = (2-H) + (y—7'P + — OY" 


and seek the level surfaces of the function G = wu — w’, in particular the 


(1) 
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surface G = 0. According to (1) the latter is given by the equation 
R? = (e’Jey® R%, _ or written explicitly: 


(1 — 52) t+ y+ 2) 
a = 2f—$i)=+ (v-Sn)y+(C- $94 
set Sept Satter Sea. 


This is the equation of a sphere. The position of its center and the length 
of its radius can be calculated from (2): the center Olies on the connect- 
ing line of the “source points’ @ = ( é,», € ) and Q’=( &, 7’, 0’), 
the radius a is*obtained as the mean proportional of O@ = 9 and 


Oe’ i 0’ : 
(3) ee = a, 


so that one of the source points lies in the interior, the other in the 
exterior of the sphere of radius a. 

For further discussion we shall not use the cumbersome formula (2), 
but rather the elementary geometric Fig. 22. 


A. GEOMETRY OF RectprocaL Rabu 


Fig. 22 illustrates the 
method of reciprocal radi2!® 
formulated in (3). We call 
Q’ the inverse image of Q 
with respect to the sphere of 
radius a, or also the electric 
image (Maxwell); the nota- 
tions e and ¢’ in (1) are con- 
nected with the electric 


: : : : Fig. 22, Geometry of reciprocal radii. Q and Q’ 
point of view. The relation are transformed into each other by inversion on 
between Q@ and Q’ is sym-_ the sphere of radius a around the center O, The 


: ; Pah 
metric: Q is the inverse triangles OQ@P, and OP;Q' are similar. 


image of Q’. From (3) we see in the well known manner that the points 
Q,Q’ are harmonic with respect to the points of intersection P;, Ps of the 
line OQQ’ and the sphere. 
The method of reciprocal radii was developed through the pioneering 
The term “reciprocal” arises from the (bad) habit of setting a = 1, in which 
case 9’ = 1/po . For reasons of dimensionality we consider it better to retain the 
ralius @as a length, 
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work of William Thomson” who applied it to a wide range of problems 
in electro- and magnetostatics. Transformation by reciprocal radii is 
called énversion for short. 

From (3) it follows that the triangle OP,Q of the figure is similar to 
the triangle OQ’P,, hence we have: 


(4) £=-%, where R, = P,Q and R’, = P,Q’. 

R & 
Here P; denotes a special point on the surface of the sphere while the 
symbols P,R,#’ are reserved for an arbitrary point P: (x,y,z) and its 
distances from Q and Q’. In order to determine the ‘image charge” e’ 
which was introduced in (1) we compare (4) with the relation 


e e 


2 _@ (the latter due to equation (3)). 
(5) roar eer 


B. Tue Bounpbary VALUE PRospLeM or PotentiaL THEORY FOR 
THE SPHERE, THE Potsson INTEGRAL 


Equation (5) brings us back to our starting point, the condition 
G = u— u’ = 0; and we can now justify the notation G, which signifies 
Green’s function. We have in fact 


(6) G=G(P,Q=%-F 


as Green’s function for the ‘interior boundary value problem” which is: 
to find a potential U which has no singularities in the interior of the 
sphere for a given boundary value U’ on the surface of the sphere. In the 
same manner 

ef 


(6a) G=G(P,Y) =p-F 


is Green’s function for the corresponding “exterior boundary value 
problem.” Of the three conditions a),b),c) (see p. 50) that serve to 
define Green’s function, we have b) satisfied on account of (5) and a) 
satisfied because the potential equation is self-adjoint and therefore the 


* Journal de Math. 10 (1845), 12 (1847). Maxwell in his Treatise, vol. I, 
Chap. XI, quotes a paper in the Cambridge and Dublin Math. Journ. of 1848. 
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differential equation of @ coincides with that of U. In order to satisfy 
condition ¢) of the unit source we merely have to make 
eore’ = — L/4x. 


for the inner or outer boundary value problem, as seen from the table on 
p. 49. 

We write (6) explicitly by introducing the spherical coordinates 
7,0,¢ for P(r = 0 is the center of the sphere, @=0 an arbitrary 
direction). Let the corresponding coordinates for Q and Q be: 

Ty; %y Po with %o = ?, 
f f ¢ rt f f 
ro, Bo. Po with = % = 0, 8 =F, % =H 
as in (22.33) we let 
cos O = cos # c98 B+ sin & gin I cos (p — Yq); 


for e’/e we use the first of the values given by (5), and we let 
eé= —1/4a. Equation (6) then becomes 


The solution for the interior boundary value problem according to the 
scheme of (10.12) is then 


(8) U@=f{ OF de. 


The integration on the right is with respect to the point P and is 
taken over the surface of the sphere, a@/@n = 8G,'dr for r = a and 
do =a sin? dGdp ; Q is an arbitrary point in the interior of the 
sphere. From (7) we get the general relation 
. a 
4n r—g008® a r— 7 008 8 ; 
eo Ree Re 
where 22 and R’ are as before. Hence, for the surface of the sphere, 


where according to (4) we have Ri = ; R, » we get 


4nZ = ar {a~ ecos O— Lfa— “cos e)\= e(1—§ " 


Ry Ry 
Therefore, if we set i } (8, ge) equation (8) becomes 
9 eee) peas 2 i (@,¢) sin 8 dé dp . 
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This representation was deduced by Poisson in a very circuitous manner 
through the development of / (#,y) in spherical harmonics. Here we 
see that the direct way is through Green’s function (7). 

The corresponding formula for the outer boundary value problem is 
obtained from (6a) by setting e’ = — 1/4 and taking the second 
value in (5) for e’/e. We have: 


= { (3, ~) sind didp 
(9a) 4x U (Q') a (&— 1) ff ee ta0 co “cos @)4 * 


” 


The so-called “second boundary value problem,” in which we set 
aG/dn=0 on the surface of the sphere, can not be solved with the 
method of reciprocal radii. 

We now wish to gain a clearer geometrical understanding of the 
way in which formula (9); which is analytic throughout, can, on the 
surface, represent an arbitrary function # (8, y) , which is in general not 
analytic. For this purpose we have to consider the passage to the limit 
Q—K as oa In this limit the factor 1—o?/a® in front of the 
integral in (9) vanishes and hence only those elements of area do con- 
tribute to the integral for which the denominator #* vanishes. The latter 
approaches zero for 9—~@ only when cos@=1, and _ therefore 
$= %, 9 = . Thus the only determining part is a neighborhood - 
of that element of area which approaches Q, in other words the special 
value { (@,,¢%) on this element of area will alone determine the limiting 
value. We indicate this fact by rewriting (9) in the form 


8 2x 
10) 42 Lim U(Qh=a(1—& i NO dGde _—_ 
) "Qa =% (1 a) to ¥) i i) (a*+ 9*—2a¢ cos @)t - 


In the numerator of the integrand we are allowed to replace sin # dé dp 
by sin © d@ d@ ; after this is done the integration can be carried out 
explicitly. We obtain 


a 1 

= eee 
Substituting this in (10) we observe that the contribution of the second 
term in the parentheses vanishes for @— a. From the first term, after 
dividing the denominator @—o into the factor 1—*/a? , we get the 
desired value: 


QE 


In the two-dimensional case (circle instead of sphere} we can carry 
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out a simplified consideration in close analogy to (9) and (9a), where 
instead of (9) we get 


is o I (y) dp 
(11) 2% U(Q) =a (1 =o) ees 


C. GENERAL REMARKS ABOUT TRANSFORMATIONS 
BY ReEciIprRocAL RaDi!I 


Returning to the three-dimensional case we now wish to consider 
the transformation by reciprocal radii from more general viewpoints. 
We choose an arbitrary point 0 to be the center of inversion and, at the 
same time, the origin of a spherical polar coordinate system; we then 
select a sphere with a center 0 and an arbitrary radius a as the sphere of 
inversion. An arbitrary point P: ( r+, 8, ) is transformed into a point 
P’: (¢', #,o' ). Between these points we have the relations: 


rr =a, o = #, y =; 
12 
() dr = —§ dr’, d=d0', dp=dg’. 


For the sake of completeness we also give the corresponding relations 
between the rectangular coordinates z,y,2 and x’,y’,z’. Using the scheme 
of (22.2) we obtain from (12) 
er sin} cos go’ = sind cos = % x, ete. 
a fr? 


or, written in summarized form, 


2 
(12a) (a’, 2) = 5 (2, y, 2); 
and conversely 
a ne ot of 
(12b) (x, y, 2) = oa (@', y', 2) - 


We now seek the transformation in polar coordinates of the line 
element ds? into ds’*. According to (12) we have 


dst = dy? +. 92d 62 4. 22 sin? Ode? 


(13) = (5) (dx'? + 9/2 d 9% + 7% sin? # dp’?) = (3) ds". 


Hence the transformations by reciprocal radii are conformal: every 
infinitesimal triangle: with sides ds is transformed into & similar triangle 
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with sides ds’ (ratio of sides =(a/r')?=(r/a)*). According to a 
theorem by Liouville these mappings are the only non-trivial conforma! 
transformations in three-dimensional space. 

The geometric characterization of our transformation consists of 
the fact that it transforms spheres into spheres, where the plane has to be 
considered as a sphere of infinite radius. A sphere that passes through 
the center of inversion is transformed into a plane, since the center of 
inversion is transformed into infinity. (Infinity in this ‘geometry of 
spheres” is a potnt and not a plane as it is in projective geometry.) 
Conversely, a plane that does not pass through the center of inversion is 
transformed into a sphere. 


D. SPHERICAL INVERSION IN PoTENTIAL THEORY 


The next point of interest to us is the transformation of the differ- 
ential parameter Aw: we start from a function w {r, 8, gp) and trans- 
form the product ru by reciprocal radii (ry = distance from center of 
inversion). We denote the new function by 

+ a fF ws 
(14) vr, 8g) =SulS, og’). 
In other words, we transfer the value ru from the origina] point P 
( r, 8, ) to the point P’ with the coordinates 


(14a) r= 6'=8,9'=9 


and we want to show that the differentia] parameter A’» which is 
calculated in terms of the coordinates 7’, #, gy’ is given by 


(15) A= (2) Au. 


Again, the reason for this relation lies in the conformality of the mapping, 
as indicated by the appearance in (15) of the square of the ratio of 
dilation (r/a)? from equation (13). Equation (15) can be proven as 
follows: we define the operators A and D as in (22.4) by the formulas 


; é a 
(15 a) PA=a(r5-)4+ D, 

1 @ . é 1 @ 
(15 b) D= =; ysl) + a5 ae 


Then, if 4’ and D’ stand for the same expressions in #’, #, p’ , we 
obtain from (14) and (i4a) 
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ee Oly a) dr ra 
(15 c) D'v=r Du, = ON = a hal Fl 
a 1g OV \ Bru) dr at (ru), 
oe or’ (R= @ Ort dr’ 8 By? 


and hence according to (l5a,e,d) 


; 4 ge 42 4 792 1 
(be) rtd’ 5 (AE 425 Du) = ( Sr +4 Du). 


According to equation (22.4) the expression in the last parentheses is 
just + 4u. Hence (15e) becomes 


(16) A’v= (5) Au, 


which coincides with (15). 

If we start from a function u which satisfies the differential equation 
du=0 in the coordinates x,y;z, then the function v = ru after trans- 
formation by reciprocal radii satisfies the differential equation Av = 0. 
in the coordinates x’ ,y’,z’. 

This theorem (William Thomson) enables us to transfer solutions of 
potential problems obtained for a certain region of space S to the trans- 
formed region S’. In particular this holds for Green’s function: if it is 
known for a region S bounded by planes with the boundary condition 
G =), then our theorem gives Green's function G’ for an arbitrary 
region S’ bounded by spheres where the boundary condition G’ = 0 
remains valid. Depending on the position of the center of inversion, 
the region S’ may have diverse shapes. The totality of those regions 
which were treated in §17 with the help of elementary reflections now 
becomes a richer manifold of regions bounded by spheres, thus permitting 
our generalized reflection by inversion. As before, this more general 
reflection leads to a simple and complete covering of space. The previous 
condition that all face angles must be submultiples of # remains valid 
owing to the conformality of the mapping. Where there was an infinity 
of image points (e.g., plane plate) there will still be an infinity of image 
points (e.g., the region between spheres tangent at the center of inversion, 
which is the image of the plane plate). Where there was a finite number 
of image points (e.g., for the wedge of 60° in Fig. 17), the inversion process 
for the spherical problem again terminates after a finite number of steps. 

Examples will be given in exercises [V.6 and IV.7, where we shall 
also discuss the problem of a suitable choice of the center of inversion. 

21 Here the reasen for the retention of a becomes apparent: if we had a = 1 


the dimensionality of the factor 1/r’4 in (16) would not be understood, whereas 
now the dimensional consistency is clear. 
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Obviously all that has been said above can be transferred to two- 
dimensional potential theory, where inversion in a sphere becomes 
inversion in a circle. At the same time the range of possible mappings is 
increased tremendously since every transformation 2’ = f(z) where f 
is an, analytic function of the complex variable z = x + zy teads to a 
conformal mapping. The dilation ratio of the line elements is then 
| af/dz | and (16) is replaced by 


(17) Ao = |Z) du. 


E. Tre BREAKDOWN OF SPHERICAL INVERSION 
FOR THE Wave EQuaTiIon 


Unfortunately, these mapping methods for the two- and three- 
dimensional case are entirely restricted to potential theory. If we were to 
perform a transformation by reciprocal radii on the wave equation 


(18) Au+Bu=0 


then according to (16) the factor (a/r’)*r would appear and (18) would 
become: 


(19) Av + (3) = 0. 


Only in the potential equation (k = 0) does this disturbing factor (a/r’)* 
disappear. In the wave equation this factor means that the originally 
homogeneous medium (k constant) appears transformed into a highly 
inhomogeneous medium, which, in the neighborhood of the point 
x = 0, shows a lens-like singularity of the index of refraction. The same 
holds for the equation of heat conduction, which, written in our custom- 
ary form with w as temperature and k as temperature conductivity, 
would go into 

(19a) Ae= Ely) Be 

This form of the equation certainly can not serve tosimplify the boundary 
value problem for the sphere. Instead, we have to rely on the much 
more cumbersome method of series expansion as applied in the corre- 
sponding two-dimensional case of §20 A, 


: (3) 3 
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§ 24. More About Spherical Harmonics 


A. THe PLANE WAVE AND THE SPHERICAL WAVE IN SPACE 
The simplest solution of the three-dimensional wave equation 


(1) Au+khu=0 


is the plane wave, e.g., a purely periodic sound wave which progresses 
in the z-direction 


(2) um eke cleo? =p kr, k= wave number. 


If we develop this solution in zonal spherical harmonics JP, (cos 8) 
then the coefficients will be the ¥,{e} of §21.C. This follows from the 
wave equation on the one hand, and the differential equation of the P, 
on the other hand. Using the left side of (22.4) and the postulated 
independence from g , equation (1) becomes 


1 @ru : a 
r ort r? sin? 0} 


‘ ou pees 

1n ry a6 + k i= 0 - 

Hence z can be separated into a product of P, by a function R(r) which 
depends only on r. Due to the differential equation (22.5) of P, the 
function & must satisfy the equation 


> ar 


which, in terms of the 9 of equation (2), can be rewritten as: 


1 Bok a(at1\ yp _ 
(3) ae t(1- R= 0. 


This is the same differential equation as (21.11a); the solutions, which 
were continuous for g = 0 , were defined asy,. Neglecting a multi- 
plicative constant we get from (21.11): 


(4) RO) = val) = YFG In O- 
Similarly we obtain the linear combinations of the £4? (@), defined in 


(21.15), as solutions of (3) discontinuous for g=0, Since the latter 
do not enter into the expansion of the plane wave, we have to write: 


(6) chee OS on Yu (@) Py (008 9). 


Here the coefficients c, are still undetermined. They are determined 
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from the orthogonality of the P,. Namely, according to (22.8) and 
(22.10a) we get, if we again denote the variable of integration by 


£= cos? 


+) 
(6) Cn Yale) = (2 + 2), j ef? Pf) dl. 


We now compare the asymptotic values for @-»0o of the two sides. 
Due to the relation of y, to I,,, , we get for the left side from 
equation (19.57) 


(6a) o, ale (m+ i)a/2] 
is @ 
The integral on the right side can be expanded into a series in +1/o 
through successive integrations by parts. Ignoring all higher powers of 
Ug for this integral we obtain: 
sin (9 — 27/2) 
; ‘ 


The coefficient of 2:” here is the same as the coefficient of ¢, in (6a). 
Substituting (6a,b) in (6) we therefore get 


(6c) en = (20 + 1) 8% 


efe e~te 1; ; 
(6b) Fy Pal) — = Py (— 1) = le ~ (—1ytere] ae" 


Hence the expansion (5) of the plane wave assumes the final form 
(7) eivem eS (2n-+ 1) i" yp (0) Py (008 9). 


This should be compared with the Fourier expansion (21.2b) of the 
two-dimensional plane wave. Just as we considered the latter as 
generating function of the /,, so we may consider the three-dimensional 
plane wave as the generating function of the y,. At the same time (6) 
and (6c) yield the following integral representation of the », : 


+1 
(7a) 2 3" wp, (0) = fee P, (¢) dg, 
“1 


The next simple solution of the wave equation (1) is the spherical 
ware 


tk to 
8 Se ES la 
(8) tkr io 


This represents a radiated wave which progresses in the positive r- 
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direction if we give its time dependence by exp(—ta@t). According 
to (21.15a) the solution (8) is identical with the solution of- (3): 


(8a) O= Vag Hie. 


which is singular at the point r = 0. We now transfer the source point 
r = 0 to the arbitrary point 


Q = (9, Mo Ho) 
Then (8} becomes 
R=Vr+ r— 2947, cos @, 


‘ 
(8b) v= {=k 
* fey cos @ = cos # cos 9, + sin F sin F cos (p—q) - 


This function too can be expanded in spherical harmonics 
P,, (cos @). Here the coefficients must again be solutions of the 
differential equation (3), namely, 


yo) for r<ry, Ge) for r>%, 


the former, since the point r = 0 isnow a regular point of the spherical 
wave, the latter, since the type of the radiated wave must be preserved 
in every term of the expansion. Owing to the symmetry of & in r and ro 
the reverse holds for the dependence on 7». Hence in the coefficients of 
P,, (cos @) we must have the factors 


fi(o,) for r<t, Paleo) for r>%%, 
so that the expansion reads 
oo 
= Cy £h{09) Wn {0} P,,(cos 6) T<7%, 
(9) TE= 
oo 
man Wn (Oo) eh{e) P,,{cos 8) > %- 


The numerical factors c, must be the same in both rows, since for r = ro 
the two rows coincide (except for the point Q, where we have @ = 0- 
and both series diverge). The situation here is the same as for the cylin- 
drical wave in §21, equation (4): in the interior of the sphere we have a 
“Taylor series,”’ in the exterior a series of the ‘‘Laurent type.” The c, 
can again be determined by passing to the limit *—0o. We get 


R=+(1-2e0s + : -+) >r—r,cosO, 


eit = et *r eg tkre08 © : 
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Using (7) with —tg)cos@ insteadof + ¢gcoa® the left side of (9) 
becomes 
@ 
Fe LAM + 1) 8)" yp (Qu) Pa (0088). 


Due to (21.15) and (19.55) the second line on the right side of (9) 
becomes in the limit 


2 i [ge — (x n 
>, “es ¥n (0) V3 Vaz gi le- @+)Da/2] P,, (cos). 


This will correspond term for term with the left side if we set 
(9a} ¢, = 2"n+1. 


We may also consider this representation of the spherical wave as an 
addition theorem for the function 


VER = AV + g2 — 2 2 a cos @). 


If, on the left side of (9), we pass from the radiated to the absorbed 
spherical wave 
eg tkk 


TER = G (Ve? + & — 20a cs O 8) 


then throughout the right side ¢@ must be replaced by ¢!. From half 
the sum of both representations we obtain the addition theorem for the 
regular ‘‘standing wave” 


(10) yp (k R) = “EB S (m+ 1) vy (G0) vn (0) Py (008 8), 


here the distinction between ¢<Srg is unnecessary. 


B. Asymprotic BEHAVIOR 


If in the differential equation (22.13) of the associated spherical 
harmonics we pass to the hmit 


(11) m>0o, 8-0, nd—>n, P* (cos d) > O,, (7), 


then we obtain 


m?* 
(11a) 25 (1 z,") + ¢ — =) 0, = 0. 
This is the differential equation (19.11) of the cylindrical harmonic Z,,. 
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Since P; and hence O,, is finite for #—> 0, the only permissible solution 
of (11a) is the Bessel function J,,. Hence we have 


(12) On (4) = Cyn (yn) with Oy=1. 


The latter follows from the fact that for m = 0 and 4 =0 we have 
I, (yn) = 1 on one hand and (due to (11)) ®=0 on the other, and 
hence P,,(cos#)=1 and O,)(y)=1. In order to determine C,, for 
m > 0 too, we use (22.18), which for & + 0 yields: 


om : +m m 
(12a) Qo an ae dint m (CS Dead)", 
We rewrite the function under differentiation in the form 


ni | ace 
(e—arar(1 + Styrene —aynr(") (ES 4 
In this binomial expansion we have written only one term since the 
terms of lower degree vanish upon differentiation and those of higher 
degree vanish in the limit +1. The (n+ m)-fold differentiation 
of this term yields 


on-™ (n+ m)! (7) = grnm tl (mp mye 


m! (n—-m)! 
Upon substitution in (12a) we obtain 
‘on 1 /d\m(n+m)! 
(12b) Pr += (3) (n—m)!° 


Here the last fraction has 2m more factors in its numerator than in its 
denominator; since mn, we may identify all these factors with n -to 
obtain 

1 (nam 1 /n\m 
Comparing this with (12), y where we replace J,, (7) by the first term 
of its power series (19.34), we obtain 


(13) C, =n". 


Hence for m > 0 we must, in order to obtain J,,, divide P;’ by n™ before 
passing to the limit. 

The geometrical meaning of our result is as follows: The surface of 
the sphere can be replaced by its tangent plane for the neighborhood of 
the north pole 8-0. The solution of the spatial wave equation, 
whose behavior on the sphere is determined by P™ e’"*, thereby goes 
into a solution of the wave equation for the tangent plane, namely, 
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I, (n) e'**, provided we perform the passage to the limit on Py/n™ 
instead of PY. The same obviously also holds for the south pole of the 
sphere #—>z . 

Having thus treated the special cases $0 and @—>2 wenow 
wish to investigate the asymptotic value of PY as »-oco for a 
general O<- @ <a. To this end we apply the saddle-point method 
to the integral (22.23), which we rewrite in the followmg complex form: 


(14) PRO = referer de, with wade, Cm SEM et mae, 


the latter due to (22.23a). The integration is to be taken over the unit 
cirele of the w-plane in the positive (counterclockwise) sense; the function 
f(w) stands for 


(15) f(w) = log {eos # + Sin 9 (tw + 1/u) JET hog w. 
Hence 


cos # + sin 6 - (w+1/w) ne 


P(e) = 


We therefore have tio saddle points wy, which, for m«n and 
sin # +: 0, lie on the unit circle, namely, 


@,=+1 
and we get 
(15a) {’"(tg) = sin B eFHO 9/2), 


With the same assumptions we get 


(15 b) phi ito} _ pkine (+ 1y"+ 1 


As in (19.54) we set for the two saddle points w+ 1=— se?’ and after 
applying (15a) we obtain 


(150) f(ve) — feu) = 7" (tu) MEE 4... = Sein get rte m0, 

If we let 

(16d) 2éyt(F — 2/2) = Lia andhence y= + (0/2+ 2/4), 
then f(w) — f(wo) becomes real and = -~ = sin @. This choice of y 


means that for the saddle points we shall integrate along the line of 
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steepest descent whose direction, according to (14d), still depends on #. 
The tivo integrals then assume the common value 


+e 
ft g# 
(16) fetes ay, 
Due to (15d) and the relation dw = e’ds this must be multiplied by 
the factor 


(16a) eb? — gk 10/2 + n/4) 


In the limit % —+ co the integral (16) can be reduced to the Laplace 
integral by a simple substitution and we obtain 


2 
(16b) | ane . 
Due to (15¢) and (16a,b) equation (14) becomes 


= 


Cc 2 a = 
(6c) PR=55 EE, (eter ver nny +e or nernetes ne), 
Since we have made the assumption m <# throughout, the value of C 
in (14) can be reduced to C = n™ exp {—¢m 2/2} by the same reason- 
ing that led from (12b) to (13). Henee C/? becomes 


n™ exp {—¢ (m + 1) 2/2} 


Combining this with the two exponential functions in (16c) we obtain: 


(17) Pe = 0") cos {n+ 90-38 — Fh. 


Therefore P; for rea] n is a rapidly oscillating function of varying 
amplitude; the amplitude is small in the neighborhood of # = 2/2 
and increages symmetrically for decreasing or increasing #. For 
@=0 and wequation (17) breaks down since, according to (15a), 
f’’(wo) vanishes and the series for f(w) — f(wo} starts with the third 
term (compare with the limiting case on p. 122 that led to the Airy 
integral). Equation (17) is then replaced by (12c). 

We shall apply (17) in the appendix of Chapter VI for the case of 
complex n with a positive real part in which our derivation remains valid. 


C. Tur SpHericaL HARMONIC a8 AN ELECTRIC MULTIPOLE 


In this section we return to potential theory. Since in §22 E we 
were able to define the surface spherical harmonics of degree n as homo- 
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geneous potentials of degree n (or better of degree ~ n — 1), it must be 
possible to generate them with the help of repeated differentiation 
‘with respect to n-directions” of the elementary potential 1/R. This is 
the point of view of Maxwell in Chapter IX of his treatise. We express 
this by the Maxwel] rule: 


as P Rt = (E— z+ (n—yP + C—2)%, 
(18) Aart st eee ae Lim 2, y,2>0, Lim Ror, 
vie + + C2 = 1. 


The “action point” P = { £, 7, 2 ) is to lie on a sphere of radius 1, the 
“source point’? Q = (z,y,2) is to lie in the neighborhood of the origin. 
The “directional differentiations”’ hy,he...,4, can be performed both 
on the coordinates of P and on the coordinates of Q. We do the latter 
and then pass to the limit 2,y,2— 0, Rr. In this way we obtain a 
multipole at @ whose order increases with the order of differentiation. 

We start with the simplest case in which the directions hike. . . 
coincide, say, with the z-direction. The surface spherical harmonic 
which is obtained in this way is symmetric with respect to the z-axis 
and hence is a zonal spherical harmonic of the Legendre type P,. We 
follow its genesis from line to line denoting the limit process of (18) 
by -: 


| a | tz 
” oR Ro Rom PL, 
9) 16461 ~=18@1 ~=18f—2_ 11 3 (¢ — 2}! 
210k, dh R” 24 R™ Zee RO ~ BRET Ze 
8 1 
ade «ad 
>a ma= Py, 
go 2928 118% 1_187_11 , 8-2 
) ci HE, RHETT Bl TetT Re ) 
__ Bg—z , 52) 5 3 
=— ge ty og Oma Py, 
4 29888 11H 1 10/_8t—5, 5G» 
Thm Be Bm TH 2 TD ) 
_ 81 C2 | 8¢—z2t 85, 15 3 
=tR- a we te wm PPK Tet gah. 


This sequence P,, .. . ,Ps, which can be completed by the zeroth deriva- 
tive Py = 1 of 1/#, coincides with the values obtained from the original 
definition on p. 23 (the variable x being replaced by ¢). This follows by 
necessity from the relation between spherical harmonics and homogene- 
ous potentials, so that in (18) we were free to determine the normalizing 
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factor 1/n! only. We note the connection between this rule and the 
second equation (22.3) which, after the substitution 7» = z (Q on the 
z-axis) andr = 1 (P on the unit sphere), can be written: 


a se P,,,(coa 8); 


RR mze 
and hence for z — 0 we indeed have 


1d* 4 
ai iw R= Pn(cos 0) = P, (0). 

We list the names and symbols for the successive multipoles. In 
order to avoid the limit process Q — 0 we replace the differentiation with 
respect to z (coordinate of source point) by a differentiation with respect 
to ¢ (coordinate of action point) but with opposite sign, and interpret 7 


as the distance 0 P = [/ &-+ y?+ ¢2. 


an ‘ 1 
Unipole charge scheme G) potential = 
. § F . 1 d 1 
Bipole charge scheme (+) potential — Ty af 
F ..., 1d it 
Quadrupole charge scheme potential + 5; ay: 


By contracting two quadrupoles of opposite scheme we obtain the 
“octupole” with potential 

ee 
aes 


<1 


(The determination of the corresponding charge scheme is left to the 
reader.) By n-fold differentiation we obtain the 
Capa 

nm} ath r* 
Tn wireless telegraphy one uses the term dipole instead of bipole. Quadru- 
pole and octupole radiations occur in atomic physics. 

We now have to consider examples of differentiations with respect to 
different directions. In addition to differentiations in the z-direction we 
now consider differentiations in the (7,y)-plane. In order to preserve a 
certain degree of symmetry we consider differentiation with respect to, 
say, m equally spaced directions in the (z,y)-plane (in “star form,” with 
an angle of a/m between two adjacent directions) together with n—m 
differentiations still taken with respect to the z-direction. We thus 


2”-pole and its potential 
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obtain the fesseral surface spherical harmonies 

(19) P (f) Dn (P), Pym (Y) =F ™?, 

where instead of the two exponential functions given here we may have a 
linear combination, e.g., oe mg . To this category (19) belong the 
so-ealled sectorial surface spherical harmonics (this notation too is 
Maxwell’s) with m = n, which according to (22.18) is represented by 
a* Pp, (2)! 
dfs 2"! 
We discuss this further for 2 = 2. The star formed arrangement is 


obtained here if we take 2, and Az in the x- and y-direction. Equation (18) 
and what follows then yield 


a ae ee 
= 2éxdy Rh 


(19a) P* }, =sin" 3 sin® pet **?, 


@, = 


(€— x} (n— y)} 
Re 


le y-y_ 3 
2ar he ~ 2 


3 3. : 
> 3 §n = Zsin? B sin 2 gy, 


which is indeed of the type (19a). In this case too we speak of a quadru- 
pole (see the right hand side of the diagram below; the left side, which is 
placed differently in space belongs to P$). 


i if 
C>.. ¢.. 

+= += 
Quadrupole P} Quadrupole P3. 


The fact that (18) yields the complete system of the 2n + 1 surface 
spherical harmonics of degree 2, follows from the number of constants in 
(18): two directional constants for every differentiation A and one 
multiplicative factor, . 


D. Some REMARKS ABOUT THE H¥PERGEOMETRIC FUNCTION 
The hypergeometric function is best defined by its differential 
- equation: 
(20) z(L~z)y" + [y—(@+ 6+ 1)z]y’—apy=0 


From this equation we deduce the Gaussian series representation (11.10a) 
according to the procedure of §19 C. We set 


(21) y= (ag+ dye ae +--+ at ---), 
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with undetermined exponent 4 and coefficients a,. We substitute this 
in (20) and set the coefficients of the initial term z*—+ and the general 
term 2** equal to zero. In this way on one hand we obtain: 


(21s) 4a(4A—-1+y= 
and on the other hand 
[(A+k+N A+ H+ yA+K+ 1) &,, 
=[A+ eh) A+E-1 4+ @+8+) 0444+ 8] a. 
Equation (21a) has the solutions 
(22a) A=0 and A=1—y; 


We first consider the former solution and by substituting it in (21b) 
obtain 


(21b) 


(2b) a,,, = PGS DAG ++ De beB, _ + HG+h 
b+i “EP DEFY EF) ~ EFDY+H 


Hence if we set ap = 1 we obtain the Gauss series 

& oo aie er 2) 4 
The other solution of (22a) yields: 
(23a) ¥=% = 27’ F(x—y4+1, B—y+1, 2—y, 2). 
There are also a large number of related representations for altered 
parameters «, 8, y and linearly transformed z, which coincide re~ion- 
wise with (23). They have been compiled lovingly by Gauss as ‘ :ela- 


tiones inter contiguas.”’ 
If we compare the differential equation (22.6a) of the zonal spherical 


harmonics 

(24) (l— 0) P*—2f£P'4+nu(n+1P=0 

with equation (20) then we see that it is obtained from the latter by the 
substitution 


eo ite, xm —h, pHn+1, yal 


From this we see that P,, must coincide both with y; and ye. up toa 
factor, Namely, we have: 


P,(t) = F(—an+1,1, 1st 
(24a) =(—1)"F(—n, +1, 1 54), 
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which also yields the correct normalization P,(1) = 1 for ¢=-+1. 
The series (24a) for P,, breaks off as does every hypergeometric series 
with negative integral a or £ : since #=-—-" we have that P, isa 
polynomial of degree n (the coefficients of (1 ¢)**+? and of all subse- 
quent powers contain the factor a+ n=—n+n=0 in the 
numerator). We remark that the series for P, in terms of 1-~¢ is 
simpler (since it is hypergeometric) than the series in terms of €. The 
latter reads 


Pag GOOG It 


— 
(—2){(—2+1) m+n +2) /1-—2 (2n}! /1—C\* 
(24 b) + OS eS ea os os a or >) 


" 
a _ yp @t+tp)! 1 fle 
a 1Y (a— pi pipik 2 =) 
The associated P® can also be represented by ‘a hypergeometric 


series. We merely have to consider the general relation which is obtained 
from (23) by termwise differentiation: 


(25) FF Bye) = 22 Pla +1, B+1, y+ 1,2). 


Hence for positive m we obtain the representation 


P™ (€) = C(1— c)"" F (m—n, m+n+1, m+ ae =*); 
(26) Cae tm! 
= pm m! (n— m)}° 
from (22.18). For the negative integral m this representation breaks 
down, but can be extended to that case by a limit process; the result 
then coincides with our general definition (22.18). 

From the Gaussian hypergeometric function we derive the confluent 
hypergeometric function, which is of the utmost importance in wave 
mechanics. It depends only on two parameters a and y since the third 
parameter 8 is subjected to the following limit process: 


(27) B00, 20, B2—-@ (g =arbitrary finite number). 
We then obtain from (23) 
(a + 1) = 1) e e+e 


and considering the fact that 


ee ed 
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we obtain the corresponding differential equation from (20) after 
dividing by £ : 


(29) oat y— —e) Gao F =0. 


We shall encounter this equation again in connection with the eigen- 
functions of hydrogen in wave mechanics. 


E. SpHERICAL HARMONICS OF NON-INTEGRAL INDEX 


Our representation must still be completed in two directions. We 
have been restricted so far to the case of integral numbers n and m and to 
functions P™, which were fintle throughout. Both these restrictions 
were suggested by the connection with potential] theory. 

Concerning the first point, we see that for non-integral n the hyper- 
geometric series at the points ¢ = +1 in ascending powers of 1F ¢ 
does not break off as it does in the case of integral n. The solution, which 
is regular at the north pole €=+1, diverges at the south pole 
¢= —1 and vice versa. Thus (24a) is valid for integral n only. The 
“requirement of finiteness all over the sphere” can therefore be satistied 
only for integral n, The possibility of non-integra] m is excluded by the 
requirement of uniqueness with respect to the gy -coordinate. 

The type of singularity of P,, (¢) for non-integral n can be deduced 
from the genera] theory of hypergeometric series. We prefer, however, 
to deduce it by direct caiculation. 

According to their original] definition in (22.3) the P, are the coeffi- 
cients of a Taylor series which progresses in powers of ¢ = 7/79; hence 
for integral n-: 


1 
(30) Fr; (ct) = a oe V1—20t+e at t=. 


According to Cauchy’s theorem this can be written as: 


I dt 1 

(30a) P,, (0) = >= x an Vineet 

This representation also holds for non-integral n, except that due to the 
many-valued character of -"~1 we have to perform a branch cut, e.g., 
from t=—co tot = 0, and that the path of integration is now a loop 
which starts on the negative side of the cut at t= -—oo, then circles 
the point 4 = 0 in a counterclockwise direction and ends on the positive 
side of the cut at t=—oo. It is clear that for this definition the 
differential equation of P,, is satisfied regardless of whether or not 7 is 
integral. Equation (30a) defines that particular solution of the differen- 
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tial equation which is regular at ¢ = 1 and satisfies the normalizing con- 
dition P, (1) =1. Namely for ¢ =] we obtain from (30a) 


(30b) PRW=-65- 


———— > 
22x73 7 +1 y—] 


The integrand now has a simple pole at ¢ = 1. The loop described above 
can now be deformed into a path which circles the pole in a clockwise 
direction. According to Cauchy’s theorem the integral then has the value 
— 22%, and hence the right side of (30b) has the required value + 1. 

For # > 0 the integrand of (30a) has two further branch points 
that are due to the square root in the denominator and lie on the unit 
cirele of the é-plane at 


t=e* and t= e7'? 

We connect these branch points by a branch cut, e.g., along the unit 
circle. The path of integration may not cross this cut either. For 
&=2—d, 6<1, the endpoints of the cut approach the negative 
real axis and restrict the path of integration between them. This 
explains why (30a) becomes singular for 6 0, or in other words for 
Gon, E-—1 


In order to discuss this singularity we write 
i= ¢'* (1 + T) and t=—¢ 4 (1 + 1); 


in the neighborhood of the point £ = — 1 on the upper and lower edge 
of our branch cut respectively. Then, exeept for terms of higher order 
in t and 6 , the square root in (30a) becomes 


Hence for small 6 only the neighborhood ot +=0 contributes to our 
limiting value as #—>»c¢. We may, therefore, restrict the integration 
over the upper and lower edges to the small region between 


T=-++ée and t= ~e 
and considering the orientation on the two edges we may write: 


dt et "dr lower edge 
mth |—e- ** dz upper edge, 
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hence: 
etian _. g-tinn dr gin ” st dr 
+e +e 


Now according to a well known formula we have 
dz re 
——-=— = log | é? 
Vx + 6 = log (t+ Vrt+ ) 


for undetermined upper and lower limits of integration. Hence for the 
definite integral in (31) we have 


log (— e + Ve? +- 6) — log (+ e+ Ve? + 8?) 


and for é<eé 


In the limit & > 0.we have log & as the leading term; hence we 
obtain from {31) 


(82) Lim P, (0) = log + + --, 
fant 
The terms”... which have been omitted here reduce for 6 +0 toa 


finite constant which is of course independent of ¢ . 


I’. SpHerRIcAL HARMONICS G¥ THE SECOND KIND 


At the beginning of Section E we saw that for non-integral x two 
different solutions P, of the hypergeometric differential equation exist. 
Only for integral x do these solutions coincide. But in this latter case, too, 
a second solution must exist in addition to the everywhere regular solu- 
tion found above. This solution will be singular at the points {= +1 
We call it a spherical harmonic of the second kind and denote it by Q,. 

The type of singularity can be determined from general theorems. 
In (21a) we saw that the quadratic equation for the exponent 4 for the 
case of spherical harmonics {y == 1) has the double rect A= 0. By a 
passage to the limit we see that this indicates a logarithmic singu- 
larity for {= +1 .. Just as in the case of spherical harmonics of the 
first kind, we obtain detailed information about the spherical harmonies 


* They are computed in Hobson’s textbook, equation (53). p. 225, which was 
quoted on p. 124 above. 
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of the second kind Q, from a generating function®® (C. Neumann): 
1 ‘ee ‘1 
(33) Fat = Dy (+ 7) Onl Pal). 


Hence the Q, (y) are defined as coefficients in the expansion of 1/(7 —¢} 
in the P,, and therefore they are given by the following integral repre- 
sentation (F. Neumann): 

+1 


(34) QiM= aM. f PC. 
-1 


In this formula the path of integration is to avoid the singular point 
€= by going around it through the complex domain both to the 
right and to the left, and the symbol A.M., which we shall omit in the 
future, indicates that we have to take the arithmetic mean of the two 
values obtained (this is identical with the so-called “principal value” 
of the integral). The fact that this avoidance of the singularity is not 
possible at the limits ¢—=—-+-1 implies the above-mentioned loga- 
rithmic singularity. . 

That Q,(y) satisfies the differential equation (24) (written in 
terms of 7% ), is to be expected from the symmetry of the defining equa- 
tion in , ¢t and Q,P, but it can also be demonstrated directly as 
follows: we abbreviate equation (24) to 


L{P}=0, L=Sa—ty St amt, 


and by £,{Q} we mean the analogous expression written in terms of 4 
and Q; we further note the identity 


Lf = dy wat 


Then from (34) we have 


+1 
(35) LQ = f PaO) bea ag 
-1 


We integrate by parts twice, then the terms which are due to the limits 
€= +1 vanish on account of the factor 1—¢* in Z, and we obtain 


+1 
(36) Ly (Qn (= f Le{Pn OPA = 0, aed. 
-1 


3 Usually double this function is used, so that in (33) we have 2n + 1 instead 
of n+. Correspondingly our Q, (4) differ from the cnstomary-ones by the factor 2. 
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It is now easy to compute the first @, (m) in terms of the known 
P,,(y) with the help of (34. We deduce for {y| <1 


from Py = 1: Qy = log wi, 
from Py = ¢: Q = —2 + qlog 77. 


The general law is (Christoffel) : 
| 
(37) Qn (n) = T+ P, (y) log -— 


where f7 is a polynomial of degree n — 1 which is composed additively 
from all those Pas. for which the index is non-negative. Finally we 
obtain from (34), through m-fold differentiation with respect to 7 and 
multiplication by (1 — 7*)""? (which is nee to sin™ #), 


(38) OR (n) = 1m! (tn [as oper te. 


Appendix I 


REFLECTION ON A CIRCULAR-CYLINDRICAL OR SPHERICAL MIRROR 


Referring back to Fig. 8 and the notations defined there we continue 
the treatment of the problem which we started in §6. 

a) Cireular-cylindrical metal mirror. The incoming wave (electric 
vector which is perpendicular to the plane of the drawing) is 


N 
(1} Use et KF COBP py J, (Er) + 2 _ 5, (kr) cosng. 
nol 


(see (21.2b)). This representation holds for the entire r,¢-plane and 
for r = @ it defines the function —f(y) in (6.4). The sum of N+ 1 
terms on the right is the best approximation to w that can be obtained 
by the method of least squares; the fact that the coefficients in this sum 
are the same as those in the exact non-truncated series (21.2b) follows 
from the “finality” of the Fourier series. We write the radiation which is 
reflected (diffracted, scattered) by the mirror as the sum of N+ 1 
particular solutions of the differential equation 


4u+ RPu=0 
for r < ain the form: 


N 
(2) t= dot s CON BP; 
U R 
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(since the solution must be continuous for r = 0 only the J, can oceur 
in the representation; the sine terms disappear on account of the sym- 
metry of the incoming wave with respect to g=0 ). The denominator 
I,,(ka) is used for the sake of convenience and merely influences the 
meaning of the constants C,, which are as yet undetermined. The same 
holds for the denominators in equation (3) below. 

We write the radiation which is scattered by the mirror to the 
outside r > @ as the following sum of NW + 1 particular solutions of the 
wave equation: 


H,(k ia 
(3) v= > D> "Bea 
The time dependence of the whole process should be thought of as 


given by exp(—iw4# ; hence only the H' occur; the H? would corre- 


spond to absorbed waves. As we saw in §6 the boundary conditions (6.8) 
to (6.11) imply C, = D, and, according to the method of least squares, 
the system of linear equations (6.12). The constant ys which occurs 
there is determined from (6.7), (6.11a) and the equations (3), (4) above 
as 


Fe (ka) wal 
a 


() yn © ONT ka) Hi (ka) 


According to a well known theorem in the theory of linear differential 
equations we can rewrite this in the simpler form (see exercise IV.8) 


_ ein 
(8) aa I, (ka) Hy (ka) 
We introduce the notation: 
* 
(6) Gay = f cos ng cos m pdp 


and obtain by a simple transformation 

{7} | [ coone cosmo dp = i; 3am Oom: 

Here and in the following the symbol (2) stands for the number 2 when 
n > 0 and for the number 1 when x = 0. Then the left side of (6.12) 
becomes 


N 
at 
(8) ay mt Dy tam Yn tm — UV Cn 
Setting f(¢v)=—w, where w is as in equation (1), and r = a, we obtain 


for the right side of (6.12): 
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(Ba) =i" Iq (ha) + ¥ dum 2)i* Ia ha) 
t- 
Hence the system (6.12) becomes 
N’ 
(9) Oy + (2) 8" I, (ka) — ® = tue {Cn + (2) Zn (6 @)— Yn Ym On} = 0, 
r= 


which must be satisfted for all m = 0,1, ... ,. 

In order to discuss this system we first set «= 2, in other words we 
consider a complete circle (spatially speaking a closed, totally conductive, 
cylinder). According to (6) we then have a,,, = 0 and (9) yields 


(10) CO, = —~ (2) 8" I, (Ra). 


This result is somewhat trivial. For, by substituting the value (10) of 
C,, for D, in (3), we obtain the rigorous solution v of the corresponding 
scattering problem for r = a: 


Hy (kr 
(11) > (2) i" Z, (ka) x Ey Ome, 
a radiated wave which, on the cylinder r = a, exactly cancels the incom- 
ing wave w of equation (1) and hence for N—co yields the rigorous 
solution of the scattering problem. In the same manner we obtain for u: 


¥ 
(42) ¢= — am OO Ty Pe) ena 
Roe 


This result is also trivial since in the interior of the closed circle r = a 


we must have wu + »v = 0. 
We now wish to investigate whether our equation (10) yields a 
useful approximation in the case «<2 , too. To this end we set 


(13) Cy = — (2) 0 Z, (ka) + B, 


where 8, is a correction term, and obtain from (9): 
14) Bg — 2S anu {Pu 1—Yu nd + Yu Ym (2) # Iy(ba)) = 0. 


As in (6.12) this is a system of W + 1 (and in the limit infinitely many) 
linear equations with which we can do practically nothing. However if 
we assume that z—« is small, that is that the cylinder has only a 
narrow slit, then @ym- becomes small and the product §,¢,, becomes 
small of the second order. If we neglect this term then (14) becomes 
simply 


N 
Bm _ __() > in 
(15) Ym = x = (2) OY Onn Yan £, (ka) , 
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which is an explicit value for 8, and from (13) yields an explicit value 
for C.y. 

The narrowness of the slit necessary for this consideration can be 
estimated by a physical consideration: its width must be small compared 
to the wavelength of the incoming radiation; only in this case does the 
interior field go over continuously into the zero field of the closed 
cylinder. Hence we must have 
(n—«a)a 


(16) 7 


<i. 

This condition can be satisfied only approximately for Hertz waves. In 
the properly optical case this approximation breaks down. This is the 
reason we spoke of a “‘quasi-optical case’ on p. 29. In the well known 
Hertz experiment with concave mirrors, for which we have, say, «= 2/2,, 
A= 200cm.,a = 50 cm., equation (16) is approximately satisfied so that 
our system of approximation is justified. 

b) The sphere segment as an acoustic reflector. In order to avoid 
discussions on vectors we deal with scalar acoustic waves instead of 
directed optical radiation. By w,u,v we mean the velocity potentials of 
the primary and secondary (reflected) radiation in the interior (r < a) 
and exterior (r > a) of the sphere. Let the sphere segment be given by 
r=a,0<@<a. According to (24.7) we write w in the form 


N 
(17) w= =, (2n-+ 1) i" y, (kr) P, (cos 8) ; 
C= F 


this is the best possible approximation of a plane wave exp (i kr cos #) 
by N + 1 spherical harmonics according to the method of least squares. 
We further write 


Yo Pnlkr) 
(18) aS 2 ny ee r<a, 
(19) = > Dn ane P,, (cos #) r>a, 


where the constants C,,D, are as yet undetermined. Concerning the 
denominators see the remark to equation (2). The function ¢, is the 
Bessel function with half-integral index which was defined in (21.15) 
and corresponds to the Hankel function H}. On the sphere segment 
(which was assumed rigid) we have 


7 7 
a Utw=s(e+w)=0 for 0S <a andr =a, 


and for reasons of continuity we must have 


ou 


ed 


o 
=> for «<@san and r=a. 
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This condition again leads to D, = C,, and to the equations: 
a C, P(e) = f (8), 0<8 <a, 


20 
i a Daryn P, (cos 8) = 0, acdc. 


which are analogous to (6.10) and (6.11). Here (6) stands for the 
value of —éw/@(kr) for r = a, 


(20a) fa) = — Cae w <x ek 1 cos 0 


and in analogy to (5) 

_ ¥alka)  S,(ka) 
Gop) Ya= 9" (ka) 6. (ka) 
Introducing the abbreviation 


ar 
fam = { Py Py sind dd 
« 


we obtain 

- é 
(21a) [Pa Pasin 8 a0 = = se 
and from (20a) 


@ N @ 
{fo P,, (cos #) sin 8 db= — SY (2n + 1) yn (ha) f Pe P,, sin 8 dd 
(21) =2 


N 
= —2i" wy (ka) + 2 Gam (22 +1)i* yy, (ka). 


In analogy to (6.12) the method of least squares now yields the following 
system of equations for the C,,: 


N o ci a 
2 0, {f? Py, 8in 9 d9 + yu ym f Pp P,sin 040 = f f() Pry sin 8 dd, 
r= a it} 


which holds for m = 0,1, ... ,N; due to (21a,b) this becomes 


Ong 
(22a) m+4 


N 
st = Gam Ca Q — Van) 
n=O e 
= —2 iM yi, (ba) + & nm (2 + 1) i" yp, (ka). 
roa 
which, as in equation (9), can be rearranged to 
(23) ss [Om + (2m + 1) Yn (Ea) ] 


m+4 oe 
= aX tom (On + (2" +1) i” wp, (ko) — Yu Pm Cy) = 0. 


We again start with the limiting case «= of a closed sphere in 
which a,,,= 0. Then (23) yields 
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(24) Cm = — (2m + 1) 6” yy, (ha). 


Substituting this value in (19) we obtain the rigorous sqlution v of our 
acoustic problem for r > a, namely, the reflection of an incoming wave 
on a closed sphere. In the interior r < a of the sphere we obtain, by 
substituting C,, in (18), a field « which, as it should be, is the negative 
of the field w of the incoming wave. 

The next problem is that of a spherical surface with a circular hole 
in the neighborhood of #@=2. By setting 


(25) Cm = — (2m + I) iy, (ka) + Ba, 

and ignoring the product term of second order a,,,8, we obtain from (23) 
1 By. 

26 EM SB 4) Mam tin W (BO)s 

(26) —ere n Dent nm amrr eo 


which is an explicit computation of the correction term ,, and hence of 
the coefficients C,. The reader should compare this result with the 
analogous result for the problem of the cylinder in equation (15). Just 
as the width of the slit there, so the diameter of the circular hole here 
must be small compared to the wavelength of the incoming radiation. 
Hence, here too, we can treat only a “quasi-acoustical’”’ problem, the 
problem of infra-sound, which is very far from the more interesting 
problem of «lira-sound. 

Our aim in this somewhat sketchy appendix has been to show that 
the method of least squares may be applied successfully even in some 
cases in which our condition of finality for the computation of the 
coefficients C’,, is not satisfied. 


Appendix II 


ADDITIONS TO THE RIEMANN PROBLEM OF SounD WavEs IN §11 
The purpose of this appendix is to fill a gap which we left in §11; 
namely we shall prove that the expression (11.10) 


(1) v= (ETT) Fa+1, —a,1,2, «=— — ee. 


where F stands for the hypergeometric series, satisfies the differential 
equation 


(2) Rij 24 * (@ é) 2av 


indy tty int oy) Gy 


which is derived from (11.2) and (11.8). Riemann was able to prove 
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this by his general transformation theory for hypergeometric functions. 
However we shall proceed in an elementary fashion, by considering the 
function F in (1) as an unknown function and then by substituting (1) in 
(2) and deducing a differential equation for F(z). By proving the latter 
identical with the differential equation (24.20) of the hypergeometric 
function we verify equation (1) and the determination of the parameters 
of the hypergeometric function which are contained in it. 
First we deduce from (1) 


ao (Sa) le Te) 


= (ay (ES ro +8 re) 


and hence we obtain as the sum of the last tivo terms in (2) 
3 oe | ct __2 a+ 2 oz gc F’ . 
®) aaa) | rry Fe +(% + %) © | 
As the first term of {2) we then obtain 
a(a+ 1) (F+n)° act nye (= éz =) 
———"—_ F ()— + —} F'@ 
(z-+ yy? (a+ yt lax * ay 


E+ n é*z 2 Oz oye 
+ (Ef) ea re+BEre). 


(4) 


The first two terms of (4) combine and cancel respectively with the two 
terms of (3). Hence (2) becomes 


ala + 1) 


r o*z ’ oe 
(5) ee Ot oe Pe-e F=0. 
The derivatives of z here can be expressed as follows: 

Gz dz 1 
(6) — — = +—___, (z?— 2}, 


dedy (x+y)? 
ote 2z—1 
(7) axrey (a+ yP y)*" 


Due to (6) and (7) equation (5) becomes 
2(1-—2z) FY’ 4+ (1—-22) P+ afa+1j)F=0. 
This is indeed the same as equation (24.20) if we substitute 
x=ea+l1, pP=—a y=. 
as in (1). This completes the discussion of the problem of §11. 
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CuaPprer V 


Eigenfunctions and Eigen Values 


In this chapter we shall develop Fourier’s methods to their greatest 
generality and thereby open up the boundary value problems of physics 
to mathematical treatment. The most striking demonstration of the 
power of these methods was given in 1926 when Erwin Schrédinger 
recognized the quantum numbers as eigen values of his wave equation 
and thereby put the tools of modern analysis at the service of atomic 
physics. It was fortunate that he had the aid of his Ziirich colleague 
Hermann Weyl! who had, as the greatest pupil and later the successor of 
Hilbert in Géttingen, an essential part in the development of the theory 
of integral equations. However we should note that, while the viewpoint 
of integral equations is important for the rigorous mathematical founda- 
tion, in particular for the existence proofs for the eigenfunctions and their 
eigen values, the older viewpoint of partial differential equations leads to 
the same concepts in a natural manner. We shall start by demonstrating 
this with an example which was known long before integral equations. 


§ 25. Eigen Values and Eigenfunctions of the Vibrating 
Membrane 


The subject of the following consideration is a membrane without 
proper elasticity (see p. 33) which is clamped into a frame whose resist- 
ance to distortion is entirely due to the stresses working on its edge. 
We consider these stresses as perpendicular to the edge in the plane of 
the membrane. For the deformed membrane this results in a pressure V 
which acts perpendicular to the surface and is equal to 7 times the mean 
curvature of the membrane, and hence is equal to Z' de for a small 
deformation w. The wave equation (7.4) for a pure harmonic oscillation 
of frequency w then yields 


—cwit= T At, o = surface density. 
This we rewrite in the customary form 


(1) 4u+kRu=0, =O 


If we do not consider 4? as constant but as an arbitrary function F(x,y), 
166. 
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then according to (10.6) this is the generat linear self-adjoint elliptic 
differential equation of second order in two variables in its normal form. 

The non-trivial solutions of (1) which satisfy the boundary condi- 
tion u = 0 are called eigenfunctions and the corresponding k are called 
the eigen values of the problem. If &* or F(z,y) were negative then no 
eigen values would exist, as we saw in the introduction to exercise IT.2. 
The fact that eigen values do exist for positive k*, namely, an infinite 
number, can be shown first for the simplest examples. 

a) The rectangle OS esa, 0s 48,6. The boundary condi- 
tions are satisfied by 


$% me ‘oO, 
(2) Neti eine Paice 2 
: lon == ++ 00, 
From the differential equation we then have 
(2a) k= bygone cm 


We shall ignore the constant factor by which the solutions can be multi- 
plied. We first assume a and b to be tncommensurable. Then all the k,n 
are different and only one eigenfunction u corresponds to each k. The 
number of eigen values is infinite. 

b) Circle, circular ring, circular sector. For the fulleircde OS rsa 
we can write: 


(3) ua (kryet*™?, m= 0,1, 2,. 

where k satisfies the boundary condition 

(3 a) I,, (ka) = 0, 

Since this equation has infinitely many roots (see Fig. 21) there are again 
infinitely many eigen values k = k,,. The roots of (3a) are all different, 


but for m > 0 there are tivo eigenfunctions for each eigen value corre- 
sponding to the different signs in (3), or, in other words, corresponding 


to the double possibility “" n Pe: We say that the problem is degen- 


erate for m > 0; in our case it Is simply degenerate. According to (20.4b) 
the (non-degenerate) basic tone of the circular membrane is ki) = 2.40/a. 
For the eercular ring b Sr S a we write 


(4) u=[I,, (kr) + o¢N,, (krjjet*™. 


Here we need both particular solutions 7 and N of the Bessel differential 
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equation {we could, of course, consider H' and H* instead) in order to be 
able to satisfy the two boundary conditions: 


I, (ka) + Ny (ka) = 0, 


4a 

) I,, (kb) + o Ny, (bb) = 0. 

Here too there exists an infinite number of different k,,,, with their asso- 
ciated ¢y,. This problem, too, is simply degenerate when m > 0, since, 
according to (4), there are then two different u,,, for each Kay. 


For the circular sector OS r Sa, OS Pp Saw we set 
(5) u=I,(kr) singo, pom, 


where the k are determined by the condition /,(ka) = Q. Infinitely 
many eigen values k = k,,,, exist; the problem is not degenerate. 

The most general region which can be treated in this manner is the 
circular ring sector b<r sa, 0s ys &, which is bounded by two 
circular ares and two radii. 

c) Ellipse and elliptic-hyperbolic curmlinear quadrangle. The wave 
equation (1) written in elliptic coordinates ¢, 7 can be separated (see 
v.II exercise IV.3) and leads to a so-called Mathieu equation in each 
coordinate. The solution & = const yields the ellipses which belong 
to the family of curves; 7 = const yields the hyperbolas of the family. 
For the full ellipse we have, in addition to the boundary condition « = 0, 
a condition of continuity for =O (focal tine) and the condition of 
periodicity for y=: +2. The determination of the eigen values 
leads to complicated transcendental equations which we cannot discuss 
here. The most general region of this kind is the curvilinear quadrangle 
whose boundary consists of two elliptic ares and two ares of hyperbolas 
which are confocal with the former. 

The simple examples which we considered here are special cases of 
the fundamental theorem of the theory of oscillating systems with infin- 
itely many degrees of freedom and their eigenfunctions: For an ariitrary 
region an infinite sequence of eigen values k exists for which there is a 
solution of the corresponding differential equation Au+ k*u =—0 which 
78 continuous in the interior of the region and satisfies the boundary condi- 
tion u = 0 (or any of the other boundary conditions on p. 63). The 
problem of finding a rigorous proof for this theorem has repeatedly 
challenged the ingenuity of mathematicians, starting with Poincaré’s 
great work (Rendic. Circ. Math, di Palermo, 1894) and culminating in the 

'The same theorem holds for the eigen value A of the general self-adjoint 
differential equation Ju +AF(x,y)u=0, F>o0. 
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Fredhoim-Hilbert theory of integral equations. Here we must be satis- 
fied with proving the related theorem for mechanical systems with a 
finite number of degrees of freedom: A system with f degrees of freedom 
which is in stable equilibrium, can have exactly f inearly independent small 
{or more precisely, infinitely small) sine-like oscillations aboud this state. 

We write the kinetic energy for the neighborhood of a state of 
equilibrium @, = g@ =... = g, = 0 in the form: 


THs > Dd Gin dn bn: 


Because g is So small we consider the a,,,as constants. At the same time 
the potential energy V becomes a quadratic form in the g, with constant 
coefficients since the linear terms &V/q, vanish in the expansion of V 
in terms of the g; around the state of equilibrium 


V—Vy=5 >) > baw de Gn 


Now it is always possible to transform both the above quadratic forms 
simultaneously into sums of squares by a linear transformation (trans- 
formation to principal axes of quadratic surfaces). Performing this 
transformation we obtain: 


Taz > o,02, V—-W=> Dd, 2. 


The new coordinates 2, are called normal coordinates of the system. 
According to the Lagrange equation we then have 


V Se 
ioe hence 4, %, =— 6, &,. 
‘tt 


T is a positive definite quadratic form and so is V — Vo for a stable 
equilibrium; hence the a, and 4, are positive. Thus for every normal 
coordinate we obtain a stable oscillation 


a Haigh izes 2_ 6 
t, =c,e¢ with og aU: 


which gives as many oscillations as there are degrees of freedom. In the 
limit {—co there corresponds an eigen value &, to every @,, and to 
the totality of q, . . . , @, that belong to the individual z,, there now corre- 
sponds the eigenfunction us. The k and the w, are both real. 

We point out that the fact that the & are real can also be proved 
directly from the differential equation without passing to the limit. If a 
k were complex then the corresponding u would be complex and the con- 
jugate function «* would have to satisfy the conjugate differential equa- 
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tion Au*+ k**u*—0 with the boundary condition u* = 0. From 
Green's theorem 


(6) fw Au* — u* Au) da = { (u a ur) ds, 


on 


where the right side vanishes due to the boundary conditions; it follows 
that 


(i? — kt?) f wut do = 0. 


But uu* is always 2 0; hence the integral cannot vanish and hence we 
must have k = k*, and k must be real. The physical meaning of the 
real character of the k is that under our conditions the oscillation process 
is always free from absorption. 

Up to now we have assumed our problem to be non-degenerate. 
However, for the perturbation theory of wave mechanics the degenerate 
cases are of special interest. We return to our example of the rectangle 
and no longer assume the sides a,b, to be incommensurable. This is 
certainly the case for the square a = b. Then we obtain from (2a) 


Md mati SS ae * 
ee ae Vv n® +- m*, hence Kam = Kenn , 


but according to (2} we have u,,, +: %,,,, unless 2 = m, namely, 


. ae y 
ty m = SIN NK — Sin MH yp 
but 


Um, = Sin ma — sin nw z, 

All oscillations with 7» m are therefore (at least) simply degenerate, 
since two different types of oscillations u,._ and u,,, correspond to the 
same Km. Only the basic oscillation ky and its overtones k,,, = 7 ky 
(which in this special case are harmonic) are non-degenerate. 

Let us examine somewhat more closely the cases n = 1, m = 2 and 
n= 2m = 1 (hence ky = ky = yo mia ). In Figs. 23 and 24 we 
characterize the corresponding eigenfunctions by their nodal fines. 
These are the lines « = 0 in which powder strewn on the membrane 
would collect. Together with us and u; we have, belonging to ky = ka, 
the eigenfunctions 


(7) & = thy + A tay, 


where 4 is an arbitrary constant. By a continuous 
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1 
Ue ts 


Fig. 23. Simple degeneration in the case of a quadratic membrane for n = 1. 
m=2orm=1,n = 2. The diagonals are the nodal lines for A= + 1. 


24 


deformation of » the form of the nodal lines within the family (7) is 
continuously deformed. We compute the linear combinations with 


A=#41: 


‘ x . . x i 
uo sina = sin 2 2 2% + sin 20> sin a 2 


2 
= 2¢gj = sin x & ¥ ~ 
2 sin x = sin» £ (cos a 4 “1: cos =). 
From the last expression here we see that 
the diagonal y= 2x is a nodal line of 
A=—1 while the other diagonal 
y=a—ez belongs to A~+1. Fig. 24 
shows the behavior of the lines for arbitrary Fig. 24. Total picture 
values of the parameter A . ot ol coat nodal lines 
r f she - : or the quaciratic mem- 
U nder certain conditions higher degen bane: TRE aimbot oh 
erations occur in the ease of the quadratic the left and on top are the 


membrane. For example, if we have ane ofthe parameter 2 
in ' 


ny + my = 3 + md; 
then for the eigen value 


k = 2 Yui + mi = = Vng+ ms 


we have four linearly independent eigenfunctions 


Un my “apm Umm “Ym me 


Hence we have a case of triple degeneration. The higher degeneration 
here depends on whether or not a number can be expressed as the sum of 
two squares in more than one way, as for example 


6= 2+ RPS + 7. 


According to Gauss’ Disqguisitiones Arithmeticae this is the case for every 
sum of two squares among whose prime factors there are at least two 
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different ones of the form 4n +1. Such primes permit the complex 
decomposition 


4n + 1 = (a + bidfa — &) 


with integral @,5; and the different groupings of the complex factors lead 
to different representations as a sum of squares. In our example 
65 = 5.13 we have 


5 = (1 + 2i)(1 — 2%) and 13 = (2 + 3i)(2 — 3) 


and hence 
(1+ 24) (2+3+4)-(1--2¢) (2-34) = (—44 74) 4-79) 
= 4274 ier 
(1+ 24) (2—3¢)-(1—22) (24+ 3#) = (8 + 4) + (8—24) 
= 84 12, 


For any two eigenfunctions u,u’ with kx k’ we have the ortho- 
gonality theorem 


(8) fuwds=0 


as a result of Green’s theorem. The proof is the same as in (6) if we 
replace u* by u’. But this deduction fails if u and u’ belong to the same 
degenerate state, in other words if k = k’, 

In order to avoid cumbersome considerations of special cases, it is 
desirable to force orthogonality also in the degenerate cases. It will 
prove convenient to introduce the abbreviation of Courant-Hilbert? 
for the integral in (8): 


(8a) fu’ da = (u, wv’). 


In §26 we shall return to a discussion of the connection between this 
expression and the scalar product in ordinary vector analysis. We call 
the integral in (8a) the “scalar product” of u and u’. 

We first prove the theorem that n continuous, real, mutually 
orthogonal but otherwise arbitrary functions #4, %,..., %,...5 tp 
are linearly independent. For if there existed an equation of the form 


n 
oe = 0 with (u,,u,)=0 forall wr, 


then by the “scalar multiplication” of the equation by u, we would 
obtain 


? Courant-Hilbert, Methoden der mathematischen Physik, 2nd ed., Springer, 
Berlin 1931, Chapter 11. 
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c,(U,, U,) =9, hence ¢,=0 forall pz, 


which contradicts the assumption of linear dependence. 

We now proceed step by step and first treat the case of simple 
degeneracy. Let w,U2 be continuous, real, not necessarily orthogonal 
functions belonging to the same eigen value. We consider the family 


U= CU + Coe 


and consider the member which is orthogonal to w4. This member is 
given by the condition 


O = (uy, U) = Cy (Uy, Uy) + cg (Uy, Ug). 
We satisfy this condition by setting 
(9) Cy = — (Uy, Ue), Co = (Uy, %4) 
where c.+ 0 and hence u¥ 0. In w and u we have two mutually 
orthogonal eigenfunctions of the family, which we choose as the repre- 


sentatives of the family instead of w,w.. We now can normalize u by 
multiplication with a constant factor such that 


(9a) (u,u) = (u,%1). 


For twofold degeneracy let w,u. be two functions that are normalized 
according to (9) and (9a), and let uz be a function of the same eigen value 
that is not necessarily orthogonal to the first two. We consider the 
family 

U = Cy + Colle + CyUs 


and select the member of the family that is orthogonal to both w and we, 
thus obtaining the conditions 


O = (uy, U) = & (Uy, My) + Cy (Uy: Ug)» 
O = (tg, U) = Cy (Ug, Ug) + C3 (Ues Us) - 
We satisfy both conditions by setting 
(10) cs eoriae (%4, Us), = (Ug, Us), t= (%4, Uy) = (Uo, Ug). 


The functions %,%, u are mutually orthogonal and hence linearly inde- 
pendent; furthermore we can normalize u so as to obtain: 


(10a) (u,u) == (u1,U1) a (Ue,U2). 


We thereby obtain the desired orthogonalization for twofold degeneracy. 
This process can obviously be continued in the case of higher 
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degeneracy. The degenerate eigenfunctions are thus made mutually 
orthogonal; due to (8) they are already orthogonal to the eigenfunctions 
which belong to different k. 

To the orthogonality condition (8) we add the normakty condition 


(11) (u, u) = Jwrdo=1 


This ‘“‘normalization to 1” leads to a certain simplification of the ortho- 
gonalization process above (see, e.g. (10a)}. We shall see in §26 that 
(11) also has its vector-analytie analog. We still must mention that for 
complex u equation (11) must be amended to read 


(lla) (uu*) = fuukde = 1 


and that in separable problems the normalization is best carried out for 
each individual factor. Thus in (2) we have to multiply the sine functions 
by the factors 


(12) yi and Vi respectively 


and in (3) we have to multiply the exponential function and the Bessel 
function by the factors 


1 


Via an al’ (ka) respectively 


(12 a) 
(the latter is due to (20.9a)). Thus our solutions in (2) and (4) at the 
beginning of this section sre determined also with respect to their 
amplitudes. 

From the above-mentioned examples we deduce two theorems 
concerning nodal lines, which we shall prove now for membranes with 
arbitrary boundaries: 

1, If several nodal lines intersect at a point then they imtersect at 
equal angles (isogonally): for two such lines the angle is 2/2, for » 
lines it is a/v. 

2. The larger the eigen value k, the finer the subdivision of the 
membrane into regions of alternating signs; for k-»0og the nodal lines 
become everywhere dense. 

In order to demonstrate that theorem 1 holds for our special 
examples we refer to Figs. 23 and 24, where the boundary itself must be 
considered a nodal line and the angles are 2/2 and 2/4 as shown. In 
the case of the full circle we see from (3) that there are m radial lines 
intersecting at its center at an angle of z/m. In order to show that 
theorem 2 is satisfied in our cases it suffices to note that for the case of 
the rectangle and the eigen value k,,,, the rectangle is subdivided into sub- 
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rectangles of sides a/n and 6/m, so that for ko at least one side 
approaches zero. 

For the proof of theorem 1 we develop u in the neighborhood of the 
point 0 in a Fourier series. We use an ¢, » - coordinate system whose 
origin is at O. For any shape of the membrane we obtain the expansion 


(13) us SI, (kr) (a, cos ng + b, sin ng) 


which converges in a certain neighborhood of O, where the a,b are 
determined coefficients which can be computed from the given u. The 
fact that the radial functions in the Fourier expansion must be the 
Bessel functions J, follows from differential equation (1) and the regu- 
larity of wu atO. Now if there is to exist at least one nodal Jine through 
the point O (r = 0), then according to (13) 
= I, (0) a,, and hence ay = 0. 

Then if a; and b, are not both zero there is only one line through O whose 
direction is determined by the equation: 


0 = 1, (kr) (a, cos p + 6, sin ¢). 
Hence for r > 0 


This determines the direction of the nodal line uniquely. 

If there is to be more than one nodal line through 0 then we must 
have a, = 6, = 0. If wedo not at the same time have a = 6: = 0 then 
according to (13) we have 


0 = I, (kr) (a, cos 2p + 6, sin 2 y) 
or, if there are to be » nodal lines through OQ, and hence all a,b up to 
but not including @,, 6, vanish, then we have 

0 = I, (kr) (a, ‘cos vy + 4, sin vg). 
In the latter case we have for r > 0 


(18a) tan vp=— st. 


The right side of this equation is given by our Fourier expansion and 
shall be denoted by tan « . The general solution of (13a) is then: 


(13b) pon, a+=, re 
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These angles differ by the constant amount z/, which proves the iso- 
gonality. 

Passing to the proof of theorem 2, we consider two functions u,v 
where u is a solution of (1) that satisfies the given boundary condition 
and v is the special solution 

v= rf o(kr ). 
Fig. 25. With increasing k the nodal tines become denser ni. 


and denser regardless of the shape of the membrane. The 
proof is given by considering a small disc anywhere on DB. 


the membrane whose radius @ decreases to zero for in- 
creasing k. N.L. stands for a nodal line which intersects 
the disc. 


The value of & which is common to u and v is assumed to be large. With 
the help of this large k we define a small length a by setting ka =, 
where @, is the first root of the equation J,(¢)=0. We consider a 
circular disc of radius a situated anywhere on the nodal line pattern of 
the eigenfunction u (see Fig. 25). With this dise as our domain of inte- 
gration we apply Green’s theorem: 


(14) [ude — vu) do = f (uP —vZ) as. 


The left side vanishes since both u and » satisfy the differential equation 
(1) with the same &. On the right side we have for r = a 


v=Oand ~=kIjQq) +0. 


If we set ds = ad then equation (14) becomes 


a5 (a) J ude =s 0, 
and hence 
an 
(15) { udp = 0. 


According to this u assumes both positive and negative values on the 
circumference of the disc. Hence there must be at least two zeros of u 
on the circumference; that is, our disc must be intersected by at least 
one nodal line. The disc becomes smaller as k becomes larger and hence 
for increasing eigen value & the nodal lines become arbitrarily dense. 
This holds for every part of the nodal line pattern. 
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§ 26. General Remarks Concerning the Boundary Value Problems 
of Acoustics and of Heat Conduction 


The eigenfunctions of the oscillating membrane can be adapted 
directly to the spatial case. Here we do not think of an oscillating rigid 
body, but (in order to avoid all complications involving vectors and 
tensors) rather of an oscillating air mass in the interior of a closed rigid 
hull of finite extension. Just as on p.166, we interpret the scalar function 
u as the velocity potential of the air oscillations and we again set the 
boundary condition du/dn = 0. 

For the rectangular solid with side lengths a,b,c we have, in analogy 
to (25.2), 


(1) U = Unmy = COS NE — cos m me 5 cos Ia = 
with eigen value 

mt om? eT 
(1a) k= kami = 7 os ga ca? 


This state is non-degenerate if a,b,c are incommensurable. 
For a sphere of radius a we obtain the general eigenfunction in 
analogy to (25.3): 


(2) th = Unmt = Pn (knit) Pm (cos 8) ef? 
Under our boundary condition the eigen value is given by 
(2a) Vn (ky, @) = 0, 


where &, is the f-th root of this equation. This state is 2n-fold degenerate, 
since k,,; is independent of m and the different states P? for upper index 
—n sms +n belong to the same &,,. 

Also in this category are the eigenfunctions of the circular cylinder 
(0<r <a,0 <2 < hk) which we derived in §20 C. With the boundary 
condition du/dn = 0 they are given by 
2 + 
h? 
the corresponding eigen value is determined from the equation J, (A a) 
= 0, the /-th solution of which we denote by A,,. Therefore 


(3) arm = 1, (Ar) e&**? cos ma 


(3a) Ke vig = AS tm fhe. 


Due to the factor exp(--ing)} in (3) this state is simply degenerate 
for n > 0. 
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We now consider these eigenfunctions ‘normalized to 1’’ where we 
have to keep in mind the remarks on pp. 173,174. Then for example in 


(1) we have to replace cos na aja by 


F 24/2 
os ne |/— 


and according to (22.31b) we have to replace P} in (2) by 


TT = PY m+ pea 


ete. (see exercise V.1). 
We now generalize the fundamental theorem on p. 169 and its 


(mathematically non-rigorous) proof to the case of an arbitrary spatial 
region S, The theorem now reads: There exists an infinite system of 
eigenfunctions 

Uy, ta, 00s Ua ee ey 
whose elements are regular in the interior of S and satisfy the differential 
equation 


Au, + Bu, = 0, 


as well as a homogencous boundary condition, The corresponding eigen 
values 


a ee 


ordered in an increasing sequence, are infinile in number and increase to 
infinity; if S is bounded then they form a “discrete spectrum’ and they are 
real since the differential equation was assumed free from absorption. 

This system of eigenfunctions satisfies the conditions of orthogonality 
and of normality: 


(4) f tn ten FC = Sy ens 
which according to (25.8a) can be written as 
(4a) (tp > tn) = On mn 
or for complex eigenfunctions 

(4b) (ta, tie) = Snes 


If the system of u, is complete (see p. 3) then we claim that any 
continuous point function f given on S can be expanded in the u,: 


(5) | f= TA, ty. 
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Tf this expansion is possible then, according to (4b), we obtain from (5) 
through termwise integration 


(Ba) A, = f tus dr. 


That this expansion is possible is postulated by the Ohm-Rayleigh prin- 
ciple, which we shall assume in the following discussion without present- 
ing its mathematical proof. In connection with the name of this principle 
. we remark: Georg Simon Ohm was not only the discoverer of the basic 
law of Galvanic conduction, but also did profound research tn acoustics. 
He found that the differences in the tone-color of different musical 
instruments are the result of differences in the mixture of basic tone and 
overtones. Since, according to (25.1), the overtones @, are related to 
the &,,, and since they are harmonic with the basic tone only for strings 
and organ pipes, so the construction of an arbitrary tone-color means the 
construction of an arbitrary function from the (in general anharmonic) 
eigen values. In Lord Rayleigh’s classic book, Theory of Sound, this 
principle is generalized in the sense of equation (5) and is applied in 
many directions. 

We shall now make some remarks about so-called Aubert space, 
not only to justify the notation (%,,%,,) of (4a,b) which is reminiscent of 
vector analysis, but also to give the Ohm-Rayleigh principle an elegant 
geometric interpretation, which in the hands of the Hilbert school has 
even been worked out as a means of proving this principle. 

In accord with Courant-Hilbert (see p. 172) we define, in a space 
of N dimensions, the basis vectors ¢€}, €:....,¢@n (corresponding to 
the 7,j,4 of three-dimensional vector analysis) which lie in the coordinate 
directions 21,22, ...,%y and whose scalar product is to satisfy the con- 
dition 
(6) {€,€m) = Sym 


We further consider a vector which forms the angles a4, %:... with 
the coordinate axes 


(7) & == COS Ot €; + COS &y eo + +++ + COB Ay ey 


and we call it a untt vector if the scalar product of a with itself has the 
value 1: 


(7a) (a,a) - = costo, a 1. 


A second unit vector b with direction angles 8, is called orthogonal to 
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a if the sealar product of a and b vanishes: 
N 
(7b) {a,b) = =, cos «,, cos B, = 0. 
tl Cal 


Equations (7a,b) are seen ta be generalizations of well-known formulas 
from three-dimensional analytic geometry. 

In the limit N — oo we now obtain Hilbert space. Here we note 
a formal analogy between the basis vectors e, and the elements u, 
of our system of eigenfunctions. The relations between the latter as 
written in the form (4a) are formally the same as the relations (6) 
between the €,. The svstem w,, if it is complete, can serve as sub- 
stitute for the basis e,. The same is true for the uf in the case of 
complex u,. Every other system of functions that is orthogonalized 
and normalized to 1 can be composed from the w, in the sense of equation 
(7) and can be visualized as a vector in Hitbert space. Two such vectors 
ean be transformed into each other by a rotation of Hilbert space. But 
according to (5) any function f is composed of the u,. With the system 
of coordinates which is formed by the u, the function f is associated by 
(5) to a certain point of Hilbert space. The coordinates of this point as 
measured in the system x, are the expansion coefficients A,. Hilbert 
space thus becomes a function space. The association between the 
arbitrary functions and the points of the space of infinitely many 
dimensions is one-to-one. If we join the point which represents the 
function f to the origin of the coordinate system of the u,, then this 
infinite dimensional vector represents the function f. According to (5a), 
which we can write in the form A, = (/,u*), the coordinates of the 
representative point are the projections of the representative vector on 
the axes of the system of u. 

From these highly abstract generalizations we return to the physical 
applications. For the time being we restrict ourselves to the simple 
problems of acoustics and heat conduction in their historical form. We 
defer the questions of wave mechanics to the end of this chapter. 

The generat problem of acoustics for the interior of an arbitrary shell 
S is the ass the wave equation 


(8) a = ct Av, c = speed of sound, 

e 
is to be solved with the boundary condition dv‘én =0 so that for 
{ = 0 the functions » and dv df become equal to arbitrary prescribed 
functions % and #; in 8. This problem is solved by: 


3) v= TA, tu, copw,t-+ SB, u, sin w, t, 
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where the 4, and B,, are to be determined so that 
{9a) t= S44, and 1 = FB, 4, 


Due to the relation of the w, with the eigen values k, (namely ¢ = w,/k,) 
the second equation can be rewritten as: 


% 
(9b) ome a B, kn ty: 
From this we obtain as in (5a) 
. 1 
(9c) 4,= / vote dr, B, = ae f v,, us dr. 


We see that this is an initial value problem; the boundary value problem 
has been shifted to the 2,. 

The general heat conduction problem can besolved in the same manner. 
The difference is that now one arbitrary function vo suffices to describe 
the initial state, the initial temperature variation 4v/dt being determined 
by the differential equation of heat conduction. Asa boundary condition 
we may use any one of the conditions a),b),c) on p. 63, to which we then 
also subject the eigenfunctions %,,. 

We now set 


(10) v= > A, u, e7*Fo! 


where x stands for temperature (not heat) conductivity. The coeffi- 
cients A, are again determined by the initial condition » = v9: 


(10a) A, = f vg tin de. 


In addition to this initial condition the function v satisfies the differential 
equation (25.1) and the boundary condition to which the u, are sub- 
jected. 

The potential equation Ju = 0 has no eigenfunctions, or rather 
every solution which is regular in the interior of S and which satisfies 
the boundary condition u = 0 or du/dn = 0 must be zero or constant 
in the interior of S. Hence there can be here no closed ‘“‘nodal surfaces” 
u = Oor du/dn=0. However, in the next section we shall construct 
a solution of the general potential boundary value problem (given values 
wu = U on the boundary) from the eigenfunctions of the wave equation, 

A solution of the potential equation which is regular in S can also 
have ho maximum or minimum in the interior of S. Extremal values 
of «u can be assumed only on the boundary of S. This follows from 
Gauss’ theorem on the artihmeitc mean which can be deduced from 
Green’s theorem (see exercise V.2). 
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Also, no eigenfunctions exist for the differential equation Au—k* x 
= (0 or the more general du—Fu=0OG for positive F(z,y,2) (see 
exercise IT.2). 


§ 27. Free and Forced Oscillations. Green’s Function 
for the Wave Equation 


The eigenfunctions correspond to free oscillations; in a non-absorb- 
ing medium they need no energy supply. We now wish to consider 
forced oscillations, which must be stimulated in the rhythm of their 
period in order to be able to continue in their purely periodic state. 
Just as the free oscillations, they are to satisfy a homogeneous surface 
condition, e.g., « = 0; the region S will be assumed to be bounded in the 
discussions in this section. The measure of stimulation shall, for the 
time being, be assumed to be a continuous point function in the interior 
of S, and in analogy to the Poisson equation of potential theory we 
denote it by g@ .° Correspondingly we write the differential equation of 
forced oscillations as: 


(1) 4u+ BPu= op. 


Here & = m/e, as we remarked in (26.9a), where w is the circular 
frequency of the stimulation and c is the speed of sound. We assume 


(2) kx ky, 


i.e., & is different from every eigen value of the region S for the same 
boundary condition. The case of “resonance” & = k, will be treated 
at the end of this section. 

According to the Ohm-Rayleigh principle we can expand @ in terms 
of the normalized u, as in (26.5) and (26.5a): 


(3) o= J 4, t,, A, = f eutdr, 
we also write the solution u of (1) in the same form: 
(8a) ux S B, t,. 


Substituting these expansions in (1) and considering the differential 
equations 4u, + Az, = 0, which differ from (1) and which are 
satisfied by the eigenfunctions u,, by equating the coefficients of u, on 
both sides we obtain 


1The function g does not represent charge density as in potential theory, but 
is of dimension sec™ if u stands for an acoustie velocity potential, 


§ 27. 6 EIGENFUNCTIONS AND EIGEN VALUES 183 


_ _A, em nities 
(4) B= IF: u=>' ra 


We now consider the special case in which g isa 6- function‘ and 
hence the stimulation is limited to a simple source point Q of yield 1 
(see §10C). We then have 


| edt=1, 
for a domain of integration which contains the point Q, and 
f edr=0. 


for a domain of integration which does not contain Q@. Hence we obtain 
from (3) 


(4a) A, =“; @) ‘| e dr =u; (Q) 
and from (4) 

tt, (P) u* (Q) 
(5) G(P,Q) = Da 


where the « of (4) is now denoted by the more suggestive G(P,Q). Indeed 
this solution is Green’s function of our differential equation (1) for arbitrary 
positions of the action point P and the source point Q and an arbitrary 
region S. We assume only the complete system of eigenfunctions and 
eigen Values for the region 8. It should be noted that the Ohm-Rayleigh 
principle has not been applied to the singular §- function, but only to 
the continuous function @ of (3), which may, e.g., be taken as a regular 
Gauss error function. Hence in our derivation we do not need the 
expansion in terms of the u, of an arbitrary function but only of certain 
special everywhere regular functions. In the same manner the termwise 
differentiation which was needed in the derivation of (4) has been carried 
out on the regular function (3a) before passage to the limit and not on the 
limit (5). 

Green’s function is also the solution of an integral equation. In order 
to demonstrate this we recall equation (10.13a), which holds for every 
self-adjoint differential expression Z(u) and hence in particular for the 
wave equation du-+ Ax. For the three-dimensional case and the 
boundary value u = 0 it reads: 


(6) tig= fo(P) @(P,Q) drp. 


4We have dropped the name “peak function” (‘‘Zackenfunktion”’} which was 
introduced by the author (see Jahresber. Deutschen Math. Vereinigung 21, 312, 1912) 
in favor of Dirac’s notation ‘ 4-function.” 
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The function G(P,Q) is called the “kernel’’ of the integral equation. 
Corresponding to the reciprocity theorem d) on p. 1 , which, for complex 
G, has to be rewritten as 


(6a) (P,Q) = G* @, P), 


we call G a “symmetric kernel.’”’ From the structure of (5) we see 
directly that (6a) is satisfied. 

The convergence of the series in (5) is absolute only in the one- 
dimensional case; in the two- or more dimensional case the convergence is 
conditioned by the alternation of signs of the eigenfunctions for a suit- 
able arrangement of the series. This is the reason equation (5) does not 
appear explicitly in Hilbert’s theory of integral equations, but in an 
integrated form in which it converges absolutely. In the one-dimensional 
case equation (5) has been rigorously proven by Erhardt Schmidt.’ 

The non-absolute convergence of (5) becomes apparent if we try to 
show by termwise differentiation that the differential equation (1) is 
satisfied. For then we obtain from the n-th term 


Au, + hu, = du, + Bu, + (@—B) u, = (—) a, 


and cancelling the factor k? — k? with the denominator and summing 
with respect to n we obtain 


(6b) AG 4-PG = Zu, (P) uk Q). 


For P = @ the sum on the right side consists of positive terms and 
diverges, as it should; the fact that it convergesfor P+@ and vanishes 
throughout is caused by the alternating signs and cannot be proven from 
this representation. The order of increase for P -» Q can be deduced 
directly from the differential equation (1) as follows. We consider a 
sphere with small radius r and center Q, and integrate (1) over its 
interior. Due tothe 6-character of @ the right side becomes equal to 
1. According to Gauss’ theorem the first term on the left side becomes 


i 2 OF 
[x dom 4anr ar? 


while the second term vanishes. Hence we have 
og 1 1 
(2) “Inn? G = — 7, + Const forr > 0. 


This expresses the fact that G(P,Q) has a unit source in the point P = Q: 
The above formulas can be interpreted best in Hilbert space (see 


* In his famous dissertation, Géttingen, 1905. 
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p. 179}. Namely, equation (6b) states that dG+ #@ is the scalar 
product of the two unit vectors u(P) and “(Q). Hence these unit 
vectors are orthogonal if «(P) and u(Q) are different (P =~ Q); if u(P) 
and u(Q) are equal (P = @) then orthogonality is of course excluded; 
instead the product becomes infinite. The expression (5) is constructed 
from the individual terms of the same product with the “resonance 
denominator” k* — k}, as weighting factor. 

Despite its poor convergence equation (5) has frequently been found 
useful in wave mechanical computations (see §30). For the time being 
we apply it in order to close a gap in the theory of spherical harmonics. 
But first we make a few preparatory remarks: 

1. If the system of eigenfunctions is separable then the summation 
in (5) decomposes into three summations corresponding to the three 
coordinates. For the rectangular solid we should have: 


? 


(8) z= 


mel mnI inl 


where n,m,! are as in (26.1). 

2. Green’s function depends only on the position of the points P,Q 
relative to the boundary surface o and on their distance #. It is inde- 
pendent of the orientation of the coordinates in space. A transformation 
of the coordinate system which transforms the surface o@ into itself and 
leaves # fixed leaves G(P,Q) invariant. 

3. If o .is the surface of a sphere then the edndition of invariance 
is satisfied for every rotation of the spherical polar system +, 9, y with 
r = 0 as the center of the sphere. The coordinates 7,9, shall be 
those of P, 1, 9, % those of Q. 

4. In the latter case we face the additional fact that the systemof 
eigenfunctions (26.2) is degenerate, since the eigen value k,, as defined by 
(26.24) is independent of m. Writing G as a triple sum in analogy to (8), 
we can take the denominator k* — k? and the radial part of the eigen- 
functions in front of the samen over m. Hence we have 


WY, (kart) Fe (nate) 
(9) G (P,Q) = PIP) nr ese YY, 
(9a) Y,= “e IT™ (cos 8) LT™ (cos 85) e&™ 9 — ™ | 


where ¥, stands for the function y, of (26.2) normalized to 1, and 
if,, for the spherical harmonic P,, nomalized in the same manner. The 
function Y,, is a surface spherical harmonic. In (9a) we have used the 
fact that, due to the real character of YW, and H® the conjugate 
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complez of the eigenfunction 
W,, (hart) IE (cos 8) ef? 


for the argument Q = ( #5, &. gg ) can be written as 
Y, (Ky ro) IT," (cos 94) go Sr, 


for all values of m between — » and +7. 

From remark 2 concerning the invariance of G, and from repre- 
sentation (9), we now see that the surface spherical harmonic (9a) has an 
invariant meaning which is independent of the rotation of the polar 
coordinate system. But this is the very theorem which we assumed as an 
axiom for the proof of the addition theorem of spherical harmonics on 
p. 133. That proof is now completed. 

Up to now we have assumed that stimulation of forced oscillation 
takes place in the interior of the region S. We now wish to assume that 
stimulation takes place from the surface. This is the case if, instead of 
the homogeneous boundary condition u = 0, we prescribe the inhomoge- 
neous boundary condition 


(10) ua U, 


The surface is then held in pulsation with the rhythm w of the forced 
oscillation and with the amplitude U which may vary from point to 
point, while in the interior of S the differential equation (1) holds 
throughout with g=0. From (10.12) we know that this boundary 
value problem can be solved with the help of Green’s function by the 
formula 


eG 
(11) tg= [UZ dap, 


where the variable of integration on the right side is P and the domain 
of integration is the surface of S (dap = element of surface, dvp = 
element of normal at the point P). According to (5) equation (11) 
becomes 


(11a) ge Se 2) 7 fo © dep. 


This formula contains the general solution of the famous Dirichlet 
problem of potential theory, for ele’ setting k = 0 we obtain 


(12) sie {0 | 7? ee 


The remarkable fact about this cation is ne it is not expanded in 
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particular solutions of the differential equation Au = 0 concerned, 
but rather in the eigenfunctions of the wave equation (there are no eigen- 
functions of the potential equation). Equation (12) remains valid if 
instead of the boundary condition (10) we prescribe the more general 
condition 


hua U 


except that in this case we must subject the eigenfunctions uw, to the 
corresponding homogeneous condition 


ou 
rm + h “= 0 
In the special case of a sphere of radius a we obtain from (12) and 
the boundary condition (10) 
2a 
a *(o 9a, Po) 
Anam , - 
oar en 2 as es i Fn (hn 9) Py (ny @) IT (cos Bp) € ame 


(18a) Aanm = ff U II (cos 8) ef ™* sin 6d 6 dy. 
where Y and J, have the same meaning as before. The extra factor 
29 on the left side of (13) is due to the fact that, as with the Bessel 
functions and the spherical harmonics, we have to normalize the two 
functions exp (—* mq) and exp (¢ mg) to 1. 

Written in terms of the same variables Q = ( 7%, 0), 9) and 
expanded in terms of particular solutions of Aw =0Q our solution 
reads: 


(14) 2 4 (P79, 9: 9) = > > Ay (2) Te (cos 8) e~ *™%, 


(13) 


By comparing these solutions we obtain remarkable summation formulas 
(see exercise V.3). 

Finally, we must consider the exceptional case k = k,,. From the 
mechanics and the electrodynamics of oscillating systems we know the 
“resonance catastrophe”: if the rhythm of the stimulating force equals 
a proper frequency of the system the oscillations increase to infinity. 
The condition for this event is w = w,, and hence k = h,,. Equation 
(1) then assumes the form: 


(15) JutkRu=e. 


Here we have an inhomogeneous equation whose left side coincides with 
the homogeneous equation of a free oscillation. 
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For simplicity we first consider the two-dimensional case of the 
membrane of §25, which now, however, is subjected to a periodically 
changing transversal pressure* o =e (%, y) with an arbitrary distribu- 
tion over the membrane. Do pressure distributions exist for which the 
resonance catastrophe is avoided, that is, for which equation (15) has 
continuous solutions throughout (for the boundary condition u = 0)? 
The answer to this question is physically evident: for such a solution the 
pressure on the membrane may do no work. Hence we must have: 


(16) fet,do=O, 


The pressure distribution must be orthogonal to the eigenfunction u = Up, 
with which. tf ts in resonance, e.g., it may have equal magnitude in oppo- 
sitely oscillating sectors of the membrane; tn parficular the pressure along 
a nodal line may be of arbitrary strength. 

This orthogonality theorem is a corner stone in the theory of integral 
equations and has important applications in the perturbation theory of 
wave mechanics. Here we must be content with uncovering its physical 
basis. 

The orthogonality theorem can be adapted directly to the three- 
dimensional case if in (16) we replace the surface integral with respect 
to do by a volume integral with respect to dt. Then we see that the 
expansion coefficients A, and B, in (3) and (4) vanish for n = m. By 
passing from the continuous distribution @ toa &function we obtain 
information about Green’s function in the case of resonance. From 
A,, = 0 and equation (4a) we have uf (Q) = 0. In other words: The 
singularity of Green’s function must lie on a nodal surface of the critical 
proper oscillation Uy. 

For this position and only for this position of the source point Q 
an everywhere regular Green’s function exists. The special form of 
Green’s function for the case of resonance is obtained from the general 
form (5} by omitting the term involving /,,; it therefore reads: 
ws tn (P) u2(Q) 


(17) G (P,Q) = 


§ 28. Infinite Domains and Continuous Spectra of Eigen Values. 
The Condition of Radiation 


With increasing domain the eigen values become closer and closer; 
for an infinite domain they are dense everywhere; we then deal with a 
continuous specirum of eigen values. 

* More precisely: pressure divided by surface tension T (see equation (25.1) ). 
aye / oye = em}, 


The dimension of g is not that of pressure dyn/em.’, —_ but cmt 
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Let us consider, e.g., the interior of a sphere of radius a for vanishing 
boundary values. For the case of purely radial oscillations its eigen’ 
values are given by the equation 


(1) Yo (k, a) = 0, Yolo) =—- 
Hence k,a = yz and the difference of successive eigen values is 
Ak, ==. +0 for a—-oo. 


We may therefore consider the function y (kr) which is everywhere 
regular and vanishes at infinity as an evgenfunction of infinite space. 
Thus, if we have an acoustical or an optical problem in which the 
prescribed sources are in the finite domain (with a discrete or a continu- 
ous distribution), and which is to be solved for a given wave number &, 
then we can always add the function % tothe solution. Hence oscilla- 
tion problems (in contrast to potential problems) are not determined 
uniquely by their prescribed sources in the finite domain. This para- 
doxical result shows that the condition of vanishing at infinity is not 
sufficient, and that we have to replace it by a stronger condition at 
infinity. We call it the condition of radiation: the sources must be sources, 
not sinks, of energy. The energy which is radiated from the sources 
must scatter to infinity; no energy may be radiated from infinity into the 
prescribed singularities of the field (plane waves are excluded since for 
them even the condition u = 0 fails to hold at infinity). 
For our special eigenfunctions 


etkr e—tkr 


Yo (kr) = a(--=] 


the state of affairs is simple: for the time dependence exp (—tw?) 
e*rir is a radiated, e~**t/r an absorbed, po(kr) a standing wave 
(nodal surfaces kr = vz). By excluding absorption from infinity we 
exclude the addition of the eigenfunction (kr). Hence the per- 
missible singularities are restricted to the form 


giki 
For these singularities we have the condition 
9 Gan aos a 
(2) Lim (5 iku) 0, 


It is called the general condition of radiation and we shall apply it to all 
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acoustic and electrodynamic oscillation problems that are generated by 
sources in the finite domain. 

In fact, condition (2) holds not only for the spherical wave (la) 
which radiates from r = 0, but it also holds for a stimulation which acts 
at the point z = Xo, Y = Yo, 2 = 20 


uO, R= (o—a)t+ (y— yo) + (2-4)? 


Hence, for a continuous stimulation of the spatial density @ = 9(2%, Yo, %) 
we have: . 


etkR 


This holds not only for unbounded space, but also in the case where there 
are bounded surfaces o on which arbitrary linear boundary conditions 
are prescribed, whether homogeneous, e.g., wu = 0, or inhomogeneous, 
e.g., % = U. In the former case we have scattered or reflected radiation 
emanating from the surface o , whereas in the latter case we have 
radiation that is stimulated by the pulsating surface o itself (see 
p. 186). 

As counterpart to the radiation condition (2) we have what may be 
called the “absorption condition”: 

(2a) Lim ¢ (3+ thu) =0. 
r+ 00 ; 

We demonstrate the general validity of the radiation condition by 
showing that it guarantees the uniqueness of solution of the above general 
oscillation problem. We may then be convinced that the unique solution 
of the mathematical problem is identical with the solution that is realized 
in nature. Our problem is the following: 

a) In the exterior of a surface o, which may consist of several surfaces 
01, 0g,-.., the function w is to satisfy the differential equation 


A4u+Ku=e 


The function @ measures the yield of the sources which may be 
continuously distributed or concentrated in single points. The 
function @ is given and must vanish at infinity with sufficient 
rapidity. 

b) On o the function wu is to satisfy u = U, where U is a given point 
function on o. Thesurface @ lies entirely in the finite domain. 

c) In the finite domain u satisfies the condition (2). The quantity r in 
(2) stands for the distance from any fixed finite point r = 0. Around 
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this point we draw a sphere Z of radius #-»o0, which does not 
intersect the surface @. The surface element on the sphere is 
dZ=r2dw, where dwis the solid angle seen from r=. The 
region between Zand @ is called S. 

d) Except at possible prescribed sources the function 2 is to satisfy those 
conditions of continuity which we prescribed in the derivation of the 
differential equation. 

We assume that two solutions of this problem wu and uw exist and, 
as usual, form 


(3) Ww =F Uy — Ue, 


as well as the conjugate function w*. These functions satisfy the condi- 
tions a) tod) with g =Q and U=0. Then in Green’s theorem 


(4) [tw w* —w* Aw) ix={ faa + {rae (w ow 4 


the integral on the left and the first integral on the right vanish. Hence, 
the integral over the sphere £ must also vanish. 
For the further discussion we write: 


eer S fh (9, 9) 

(5) vo 7, = > ? 

which is shown to be sufficiently genera] by the following: we consider w 
expanded in surface spherical harmonics Y,,(0,p). According to §24 A 
the coefficients must be of the form - 


Cy on(k 2) + Dy 05 (k 1) 


where ¢ is connected with the half-index Hankel functions by equation 
(21.15). But here we must have D, = 0, because of the behavior of es 
for large values of the argument (see §21 D, p. 117). At the same place 
we learned that the 22 are composed of a finite number of terms of the 
form e'*°/(k r)", m <n. By arranging this expansion in spherical 
harmonics according to powers of r™ we obtain (5), where the f,(0, 9) 
turn out to be finite sums of surface spherical harmonics. 

The f, satisfy a simple recursion formula. According to (22.4) the 
differential equation dw-+ k¥w=¢( written in terms of +,8,9, 
yields the equation 


(6) Ce EL Dirw) +B rw=0. 
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where D is the differential symbol of (23.15b) in the coordinates 3,¢. 
Applying (6) to (5) we obtain 


om SCE EDs Beat 


Hd 


Replacing the index of summation n in the first term of the parentheses 
by n + 1 we obtain 


“ap ie [= 2tk(n+ fyi t {e+ 1) +D}},] =0 


= 
and hence the recursion formula: 
(6a) Qikint Ll) fogs = {n(n+ 1) + Dh f,. 


Hence: af fo = 0 then all fi = te = .,.=0. 

We now investigate the remaining integral in (4), Since we are 
interested in the limit for r -» 00 we can replace w by the first term of 
its expansion (5), ignoring the higher powers of 1/7, whence: 


UF 4 ~tkr 

€ * ¢ *, 
w=—fo, w = —— ]o; 
alr pa tk — ff 
en y *0? an es ee 


Thus we obtain: 


[Pde (we — wt 2) = — 2ik [ty f3der. 


The integrand is positive as long as fy 0. But we saw in (4) that this 
integral must vanish: Hence 


Jo = 0, and due to (6a) fi = fp =... = 0. 
Therefore 
w= Oand te = xu. 


The author’s original proof? of this uniqueness theorem assumed, in 
addition to the conditions a),b),c) for u, the existence of Green’s function 
for the exterior of the surface and an additional “finality condition.” 
The fact that the latter is superfluous has been rigorously proven by 
F. Rellich® even for the case of an arbitrary number of dimensions & 

7 See footnote on p. 183 and Frank-Mises II, chap. XEX, §5. The form of the 
proof given in the text is essentially F. Sauter’s. 


* Jahresber Deutschen Math. Vereinigung 53, 57 (1943), which also treats the 
ease in which the surface ¢ stretches to infinity. 
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where the radiation condition reads 


A-2 
. —— fou : 
(7) Lim? 2 (— —tku)=0. 
Fa» OD & ) 
In the two-dimensional case kh = 2, where, as we know, the spherical 
wave e*"/r is replaced by the cylindrical wave H}(kr), equation (7) 
becomes 


7a Lim r# (@ —iku) = 
(78) ea & iku) 0, 
which actually is satisfied by « = AHj(kr). In the one-dimensional case, 
where the radiating wave is given by exp (¢k|a}) , equation (7) 
becomes 
(7b) Lim (Fuku) =0. 

|z| >oo = 

Following Rellich, we stress the fact that no radiating solution u 
of the wave equation can exist which, in every direction, approaches zero 
more rapidly than 1/r. For such a function « we would have fy = 0 in 
(5) and, as we have seen, this causes u to vanish identically. In this 
respect the wave equation differs from the potential equation. For the 
latter solutions exist which, for increasing r, decrease more rapidly than 
1/r, the so-called dipole, quadrupole, and octupole fields of §24 C. For 
the wave equation such an r-dependence, which implies a pole of higher 
order than 1/r at r = 0, can happen only in the so-called ‘‘near zone”’ 
(r<4, A= wavelength); in the “far zone” {ry >A) every solution 
of the wave equation behaves like the spherical wave ¢?"/r, Potential 
theory is the limiting case A = co, as for this case, the near zone 
reaches to infinity, so to speak. 

We now come to the problem of Green’s function for a continuous 
spectrum, We first consider in detail the very simplest one-dimensional 
example (co <. «7 <i +00), in which the radiation condition is the 
only boundary condition prescribed. Green’s function is then identical 
with the “principal solution” introduced on p. 47, and therefore has a 
“unit source” at an arbitrary prescribed point z = 2 (see exercise IT.3). 
It must satisfy the conditions: 


a) +E = 0 for x ¥ 2 
b) (=). = (=), 4 =], (definition of unit source) 
dG 


¢) qe eee for % = +: 00. 
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The solution is seen to be 


1 ogue- 
eerne for £>%, 
(8) G = 1 , 
——_ ea tha — %) 
24k for <2. 


We compare this to the representation (27.5) first for the finite 
region ~2<ta<+], but with the usual boundary conditions 
replaced by the radiation condition. In preparation for a continuous 
spectrum we change the name &, of the eigen values to A ; the eigen- 
function «v= «, which belongs to 4 is then defined by 


a) wi +u=0 —leec+l, 
d ;: 
b) fay thu = 0 jal==l. 


If we write the solution of a} as: 
(9) u= A ef4t+ Bet, 
then according to b) we must have 


A(t A—b et BIE A—h) eF =O, 
A _LAtE .~28 ATK ot eial 
ae +k ; 


From this we obtain the equation for A: 


G=y tial 7. 


This equation splits into the equations 


(9a) Foz et we 1, B= A, us 2 AcosAz, 


(9b) foe ttt = — 1, =—A, u=2iAdsinds. 


From (9a) we obtain as first and second approximation 
for A~>k, A=pm and =m (1-45), > OO, 
(10a) 


for ACK, A= 3 (m4-9) and = F(m+H(1—Z), m=0,1,2,.. 
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where m is an integer. In the same manner we obtain from (9b) 


tke 
ie da F(m+y and =F (m+ D[l— ae ga) moo, 
x ry 
for ACK, A=yzm and = >m(1—), m=0,1,2,... 


Fig. 26. The path of integration W, is com- 
pleted by the path HW; to an infinite closed path 
W = W,+ WW: For positive z — xq this path 
can be deformed so that it runs in the positive 
imaginary A- half plane. 


We see that the values of A as calculated from (9a) and (9b) form a 
sequence (marked by z in Fig. 26) that, starting with A= 0, first 
descends linearly into the negative imaginary a- half plane* and finally 
for large A (large m) osculates the real 4- axis from below. According 
to (9a,b} the successive points alternatingly belong td cosine and sine 
eigenfunctions. After normalization to 1 these eigenfunctions are 


| oe cos Az, ; 
(11) ga Ee _. Sin Al cos al 


In the limit ! + ce the 4- points of Fig. 26 will be everywhere dense 
on the right half curve denoted by W;. The difference between two 
successive points of the sequence (10a) or (10b) then always becomes 


(11a) dj-= > >. 


We now return to the representation (27.5) of Green’s function. 
For u(P) and «u(Q) we substitute their expression {11} in the variables 
z and x» respectively, and combine the pairs of successive cosine and sine 
terms, i.e., the terms which belong to successive eigen values A. The 
numerator of {27.5} then becomes 


py, — CsArCosdz, , sinArainAr, 
“(P)u"@) = Saw i—A) ° 


According to (11) and (ila) we have for 1+ 00 


* The fact that the eigen values are complex in contrast to the theorem ou 
p. 169 is due to the fact that our present boundary condition is of a complex nature. 
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Hence the numerator in (27.5) becomes cos 4 (x —~ %) dajax, while the 
denominator in our present notation is %*— 42, Equation (27.5) then 
becomes 


= 1 A {@ — ay) 
Gal cos A (a wy) a — 1 fe 


—_-——_ 


kt— 7? ~ 82) PR 
cs 


(12) 


4 


where W in the last term is the path W, + W; of Fig. 26. The fact that 
the integration over W) is equal to one half the integral over the whole 
path W follows from the fact that in the integral over W, both the numer- 
ator and the denominator are even functions of 4. The fact that in the 
last term we can replace the cosine by the exponential function follows 
from fact that the sine part of the exponential function is odd in A and 
hence vanishes upon integration. The path W is much more convenient 
than W) since it can be deformed away from the origin by the methods 
of complex integration. 

The manner in which this deformation should be performed can 
be seen from Fig. 26. For positive x ~ x» the path W can be drawn over 
into the positive imaginary 4 half plane, for negative « — 2x» it can be 
drawn into the negative imaginary half plane. In the one case the path 
can not be transformed across the pole A= +4 of the integrand in 
(12), in the other case it can not be transformed across the pole 4 = —k. 
Forming the residues and combining the two cases we obtain from (12): 

1 té]z-4| 


This ts exactly the same as (8). 

Hence we see: The general representation (27.5) of Green’s function 
remains valid for a continuous eigen value spectrum af, in accordance with 
the radiation condition, we consider a complex path of integration. If 
instead we have the ‘absorption condition” (i replaced by — 7 in (1a) 
and (2)), then instead of W we have to consider its reflected image on the 
real A-axis; we then obtain equation (13) with 7 replaced by — 3. 

If instead of the one-dimensional case we consider the two- or three- 
dimensional case and correspondingly replace the coordinate x by the 
polar coordinates ¢,g and ,6,g, then the spectrum of the eigen 
values becomes continuous only in the r-coordinate but remains discon- 
tinuous in the angle coordinates, For example in the case of unbounded 
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three-dimensional space we start from the following representation of 
Green’s function 


(14) 22 G(P,Q) = TD HF (cos 9) 17% (cos #,) or wee , 


(14 a) F=¥,(Ar) F (Ar). 


Here, as in the preceding section, JJ and ¥ stand for the spherical 
harmonic and Besse} functions normalized to 1; and in the following the 
Z',Z? correspond to the Hankel functions ¢1, {% The factor 2% on 
the left side is due to the normalization of the functions exp {tm} 

and exp {—imgp}. As in Fig. 26 the path Wi lies in the complex 4- 
plane from 4=0 to A=oo. and again avoids the pole A=& 

We first give a brief discussion of the way in which this representation 
can be treated in analogy to the one-dimensional case. This will yield a 
representation of spherical and cylindrical waves which we have met 


before. 
In order to transform W; into the path W of Fig. 26, we write 


Par) =3(Z, ar) + Zar), 


For the convergence problems which arise in connection with the 
normalization we refer the reader to Appendix I. Due to the proper- 
ties of Hankel functions (see exercise IV.2, in particular equation (12), 
and also the discussion in connection with equation (32.18)), we can 
transform the integral over Wi, which involves the function F of (14a), 
into the integral over W involving _ 


(14b) P,=4Z1 Ar) %, (41) r>t%,, 
and 
(14 c) F,=4¥,, (a9) Z, (At) r< 1% 


Since the integrand $F, ./(k*?—A?) vanishes at infinity in the positive 
imaginary A- plane for both cases r2r , the integral of (14) reduces 
to the residue at the pole A = &: 


1 
(19) [FR = 7 iS ce rT >", 


28 — 9a — 2k W (kr) Z) (kr) t<%y. 


Applying the addition theorem of spherical harmonics (22.34) we obtain 
from (14); 


198 PARTIAL DIFFERENTIAL EQUATIONS § 28. 16 


Zikr) Pi (k 1) r>%, 


oS 
16) G(P,Q=—. ¥ FH, (cos @)H, (1 
us) 43 Ee nf 42, (1) Witkr) Zi (kr) r<ty. 
For reasons of symmetry G(P,Q) in unbounded space is a pure 
function of the distance 


R= V2.4 72 — 974,008 0, 


between P and Q; namely, due to the definition of the unit source on 
p. 47 we have 

1 ieee 
(16 a) G(P, Q) = in he =, to (RR), ; 
where ¢, is given 2 (21.158). If, on the right side of (16), we pass 
from 7, ¥,Z to P,y, f (see Appendix I equation (9a)), we obtain the 
addition theorem (24.98). 

The corresponding series for the éwo-dinenaional case are con- 
tained in (21.3). 

More important than the derivation of these known formulas is the 
generalization to the case in which space is not unbounded but is 
bounded by a finite closed surface o(or, in the two-dimensional case, 
by a curve s) with prescribed boundary conditions. We are then dealing 
with the proper problem of Green’s function: to find a function G(P,Q) 
having a unit source in Q, satisfying the radiation condition at infinity 
and the given boundary condition on o(or s). 

We choose the special case in which the surface o@ is a sphere 
r = a, and the boundary condition is 


(17) u=0. 


The point @ is to lie-on the ray 
The eigenfunction which belongs to the eigen value Ais no longer 
vn {4r), but can be written in the (non-normalized) form 


(18) u,,(4,1) = p,a(Ar) + Ar) 
Due to (17) the function A becomes'® 
_ 9 fda) 


For the construction of Green’s function we shall not follow the 
general method of equation (14). Instead we shall use a shorter though 


ae fact that A depends on A made it necessary to write  (4.#), instead 
of afd r 
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less systematic approach based on equation (24.9) for unbounded space: 


(19a) gikR oo Yn (h ty) Sh (5) r>%, 
(19b) kk Pa her 2) Ease) C(kry) yp, (kr) r <p, 


Here (19b) will not yet satisfy condition (17) for r = a; in order to 
satisfy (17) we complete the right stde of (19b) by adding 


gi kn 
of (ka) ’ 


= 3 (2 + 1) P, (cos 8) C4 (kt—) Hq (Ka) 


Due to (18) the right side of (19b) becomes 
(20) Ps (2 n + 1) P, (cos 0) C1 (k 49) tty (2). 


If we make the same adjunction to (19a) then the continuous passage 
from (19a} to (19b) for r = ro is preserved, as is the radiation condition 
for roo. The right side of (19a) becomes 


(21) ©, 2m + 1) Py (005 8) £5 (Kr) ty (hy 7). 


From (20) and (21) we obtain Green’s function by adjoining the factor 
k/4n+ which, as in (16a), is due to the condition of a unit source. 
We then have: 


[on(k r) Uy (k, %) r > To 


99 P. cee 2 19: OS 
eh aa Pee as) poh 


This way of writing reveals the connection with our general method 
in (14). The function F of (14a) is now represented by 


F= tu, (A, r) Uy (A, t); 
except for a constant normalizing factor. The corresponding functions 
FF 2 of (14b,c} become 
1(o% Ar), (4, 1) ¢>%, 


Fy. =3 
BURA arn r<t 
By forming the residues for 4 = & we then obtain equation (22). 
in Appendix Ii of this chapter we shall introduce a novel method of 
constructing Green’s function, which not only improves the convergence 
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of the series in the most important cases, but also reveals new aspects 
of the method’s applicability. 

In the appendix to the following chapter we shall further show that 
this method would solve the problem of wireless telegraphy on aspherical 
earth (for infinitely conductive soil and a vertical “dipole antenna’) if it 
were not for the decisive role of the ionosphere. 

Finally we remark: a representation of the form (14) remains valid 
if as the surface @ we choose an ellipsoid instead of a sphere. Instead 
of the r, #,g we then have to use the coordinate system of confocal 
ellipsoids and hyperboloids. The spectrum of eigen values for the exterior 
of the ellipsoid will then remain discrete in the parameters of the one 
piece and two piece hyperboloids, but becomes continuous in the 
parameter of the ellipsoids. By integration over this last parameter we 
would obtain a simplification similar to that of (22). Even in the most 
general case where there are no separating coordinates, in which the 
eigenfunctions can be decomposed into products, we can still use equa~ 
tion (27.5) as a starting point for the representation of Green’s function. 


§ 29. The Eigen Value Spectrum of Wave Mechanics. 
Balmer’s Term 


The Schrédinger equation of wave mechanics for the simple case 
of the hydrogen atom reads . 


(1) Ay + 4 a (W~V) p= 


This is our equation (7.15), with the difference that the symbol! of energy 
W has been replaced by the difference of the total energy W and the 
potential energy, V or, mechanically speaking, by the kinetic energy. 
The Rutherford model for the H-atom consists of a nucleus, the proton 
with a + e charge, and of an electron with a — e charge that moves in 
the proton field. Its potential (Coulomb) energy measured in electro- 
static units is 


e 


where r is the distance from the proton and V is normalized so that at 
infinity we have V = 0. The mass energy moc? of the electron at rest 
is not to be counted in the total energy. In the following we may con- 
sider the proton at rest at the point r = 0. 

Equation (1) differs from the wave equation we have treated so 
far because the constant k? has been replaced by a point function which 
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becomes singular at the point r = 0. Whereas we have used & to denote 
eigen value, we shall now use W as an eigenparameter. Hence, we shall 
seek those values of W for which (1) has a solution which is continuous in 
the entire space. These solutions are the eigenfunctions of our ‘Kepler 
problem,” where the nucleus plays the role of the sun and the electron 
the role of the planets. Since the electron may move in unbounded space, 
the spectrum of eigen values will be continuous in the r-coordinate as in 
equation (28.14). More important for us is the fact that the spectrum 
also has discrete components. 

The spectral apparatus gives us the discrete spectrum by measuring 
the line spectrum, which, in the case of hydrogen, is given in the visible 
range by the Balmer series Hz, He, H,,Hs,... The lines of this 
spectrum cumulate at the limit given by the Rydberg constant R. The 
adjoining continuum lies in the near ultraviolet range. Both the discrete 
and the continuous spectrum are given by the Schrédinger equation. 
This equation reduces to a simple mathematical formula the enigma of 
the spectral lines, with their finite cumulation point, the behavior of 
which differs so fundamentally from that of all mechanical systems. 

Niels Bohr gave a general explanation of the Balmer series and its 
limiting frequencies twelve years before Schrédinger, by endowing the 
Rutherford model with certain quantum theoretical traits. However the 
concept of orbits he used lead to diverse contradictions and had to be 
abandoned in favor of the analytic model of equation (1). The fact that 
(1) is also based on quantum theory is indicated by the entrance of 
Planck’s constant A = h/2x . 

What is the physical meaning of the eigenfunction pw ? The 
answer to this question shows the complete revolution in the concept of 
nature that quantum theory has brought about: |p|?da dy dz stands 
for the probability with which we may expect to find the hydrogen electron 
at the point (x,y,z) within an error of dz,dy,dz. Hence, in wave mechanics 
the concept of probability takes the place of the concept of strict deter- 
minism which rules in classical mechanics. The measure of indeter- 
minacy in the atomic range is Planck’s h (Heisenberg). 

The “normalization of the eigenfunctions to 1,’’ which so far had 
been introduced only for mathematical simplicity, thereby acquires a 
fundamental meaning. Namely, the equation 


(3) SipPar=1 


asserts the certainty that the electron is somewhere in space; this condi- 
tion is necessary from the point of view of wave mechanics. Equation 
(3) holds for a discrete spectrum; for the continuum it must be modified 
according to the prescription of Appendix I to this chapter. 
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We now turn to the integration of (1), introducing the coordinates 
¢,3,g. If we write the wave equation in the form (22.4) and let!! 


(4) y= x (r) PP (cos 8) ef? 

then according to the differential equation (22.13) we obtain 
P dty | 2dy , (2m e\ b+. 

(9) teeta ty) oe 


We first consider the case in which the electron is tied to the nucleus. 
Then W must be negative since the energy of the electron at rest at 
infinity is normalized to zero. If it is absorbed by the nucleus and 
stably tied there then its energy is decreased. If, on the other hand, 
W > 0 then even for an infinite distance from the nucleus the electron 
has positive kinetic energy and, mechanically speaking, has a hyperbolic 
orbit. 


The asymptotic behavior of ¥ for r-+00 is obtained from (5) by 
neglecting all terms with 1/r and 1/?*: 


dt 2 


For negative W we write 


a 1 —¢/2 oe 
(5a) Git ah =e, om V— Omi. 
The other solution of (5a), namely, ¥ = exp (+ 0/2), must be neglected 
since ¥ 1s to be finite everywhere. 
In order to obtain an exact solution of (5) we write 
(6) x =e7 Fy (Q) 


and obtain as the differential equation for v 
" 2 ’ m—1_ t@+1) oe 
(6 a) v +(5 1)» + low a }e 0 


with the abbreviation 
m e%/% 


(6 b) ee =a 


" Here we <lenote the lower index of P by / instead of n, corresponding to wave 
mechanical yeage: | = azimuthal quantum number, ar = radiat quantum number. 
non, ti+ 1 = total quantum number, n = magnetic quantum number, where 
we now have —igams +h. 
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In order to discuss (6a) we use the method of equation (19.36). We 
write 


(7) v=o", w= a+ a,e+ 

and in analogy with (19.37) we obtain: 

(7a) A(aA+ 1) =1(1+ 1), and hence A = +4. 

The other root of (7a) A =-—1—1 must be excluded, since v as well 


asy% must remain finite for g=Q. The recursion formula for the 
a, is obtained in analogy with (19.372) by equating to zero the coeffi- 
cients of p4+*-1 in the power series obtained from (6a) and (7). 
Thus we find: 


ai lA+k+1) A+ k) 
+2a+k+1)—10+)) +a, [n—1—AéA—k]=0. 


If in this equation we make the coefficient of a, equal to zero by setting 
(8) n=k+tAt+i, 


then a,4; vanishes and so do all the subsequent terms in w: the series 
breaks off, that 1s, w becomes a polynomial of degree k, whose further 
properties we shall treat later. For the time being we shall stress only 
the following facts: 1. Due to the factor exp (—@/2) in (6), we see 
that as r-> o the function x tends to zero with sufficient rapidity 
to make possible the normalization of py according to (3), no matter 
what the degree of the polynomial w. 2. If the series did not break off 
then from (7b) we should obtain an asymptotic behavior of a, which 
would make w become infinite to the order exp (+ ) for g oo, 
and the normalization of ywould be impossible. Hence the require- 
ment that the series for w break off is a wave mechanical necessity. 

We now consider equation (8). We denote the value of k there 
by n, (radial quantum number) and for A we substitute its value 
from (7b) (azimuthal quantum number). Hence, according to (8) n is 
integral: 


(8a) =m" +Il+1. 


(7b) 


This number n is called the “total quantum number.” From equation 
(6b) we obtain: 


(8 b) | ne 


~~ hina’ 


Setting W equal to the energy quantum Ay» we obtain 
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e R 
(9) = ohAFat = nt 
where 
(9a) Ra i=ee 


This # is the above mentioned “Rydberg frequency”; it can be measured 
spectroscopically with extraordinary precision and hence can lead to an 
improvement of our knowledge of the fundamental constants e,7m,h. 
The number » of (9) is called the Balmer term. 

The observable frequency of a spectral line is obtained by the 
passage of the atom from an initial state 1 to a final state 2 and is com- 
puted as the difference of the associated terms ¥, and ¥,. Hence for the 
hydrogen spectrum we have 


(10) y=y—m= R(5— 3). 


The Balmer series corresponds to the passage into the final state n, = 2; 
the Lyman series which lies in the ultraviolet range corresponds to the 
passage into the fundamental state of the hydrogen atom m = 1; in 
both cases the passage is from an arbitrary initial state n1 > m.. Hence 
we have 


(10a) wv=R (5: — =) : n= $,4,5,... | Balmer series, 


(0b) v=R(Z~5), »=2,3,4,... Lyman series. 
The series with ne = 3, m% = 4,... lie in the infrared domain. 


After having learned about the ergen values of the H-atom we wish 
to consider the analytic character of its eigenfunctions. With the use of 
(7), (7a) and (8a) we obtain from (6a) 


(11) ew + [2 (0+ 1)—e] w+ (n—I—1]) w= 0. 


This equation is obtained through (2! + 1)-fold differentiation from the 
simpler differential equation 


(12) eb" + (l—e) L'+pi=0 with p=n+l. 


For every integer # this equation has one and only one polynomial 
solution of degree 4. With a suitable normalization we obtaim the 
solutions: 
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p=0, L=l, 

B 1, L=—-e+1, 

B=2, L=e’—4o+2, 

#=3, L=—'+9e—180+6. 


These are precisely the expressions we denoted in exercise 1.6 as Laguerre 
polynomials; equation (12) is the Laguerre differential equation, as 
indicated by the choice of the letter L. This differential equation coin- 
cides with the differential equation (24.29) of the confluent hyper- 
geometric function for the parameters « = —pz =—n—l. 

Hence we have 


(13) L= fF {— n— Ue dL: @) and @o= ————— 


Hence from (4), (6), (7) and (7a} we obtain the representation of the 
hydrogen eigenfunction 


a? +1E 


dp?tt} 


(14) yp = No ee? P?* (cos 8) e'™?, 
where WV is a normalization factor due to (3}. From (5a} and (8b) we 
obtain @: 
Q¢ a | ee 
(14a) ae ae a= 74~ 310 Som, 
where, as is customary, a denotes the ‘‘hydrogen radius.”’ 

In order to justify this notation, and as a single special application 
of the above, we compute the “‘probability density” in the “fundamental 
state’ n = 1 of the H-atom. For » = 1 we have according to (8a) 
{=m=0, n, = 0 and hence from (14} 


yoo Nett a Ne, pit Niet, 


where from (3) we obtain Ni = (a a%)~?. Hence, the probability of 
finding the electron is distributed spherically over the nucleus. For 
+ = 0 this probability assumes its maximum Nj, for r = a its value is 
only (N2/e)?, but it only vanishes at infinity. The charge density is propor- 
tional to this probability. From the point of view of wave mechanical 
statistics we do not have an electron which is concentrated at a point, 
but instead we have a charge cloud whose principal part is in the interior 
of a sphere of radius a. 

From the older point of view of orbits we must ascribe a disc-like 
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form to the H-atom. The fundamental state (circular orbit of radius a) 
then corresponds to a circular disc. In a magnetic field all the circular 
dises of an H-atom gas would have to be parallel to each other and per- 
pendicular to the magnetic force lines; a light ray passing through this 
gas would have to show “magnetic double-diffraction.”” Precise measure- 
ments by Schiitz, though performed not on an H-atom gas but on the 
analogous Na-vapor, showed no trace of this phenomenon. This is one 
of the contradictions which have been cleared up by wave mechanics. 

A behavior similar to that of the fundamental state of the H-atom 
is obtained for all states with | = 0, the so-called ‘‘s-terms” of spec- 
troscopy. For ! = 0 we obtain from (14) 


‘ 2 , 
y= Ne? Li (0), o=—, n= nN, + 1, 


which again means spherical symmetry. Such s-terms are the funda- 
mental states of the alkali atoms Li, Na, K,.... The same holds for 
all completed shells, e.g., the so-called eight-shells of rare gases. The 
proof is based on the addition theorem of spherical harmonics. This 
spherical symmetry of the closed shells is obviously of great importance 
for all chemical applications, 

We have to add a few remarks about the continuous spectrum of 
hydrogen, that is, about the states W > 0 (the “hyperbolic orbits” of 
the older theory). The electron is then no longer tied to the nucleus 
but is still in the field of the proton. 

According to (5a) and (6b) @ and n become purely imaginary for 
W > 0. In the asymptotic solution (5a) the two signs of @are equiva- 
lent; both solutions exp {+ 9/2}can be used. It is unnecessary, and 
due to the imaginary character of 9 it is also impossible, to make the 
series (7) break off. Hence every value of W is permissible. The W- 
spectrum becomes continuous and reaches from W =O to W = 00. Since, 
according to (8b)W = 0 corresponds to the limit ® = oo of the discrete 
spectra, we see that to each of these spectra there adjoins a continuous 
spectrum in the short wave direction. The analytic form of the repre- 
sentation (14) remains valid; but Z is now no longer a Laguerre poly- 
nomial but a confluent hypergeometric sertes which does not break off, since 
the parameter « =—n—E in (13) is no longer negative integral but — 
general complex. 


§ 30. Green’s Function for the Wave Mechanical Scattering 
Problem. The Rutherford Formula of Nuclear Physics 


Nuclear physics originated with Rutherford’s experiments on the 
scattering of a-rays by heavy atoms. Since the electron shells of the 
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atom are immaterial for the case of «- rays, we may treat the scattering 
problem in terms of the continuous H-spectrum. We are dealing, in 
fact, with a two-body problem: a nucleus (of charge Ze, where Z is the 
atomic number, Z = 1 for the H-spectrum) and a particle interacting 
with it (in this case an «~ particle with mass m, and charge Z’e where 
Z' = 2; in the preceding case an electron of mass m and charge — e 
corresponding to the charge number Z’ = — ]). First we want to find 
that point of the continuous spectrum that corresponds to the energy 
constant W, of the incoming «-rays. For an infinite distance between 
the «- particle and the nucleus the kinetic energy of the «- particle is 


a = ry hence 2 m, Wi= (m, vj? = p, 


where $ =m, % is the kinetic momentum of the «- particle. 

If we now pass from the corpuscular interpretation of the - rays 
to the “complementary” wave interpretation, then p/f is, at the same 
time, the wave number!’ k, of the a- rays. 

Hence we have 


Me V 3 me Wa 
(1) byes MP j= 


We can, therefore, rewrite the variable 9 of (29.5a) in the form 


“= 


(2) o=m2ik,r. 


For an arbitrary point of the continuous spectrum (i.e., for an arbitrary 
value W different from W, ) we replace &, by A as in §28. Equations 
(1) and (2) then generalize to 


(2a) i= / be 0 = 2dr. 


If, as before, we assume the nucleus at rest then the wave equation 
(29.1) becomes 


2 th, ‘e 
(3) dy + ye (w—72*\y=0. 


For the time being we replace (3) by: 


'8In fact the formula ky = p/% is the equation of L. de Broglie: ‘hk times the 
reciprocal of the wavelength equals the momentum,” which in turn is the relativistic 
completion of Planck’s equation: ‘hk times the reciprocal of the time of oscillation 
equals the energy.” 
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> + g2 
(3a) Apt Hty=0, Kim p> 278, 
for the point Ask, of the spectrum we then have 
(3b) Fe ee cibrcth 


hr 


We note the important fact that in the difference K2— K? the 
potential term, which is a function of position, is eliminated, so that this 
difference becomes independent of position: 


(4) K?— K? = 2-2. 


The reader should convince himself that all our previous deductions 
from Green’s theorem, such as the orthogonality of the eigenfunctions 
in §26 or the representation of Green’s function for constant k* in §27, 
remain valid for our generalized wave equation dy-+ K*y=90 with K* 
a function of position given by (3a,b). 

We now return to the Rutherford scattering experiment. If we 
consider the source of the «- rays (the radium particle) to be point-like 
and in the finite domain, then we have a spherical wave of corpuscular 
rays, which is modified by the presence of the nucleus in the manner 
prescribed by the wave equation (3). However if we remove the source 
to infinity, which is more natural and at the same time simpler, then we 
have to treat the same problem for the plane wave. In both cases the 
solution is given by Green's function of §28; in the first case for a general 
position of the source point Q, in the second case for the limit Q > oo. 
Since Green’s function was to be summed over the complete system of 
eigenfunctions, we have to consider the discrete as well as the con- 
tinuous eigen value spectrum for a finite Q@. However in the limit 
Q@—oco u(Q) vanishes for all eigen values of the discrete spectrum; 
hence, in this case we have to carry out the integration over only the 
continuous spectrum. We may retain the expression (29.14) for the 
eigenfunctions u(P) in question, if we replace @ by 2¢Ar in accordance 
with (2a). If in addition we tet & = 0 be in the direction of the line 
which joins Q to the position O of the nucleus, then the scattering prob- 
lem becomes symmetric with respect to the axis @=0, and hence 
independent of g , so that the eigenfunctions u(P) must be inde- 
pendent of g . Therefore according to (29.14) we have 


d2tely 


(5) u(P) = n(@) Py(eosd), = Nelo? Tar 


The corresponding expression for «(Q) is obtained from (5) by replacing 
P, (cos) by P; (cos %) = Pi(—1) = (—1)', and xe) by xi) 
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and then passing to the limit @g-»0o . We then obtain the repre- 
sentation of the plane wave from (28.14). By performing the integra- 
tion over the path W of Fig. 26 and forming the residue at the pole 
A= k, we obtain a series representation of the form 


(6) = OC: 4:(0) P: (cos 8), 9 = 2tk,r, 


where the coefficients C; are determined in a somewhat cumbersome 
fashion in terms of the normalizing factors of the x and P and of the 
asymptotic behavior of x(@9). This representation was first derived by 
W. Gordon.!* 

A much simpler representation is obtained if we replace the polar 
coordinates r, # by the parabolic coordinates &,4. We thus obtain as 
the wave function of the scattering process (see Appendix III of this 
chapter): 


(7) y= et Liikn), n=r—2=r(1—cos 8). 
Here k is the wave number of (1) 


(7a) k=k,= "=; 


and n is the total quantum number, which, becomes purely imaginary, 
for the continuous spectrum as mentioned at the end of §29. This total 
quantum number is computed from (29.13) where, as in equation (3), we 
have to replace e? by — ZZ’e?: 


se? ZZ" 
(7b) R ae 


The function ZL, is the confluent hypergeometric function of (29.13) for 
t=: 


(7c) £,,(@) =F (—n, 1, @). 


The variable 7 is the parabolic coordinate defined in (7), the other 
coordinate is €=r+a=—r(i+cos#). In the following # will 
be called the ‘‘seattering angle.” 

From (7) we obtain the asymptotic value for + co 
ether 
(8) p= C,eF* + O, -— 
with the abbreviations 


18 Z, Physik (1928), See also the excellent book by Mott and Massey, The 
Theory of Atomic Collisions, Oxford, 1933, chapter ITI. 
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(—tkn)* = oe fale tnfk 

P(a+1)’ 1 j—cosd 

The first term on the right side of (8) represents the incoming plane wave, 
the second term represents the spherical wave scattered from the nucleus. 
The quantities C,, C. are not constants but depend on 9 ; however, 
since n is purely imaginary only their phases depend on ». Weare 
interested only in the absolute value of the ratio C3/C,, which is inde- 
pendent of # and hence of r, and depends only on the scattering angle 
® . Namely, from (8a) and (7a,b) we obtain 


(9) C; e|= |3n] eZ 2 ~ eZ 7’ 


G,| ~ k(l—cos8) ~ m, %(1—coad) 2mm, o%ain®O/2 

According to the wave mechanical definition (29.3) of probability 
density, the square of this quantity is the ratio of the number of scattered 
particles per unit of spatial scattering angle and the number of incoming 
particles per unit of area on a surface perpendicular to the incoming direc- 
tion. This law was deduced by Rutherford through geometric considera- 
tion of the classical hyperbolic orbits without the help of quantum 
theory. This was possible owing to the fact that the constant 4 
canceled in (9). Rutherford’s law holds not only for «- rays but also 
for any other particles (protons, electrons, ...) which are in Coulomb 
interaction with the nucleus, of course with a correspondingly different 
meaning of Z’ and m,. The interesting “exchange effect” that occurs 
for the equality of scattering and the scattered particle will not be dis- 
cussed here. For very high velocities of the scattering particle we should 
have to use relativity theory. 


(8a) C= 


Appendix I 


NORMALIZATION OF THE EIGENFUNCTIONS IN THE INFINITE DoMAIN 


In passing from a bounded to an unbounded domain we encounter 
certain difficulties in convergence which can be removed only by a change 
in the normalization process. This modified process was introduced by 
H. Wey! in the theory of integral equations and has been adapted to wave 
mechanics. 

As an example we choose the function J,(Er), where » is 
arbitrary and k is a root of the equation J,(4aj)—0 . According to 
(20.19) its normalizing integral would be: 

@ 


(1): N= fu. (kr)]* rdr = . [Z,(& a) }* ; 
6 
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Due to the asymptotie behavior of 42; this integral becomes divergent 
in the limit aco (undetermined between the limits +o). In order 
to obtain a normalization of JZ, for a+oo we start from the more 
general integral 


Q 
(1a) N's Lim f PENI hea 
a~~-co 


According to (21.92) N’ behaves like the function 6(k|k’):4 namely, 
it vanishes for & > k’ and becomes infinite for k = k’ so that 


{2) ei N’i’ dk =o 1 
where 4 is an arbitrary interval containing the critical point k’ = k. 


Sinee in particular 4 can be chosen arbitrarily small, so that k’ can be 
considered constant in 4 , we may replace (2) by 


1 
(2a) ee 
/ . 
and similarly 
= 4 
2b 7 7a —— ? 
(2b) J NV Pal = 


We now change the normalizing integral (1) in the limit @~> oo to 
co 
(3) N= J r dr I, (kr) 7] ak’ I, {k' r), 


that is, in (1) we replace one!* of the two proper oscillations Z, by the 
group of neighboring proper oscillations 


(3a) yi dk’ I, (kv) 


and thus eliminate the above indeterminacy by averaging, so to speak, 
by interference within the wave group. From (1a) and (2a) we then 
obtain 


(4) N= [Wd ==. 
P| 


In order to make clear the mathematical essence of the above 


4 The symbols g, 7, 8 of (21.98) have been replaced here by 7,k’,k. 

According to the original method of Wey] we could also replace both eigen- 
functions I by “eigendifferentials” of the form (3a). Instead of the expressions 
“group of proper oscillations” or “wave group” used in the text, the less attractive 
term “wave bundle” is customarily used in wave mechanics. 
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process, we were somewhat careless in the interchanging of the limiting 
processes aco and 4-0 (or in other words #’ +k). It would 
therefore be desirable to deduce equation (4} once more on the basis of 
Green’s theorem. Writing 


(5) w= Lene, va=L (kre, da=rdrdp, ds=ady 


we compute® f («4e—v4e)do in the known manner both as a surface 
integral and by Green’s theorem as a contour integral. We then obtain: 
@ 
’ ov Ou 

(5a) eae a dif saad 

If we divide by k* — k’? and integrate with respect to &’ (under the 
integral sign) from k’=k—4/2 to k’=&-+ 4/2, and then pass to the 
limit a-+co, the left side becomes the normalizing integral N of (3). 
On the right side we choose a so large that we can compute the J, 
asymptotically. If we choose half the sum of (19.55) and (19.56), the 
constants F {vy + })#/2 in the exponents partly cancel and partly are of 


no consequence in the following consideration, and so may be omitted. 
Then we obtain as the right side of (5a): 


ee 2 
5b) = — wr ahha 4 etka) 5p! (ef ko otha 
oa i Te Benga Pe mth 


— (eit + etka) ¢ b (etka thay} - 


After multiplying out and collecting terms we obtain 


h+4]2 
© 1 dk fein(k—k')o  sn(k+k)a 
7% VEE k— kee , 
&—-Afa 


For sufficiently small 4 we can replace ~## by k and put it in front of 
the integral. If in the first term of the integral we make the substitution 
xz = (k — k’ja, then it becomes 


a, =a 4/2, 


is dz 
— }snz— with 
i . % = —a2 Aj2, 
2 
In the limit a -» cothis assumes the value x. (see exercise 1.5). In the 
second term of the integral (6) we make the substitution y = (k + k’Ja. 
4%The domain of integration of Green's theorem is not the complete circle of 
radius a, but the domain of periodicity of u and v as in equation (25.5), namely 
a Cireular sector of angle « = 22/y.In the integration with respect to » we obtain 
a factor a on both sides of (5a) that, in the text, has already been canceled. 
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The limits of integration then become 
r= (2k — Aj2)a 
te = (2h + 4/2) 


It is easy to see that this second term vanishes. Hence (6) becomes 
1/k and (5a) becomes 


1 
(2) N= > 


| 6 for a-+oo,. 


which coincides with (4), From this it follows that the Bessel function 
which is normalized to 1 in the above manner is given by 


ss 
VN 


From the relation (21.11) 


@) Inoy n= YF vale 


we further see that the function y, normalized to 1, which we denoted 
by ¥, on p. 197, is related to y, by. 


(8a) W, (kr) me yz ky, (kr). 


Indeed, from (7a) and (8) we have 


(7a) I, (br) = Pk I, (er). 


P= co 
1a frarye tye) [al VPI ki n= Ff tdrky, (en f de yen 
0 @ 0 4 


substituting this in (8a) we obtain 


(9) = firtdr B, (lr) f al ¥, (kr), 
0 A 


which according to (3) means normalization to}. 

Equation (8) relates not only I,43 and Y,, but also the associated 
functions Hy'7, and ¢° ; hence equation (8a) holds also for the 
normalized to 1 which we denoted by Z, on p. 197. 

For a general three-dimensional eigenfunction equation (3) holds 
in the form 


(10) N = fide f ak’ un, 
A 


where u, and wu,’ are the eigenfunctions belonging to the eigen values 
k and k’. The eigenfunctions normalized to 1 are then 


(10a) U, = UalV/F . 
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Appendix II 


A New MeEtTHOD FOR THE SOLUTION OF THE EXTERIOR BOUNDARY 
VALUE PROBLEM OF THE WAVE EQUATION PRESENTED FOR THE 
SPECIAL CaSE OF THE SPHERE 


The “exterior boundary value problem” consists of the construction 
of a solution of the wave equation 4a + u=—0, which is continuous 
throughout the exterior of the given bounded surface ¢ , assumes 
arbitrarily prescribed boundary values u = U on @ , and satisfies the 
radiation condition at infinity. We know that this solution is best 
represented by Green’s function which vanishes on ¢ , satisfies the 
radiation condition at infinity, and at a prescribed point @ has a dis- 
continuity of the character of a unit source. 

In the case of a sphere of radius a and a source point Q with the 
coordinates r =f, # = 0 , we constructed G in the form of equation 
(28.22): 

a) @= ao On ty (hy ¥9) C{K 1) P(coaP) for r>t, 

is E Cy by (h 19) ty (hr) P, (cos 9) for r<z5, 
The radiation condition is satisfied by the factor ¢,(%#), or more 
precisely {1 (kr), in the first line, the boundary condition for r = a is 
satisfied by the factor in the second line 


O,=2n+1. 


Qb) n= + 4e(k), 4=—fEo. 
where n is a positive integral and hence P, (cos #) is continuous for all 
values OS OE 2. 

We now attempt to solve this problem in a more economical manner, 
by subjecting ¢,(4r) not only to the radiation condition, but also to 
the boundary condition 


(2) o,(ka) = 
Then v must be rains since the roots of {,(0)=9 coincide with 
those of H},,(0)=90. According to (21.41) these roots are non- 


integral and complex fe large absolute value). We denote the consecu- 
tive roots which lie in the first quadrant of the complex v-plane by 
%, %,--+ and the general root by »,,. Weuse 2 to denote summa- 
tion over the complete system of these roots, and write 


(3) G= J D, i, (kr) P,(— cosa #). 
The function P, here is not a Legendre polynomial but the hyper- 
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geometric series of (24.24a) 


(3a) P,{— cos #) = F(— v,y+ 1,1, tte). 


The fact that in (3) we used P,{—cos ) instead of P,(+ cos #) is 
due to the fact that G is to be regular on the ray @ = aw whereas the 
ray #= 0 is to contain the singular point Q. According to (3a) the 
function P,(— cos #) for # = % hasthevalue F(—»v,»+1,1,0)=1; 
for $ = 0 we obtain from (24,32), after replacing € by — f = — cos #, 
the value 


(4) F(—», »+1,1,1) > 22 log 88, 


We now turn to the determination of the coefficients D,, to which 
F. Sauter has made such valuable contributions. We remark: the func- 
tions &, are mutually orthogonal, that is, we have 


eo 
(5) Jo (a) &, (@) de = 0, we» 
a 
This is a consequence of the differential equation for ¢,, which in 
analogy to (21.11) reads: 
a? 
oPF + [et + DIE, =0. 


If we also write the same equation for ¢, and multiply these equations 
by ¢, and ¢, respectively, then by integrating the difference of these 
equations over the fundamental domain ka s 9 <.co we obtain: 


oO 
= dot docu 
(5a) + 1)—p(et D3 by t, do = 0(¢,$* —¢,“So)/”. 
fod 
The right side of (5a) vanishes at the lower limit on account of (2), at the 
upper limit on account of the asymptotic behavior of the ¢ according 
to (19.55). Thus (5) is proven. At the same time (5a) yields the 
normalizing nee 
dot, dat, 


N= {(t,@)} Lim p “a a 
f @) Pde = Bees steerer 


Mo) 


ka 


Differentiating the numerator and denominator with respect to gs and 
considering (2) we obtain 


{kay ar aly 
(6) Ny = Qy+1 \or Teheae 
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Introducing the abbreviations 


_ 4 b-{a) re 44,40) 
(6 a) Hy (e) == oy? 0, (0) c= do : 
we can rewrite (6) in the shorter form 
k $ 
(6b) N, = yoy (Ba) &, (ka). 


If we now multiply (8) by ¢; (kr) &dr and integrate from r = a 
to r= oo then, on account of the orthogonality and the normaliza- 
tion, we obtain: 


(2) D; N; Ps(—cos 8) = f @ f (kr) kar. 


where » is any one of the roots ». 

However this determination of the D is not yet satisfactory since 
we do not know G. We therefore perform the following limit process: 
we divide (7) by P,(-—-cos#) (we now omit the bars over the ¥ ) and 
then let @ approach zero. We also split off the source point singularity 
from & by writing 


ef ts 
(7a) —4nG=—+-+4, Rt = #2 + 72 — 2 erry cosa d, 
Then equation (7) becomes 


(7b) —48D,N,= uim | (Fe + 9)t,(kr)kar / P,(—cos9). 


Now g remains finite whenever @ <r <.00 and 0 is arbitrary, whereas 
P, (— cos @) becomes infinite as #—0 ; hence the contribution of g 
on the right side of (7b) vanishes. For the same reason we may restrict 
the contribution of e**/R to an integration over the immediate neighbor- 
hood of the source point coordinate 7. by writing 

r= (1+ 4), ~exin<+e, dr = r, dy, 


é (kr) = £4 (k %), dae am 1, 


while the denominator & is approximated by: 


R=n Yt nit 1-20 + n(1~F)~ nV +e 


Thus (7b) becomes 
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s dy 
—==— / P,(—cos 9). 

are! ( 

The limit on the right side is known from (24.31) to be a/sin yz. 

Hence with the help of (6) we obtain from (7c) the completely determined 

value 


4 ka? sinv n, (ka) ¢, (ka) 


+ 
(7c) 4a D,N,= —ké,(kr9) Lim [ 
t—+9 


which no longer depends on ¢. Equation (3) for Green’s function then 
assumes the form 


= dy Pt tt Lolbrd olbe 
(9} G= fiche: ware ny (ka) f, (ka) 


P,(— cos 9). 
This formula becomes considerably simpler if, instead of the %, we 
introduce the normalized eigenfunctions 


. £{k 
Z,(br)= 2, Zerg) = 


VN, VN. 


Indeed, with the help of (6b) we can then rewrite (9) as 


(9a) G=—* SZ, (kr) Z, (kr) oO) 


sin +z 


Equation (9a) will prove useful later on; for the time bemg we shall use 
equation (9), which has the following advantages and disadvantages: 

1. In (9) Green’s function is represented by the same formula 
both forr > roand forr < ro, not by two differené formulas as in (1). 

2. The general requirement of the reciprocity of Green’s function is 
satisfied owing to the fact that (9) is symmetric in r and ro. On the 
other hand in equation (1) the reciprocity of G was expressed by the 
fact that by interchanging r and re we interchange the two representa- 
tions for r > ro and r < ro. The reciprocity of G with respect to the 
angles # and # (we considered the case in which the latter is zero), 
can be expressed both in (9) and in (1) by replacing cos? by cos @ 
which is symmetric in @ and  . 

3. The orthogonality relation (5) is essentially different from our 
previous formulations: in (5) €, is multiplied by ¢, and not by 
as in (25.11a); also, in (5) ¢, ¢, is multiplied by the one-dimensional 
interval dr not by r’dr as in the application of Green’s theorem in 
exercise V.Lb. 

4. It is remarkable that our representation (9) seems to break 
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down for @ = 0, since then according to (4) every term of the series 
becomes infinite like log @ , whereas the function it represents is to be 
regular for ®=0 and rx ro. Hence the whole ray @=—O(not only 
the point & = 0, r = ry on it) must be considered a singularity of the 
representation (9). Hence in the neighborhood of this singularity, that 
is to say in & more or less narrow cone around this ray, our representation 
will become more or less useless. The question of the completion of our 
representation for the interior of such a cone shall be postponed to p. 221. 

5. On the other hand equation (9) simplifies for the neighborhood 
of @ = x, say for 6 = %—4, where in the original form (3) it reads: 


(10) Gu > D,t, (kr) P, (cos 8). 


We now let ro increase to co, that is to say we pass from the primary 
spherical wave G to a plane wave % coming in the direction # = Q. 
Then for H,4.1, (&%) we may use Hankel’s approximation (19.55) no 
matter what the index » since now the argument is large compared to 
the index. Then according to (21.15) we may write: 


(108) fina es fern e+ ima) 


By combining all the factors which are independent of » into the 
amplitude A we obtain from (8), 


(10b) D, = At e-ivnlt /y (kayo (ka). 


Substituting this value in (10) we obtain the diffraction field of the plane 
wave u in the rear of a sphere of radius a under the angle of diffraction 
6. For the time being we set the boundary condition u = 0 for 
r = a; later on we shall discuss a boundary condition that is adapted to 
electromagnetic optics. 

6. The great advantage of (9) as compared to {1) lies in its rapid 
convergence for large values of ka. In order to test this convergence we 
compute the factors in the denominator of (8) for large ka and ». 
If. as in (21.30a) we set 


(11) cos a = 


Oe 


then we have according to (21.39) 


(lla) ¢.(e) = A ZES Bin 2; 
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where 

(11 b) z= 9 (sin « — a cos x) — 2/4. 

The roots of ¢,=0@ are given by 

(lic) snzg=0, 2=2,= — ma, COs my = (— 1)”, cos®z, = 1. 


Hence according to (11a) we obtain for z = 2,, if we ignore the slowly 
varying factor sing , 


a, ny (cos =) : : 
ao a aaa ” fe One SIN & COS Ze, 
therefore by (11) 


(114) My ot mm oot SE we, SP 


—— COB Zn, 
oy 86a dy oe Vsin« = 


On the other hand, for z = z,, we obtain from (1la,b), if we remember 
that sin z,, = 0, 


Pa a, _ &, a a $ pate oz PB inliee 
(11e) . de | ba dog Veine ™ Nap Lar tim 


=o S Vein « COB Ziq > 


Finally we obtain from (1ld,e) for g@= ke 


(12) n (ba) 0, (ka) =o (Fe) = oe. 
If we substitute this in (8) we obtain 

a 2 
(13) D, = — 46 aa oy (ke Yo) 


According to (21.41) » in the first approximation is equal to ka, 
but with increasing m it increases in the positive imaginary direction. 
Hence sin »# increases exponentially in the sequence *, Mey vos and 
hence D, decreases exponentially due to the denominator sin vz . 

The same thing occurs in (13) due to the factor ¢,(&r9). This 
latter factor is to be computed according to Debye’s formula (21.32) 
(the higher saddle point is the determining one) and not according to 
(1la) (where the saddle points are approximately of the same height). 
Hence the auxiliary angle now has a meaning different from that in (11): 
cos « is equal to v/kry and not to v/ka as before. Hence, ¢,(k tq) 
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also decreases exponentially on the v- sequence. The same thing holds 
for the additional factor ¢, (& r) in (9). 

In the special case of wireless telegraphy (appendix to Chapter VI} 
we would need about 1000 terms for a representation of the type (1), 
whereas, as we shall see, we need only one or two terms of the correspond- 
ing series of the type (9). In this appendix we shall also discuss how one 
type is obtained from the other by a purely mathematical transformation 
(in the complex plane of the index »} . 

7. The structure of Green’s function and its singular behavior for 
# = becomes particularly clear in our representation (9a). In order 
to obtain a rough estimate for the behavior of Green’s function for small 
8 weuse the approximation formula (24.32) 


P,(— cos 8) >. "_*? log #2 for 8 ->0 
and then obtain from (9a) 


(14) G = —F log 8 SZ, (hry) 2,(k1). 


Here X has a “ 6-like character.” Namely, if we expand a function 
. 7 . . . . 

in the ‘fundamental interval a <r <(00 in an arbitrary normalized 
orthogonal system of functions Z, (kr) : 


jo. ses TY, Foté 
alr, To) | == a A, Z, (Er) +: With i (Yr, 9) dr =] + 
o...rt= *p Cae 3 


then we obtain formally: 


A, = fae, r,) Z,{kr) dr = Z, (kr) T % #5) dr = Z, (kh) ; 
a 


fos 


but as yet we know nothing about the convergence of this general 
é- series 


(14a) A(r,75) = 5 Z,(kr)Z,(er) for rer, 


Only the divergence for 7 = ro (all terms positive) is apparent. The 
“representation of zero” for r# ro is obtained by an infinitely rapid 
‘foscillation around zero.”’ Hence (14a) ts not suitable for the actual 
computation of G for @=-+ 0. 

We obtain this representation from the defining equation (7a) of the 
function g, which is continuous throughout, and which for r = @ assumes 
the boundary values 
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th 
(14b} 9=%=—E R? = a8 + 7 —2a%, cos 8; 
here @, is the polar distance on the sphere r = a. In addition, g must 
satisfy the differential equation 4g -+ k*g = 0 in the exterior of the 
sphere a <(¢ <(oo , and the radiation condition at infinity. Hence g 
can be computed as a solution of the exterior boundary value problem 
on p. 214, which can be represented in terms of Green's function by 


p= [9 Fi R-—Groe 


Using the representation (9) of G we obtain for g a series summed over 
» , which, on theray @=0, a4 <¥ <o , reads: 


(14c} g{r,0=0)=—= > art py fo(ke) 


sinvz ” (ka) ’ 


(14a) O, = f 9, P,(—cos 8,) sin 0 d8,. 
; 


Since the singularity # = 0 of P,(— cos #) now occurs only under the 
integral in (14d) and is only of logarithmic order, the coefficients @, 
are all finite; however their explicit computation’? does. not seem to be 
easy. 

In this appendix we have introduced an entirely new kind of “singu- 
lar eigenfunctions,” which are essentially different from the “regular 
eigenfunctions” that we have used so far in this chapter. Our singular 
eigenfunctions 


Cy (kr) P, (— cos 9} 


are not free oscillations, but require a stimulation along the ray # = Q. 
On the other hand each of the particular solutions 


tu, (k,r) P,{cos8) and ¢, (kr) P, (cos 8) 


in (1) is source free throughout the physical domain @ fr < cO, 
0< <2 ~- Their stimulation, if we should speak of one, takes 
place in the exterior of this domain, namely in the center r = 0, and 
for u, at infinity. 

In the author’s 1912 paper, quoted on p. 183, our “regular’’ eigen- 
functions were called “improper” and our “singular” eigenfunctions were 
called ‘“‘proper.” The following discussion may serve to justify this 
apparently paradoxical notation. 


'7 See the discussion of ‘“Whittaker’s integral,’’ which is a limiting case of our 
€,, in the textbook by Watson, pp. 239-240. 
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We start from the fact that for all oscillation problems, whether free 
or forced, periodic or damped, we have the relation 
@ 
where we may assume c (the velocity of sound or light) to be real and the 
carrying medium to be absorption free. Heretofore we have assumed 
@ to be real and the time dependence to be in the form exp {—iw#} . 
The equation 


(15a) a COS & = + 


which follows from (11), and our condition ¢,(ka)=0 , then yielded a 
complez value of ¥ with positive imaginary part, so that for real k the 
quantity a cos « also had the same character and hence was of the 
form 


(15b) acosa =A+7B with B> 0. 


Now however, while preserving the relations (15), (15a), (15b), we set 
y equal to a positive integer, say =n. Then from these relations we 
obtain complex values for k and w with negative imaginary parts: 


: n A—iB ‘ ‘ 
k= hy—thy = 7p =" ae BY @ = WO, — 1 We = C (ky — 1 ky). 


The boundary condition ¢, (ka) = 0 now becomes 
(15c) £, (ky — 4 ka) a} = 0 


and the above purely periodic time dependence factor exp {—7 #} 
becomes 
exp {— 4 a, t} e~ ! = exp {—ickt} eo". 
Appending this time factor and considering the regular character of 
P,, (— cos #) for integral n we obtain from our singular eigenfunction 
(14) the damped oscillation 


(16) £, [(ky—4 ky) 1] P, (— cos 8) exp {—ick the", 


which is regular throughout the region r > a. The amplitude is infinite 
at t =—oo, decreases at a constant rate, and vanishes at ¢=-foo , 
whereas the frequency remains constant. (The only exception is the 
surface r = a, since there we have ¢, (ka)=0 throughout.) There 
exist co? such oscillations of zonal character. Their parameters are the 
integer n and the complex roots of the transcendental equation ¢, (ka)=0 
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which are infinite in number. (For tesseral spherical harmonics the 
number of possible oscillations would increase to oo .} These damped 
oscillations are obvioualy the physically simplest particular solutions 
of our sphere problem for the boundary condition u = 0 and hence 
deserve the name “proper eigenfunctions.” Their close connection with 
our singular eigenfunctions (16) explain how the latter led to the simplest 
solution of the boundary value problem. 

In the following discussion we apply these eigenfunctions, which so 
far have been developed only for scalar fields, to the case of the electro- 
magnetic-optic field. We shall see in Chapter VI that this can be done 
without difficulty. We have to keep in mind the following facts: 

1. The boundary condition u = 0 must be replaced in the electro- 
magnetic case by 


(17) S (ru) = 0, 


as will be shown in Chapter V1. 
2. In the transcendental equation ¢, (ka) =0 , or, as we wrote in 
(15c),2,, (ka) = 0, we have to replace the function £,{) by 


§(0) = Fair S(O}, 


which, due to ¢ = kr, is the same 4s 


(17 a) §,.(0) = Sn(0) + 0 6, (0). 


In the same manner we have to replace the function in (6a) by 
8& , (0) 
(17 b) My (0) = —S- 


3. While in the scalar case we had one field function w, in the 
electromagnetic case we have two such functions « and ». The function » 
satisfies the same differential equation as « and a similar boundary 
condition. 

Our damped electromagnetic eigen-oscillations have long been 
known in the literature. In the case of the sphere they were investigated 
by J. J. Thomson'® in 1884 as the simplest case of the Hertz oscillator 
which was then the center of interest. They were generalized by 
M. Abraham’ to the case of the elongated ellipsoid of revolution (rod-like 
oscillator) and the Paraboloid of revolution (wire with free ends}. Indeed, 

1* London Math. Soc. Proc. 15, 197, and the textbook Recent Researches in 
Electricity and Magnetism, Oxford 1893, the so-called “third volume of Maxwell.” 


'S Ann. Physik 66, 435 (1898); 67, 834 (1899); Math. Ann. 52, 81 (1899). For 
further literature see Enzyk!. d. Math. Wiss. v. V. 2, Abraham’s article, p. 508. 
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our entire development can, with the introduttion of elliptic coordinates, 
be adapted without fundamental change from the cylindrical and 
spherical harmonics of the representation (16) to the domain of the 
Lamé wave functions. We can use this method in order to construct 
Green’s function for the exterior of an ellipsoid or paraboloid and thus 
obtain general solutions to the associated boundary value problems. 

We finally indicate some problems for which the method of this 
appendix is helpful. 
a) Dispersion by colloidal particles. In a 1908 paper G. Mie deduced the 
impressive color phenomena seen in the ultramicroscope from the dielec- 
tricity constant and the conductivity of the individual scattering par- 
ticles. The particle was assumed to be spherical with a diameter small 
compared to the wavelength, i.e., ka< 1. In this case the series of type (1) 
converge sufficiently rapidly. In the opposite case ka >> 1 the use of 
geometrical optics suffices; but the intermediate case gives rise to diffi- 
culties. In this intermediate case we have to use series of the type (9) as 
specialized for a source at infinity. The fact that in our case the sphere 
was assumed to be infinitely conductive, while in Mie’s case it was 
assumed to be an arbitrary dispersive medium, does not make an impor- 
tant difference. We must merely replace the boundary condition (equa- 
tion (17)) for the complete conductor by a transition condition between 
the interior and the exterior. The convergence of the series will be the 
better the nearer we are to the limiting case of geometrical optics. 
b) The reflection of a plane wave on the surface of a completely con- 
ductive sphere. The diffraction field in the rear of a sphere was discussed 
schematically (i.e., with the simplified boundary condition u = 0 and 
for a scalar field) under 5 above and was represented by the equations 
(10), (10a) for ka > 1. On the front of the sphere, especially for ®= 0, 
we know from experience of strange interference phenomena, which so 
far have not been amenable to the usual treatment by series of type (1). 
The analytical difficulties which arise here are expressed by the singu- 
larity of the ray #= 0 in series of the type (9). However, we claim 
that this problem can be treated in the manner indicated on p. 221, if 
we take into consideration the actual conditions of the reflection problem. 
c) The rainbow. With this classic problem we return to the starting 
point of Debye’s asymptotic investigations (see p. 117) and all subsequent 
advances in the domain of short waves (ka > 1). The rainbow problem 
has since been brought to a beautiful conclusion by B. Van der Pol and 
H. Bremmer.”° However, from the viewpoint of method there remains a 
gap between the wave-optical and geometric-optical method. 

It was the task of this appendix to bridge such gaps mathematically. 

2° Phil. Mag. 24, 141, 825 (1937). 
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Appendix III 


THe Wave MECHANICAL FIGENFUNCTIONS OF THE SCATTERING PROBLEM 
IN PARABOLIC COORDINATES 


In the following discussion we outline the steps which lead to the 
representation (30.7). For details the reader is referred to textbooks on 
wave mechanics,*! 

The parabolic coordinates §=r-+ a, 7=r—2 define, in a 
plane which passes through the z-axis, a double system of confocal 
parabolas which have the point r = 0 as a common focus. The degen- 
erate parabolas = 0,7 =+0 coincide with the negative and positive 
z-axis respectively; the parabolas = oo, 7=00 limit the plane 
in the direction of large positive and negative z respectively. 

Hf we rotate the plane around the z-axis then §, 4% together with 
the rotation angle ¢ form a spatial coordinate system which bears the 
following relation to the Cartesian coordinates 2,y,2: 


2=5(f—), y=VEncosg, caVénsing. 


From this we obtain the line element 


dy 


(1) dt =F Etm(S+ SF) + Ende. 


With its help Jy is transformed into 


Sey (A oak Ss dT 
dy=rigla fe tm a) tama 


The wave equation (29.1) for an interaction energy 


yutZe_ 22ae 
nn en 


and for independence from ¢, becomes 


¢ é Hy : 
Q FeeteaS+ Sele t+y W227 ay=o. 


This can be separated by setting ¥ = y,(é)¥.(y); with Pas the 
separation constant we then obtain: 


** For example, the author's Atombau und Spektrallinien, v. II, Chapter V. 86 
and Chapter 11, §9. There, in addition, the asymptotic representation (30.8) is 
derived with the help of a complex integral representation of L that we cannot 
discuss here. 
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d Lidl aL Z' e 

(3) eg — g— = 2 Ke + B)y=0 
@ oa W a Z Ze 

(4) ae + eae 1 oar — B) v2 = 9. 


The function y, must satisfy the radiation condition (28.2) for § co 
(large positive z). Written in parabolic coordinates {according to (1) 
ds, is equal to $d& for large € , whence a/@r in (28.2) becomes 
8/89, = (d&/ds,) 0/0 = 2 df  , and we have: 


(5) F(2 7 aa iky,) =0 with & = "*, as in (30.7a). 


Hence we set y, = exp (F é) and get from (3) 


tk W Z Zi e 
(6) (—Té+ot+ Fe (= + B)y, = 0. 


The terms with € cancel because of the meaning of & and W in equa- 
tion (30.1). Therefore (8) is satisfied by choosing 


(7) p= 2) ~=6 


We see that for this y, equation (3) is satisfied not only asymptotically 
but for all & , 
Due to (7) equation (4) becomes 


aod W ZZ’ ; 
(8) fy Me + (Ben ae +) = 0. 


The function y, must satisfy the absorption condition for -»00 
(large negative z), which, written in analogy to (5), reads: 


2 fo 4a = 
+Gge+ iky,) = Q. 
Hence for large 7 we have the first approximation 


Ya = exp (—¢ k 7/2). 


However, this is not an exact solution of (8). Hence we set the more 
general 


Y= ew FM? f(y). 
From (8) we obtain the equation for f {7) 


4 
(9) ngs d—ikn L—m, 22 51 =0. 
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Equation (9) is the differential equation (29.12) of the Laguerre function 
L, (o)s if we set 
tg BE 
e=ikn, i= — Tee 
The last value coincides with the imaginary total quantum number x of 
(30.7b). Hence we have 


Hin) = Ly (ikn), yy =e EL, (en) 
and finally 
(10) v = 1 (6) ye (y) = FE PP LL, Rn), 
Thus we have a quick proof of (30.7.) 
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PLANE AND SPHERICAL WAVES IN UNLIMITED SPACE OF AN ARBITRARY 
NUMBER OF DIMENSIONS 


After having treated plane and spherical waves in three-dimensional 
space and plane and cylinder waves in two-dimensional space, we cannot 
resist the temptation to adapt these formulas to the many-dimensional 
case. In this connection we shall encounter remarkable generalizations 
of the ordinary spherical harmonies, the Gegenbauer polynomials, and 
generalized addition theorems of the Bessel functions. A systematic 
approach to these generalizations is again given by our theorem in §27 
about the representation of Green’s function in terms of the eigen- 
functions for the space in question. 


A. CoorbDINATE SYSTEM AND NOTATIONS 


Let the number of dimensions be p + 2 so that p = 0 represents 
two-dimensional, and p = 1 represents three-dimensional space. On 
the one hand we use the Cartesian coordinates 21,22... , Zp+2, and on 
the other hand the polar coordinates +,8,¢,,¢,....¢,. The connection 
shall be given by 

m= cos & 
(1) % = rsin } cos, 
x, = rain ?d sin p, cos g, 


Oe i ed 


Tye = rein Fain gy, ging, ... siNP,.1 COP, 
yee =raindsing, sing, ... sing,.,sin g,- 
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In order to cover the whole space ~o< 2,< +00 the coordinates 


r,8,..4%, must vary between the limits 
i<oy<+2, $= 1,2,....p—1, 
O<r<co, I< <2, 
—r<p ot. 


By forming the sum of the squares in (1) we obtaim 


(1a) San. 
1= 
The definition of the (p + 2)-dimensional line element is 
2 
(1b) dst = ’s dzt. 


If for every direction of the coordinates 7, 9 we compute the corre- 
sponding ds from (1) then we obtain (in unified form) 
(2) ds = (dr, rd#, reinddy,, rain@sing,dy,,... rainPsing,... sing, .14p,). 
The coefficients of dr, d#,dy,,...,dy, on the right side of (2) will be 
denoted by 91,92, .. . Gp+2. We then have 

K=1, ~H=% gga raind, g—reinésing,, 
(2a) Bee di 

~ + Gpsa= ren ésing,... sing,.1. 

From (2) and (2a) we obtain the (p + 2)-dimensional volume element 
(2b) dx = gdrdbdy,...dpy, 


P+? 
(20) G= HT g,=1°* sin? é sin? -' p, sin?~* 9, ... sin py.. 
al 


os 


We denote the surface element of the unit sphere in (p + 2)-dimen- 
sional space by dw, its total surface by 2 and set 


(2d) : Q = fda = 2p Q,, 


where 2» and 2, are the components obtained through integration of 
dw with respect to 6 and 9,,¢%,-..,y, respectively. From (2b,c) we 
obtain 


7m Bi dee m% 2-9*9 Pip) 


, " * Ba +n 
Ber [er dy, { sin?”* 9 diy vee fin py-1 dpy-1 f doy 
Ly) -" 
(2) p+1 


APPENDIX IV 229 


We denote the Laplace operator in our space by A, (thus in three- 

dimensional space we would denote it hy 4, ) and 
we write for a function « which depends on r alone 
1d /7 du 14 du 

a eae 
(3) 7” g dr \g? dr pila ar 
The potential equation 4,%=0 then becomes 
dtu pti du 


——— rn 


ap ae 


(8a) 


Except for additive and multiplicative constants of integration we obtain 
the solution: 

(4) wor, 

We generalize this solution to 

(4a) w=: R°?, R= Si(z,— y,)*. 

If we place the second point introduced here on the axis 6=0 and 


denote its distance from the origin by ry then according to (1) we have 
Y=%, w= Ys=+++ =Y¥pte = Oand R= 7—2ry,cosh+r%, Hence 


r? 1 
i — 
Re [1 -+(Z¥~2F cos o |?” 
is also a solution of 4, u=0. 


As in (22,3) we expand (4b) in ascending (or descending) powers of 
r/re and call the coefficients p-dimensional zonal spherical harmonics 


P,, (coe 8p) 


(£b) 


or also Gegenbauer polynomials. The Legendre polynomials may 
thus be denoted by 


P,, (con 8} 1). 
Hence we write" 
(5) [i+ 2) —27 cos6] = > (z)'P (cos #|p) 
7 ee %o aimty \h ss Pi» 


and deduce from this 


** Gegenbauer’s original notation (see e.g,, Wien. Akad, 70 (1875) ) is C* (cos 8), 
where p= p/2. i 

* The defining equation (5) is not limited to integral p; equation (5) breaks 
down for p = 0 since in that ease (4b) has to be replaced by the two-dimensional 
logarithmic potential. 
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P, aj) = (1 (5?) — (p-+2—1)! 


] 
eae ni(p— i)! 
cos $= —1 | Oe ee 
(5a) | Py,.,0|p)= ) 
cos # = 0 rgts 
| Pas (Olp) = ato Gt) 
| F(e+iF(3) 


For the particular solution of the potential equation A, u=0 
which depends only on r and # 


(5b) u= r* P, (cos #lp) 


we then obtain the differential equation 


1/6 (9 Guy, 2 (g ou 

rary (4 x) + a(S a) = 05 
and after dividing out the factor r*+?~1/9 we obtain the ordinary 
differential ee for P, (cos Op) 


(5c) “ sin? + nin + p) asin? 6] P,, (008 |p) = =. 


The reader is asked to check the connection of these and the following 
formulas with the formulas from the theory of ordinary spherical 
harmonics, 

The Gegenbauer polynomials can be expressed in terms of hyper- 
geometric series in a manner similar to that of the Legendre polynomials 
in (24,24a); we have 

+1 one) 


(6d) P,,(cos @lp) = P, (|p) F(- ant+p, Pt, : 


2 


B. Tue Eicenrunctions oF Unurirep Many-DIMENSIONAL SPACE 
From the potential equation we pass to the wave equation. For a 
function which depends only on r the wave equation is, according to (3), 


dz 
(6) ory otis 


If we set w=7-°w, then we obtain the Bessel differential equation 
with index p/2 for w. Hence (6) is integrated by 


(6a) w=? Tos (kr), 
and also by 
{6 b) te == 19! HS ig (ee), (6c) mm P? FP (kr), 


The function in (6b) behaves asymptotically like 
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ptt rE ke A 
cue PF, on Vee zs 3 


and satisfies the radiation condition (28.7) 


_In the same manner (6c) satisfies the absorption condition. Hence 
(6b,c} represent the radiated and absorbed spherical waves in (p + 2)- 
dimensional space. This remains valid for a general position of the source 
point with the.solutions 

(7) Ve R- Be (ER), R= A—2rycose+ ri, 

The function in (6a) may be called “eigenfunction of spherical 
symmetry.” We now want to find the general eigenfunctions of zonal 
symmetry. They are of the form 
(8) tn (1, 8) = vy (r) P,, (cos Bly). 

From the equation (5c) of P,, we find the differential equation of v, 


a pt+id a(a-tp)\ _. 
(gat 2 5+ e282), <0. 


If we treat this equation as we did (6) by setting »,=7-7/4w then for 
w we obtain the Bessel differential equation with index x + p/2, and 
hence as the solution which is finite for r = 0 


w= J, os (RP). 
Hence the eigenfunction becomes 
(8a) te, = 9797 Tory (er) P,, (008 Olp). 


According to §26 any two of these eigenfunctions are mutually 
orthogonal, both in the continuous spectrum 0<k< 0c, and in the 
discrete spectrum 2 = 0,1,2,.... 

For tio eigenfunction u,,u,, with equal k but different indices we 
obtain from (2b,c) and (8): 


Co Fi 
(9) ftnte dt = Zaz oft (EP) Ling ois (7) Slt Pi (cos 6p) Pa (cos6|p) sin? dd 2, . 
where 9, is as in (2f). Due to the fact that neither 2, nor the 


integral with respect to r vanish and due to the orthogonality of u, 
and 4u,, we obtain: 


4 
(10) f Paeat le) Fa lone | ppaine oa 0, Mm on. 
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Note the characteristic factor sin? @ in (10), which in the three- 
dimensional case (p = 1) becomes the customary factor sin® for the 
Legendre polynomials. While in the customary analytic derivation of 
(10) this factor might appear artificial, it follows in our many-dimensional 
approach directly from the meaning of dr. 

We also note the corresponding normalizing intégral form = n 


Z . Pint) x 
=> 2 a Ff — 

(11) [@ (008 8 | PIP sin? 040 = oT ni FD) POR) 
which is a generalization of the normalizing integral for ordinary zonal 
spherical harmonies: VW = 1/(n + 4) for p = 1. The proof of (11) starts 
from the defining equation (5) of the Gegenbauer polynomials. 

With the help of (2e) we can replace (11) by: 

p  L£(rtp) 

ee anes (n + p/2)n! F{p) He 


C. SPHERICAL Waves AND GREEN’S FuNcTION 
IN MANnyY-DIMENSIONAL SPACE 


The spherical wave of zonal symmetry has been described by equa- 
tion (7}. From this function we obtain Green’s function of (p + 2)- 
dimensional unlimited space by adding a factor f such that the source 
Q of U becomes a unit source. According to §10 C this means 


(19) 1= [| Fdo= fez \ dom f [Sq RPP Hip &R)) RPO de, 


where the integration is to be taken over a sphere of radius R+0 ; 
do denotes the surface element on this sphere; dw, as in (2d), denotes 
the surface element on the unit sphere. Hence we obtain from (12) 


(12a) 1=fQLim R41 oF (R-o! Ha (k R)]. 
R+O 
For odd p we can use the formula (19.31) for H, which yields 


; —i r+ o ip (k/2)- 2? 
Lim +++ = ——, = [R797 Tega ( R)) = an par P(—-pet+iy 


Using a well-known J- relation we can replace this by 


+(e) "7(8). 


For even p we obtain the same value from (19.26) and (19.47). Hence 
we obtain from (12a) 
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pja 
(12 b} =5() 7 ier (2) 
and from (7) upon multiplication by f 
P19 PR PZ : 
(13) G(P,Q) = z(3) (=) Hin (ER) / ip? (2). 


On the other hand we want to construct G(P,@) as in §28 from the 
eigenfunctions u(P) in (8a) 


(13 a) 6 (P) = £7 9 Ty gin (Ar) Py (cos O[p) 
and the associated u(Q) for a point Q with the coordinates r= ry, 6, = 0: 
(13b} 6 (Q) = 9° 7/9 Ty a pj (Are) Py (|p). 


In both representations (13a,b) 4 (see equation (28.14)) denotes the 
variable of integration in the continuous part of the eigen value spectrum. 
In a similar manner we perform the integration over 4 in the complex 
a- plane and obtain tn analogy to (28.15) 

da 
2 [ +«O+@ pia 
Tn + ofa (Eto) By + pfs (EY) ¥>%, 


mt 
a= — (rr,)7 9/2 P,, (cos #/p) Pcl} 
2 ( 0) = 7 | Tn + ofa (Er) Ag+ pia (& t,) f<f,. 
In order to be able to apply this formula to Green’s function we still 
must normalize the functions w(P) and u(Q) to one. The general term 
on the right side of (14) must therefore be: 1) divided by the normalizing 
factor N of (lla) due to the dependence on @; 2) divided by Q, of 
(2f) due to its independence of the coordinates %1:¢g:++-+s % , and 
3) multiplied by & due to the r-dependence aceording to Appendix I, 
equation (4). Altogether this yields the factor (see also (5a)) 
k2n+p alPi(p) k2n+p 
(14a) Q”p Tit =2 ? / Pp), 
which has to be introduced under the 2- sign of (14). Thus, according 
to our general theorem of §28 we obtain Green’s function of unlimited 
space. Comparing this with (13) we obtain: 


Hon (ER) (2) & 2) 
= gf pit n+~—| P, (cos #/p) ’ 
(ERPP a) ey Vs | 
Tn tpialk te) Hy + 9jatkr) : 
(ya [eon a 


Te t/a (kr) H, +9f2 (£7) coo pty, 
(err (erg)! . 


(15) 


“<9 >f%, 
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This general addition theorem of Fessel functions holds both for H = H! 
and for H = H?, and hence for any linear combination of the two, so that 
in (15) we may replace H on both sides by 


Z= 4H! + oH, 
hence, in particular by 
= 4(H' + H), 


in which latter case the distinction +2r, becomes immatenal. The 
theorem holds, under more general conditions than those assumed in the 
derivation, if, as in footnote 22, we replace p/2 by an arbitrary number, 
say v. 


D, PassaGE FROM THE SPHERICAL WavVE TO THE PLANE WAVE 


For r,— co we deduce a representation of the plane wave in 
many-dimensional space from the last line of (15) 

First we obtain on the right side, according to Hankel’s approxima- 
tion (19.55), 


= 1 
Hn, vja(k to) = ae a nies Vane (re,— 2515)! 
Correspondingly, on the left side we obtain 


Bye (kB) = Vaz exp | (en—2442)}, 


However for r,— oo we have 


R=n(1—-25 cond 40h Fo— cond + +++; 


therefore, 


Hyjs(k R) = Vix exp {i(kr— br cono—2 41 a} 
= aexp{—ikrcos#}, 


so that the left side of (15), with the corresponding approximation for the 
denominator, becomes: 


reat exp {-- tk r cos 3}. 


After canceling the common factor on both sides we obtain 
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Jas pf{2 {kr} 
(kr}/? 


This represents an incoming wave in the direction of the positive axis 
$= 0 , or, in other words, a wave which proceeds in the negative direc- 
tion of this axis. The wave which proceeds in the positive direction is 
obtained from (16) by replacing + ¢ with ~ z. The reader is asked to 
verify that this formula coincides for p = 1 with the three-dimensional 
representation (24.7). In the two-dimensional case in which (4b) breaks 
down (see footnote 22) equation (16) is replaced by the representation 
(21.2b). 

Through a suitable averaging or with the help of an “addition 
theorem?! of Gegenbauer polynomials” we obtain from (16) remarkable 
relations between Bessel functions of integral and of fractional indices.*® 


+ 


td 
(16) ev ihr coe? — Ox/2 r(3) p> (n a4 9) e7fnnj2 P, (cos Ap) 
ms 


4 See the lucid collection of Gegenbauer's results in the book by Magnus and 
Oberhettinger, Formeln und Satze tiber die speziellen Funktionen der Mathematischen 
Physik, Springer, 1943, particularly p. 77, 

*G. Bauer, Sitzungsber. bayr. Akad,., 1875, p. 247; generalization to higher 
dimensions, A, Sommerfeld, Math. Ann. 119, 1 (1943). 


CuaptTer VI 


Problems of Radio 


The problems of signals with electric waves have been in the fore- 
ground of applied physics since the beginning of the century. Can we 
understand the remarkable range of radio signals from the otherwise 
completely reliable Maxwell theory? The answer is both yes and no. 
Yes, in so far as only the known electrodynamic laws are applied. No, 
in so far as the ionosphere (Kenelly-Heaviside layer) plays an essential 
role in overcoming the curvature of the earth, and has to be added to the 
Maxwell wave propagation as a deus ex machina. 

Unfortunately we shall be unable to treat the reflection processes in 
the ionosphere, and shall restrict ourselves to questions of propagation 
in the homogeneous atmosphere and in the earth which 1s also assumed to be 
homogeneous. We shall also have to omit the questions of the construc- 
tion of transmitters and receivers, which are of such great importance 
for the engineer, since they do not properly belong to the domain of 
partial differential equations. Instead, we shall idealize the transmitter 
to the utmost and treat it as a Hertz dipole (§31). On the other hand the 
questions of propagation definitely belong to our domain and they will 
give us a complete demonstration of the usefulness of the methods which 
we have developed above and which we have so far applied mainly to 
rather artificial problems of heat conduction and of potential theory. 
Further demonstrations of this usefulness are given by problems in 
general electrodynamic oscillations. They are treated with some com- 
pleteness in the textbook by Frank-Mises, Chapter XXIII, and the 
reader is referred to that book. If, among these problems, we again 
consider radio, it is because the previous representation was simplified so 
drastically that it could not be reconciled with practical problems. 
Now we shall not place our antenna-dipole on the surface of the earth, 
but at some distance from it, we shall treat the radiation of the hori- 
zontal antenna in more detail and demonstrate its asymptotic identity 
with the radiation of the vertical antenna for increasing distance from 
the origin, and we shall treat the radiation characteristic with respect 
to the terms of second order in 1/r, etc. The energy conditions (required 
energy supply for prescribed antenna current, heat loss in the earth) 
will be discussed in the final section. We shall almost always consider 
the earth asa plane. The analytically interesting problem of the earth’s 
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curvature, which opens a further domain of application.to the method 
of eigenfunctions, can be treated only in an appendix, since even an 
only moderately complete treatment of the problem of a plane earth ts 
almost too long for us here, 


§ 31. The Hertz Dipole in a Homogeneous Medium Over a 
Completely Conductive Earth 


We assume that the reader has a knowledge of the concepts of 
electrodynamics and their interconnection through Maxwell’s equations. 
Since we are not dealing with atomic physies but only with the phe- 
nomenological Maxwell theory, we shall use the system of the four 
units, Af (meter), K (kilogram mass), S (second), Q (charge, measured in 
Coulombs). In this system the specific inductive capacity and the 
permeability are definite quantities; as usual their values in a vacuum 
are denoted by & and je. We then have &#% =I/e*. The parasite 
factor 4%, which mars the customary electromagnetic equations, is 
suppressed in our system through the suitable choice of units, wher- 
ever it is not implied by the spherical symmetry of the problem. 


A. INTRODUCTION OF THE HERTZ DIPOLE 


In the electrostatic case we deduce the potential of the dipole by an 
oriented differentiation from the fundamental potential @=I/r (see 
$24 C); the field E of the dipole is then obtained from this potential 
by another differentiation. In the electrodynamic case @ is replaced 
bv the function of the spherical wave 


ithe — 
(1) = = e*r = ormorecompletely JT = Ze aaa 


The notation JJ is due to Hertz! himself. As shown by the second form 
of equation (1), we assume the oscillation to be purely periodic and 
undamped in time (this is realized for the tube transmitter). 

In the abbreviated first form of (1), which we shall use in the 
following discussion, we have to remember that 


(2) H=—ioH=-—ikelH. 


where 


1In his fundamental work ‘Die Kriifte elektrischer Schwingungen,” collected 
works II, p. 147, which also contains the well-known foree fines of the oscillating 
dipote. 
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w= circular frequency 
(2a) k= 22/4 =a@/é¢ = wave number 
c= w/k = velocity of light in a vacuum. 


As we know, JZ satisfies the oscillation equation (7.4), which for purely 
periodic processes becomes the wave equation: 


(3) All + kIT = 0. 


In the electrodynamic case JJ is not a scalar but a vector. Hence 
in the future we shall speak of the Hertz vector I. It is connected with 
the vector potential A by the simple relation 

> 

Just as the individual elements of which A is composed have the direction 
of the corresponding elements of current, so our ii in empty space 
(i.e., in the absence of the earth) for a single antenna would have the 
direction of the antenna current. Here we assume the antenna to be 
short compared to the wavelength, that is, with both ends loaded with 
capacities so that the current can be considered in the same phase along 
the whole antenna. In representation (1) we could express the vector 
character of JZ by multiplying the right side of (1) by a constant vector 
which has the direction of the antenna and, as we shall show later, the 
dimension of an electric momentum (charge X length). However, we 
shall refrain from doing this in order not to make the formulas unneces- 
sarily cumbersome; hence we retain equation (1), although it is incon- 
sistent from a vectorial and even a dimensional point of view. Only in 
§36 shall we correct this flaw. _ However, we wish to stress now that, 
due to the vector character of JJ , we have to give the Laplace operator 
A in (8) its general vector-analytic meaning 


(3 b) All = grad div T—  curlcurl I. 


(see v.II, equation (3.10a)). This will be used in §32. Only in this and 
the following section, where we deal with one Cartesian component J7/, 
or IT, at a time, can we use the ordinary 4 . 

We now claim that the field E, H can be obtained from in by the 


following differentiation process: 


> 


(4) E=ii+graddivi, 4H = oul 7. 


In order to prove this we must show that Maxwell’s equations in a 
vacuum 


§ 31.7 PROBLEMS OF RADIO 239 


4H +curlE =0, 
& E — curl H= 0 
are satished, where as in (2) we have to replace 


6) 


(52) H by ~—iwH, E by ~io E 
Due to (4) and (5a) the left sides of (5) become: 


curl (~ & + # + grad div) a 
and 


— tw e,(k? + grad div —curl curl) HT. 


Both vanish, the first due to curl grad = 0, the second due to (3) and 
(3b). Hence, if for 77 we substitute (1) and determine the free con- 
stant in terms of the strength of the alternating current in the antenna, 
then, according to Maxwell, we have in (4) the field radiated from the 
antenna, valid for all distances that are large compared to A= 2 afk 
For the immediate neighborhood of the antenna our description breaks 
down owing to the excessive idealization of our antenna model. Follow- 
ing Hertz, we call our model an oscillating or pulsating dipole, since the 
ends of the antenna (both in this picture and in reality) carry alternating 
opposite charges. This extreme simplification of the antenna, which in 
reality is of complicated construction, may serve as an example of the 
degree to which physical data can be idealized in order to make them 
accessible to fruitful mathematical treatment. 

We now pass from the case of vacuum to that of a medium “earth” 
of general electromagnetic behavior: it is still homogeneous but with 
arbitrary dielectric constant ¢ and conductivity @; also its perme- 
ability 4 will be arbitrary for the time being. The equations {1) and 
(3) for JZ remain formally valid; however the wave number k is no 
longer determined by (2a) but by 


(6) B= spw*?+ipow. 
At the same time (4) is replaced by: 


{7} E =k? J] 4 grad div 7, H = = curl Z7. 


As before, we prove that the corresponding generalized Maxwell equa- 
tions 
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nH+ curlE =0, 


(7a) 
eE+cE—culH=9 


are satisfied. The oscillation equation, from which we obtamed the 
wave equation by the elimination of time dependence, is obtained in 
analogy to (7.4): 


g? 
(7b) AIT = (sp 5+ on 5) HT. 


B. INTEGRAL REPRESENTATION OF THE PRIMARY STIMULATION 


We first wish to bring the representation (1) of Z7 into the form of a 
superposition of eigenfunctions. Since we are dealing with cylindrical 
polar coordinates r, gy, z, we shall use the eigenfunctions uw and eigen 
values A of (26.3) and (26.3a) that are independent of ¢ ; we denote 
the quantity majh by p- 

We then have: 


(8) a= 1,(A 1) cos wz, R= A+ yp. 


However, whereas the A has previously been restricted to a discrete 
spectrum corresponding to the boundary conditions on the cylinder of 
finite radius, we now have a continuous spectrum 0 < A<[0o corre- 
sponding to the unlimited medium (see §28). Thus, according to (8) 
the also have continuous, and m general, complex values. Further- 
more, since we no longer have the boundary condition for the bases of 
the cylinder, we shall replace cos yz by exp(+y2). Hence we are 
looking for a representation of JZ of the form 


(9) = fF A)Ij(aret#dl, pw=VE—R, 


where F(A)dA represents the arbitrary amplitude constant by which 
any eigenfunction may be multiplied. Due to the altered meaning 
of r (cylindrical coordinate r instead of the spherical polar coordinate r 
in (1}} we have to rewrite the expression (1) for Z7 as 

gikR 


(10) i =—-, R? ax pt + 22, 


Our condition (9) then reads for 2 = 0: 


? A confusion between this « and the above magnetic constant p is unlikely. 
The latter, moreover, will soon disappear from our formulas. 
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(11) — i, F(a) Iy(ar) da. 
0 


In order to satisfy this condition we use the integral representation of an 
arbitrary function by the Bessel functions of §21 B. We employ equa- 


tion (8a) of that section, which for 


I) = ,? 


m= 0 


becomes 


etkr 


<= fog) Iier)ae, 
Q 
w(o) = f &**Iy(o 0) do. 


The first of these equations becomes identical with (11), if we make the 
following changes in notation 


e=A, o(o)= F(A), hence g(a) = FAA; 


The second equation then becomes 
(11b) Fi) =A i ee 7 (A 0) do, 


which is the solution of the integral equation (11). The integration in 
(11b) can be performed in an elementary fashion, if we use the repre- 
sentation (19.14) for 7») with the limits of integration + % ;namely, by 
reversing the order of integration we obtain 


4+ x fre) +a 
2 totk+a ae A dw 
(12) FQ) = 55 f dw f efettt tem dp — 50, f or. 


—R 0 


The last expression arises from the lower limit @ = 0 in the preceding 
integration with respect to @; the term arising from the upper limit 
@=0o can be made to vanish by a small deformation of the path of 
integration into the “shaded” region of the w-plane (see Fig. 18). The 
remaining integration with respect to w yields 


(12a) _ 8x, 


ye— 3 
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Hence (12) becomes: 


i A A, 
(13) Pi) = ae =| 
and (11) becomes: 
(13a) ail =[% ans. 


From (10) we now obtain a corresponding representation for ZT 
Namely, we can complete (13a) to a function of r and z, which satisfies 
the differential equation (1) by setting: 


the 


(14) f= _e =~ [t (A t) ew #1 A da 
0 


where 4 = VA?—k? is to be taken with positive real part, in order 
to insure the convergence of the integral and its vanishing in the limit 
2—>-+oco. The fact that (14) coincides with (13a) for z = 0 insures 
that it also gives the correct representation of e*/R for 2 0. 
In the following section we shall transform (14) into 
+00 
(14a) T= sf Hane tl 22 


~ co 


with a more exact determination of the path of integration, which will 
then be complex. Due to the asymptotic character of Ho, equation 
(14a) has the advantage over (14) in that it demonstrates that the 
radiation condition is satisfied, just as in (1) where the factor exp( + zkr) 
is adapted to the radiation condition. 


C. VERTICAL AND HorizONTAL ANTENNA 
FOR INFINITELY CONDUCTIVE EARTH 


Up to now we have dealt only with unlimited space, whether empty 
or filled by a homogeneous medium with the constants ¢,4#,0 . We 
now pass to the case of the half-space z > 0, which, at z = 0, is bounded 
by an infinitely conductive earth (¢ + co), in which E =. Hence, 
due to the equality of the tangential field strength, which is 
required by the Maxwell theory, we know that Etang must vanish also 
on the positive side of z = 0. According to (7) this means 


(15) (BUT + graddiv Mjyyg=0  forz = 0. 
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We satisfy this condition by adjoining the mirror images of opposite 
sign to the two single poles of the given dipole: Figure 27a,b serves to 
illustrate this, 

a) Vertical antenna at a distance h above z = 0. The arrows leading 
from the negative to the positive charge are in the same direction for the 
original dipole and for its mirror image. Hence we write: 


, R? = #7 + (2 — Aj’, 
i rope 
R%= 724 (2+ By. 


The parallelogram on the left side of the drawing shows that charges of 
the two dipoles equidistant from z = 0 act on a hypothetical unit charge 
situated in the plane z = 0s0 that the resulting force is in the z-direction. 
This means Etang = 9. 

b) Horizontal antenna at a distance h above 2 = 0. The arrow of the 
reflected dipole has the opposite direction to that of the original dipole. 
Hence we write 


(17) f=,=-;— 


where R and RF’ are as before.* The parallelogram on the right side of 
the drawing shows that two associated charges of the two dipoles act 
on a positive unit charge in the plane z = 0 


Fig. 27. Reflection by infinitely conductive earth. a) The vertica] dipole. 
The auxiliary construction on the left shows that the horizontal components of 
the forces exerted by a pair of mirror image poles on a particle on the boundary 
plane cancel. b) The same thing is shown by the auxiliary construction on the 
right for the horizontal dipole. For the latter the orientations of the arrows in 
the original and its mirror image are opposite, for the vertical dipole they are equal. 


so that the resulting force is perpendicular to the plane z = 0. Hence 
we again have Eigyg = 0. 


1The opposite choice of signs in (16) and (17) indicates the vector character 
of £ , which is suppressed in equation (1). 
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In exercise VI.1 we shall compute this using the vector formula 
(15) for both cases a) and b), 

In one respect a) and b) differ fundamentally. Namely, if we pass 
to the limit h — 0, we obtain 


gtkR 
T= 2 ae from (16) but J7=0 from (17) 


Hence: a vertical antenna located directly on the earth for a sufficient con- 
ductivity of the soil generates the field which would be generated by the 
same antenna in empty space in complete absence of the earth. On the 
other hand a horizontal antenna located directly on the earth for a complete 
conductivity of the soil is canceled by its mirror image. The former 
made it possible to adapt the formulas and figures of Hertz’ original 
work, which were relative to empty space, to the case of a grounded 
antenna (Max Abraham). In fact, we can cut the Hertz pattern of force 
lines of the oscillating dipole along its central plane and replace that 
plane by the surface of the earth. The force lines are then perpendicular 
to this plane and hence satisfy condition (15). The latter, that is, the 
disappearance of the horizontal antenna field for h = 0 as expressed by 
(17), decreases rapidly in importance for h > 0 (see the figures in §36). 
Indeed, the horizontal antenna is an effective means of communication 
even when #2 <A and the medium is sea water (a very good con- 
ductor for the comparatively long radio waves). Thus we see that for 
the horizontal antenna the nature of the ground and the distance from 
the ground play a greater role than for the vertical antenna. The formula 
i= I7,, in (17) is then no longer adequate and must be generalized 
(see §33). 


D. SYMMETRY CHARACTER OF THE FIELDS or ELECTRIC 
AND MAGNETIC ANTENNAS 


As we have just seen, the vertical antenna gives the field of a 
Hertz dipole of strength 2 for the limit h — 0, and the horizontal antenna 
yields a zero field. However, if in the latter case we let the antenna 
current increase at the rate at which A decreases, then we obtain the 
field of a quadrupole. In fact under this limit process Fig. 27b goes over 
into the quadrupole scheme as seen on p. 152. Replacing the amplitude 
factors 2 and zero by A and B we can write: 


etkR 


(18) Vertical antenna: ,=A a 


Dipole, 


R 
Horizontal antenna: JJ, = B oe Quadrupole. 
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The latter representation corresponds in Fig. 27b to the combination 
of the pairs of poles which lie on the same vertical line to a vertical dipole 
and to their relative translation in the horizontal direction. This means 
that the horizontal antenna in the z-direction is equivalent to vertical 
antennas with opposite current that are mutually translated in the 
z-direction. We shall discuss this more closely in connection with Fig. 30. 
Written in polar coordinates x =rcosg, y=rsing the second 
formula (18) reads 


etke rd eth 


xo : 
(18a) II = Ba 7 = Bcosp Rap pH 


x 


Hence, the directions g =0 and » =a parallel to the antenna are 
preferred directions for J7,; in the perpendicular directions y = + 2/2 
IT, vanishes. The associated direction characteristics of the horizontal 
antenna will be described in Fig. 29, where we shall also compute the 
constant B (which vanishes with increasing conductivity). On the 
other hand the field of the vertical antenna is symmetric with respect to 
the z-axis and hence its direction characteristic is a circle. From this 
follows the particular suitability of the horizontal antenna for directed 
broadcasts (see §33). 

Rod antennas of vertical or horizontal direction are called electric 
transmitters. A coil traversed by an alternating current or any (circular, 
rectangular, etc.) closed conductor is called a magnetic transmitter, 
because then the magnetic field is concentrated in the axis of the coil 
(the normal of the wire loop) ; the customary notation is “frame antenna.” 
In the central perpendicular of the frame a magnetic alternating current 
pulsates, while along the rod antenna there pulsates an electric 
alternating current. While the magnetic force lines are circles around 
the rod axis in the electric transmitter, in the magnetic transmitter the 
electric force lines are circles around the normal of the frame antenna 
(at least for distances that are large compared to the frame). These 
statements are correct only for the vertical electric or magnetic dipole; 
for an oblique or horizontal position the circular symmetry is disturbed 
by the conductive ground. Generally speaking the data for the magnetic 
transmitter are deduced from those for the electric transmitter by replac- 
ing E,H by H,-—E, (for details see §35). Due to the boundary 
conditions for E (not for H_ ) in the case of an infinitely conductive 
ground, the signs in (16) and (17) are interchanged. Namely, for the 
magnetic JJ, (horizontal position of the plane of the frame), we have 


IT, =0 forh—0 
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and for the magnetic J7, (vertical position of the plane of the frame) 
we have 


etka otk R’ etke 

(20) fi, =z + Rr I, = 2 => forh— 0. 

The proof will be given in exercise VI.1. The frame antenna of type (19) 
is of no practical importance, the antenna of type (20) will be treated in 
§35. As a transmitter this latter antenna shows a marked direction in 
the plane of the frame (e.g., for 77, the y,z-plane) with the same charac- 
teristic as the electric rod antenna of (18). As a receiver it is arranged 
so that it can be rotated around the vertical line; if it is then oriented for 
maximal reception its plane points to the origin of the signal and it is 
therefore particularly suited for range finding (see §34). 


§ 32. The Vertical Antenna Over an Arbitrary Earth 


Let ¢ and o be the electric constants of the ground. As regards 
its magnetic behavior we may assume yp = fg , Which is sufficiently 
close to reality and simplifies the following calculations. We write 


(1) n? = (e+ i=) /e 


and, as in optics, we call n the ‘complex refractive index.’”’ The wave 
number k of (31.6) will, in the following discussion, be called kg in order 
to distinguish it from the wave number of air for which we keep the 
notation k. Then according to (31.6) and (31.2a) we have 


We denote the altitude of the dipole antenna above the ground by h, 
as in (31.16). 

We have to distinguish three regions: 

I. Airz >h. In addition to the primary stimulation that becomes 
singular at the dipole z = h, r = 0, we have a secondary stimulation 
that is regular throughout due to currents induced in the ground. We 
write according to (31.14) and in analogy to (81.9) 


—p(z—-h) Adi 


(8) Hyim = | To (ir) tet Tyeg == [F(R Ig(arye 
: 0 


da. 
Lb 


where F(A) is, so to speak, the spectral distribution in the A- continuum 
of the eigenfunctions, and is as yet undetermined. The factor exp (— ph) 
in the representation of JT,,, is convenient for what follows, and it is 
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permissible since it is a pure function of A and thus merely alters the 
meaning of F(A) . 

II. Air layer h >z>0. Here, too, we have a primary and & 
secondary stimulation. Due to 2 <A and according to the rule of 
signs of (31.14) we must write the former with a sign opposite to that 
in (3); the latter, being an analytic continuation, has the same form as 
in (3): 


(4) sim =f I, (A r) etee wi, Tye = | F(A) I, (Arye *@t4 da, 
é 


Equations (3) and (4) insure the continuous behavior of the JZ- field 
at the boundary between I and II for an arbitrary choice of F(A) . 

III. Earth 0 >¢>-oo. Here there is no primary stimulation; 
the Jf- field — denoted by J7, — must be continuous throughout. 
In order to satisfy the differential equation for earth (31.3) with kz 
instead of k?, we write: 


to 
(6) Mp=fFeaAret**-"da, pha P—K. 
0 


According to our general rule we must choose the sign of fy? positive 
since z <0. The factor exp (—ph) is adjoined for reasons of con- 
venience; again, this merely influences the arbitrary function F(A). 
The functions F(A) and F(a) are determined from the boundary 
conditions on the surface of the earth. 

According to Maxwell we must require thé continuity of the 
tangential components of E and H. These are merely 


E, and H,- 


Indeed, the electric force lines are in the planes through the dipole axis, 
the magnetic force lines are circles around this axis, and hence E¢ and 
H, vanish. (This follows from the fact that IZ = JZ, is a function of 
rand zalone.} Now according to (31.4) and (31.7) we have 


d ot —KH 2 
6) Ey > he? a for z > 0, 
a olf = -* 
=r kp le fore <0. 


Er hia : e ~Rote oF 


Hence the continuity conditions for z = O are: 


We can integrate these conditions with respect to r and the constants of 
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integration must be zero since all expressions vanish for ¢ ->'o0. If in 
the second equation above we replace ke by 77k? according to (2) then 


we obtain: 


(7) em ee IT=n? Ip for z = 0. 


On the right side of this equation we have to substitute the value of 
iz from (5) and on the left side we have to substitute the sum of 


Lorim and ZT,,,from (4). We thus obtain the conditions: 
oo 
(7a) f Fo re" Q—p Fp, Fz) da=0, 
© 
(7b) [Rane G+ pF—n Fp) =0. 
0 


They are satisfied if we set 
bE +g Fe =A, 
BF — rn pp Py = — A. 


Hence 

A. 2 ty 24 
8 Pak (1 _ at) ees. 
) # Wu + be Fe mn + Hp 


Thus, we have demonstrated that equations (3), (4), (5) do indeed lead 
to a solution of our problem with its boundary conditions. The fact 
that there can be no other solution is deduced from the uniqueness 
axiom of physical boundary value problems, which always proves reliable. 
Due to the meaning of n, #, 4, equation (8) can be written in the 
more symmetric form: 

rae BYe—B— BVP 
(Ba) Ye—# BYP—B + BVP—R 
epee.) ee 
BYP eee * 


~~ 


Py 


We again write the primary stimulation in its original form e“*/R 
with i? = r* + (2 — h}* to show that the contribution to J, that is 
due to the first term of F in (8) differs from JZjuu, only by the fact that 
we have to replace —h by + h, and hence FR? by R? = pt (¢+ h)?. 
Then representations (3) and (4) for regions I and IE can be contracted 
and we obtain as the general solution of our problem for z > 0 and z < 0: 
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| Be ee a ali 3 ft ay emery Ha AGA 
rae olArye itis fs 
(9) 
bs Ada 
=2]{ I(Arsetst—ee 2S _ 
ic ane mt + fy 


If in Saisie we have 2 = 0 so that we can use equation (4) for 
the coinciding expressions e“"/R and e*"/R’, then the first line of (9) 
can be rewritten in an elegant manner. According to previous work 
by the author we then have: 


ne 2MPAGA 
= fl ane” ne + he 
(10) 
2ada 
if, = 108 r) oT a. + Hy 


If, on the other hand, we consider the special case |x|—oo of a 
completely conductive earth then #g can be neglected as compared 
to n? and the integrands in (9) will vanish. This confirms the result 
of the elementary reflection process in §31, equation (16): 

egtkR tke’ 


(10a) T= + Re Ip=0. 


lt is profitable to consider this limit process with respect to n some- 
what further. To this end we replace n* y+ yg by nx in the denom- 
inator of the integrand in the first equation (9), and in the numerator 
we write, for all yalues of 4 that are not too large, 


(10 b) He = VP—K= kz / 14 5~—ikp, 


and hence os ery | 


(concerning the sign of zg see the figure below). Then the first equation 
(9) becomes: 


thE 4x 
(10 c) TF — ae — PG r) een. 


An intuitive interpretation of the latter integral‘ can be obtained as 


4Since the denominator #* vanishes at A= & the path of integration must 
be chosen in the complex 4- plane so as to avoid the point A= &. This remark 
holds for the following 2- integrals, too. In the preceding integrals, starting with 
(31.14), we had the denominator x, which did not destroy the convergence. 
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follows: corresponding to 


co 


Ri = V st (2 + hy, aft Ty (ar) eH net 


0 


Adi 


we write 


fa ©] 
a Os tur’? » AGA 
"sVr+te+hy, “pe = ft Risyer Re 
and compute 
oo 


oO 
gaa” f - zAda —ph’ ype 
[ea hit die flyane Ae fem ah 
0 ; a 
-f i, (ar) ev net TE 


hence the integral in (10c) stands for the action of an imaginary con- 
tinuous covering of the ray 4 <h'’<co with dipoles that reach 
from the image point z= —h,r=0 tog=-—oo, r=Q. Hence 
the approximating equation (10c) can also = written as: 


(10d) IT om oo er — pr - dh’ 
A 


In this connection we should remember a similar covering of a ray with 
imaginary source points that we used in a heat conduction problem in 
Fig. 15. While there we required exact satisfaction of the simple 
boundary condition dujén + Aw = 0 (the ’ there, of course, had nothing 
to do with the & here), we now require approximate satisfaction of the 
complicated boundary conditions that arise from the juxtaposition of the 
air with the highly conductive earth. 

From the above formulas we can deduce the field E, H by differen- 
tiation. However, we shall not write this somewhat cumbersome 
representation since we shall need it only in connection with the energy 
considerations of §36. 

The integrals in (9) and (10) are not yet uniquely determined 
because of the square roots 


Gs) p=VR—-B, pp =VP- 


that appear in them. Corresponding to the four combinations of signs 


§ 32. lla PROBLEMS OF RADIO 251 


of # and yg, the integrand is four-valued, and its Riemann surface 
has four sheets. By our rule of signs in (31.14), which refers to the real 
part of and also applies to the real part of gz, one of the four sheets 
is singled out as a “‘permissible sheet.’’ In order to insure the convergence 
of our integrals we demand that the path of integration at infinity shail 
be on the permissible sheet only. We achieve this by joining the 
“branch points” 


(11a) A=k and A=kg 


by two (essentially arbitrary) “branch cuts,” which may not be inter- 
sected by the path of integration. Referring to Fig. 28 we therefore do 
not integrate along the real axis over the branch point A= &, but 
avoid it by going into the negative imaginary half-plane and from there 
to infinity in, say, a direction parallel to the real a-axis. Thus, along 
the path denoted by W, in Fig. 28 we integrate from 2=0 to A= oo; 
this makes the meaning of the integrals in (9) and (10) precise. 

But even then the representations (9) and (10) suffer from a 
mathematical inelegance: they are integrais with the fixed initial point 
A=0Q, not integrals along closed paths in the ‘A- plane, 


A imaginary 


eee = — we ee 


@f------—---~~~-+-—+ 


d real 


Fig. 28. The paths W, and W = W, + W: in equation (13); deformation of 
the path W into the loops Q@ and Q, around the branch cuts and into the closed 
path P around the pole. 


which, due to their deformability, would be much more useful. We 
remove this flaw by using the relation 


I= * (Hj + BG) 


and the “‘semi-circuit relation” (10) of the introduction to exercise IV.2. 
If in the latter we set o = Ar, then the preceding equation becomes 
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(12) o= 5 LHbAr) — HW) de® 2). 


We imagine (12) multiplied by an arbitrary function of A* (indicated 
in the following by ...} and by Ada and integrated over W,. Then, 
if we write A’= Ae** , we obtain from the subtrahend on the right 
side of (12) 


(12a) f HUA r)...a'da’. 
We 


Here W’ is the path obtained from W, through reflection on the origin 
taken in the direction A’ = 0 ~ A’ = ~—oo, which, except for sign, 
is identical with the path W2 in Fig. 28. Hence (12a) is the same as 


(12b) of Hae'n) ey a ie 


and from (12), if we denote the variable of integration throughout by 
4 and combine the paths W; and W2 to W = W,+ Ws, we obtain 


(13) [Uar)...ada=Zf Hiar)...ada. 
wv, W 


Thus we have achieved our purpose to replace the seemingly real inte- 
gration that starts at A=Q in representations (9) and (10) by a 
complex integration over a path which closes at infinity. We consider 
this transformation (13) performed on all the integrals in (9) and (10). 
In particular we write, e.g., the primary stimulation of (31.14) and the 
first lme of (10) in the new form 


(14) Topi = 3 f Hylan) eet 
w 
a * rr - ntAda 
(i4a) if = Fea nag aag 


The attentive reader must have noticed long ago that Fig. 28 coin- 
cides with Fig. 26 (even with respect to the notation of the paths W,W, 
and the variable of integration 2), and that the present problem (de- 
termination of the function JZ in space as subdivided by the surface of 
the earth for prescribed singularities at the dipole antenna) is sum- 
marized under the general problem of Green’s function. Here we con- 
structed the solution from eigenfunctions that satisfy the radiation 
condition at infinity. The fact that this condition is satisfied in the 
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present case is made evident by the fact that in (14) and (14a) only the 
first Hankel function H! enters.® 

We now consider the upper part of Fig. 28. Since we know that 
A’ (Ar) vanishes in the infinite part of the positive imaginary half- 
plane, we can deform the path W into that half-plane. The path cannot 
be deformed across the branch euts (11a), which it avoids by the loops 
@ and Qe. However there is a further singularity of the integrand in 
(14) and in the analogous integrals, namely the point at which the 
denominator n*s-+- w, vanishes. We denote it by 


A= 4. 
This corresponds to a pole of the integrand and must be avoided by the 
path of integration in a circuit P, We have not drawn the paths which 
join P to infinity since in the integration they cancel each other. 
Of the three components Q,Qz,P of the integral we can ignore the 
contribution of Qz for large |kg|, since H*(Ar) vanishes exponentially 
for great distances from the rea] axis. We first consider P separately, 


but we shall soon see that P and @ can hardly be separated. 
From the defining relation for p 


(15) nm + fz = 0 
we have 


| y= anes 2_ 


which we can also write as 


3 
ll 
= 
a2) 
4 
tas 
ma 


(16a) ee 


{4 1# Sige ee 
(16b) pak(1 SB) k—paoe: 


However, we wish to stress the fact that the precise value of p given by 
(16) or (16a) is symmetric in & and kz. 

5 Here we have assumed a time dependence of the preferred form exp (—*@ #). 
For a time dependence of the form exp (+ § @¢) we would have to make the transi- 
tion from 2 to H? in (12) with the help of the semi-circuit relation (10a) in exercise 
(IV.2). Thus we would obtain a representation that, e.g., in (14a) is constructed 
from esements of the form 

Hi(dr) e7Ht etiat 

and hence also has the type of radiated waves. 
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We now compute the integral over P by applying the method of 
residues to (14a). Here we can let A= in all the factors of the 
integrand of (14a), but we must replace the denominator which vanishes 
for A=p by 


diy? Sy, f ae ar Ree oe 
5 (n? pe + fig) =A (we + ee) 3 
taken for 4 =p. We thus obtain: 


2 2 
(17) 2k, eee ee epee 
k ye—e pre 
here the new quantity K is symmetric in k and kg. Hence, as the con- 
tribution of P to (14a) we obtain: 
(18) N=2ni Zz 2 HE pr) eV 


In the same manner, for z < 0 (earth, interchange of & and kz, and re- 
versal of the sign of z) we obtain 


(18a) Hy =2i SHpr) greet, 


Except for the immediate neighborhood of the transmitter, namely, for 
all distances |pr| => 1 we can replace H by the asymptotic value 
(19.65). We then obtain 


2ni ke Jere oe 
(19) = 2y/2t He 220, 
(19a) = es Ser aL 2<0. 


These formulas bear all the marks of ‘surface waves,” which are men- 
tioned in v.II in connection with the water waves or the seismic Rayleigh 
waves, and which have the following properties: 

1. They are tied to the surface z = 0 and decrease in both directions 
from that surface; in the direction of the earth they decrease rapidly 
due to the coefficient (p?-— 4%) of z; in the direction of the air the 
decrease is slow at first but exponential for large z. 

2. The propagation along z = 0 is given by 


dr _ = w 

dtp’ 
and hence depends in a symmetric manner on the material constants 
air and earth, as must be the case for a surface wave. 
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3. If for the time being we neglect the absorption in the radial 
direction, then the amplitude of the expressions (19), (19a) decreases as 
1//r, with increasing distance from the transmitter, whereas the in- 
tensity decreases as 1/r. This too is a criterion for the essentially two- 
dimensional propagation of energy in the surface z = 0 (see p. 100). 

4. For the sake of completeness we also mention the exponential 
absorption in the radial direction; it is given by the real part of ipr and 
according to (16b) and (1),(2) it is given by 


which is valid both for z > Q and for z < 0. 

For sufficiently large r, where the relative change of ¢7* is small, 
we can consider (19), (19a) as waves whose origin is at. infinity, e.g., in 
the direction of the negative z-axis. These equations then become 


(20) IT =m Ak e?*— Vrs, 
(20a) y= Ale ofp tt Voi— he's 


where A is a slowly varying amplitude factor, and hence represent the 
so-called “Zenneck waves,” As early as 1907 Zenneck,®* in great graphical 
and numerical detail, investigated the fields E, H derived from (20), 
(20a), and discussed the material constants of the different types of soil 
(also fresh and salt water). It was the main point of the author’s’? work 
of 1909 to show that these fields are automatically contained in the wave . 
complex, which, according to our theory, is radiated from a dipole 
antenna, This fact has, of course, not been changed. What has changed 
is the weight which we attached to it. At the time it seemed conceivable 
to explain the overcoming of the earth’s curvature by radio signals with 
the help of the character of the surface waves; however, we know now 
that this is due to the ionosphere (see the introduction to this chapter). 
In any case the recurrent discussion in the literature on the “reality of 
the Zenneck waves’ seems immaterial to us. 

Epstein® has recently shown that the surface wave P taken by itself 
is @ solution of our problem, and hence in principle does not have to be 
accompanied by the wave complex represented by Q. The latter, gener- 
ally speaking, has the character of spatial waves and, in contrast to (20), 
is represented by the formal type 


ettr 


ii=B . 
fF 


* Inn, Physik 23, 846. 
7 Ann. Phystk 28, 665. 
*P. S. Epstein, Proc, Natl. Acad. Sei. U, S., June 1947. 
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Under the actual circumstances of radio communication P + Q is best 
represented by one contour integral which goes around the near points 
A= p and 4==%, and which must be discussed with the help of 
the saddle-point method. This has been carried out most completely 
by H. Ott.* However, we have to forego the presentation of his results 
in order not to get lost in the details of the problem. 

We shall consider one more general aspect and one special formula 
which is convenient for numerical computations. 

The general aspect concerns a kind of similarity relation of radio, 
the introduction of “numerical distance.’”’ Measured in terms of wave- 
lengths the radial distance traversed by a spatial wave in the time ¢ is kr 
(except for a factor 2%), the distance traversed by the surface wave 
in the same time is equai to the real part of pr. We form the difference 
of these distances and introduce the quantity 


(21) o=i(k—p)r. 


The absolute value of g is called the numerical distance. The quantity 
@ is a pure number whose absolute value is small compared to kr. 
In fact, according to (16a) we have 


kr ke k 
(214) lei~ t= Saf 


Hence, for small values of @ the spatial-wave type predominates in 
the expression of the reception intensity; in this case the ground peculiar- 
ities have no marked influence and we can make computations using an 
infinite ground conductivity without introducing great errors, as was 
done by Abraham (see §31). For larger p the rivalry between spatial 
and surface waves becomes apparent, as the value of @ in (21) was 
defined in terms of the difference of the two propagations. In this case 
the material constants of the ground are important, and indeed not 
only o, but also e. Generally speaking, equal e’s imply equal wave 
types and equal reception strengths. Thus @ indicates a similarity 
relation. The fact that for sea water, due to its relatively high con- 
ductivity, @ is much smaller according to (21a) (for the same absolute 
distance r) than it is for fresh water or for an equally level dry soil, 
explains the good reception at sea (the difference in reception during the 
day and night is, of course, due to the ionosphere). 

An expansion in ascending powers of g led the author, in his first 
investigation (1909), to a convenient approximation formula, which 
since has been rededuced by different authors (B. Van der Pol, K. F. 


9 Ann. Phystk 41, 443 (1942}. 
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Niessen, L. H. Thomas, F. H. Murray) partly in a simpler manner. In 
its final form the approximation formula reads: 


: sens _ ve 
(22) mao sVeeet—s Vo ot feta), 


0 


It is valid for the air close to the earth. 

In order to confirm the preceding remark we note: The first term, 
which is the dominating term for small @, is of the spatial-wave type, 
and due to the factor 2 it corresponds to an infinitely conductive ground; 
the second term is of the surface-wave type and corresponds qualita- 
tively, and for the purpose of our approximation even quantitatively, 
to the first equation (19%); the third term represents the correction for 
larger @. The generalization of (22) to the case of small finite distances 
2 above the ground is 


R yr 
(23) q=25> L4iVag 7 aVe e+ fea): 
0 


where 
t=t(k—p) r(1 +n =); 


forz = Owe have t = @ and (23) becomes the same as (22). 


§ 33. The Horizontal Antenna Over an Arbitrary Earth 


For a horizontal antenna lying in the z-direction it seems advisable 
to set the Hertz vector WT equal to f7,. However, as we remarked at 
the end of §31 C, this is possible only for an infinitely conductive ground. 
We start by proving this fact. 

For 77 = 77, We obtain from (31.4) and (31.7) 


oT, et, 
E,=PH,+33°) Ey = tzay z>0, 

(1) OUT, ey, 
E, = ky H,2 + ae Ey = inay <0. 


where E, and E, must be continuous at the boundary z= 0. From 
the above formulas for E, we then deduce the continuity of Z7,, which 
implies the continuity of 8/7,/@x*. But then the formulas for E, 
imply the equality of k? and kz, which is a contradiction. 
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We resolve this contradiction by writing the Hertz vector with two 
componenis: 


(2). If = (l,, H,); 
then instead of {1) we have 


=P, +2 dvi, w,=L aw 220, 


(3) uk 

E,= 4 T,2+ & div Hy, Ey = 5 div I, «<0. 
Hence for z = 0: 
(4) div If = div IT, 
and 
(5) KIT, = ke Hp. 
For the magnetic components, according to (31.4) and (31:7), we have 

a 2 
— inal —i) 7B 

From the continuity of H.. it follows that 
(6) il, = k,l,» 


and from the continuity of 2 it follows that 
(2) yo OF os = kz, = ~2* es 


Hence we have two conditions (5) and (7) for 7, which we can write 
in the form 


(8) i, = n* If, 3, > 


Oz & ” 


After we have determined J7, we obtain the two conditions (6) and (4) 
for H,: 
Q Hawi, 5° Re ae 


The computation of JY, is carried out by the methods of §32. We 
again distinguish the three regions: 


I, co>z>h, WT. A>e >, IH. O>24>—©0. 
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In I and If the function J7, is composed of a primary and a secondary 
stimulation, which can be expressed exactly as in (32.3); in III we have 
only the secondary stimulation of the form (32.5). The conditions (8) 
then yield, in analogy to (32.7a,b), 


oO 
(10a) fan MA—nP— wt ng Fe) dh = 0, 
r da 
(10b) | Ty (Ar) “(A+ Fn pF) 5 = 0 
0 . 
and by setting the parentheses equal to zero we obtain: 
ae Re a 2 84 
oo Fat (-1+7555,))%s mptie” 


This expression for #’ is written so that the second term vanishes for 
noo , which is the same as goo , so that in the limit only 
the first term F =—Aj/u remains, If we substitute (11) in the equa- 
tions (32.3,4,5), then in analogy to (32.9) we obtain the representation 
ofthe JI, field: 


etk2 = gf BR’ 


co 
I, = S — pr + aft, nie ae 
0 


e+ Be ‘ 


(12) = 
= 2 +upz—ph Adz 
Tea = 53 | Fone —: 


where &* = r? + {z — h)*, RB’ = r? + (2 + A)?. 
If in particular 2 = 0 then we have 2’ = FR and (12) simplifies to: 
oo 
_ ys Ada 
Il, = 2 f mane —: 
aa ear adi 
IT.z =af 1, (ar) hale vo aera ’ 


Fe 


If on the other hand we consider the special case »—oo, then we 
also have [zg| oo and the integrals in (12) vanish, so that (12) 
reduces to 


On T= Fp — yrs Mee =0 


in agreement with (31.17). 
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The integration in equations (12) and (12a) is to be taken over the 
path W, of Fig. 28. Here again we can profitably replace this path by 
the closed path W = W,+ We. If at the same time we replace Jy by 
3Hj then for vanishing A but finite kg we obtain, in analogy to 
(32.14a), 


(120) H, = [Ban ae Ree =f aN 


B+ By’ + He 


We now turn to the a ere of ff, and first. consider the 
second condition (9). Since 47, and 7, do not depend on z and y 
Va? + 


separately but only on 7 = y* , we have 
art off, Gr olf, ie 
ae be ag OOPS y= < (2,4), 


and a corresponding relation for @/f,,/@x. From the second equation 
(9) it follows that J7, must aiso contain the factor cosg. Hence we 
deduce that ZZ, can no longer be constructed from the eigenfunctions 
I, (Ar) e*** ; it is necessary to use Bessel functions with the next 
higher index 1 


I, (Ar) cos g eF * 
Considering the fact that 27, should contain no primary stimulation we 
write: 
a3) TH, =cosy fl (arye*©*” Bay da, 
Thy = cosy f I, (Ar) et ¥#*—** By (Ay da. 


Zz. 


where ® and @, are still to be determined. The first condition (9) 
then yields 


(13 a) © =n Oz. 


The second condition (9) yields 
— cosy fl, (Are—** (u® + pg Bp) dd 


= a —uh 2ida 
= 008 9 (55 I fhane ut Be 
In fact, in the representation (12) the terms not under the integral signs 


vanish fer z = 0. If we multiply the numerator and denominator of the 
integrand on the right side by 4— jeg and consider the fact that 


ot — uh = Wy — B= i (1 — 5) 


(13 b) 
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and that according to (19.52b) we have I, (g) = —J, (e) , then we 
can contract (13b) to 


(130) — cosy f I (Ar)e~** (u@ + py Op + z (2 — pg) #) dA = 0. 


From this we deduce a further relation between @ and @, : 


2 
(13d) BD + pg Oy = — ie (U — Be) ®. 
This, together with (13a) and (32.2), yields 
247 p—p © 
(14) Oe =F iain’ Og =—- 


According to (13) the final representation of Z7, is then 


2 a B— 
HT, = — 0089 f Lane ee Se es 


a. 1A, +egtaeph Hmm, 49 
Tos= goose | Ly(arye af—@ mates” da. 


The path of integration is W, of Fig. 28, or, if we replace I, by } Hi, 
the path W = W,-+ Ws. Since the denominator in (15) coincides with 
that of JZ, in §32, ‘surface waves”’ also exist for the JY, which is in- 
duced by 8 horizontal antenna. These surface waves correspond to the 
pole P in Fig. 28 and they are superimposed on the “spatial waves” or 
merge with them. Under the assumption kg->co, which implies 
%-> OO, fig —>0o , the component JZ, vanishes. Hence the in- 
duced vertical component is strongly dependent on the nature of the 
ground and thus does not appear in the previous elementary treatment 
of §31. . 

A principal distinction of the horizontal antenna as compared to the 
vertical antenna is its directed radiation, which is implied by the factor 
cosy in (15), The same factor is contained in the electric and magnetic 
field components which determine the radiation and it is a quadratic 
factor of the radiated energy. Later on we shall see that the component 
if, , which is free of cos g, in general gives no essential contribution 
to distant transmissions, and hence it can be neglected in the following 
discussion. 

The solid curve in Fig. 29 represents the “direction characteristic’’ 
of the horizontal antenna. In order to obtain this curve we plot the 
radiated energy V# = M cos ¢ in a polar diagram, where M is the 
maximum of )/# radiated in the direction g=0. This curve is 
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symmetric with respect to the direction y = + #/2 in which there is 
no radiation; the radiation in the forward direction g = and in the 


Fig. 29. Upper half: solid curve = direction characteristic of the horizontal 
antenna; broken curve = direction characteristic of the Marconi antenna. 
Lower half: diagram of the Marconi antenna. 


backward direction » = is the same. If we combine the horizontal 
antenna coherently with a vertical antenna so that the vertical antenna 
alone would give the same radiation M as would be given by the hori- 
zontal antenna in the direction g = 0 (the polar diagram would be a 
circle of radius Mf), then, we obtain as the total characteristic the curve 


2M for p=0 
VE = M(1+cosg)=; M for gp =2/2 
0 for p=a. 


This characteristic is represented by the broken curve and shows a 
stronger directedness than the solid horizontal antenna curve. 

In the lower half of Fig. 29 we sketched an arrangement by which 
such a combination of horizontal and vertical antennas was realized on a 
large scale by Marconi (about 1906) for transatlantic communication 
(station Clifden in Ireland). The preferred radiation in the direction 
of the arrow in Fig. 29 aroused general amazement and raised the prob- 
lem studied by H. von Hirschelmann,’* in which the above theory was 
developed (Marconi worked only with the instinct of the ingenious 
experimenter). However the Clifden arrangement was somewhat 
cumbersome, and it has since been replaced by a more convenient com- 
bination of two or more vertical antennas (see Fig. 36). 

In Fig. 30 we have drawn a horizontal antenna of the effective 


* Dissertation, Munich 1911, Jahreader. f. drahil. Tel. 5, 14, 138 (1912). 
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length 7, together with the current which flows through and the influx 
and outflux through the earth. The last two are equivalent to two 


Fig. 30. Horizontal antenna with the accompanying earth currents; at a 
distance the effect of the two vertical antennas is the same as the effect of the 
horizontal antenna, 


coherent vertical antennas of opposite phase, which we have indicated 
by towers. Their action at a distance is represented by a formula of the 


type 
all, 
(16) bcos g =, 1" > 


where J7, is the Hertz vector of the individual tower. We want to 
show that our theory in a rough approximation really leads to a formula 
of this type. 

Since we are interested only in action at a distance we set h = 0 in 
(15) and in analogy to (32.10b) write 


bie wpe ethan net pew. 
In addition we have the relation 
£1, ar) =—Al, (An). 
The first equation (15) thus becomes 


fora) 
2% @ ~HERdA 
(16a) T= jy 08% 3p |b (Ar) e 7? 


264 PARTIAL DIFFERENTIAL EQUATIONS § 33. 16b 


so that we now have the primary stimulation e“*/# under the integral 
sign. Hence, we have actually obtained the form of equation (16); for 
the length of the antenna / we obtain 


(oP) Ly sci k [Ve + ta/o} 

Due to the meaning of & this length |2{ is of the order of magnitude 

of the wave length A, but it also depends strongly on the nature of the 

ground; in the limit ¢ -» oo we have? = 0 as has been stressed before. 
The same approximation method leads to an estimate of the order 

of magnitude of J7, We start from the first equation (12) and set 

h = Oas wellas w+ pp ~ pgp ~—tkhn. We then obtain 


TH, = 72 fp Ane ada = — Fra J re e~ v2 Aah 
¥, 


(16c) 
27 a in 
~~ End R 
Now we hare 
ott zd oth 2 skh ond ofth 


— — i oe ei eee 


The ratio of these latter quantities is z,/r, and hence is very small in the 
neighborhood of the surface of the earth at a great distance from the 


transmitter. According to (16c} and (16a} —J7, and JT, have the same 
ratio. Hence we have 


(17) {42,| < (27, 


This fact has been mentioned before but is proved here for the first time. 

The result is very remarkable: The primary stimulation II, 
serves only to give rise to the secondary stimulation IT,. The trans- 
mission ata distance is caused by HH, alone. Only in the immediate 
neighborhood of the transmitter, due to the prescribed pole of Jf, , 
does JZ, have an effect which outweighs that of IT, . Ata great 
distance ‘the field of transmission of a horizontal antenna hae the same 
character as the field of transmission of a vertical antenna, except for the @- 
dependence which indicates the primary origin from a horizontal 
antenna. In both cases the signals for large distances are best received with 
a vertical antenna; a horizontal antenna would be unsuited as a receiver, 
since the horizontal component of the induced field is always small 
compared to the vertical component, even for a moderately conductive 
ground. 

These results are generally known in practice, but they can hardly 
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be understood without our theory which takes the nature of the soil into 
account. 

We note that approximations (16a) and (16c) can be considered 
as the first terms of an expansion in ascending powers of the numerical 
distance g. Just as we had to complement the term e””/R by terms 
dependent on @ for the vertical antenna, so now we must correct (16a) 
and {16c) by terms dependent on @. 


§34. Errors in Range Finding for an Electric Horizontal 
Antenna 


In navigation, range finding means the location of that direction 
from which a signal reaches the receiver. As an ideal receiver for radio 
signals we have the frame antenna, which wag described at the end of 
§31, and which will be investigated in greater detail in §385. We con- 
sider the receiving antenna rotatable around a vertical axis. As for 
navigation, we assume the receiver to be at sea, near the surface of the 
earth. We assume the transmitter to be a horizontal antenna. Then, 
corresponding to the directional characteristic of Fig. 29, we not only 
expect maximal reception on al] points of the z-axis for an 2x-directed 
transmitter, but at every point (z,y) on the earth we expect a maximal 
reception in the r-direction from which the signal comes, and no recep- 
tion in the g-direction. In reality things are not that simple because, 
in addition to the principal radiation of the order 1/r, the horizontal 
antenna also emits radiation of the order 1/r’. 

In order to prove this last fact we have to carry the approximation 
of the field one step further than we did in the equations of the preceding 
section. Namely, equations (33.16a) and (33.16c) yield div 77 = 0 
and hence, since {7, =0, for h = 0 and z = 0 they yield a field E, 
perpendicular to the surface of the earth. We now compute diy 77 
with greater precision. We obtain JZ, from (383.12c) with k = 0, and 
H, from (33.15) by setting k = 0 and replacing Z, by 4 H}. Then we 
obtain 


ay, = A? d2. 
cet = csp f Hi (rye Sees 
w 
ra) Ff -ypt # TB 
== cos f Hi rye ‘nt: 
w 


div iT = —cosg f Hi (ar) e-**(— fe ahah) # aA; 
Wy 
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and by a simple contraction: 


oe ys Maa 
div IT con | HG re =e 


(1) 
= con 9 5 | Hi (Ar) gtr 


According to (32.14a) the last integral is nothing else than the /7-field 
of a vertical antenna divided by n*. Since we assume z = 0 we may 
represent this field by (32.22). It even suffices to use the first term of 
(32.22), which we can write as 


ee @ efi 
(2) div J = CB PE. 
It is now profitable to use polar coordinates. Then we obtain from (2), 
if we neglect the terms with (kr) 74, 


ce as, cae 2 gt eike 
grad, div i7 = = div it = F008 Y 3 
3} 2 \ etter 
(3) =~ Fos 9 (1-3), 
~ 16 > 1 @ ef*r 
grad, div IT = > 5 div 1 =~ Ssing > % 
= alae a 


and from (31.4) we obtain: 
E, = cosgE, + singE, = cos pp iT, + grad, div JT , 


(4) S 
9 = —singE, + cosy E, = — Mesing 7, + grad, div] . 
We still have to estimate J7,. With the approximation in (33.16c) 
we would obtain JZ, = 0 for z = 0; a more exact computation yields, 
if we again ignore the terms with (kr)~%, 
2124 efkr 2% 1 efter 


2 era aap Vesa cg (ca, mb os | ie 
(5) PI,=A7% 9 migkr r * 


Hence we obtain from (3),(4),(5) 


2h 1 \ eft 
E,=— sy 8 9(1— a7) 


4k? sing ef4* 
Ego tar Ter 
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and thus, due to kr > 1, 


ef kr 


2h 
E, = ——y cos ’ 
6) n r 
( E = 4k? sing ef *r 
ar 7 r 


From this we conclude that for g = 0 we have E, = 0 and that the 
horizontal antenna field is in the r-direction. Therefore — 

A rotatable frame antenna situated on the extension of the trans- 
mitling antenna shows the strongest reception in the direction of the 
transmitting antenna, as we had expected from the start. 

On the other hand for » = + 2/2 we have 


4k et kr 


(7) E,=0, ED = ar ike 


A rotatable receiving antenna situated on the perpendicular to the trans- 
mitting antenna shows a misdirection. In the position of maximal 
reception the receiving antenna does not point in the direction of the 
transmitting antenna, but in a direction perpendicular to it, which is 
parallel to the transmitting antenna. However, the reception is very 
weak, being of the order 1/r?; this explains the fact that in Fig. 29, where 
we considered only terms of the order 1/r, this reception was zero. 

Generally we may denote E, as “correct direction” and E, as 
“misdirection.” The latter, as in (7), is entirely due to terms of the 
order 1/r’.- 

For an arbitrary g the “relative misdirection” in our approxima- 
tion is, according to (6), 


Ey 
E, 


2 
= Ey (20 Y. 


It increases to infinity as g approaches x/2, which means that for that 
value the correct direction vanishes, corresponding to E, = 0 in (7). 

The practical engineer is in error if he considers such misdirections 
the result of mistakes in the construction of the transmitting or the 
receiving antenna. As we have seen these misdirections are in the nature 
of things. Certain other misdirections called “‘after effects,’’ which are 
due to reflections on the ionosphere, will not be discussed here. 


§35. The Magnetic or Frame Antenna 


The frame antenna can be used not only for range finding but also 
for directed transmission. In both cases the plane of the loop is taken 


268 PARTIAL DIFFERENTIAL EQUATIONS § 35.1 


perpendicular to the surface of the earth and the normal to this plane 
will be taken as the x-axis. For rectangular forms the loop consists of 
two pairs of coherent vertical and horizontal antennas of opposite phase, 
similar to the scheme in Fig. 30. 

In §31 D we called such an antenna magnetic, no matter what the 
shape of the loop. Our frame antenna, which is situated in the y,2-plane, 
is equivalent to a magnetic dipole in the z-direction; its primary 
action can be represented by a Hertz vector Iii = HH, Due to the 
presence of the earth this Hertz vector becomes a general vector j7 . 

The relation between Jf and the electromagnetic field in a 
vacuum is the same as in (31.4), but we must replace E, H, &, My by 
H, —E, #» € In fact this interchange transforms the Maxwell 
equations (31.5) into themselves. Thus, in a vacuum, as counterpart to 
(31.4) we have: 


(1) H = KT + grad div 77, ~E= cull = — pio curl i 


and in the earth, as counterpart to (31.7) we have: 


> -~ £ > 
(2) H-= Kil + graddiv 1; — B==% curlii, 
where we have as before: 
(2a) Baemetiongo, Poapyo'=afc. 


The vector H again satisfies the differential equation (31.3). 
The boundary conditions for z = 0 force us to consider H as a 
vector with two components 


I = (Il,, I). 
just as in the case of the electric horizontal antenna. Indeed, we have 
a, all, 
(3) i, = H,z, (4) =< ao 


due to the continuity of Egapg : 
(5) div = div Il,, (6) BU, = I, 
due to the continuity of H gang- 


Hence, we have two conditions (4) and (6) for JZ,, and two further 
conditions (3) and (5) that determine JZ, from the known J7Z,. Condi- 
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tions (4) and (6) are exactly the same as the conditions (32.7) for the 
vertical antenna. Hence, we can apply the previous representations 
(32.9) e¢ seg. directly to our II,. Written in the form (32.14a) as special- 
ized for h = 0, these representations read: 


— 1 ~ pz nt Ada 
TT, a fe Ane 
(7) 
Ls 1 tugs Ads 
Hee [ Bare #s wuts,’ 


For the same reasons as in the case of the electric horizontal antenna, 
we write JZ, in the form (33.18) that contains cos@. However, due 
to condition (3), the functions ®@ and @, will now be equal; their 
common value is determined from (5): 

Hot, 
niu + py be 
Hence by setting & = 0 and replacing J by H we obtain from (33.15) 


“ef Han ete oe aa, 


(8) 
— $ugz 2-H 
p= eH (ar) eters BBE Heda. 


However, in contrast to the electric horizontal antenna, we may now 
neglect JZ, as compared to Jf, , 30 that in the discussion of the field 
and of its directional characteristic we shall consider the component 


if, alone. 
According to {1) we then have 


- Off 
(9) E,=9, Ey = fo? ® 5 E, = — 


Now we obtained the first line of (7) from the representation (32.14a), 
which for small numerical distances was approximated by (32.23). 
Applying the latter to (7) we obtain 


tk —ee 
(0) eta), Ral pe, 


all, 


This agrees with the representation (31.20) for an infinitely conductive 
ground, From (9) and (10) for z = 0, we now obtain 


a et ke et ke 


E,= E,=0, BE, =—95,s0>-— = 2uyok sing —. 


rdr or 
For the directional characteristic in the sense of p. 261 we obtain 
(11) VE = Maing, 
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where £ is the radiated energy and M is the maximum of VE that is 
radiated in the direction g = + 2/2 (M is proportional to r°'). 

We compare (11) with the elongated directional characteristic for 
the horizontal antenna in Fig. 29. The two curves are identical except 
for the interchange of sing and cosq, in accordance with the remark 
at the beginning of this section about the current in the frame and the 
horizontal antenna. The interchange of sing and cosq is obviously 
due to the fact that while our horizontal antenna had the direction 
of the-x-axis the plane of our frame antenna was situated perpendicular 
to the x-axis. 

Hence, the frame antenna has its maximal radiation in the plane 
of its frame (p = + 2/2), just as the horizontal antenna has the 
maximal radiation in its own direction (p =O and y=az). Corre- 
spondingly, the frame antenna has mazimal reception if its plane is 
situated in the direction of the incoming wave. Since this plane was 
assumed throughout to be the y,z-plane, the signal for maximal reception 
comes from the y-direction with dominating electric z-component (per- 
pendicular to the ground) and magnetic z-component (perpendicular 
to the plane of the frame). Then the electric z-component induces an 
electric current in the frame or, as we may also put it, the magnetic z- 
component stimulates the magnetic dipole of the frame. Thus, the frame 
acts a8 a magnetic receiver, just as previously it acted as a magnetic 
transmitter. 

Incidentally, in range finding we do not try for maximal reception 
but for minimal reception, which yields the more precise measurements, 
as in all zero methods of measuring in physics. The frame is then in 
the z,z-plane instead of the y,z-plane. The normal to the frame then 
points in the y-direction, i.e., in the direction of the incoming signal. 


§36. Radiation Energy and Earth Absorption 


In discussing certain energy questions we abandon the domain 
E,H of the field strengths that permit superposition, and turn to 
the quadratic quantity of energy flow 


S = [EH] 


It now no longer suffices to consider the complex representation of the 
field under omission of the time factor exp (—i@t); instead we must 
multiply the real field components themselves. However, the complica-~ 
tions which this brings with it can be eliminated by averaging over space 
and time. The mean values will be even simpler than our representation 
of the field so far, since due to the orthogonality of the eigenfunctions, 
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the Bessel functions drop out of the representation and are replaced by 
more or less elementary functions. 

Most important for our purposes is the total energy flow, integrated 
over & horizontal plane in the air: 


(1) S= {S,do= f(E, H,—E, H,) do. 


Corresponding to whether this plane lies above (z > h) or below (z < 0) 
the dipole antenna (z = 0), we denote the energy flow (1) by S+ or S_. 
Both S— and S+ are taken relative to the positive z-direction. The 
energy that effectively" enters the earth in the negative z-direction is then 
given by — S_, which, for the time being, is to be taken over the plane 
z= 0. However, we see that instead of this plane z = 0 we can use an 
arbitrary plane z < h, and in particular the planes z= h—e, s—>0O0, 
for the computation of S- (the space between two such planes is free 
from absorption and there is no noticeable energy loss in the direction of 
infinity). Since all energy which effectively enters the earth is trans- 
formed into Joule heat, the function — S— at the same time represents 
the total thermal absorption cf the earth per unit of time. On the other 
hand S+ taken over the planes z= 4+ e, ¢+0 , measures the total 
radiation into the air above the plane z = A per unit of time. We call 
S4 the effective radiation. Hence 


(la) W = 8 - S- 


is the energy needed by the antenna per unit of time if we can neglect all 
energy losses in the antenna; or, in other words, it is the power needed 
by the antenna (the letter W reminds us of “watt’’). In the following 
discussion we shall have to do mainly with this quantity W. 

A. For the vertical antenna we had E,=0 and H,= 0. If 
we denote the expressions for E, and H,, which so far were complex, 
by E,and H, and adjoin the time dependence, then (1) written explicitly 
becomes: 


g =z/f (E, et 4 EM etioty (H, eft H* ettaty r dr do. 


Upon averaging over time the terms involving exp (+ 27 #) drop 
out, and, if from now on we understand S to be the mean value, we 
obtain 


S = ff (B.Ht + Bt H,) rdedg. 


u “Effective entry’? means “excess of influx over outflux."” The outgoing 
reflected radiation is of course automatically included in S-. 
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Owing to the independence of the field from the g- coordinate we can 
write this in the form 


nd eo : 
(2) S= 5 [ E, A+ EPH, rdr=an Rel | E? Ht | 
0 0 


For the computation of S; we take Z, and H, from (32.3) and for 
S— we take them from (32.4). These expressions differ only by the signs 
Of oem in (32.3) and (32.4), We obtain 


e a= “9 = f LAr), (a,2)ada. 

" oO 
“ Hy Hef henkGata, 
with ° 
(6) fy(ay 2) = de HM BA) PEF, 
(6) fe(l, 2) = —s en HEM _ (J) eH) | 


where #{A) and F(l) are determined by (32.8). The fact that in (4) 
and (6) we used a variable of integration different from A and hence 
had to replace x by pg, = /P—* , will prove useful in what follows. 
Using (3) and (4), equation (2) can be rewritten as follows: 


() 22g, = Re | i fit (A,2) Ada [tale 2) dl fhe r) 1, (eyed. 


Here we can apply the orthogonality relation (21.9a), which we write in 
our present notation for the special case n = 1: 


(8) [RANK On rar = sey, 


Hence, the right-most integral in (7) vanishes for all values of | except 
for £==A, so that the middle integration in (7) yields f,(A, 2) (see 
the footnote on p. L111). Thus (7} reduces to the simple integral 


(9). fee 8, = Re i fit. 2) fe (A, 2) sail, 


A further simplification is obtained if we let the planes z= Ate . 
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approach the position of the dipole antenna, that is 

[e—-hklo=eCh, z+h~w2dh 
Then instead of (5) and (6) we have 
(10) AA) = Lh Ae* + pe P(A) e-? #4, 
(11) f4(a) = — 7 e-** — F(a) en? 
The product f{(A) f4{4) in (9) is thus the sum of four terms. However, 
when we pass to the difference Si — S_ only two terms remain, namely, 
those that correspond to the two signs of f(A) in (10). Applying the 
definition (1a) we obtain 


o 


fe® wep} 5 f puts Ba =? —2 yh 
(12) Ware | he . " | + Rel ‘ {Fae manal, 


2x ke 


where due to e <h we may neglect p* e as compared to 2h in the 
exponential function under the second integral sign. The first integral 
in (12) is easily evaluated. For A> k both p and, of course, w+ p* 
are real. Hence the real part of — + times the integral from % to oo 
vanishes. Only the integral from 0 to & in which we may pass to the 
limit ¢ = 0 remains. Using the variable of integration ys instead of A 
we obtain” 


k 0 
(13) Re rift Refi [t+ dul = 3, 


Concerning the second term in (12) we first consider the term F(A) = Aju 
in (32.8) which does not vanish for |kg| 00 , and thus compute: 


(14) Re -' | etre al, 


Due to the real character of # for A> we again need consider 
only the integral from 2mQ to A=k. Written in terms of the 
variable # , with the abbreviation {= 2kh (14) becomes 


Ba 
Re | ferotm (K* + ys*) a = KB Re lt 4 a) “e| : 
ik 


2 Due to the sign of 4 we must follow the prescriptions concerning, the 
‘permissible sheet of the Riemann surface” in Fig. 28. 
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By evaluating the real part we obtain: 


(15) w(t +e = =o je aE eet 


Combining (12), (13) and (15) we have . 
as) Wa EE gnc Fowl), Ca akh, 


where K stands for the remaining contribution of F(A) for|kg] + 00, 
which was not yet considered in (14), namely, 


Le a) 
wow -f 2hy ~2nn Aaa 
(17) K=% Rel [pst e - }. 


In connection with (16) we note that the first two terms on the right, 
which are independent of the nature of the ground, could have been 
deduced with the help of the apparatus of §31. However, the correction 
term K can be computed only with the help of our complete theory. We 
defer the discussion of these formulas to Section C. 

B. For the horizonial antenna the formulas become more com- 
plicated due to the combined action of ZZ, and ZZ,, but with the help 
of the orthogonality relation (8) we finally obtain simplifications similar 
to those obtained for the vertical antenna. We shall merely outline the 
necessary computations. Instead of (2) we now have 


(2a) S=} Re ff (E, Ht ~B, H*) + dr dp 


and instead of (3) and (4) we have for the time being 
(3a) EB, = k cos » HT, + x div 7, E,= — sin 9 7, + + ip div H, 


— —~— EF 

(4a) #=E*(- cos g Fe + F), Hp = * sin ¢ S+te ° 
Since, according to (34.1) and (33.15), div JZ and JT, are proportional 
to cosg while according to (33.12) #7, is independent of gy , we 
conclude from (3a) and (4a) that Z, and H, contain the factor cos 9, 
while £, and H, contain the factor sing . We then can carry out 
the integration with respect to @ in (2a), and instead of (7) we obtain a 
triple integral with respect to A, ? and r that has a somewhat com- 
plicated structure. However, if we form the difference W = S; — S- 

then the formulas become much simpler, since only the term that arises 
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from the primary stimulation /7, has alternate signs. If we also use 
the Bessel differential equation for the elimination of the derivatives of 
Io, then we obtain 


ake 


(5a) Bl Joes i Sk a | i di e~ *#* frdr I(r) an, 


2, ZF a e j2— 2 
6a A = a (e- #4 — et ha ASHE 2hy 
OP) # (e Le we + iy 
where ¢ is as before. Due to the orthogonality relation (8) this 
reduces to the simple integral: 


(7a) = Re|~i i fem Andal. 


The integration of the term in (6a) that is independent of kg can again 
be carried out as in (13) and (14), and again we need consider only the 
interval O<A<(k. Thus, instead of (16) we obtain 


y_ oar ke 2 sing sing —£cos¢ 
(16a) Wa eG tet L) 
where ¢ is as before and 
oo 
1 ~tyh 2 g— A? 
(17a) a Refi nn athe nail. 


The expression (16a) is free of Bessel functions, just as (16) is (see 
the beginning of this section). F. Renner has drawn my attention to the 
fact that the expressions (16) and (16a) can also be obtained by a process 
that may be more familiar to practical engineers, and that we shail 
discuss in exercise VI.3. However this process yields only the power 
W = S; — S-— and not the values of S+ and S. separately, and the 
latter are of considerable practical interest. 

C. Discussion. We first consider the principal terms of the equa- 
tions (16) and (16a), neglecting for the time being the correction terms 
K and L: 

4.2 sing 5 Ecoa?e 


2 
3 
2 sing | sing—ecosg 
ioe tT Se 


(18) 


For {—oco they assume the common value 2/3. Dueto {=2kh 
the limit ~ =o is the same as h=oo . Indeed, for h=oo the 
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earth has no influence on the radiation of the antenna and the vertical 
and horizontal antennas must act in the same way. In both cases the 
total power is transformed into radiation. Correspondingly the equa- 
tions (16) and (16a) yield the common limit 


(18a) = 2 


This is identical with a formula given by Hertz!* for the radiation of his 
dipole (freely oscillating in space). We note that the factor k+ corresponds 
to the reciprocal fourth power of the wavelength in Rayleigh’s law of 
scattering, which does actually arise from the superposition of a large 
number of distant dipoles that are distributed over the atmosphere and 
that are stimulated to radiation by the incoming sun rays. 

If we expand the expressions (18) in ascending powers of { and 
then pass to the limit h = 0 so that the expansion breaks off with the 
term ( , then we obtain: 


+ ; ete 4 = 2. 2 for the vertical antenna, 


2 
(18b) 3 233 


57 1+ ; coe = 0.5 for the horizontal antenna. 


We can better understand the factors 2 and 0 on the right here with 
the help of Fig. 27 in §31: through reflection on an infinitely conductive 
earth the radiation of the vertical antenna doubles for h = 0, the radia- 
tion of the horizontal antenna is canceled by its mirror image. However 
we must remember that we have neglected the correction terms K and L 
in (18). This disregard of K and L means that simultaneously with 
passage to the limit h—+>0 wealsolet ky-oo . 

Figure 31 gives a general representation of the expressions (18). 
Above the axis of abscissas we have marked the values of ¢, below it 
the corresponding values of h. The figure shows that both for the vertical 
and the horizontal antenna the passage to the limit 2/3 is through con- 
tinued oscillation around this limit. The distance between the abscissas 
of two consecutive extrema measured in the A scale is, for both curves, 
approximately equal to half a wavelength; this corresponds to the inter- 
ference between the incoming radiation and the radiation which is 
reflected by the infinitely conductive ground. 

In addition, for both curves we have traced a first correction by 

13In the work quoted on p. 237; the formula can be found on p. 160 of his 


collected works v.II. In comparing (18a) with Hertz’ formula we have to take into 
consideration the dimensionality factor which will be determined in (22) below. 
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broken lines as given by the terms K and LZ in (17) and (17a). The 
value k/ | kz | = 1/100 that we use corresponds to the case of sea water 


. 
. 
U 
4 
1 
4 


Fig. 31. The power needed by a dipole antenna 
for different altitudes hk above the ground. 
Y = vertical, H = horizontal antenna, the solid 
curves are for an infinitely conductive ground. 
the broken curves are for sea water. 


for a 40-m. wavelength. We note that the ordinates of the broken curves 
increase steeply as A tends to zero; of course for finite A the difference 
in the ordinates from the limiting case kg oo increases as kg de- 
creases. We are dealing here with a quite complicated double limit 
process, which reminds us of the double limit process in the Gibbs 
phenomenon of §2: if we first let kg == 00 and then k > 0, we end up 
with the finite ordinates 4/3 and 0. However, if we stop at a finite value 
of kg and first let kh 0, then we end with an infinite ordinate which 
remains the same if afterwards we let ky > co. 

What is the physical meaning of the infinite increase of W? It does 
not add to the effective radiation S. but gets lost as earth heat — S_. Infact 
the Joule heat generated in the ground per unit of volume” for a fixed 
antenna current increases with increasing kg, whereas the effective 
radiation remains finite. In order to prove this fact we should have to 
discuss the formulas for S separately, together with the correction terms 
K and ZL, and this would lead us too far afield.“ 

D. Normalization to a given antenna current. We have developed 
the entire theory of this chapter without consideration of the physical 
dimensions of the quantities introduced. This omission must be cor- 
rected now, 

144 Since the volume in which Joule heat is generated decreases with increasing \kyl 
(skin effect), we see that despite the statement in the text there is no heat loss in 
the limit |k,|-» co. | 

16 We refer the reader to the investigation by A. Sommerfeld and F. Renner, 
Strahlungsenergie und Erdabsorption bei Dipolantennen, Ann. Physik 41 (1942), 


where one also finds details concerning the concepts of radiation resistance and the 
form factor for a finite length of the antenna, which are customary in technology. 
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In the formula (31.1) we made the Hertz dipole factor equal to 1. 

In reality this factor is 2 denominate number, whose dimension is ob- 
tained from the relation between JZ and E in (31.4). According to 
(31.4) ZZ has the dimension E < M*. Since, according to (31.1), 
ZT would have the dimension I/r, which is the same as Mf ~'!, we obtain 
for the coefficient of ZZ , which we set equal to 1, the dimension E xX M?. 
We compare this factor with the Maxwell dielectrical translation 
D =e, which has the dimension of charge per unit of area, that is 
Q/M?, where Q is the dimensional symbol for charge (see p. 237). Hence, 
written for the special case of the vacuum, we have the dimensional 
equation: 
(19) ®E= 4, hence EM = 2 
where QM is an electric momentum that we set equal to el. In Hertz’ 
original mode! ¢ was the charge of one particle which oscillated with 
respect to 4 regting charge — e and beyond it. 

Now what takes the place of this momentum in the case of the short 
antenna described on p. 237 that is loaded with end capacities? The 
current j, that flows in the antenna must by assumption be constant 
over the whole antenna at every moment. We write it in the form: 


(20) fe = jsin@t= 7 Refie~**4, 
The corresponding charges of the end capacities shall be 
¢é=ecosmt and =—ecoswi. 


According to the general relation 
. d 
=H 


we must have ¢=4/w. At the time / = 0, when the current is zero, 
the charges of the end capacities are + e. Since these capacities are at 
the distance i of the length of the antenna they represent an electric 
momentum of magnitude 


(21) ela X., 


We have to substitute this product el for the momentum QM in (19). 
In addition we have to append to (19) thefactor 1/4 % obtained from the 
comparison of the field (31.4) in the neighborhood of the dipole with the 
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field of the antenna current. Thus we obtain for the dimensionality 
factor to be appended to our JT: 


(22) i 


4nwWey 


Both the radiation $ and the power W must be multiplied by the square 
of this factor. Using the relation 


we obtain instead of (16) 
a Lye pe 1/ te ge (2 4. 9 Sime —e cone 
(23) We gE YS A(G + 2 +k). 
This formula gives the power in watts in a dimensionally consisten 
manner. Indeed, 2 has the dimension of resistance and the numer- 


ical value 120% = 3772. In our system, which is based on the unit of 
electricity @ = 1 coulomb, 7 is to be measured in amperes. Since ki 
has the dimension zero, W is expressed directly in units of power: 
QAz = watt. 

After multiplication by the same factor, equation (16a) for the 
horizontal antenna becomes dimensionally correct; we find 


_ 1 fo of2 sing , aing—cong 
(3a) Wager yeep (5 — Ste 4 Smee Soot + 7), 


Appendix 


Rabio WAVES ON THE SPHERICAL EARTH 

The earth will be assumed to be totally conductive (e.g., everywhere 
covered with sea water). We are dealing with a vertical antenna near 
the surface of the earth. The direction of the antenna is taken as the 
axis @==0 of a polar coordinate system r,8 9; the distance of the 
antenna from the center of the earth is denoted by 79; the radius of the 
earth by a <7». The field then consists of the components E,,E,,Hy 
and is independent of g¢. We now want to deduce this field from a 
scalar solution u of the wave equation. 

The Hertz vector 7 is not suitable for the representation of this 
field, since it satisfies not the simple wave equation 477 + #/7= 6, but 
the more complicated form (31.3b) which holds for curvilinear coordi- 
nates. it is more convenient to start from the magnetic component 
H, = He-#*, 
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Using the second equation (31.5) we compute E, 9= &,,9¢7*?! 
from H 


(r H); 


y ; ae - re ; 1a 
(1) — $0 6H, = — oma 5g (ein OH), 30 & He= = 


then, according to this scheme and from the ¢-component of the first 
equation (31.5) we obtain 


1 s@ i oe er ee 
$w pyr A= 2 Be) — 3 r= ies fax fa t+ = ans wp On OM}. 
Hence # satisfies the differential equation 
2 —_ 
(2) oa °H)+ + tmp wy (in OH) +k rH= (0. 


We can transform this equation into the wave equation du + Pu==0 
by making H proportional to éu/aé; for convenience we set in 
particular 


(2a) H=iwgse. 


Then (2) becomes 
. e712 1 
@) seg (Eee 4 FF (ino %) + eu} =o. 


The first two terms in{  } are equal to 4u according to the above 
mentioned scheme. Hence if we choose wu as a.solution of 


(4) Au+hu=0 


then according to (1) and (2a) the electromagnetic field is completely 
described by 


@ 2 1 ire f ote 
(8) E, = — 5 5 (sin 55) Ey= = aes H = $0 by oR. 
The boundary condition Z£3=0 on the surface of the completely 
conductive earth is satisfied if we set 


(5a) srt 0 for r=a, 
In addition we have the condition that u is to behave as a unit source 
at the point r-«5,,@=0, which means the existence of a radially 
directed dipole of the E-field. 

In this form the problem can be solved according to the method of 
$28 with the equation (22) of that section for G(P,Q), the only differ- 
ence being that then we had the boundary condition w = 0 instead of 
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our present condition (5a). However, this implies only a change in 
the constant A. Whereas from (28.18) and the condition vu = 0 we 
obtained the value (28.18a) for A, we now obtain from (5a) 


@) Aa—(Srykn/Sricen} 


where here and in what follows £, stands for. 2}. 

From the solution (28.22) modified in this way we first deduce the 
simplified formula for the limiting case 75 = a, in which the antenna 
is directly on the ground, From (6) and (28.18) we obtain for this case 


y, (ka) + kay, (ka) 
f, (ka) + ka &, (ka) 
v, (ka) 0 (ka) — ¢, (ka) p, (ka) 
gn {ka) + ka &, (ka) 
According to exercise I[V.8, equation II, the numerator of this fraction 


reduces to 7/(ka)*, so that if we abbreviate the denominator by §, (#a) 
we obtain 


tty (K 1) = Uy (ka) = yy (ka}— oy (ka) 


= ka 


a 


(a) ty (ha)s= GEE, g(a) = Sa (a) + bea & (ea) 


Substituting this in the first line of (28.22) we obtain for G, which is 
our present %: 


kt << bn (k 5) 
(2) “= as Pe Salt Ea)’ 


This equation holds for all values e<r< co and 05 <a; the do- 
main of validity of the lower line of the same equation (28.22) has 
now reduced to zero. This result (7) agrees with the previous treat- 
ment of this case by Frank-Mises (except for a factor which depends 
on our present definition of the unit source). In addition, the results 
there for arbitrary earth can be deduced here by a suitable extension 
of §28 (continuation into the interior of the sphere instead of the 
boundary condition on the surface). 

If, further, we wished to treat the Aorizontal antenna on the spherical 
earth, then we should have to introduce, in addition to u, a function v 
which artses from the interchange of H and E, and we should obtain 
a representation for v that is similar to (7) but somewhat more 
complicated. '* 

However, the convergence of the scries (7) ts very poor, like that 


16 This was done by P. Debye in his dissertation, Munich 1908; Ann. Physik 30, 
67 (1909). See also Frank-Mises, Chapter XX. $4. 
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of Green’s general representation in Chapter V. [In order to see this 
for the present case we merely have to note that because of the ratio 
of earth radius to wavelength the numbers ka and kr are >1000. As 
long as n is of moderate magnitude, Hankel’s asymptotic values for ¢: 
are valid and they show that the ratio ¢,/& in (7) is nearly independent 
of n. We should have to use more than 1000 terms of the series until 
the Debye asymptotic approximations (21.32) became valid; and only 
the latter can bring about a real convergence of the series. 

In order to obtain a usable computation of u, we apply a method 
which was first applied successfully to our problem by G. N. Watson,'? 
and which we shall find to be connected with the method developed in 
Appendix IE to Chapter V. Namely, we transform the sum (7) into a 
complex integral. 

To this end and on the basis of the relation 

P,, (006 6) == (-— 1)" P, (— coa 8). 


which is valid for integral (and only for integral) n, we first rewrite the 


series in (7) in the form 
oO 


(8) i 2 — 1}# a nu (& Fr} 
2! mt 1)(— 1) Py (— 008 6) 3 


We then replace n by a complex variable ¥ and we trace a loop A 
in the »-plane of Fig. 32 that surrounds all the points 


(8a) y we 0,1, 2,8,...%,--- 
Cc 
i 
B 
>", 
eh ¥ A 
Feo 1 2 3 ¥ 5 A 


Fig. 32. Deformation of the loop A around the real axis. The curve B runs 
parallel to the imaginary axis of the »-plane. The connection C between B and A 
must be considered situated at infinity. 


4 Proc, Roy. Soc. London 95 (1918). 
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in a clockwise direction. Over this loop we take the integral 


2y+1 de(R er) ms 
Yigin » x fy(ka) ’ 


which is obtained from the general term in (8) by interchanging » and 
y , suppressing the factor (~1),, and appending the denominator 
sinysx. As on p.215, P, does not stand for the Legendre polynomial, 
but for the hypergeometric function 


P, (— cos 8) 


(9) 


(98) P, (2) = F(—19 + 1, 1,5") 


(which is identical with the Legendre polynomial only for integral » ). 
Now the integrand of (9) has poles of first order at all the zeros of sing x ; 
the zeros that lie inside the loop A are the points (8a) and in the 
neighborhood of the point »==* we have as a first approximation: 


siny 2 = sinn a + (» — n) 2 copna = (— 1)* a (v— 2). 
Hence the residue of the first fraction in (9) becomes 


2n + 1 

tia 
and by computing the integral (9) as ~ 2s times the sum of all 
~ residues we obtain 


= f, (kr) 
10) pau 2 — t)* a Lid 
{ 2, m+ 1)(— 1)" PB, { 008 0) Eka)’ 


which is identical with (8) except for sign. 

The next step consists in a deformation of the path A. We note 
that the hypergeometric series in (9a) is a symmetric function of its first 
tivo arguments. Hence we have for all (including complex) indices »: 


(11) Pt Pas 
With the notation 

(Ila) y=s—} 
equation (11) becomes 

(11b) Pig = Posey: 


Hence P,.; is an even function of s. 

This also holds for the last factor of the integrand in (9). In order 
to prove this we start from the representation (19.22) of H', which is 
valid for arbitrary indices; if we denote the index by s we have: 


H; (9) = = f elecore so(wonit) 2, 
W, 
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If we replace w by —w, s by —s and reverse the orientation of W, 
we obtain: 


BH (qh = Ef e000 ef" * Phang = oh" HY, () 
W, 
If we multiply this equation by ]/x/29 and use (21.15) in order to 
pass from H to ¢ then we obtain 


(11¢) £2 4-4 (e) = of 8-4 (0) 
The same relation holds for the quantity .¢ (ta) of (6a): 
(11d) $.,-3 (ka) = ef &,_, (ka). 
By division we find that the quotient 
e+ {kr} 
” Bay (ka) 


is also an even function of s. 
Finally the first fraction in the integrand of (9) written in terms 
of sis 
28 
ay =2i cos en’ 
and therefore is an odd function of s. 

We now deform the loop A into astraight line B (which is parallel 
to the imaginary axis of the »- plane and passes through the point 
s=0Q,ie, »= —)4) and two paths C (which are at a great distance 
from the real axis and, so to speak, join the ends of B with those of A). 
The poles that have to be considered in this connection will be discussed 
later. For the moment we show that the integrals over the paths B 
and C vanish. 

For the path B this follows directly from the odd character of the 
integrand of (9) as written in terms of the variable s. In order to show 
the same thing for the path C we investigate the factor ¢,/& of the 
integrand for large values of v. We start from the series (19.34) 


(9/2) =H, 


JZ, {@} = Tor) 


where all the terms indicated by ... can be neglected for |y|>e. 
According to Stirling’s formula we have 


Ev + 1) =» Y2n» e~"y", 


hence : me 
Z,(e) = -{—)3 
. 2 ay (3) 
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and for general complex »: 


(14) . £.,(9) = =e (3) 


From this follows: 


4de) (— 1)7*8 Ge)" 

J_,(@} 24 
This last quantity approaches zero if the real part of ». appiuxcnes 
plus infinity. Hence, in the representation (19.31) we can neglect 7, 
as compared to 7.,. If from H, we pass to 


be “Vx #44 


and from ¢,(kr) We pass to the quotient of two é- functions, then, 
from (14) we obtain: 


= (kr) _ {@ vet 
a) rT em (=) ° 


Since a/r <1 the quantity in (15) vanishes if the real part of »+1 
approaches plus infinity, as is the case on both parts of C. The same 
statement holds for the quotient ¢,(&r)/é,(k@), which according to (6a) 
and (14) can be written in the form 


¢) (oe) 
(k => 9(% 1 
(ka) = ¢,( af feel g 


= ¢, (ka) (—7}. 


From this we see that the third factor of the integrand in (9) vanishes. 
The first factor vanishes due to the denominator sinyz. The fact 
that the second factor vanishes follows from (24.17) which holds for 
an arbitrary complex index of the spherical harmonic. Hence our 
original path A can indeed be deformed through the infinite part of 
the half plane in which the real part of v is positive. 

However, in this deformation the path cannot cross the poles of 
the integrand: 


(15a) & (ka) = 0. ¥ = 99,945 %)--- 


We shall now investigate their position more closely. For the neigh- 
borhood of the m-th root we write: 


{15b) &, (ka) = W— 9, (ka), m= (=) 
Then by forming residues we obtain from (9) 

2e+1 a (kr) 
(16) n> mya gaa 


W om Hy, Hy, Papa 
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Now, except for sign, the integral (9) is identical with the series (10) 
and the latter in turn is identical, except for a constant factor, with 
the solution (7) of the sphere problem. Hence the series (16) also 
represents the solution of the sphere problem, and suppressing the 
immaterial constant factor we may write: 


2¥+1 ber) 
a? a pa say Fe(— 0088) Sie: 
We see that the passage from the series (7), which is summed over 
integral », to the series (17), which is summed over the complex »r, 
is obtained by forming residues in a complex integral twice. 

Before we proceed with the discussion of (17) we return for a 
moment to Appendix II of Chapter V. There, too, we were dealing 
with a series summed over integral » and one summed over complex 
non-integral », namely, the series (1} and (3). We now show that 
there, too, the identity of the two series can be proved by forming 
residues in a complex integral twice. Written in analogy to (9) this 
integral is 


2 
(18) 2 a P, (— o08 6) tt, {k, >) ty (kr) dy T> To, 
2 
seit P, (— 008 8) f, (kt) ty (k, 1) dy r<t%,; 
with tye VN Ee) ve OS EN 


o, (ka) 


We see that the poles of the integrands under consideration are the 
zeros of the denominator 


(18 a) oy (ha) = 0, v=, Hq, Mye eee May cers 


which is common to the functions #, (k,r) and «, (k,ro). The corre- 
sponding residues of «, (k,r) and «, (k,ro) are 


ashy Me EE a _ eae Er) 
thy (Fa) te (k a) 
where, in contrast to (15b), we have 
a, 
(180) hy = (=), ee 


The original path of integration for the integrals in (18) is again the 
path A of Fig. 32. As in that figure, we can deform the path into the 
sum of the contours around the points r= ¥+,,%,..., since here too the 
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paths B ,C make no contribution to the integral. Thus we obtain as 
the common representation for the two integrals (18) 


(19) Ep austere aren, % (Ea) ten) & (ke). 


2tsinya (ka) 


It can be seen that this coincides with the series (9), Appendix II to 
Chapter V, by considering the relation (II) from exercise (IV.8) 


fy (2) v, (0) — Sy (e) w (e) = 4/e?, 


This relation yields the fact that for e = ka and ¢, (ka) = 0 the quantity 
y, (ka) is inversely proportional to ¢ (ka). 

Thus the novel series of Appendix II can be derived by complex 
integration from ordinary series summed over integral n. In particular, 
this derivation shows the mathematical reason for the remarkable fact 
stressed on p. 217 paragraph 1, that the two n-series which are different 
for r ] ro merge into the same »-series (19). 

In order to conclude our discussion of the spherical earth problem 
we must first show that the roots (15a) lie in the first quadrant of the 
v-plane (just as the roots of (18a) ). In (15a) we had the roots of the 
transcendental equation: 


(20) &, (ka) = (6) +0 oomna=0- 


For 2, we again must use the special trigonometric form (lla) on 
p. 218 (both saddle points of equal altitude), since, for the general 
exponential form of ¢,, equation (20) can have no roots at all. Hence 
we can take dt,/do from (lle), p. 219. We then obtain 


t 
oV sin « 
Due to the quantity @ = ka the second term in the parentheses (20a) 


is dominant. Hence, the roots of é,=0 (in contrast to the roots of 
¢=0 on p. 219) are given with sufficient accuracy by 


(20a) &, (ka) = (sinz +-@ sin « cosz), z= Q (sin a— 0 co3 a) — rc 


(20b) cosz = 0, z= —(m+5)a sin z= (— 1)", 
From this we obtain, in analogy to (21.40), 


(21) »=@ cosa = ka(1— =)= ka {1 +5 (4m+ 1) (2) nish, 


so that to each m = 0,1,2,...a root v, does indeed correspond in 
the first quadrant of the »-plane. 
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Since the absolute values of the », are large numbers (because 
ka >> 1), we can compute P,(—cos#) in (17) from the asymptotic 
equation (24.17). This equation can be written in the form 


P, (— coe #) = Vos ie +h) (2-8) +t ae | 


if we neglect an exponentially small part. With the same accuracy 
we have 


sinw nm = e747 4/24, 


Hence we can write in (17) 


(22) Po(—coa8) _ 7/28 awraye, 
siny 7 nvsin? 


We now Specialize the factor ¢/ in (17) to the neighborhood of 
he surface of the earth, that is, we set r = a. According to equation 
{1la) on p. 218 with sin z = (—1)™ we now have 


be = 


~~ 1)" 
Wise es 


and if we restrict ourselves to the principal term of (20a) we obtain 
from (15b) 


{— e sina (— y) = — 


= as 
In analogy to p. 219 we have &jay = —a. Hence, 


ae 1 1 1 
(23) | Sig 
% geo8ne kaasin« ka 8 


Substituting (22) and (23) in (17) we finally obtain 


(24) wo tS AL ose gs, 
ke Vxvaind 


The last factor a-* depends on the index of summation m; in fact 
we have as in {21} 


at = (dm + 1h (FEY ertead, 


In the first factor under the summation sign of (24) we may replace 
» by the first term of the last member of (21}, which is independent 
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of m. Thus (24) simplifies to 


(25) w= +(sin Bt SD (4m + 1) Fb ef emt 9, 
Ym 

where the terms which are independent of m and #are denoted by... 
In our original series (7), summed over n, we would have had to con- 
sider more than 1000 terms. In our present series, summed over m, 
convergence is so rapid, due to the exponential dependence of the 
terms on i»,,@ and to the increase of »,, indicated in (21), that we 
may break off at the first or second term. Because of the positive 
imaginary part of » the increase of v,, indicates an exponential damp- 
ing of the radio signals with increasing distance along the surface of 
the earth; the factor (sin@)-t indicates an increase of intensity at the 
antipodal point #@=< of the transmitter.!8 

We have omitted all numerical details since our formulas are of no 
importance for radio communication due to the predominant role of 
the ionosphere. However, our formulas are of interest for the general 
method of Green’s function in Appendix II to Chapter V and they 
show the power of this method for a special example.’® 

18The apparent infinity of (22) for @ = 2% contradicts our general condition of 
continuity, but this need not disturb us since the equation (24.17) which was used 
in (22) loses its validity at the points @ = 2 and #= 0. A more precise investiga- 
tion of the point # = z leads to a kind of Poisson diffraction phenomenon of finite 
intensity (see J. Gratiatos, Dissertation, Munich; Ann. Physik 86 (1928)). 

19 T wish to mention the fact, communicated tome by Mr. Whipple on the occa- 
sion of a friendly visit by English physicists, that Watson’s results can be deduced 
directly without the use of complex integration. I may venture the guess that the 


particular physical considerations which were made for this case are contained in 
the general method of our Appendix II to Chapter V. 


EXERCISES FOR CHAPTER I 


I.1. The position of the maxima and minima in special Fourier 
approximations. Show that the extrema of the Fourier approximation 


: lx 1 : 
Son—-1 = SIN &+ 3 sind a+ “++ + 5; sin (2n—1)2 
lie at equal distances, and that except for the extremum 2 = 2/2 which 
is common to all S, they lie between the extrema of Son41. 


I.2. Summation of certain arithmetic series. Compute the higher 
analogues to the Leibniz series (2.8) and to the series X,, 2, in (2.18). 


I.3. Expansion of sin x in a cosine series. Expand sin x between 
0 and 2 in a cosine series, 

a) by considering sin z continued as an even function in the 
interval —%7 <2<0,or 

b) by substituting b = 0 and c= a in (4.5). 


I.4. Spectral resolutions of certain simple time processes. Compute 
the spectra of the time processes which are indicated in Fig. 33a and 33b 
from their Fourier integral and represent them graphically. In the 
same manner compute the spectrum of a sine wave sin 2 %t/t, which is 
bounded on both sides and which ranges from t = —T tot =+T 
where 7=nr (Fig. 33c), and deduce from this the fact that the 
width of a spectral line varies inversely with its life span. An abso- 
lutely sharp, completely monochromatic spectral line would therefore 
need a completely unperturbed sine wave that extends to infinity in 
both directions. 


I.6. Examples of the method of complex integration. Give the 
reasons for the result of exercise I.4a (Dirichlet discontinuous factor) by 
the method of complex integration; also, resolve the spectrum of the 
sine curve bounded on both sides into the spectra of two waves that 
are bounded on one side. 


I.6. Compute the first Hermite and Laguerre polynomials from 
their orthogonality condition by the method applied to spherical har- 
monics, normalizing so that the leading term of H,(x) is (2r)" and the 
constant term of ZL, (x) is n!. 

For the definition of these polynomials see the table on p. 27. 
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EXERCISES FOR CHAPTER II 


II.1. Elastic rod, open and covered pipe. Compute the transversal 
proper oscillations of a cylindrical rod of length J, which is clamped at 
xz = 0 and oscillates freely at x = 1, and compare them to the proper 
oscillations of an open and a covered pipe. 


11.2. Second form of Green’s theorem. Develop the analogue to 
Green’s theorem, see v.II, equation (3.16), for the general elliptic dif- 
ferential expression L(u), 

a) where L(u) is brought to the normal form, 

b) in the general case. 

c) Investigate the conditions under which the boundary value 
problem becomes unique for a self-adjoint differential expression L. 

We may restrict ourselves to the case of two independent variables, 
for which Green’s theorem is 


[udvdo + | (grad w, grad v) do = fu? ds. 


II.3. One-dimensional potential theory. Determine the one-dimen- 
sional Green’s function from the conditions 


a) ao Ze) for aaiiad: 
are E<a<l, 
b) G =0 for z=0 and z=l, 
c:) HF 1 and G continuous for z= é , 


and apply it to the (obviously trivial) solution of the boundary value 
problem : 


du = Ug forz = 0, 


ee u 
agi = 9, ucontinuousfor OSs! 


u=u, forzr = 1. 
Condition c) means “yield 1” of the source of G which is situated at 
x= &; G+ is the branch > &, G- the branch « < € of G. 


I1.4. Application of Green’s method which was developed for heat 
conduction to the so-called laminar plate flow of an incompressible viscous 
fluid. We assume the flow to be planar and rectilinear throughout; this 
means that it is to be independent of the third coordinate z and directed 
in the direction of the y-axis. The velocity v then has the single com- 
ponent v, =v, which, due to our assumption of incompressibility, is 
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independent not only of z, — but also of y, so that the quadratic con- 
vection terms (v grad} v vanish. The Navier-Stokes equation for v is 
then according to v.II, equation (16.1) 


ov ay  Lep, 
(1) as cay 
where & is the kinematic viscosity; the right side is independent of x 
due to the corresponding equation for the vanishing z-component of 
velocity, hence it is a function of ¢ only, say a(é). 
The flow is to be bounded at x = 0 by a fixed plate, which is at 
rest up to the time ~ = 0 and thereafter is in motion with the velocity 
vo(t). Due to the adhesion of the fluid to the plate we have for z = 0: 


0...¢< 0, 


2 v= 
@) vw (t).s.t>0. 


For the linear Couette flow (see v.II, Fig. 19b)} we would have to add 
further boundary conditions on a plane that is at rest at a finite dis- 
tance from z = 0. However, for the sake of simplicity, we shall con- 
sider this plate situated at infinity. The limiting case obtained in this 
manner is known in fluid dynamics as plate flow. For this flow we have, 
in addition to (2), the condition for z = oo: 


(3) v= 0 and p = pe (independent of y). 


From this it follows that a(t) = 0, so that (1) goes over into the equation 
of heat conduction. 

We are thus led to a boundary value problem, which is a specializa- 
tion of the problem illustrated by Fig. 13 only in that we now have 
41 = © and xo = 0, and is a simplification of that problem because in 
the initia! state in which the plate and hence the fluid are at rest, 
we have: 


(4) »0=Q0 for ¢=90 and all z>0. 


The solution is obtained as in (12.18), if the principal solution V is 
replaced by a suitable Green’s function. Discuss the resulting velocity 
profile v(x) for increasing values of é. 


EXERCISES FOR CHAPTER III 


UT.1. Linear conductor with external heat conduction according to 
Fourier. Let the initial temperature for x > 0 be u(z,0) = fiz). How 
must this function be continued for z <0 so that the condition is 
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ou 
3 bhu=d 


satisfied for z = 0? 


III.2. Deduce the normalization condition in anharmonic analysis 
by specialization from Green’s theorem. 


Lil.8. Experimental determination of the ratio of outer and tnner 
heat conductivity. A rod is to be kept at the fixed temperatures u and uw, 
at its ends x = 0 and x = ! and is to be in a stationary state after the 
effect of an arbitrary initial state dies out. The flow of temperature 
would then be k:near if the lateral surface of the rod were adiabatically 
closed. Hence, at the middle section of the rod x = 1/2 we would have 
temperature ue = (u, + u3)/2. Hence from the measurement of 


— “tts 
i= 2 uy 


we can determine the ratio of outer and inner heat conduction 
(essentially our constant A). Deduce the relation between q and h 
needed for the evaluation of the measurement; according to the above 
g = 1 corresponds to A = 0. . 


LIl.4, Determination of the ratio of heat conductivity x to electric 
conductivity o. A metal rod is to be heated electrically, where the 
current 7 per unit of length gives the rod the Joule heat #/go 
(g = cross-section of the rod); the rod is to be insulated against lateral 
heat conduction. Write the differential equation of the stationary state 
and adapt it to the boundary conditions u = 0 for z = 0 and z =! 
that are realized in water baths. The potential difference V at the 
ends of the rod and the maximal temperature U at the mid-section of 
the rod are to be measured. From them we are tocompute the ratio x/o. 
For pure metals this ratio has a universal value (Wiedemann-Franz 
law). 


EXERCISES FOR CHAPTER IV 


IV.1. Power series expansion of £,(e). Compute this expansion 
from the integral representation (19.18) 

a) for integral 7, 

b) for arbitrary n 
with the help of a general definition of the J”. function. 


IV.2. Deduce the so-called circuit relations for H} and H? for inte- 
gral x from the integral representations (19.22), 
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IV.8. Compute the logarithmic singularity of H,(e) at the origin 
from the integral representations (19.22). 

IV.4. An elementary process for the asymptotic approximation to 
Hi(e). Verify the asymptotic limiting value of H}(q) by successively 
neglecting 1/pe and the higher powers of 1/o already in the differential 
equation. This method is of course dubious from a mathematical point 
of view. 


IV.5. Expansion of a function {(8, q) on the sphere. 
a) Expand f first in a trigonometric series in g, and then in 
spherical harmonics in cos, That is, find the expansions 


+ 0 ; oo 
1®e)= SF Cre’, Cy= ZT Ang Pr (coed) 
m=—- a =m 

and as combination of both these expansions 
—coo<m<i+oo, 


=yy as 
(1) {(8, ¢) XS Amn Pa (cos 8) € [ml <n <0. 


b) Construct f from general surface spherical harmonics Y, and 
determine the coefficients from the orthogonality relation for 


A ea = Py (cos 0) e~ me 


that is, find 
109)= E Ya, Ya= Stam Pr (cos) ™”; 
and as combination of both expansions: 
2)  {@,g)=E Ty, PMcosd) cme | OS” SO? 
n om —nAeEmMS tH, 


Clarify the apparent dissimilarity in the order of summation in (1) and 
(2) by a figure (lattice in the m,n-plane) and show that A,,, and A,,, in 
(1) and (2) formally have the same meaning (by interchanging the order 
of summation and integrating). 


IV.6. Mapping of the wedge arrangemen! of Fig. {7 into circular 
crescents. Transform the 60°-angle wedge of Fig. 17 by reciprocal radii 
with a suitable position of the center of inversion C (see the text for 
this figure); the three straight lines 1,-1; 2,-2; 3,-3 then go into three 
circular arcs and the angles formed by them go into circular crescents. 
Examine the association of these regions and consider the fact that 
the Green’s function of potential theory can be obtained for each of 
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these regions (spatially speaking they are spherical crescents) by five 
repeated reflections. 


IV.?. Mapping a) of the plane parallel plate into two tangent spheres, 
b) of two concentric spheres into a plane and a sphere. Investigate the 
three-dimensional. figure into which the plane parallel plate of p. 74 
together with its mirror images are transformed upon inversion. The 
sphere of inversion is best situated so that it is tangent to the boundary 
planes of the plate. Show that the plate is thus mapped into the 
exterior of two tangent spheres; and its mirror images are mapped into 
the space between two interior tangent spheres. b) Show that two 
concentric spheres can be inverted into a plane and a sphere. Hence, 
conversely, we can transform the potential of a sphere towards a plane 
into the much simpler boundary value problem for two concentric 
spheres. The same holds for the potential of two arbitrary non- 
intersecting spheres. 


I V8. Evaluation of two expressions involving Bessel functions. In 
equation (5) of Appendix I to Chapter IV determine 


(I) H,, (0) 1,,(e) — Hn (0) Ln (0) 
and in equation (20b) of the same appendix determine 
(II) £n(2) Yn(o) — Sn(0) Yn (0). 


EXERCISES FOR CHAPTER V 


V.1. Normalization questions. Normalize the functions I,(A 1) 
and wy, (kr) of (26.3) and (26.2) to 1 for the basic interval 0 <r<a 
with the boundary conditions [/,(4a)=0 and wy, (k a) = 0 in analogy 
to equation (20.19). 


V.2. The Gauss theorem of arithmetic mean in potential theory. 
Prove the theorem: The value of a potential function uw at any point P 
of its domain of regularity S is equal to the arithmetic mean wu of its 
values on an arbitrary sphere K,, which has radius a and center P 
and which lies entirely in S. 

V.3. Summation formulas over the roots of Bessel functions. Verify 
that the coefficients A,,, in the expansion (27.13) equal those of (27.14), 
and derive interesting identities for the ¥%, from the equality of the 
coefficients of Ij (cos ))e~'™* in these two expansions. These 
identities can be rewritten as identities for the y,. 
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EXERCISES FOR CHAPTER VI 


VI.t. Vertical and horizontal antenna at the altitude h over an 
infinitely conductive ground. Show that the formulas (31.16) and (31.17) 
for the two electric antennas: 


gikR et kR’ etkes ef RR’ 
canta aay ks sad i Ms a laa eS 


satisfy the conditions (31.15) for the vanishing of the tangential com- 
ponent of E in the entire plane z = 0. 

In the same manner show that the formulas (31.19} and (31.20) 
for the two magnetic antennas: 


etkR gtk ebkR — gitR’ 


al ee es 


ec) M=,= 


£ RR’? 


satisfy the conditions (35.1) for the vanishing of the tangential electric 
component, 


VI.2. Behavior of the electric force lines for a Zenneck wave in the 
neighborhood of the earth’s surface. Show that the lines of force in the 
air are bent forward, i.e., in the direction of propagation and that the 
lines of force in the earth are dragged behind, 


VI.S. Simplified computation of the power needed for the vertical and 
horizontal antenna, Prove the expressions (36.16) and (36.16a) by 
determining the work Ejl done per unit of time by the field strength E 
and the current j for the length é of the antenna. 


HINTS FOR SOLVING THE EXERCISES 


I.1. The equation which determines the position of the extrema is 


(1) cos t+ cos8a+-->+ cop(2n—Dae=— 0, 
If we write this in the form 
(2) Re (ef* + e8t eee p eltn-Uiey — 0 


then we can sum this geometric series. We obtain finally 


sin 282 wet: 


x fn (2n—1)z 
2sin 2 can : 


hence (4) © Butte oe 


(3) 


Due to the denominator in (3) we do not count the points z = 0 and 
z==2, Equation (4) proves the statement in the exercise. 


I.2. By integrating from 0 to x we obtain a sine series from the 
cosine series (2.17); and if in the sine series we set wx=a/2 then we 
obtained the analogue to the Leibniz series which follows (2.14). 
Integrating this sine series we obtain a series in terms of 1 — cos z, 
I~ cos 3z,... and setting «=a2/2 here we obtain the next analogue 
to (2.16), from which we deduce the value of 2,. This process can 
be continued indefinitely, but it does not seem to lead to a transparent 
law for the successive analogues. 


1.3, The two processes mentioned in the exercise lead to the series 


: 2 2 2 
sin ¢ = =(1- T3 cos 2 2 — sped...) 
from which, by setting, e.g., 2 = 0, we obtain a representation of 14 
as a series in the reciprocals of odd integers. 
I.4. Consider case a). If in (4.8) we replace x by f and perform 
the integration with respect to & we obtain 


0 
da Ot 


+ 0 

a) fo= 2 f Print tot— fa (wy coswtde. 
~o 9 

where {a(w)| stands for the amplitude of the spectrum of f(é) with the 

frequency @ and, according to (1), 


This function has its principal maximum of altitude t/a at o=0, 
297 
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followed by secondary maxima of decreasing altitudes at intervals with 
lengths asymptotically equal to dw = 2aj/*. 

In case b), where according to the figure we are dealing with a 
function f which is odd in ¢, we obtain in the same manner: 


_ +o “ 
8) t= | eng) etc [Pielsne tse; 


1 1— cosa r/2 1 sin* w 1/4 
b(w) = — Loewe i 


=e er, 


{2 x. wd 


We now have b(#)= 9 for w= 0; the first maximum liesat w ~ 4.7/z; 
as before, the subsequent secondary maxima successively decrease in 
altitude. 


ah ' 
a 
Fig. 33. 
a) fit) = 0 for |t] > 2/2, b) ff) = 0 for |#} > x2, 
f() =1 for |t)< 7/2. f@®= 1 for —2/2<t< 0, 


=—Il1 for 0<t< 17/2. 


In both cases a) and b) we are dealing with a “grooved spectrum” 
that extends to infinity. 

In the beginning of the theory of x-rays an attempt was made to 
interpret them as ether impulses of the type a) or b). From a spectral 
point of view, which is the only one that is physically justified, this is 
not a departure from the wave interpretation, but merely an (arbitrary 
special) assumption about the nature of the x-ray spectrum. 


Fig. 33c, Schematic representation of the intensity in the spectrum of a wave 


process of frequency t= ch - which breaks off on both sides. Here dw is the 


half-value width of the corresponding spectral line. The ruled middle portion of 
the spectrum consists of sin*-like oscillations, just like the unruled part. 
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For the wave process of length 27=22a+ which breaks off on 
both sides (Fig. 33c) we start most conveniently from equation {4.11b) 
and find 


09 
(4) 10) = { b(w) sin w tde, b (w) = = or 
0 tye (=) 


The principal maximum of 6 lies, as expected, at the frequency = 22/r 
bg 
and has the altitude 4, = nz/a corresponding to the intensity J,= (F ; 
and hence increases with increasing length. This principal maximum is 
flanked on both sides by secondary maxima of successively decreasing 
altitudes at intervals with length asymptotically approaching x/n+; 
for all these maxima we have sinw 2 ~1. We seek the two maxima 
for which I = 14, that is, according to (4), those maxima for which 


(6) oh cote A088 VE Le of = of (142), 


% = 2 mn? 


The difference of their frequencies is the so-called half-value width of 
the corresponding spectral line. If we assume » >1 then this fre- 
quency difference is, according to (5), 


(6) re Lae me ER 
tn 


Hence the half value width decreases with increasing 7 as stated in 
the exercise. Only for 7° do we obtain an absolutely sharp 
spectral line. 

I.8. The function f(t) of Fig. 33a) for +/2 = 1 is known in the 
mathematical literature as the Dirichlet discontinuous factor: 


= 1 jé| <1, 
(2) p= 2 famowsot tt =| 4 \¢] = 2, 
0 fel>1, 
If we set ¢ = 0 here then we obtain the fundamental integral 
a 4-00 
das 
@) as or @a) f sino Zan. 
—%0 


which was used in connection with Fig. 4, p. 11. This can be verified 
directly through complex integration: since sin w/w, is analytic on the 
real axis and in its neighborhood, we can avoid the point w=0 (e.g., as 
in Fig. 34a, p. 301) below the real axis, and we then can decompose (2a) 
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into the difference of the integrals 


{3) == ef, =37 e-# | 


both integrals being taken over the heavy line of the figure. The path 
of integration in II can be deformed into the infinite part of the lower 
half plane, where the integral vanishes. The path of integration of I 
must be deformed into the infinite part of the upper half plane since 
exp(¢w) vanishes only there; however, it cannot be deformed across 
the pole w=0. The residue at the pole is 24 This proves (2a) 
and hence (2). 

Finally, we easily verify that those parts of the path of integration 
which in the figure are indicated by short arrows and their dotted 
continuations also make no contribution to I and II. 

The method of complex integration also serves to extend the state- 
ments of the preceding exercise for the wave which is bounded on both 
sides. Such a wave can be considered as the superposition of two waves, 
which are bounded on one side, of opposite phase, one ranging from 

= —T to ¢=oo, the other fromt = +7 to too. However these 
processes cannot be represented individually in the Fourier manner, 
due to the divergences at é= co. For this purpose it is necessary to 
transfer the path of integration in equation (4) of the preceding exercise 
from the real axis into the complex domain (as shown in Fig. 34b), and 
then to perform the decomposition. This is explained by the following 
transformations which start from equation (4) on p. 299: 


=e) 


oy a... 
== | {conan — cone (¢+ n| a OF 
0 


+00 
-=f elot-n — gener, WO 
—-ca 


nek (*2)’ 


t =—i freuen“, 
# 
1 w — (=) 


oo 

1 = = f sin wt sino? 
1 

=O, 


where the integral signs without upper and lower limits are to be taken 
over the complex path of Fig. 34b. 
We claim that I represents the wave process starting at { = —7’ 
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and II represents that starting at t = +7, both continuing to t= oo. 


ty 


Fig. 34. a) Dirichlet discontinuous factor. We prove equation (3) by deform- 
ing the path of integration of If downward. that of I upward. b) Wave process 
which breaks off on both sides. The complex integrals I and IE represent wave 
processes which are botnded on one side. 


In order to prove this we set 7’ = 0 for simplicity, and show that 


ie a BOE pet 
(4) fo) ns ead = { 6 ts (=) 
is a sine wave which starts at { = 0 and continues to t=oco. The 
proof is given in a manner similar to that of (3): for  < 0 the path of 
integration can be drawn into the infinite part of the lower half plane 
and the integral vanishes there. For ? > 0 the path of integration 
must be drawn into the upper half plane. Due tothe poles w= + 2x/r 
we obtain the residues 


gamtt{s en ntnithr 
and aay 
Qat ‘ah 2ni tafe 
so that 
an — fH enstts — e-taetiry op ain ote 
Soll) = — 5 (tHE — eo 8x6) = gin = 


This completes the proof. 
If instead of starting from (4) we start from 


= 1 at _ do 
(5) fi) =— 3, Ref é*! Ta, 
then we see that for the same choice of the path of integration and the 
same deformation of this path we obtain the same result as before: 
0 t< 0, 
sin Sat i>. 
Tt 


(6) A = | 


The interest. in this representation lies in the optic theory of dis- 
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persion. We imagine that perpendicularly to the plane z = 0 the 
wave (6) enters a medium filling the half space z > 0, and decompose 
it according to (5) into partial waves of the form a@(m)e®*. Each of 
these waves propagates in the direction of increasing z independently 
of all other waves and we represent it here by a (w) exp [i (kz—o d)]. 
The wave number & in a dispersion-free medium would be k= o/c; 
due to the induced oscillation of the electrons (numbering N per cm.°) 
we have 

(7) p= S12), 

c a'—a, 
where , is the proper frequency of the oscillating electrons (for the 


sake of simplicity we neglect the damping of these oscillations). Hence 
in the infinite part of the -plane we have: 


k= Ih, ka—wt=ke—wt=— (2—c?). 


Thus the question of whether the path of integration is to be deformed 
in the direction of the positive or negative half plane is determined 
by the sign of x — ct. Since this criterion is independent of it is 
the same for all partial waves, so that + = ct stands for the entire light 
stimulation at the point z of the dispersive medium. The head of 
our light signal therefore propagates with the vacuum velocity dz/dt = c, 
not, as one might think, with the phase velocity V = w/{k. which is char- 
acteristic for the dispersive medium. We interpret this in the following 
way: the electrons are at rest for t < x/c and start plane oscillation for 

= x/c. The full amplitude corresponding to the incoming oscillation 
is attained only at a later time that is determined not by the phase 
velocity V but by the group velocity U=dw/dk. The oscillation proc- 
esses which precede this time may be called forerunners of the light signal. 


I.6. a) Hermite polynomials. Due to the even character of g(x) = e-*" 
and the fact that the interval is —o<*<+0co we see that the 
Hermite polynomials, like the spherical harmonics P,, are even or odd 
functions of x depending on whether n is even or odd. Considering 
this fact and the customary normalization of H,, (see exercise) write: 


A,=1, Hy=22, H,=42e?+a, H,=8e*+bx, He= 1624+ ca*+d 


and compute the coefficients a, b, c, d through a repeated application 
of the orthogonality condition (result: 


a=—2, b=—12,c=— 48, d= + 12). 


b) Laguerre polynomials. Due to the weighting factor g(x) = e~* 
and the fact that the interval is 0<a< co the polynomials are no 
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longer even or odd. Considering this fact and the customary normaliza- 
tion (see exercise) write: 

£L,= 1, Learti, 2=bst+ert?, L=ditexrt+frt+s 
and compute the coefficients a,b,...f as in a) result:@ = —1, b =1, 
c= ~4,d= -—1,¢ =9,f = —18). 


II.1. The differential equation (7.8) to which this exercise relates 
is obtained as follows from the theory of beam bending: we start from 
the differential equation: 


a) Gat ~ ET Oat 
The bending moment M of the exterior static load of the beam is to 
be replaced by the moment of the dynamic inertia resistances 

ou 


(e = mass per unit of length of the oscillating beam). Let this beam 
be clamped at x = 0 and let the free end be x =7. All the cross- 
sections «<&<i contribute to the bending moment at the cross- 
section 2, each cross-section with the lever-arm £— 2. Hence we have 


i I 

Bu éM atu aM atu 

(2) M=—e f G—2 FF as, ig ~Cfar > aa =e ar: 
zx Big 


Substituting this in (1) we obtain (7.8) and for the constant ¢ (of 
dimension cm.?/sec} we obtain 


ao 
{3} c= = 


According to (2) we have at the free end M = om =. According to 
equation (1) above this means 

Au Pu 
(4) or ee oe 0 gmt, 


On the other hand the clamping implies 
(5) u= x0 for x= 0. 


6 


If we write w= Ueto’, Us er* then (7.8) yields 


a= —, a=+tk and = 47k, ‘= V2. 
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Hence there are four particular solutions of the differential equation for U: 


ete, e~*?, efkr g-tka, 
which for the following can be combined more conveniently into the forms 
sinh kz, cosh Ax, sin kr, cos kx. 
Hence the general solution becomes 
t' = A sinh kx + B cosh kx + €C sin kx + D eos kx. 


According to (4) and (5) there are four relations among the constants 
of integration A,B,C,D, from which we obtain through elimination the 
transcendental equation 

1 
cosh ki 
The graphical treatment of this equation in the manner of Fig, 7 yields 
an infinity of roots at intervals which asymptotically become 


(6) eos ki = — 


= wt oe 
(*) kati hy = p> Wy 41 — Oe = 26N Fy 
For the basic oscillation we have 

(7a) k= ky = 1.875/l, w= wo, =ck. 


The differential equation of a pope is the same as that of an 
oscillating string, that is equation (7.6) where uw = longitudinal velocity 
of air, c = velocity of sound. For the pipe which is open on both ends, 
or one which is covered at z = O and open at x = 7 we have the boundary 
conditions 

du : 
{8a) Pe =Q0 forr=0 and z =! (open pipe) 


or 
(8b) “u=Q0 for ~=9, ou = 0 for x =! {covered pipe) 
or 


(due to the hydrodynamic continuity equation @u/éa=0 means the 
same as ap/at= 0, that is p = po = atmospheric pressure which we 
assume to hold approximately). Writing «= U<«* for the proper 
oscillations we obtain from (8a, b) 


(Qa) U=Acosk, x, k=n-y W,= Cha, k= 3.14) 


(9») U = Basin k, x, y= ("4 5) 5 Oo, 6k, y= LIf. 
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The value (7a) of ; lies between the values (9b) and (9a). The sequence 
of «# is harmonic for both the open and covered pipe; for the elastic 
rod it becomes harmonic only asymptotically for high overtones (see (7)). 


I7.2. a) Using the identities 


vee + Se ou = 5 (es 
du On) Ox fa)? 
Dota uo" =F (Dun), 


and writing L() in the normal form (10.1), we obtain 


ex , oY 
(1) BENS ES Ops Ge tT ae 
with 
(2) A (u, vy...) = (grad a, grads) tu (G+ ° Fe), 
(3) X= 0+ Dus, Vout + Eur. 


Here A isa bilinear form in the u,v and their first derivatives. If Z is 
self-adjoint then, because D = E = 0, equation (10.6), we have: 


(4) A = (grad u, grad v)—-~ Fu », 


which is symmetric in u and v. 
b) If Z has the general form (8.1) then we again have equation (1), 
but with 
Gu Ge ou dv ou ov bu ov 
5 = — — —- a — —~ 
a a dz bat (= ay ae ay a) dy dy 


aDv . abe @A ou. aBou  aB ou ae. 
“me ‘( a ead edtrt rage Oy Oe) Dy Oy 

* = Gu ou. = ou ou 
(6) Xa0(AZ+ BE + Da), Y=0(BE+O% + Bu). 


If L is self-adjoint then, due to (10.6), the expression A simplifies to 


A=A— ~Fuv, 


eu dv < é av ou. ss) g a ee aDuv | @Buv 


axe Oz ig by * yay dy dy | bz +e 


which is again symmetric in the u and vy. This can be further simplified 
by taking the terms 


eDuv OE uv 
Gz and éy 
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over to the X,Y on the right side of (1). We then obtain: 
ou av Ou Ov du avr 


(7) Aa AR E+E (RE t+ et oe ~—Fur, 
au 
(8) X= 0(4 e+ Be), ¥=o(BE+CR). 


If we now integrate equation (1) over a region S§ with the boundary 
curve C we obtain the most general version of the second form of Green’s 
theorem: 


(9) feL(ujdo+t fA(uv,...)dowx f {X cos (n, 2) + ¥ cos (x, y)} de. 


c) In order to investigate whether the solution of the differential 
equation for a given boundary condition is umgue we proceed as in 
the case of the equation 4u = 0: 

Assuming that for given values of uw on the boundary curve C 
different solutions 21,%2 exist, we set as in (9) 


“= v= UW Us 


Then, because of the linearity of Z, the first term on the left side of (9) 
vanishes. Also, because » = 0 on the curve C, we see by (6) that 
X = Y =0 on C, so that the right side of (9) vanishes. Thus (9) 
becomes 


(10) fAu,u,...)do= 0. 


if we restrict ourselves to the self-adjoint case and introduce the abbre- 
viations § = du/éz, 4 = dufay we obtain 


_ (@ +p Fw according to (4) 
(11) A (u,%,...) = (i f42Béin+Cy'—Fu® according to (7) 


The upper line of (11) contradicts (10) if F(z,y) is negative throughout S; 
the second line contradicts (10) if the quadratic form 4 é*+2 Bén +Cn* 
is definite and F(z,y) has the opposite sign throughout S. In both these 
cases we conclude from (10) that 


(12) u= andhence w = te 


that is the uniqueness of the boundary value problem. 

This is identical with the non-existence of “eigenfunctions” (see 
Chapter V). In particular, for the self-adjoint differential equation in 
the normal form 4u-+ F«=0, where F = const. = +h, we see that 
the differential equation 


(18) du- a= 0 
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has no ezgenfunctions in contrast to the equation of the oscillating 
membrane 


(13a) 4u+ePe=0, 


where the eigenfunctions are of basic interest. 

The fact that for the self-adjoint differential equation of elliptic 
type the uniqueness question for the boundary value problem or the question 
about the existence of eigenfunctions can be decided quite generally on 
the basis of the second form of Green’s theorem, explains the preferred 
role of these differential equations in mathematical physics. 

In order to stress the physical importance of equation (13) we 
remark that as the Yukawa meson equation it plays the same role in 
nuclear physics ag is played by the potential equation in electron physics. 


i7.8. From the conditions a), b), ¢) of the exercise we obtain 


is { for soa at? 
for $<e<l...6,=—(1—F)Eé. 


On the other hand the solution of the “boundary value problem” for u 
is obviously 


{?) Ut = ty + (ty— tty) -. 


Figure 35 represents the lines for G and u. Verify that Green’s equation 
(10.12) for one dimension 


(3) we= 14 (F*) — wo (FE), 


11.4. According to equation (2) of the exercise, » = vo(t} is given 
for z = 0 and ¢ > 0; hence the required Green’s function G must satisfy 
the condition: 


(1) G=0 for +=0. 


This function is obtained from the principal solution FV (x, 4 & 1), 
equation (12.16), through reflection on the line x = 0 (see also §13): 


G= Vix, ts E,r)-— F(x, t; — 6,4) 


= {d4nk(r— t)}-*{ exp {FF} ep (Tie n}) 


and hence for z = 0: 


se ae yee | es Pe el A |p 
Q2) oVa {k(r—#)} ov || 
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This value is to be substituted in (12.18) for eVféz, so that we obtain 
the following simplification. On the right side we have to cancel the 
first term, since according to equation (4) of the exercise we have 


Fig. 35. Behavior of Green’s function G with the source point «= & and 
behavior of the potential funetion « with the boundary values wo, wz; The figure 
at the same time indicates, by the dotted extensions, an elementary construction 
of the ordinate of G at the pomt #—£ enincides with (2) if we use the values of G 
from (1). 


VY =Ofort = 0. In the second term the part corresponding to 2,2 co 
vanishes, so that only the term corresponding to z» = 0 remains, which 
according to (12.18) is to be taken negative; in this term the part 
multiplied by V vanishes because of {1). Hence, due to equation (2) 
of the exercise we have: 


_¢f 
(3) o60) = | v9 (t) exp | 


— é di 
rary (r-~2)2 | 


If instead of t we substitute the variable of integration p= e/a k(t—1?) 
then we obtain 
oo 


2 2 
(4) 062) = f os =) e-*'dp 


f/Vake 


as the final solution of the problem. 
In order to discuss (4) we expand 
ge \ iy Be) oe 
® (apg) s0-SP rip a ae 
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Replacing the variables &,7 “4 x,f then we alae from (4): 
v, (2) at ae é) 
(6) v(x, £)= v(t} Zo (z) — es Te L@+ Ta s “oy fafs)— 


with the abbreviations 


(?) sea, it)= ie fore im fe fer Ze 


Here Jo{z} is essentially the well known and frequently tabulated 
“error integral.” We have for z —> © 


(8} 1, (0) = 1, I, (@)~ = 
Vaz 
The corresponding statements for J, (2) are 
(8a) J, (z)- 27" +96, J, (2) 22" mw a 
2 


The expansion (6) is valid forz <1, Forz> 1 we have: 
-_2 


(9a) 2 (2, )~ — +0. 
The transition betw ‘een these limiting laws takes place at z = 1, 
that is, for ; 


The plate flow investigated here is a useful preparation for recent 
investigations of the turbulence problem (see v. IT, §38). 


III. According to (13.1) we write 


(t) wath = FIC) U (a 8) + 8) 0 (a —O) ae. 
Here /(¢) is given and we have to find f(-&. For z+ = 0 we have 
a oe 
(2) Anko won= /((HO+K-O}e OF as, 
0 
ou f, q-= 
@) ako (EO) = fri-aige ab. 
0 


If we assume that f(£) can be made continuous at = 0, that is, that 
(4) Lim f(—¢)= Lim f(+ =f, ~E>O, 
§—0 +0 


and if we transform the integral in (3) by integrating by parts, then the 
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resulting term free of the integral sign vanishes and the right side of (3) 
becomes 


© a 
(4a) / EMO—KR eye **ae. 
9 


The condition imposed in the exercise for « = 0 is satisfied by the inte- 


grands in (2) and (4a). Considering the fact that here a/én is the same 
as —é@jdz, We write: 


(6) (G+A)-n=x, oo ze ~ >) 1) 


The differential equation for /(—-& obtained in this way becomes 
ae a if we multiply by exp (4 &) and oe 


(6) K-48) = 1) — hora fon f(y) dy. 


This expression for f(-—¢) is to be substituted in (1). Verify that we 
obtain the representation of G in (13.15) if in (1) we now specialize f to a 
é- function. 


IiI.2. We are dealing with Green’s theorem (16.6) from which we 
are to deduce the normalizing integral (6.3a) by the limit process 
dn > 4s . Since this integral assumes the form 0/0 we apply de |’Hos- 
pital’s rule by first differentiating the numerator and denominator with 
respect to 4, and then setting a, = 4,: 

din ditty a atin | om 


ai, ac “* Gi, de | =O 
mae od eee 


2kn 
The numerator must be computed for x = 7 only, since for = 0 it 
vanishes even before we pass to the limit. 

According to (16.5) and (16.5a) we obtain 


t 
[uiae= 5 (cos? A, 2 + sin? A, x — 7+ sin A, x 00844), 
0 


which coincides with (6.4a) if we specialize our presenti to 2. 

We performed this calculation mainly in order to be able to use it as 
a model in later cases where the normalizing integral cannot be inte- 
grated in an elementary mannet. 


I7I.3. In the stationary case equation (16.11) becomes 


Qa) c= au, = V+. 
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From this we obtain as the general solution 
u=Aete + Be-*; 
The coefficients A and B are computed from the values 
u =u forz = 0, u = us for z = I. 


We obtain 


(2) _ vs sinh Aw + wu, sinh A{l — 2) 


sinh Al 
and, setting x = 1/2, 
in (uy + us) sinh Al/2 = Uy + U3 
DS ee ee eS ee ee ge ee Oe 


sinh al 2 cosh 41/2 ° 
The symbol g, which was introduced in the exercise now becomes: 
(3) gq = cosh Al/2. 


From this we obtain a quadratic equation for exp (41/2), which yields 
Al a 
(4 = = log (7 + Va*—3). 


According to (1) we also have h expressed in terms of g. According to 
(13.5) h stands for the ratio of the exterior heat conductivity (which was 
denoted there by 4a7'}) to the interior heat conductivity x. For gq =1 
we obtain from (4) that h = 0 as required in the statement of the exercise. 


III.4. In the stationary state the energy extracted from the. 
element of the rod (length dz, cross-section g) through heat conduction 
must equal the Joule heat generated in the same element. If we express 
the current 7 in terms of the potential difference V then we obtain as the 
differential equation of the stationary state: 

dy Vio 

dz =~ > () el 
Due to the boundary conditions at the ends of the rod the integration 
of this differential equation yields a symmetric parabola as the graph of 


the temperature process. We determine a in terms of the maximal 
temperature U and obtain: 


Thus, through measurement of V and U we can verify the empirical law 
of Wiedemann and Franz which, according to the theory of metal elec- 
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trons, asserts that 


- 50). 


where T' = the absolute temperature, k = the Boltzmann constant, 
and ¢ = the electron charge. 


IV.i. a) For integral x we can expand the function exp (é ¢ cos w) 
of (19.18) in the well known power series. As the coefficients of o* we 
then obtain 


giikon} aja a 
(I) &,= OnE / (ef 4. er Ewe cfnm diy | 
—K 


If we perform the binomial expansion under the integral sign then only 
one term remains upon integration, and even that term remains only for 
k-~-n2Z0. This result agrees with (19.34). 

b) For non-integral n (g is assumed real) we substitute in (19.14) 


(2) i= S ertiwnani, dw =i S. 


The path Wo, which may be assumed rectangular, is then transformed 
into the loop of Fig. 37a which starts from + o, circles the origin in 
clockwise direction, and returns to + co according to the scheme 


: nm n Fs 4 3x ay 3a 
we roo— 7 —>? 0, a nm, a? $00 + a? 


t= +0 . ants, eb #49 —, 


Equation (19.14) then becomes 
tan * pe =n-l 
se hte =— $27 (5) fe aw Aa 
g 


If we now expand in exp (¢ we again obtain the series (19.34), provided 


we use the following general definition of the J-function: 


1 et {2 +1) ; : i 
eee a -i- t; 
(4) Paty Dai fe ‘ ; 


We can easily verify that this definition coincides with the clementary 
definition M(x +1)= x! for integral x by forming residues for ¢ = 0. 


IV.2. In order to complete the investigation of the real part of 
igcoaw (p, 86) we compute for complex oe = |e|e% the quantity 
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(1) X=Re(ig cos w)= ‘! [sin (p —@) e*— sin (p + 0) €-4]. 


In order that X become negative in the infinite part of the upper half 
of the w-plane (¢ > 1) we must have 


(2) sin (p —O) <0. 
The shaded strip 
~aR<p<od 
of Figs. 18 and 19 then shifts into the strip, 
—riO<cp< 9, 


that is, the strip is shifted to the right or left in Fig. 18 according as @ 
increases or decreases. The opposite holds in the lower half of the 
w-plane, where according to (1) we must replace (2) by 


(3) ain (p + @) > 0. 


For 0<@ <2 (upper 
half of the positive ¢- 
plane) the shaded regions 
of the upper and lower half 
planes have finite seg- 
ments of the real axis in 
common, so that the path 2a 


W, can be situated en- GY Ys 
tirely within the shaded 

region. From this follows, Ug ; 
without the use of Y 


the asymptotic formula Y 
(19.55), that H' vanishes | YG 
for e->oo in the upper G 


half plane. Due to this a és 
shift of the shaded regions ., Fig. 36a. Distortion of the path 0 integration 

W of H, into W, fora full circuit around the origin. 
we also see that for 


0>@>—z {lower half of the g-plane) the path W, must. necessarily 
lead across the non-shaded region so that H! becomes infinite as @—> oo. 
The opposites of both these statements holds for W’s and H?. 

Figure 36a illustrates the effect of this shift on a full circuit of e 
around the origin with respect to the path Wi. The beginning of W, 
has been shifted by 22, the end by —2z2; thus W, has been distorted 
into W,’. However W’,’ can be decomposed into three partial paths of 
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the same character as the original W1,W2 following the symbolic equation 
(4) Wi =-- Wy Wi Wye, 


Here — W, is the middle one of the three shaded partial paths of the 
figure and it differs from W, in orientation only; — Ws is the path on the 
right; the path on the left is obtained from W2 by replacing w by w—2z , 
thereby changing the factor exp (inw)in the integrand by the factor 
e"iate | Thus, as a result of (4) we obtain: 


(5) Hy, (9 24) = — Hy, (o.)— Ay (o) (1 + e°2***). 
When 7 is‘an integer this becomes 

(6) Hy, (¢ 2 **) = — Hy (e)— 2 Hi (@) 

which we can rewrite in the form: 

(64) Hy, (9 e7* )— Hy (0.) =— 2 {Fp (0) + Ay (o)} = — 4 1, (0) - 


This change in H} of 47, together with the relation H' = I +- iN corre- 
spond to the change in loge of 224 in the formula (19.47) for N. 

Figure 36b represents the correspondingly distorted path W.’ of #7? 
for a full positive circuit of g around the origin. This path can be 
decomposed into five partial paths of the same character as Wi,W» 
following the symbolic equation: 


(7) Wr= Wat Wyt Wy ette 4 Wye fin Wy ettain, 


Here W; is the middle one of the five partial paths, W, is the path adja- 
cent on the left, W, e®*** is the path adjacent on the right, etc. Instead 
of (5) we now obtain 


8) Hy (ge * 4) == Hy (9) (1 + 79 #8" + 0° 984m) + Hilo) (1 + tiny, 
When » is an integer this becomes 

(9) Hy, (oe? **) = 3 Hy (9) + 2 Hilo), 

(9a) Hy, (ee? *9)— Hy (o) == 2 (Hy (@) + Ha (0) = 4% (0). 


The change (9a) together with the relation H* = I ~ iN 
again correspond to the charge in logg of 226 in (19.47). 

The equations (5) and (8) are the so-called circuit relations of the 
Hankel functions for the angle increment 4@=22. These relations 
correspond to the “relationes inter contiguas” which were established 
by Gauss for the hypergeometric functions (see §24). Just as the equa- 
tions (6a), (9a) for integral n are obtained from (19.47), the general 
relations (5} and (8) can be derived from the representations (19.31) and 
(19.30). 
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The circuit relations can be generalized from the full circuits 
4@=22% (v= integer) to half-circuits 46=2y». For a later applica- 


SN 
SG 
NN 


Fig. 36b. Distortion of the path W; of H,, into W?2’ Fig. 36c. The half- 
for a full circuit around the origin. circuit relation for H}. 


tion in §32 we discuss the half-circuit relation for »=1 and n = 0. 
The relation reads 
(10) Hy (9 e**) = — Hp (Q). 
For a proof, a look at Fig. 36c suffices. For real @ the path W, (indi- 
cated by dots and dashes in the figure) leads from the region —x < p <0 
to the region 0< p< +2; for the present argument ge* this path 
has been shifted by + 2 in the upper part and by —z in the lower part, 
as indicated by the arrows in the figure. The path W,’ obtained in this 
manner is identical with the path W; for H?. But this is the statement of 
equation (10). 

A relation which is analogous to (10) is obtained if we replace 


@ by ee: 
(104) Hy (g e7**) = — Hy {e). 


Considering the factor exp (inw) of the integrand we can generalize 
(10) to 


(11) Hy (9 ef") = — o- "4 HE (0), 
for arbitrary 7, or (replacing 9 by e7*”) 


(11a) H} (9 e-**) = — ef ®48 Hi (9), 
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These half-circuit relations can also be derived directly from the 
equations (19.30) and (19.31) with the help of the equations 


(12) Ty {o> f**) = ef *"" Info), Lingle: ef") = 0° 8°" T_, fa). 


which follow from (19.34). 

These relations become very simple if we write them for 4, (g) 
and ¢, (e) in which the corresponding Hankel and Bessel functions of 
index n + 4 with integral x are multiplied by V2em ; namely we have 


(18) OE (g et #*) = (— 18 *? OO Ge), Yn (9 eH *%) = (— 1)**? y, (9). 
In the representation (19.22) for H}{e) we substitute 
z= tecosw, dw = ed ‘ 


The path W,, which for convenience is to be taken rectangular, is then 
transformed into the z-plane according to the scheme 


Fig. 37a. The oop integrals for, 1/F'(@ +1). b. The loop integral for H} (e) 
for small @ . 


a 4 . % ir 8 
Oe Sg ae es “3B 0, +a y tt, 
t=+ 0 ‘ 0, te, 0, -—“% 


We thus have the loop integral of Fig. 37b that begins at the negative 
infinite end of the rea] z-axis, circles the point x= ¢o and returns to the 
negative infinite end of the real axis; the orientation of this loop is con- 
trolled by a small displacement of the real branch of Wi. From (19.22) 
we then obtain: 

te 


Q¢ + ? 
ay wa=Z f 
oO 


Vot+o? 
This integral is oLtained by the combination of the two branches of 
Fig. 37b, where the originally negative sign of the returning branch has 
been reversed through the complete circuit around the branch point 
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z=+ig. Through integration by parts with respect to z we obtain 


ie 
23 ae 2s ——— 
2) Helo) = 5 fe log(x + Va? + eV} cnie — = f et log(2 + Yate) ae. 
— oD 
Substituting #= ig in the first term and letting e->6 in both terms 
we obtain 
0 


1 24 23 
(3) Lim Hj (@) = = logio—= | et log 22 dz. 
o>6 wt ie 
With the substitution z = — { the last integral becomes 
Mg 2 
(4) log (—2) + f ef log tdt = log (—2)— C = log (=). 
j ¥ 


Here C and y are the quantities defined in (19.41a) (check using the 
Laplace integral for the F-function). Combining (4) and (3) we obtain 
from (1): 


(5) Fim H5 (0) = =* (log %f — $2) = EF tog 22 41. 
U - nm 


Due to the relation 


i= I+i,, Lim H,= 1+ i Lim Ny, 
e> 0 


o+>0 
equation (5) coincides with the equation (19.48) for N. 


IV.4, 1. If we neglect 1/e in the differential equation (19.11) 
we obtain Hj = 4¢¢ (A =constant of integration; the solution involv- 
ing e-*€ corresponds to H7). 

2. We now consider A not as a constant but as a “slowly varying 
function of ¢ ” such that A”,4’/o and <Aje* can be neglected. This 
yields a differential equation for 4 (ge) from which we obtain A= B/V/e. 
The normalizing constant B cannot, of course, be determined in this 
manner. 


IV.5, a) According to the equations (1.12), (22.14), (22.31) we 
obtain as the coefficients C,, and A,,, of the exercise: 


+R 
1 
Cm == 5 | £010) o-%% dpe, 


-% 


+m 


1 
Ane oa { Cm (80) P™ (cos 8) sin 8, 48, 
Rn 
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a 
n+ (n--m)! 


+n 
-tm 
me On {% + 2) t sin 8 a6, [ dps f(O, Fo) ae (cos G;,) € bags 
0 -n 


b) From the scheme for f(#,g) in the exercise we see that if we 
multiply fo, %0) by 


V4, = PE (cos 8) e- 4% 


and integrate with respect to g then we obtain 


f Po, Po) You dp = 22S Any Pi (coa B) PY (cos 8), 
-% bi 


Integrating with respect to sin dé, ™m meem 
from (22.14) and (22.31) we obtain “’ 
the result 


Sf { (Ba Po) Yop daj=2n Ne Ayy» 


After a change in notation (», » instead 
of n,m) this coincides with the expres- 
sion for A,,, in a) exeept for the order - 
of summation (see Fig. 38). 

In a) the horizontal — strips 
|m|=< co are summed in the ver- 
tical direction, and in b) the vertical 
strips —nsmst+* are summed in the mm ‘. tem 
horizontal direction. In both caseS Fig. 38. The double sum in the 
the total domain of summation is number lattice of n,m: arranged in 
bounded by the lines n = + m; thug _ horizontal strips for case a) and in 
Pha anieare tie ears vertical strips for case b). 


IV.6. Again we draw the 60° wedge of Fig. 17 together with its 
five reflected images, so that the original wedge lies symmetric with 
respect to the horizontal plane. For reasons of convenience we situate 
the center of inversion C on the horizontal line through the vertex O 
of the wedge and we let the circle of inversion (dotted cirele in the figure) 
pass through O. Since the point at infinity is mapped into C and the 
points of intersection O and S, of the line 1 with the cirele of inversion 
remain fixed, the position of the circle into which the straight line 1, — 1 
is transformed is determined by the points 0,C,S,. The ares of the cirele 
which correspond to the half tines 1 and — 1 are again denoted by 1 and 
— 1. The same holds for the line 2, — 2 which is mapped into a eircle 
of the same radius passing through the points 0,C,S;. The hne 3, — 3 
goes into a circle of diameter OC in which the upper and lower semi- 
circles correspond to the half lines - 3 and 3. 


HINTS FOR SOLVING THE EXERCISES 319 


Now the wedge 1,2 is mapped into the exterior of the circular diangle 
€,S),1,0,2,S2,C; both regions are indicated by a shading of the boundary. 
We now seek the images of the reflected wedges. All these images 
are interiors of certain cir- 
cular diangles (crescents); 
e.g., the wedge 2,3 is mapped 
into the crescent C,822,0,3,C, 
and the wedge — 2, — 1 is 
mapped into the small lens- 
like region C,— 2,0,— 1,€ in 
the center of our figure. 

Up to now we have 
described the drawing as a 
plane figure and spoken of 
straight lines, circles, circular 
diangles, etc. However there 
is nothing that prevents us 
from interpreting the figure 3 
as three-dimensional and to Fig. 39. The wedge 1,2 of the 60° angle is 
speak of planes and spheres zene by, inversion into the oxerior, of 
instead of straight lines and 2,2; the rellected wedges 2.3; 3,—;. +. are 
circles. These spheres are mapped into spherical crescents. 
then situated with their 
centers in the plane of the drawing. The original wedge 1,2 then is 
mapped into the exterior of the two intersecting spheres which belong 
to the circles 1, ~ 1 and 2, — 2; in the same manner the reflected 
wedges correspond to the regions bounded by two of the spheres 1,2,3. 

Just as before, we obtained Green’s function for the wedge from the 
elementary reflections in Fig. 17, now in the case of the potential equation 
(but only in this case} we obtain Green’s function for the corresponding 
circular or spherical regions by finding the “electric image” of the given 
pole upon inversion on the boundary circles or spheres 1,2,3 and by 
giving alternating signs to these poles. For the symmetric structure 
of our problem it suffices to have five such electric images in order to 
satisfy the boundary condition u = 0 on the boundary of each of the 
regions under consideration. 

IV.7. a) In the inversion in the sphere K {broken line) of Fig. 40 
all the infinite points of the reflecting planes +1, +2, +3, ...aremapped 
into the center of inversion C’; thus the planes + 1 go into the spheres 
+ 1 and — 1 which are tangent at C and have diameter equal to the 
radius @ of the sphere of inversion. Here the exterior of the spheres + 1 
corresponds to the interior of the plate and the interior of these spheres 
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corresponds to the exterior of the plate. The planes + 2 are mapped 
into spheres which are again tangent at C but have a diameter of only 
a/3. The images of the planes + 3 are in turn spheres which lie in the 
interior of the spheres + 2, have the diameter a/5 and are tangent at, 
The region bounded by two consecutive spheres in thts sequence corre- 
sponds to a reflected image of the orginal plate. 


#2 


? 
l 
t 
i 
' 
’ 
’ 
{ 


+2 


Fig. 40. Inversion of a plane paralle] plate and its successive reflected images 
inte a system of spheres tangent at the center of inversion C. 


Green's function of potential theory for the exterior of two tangent 
spheres (e.g., the spheres + 1 of our figure) can be deduced by inverston 
from Green's function for the plane parallel plate. The infinitely many 
image points of the arbitrarily prescribed pole of Green's function that 
arise in the inversion are situated in the successive spherical regions 
mentioned above, and they accumulate at the point C. 

b) If the radii of the concentric spheres I and II are a and 2a then 
we may choose the radius of the sphere of inversion equal to a and place 
its center C on sphere I, Then sphere I is mapped into the plane &;, 
and ITI is mapped into a sphere Ky, of radius 24/3; the minimum distance 
between Ay and £; is a’6. Conversely, Fy) and Ky are mapped into 
the concentric spheres I and IT, 

For an arbitrary position of the non-intersecting plane # and sphere 
K we can proceed in the following way (kindly communicated to me by 
Caratheodory): from the center of K we drop the perpendicular £ to E; 
from the foot F of Z we draw tangents (of length i) to K and draw the 
auxiliary sphere H with center F and radius #. As the center of inver- 
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sion we choose one of the points of intersection S of L and H. Then ZL 
is transformed into a straight line, H becomes a plane which is per- 
pendicular to Z, and # and K be- 
come spheres which are perpen- 
dicular to H and L and hence have 
their center at the point of inter- 
section of H and ZL, that is, in the 
center of inversion. The radius of 
inversion remains arbitrary and 
determines only the size of the con- 
centric spheres. 

Instead of # and K we may 
also consider two arbitrary non- 
intersecting spheres A, and Ky (see 
the last statement in the exercise). 
In order to transform them into 
two concentric spheres we start from 


sie Fig. 41. Two concentrie spheres I 
the pencil of spheres K,+A4K;=9. and IT are transformed through inver- 


The pencil contains two spheres of sion into the plane Hy and the sphere 


radius 0, namely the two poles of Ar (whieh are shaded in the figure). 


the bipolar coordinate system. If we choose one of these poles as the 
center of inversion then all the spheres of the pencil, including K, and 
Ky are mapped into concentric spheres. 


IV.8. Let tw and tw be linearly independent solutions of the differ- 
ential equation 


L(u) =u" + pu’ + qu = 0 


of second order, where p and ¢ are arbitrary given functions of the inde- 
pendent variable g. Then for X = zw, — tut we have: 


aX 
tty ED (utg)—~ ug L (uy) = aa +pX=0, 


hence x=Ge fete, C = constant of integration. 


a) For the Bessel differential equation (19.11) we have 
and hence 


KX = Cevlogse — ae 
@ 


If we take wu = H', w = H? then C is determined most simply from the 
asymptotic values (19.55), (19.56). We obtain 
X= =e Gaze’. 
on % 
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Due to I, = $(H} + H?), we see that the expression (I) in the exercise, 
where H is to stand for H', equals half the above X, so that 
24 
(I) = on , 

the sign is reversed if H is to stand for H*. 

The determination of C becomes somewhat less simple if we start 
from ¢ = 0 instead of » = oo. 

b) In the differential equation (21.1la) we have p=: 2/0, and hence 
X= Cj. Hf we take «4, =o, «= , then according to (21.14) 
we have, for @-+ oo, 


Cle? oe 4 os ties mt nay, ne t= —24 
n ) a® , 7 
For the expression (II) we then obtain: 
i 
(b= FS ; 


? 
where the sign depends on whether we set ¢ equal to ¢ or @. 
V.f. a) Due to J/ (4a) = 0 the limit process of (20.9) yields the 
normalizing integral 
(Aa) fi (Aa + ¢4) a 


N=—a«tLim - 
a & 


é~>(h 


instead of (20.19). With the help of the Bessel differential equation we 
obtain 


— £1, 0) 1 (2a) 


1 
Nom Ih (A? a? — 2?) | il (Aa). 
Hence if we “‘normalize J, (47) to 1’ we obtain 
- 273 i, (r) 
ai—n? TF, (2a) 


b) From the relation (21.11) between y. (9) and J, ; (e) we obtain 
for the present normalizing integral 


a ft 
N= { yt (kr) r?dr= gg f never, 
U 6 


For the boundary condition 


’ “ cd 1 
vo thay = Ys Unsa (a) ~ sez Ines ay) = 0 
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of the exercise we obtain by a limit process analogous to that of a) 
t fs 4 at ” J ’ 
Wee — 2S tay lhay {May hn + gee Tan bea} 
with the help of the Bessel differential equation we may therefore write 


N= 


Sp ve (ka) at —n(w + UY}; 


thus the normalized form of y, is 


UF ox __ eka Vn (kr) ’ 
° ke a?—n (n+ 31) yt, (ka) 


Y¥.2. The proof follows from Green’s theorem 


{!} f (i Av — x Aud = ; (x ad —~v a4) de, 


CH OR 


if we set » = L/r where r stands for the distance of the point of integra- 
tion from P. Due to the singularity of » at P we surround P in the 
customary manner by a sphere K, of radius e>0. If we extend the 
integration on the left side over the region bounded by K, and ,, then 
the left side vanishes and the right side becomes the sum of the surface 
integrals over K, and KX, (in both cases » stands for the exterior normal 
to the region). By letting e+ 0 in the integral over XK, we obtain from 


(1) 
: 1 1 ou 
(2) Ow dnup— = fuds—— [ Rac. 
Kg Ey 
The third term on the right here vanishes since throughout the interior 


of S we have 4u=0. Thus equation (2) proves the theorem of the 
arithmetic mean. 


V.3. From equation (27.14) and the condition « = U on the sphere 
ro = a we obtain 


(1) 22 U = FT Ang TIM (cos By) e7#™% 5 
nm mm ; 


Multiplying by e“” and integrating with respect to g from 0 to 2 
we obtain: 


Qx 
(2) f Fee rdgy= 3 Ang TT (008%); 
n 


multiplying by iZ# (cos @,) sin @, and ifftegrating with respect to @, from 
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Oto » we have: 
mn 2n 
(3) ff 0 T¥ (cos d,) ef# sin 8,d0,dy = Ay, » 
a) 


which coincides with (27.13a) except for notation. 
Comparing the r-dependence of (27.13) and (27.14) we obtain 


, t 
(4) —a pa F Ps karte) Pn kee @) = (=) : 


The summation extends over all the roots k =k, of the equation 
Y,, (ta) = 0, whichare thesameastherootsof the equation y, (ka) = 0. 
In order to determine the ¥, in terms of the y, we use equation (21.11) 


(5) Pn (2) = Vag hen 


and the relation (20.19) (which holds for non-integral n, too) 


(58) [Una @nprdr= Sliva (ka)}?, 
0 


where k is a root of Z,+,(ka)=0, and hence a root of y,(ka)= 0. 
From (5) and (5a) we obtain: 


g 3 
6) [ivaeni rt dr= Siw, ayy. 
0 
If we now set ¥%, = Ny, and impose the condition 
7) i W? (kr) 19 dr= 1, 
we obtain 
N? = 2a? [y, (k a)}*. 


Rewriting the equation (4) in terms of y,, and adopting the notation 
a=r,Ja, We obtain: 
(ky, % a) 
(8) 2 pa ven OO ne — OY, 
a kay Vn (has) 
For n = 0 we have according to (21.11) 
ain 


Yo (x) = _ Hy 


therefore 


%(ka)=0 for b= ky, = +, i= +1,42,... 
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In this particularly simple case equation (8) becomes 
— sin ixa 
{9} Be a eee 


For «= } this yields 


5 ee x 
1-gtE- ae Ca 


which is the Leibniz series (2.8). In general we obtain from (2.9) for 
x=22a arepresentation of the “saw-tooth profile” 


+ i (@~2) : ; O<a<+4+a, 
= sins + SSE® , sinde ... for 
~5 (eta) —-ACa<0. 


The reader is asked to verify this as a further exercise for chapter I. 
It is apparent, however, that equation (8) for n > 0 contains far deeper 
and more general analytic relations. 


VI.2. a) Due to the fact that #7 has the z-direction and depends 
only on z and r* = 2? + 7’, we obtain from (31.4) 


For the form a) of the exercise we have 
an z—hd Gt zthd fhe 


a K ae + ak ¥° 
which vanishes when z = 0 since then R = R’. Hence the expressions 
for E, and E,, which are obtained by differentiation with respect to 
x,y or r, also vanish for z = 0. 

b) According to (31.4) we now have 


a at 
Pano e TER os og 
wt 
% Oy éx* 


But since in the form b) /7 vanishes for z = 0, we also have E, and E, 
vanishing for all points (2,y) on the earth’s surface. 
¢) From (35.1) we obtain 
‘ all, ' olf, 
E,~ led ae Ey7 —' 40% 5 
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These derivatives vanish for z = 0, since in the form ¢) 27, itself vanishes 
for z = 0. 
d) From (35.1) we now have 


; oT. 
E,#= 0, E,=tmos. 


But according to the form d) we have 


OM, 2~hd e*® zthd eft? 
& “Rh aR TR ak ° 
which vanishes for z = 0 since then R’ = R. 

VJI.2. This exercise is instructive not only for the understanding 
of Zenneck waves, but also for the genera! knowledge of electromagnetic 
rotational fields and for their representation using complex operators. 

From (32.20) according to the prescription (31.4), we obtain for the 
air 
E,=~ip Vp —B AR eto2- yor -i 


(i) ees 
E,= pA Ki ef ee-Var- ate, 


These expressions, multiplied by the exponential time factor, 
represent an elliptic oscillation as known from optics. Due to the 
complex nature of the right sides of (1) the principal axes of the oscilla- 
tion ellipse are oblique to the a and z-direction. If we form the absolute 
values of E, and E, together with their negatives, then we obtain the 
limits between which E, and E, oscillate, in other words we obtain a 
rectangle circumscribed about the ellipse. The ratio of the sides of this 
rectangle is given by the absolute value of 


, OE, _ Ve=p 
(2) ae Moses rer 
E, ? n 


The value 1/n is obtained from the definitions (32.16a} and (32.2) of 

pandn. Because |n|>! the rectangle is tall and narrow (See Fig. 42a). 

On the other hand, due to (32.20) and (31.7), in the earth we have 
E,= +ipyp—py 4 etvet Verbs, 


E,= pA betta Yo'-rpe, 


(3) 


Hence again we have an elliptic oscillation that, is this time, situated 
in a rectangle with the ratio of sides given by the absolute value of 


(4) E, _ Ve-? 


E, P 


=A, 
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where 7 is again obtained from (32.16a) and (32.2). Because |nj>1 
the rectangle is now broad and squat (See Fig. 42b). The present 
ellipse is traversed in the opposite sense of the former, as is seen from the 
reciprocity of the values 2 and 1/n in (4) and (2). 


Fig. 42. The rotational field of the Zenneck wave a) in the air, narrow ellipse, b) 
in the earth, wide ellipse, congruent and of opposite orientation to each other. 


If we think of the field in the air as pushing forward with its phase 
velocity in the positive z-direction, then the field in the earth appears 
to lag behind against the resistance there. 

VI.8. The electric field strength at the antenna and in the direction 
of the antenna is E=Re{#e-#'}, At an antenna which is short 
compared to the wavelength this field strength does the work Ejddi 
in the time dt. Hence according to equation (36.20) we have as the time 
average of work 


tf 
W = jt f Re{Ber!!} Refie ty. 
0 


where + stands for the time of oscillation. With the method given on 
p. 271 we obtain 


f 
wad f wertor4 Ht gtiaty Genfor —ietten® 
0 


mT iB + EM. 
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and hence also 
() = URe(— iz}. 


a) Vertical antenna. From (31.4) and the differential equation of 
WZ we obtainfor =H, andE = E, 


We express #7 with the help of equation (32.9) and both eR /R and 
e**'/R’ are expressed with the help of (31.14). Since the r-dependence 
of these three terms is given by £, (Ar) , the application of the operator 


under the integral sign yields the common factor + a9J,(4r), and 
hence at the point r = 0 of the antenna it yields the factor 4°. Thus we 
obtain from (32.9): 


o 
Re {— iB) =Re{- if (er#le-hl 4 g- ata tay “2 
(3) v 
r AP dd 
jf gra ieta) = fi} 
ie rr er 


Since » is real for 4>&k (see p. 273), the integral over k<A<co in 
the first line does not contribute to the real part and we can pass to 
z = h, that is, to the point of the antenna, without encountering diffi- 
culties of nee Thus we obtain 


Ls) 
q 
0 


If we take the values of these integrals given by (36.13) to (36.17), 
substitute (4) in (1), and append the factor (36.22) in order to express 
the result in terms of our units, then we obtain the value of W from 
(36.23). 

b) Horizontal antenna. For = (,,7,) and E = E, we obtain 
from (31.4): 
oi, , oi, 
‘ba? = ax 02° 
Now according to (33.12) and (33.15) the z-dependence of 27, is given 
by I, (Ar), and the x-dependence of A, is given by & I,(4r). Hence 


(6) H= IT, + —? 
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for small x,y we have 
Aa £ r 
AGy=l1-PEt+wWyte-, Shadn=get---, 
and for-r = 0 


(6) (#+ 5 oa) = 5 Oe a), C2 he. 


These factors }(24°—4*) and 4/2 appear under the integral signs of the 
equations (33.12) and (33.15) in the computation of (5), where for the 
first two terms on the right side of (33.12) we have to use (31.4) and 
where in (33.15) we have to perform the differentiation with respect to z, 
in addition to the differentiation with respect to 2 (this yields a factor 
—jy under the integral sign). Thus, instead of (5) we obtain 


E= spas (enw L EA) gets) 9344 


(7) 


h 2k heast3 # eh hell 
fs +h) pase Ba A 
+ fe Fs Et x2 aa. 


The first term in [ ] is due to the third term in (33.12), the second 
term is due to (33.15). If we form the common denominator of [ | 
and observe that 4?—y3 = 2k (n*@—1) (see p. 260), then we obtain 


()= B—-2 py 

a nut By” 

Hence for z = 0 the second line of (7) becomes identical with the integral 
for LE in (36.17a). If m the first line of (7} we pass to Re {—##} 
according to the procedure of (3), then we can again replace the upper 
limit oo by & and carry out the integration as in (36.16a). If we then 
pass to our system of units we obtain exactly the expression in (36.23a)}. 
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